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ABSTRACT

Background and Objective: Planning the optimal ablation strategy for the treatment of complex atrial
tachycardia (CAT) is a time consuming task and is error-prone. Recently, directed network mapping, a
technology based on graph theory, proved to efficiently identify CAT based solely on data of clinical in-
terventions. Briefly, a directed network was used to model the atrial electrical propagation and reentrant
activities were identified by looking for closed-loop paths in the network. In this study, we propose a
recommender system, built as an optimization problem, able to suggest the optimal ablation strategy for
the treatment of CAT.

Methods: The optimization problem modeled the optimal ablation strategy as that one interrupting all
reentrant mechanisms while minimizing the ablated atrial surface. The problem was designed on top
of directed network mapping. Considering the exponential complexity of finding the optimal solution of
the problem, we introduced a heuristic algorithm with polynomial complexity. The proposed algorithm
was applied to the data of i) 6 simulated scenarios including both left and right atrial flutter; and ii) 10
subjects that underwent a clinical routine.

Results: The recommender system suggested the optimal strategy in 4 out of 6 simulated scenarios. On
clinical data, the recommended ablation lines were found satisfactory on 67% of the cases according to
the clinician’s opinion, while they were correctly located in 89%. The algorithm made use of only data
collected during mapping and was able to process them nearly real-time.

Conclusions: The first recommender system for the identification of the optimal ablation lines for CAT,
based solely on the data collected during the intervention, is presented. The study may open up interest-
ing scenarios for the application of graph theory for the treatment of CAT.

© 2023 Published by Elsevier B.V.

1. Introduction

optimal planning of the therapy. The planning is currently sup-
ported by different means of visualization of several tissue prop-

Patients suffering from complex atrial tachycardia (CAT) gener-
ally respond poorly to antiarrhythmic drugs, and catheter ablation
is today recognized as the treatment of choice [1]. A typical abla-
tion therapy starts with electro-anatomical mapping of the atrial
surface affected by the CAT in the electrophysiology (EP) labora-
tory. The mapping may reveal the electrical activity, focal or reen-
trant or both, sustaining the CAT and it is instrumental for the
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erties, typically color-coded and shown on the geometrical model
of the atrium/atria reconstructed during mapping. The most used
ones are activation, low voltage and phase maps, where activation
times of the electrical activity, amplitude of the bipolar electro-
gram, and instantaneous phase are quantified. However, the noise
intrinsically present in endocavitary recordings can heavily corrupt
the maps and thus may hamper the planning of the ablation [2,3].

Very recently, a novel approach has been proposed to charac-
terize the electrical propagation on the atrial tissue while also con-
sidering the geometrical aspects of the atrium/atria. The approach
makes use of graph theory to create a directed graph/network
model [4,5] and was called directed graph/network mapping. The
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main advantage of modeling the electrical activity using a directed
network is the fact that a plethora of efficient algorithms already
exist to “query” and analyze the model in the field of graph theory.
For example, one may be interested in identifying focal or reen-
trant activities sustaining the CAT. These activities are identified in
the network as those nodes having their indegree equal to 0 or by
detecting close-loop paths, i.e., cycles.

The potential of this technology has recently been demon-
strated for the identification of driving mechanisms of CAT [6].
Van Niewenhuyse et al. evaluated the diagnostic accuracy of the
directed graph mapping with respect to the one performed by ex-
perts based on a state-of-the-art technology, i.e., high density acti-
vation mapping. They found that network mapping could outper-
form the latter for specific types of CAT (e.g., localized reentry),
whereas for macroreentries, the directed network performed simi-
lar to experts. The feasibility of this technology in identifying CAT
was recently confirmed using a similar methodology by our team
as well [5].

So far, however, no one has investigated on the potential of di-
rected network mapping in supporting the planning of the ablation
treatment for CAT. Specifically, here we define “support” as sug-
gesting a set of possible ablation lines suitable to terminate reen-
trant activities, recommended automatically by a computer pro-
gram. To the best of our knowledge, only very few studies [7,8] in-
vestigated the use of graph theory for the characterization of the
atrial tissue. However, they were focused on atrial fibrillation (AF),
a different atrial arrhythmia, and did not consider automatic ab-
lation planning. Personalized ablation therapies were instead in-
vestigated in other studies using machine learning [9,10], high-
definition computerized simulations [11-13], or by a combined ap-
proach between simulations and graph theory [14].

In this study, we propose the first method to recommend an
ablation strategy in the form of optimal ablation lines for the treat-
ment of reentrant CAT using directed network mapping. The algo-
rithm has been tested on computerized electro-anatomical simu-
lations of left and right atria under different tachycardia patterns.
Then, data from EP studies collected during catheter ablations were
employed to evaluate the performance of the proposed algorithm.

2. Methods
2.1. Directed network mapping

In our recent works [5,15], we proposed to model the electrical
propagation on the atrial tissue using a directed network Gprop =
(Vprop. Eprop). The network was composed of nodes Vpop and edges
Eprop, Where nodes refer to specific locations across the entire atrial
surface and edges represent the presence of electrical propagation
from one node towards another one.

The network was built using the electrical potentials and geo-
metrical atrial model acquired during the sequential mapping per-
formed during an EP study. In particular, the unipolar potentials
were stored into the matrix <T>e_n where e refers to an electrode of
the available catheters and n to the time index. The position of
the electrodes at each time index was also available and stored
into the vector Pen = [Xn,Yn,zn] Where x,, y, and z, are the 3-
dimensional coordinates. The geometrical model was provided by
the mapping system as a triangular mesh.

The first step was to create the nodes of the network Gprop. This
operation was done by selecting M nodes in the mesh approxi-
mately equally spaced. The position of each node was stored into
the vector p; = [x,y,z] containing the X, y and z coordinates for
the ith node. After the selection, the Delaunay triangulation tech-
nique was applied to define the set of neighbors for each node i,
hereafter mathematically defined as B;. All nodes connected to the
node i through a triangle were considered as neighbors.
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Table 1
List of simulated AFL mechanisms. CW=clockwise,
CCW=counterclockwise.

No. Atrium  Mechanism Position Direction

1 Right Macroreentry Tricuspid valve CCW

2 Right Macroreentry Tricuspid valve cw

3 Left Macroreentry Mitral valve cw

4 Left Figure-of-eight  Left & right PVs  Anterior
5 Left Figure-of-eight  Left & right PVs Posterior
6 Left Figure-of-eight ~ Right PVs Anterior

The second step was the creation of the edge between each
node i and j € B;. To do so, we estimated the conduction velocity
(CV) between the two nodes through their activation time delay
and distance between them. In case the CV was within a prede-
fined physiological range, the directed edge was created. The esti-
mate was performed by extracting a time window from &, ,, time-
referenced to each QRS complex (from the simultaneously recorded
surface ECG) and evaluated whether a pair of electrodes was close
enough to nodes i and j and not moving (up to a tolerance of
2 mm). The time window was set as the average beat-to-beat time
interval. A cross-correlation-based algorithm was then applied be-
tween the signals associated to the two electrodes to find their
delay. Given the fact that many QRS complexes were available,
we estimated a set of delays for each pair of nodes. A t-test was
then applied to verify whether the delay was statistically signif-
icantly different than 0. If so, the CV was estimated as the ratio
of the distance between the nodes i and j and the average time
delay. As such, the algorithm works directly on the unipolar elec-
trograms and does not rely on preprocessed local activation time
maps.

To further increase the robustness of the network, we repeated
its creation 4 times after sliding the time window (the overlap be-
tween consequent windows was set to 100 ms). The 5 networks
were then consolidated to obtain the final one. All technical details
of the implementation are reported in [5].

Compared to [5], here we improved the creation of the net-
work by changing two parts of the overall algorithm. First, in-
stead of uniformly sampling the nodes Vpop and applying Delaunay
triangulation to set the neighbors, we downsampled the original
mesh using the Meshtool software [16]. This operation reduced the
number of spurious connections between unconnected anatomical
structures that were not present in the original mesh but added
by the Delaunay triangulation. Second, we used the activity in the
electrograms recorded in the coronary sinus (CS) as reference for
the selection of the time window, rather than the QRS complex
on surface ECG. In fact, referencing on the ventricular depolariza-
tion as we did in [5] was effective but had one main disadvantage:
the time delay added by the atrio-ventricular node after being trig-
gered by an atrial wave shows physiological variability, thus adding
unnecessary errors to the estimate of the time delay between sig-
nals.

The output of this phase comprised two networks, i.e., the
directed network resembling the electrical propagation Gprop =
(Vprop, Eprop) and the undirected network describing the down-
sampled triangular mesh Gyesh = (Vinesns Emesn)- It is worth noting
that the two networks shared the same nodes, i.e., Vprop = Vipesh-
Figure 1a depicts an example of both networks.

2.2. Detection of macroreentries

In [5], the network Gprop described in the previous section was
used to detect cycles using a standard depth-first search (DFS) al-
gorithm. In network theory, a cycle is defined as a non-empty se-
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LPV

(2)
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(b)

Fig. 1. (a) Example of implementation of directed network mapping. Green spheres represent the nodes distributed on the atrial mesh while the green lines are the edges
connecting neighboring nodes. Spheres and lines construct the graph Gpesh. Red arrows indicate the directed connection between two neighboring nodes as a model of
electrical propagation. Spheres and arrows represent the graph Gpop. Blue arrows represent the macroreentries identified as they show a cycle. (b) The Voronoi tessellation
Giines (red), built on top of Gesn (shown in green), is reported as red spheres and red lines. The purple line represents an example of an ablation line traversing along the

edges of the Voronoi tessellation. The atrial model is the clinical case 9 of Table 2.

Table 2
Complete list of analyzed clinical CAT cases.

Description and treatment

No. Atrium Suspected mechanism

1 Right Tricuspid valve reentry CCW

2 Right Tricuspid valve reentry CCW

3 Left Mitral valve reentry CW

4 Left Mitral valve reentry CW

5 Left Mitral valve reentry CW

6 Left Microreentry around PVI

7 Left Figure-of-eight macroreentry around
left and right PVs

8 Left Figure-of-eight macroreentry around
left and right PVs

9 Left Figure-of-eight macroreentry around
left and right PVs

10 Left Macroreentry around right PVs

The mechanism interrupted after ablating the CTL

The mechanism interrupted after ablating the CTI.

The patient previously received a PVI and an anterior block line from MV to
LSPV. A gap was detected in the anterior block line. The mechanism
interrupted after closing the gap.

The patient was previously treated with a PVI, a posterior roof block from
LSPV to RSPV and an anterior line from the MV to LSPV. A gap was detected
in the anterior block line. The mechanism interrupted after closing the gap.
The patient had a previous PVI. Gaps were found in the previous PVI. The
mechanism stopped with a MIL connecting the MV and the LSPV isolation.
The patient had a previous PVI. Gaps were found in both left and right PVI
of the previous ablation. The mechanism was stopped after closing the gaps
in the previous left PVI. The gap on the right side was closed too.

The patient had a previous PVI. Gaps were found in both left and right PVIs
of the previous ablation. The mechanism was stopped after a roof line. A
reisolation of the LIPV, RIPV and RSPV was also performed.

Patient had received a previous PVI. Small areas of block in septal area were
identified. The mechanism stopped with a roof line.

The patient had a previous PVI. Gaps were found in both left and right PVI
of the previous ablation. The mechanism stopped after closing the gaps in
the PVI. The patient was also treated with a roof line.

The patient was previously treated with a PVI and an anterior block line
from MV to LSPV. Gaps were detected in the right PVs and anterior block
line. The mechanism stopped after closing the gap in the anterior line.

quence of nodes linked by directed edges in which the first and
last node coincide. In our context, a cycle represented an electri-
cal reentry activity. However, we noticed that a few macroreen-
tries were not identified because a single edge was missing in the
directed network. In order to mitigate this problem (possibly oc-
curring in longer cycles), in this study, a new algorithm for cycle
detection tolerant to gaps of a single edge was developed. In par-
ticular, we leveraged the fact that the DFS algorithm was very effi-
cient in finding cycles.

The algorithm works as follows. Given a node i in Vprop, the di-
rected edges connecting each node in B; with i were temporary set,
and the DFS algorithm was run in this modified network to find
the cycles. This step was repeated for all the nodes in Vprop and all
cycles found were merged. The algorithm was able to detect the
macroreentries previously missed. The drawback of this procedure
was the identification of many cycles similar to each other. For vi-
sualization purposes, all cycles were clustered into groups using
the same graph-based clustering technique reported in [5] with a
threshold of 0.7.

Figure 1a depicts an example of detected cycles.

2.3. Ablation lines

The networks Gprop and Gpes, could be leveraged to study the
effect of ablation lines on the atrial tissue. To do so, a third undi-
rected network Gjines = (Vliness Elines) derived from Gyes, was first
built as follows. Each triangle in the mesh was used to create the
set of nodes Vj;,es. In other words, each triangle in the mesh de-
fined a specific node in Vjj .. The position of these nodes on the
atrial model was defined as the centroid of each triangle. For a
triplet of nodes in Ve, i, j and z with j,z € B;, i # j # z, the po-
sition was (p; + p; +Pz)/3.

The edges Ej,.s were created by connecting nodes of Vjjn.s of
adjacent triangles (ie., triangles sharing two nodes). The result-
ing graph was a Voronoi tessellation built on top of the triangular
mesh Gpesn- This graph represents a reticulum of possible ablation
lines. In other words, an ablation line was then defined as a path
on Gjjes- Figure 1b shows the Voronoi tessellation of possible ab-
lation lines.

The Voronoi tessellation contained a set of possible ablation
lines lying within the atrial surface but not touching the bound-
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aries of the model. In other words, no line was actually interrupt-
ing the electrical propagation traveling along anatomical regions
such as mitral valve (MV), PVs, etc., due to the fact that the regions
were on the boundaries of the anatomical model. In order to equip
the Voronoi tessellation with ablation lines possibly interrupting
such electrical propagations, all nodes on the free boundaries were
identified. Then, for each triangle having two nodes located on a
free boundary, a new node was added in V},es and its position was
mirrored with respect to the centroid of the triangle. This approach
ensured that all edges in G, had their corresponding ablation
edge in Gjjpes. The total number of nodes of Gjj.s Was My. An ex-
ample of these nodes is reported in the lower part of Fig. 1b.

Another important aspect for the addition of new nodes in Vjes
was the possibility to determine which nodes in V., were lo-
cated on the valves and PVs. This was achieved by identifying the
connected components in the graph built only using the nodes of
the free boundaries. The association between the nodes in the free
boundary and the added nodes in Vjj,.s was then straightforward.
Associating the correct anatomical structure (e.g., MV) to a con-
nected component was done by visual inspection in this study.

The main advantage of this procedure is that each edge in Gjjpes
crosses exactly one edge on G, and this property was leveraged
to determine whether an ablation line would interrupt a cycle in
Gprop- In particular, we were able to define the function

cutledge : (eq, €m) € Ejines X Emesn — {0, 1} (M

where the value of the function cutledge is 1 when the edge e; in
Ejines cuts the edge en € Eesn, O otherwise.

In our study, among all possible paths on the Voronoi tessella-
tion, we considered the ablation lines with the shortest path be-
tween each pair of nodes belonging to the i) MV and left PVs; ii)
MV and right PVs; iii) left PVs and right PVs for the left atrium
and for the right atrium; iv) inferior vena cava and superior vena
cava; v) inferior vena cava and tricuspid valve; and vi) superior
vena cava and tricuspid valve.

2.4. Recommender system

Once the directed network Gprop, the mesh Ges, and the
Voronoi tessellation Gji,es were created, it was possible to define
an algorithm able to recommend ablation lines suitable to inter-
rupt all reentry activities identified as cycles.

All identified cycles were stored as a set

L={L1,Ly,...,Lyc} (2)

where #£ is the total number of cycles and each L; is a directed
graph containing only one cycle. The nodes of each element L;
were the same of Gpegp.

All possible ablation lines built upon the Voronoi tessellation
were stored as a set

A={A1, A, ..., Apa} (3)

where #A is the total number of ablation lines and each A; is an
undirected graph containing only one ablation line. The nodes of
each element A; were a subset of Gjjes.

We denote the graphs of a specific cycle L; and ablation line A;
as (Vprop,LjvEprop.L]-) and (Vlines.A,-v Elines,Ai)v respectively.

The main objective was to find the optimal set of ablation lines
to stop the CAT. In this study, we considered the set able to inter-
rupt all cycles in £ with minimum ablation length as optimal.

The optimization problem was designed as follows. First, let us
define C C A (e.g, C = {Ay, As, Ag}) as the set representing possible
candidate ablation lines. From this candidate set, the overall abla-
tion length was defined as follows. Considering that the elements
of A are all graphs, each A; has its associated set of edges Ejjpes 4,-
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Let then construct the set of edges Ec, as follows:
EC = U Elines,A,v (4)
AieC

The edge set E. contained the edges of all A; in the candidate set
C.
The overall ablation line length was then defined as

le=Y"d) (5)
ecE;
where d(e) is the length of edge e in mm.

The second step of the algorithm was to define how many cy-
cles were interrupted by the candidate set C. To do so, by lever-
aging the Voronoi tessellation previously created, it was possible
to define the function cut that indicated whether a given ablation
line A would interrupt a certain cycle L, as follows.

cut: (A, L) — {0,1} (6)

where the output 1 means interruption, 0O otherwise. Formally, if
d(ea. 1) € Ejines.a % Eprop,L such that

cutledge(ea, e;) = 1, then the output was set to 1. Using this
function, it was possible to define an additional set 7, containing
all cycles interrupted by a given ablation line A, as follows
Ta={L:Le L, cut(A L) =1} (7)

By leveraging this set, the number of cycles interrupted by the ab-
lation lines stored in the candidate set C can be defined as

re=#J7a (8)

AeC
Finally, the overall optimization problem was defined as
find all sets C

that minimize [. (9)
subject to Te =#L
2.5. Heuristic

The number of possible candidate set C for the problem in (9) is
large and grows exponentially with the number of ablation lines in
A. Precisely, it is

#A
Z(J#,f)ﬂ#““—l- (10)

k=1

The computational complexity O(2#4) suggested that enumerat-
ing all possible solutions and evaluating them according to (9) was
feasible only for a low number of ablation lines.

In this study, we developed a heuristic that can guide the iden-
tification of a local optimal candidate set when the number of ab-
lation lines is large. The main idea of the algorithm is to add one
optimal ablation line at a time to a set of already established ones
using an iterative approach, with an initially empty set. Thus, the
optimization problem was solved by splitting it into two sequen-
tial problems. The first one determines the subset of all candidates
(including the previously selected lines) that maximizes the num-
ber of cycles interrupted. Then, among the candidates of the sub-
set, the candidate adding the shortest ablation line to the overall
ablated surface is selected (in case of multiple candidates, though
very unlikely, a random ablation line was selected among those
with equal performance).

The algorithm was stopped when at least one candidate set C*
interrupted all cycles or when a maximum number of ablation
lines, here called “depth”, was reached. Using this approach, the
number of candidates C to evaluate reduces heavily to
depth—1

Z HFA—1) = depth(2#.A4 — depth + 1)
i=0

3 (11)
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that reaches #A(#A4+1)/2 when depth =#.A4. The complexity
of the heuristic-based algorithm is polynomial, ie., O(#.42) or
O(depthz).

Algorithm 1 reports the pseudocode of the algorithm.

Algorithm 1 Pseudocode of the proposed heuristic aiming to rec-
ommend the ablation strategy.
Require: A, £, depth e N
cr<{}
i< 1
while 1o+ < #£andi < depth do
P—{C:CcA#C=icCrcC)
PMX  argmaxcepre
if C € P™ havingr; > e« then
Exit
end if
pmA/Min  qreming pmaxle
C* « random pick from pmax/min
i<—i+1
end while

2.6. Data

2.6.1. Simulations

We validated the recommender system in simulated CAT sce-
narios of atrial flutter (AFL). To do so, we repeated the simulations
of 6 different AFL mechanisms investigated in a recent study [9].
These simulations included both right and left forms of AFL, such
as macroreentries around the valves and across the roof. A com-
plete list of scenarios is provided in Table 1.

The objective of the simulations was the verification that the
recommended ablation lines would stop the AFL mechanism in
place. On the simulated data, the recommender system was run
and then the optimal ablation lines were identified on Gj;,es. Each
line A € C* was then projected on the original atrial mesh by iden-
tifying the nearest node from each one in Vjjpes 4. The boundary
nodes of A were then connected to the closest node belonging to
one of the anatomical structures (identified again with the free
boundary algorithm). All nodes were connected using the shortest
path algorithm. The respective ablation lines identified were then
virtually applied to each of the 6 AFL scenarios to verify the inter-
ruption of the AFL mechanism. Interruption of the mechanism was
considered successful if 3 s after the application of the ablation
line the electrical propagation had ceased.

Simulations were generated as follows. Cardiac excitation was
modeled using the multifrontal fast marching approach to solve
the isotropic Eikonal equation [17-19]. The atrial electrophysio-
logical activity was simulated on the tetrahedral volumetric mesh
of a bi-atrial anatomy, generated from segmented magnetic reso-
nance imaging data of a healthy subject [20]. Inter-atrial connec-
tions and fiber orientation were generated by a rule-based algo-
rithm [21,22]. Scars were added circumferentially around ipsilat-
eral pulmonary veins representing ablation scars from the previous
pulmonary vein isolation intervention. The recommended ablation
lines were mapped from the surface mesh to the volumetric mesh
considering the 20 closest neighbors to obtain an ablation of finite
size. The simulations were initiated by manually placing triggers
and refractory areas.

2.6.2. Clinical cases

The recommender system was tested on 10 patients (age:
66 + 5 years; male/female: 7/3) with CAT who underwent an EP
study and catheter ablation. The subjects retrospectively selected
by the clinicians were all complex AFL cases who had a history of
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AF or one previous PVI. The study was performed using a 64 mini-
electrode small basket array (IntellaMap Orion™, Boston Scientific,
Inc., Malborough, USA) that enabled rapid high-density mapping.
The cases were provided by Stddtisches Klinikum Karlsruhe, Ger-
many and included 2 AFL scenarios in the right and 8 in the left
atrium. Data collection was performed according to the Helsinki
Declaration guidelines on human research. The research protocol
used in this study was reviewed and approved by the local review
board. All patients provided written informed consent.

Each CAT case was analyzed offline, after the intervention,
by directed network mapping to create the propagation network.
Only data collected before the actual ablation were analyzed.
Macroreentries were identified using the algorithm tolerant to one
missed edge described in Section 2.2. Only cycles having > 10
nodes (average length > 136 mm, sufficient according to Ho et al.
[23]) were considered as macroreentries. The recommender system
was then employed to recommend the set of ablation lines needed
to interrupt all cycles.

The performance of the recommender system was assessed by
visual inspection of the suggested ablation lines by the expert clin-
ician of our team. The performance of the recommender system
was assessed with two different approaches. The first approach
evaluated whether the recommended lines matched the ones per-
formed to terminate the mechanism in the EP lab. The second ap-
proach considered the recommendation as correct in case the lines
were located in the expected anatomical position according to the
guidelines for the treatment of the CAT mechanism.

It is worth noting that the case 6 presented only microreentries
around the PVs. Instead of excluding this case, we wanted to assess
the potential of our algorithm for the recommendation of ablation
lines suitable for microreentries as well. To do so, we first identi-
fied microreentries using the DFS algorithm without tolerance on
missing edges (see Section 2.2), with cycles containing less than 10
nodes. Regarding the set A of ablation lines, we identified all ab-
lation paths between nodes of the Voronoi tessellation that were
no more than 3 nodes away from the free boundaries of the PVs.
Recommendations were obtained for case 6 on this set of ablation
lines.

Table 2 reports the list of all cases analyzed with the algorithm.

3. Results

Directed network mapping was performed on the simulated AFL
episodes using the updated algorithm. In all scenarios, the mecha-
nism was properly identified. The recommended ablation lines for
the scenarios from 3 to 6, i.e.,, MV and figure-of-eight macroreen-
tries, successfully interrupted the mechanism. The first and second,
i.e., tricuspid valve macroreentries, converted into a biatrial AFL.

Directed network mapping was recomputed for all clinical
cases to assess whether the modifications implemented improved
the detection of the macroreentries with respect to our previous
study [5]. Differently than before, macroreentries of case 5, 8, and
9 were now properly detected. All other cases remained unal-
tered. In summary, only cases 3 and 10 were partially identified.
These modifications led to an overall accuracy of about 80%. The
number of nodes distributed by the downsampling algorithm was
114(107, 136) [median (interquartile range)]. Fig. 2¢c, e and f show
the macroreentries newly identified for three out of four cases,
while Table 3 reports a summary of the results. Among all cycles in
a given group, only the cycle having the minimum average Menger
curvature is plotted.

The first two clinical cases (1 and 2) were typical counterclock-
wise AFL with a critical inferior turning point between the tricus-
pid ring and the inferior vena cava (IVC) known as the cavotricus-
pid isthmus (CTI). Directed network mapping detected 46 differ-
ent cycles in case 1, and 183 in case 2, with two groups identified
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SvVC

(d) Case 6

(b) Case 4

(e) Case 8
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LPV

(f) Case 9

Fig. 2. Results of the recommender system for 6 clinical cases. Arrows depict the reentry identified by directed network mapping with arrow colors representing cycles of
different groups. Among all cycles in a group, only the one with a minimum average Menger curvature is reported. The purple line represents the recommended ablation

line. Panels a), b), c), d), e) and f) correspond to case 2, 4, 5, 6, 8 and 9 of Table 2.
Table 3

Summary of the results for the clinical cases. For each of the ten patients, column 2 reports the
number of loops and groups of loops identified with the methodology reported in [5], column 3
reports the loops and groups identified with tolerance on 1-edge gap, #.4 is the number of possible
ablation lines, #C* is the number of ablation lines which stop all identified reentries, lo. is the
length of the ablation lines contained in C* and the last column reports the computational time for
obtaining the recommendation. For case 6, T refers to results related to microreentries.

No.  #C£, #groups  #L£ with 1-edge gap, #groups  #A #C* le- (mm)  Time (s)
1 4,1 46, 2 271 1 28 5.9

2 13,2 183, 2 255 1 31 34.5
3 0,0 20, 2 614 1 36 8.8

4 0,0 17,1 584 1 38 8.2

5 0,0 9,1 454 1 62 22

6 4, 2t - 3315 2f 14F 12.7t
7 21,3 310, 5 503 2 172 295.2
8 0,0 76, 3 668 1 113 28.6
9 4,1 63, 4 479 1 91 16.2
10 0,0 9,2 532 1 62 34

for both cases, a cycle group around the tricuspid valve and an-
other one around the IVC. This was in line with what was found
in simulation 1 and 2. The numbers of possible ablation lines were
271 and 255, respectively. The optimal ablation line for both cases
was along the CTI. The lengths of the optimal ablation lines were
28 mm (case 1) and 31 mm (case 2). Figure 2a reports the results
of case 2 (Figure for case 1 is reported in the supplementary ma-
terial).

Cases 4 and 5 displayed left atrial reentries around the MV in
clockwise direction. Directed network mapping detected 17 differ-
ent cycles in case 4 and 9 in case 5, respectively. In both cases, a
single group of cycles around the MV was found. The numbers of
possible ablation lines were 584 and 454, respectively. The optimal
ablation line for both cases was the line connecting the MV with
the left PVs, which is called endocardial mitral isthmus line (MIL).
The lengths of the optimal ablation lines were 38 mm for case 4
and 62 mm for case 5. Figure 2b and c show the cycles identified
for these two cases, respectively.

Case 6 had microreentries due to gaps in the previous PVI, in
both left and right PVs. Directed network mapping detected 4 cy-
cles, with either 3 or 4 nodes, belonging to two different groups:
one group near the left superior PV (LSPV) and the other one near
the right inferior PV (RIPV). The number of possible ablation lines
was 3315. The ablation lines identified were two: one for each left
and right PVs. These ablation lines pointed to the possible gaps in
the previous PVI ablation. Figure 2d reports the results for case 6.

Case 7 displayed a figure-of-eight macroreentry around both
left and right PVs. Directed network mapping found 310 cycles in
this case. Figure-of-eight was properly identified. Additional cycles
with > 10 nodes were found traveling around both right PVs in-
dividually. The number of ablation lines was 503. The optimal ab-
lation line for this case connected the left PVs to both right PVs
using two paths (Figure for this case is reported in the supplemen-
tary material). The length of overall ablation line was 172 mm.

Cases 8 and 9 had confirmed figure-of-eight macroreentries. Di-
rected network mapping detected 76 cycles in case 8 and 63 in
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case 9. In both cases, the algorithm correctly detected the propaga-
tion pattern around the PVs. Here, we found various cycle groups,
which included cycles around left and right PVs, as well as cycles
around the individual PVs, not as a pair. The number of ablation
lines were 668 and 479 for cases 8 and 9, respectively. The optimal
ablation line for both cases was the one connecting the left pair of
PVs to the right pair of PVs. The lengths of the optimal ablation
lines were 113 mm for case 8 and 91 mm for case 9. Figure 2e and
f report the results for the case 8 and 9, respectively.

The mechanisms of cases 3 and 10 were partially identified
(please, refer to the supplementary material for their visualiza-
tions). For case 3, directed network mapping detected 20 different
cycles but none of them was found around the MV. Two groups of
cycles were detected around the left PVs in counterclockwise di-
rection. Despite the partial identification, we ran the recommender
system in this case too. The number of possible ablation lines was
614. A single optimal ablation line was recommended to connect
the MV to the left PVs. The length of the ablation line was 36 mm.
For case 10, directed network mapping reported a macroreentry
around right PVs. Here, it found two groups of cycles, both revolv-
ing only around the RIPV in a sort of concentric fashion. The mech-
anism was coherent with respect to the side of the reentry but no
reentrant activity was clinically observed in the inferior right PV.
In addition, it failed to identify the gap in the anterior line respon-
sible for the macroreentry. The number of ablation lines was 532.
The optimal ablation line connected the left pair of PVs to the right
pair of PVs. The length of the line was 62 mm.

All cases but cases 6 and 7 needed only one ablation line to
interrupt all reentries, whereas cases 6 and 7 required two lines
each.

Overall, on clinical data, the recommended ablation lines were
matching the ones performed by the clinician in 67% of the cases,
while they were located in the expected anatomical position in
89% of the cases.

The execution time for running the heuristic was traced for all
cases. On a MacBook Pro 2.3 GHz 8-Core Intel Core i9 16 GB 2667
MHz DDR4 using Matlab (R2021a, The MathWorks, Inc., Natick,
USA), the execution time was 10.8(5.9, 28.6) s [median (interquar-
tile range)].

Table 3 reports a summary of the results on the clinical cases.

4. Discussion
4.1. Improvements of directed network mapping

With respect to our previous work [5], directed network map-
ping was improved by two major modifications. First, the mesh
was downsampled instead of creating a Delaunay triangulation
from the selected nodes on the mesh. Considering that both Gprop
and Gjjes are built on top of Gy, this step is clearly fundamen-
tal. On the one hand, the downsampling procedure prevented spu-
rious connections between anatomical regions that were not actu-
ally connected (e.g, between the body of the left atrial appendage
and the LSPV). The algorithm adapted automatically the position of
the nodes and their number to preserve the original shape. On the
other hand, this adaptation likely caused the false negatives (i.e.,
cycles not detected) of most of the macroreentries when the DFS
algorithm did not tolerate gaps (column #£ in Table 3). In fact, in
our previous work, the number of nodes spread on the mesh was
set to 100 for all clinical cases, which is, on average, 15% less than
what was allocated by the downsampling algorithm. As reported
in [5], the higher the number of nodes, the higher the probabil-
ity that a “broken” cycle would appear. Such observation was also
supported by the number of cycle groups found after introducing
the tolerance regarding 1-edge gaps (column #groups in Table 3),
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which confirmed the mechanisms in place without producing false
positives.

The second modification involved the change of the time ref-
erence used for the creation of the network. In our previous
study [5], we employed the surface QRS complex while here we
used the activation of the CS. Referencing on the CS is commonly
preferred over the QRS complex due to a lower error achieved dur-
ing sequential mapping. In addition, this allowed to leverage the
information available from all atrial activations, with the downside
of increasing the computational time required by directed network
mapping.

The 1-edge gap algorithm was an additional improvement on
top of directed network mapping. It was found to increase the
total number of cycles detected (column #£ with 1-edge gap in
Table 3). Yet, the newly found cycles were all similar to each other,
due to the fact that only one edge was possibly added. This fact
was reflected in the number of cycle groups identified, that did not
change markedly compared to no tolerance on missing edges, but
improved the overall identification of the mechanisms up to 80%.

4.2. Comparison between recommended ablation lines and clinical
treatment

The recommender system was found able to recommend abla-
tion lines, for the CAT considered in this study, that were partially
matching those performed clinically. In particular, for the cases dis-
playing typical AFL (case 1 and 2), the optimal ablation line was
along the CTI, which is the standard treatment for typical flut-
ter [24], and they matched what performed clinically for these two
cases.

For MV reentries (cases 3, 4 and 5), the recommended ablation
line was the MIL in all cases. This line is what typically performed
for the treatment of this reentry [25]. Despite the mechanism of
case 3 was partially detected, it is worth noting that directed net-
work mapping correctly identified the gap in the anterior block
line, that was responsible for the mechanism in place. The abla-
tion line recommended was resembling the MIL at the posterior
mitral isthmus, that is considered a conventional MIL [25]. Similar
results were obtained for case 4 and 5 in which MILs to LSPV and
LIPV were recommended. Despite these lines were coherent with
the mechanism, the treatment that stopped the reentry in cases 3
and 4 involved the closing of the gap in the MIL previously per-
formed from the mitral annulus to the LSPV. For case 5, the rec-
ommendation was correct. Furthermore, anterior MIL is typically
preferred over the posterior one since it is easier to achieve a bidi-
rectional block with a lower length of the MIL [25]. However, the
length of the line depends on the specific patient’s anatomy and,
other factors, such as the thickness of the myocardium and close-
ness to other anatomical structures, may play a role for the selec-
tion of what line to perform [26]. Therefore, the modeling of pre-
vious ablated tissue, thickness of the myocardium and preferences
of ablation strategies in the optimization problem may represent
additional steps to further improve the performance of the recom-
mender system. We leave this investigation for future works.

Regarding the missed mechanism around the MV for case 3, we
detected, by visual inspection, that a few edges around the annu-
lus were not built by the algorithm, while most of other nodes re-
sembled a cycle around the valve. We found that the histogram
of the temporal delays between nodes in the disconnected region
displayed a bimodal distribution with positive and negatives delays
(and some with a peak around 0 ms as well). The respective modal
delays had a CV within the range to construct the edge, however,
the t-test failed due to an average delay close to 0 ms. A hypoth-
esis to explain this phenomenon could be related to the presence
of slow conductive areas in the surrounding of the gap in the an-
terior line. These areas might have created a periodic oscillation of
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the delays of two neighboring nodes with respect to the CS activa-
tion. We leave the investigation of this hypothesis for future works.

For the figure-of-eight cases (7, 8, 9), the optimal line was the
one connecting left and right PVs, resembling a roof line, a floor
line or a combination of the two. Case 7 was found to require the
most complicated ablation strategy according to our algorithm. In
fact, the figure-of-eight mechanism also involved gaps in the pre-
vious PVI on the right PVs. Directed network mapping identified a
reentry on each right PV. However, only a reentry on the RIPV was
clinically observed. The mechanism was stopped by performing a
roof line. In addition, PVI was also repeated. Despite the recom-
mended strategy may look overly complicated, a closer inspection
hints that a roof line and PVI on the right PVs were the neces-
sary lines and matched with the actual ablation. The mechanism
of the case 8 was stopped with a roof line, which matched to the
recommended strategy. Regarding case 9, the patient had gaps in
the previous PVIs which, once closed, caused the termination of
the mechanism. In addition, a roof line was performed to ensure a
successful intervention, that matched the recommendation.

Case 10 presented a macroreentry around the right PVs due to
a gap in the previous line connecting the mitral annulus and RSPV.
When the gap was ablated, the mechanism stopped. In this case,
the recommended line resembled a roof line and it was the short-
est single path terminating the CAT according to our algorithm.
This case opens up to an interesting discussion. Indeed, the antero-
medial line connecting the right PV ostium and MV typically shows
large lengths [26], and thus it likely becomes excluded from the set
of eligible lines by the heuristic implemented. In addition, this line
is close to the aortic sinus, which requires attention when ablating
along this isthmus: the critical position of other structures was a
property not modeled in our optimization problem. For this spe-
cific case, with a proper modeling of previous ablations, the rec-
ommended line would have been the closing of the gap as optimal
strategy.

Finally, the recommended lines for the case displaying mi-
croreentries (case 6) were two short paths interrupting the cycles
appearing on both left and right PVs. Despite the recommender
system being designed only for the treatment of macroreentries,
we wanted to evaluate the potential for microreentries too. For
this case, however, the ablation lines found need to be considered
as only indications for the necessary treatment, and not for their
exact location. In fact, interrupting any edge composing the cycle
would stop the microreentry. This suggests that the optimization
problem should be adapted to consider criteria different than the
length of the ablation in this context. Here, gaps were found during
the intervention on both left and right PVIs very near to the mech-
anisms identified by directed network mapping. However, only the
gaps on the left PVI resulted in an observed microreentry. The mi-
croreentry identified on the right PVI was mostly located within
the RSPV and was likely caused by a combination of factors such
as the gap on the right PVI and the substrate of the previously
ablated tissue. The clinical treatment was the closing of the gaps
in both left and right PVIs, as indicated by the interruption of the
microreentries provided by the recommender system. Further in-
vestigations are needed in this context.

4.3. Performance of the recommender system

One key assumption of our methodology was that ablation lines
could only stop the mechanism in place but not change it. How-
ever, this assumption might not hold in practice and for this reason
we implemented computerized simulations to assess such possible
switch of the mechanism. Out of the six simulations considered,
only the scenarios involving typical atrial flutter switched into a bi-
atrial flutter. Biatrial tachycardia is considered a rare form of reen-
trant arrhythmia and is found associated with scars on the sep-
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tum [27]. Such scars create a block of the electrical propagation
between the left and right atria, thus promoting a reentry travel-
ing from the right to the left atrium through the CS, and from the
left to the right atrium through the Bachmann’s bundle on the way
back (or viceversa). We noted that the ablation recommended was
very close to the septum due to the particular position of the IVC
in this reconstructed anatomy (please, refer to Figure 3 in [5] to in-
spect the 3D model). Likely, the position of the line in combination
with this specific anatomy caused the switch into a biatrial flutter.

The performance of the recommender system can be summa-
rized under different perspectives. First, the position of the recom-
mended lines matched what typically expected by the mechanism
in place in 89% of the cases (cases from 1 to 5 and 7-9; case 6
excluded). Second, the suggested lines exactly matched the clini-
cal treatment in 44% (cases 1, 2, 7, 8), and partially matched in
22% (cases 5 and 9). Hence, accuracy ranged between 44% to 67%
with the actual treatment. The drop in performance was associated
to the lack of modeling of the previous ablated tissue (cases 3, 4,
9, 10) into the optimization problem and the selection of the LISP
instead of LSPV when performing a MIL (case 5). Third, the recom-
mended lines terminated the mechanism in 67% of the simulated
scenarios (however, we believe that this percentage is underesti-
mated considering that the wrong recommendation was for a rare
form of arrhythmia in a single anatomy considered).

Another point worth discussing, possibly affecting the perfor-
mance, was that the recommended ablation lines displayed a “zig-
zag” behavior with both low and high spatial frequency oscillations
(e.g., Fig. 2e). The low oscillations were mostly due to the strategy
used for the creation of the Voronoi tessellation. Indeed, the use
of the centroid in each of the triangles composing the downsam-
pled mesh forced the ablation path to circumnavigate the nodes
where the electrical potentials were quantified (Fig. 1b). This be-
havior can be solved by i) forcing the downsampling algorithm to
produce a denser distribution of nodes; or ii) adding points within
each triangle where the ablation path could go through. In our
opinion, both strategies have advantages and disadvantages. In fact,
adding nodes to Gprop might compromise the detection of cycles
due to higher chances of missing edges (similar to what is de-
scribed above), while adding points for ablation lines would make
#A grow drastically, thus increasing the computational time re-
quired to find the optimal ablation set. Regarding the high spatial
frequency oscillations, they are mostly due to the way the ablation
lines were projected from the Voronoi tessellation to the original
mesh. We believe that this is a minor problem that can be easily
solved by smoothing the line using a low pass filter or a geometric
snake for a triangular mesh [11,28]. We leave these investigations
and improvements for future works.

4.4. Comparison with other approaches

Despite our study reports the first attempt for the use of graph
theory to recommend the ablation strategy from data collected
during interventions, at the best of our knowledge, only one study
investigated a similar approach [14]. Zahid et al. proposed to use
the “minimum cut” algorithm based on a flow network to predict
optimal ablation targets for left AFL. They used data collected from
EP studies and magnetic resonance imaging to create a mathemat-
ical model, comprising a geometry annotated with both healthy
and fibrotic tissues, and a cellular model, to simulate the electrical
propagation. A flow network was constructed on simulated data
considering each volumetric element of the geometry as a node,
and connecting adjacent nodes only when the CV was higher than
a certain threshold (they used 100 cm/s). Once the network was
created, the “minimum cut” algorithm was employed to interrupt
the mechanisms.
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The “minimum cut” algorithm is the dual problem of the
so-called “maximum flow” problem, common in network theory.
Briefly, this problem requires the assignment of a maximum ca-
pacity to each edge of a graph. The maximum flow from one node,
called source, to another one, called sink, is computed as the max-
imum sum of the flows between all paths connecting the source
and sink, according to the maximum capacity of each edge (a clear
example is the road network from one city to another one where
each road has a maximum capacity of cars). Finding the maximum
flow between two nodes is equivalent of identifying the minimum
sum of the flows through the edges that, when removed, would
separate the network into two disjoint networks (in the road ex-
ample is equivalent to finding the bottleneck during traffic jam).

There are three major differences between our approach and
that of Zahid et al.. The first one is that all algorithms we pro-
posed are based only on data collected during mapping and do
not require computerized simulations. This is clearly advantageous
under different perspectives. On the one hand, directed network
mapping and recommender system require only two important as-
sumptions: i) stationary electrical propagation; and ii) CV within a
physiological range. Both assumptions are also required by the flow
network implemented by Zahid et al., but with additional require-
ments such as availability of imaging data, and electrophysiologi-
cal model of atrial cells and model of fiber orientation, specifically
fitted on patient’s data. Also, results can be obtained fully auto-
matic and nearly real-time with our approach, while computerized
simulations are (typically) computationally expensive. On the other
hand, the main drawback of the recommender system is that the
mechanism may turn into a more complicated pattern after per-
forming the suggested ablation lines (as it occurred in our sim-
ulations of typical AFL). In this case, being able to simulate be-
forehand the effect of the recommended ablations using advanced
computational models seems a reasonable and feasible approach to
further improve the performance.

The second difference is that the “minimum cut” algorithm
needs the selection of the source and sink, ie., two nodes of the
network. This selection represents a major difficulty and can com-
pletely change the output of the algorithm, i.e., the ablation strat-
egy recommended. In fact, the source and sink are typically inputs
of the optimization problem. However, we found no criteria for the
a priori selection of these two nodes considering the physiological
phenomenon in place.

Finally, the third major difference is that in the approach by Za-
hid et al. there is no guarantee that the set of minimum cuts would
resemble the ablation lines established for the treatment of CAT.
Indeed, the noise present on the recordings may make the nodes
of the network with a low degree, i.e., just a few edges inward and
outward to and from a node. Hence, the noise will likely lead the
“minimum cut” algorithm to find a set of ablation lines, as short as
one edge, that are disconnected between each other, for the treat-
ment of macroreentries.

4.5. Limitations and future works

The association between anatomical structures, such as valves,
appendage and PVs, and nodes on the free boundaries was the only
step not performed automatically by our software. This problem
was tackled recently by means of different tools such as machine
learning [29] or statistical shape models [30]. Since this step was
not the main objective of the study, we leave the insertion of this
automatic association in the overall pipeline as future works.

The recommended ablation lines were the solution of the
proposed optimization problem, which involved Gyesh, Gprop and
Giines- It is worth noting that the optimization problem can be re-
framed by only using Gprop. Indeed, the overall objective is to find
which directed edges in Gprop must be removed to interrupt the
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reentry. However, this approach does not ensure that the edges re-
moved are connected through a path and this path resembles the
shortest. In other words, the optimization problem requires a set
of constraints to provide a meaningful solution. In our study, the
constraints were set in the form of Gj;,.s, which, on one hand, en-
sured a feasible solution (from a clinical perspective) and, on the
other hand, made the solution clearly interpretable (not only as a
set of directed edges removed but a path). Perhaps, an alternative
problem formulation without Gj;,es would speed up the search of
a feasible solution by removing the infrastructure created to en-
force the set of possible ablation lines. We leave this investigation
to future studies.

The set of ablation lines was restricted to those from the free
boundary of one anatomical structure to that of another one in
both atria. However, this approach might be suboptimal in case
of previous PVI (as in our case) because the ablated tissue is not
considered in the optimization problem. In other words, the pro-
posed recommender system does not assume that a previous PVI
was performed. This lack of information might have led the rec-
ommender system to suggest longer ablation lines than actually
needed, e.g., not connecting PVIs from left to right PVs for the
treatment figure-of-eight macroreentries (see case 9 in Fig. 2f). The
influence of ablated tissue on the recommended ablation strategy
will be investigated in the future.

Another important limitation is that we did not consider fo-
cal activations in the optimization problem. Despite directed net-
work mapping seems able to identify such activations by looking
at the in-degree of the nodes [15], modeling how they should be
handled by the recommender system is challenging. In the cur-
rent framework, the most straightforward way would be consid-
ering the smallest closed-loop ablation placed around each node
in the propagation graph and let the recommender finding the op-
timal solution. However, this approach may contrast with the opti-
mization problem designed specifically for macroreentries. In fact,
the algorithm could find many of these closed-loop ablations sim-
ply because they tend to reduce the overall ablation length while
removing macroreentries as well. A similar problem occurs when
dealing with microreentries. We leave the investigation on how
to handle focal activations and microreentries in the optimization
problem for future.

As described in Section 4.3, the main reason for the mismatch
between lines recommended and those actually performed by the
electrophysiologists was likely the lack of modeling of previous ab-
lation lines. These lines were however present in most of our pa-
tients (Table 2), but the data at disposal did not include such in-
formation and therefore they did not enter into the optimization
problem. Future investigations will be dedicated to find the opti-
mal strategy to model previous ablation lines (for instance, by pri-
oritizing re-ablation of previous sites). At this current stage, while
the performance obtained were sufficiently good, the algorithm
still requires improvements for patients with CAT before deploy-
ment into clinical practice. However, even though preliminary, the
study demonstrated that graph-based methods may represent a
valid tool for guiding the planning of the treatment.

Another important point is that the recommender system could
be extended to consider additional criteria rather than just the
length of the ablation line. For example, ablating in diseased areas
(identified as areas with low bipolar voltage, reduced conduction
velocity or late gadolinium enhancement [31]) might be preferred
to ablating nearby healthy tissue. This may lead, for example, to
preferring an anterior MIL to a lateral MIL [32].

Finally, both directed network mapping and recommender sys-
tem may obtain a boost in their computational performance if
their algorithms are written in a parallelized fashion. In fact, both
algorithms process a specific function for pairs of objects indepen-
dently. Directed network mapping defines a directed edge for each
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pair of nodes that are neighbors, whereas the recommender sys-
tem evaluates the goodness of the candidate set C* U 4; for each i.
This approach is expected to reduce the computational time by the
number of parallel jobs. However, identifying possible bottlenecks
is not trivial and therefore we leave this investigation for future
studies.

5. Conclusions

In this study, we proposed a recommender system, built as so-
lution of an optimization problem, able to suggest the optimal ab-
lation strategy for the treatment of CAT. The problem was designed
on top of the output of a recent technology used to model the elec-
trical propagation, i.e., directed network mapping [4,5], that makes
use of graph theory. The optimization problem modeled the opti-
mal ablation strategy as that one interrupting all reentrant mecha-
nisms while minimizing the ablated atrial surface.

Considering the exponential complexity of finding the optimal
solution of the problem, we introduced a heuristic algorithm with
polynomial complexity. The proposed algorithm was applied to
both simulated and clinical data, achieving promising performance,
nearly real-time.

In conclusions, the study may open up interesting scenarios for
the application of graph theory for the treatment of CAT.
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