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Abstract

We calculate the quarkonic 0(013) massive operator matrix elements AAQg(N),AAZSq(N) and

AA?; Q(N ) for the twist-2 operators and the associated heavy flavor Wilson coefficients in polarized

deeply inelastic scattering in the region 02 > m? to O(e) in the case of the inclusive heavy flavor con-
tributions. The evaluation is performed in Mellin space, without applying the integration-by-parts method.
The result is given in terms of harmonic sums. This leads to a significant compactification of the operator
matrix elements and massive Wilson coefficients in the region 02 > m? derived previously in [1], which
we partly confirm, and also partly correct. The results allow to determine the heavy flavor Wilson coef-
ficients for g1 (x, QZ) to O(asz) for all but the power suppressed terms o (m2 /Qz)k, k > 1. The results
in momentum fraction z-space are also presented. We also discuss the small x effects in the polarized
case. Numerical results are presented. We also compute the gluonic matching coefficients in the two—mass
variable flavor number scheme to O (g).

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

* Corresponding author.
E-mail address: Johannes.Bluemlein @desy.de (J. Bliimlein).

https://doi.org/10.1016/j.nuclphysb.2023.116114
0550-3213/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2023.116114&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.nuclphysb.2023.116114
http://www.elsevier.com/locate/nuclphysb
http://creativecommons.org/licenses/by/4.0/
mailto:Johannes.Bluemlein@desy.de
https://doi.org/10.1016/j.nuclphysb.2023.116114
http://creativecommons.org/licenses/by/4.0/

1. Bierenbaum, J. Bliimlein, A. De Freitas et al. Nuclear Physics B 988 (2023) 116114
1. Introduction

The question of the composition of the nucleon spin in terms of partonic degrees of freedom
has attracted much interest after the initial experimental finding [2] that the polarizations of the
three light quarks alone do not provide the required value of 1/2. Subsequently, the polarized
nucleon structure functions have been measured in great detail by various experiments [3]." To
determine the different contributions to the nucleon spin, both the flavor dependence as well as
the contribution due to the gluons and angular excitations at virtualities O in the perturbative
region have to be studied in more detail in the future [7—13] experimentally. Since the nucleon
spin contributions are related to the first moments of the respective distribution functions, it is
desirable to measure to very small values of x, i.e. to highest possible hadronic energies, cf. [14].
A detailed treatment of the flavor structure requires the inclusion of heavy flavor. As in the un-
polarized case [15-23] this contribution is driven by the gluon and sea—quark densities, since the
flavor non—singlet contributions contribute from O(asz) only, where a; = «;/(4m) is the renor-
malized coupling constant in the MS scheme. The Wilson coefficients are known to first order in
the whole kinematic range [24,25].> The photo—production cross section for polarized scattering
has been calculated to next-to-leading order (NLO) in [27]. Very recently also the NLO cor-
rections for polarized deep—inelastic production of tagged heavy quarks have been computed in
[28], partly numerically, retaining also the power corrections. Previously, only the deep inelastic
scattering cross section in the case Q% > m?, with m the heavy quark mass, had been calculated
in Ref. [1]. Exclusive data on charm—quark pair production in polarized deep—inelastic scatter-
ing are available only in the region of very low photon virtualities [29] at present. However, the
inclusive measurement of the structure functions gi(x, QZ) and g (x, Q2) contains the heavy
flavor contributions for hadronic masses W2 > (2m + my)2, with my the nucleon mass. The
scaling violations of the heavy quark contributions to the structure functions are different from
those of the light partons. Therefore one may not model these contributions in a simple man-
ner changing the number of active massless flavors. Numerical illustrations for the leading order
(LO) contributions were given in [30] using the parton densities [31].° In Ref. [35] the LO heavy
charm contributions were accounted for in the fit explicitly.

Quantitative comparisons between the results of [15] and [16,17] show that the approxima-
tion Q2 > m? is valid for heavy flavor contributions to the structure function Fi(x, Q2) for
0?/m*210, i.e. Q*222.5 GeV? in the case of charm. A similar approximation should hold
in the case of the polarized structure function gi(x, Q%). By comparing the pure singlet con-
tributions in the full and asymptotic kinematics [36], one finds e.g. Q2/m2 >10at x = 1074,
Q?%/m?* > 50 at x = 1072 and Q?/m? > 110 at x = 0.5 allowing for a deviation from the exact
two—loop result by 3%.

In the present paper we re-calculate for the first time the heavy flavor contributions to the
longitudinally polarized structure function gi(x, Q%) analytically to O(af) in the asymptotic
region Q% > m? and provide various phenomenological illustrations. We will consider the case
of inclusive heavy flavor corrections in the following.* At the time when Ref. [1] was published,

! For theoretical surveys see [4—6].

2 For a fast, precise numerical implementation of the heavy corrections in Mellin space see [26].

3 Other polarized parton density parameterizations can be found in Refs. [32-34].

4 Tagged heavy flavor corrections, Ref. [ 1], can be considered up to two—loop order. Starting with three—loop order this
separation is not possible in the inclusive case [20,37-39].
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the understanding of polarized processes in D dimensions has still been under development [1,
40—44] and results on the loop level need to be checked.

The contributions to the structure function g»(x, Q) can be obtained by using the Wandzura—
Wilczek relation [45] at the level of twist—2 operators [46,47]. The general validity of this relation
was shown in Ref. [46] using the covariant parton model [48]. This also applies to the heavy
flavor contributions [30]. The Wandzura—Wilczek relation holds also in the case of diffractive
scattering [49], for the target mass corrections [50,51] and for non—forward scattering [52].

As has been outlined in Ref. [16] already in the case of the twist—2 contributions, the asymp-
totic heavy flavor corrections factorize into massive operator matrix elements (OMEs) and the
light flavor Wilson coefficients [40] as a consequence of the renormalization group equations.’

In calculating the polarized heavy flavor Wilson coefficients to O(af), we proceed in the same
way as was followed in the unpolarized case [17]. Furthermore, we calculate newly the O(¢)
terms at this order for the unrenormalized OMEs in the Larin scheme [57]. They contribute to
the O(ag) corrections through renormalization.® Later on we will translate the two—loop results
into the scheme used in [41,59-62].

The calculation was performed in Mellin space without applying the integration-by-parts
(IBP) method [63] for the Feynman diagrams. This leads to much more compact representa-
tions in terms of harmonic sums [64,65] both for the individual diagrams and the final results. In
the course of the calculation we use representations through Mellin—Barnes integrals [17,66] and
generalized hypergeometric functions [67].”

The flavor non-singlet and pure singlet results are known analytically to two—loop or-
der, including the power corrections [16,36,53], and the asymptotic non-singlet three—loop
corrections have been calculated in [39]. Phenomenological applications were given in [69]
in the non-singlet case. Furthermore, the polarized three-loop operator matrix elements
AAPS @ AAPS (Q3) AASS) and AA(3) in the single mass case [70-72] and the OMEs

q8,0
NS (©) PS ,3) 3) (3)
AALo DAY, T AAG o a and AAg o in the two—mass case have been computed [71,73—

76].

In the present paper we deal with corrections of a single heavy quark and Ny massless quarks
and also consider the first two—mass contributions, which contribute starting with O(asz). The
paper is organized as follows. In Section 2 we summarize main relations, such as the differential
cross sections for polarized deeply inelastic scattering and the leading order heavy flavor correc-
tions, and give a brief outline on the representation of the asymptotic heavy flavor corrections
at next-to-leading order (NLO). In Section 3 we summarize details of the renormalization of the
massive operator matrix elements. The polarized gluonic and quarkonic massive operator ma-
trix elements at two—loop order are calculated in Section 4 in the Larin scheme [57] (for other
schemes see [77]). Since the specific prescriptions of y5 and the Levi—Civita pseudo—tensor in
D = 4 + ¢ dimensions violate Ward—identities, a finite renormalization has to be performed to
transform all related quantities, i.e. the massive operator matrix elements, the massless Wilson
coefficients and the parton distribution functions into the M scheme, cf. [41,59-61]. We describe
in detail the different treatments in Refs. [1,40,43], in which partly mixed concepts were used, to

5 This has been proven analytically in the case of QCD to two—loops by calculating the complete mass dependence for
the non-singlet [1,16,53] and the pure singlet contributions [36,54]. Furthermore, it has been proven for the two—loop
QED corrections for ete™ — y*/Z* [55,56], where the initial state consists of massive particles.

6 For the calculation of the moments of the unpolarized massive OMEs, see [20 21]. Corresponding moments in the
case of transversity were obtained in [58] to 0(a3) with complete results at O(a ).

7 Fora survey on other calculation methods see [68].
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understand and correct the final result of the previous calculation [1]. In particular, also a recal-
culation of the massless two—loop pure singlet Wilson coefficient is needed for this comparison,
cf. Ref. [36].%

We checked our results for a number of moments with the help of the Mellin—Barnes method
numerically. The mathematical structure of the results is discussed. Again, it can be represented
in terms of a few basic harmonic sums in a more compact form if compared to the results given
in Ref. [1]. There are no new sums appearing if compared to the unpolarized calculation given in
[22]. We also specify the 1st moment of the heavy flavor Wilson coefficient. The small x behav-
ior of these quantities is of special interest. We discuss it in the context of other quantities with
leading small x singularity at N = O to clarify the present status. Numerical results are presented
in Section 5. In Section 6 we present also the gluonic 2-loop OMESs, which contribute in the
variable flavor number scheme (VFNS), cf. e.g. [79].° Section 7 contains the conclusions. In Ap-
pendix A, the results for the individual Feynman diagrams are presented. Technical details of the
calculation are given in Appendix B. The asymptotic polarized heavy quark Wilson coefficients
are listed both in momentum fraction z—space and Mellin N space in Appendix C, where we also
correct results given in Ref. [1].

2. Heavy flavor structure functions in polarized deep-inelastic scattering

The process of deeply inelastic longitudinally polarized charged lepton scattering off longi-
tudinally (L) or transversely (T) polarized nucleons in the case of single photon exchange' is
given by

ITN — I*X . (1)
The differential scattering cross sections read

Ao ya?
— = LMW, 2
dxdydo ~— Q4 - @

cf. [47], where x = Q%/2P.q and y = P.q/k.P are the Bjorken variables, P and k are the
incoming nucleon and lepton 4-momenta, g = k — k' is the 4~momentum transfer, Q2 = —q2, 6
the azimuthal angle of the final state lepton, and L*” and W, denote the leptonic and hadronic
tensors. We consider the asymmetries A(x, y,0) 7 between the differential cross sections for
opposite nucleon polarization both in the longitudinal and transverse case

d30: T d3oLf T
dxdydd — dxdydo’

Ax,y,0)LT = ?3)
which projects onto the polarized parts of both the leptonic and hadronic tensors, Lﬁv and W;fv'
The hadronic tensor at the level of the twist T = 2 contributions is then determined by two
nucleon structure functions

8 Very recently also the three—loop massless polarized Wilson coefficients have been calculated in the Larin scheme
[78].

9 Here we refer to what is also known as General Mass Variable Flavor Number Scheme (GMVENYS) in the literature
for two—flavor matching, cf. also [73], which generalizes the flavor matching in the single heavy quark case [80].

10 For the scattering cross sections in the case of also electro—weak contributions see Refs. [47,50].
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A Qo A o o
: q"S 2y, 9" (P.qS° —S.qP%) 2
wA = , , . 4
wy lsuv)»<7|: Py g1(x, 0 + (P.q)2 g, Q%) 4)
Here S denotes the nucleon spin vector
S.=1(0,0,0,my)
St =mn(0, cos(9), sin(9), 0) , (3)

in the longitudinally and transversely polarized cases in the nucleon rest frame, with my the
nucleon mass, 6 a fixed angle in the plane transverse to the proton beam direction, and Euvio 18
the Levi—Civita symbol.

One obtains [47,50]"!

2 2 2
A(x,y>L=4x% [(2—y— xysmN>g1< 0% +42%

gz(x Q )} (6)

x
Q? y
+2g2(x, 091, 7

where o = €2 /(4m) is the fine structure constant, A the degree of polarization, and s = (P + k)z.
In the case of A(x, y), the dependence on 6 is trivial and has been integrated out. The structure
function g (x, Q2) has the following representation to O(Ofsz),

2 2 2
A(x.y.8.0)r = —8h = mN [1 —y- xy?”}cos(é—enygl(x, 0?)

‘L’ 2,light

=2(x, 0% = (x, 0% + gl =M™ (x, 0%, (8)

where we account for the heavy flavor contributions in the asymptotic region, with [40],
Eqgs. (2.6)-(2.8),

Nf
1 x| 1
e 2, lgm( 0 )__{N_er%[ACS®AE+AC§®AG:| +Acg’SANs}, 9
k=1
xgl MW (x, 02) = xg T2 (x, Q1) +xgT 2 (x, 0%) + 872 (x, 07, (10)

with N = 3.!? The heavy flavor corrections contain both one and two heavy flavor contributions.
The polarized singlet and non—singlet distribution functions for N strictly massless quarks are
given by

Np

AE:Z(AfHAf,;), an
k=1
Nf 1 Nr

Ans=) [e,%— N—FZe%} (Afi+ Af). (12)
k=1 i=l1

11 The QED radiative corrections were calculated in Ref. [81] and are contained in the present release of the code
HECTOR [82].
12 Iy the presence of a finite nucleon mass also the structure function gg (x, Q2) has twist-3 contributions, cf. [50].
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and AG denotes the polarized gluon distribution and all parton distributions depend on x, the
factorization scale 2 and the number of massless flavors N, with (1/Nf) Z,N:F1 el.2 =2/9 for
Nr = 3. The massless quarkonic Wilson coefficient, AC3, is given by

ACS =ACS +ACS, (13)

where the massless pure singlet Wilson coefficient, cf. [36,40,78,83], ACES contributes from
O(af) onward; ® denotes the Mellin convolution

11
[A® Bl(z) = //dxdy 8(z—xy) A(x)B(y) . 14)
00
By using the Mellin transform
1
M[F (2)](N) =/dzzN—1F(z), (15)
0

one obtains

M[[A ® Bl(2)]I(N) =M[A(2)](N) - M[B(2)](N). (16)

The heavy quark contributions in the asymptotic region are given by the single heavy flavor
corrections to two—loop order, [80] Eq. (2.29),13

=2
xg =%k, 0H =

x [ ({5, s 0’ 2 ons 0> mp
E Z@k ALg,l )C,m—2 ®AG+ ZekALq,l X,E,? ®[Afk+Af]E]
k=1 0 k=1
N Y s (L2 ™
+e5| AH X, —,— | A+ AH X, —,— | ®AG |,
Q q,1 w2’ u? g1 w2 u?
a7
with Q = ¢, b. The single mass heavy flavor Wilson coefficients are
S, 3
ALY =a?aL)S® + 0(a)), (18)
S,
AL =i ALY + 0. (19)
AHPS = afAH;?’(Z) +0(ad), (20)
AHS =a,AHS" +alAH P + 0(a)). @21)
The two—mass corrections are given by [73]
: d
xg{ P (x, 0 = a?% / fAHQW"‘“‘a“(z, Q% me, mp) AG (’Z—“ Q2> : (22)

X

13 ALZS contributes only with three—loop order.
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32
AH;,WO_maSS(Z) 3 TF{(I —2Z)(€ +€b)1 (Q—%) <—>
2
(e 1n<Q>+eb1n Q_z )
mb me

1-—
|:(3 4z2) — (1 —2z)In < >i| }, (23)
and e the charge of the heavy quark.'*

The massless two—loop Wilson coefficients are given in [78,83-87] and the massive Wilson
coefficients AL(’;S @ AL? Ez), AHPS @ and AH ( ) are given in Appendix C and AHS M4
(25).

The twist—2 heavy flavor contributions to the structure function g (x, 0?) are calculated using
the collinear parton model. This is not possible in the case of the structure function gz (x, 0?%).
As shown in Ref. [30], for the gluonic contributions the Wandzura—Wilczek relation also holds
for the heavy flavor contributions

with

1

_ _ d _
=2, 0%) = —g7=2(x, 0)) + / e 00, 24)

which can be proven in the covariant parton model and derived from the analytic continuation
of the moments obtained in the light cone expansion [30,46,47,50]. Here the twist expansion is
necessary.

Atleading order the heavy flavor Wilson corrections are known in the whole kinematic region,
[24,25]

(1) m + ﬂ
AH, 4T 3—4z)—(1—-2z)In , 25
( Qz) F[ﬂ( )~ (1-2) 1—/3” (25)
where B denotes the center of mass (cms) velocity of the heavy quarks,
s= |1 dm?  z (26)
- Q> 11—z

The support of AH(I) (z,m?/Q?) is given by z € [0, 1/a], where a = 1+4m?/Q? and m denotes
the heavy quark mass As it is well known, the first moment of the Wilson coefficient vanishes

1/a

1) m?
[ azanf (=) =0, @n
0

which has a phenomenological implication on the heavy flavor contributions to polarized struc-
ture functions, resulting into an oscillatory profile [30]. The unpolarized heavy flavor Wilson

14 The double-logarithmic two—mass correction to F5 (x, 0%)in [79], Eq. (21), has to be corrected by the factor —(e% +
2
e h)'
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coefficients [15—17] do not obey a relation like (27) but exhibit a rising behavior towards small
values of x.
The massive contribution to the structure function g (x, Q2) at O (ay) is given by

1
_ d 2
xg (. 0% = Sehas(@?) / TAH (E %) AGG. Q%) . (28)

At asymptotic values Q2 >> m? one obtains the leading order heavy flavor Wilson coefficient
2 2
1—
AHSD (22 ) =410 |3 -4+ 2z — DIn [ — )+ 22— Dn o (29)
8 Q2 z m2
and a = 1. The factor in front of the logarithmic term ln(Q2 / m?) in (29) is the leading order
larized splitti . (0)
polarized splitting function Py’ (z)

PO () = 8T [12 —a —Z)Z] —8Tr[2z—1] . 30

The sum-rule (27) also holds in the asymptotic case extending the range of integration to
z€[0,1],
1

2
/ N el (Z ’”—) ~0 31)
81 ’Qz -V
0

Note that H g(]l) does not depend on the factorization scale u? due to the absence of collinear

singularities.'”

As has been shown in Ref. [16] the asymptotic heavy flavor Wilson coefficients obey a factor-
ized form given by certain Mellin—convolutions of the massive OMEs and the massless Wilson
coefficients. The expression at one— and two—loop order in the tagged heavy flavor case were
given in Ref. [16]. In the inclusive case the general structure of the Wilson coefficients is [20]

2 2 2
sy (27 _ Apm (£ M (K
AHgl,g <m2> _Acgl,g (M2> +AAQg <m2)’ (32)

2 2 2 2 2
s (2 m\_ \ro (2 m [~ A
0

) w () " (D) ’
+ AA — )+ AA = AC: =, 33
Qg<m2) gg’Q(m2)® g“(/ﬁ) G
2 2 2 2
ps,2 ( Q- m°\ _  =pso) (€ ps,) (4
2 2 2 2
Ns.@ (20 MmUY _agnso (20 Ns.) (A
AL (mz’lﬂ)_ACgl,q,Q(Mz +AAqq,Q m2
2 2
m
+ AL?]S’EIZ),massless (%’ F) , (35)

15 Sometimes it is assumed in the literature that the phase space logarithm ]n(Qz/mz) would be a collinear logarithm,
and has to be resummed. This, however, is not the case for the differential scattering cross section. See, however, Sec-
tion 5.
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2 .2 2 2
s (20 M\ _ 4@ (K =~ (2
ALy (mz’ M2>_AAgg,Q <m2>®NFACg1,g<M2 ’ (36)
with
NS, (2), massless m? (0) Q2 (e8]
ALgl,'q ’ =—po,oln M_ qu (2)In F +cg|’q(z) 37
and
4
Bo,o = _gTFy (38)
NS(2) .

and Tr = 1/2in SU(N,). Note the difference between the definition of ALy, in [1] and (35),
cf. [53]. Since AL?]S,EJZ) (Q—2 ’Z—;) - AL?IS,;](z)’maSSIGSS is finite in D = 4 dimensions [1,53], there

m2’
is no finite renormalization for this quantity, and AL?IS,;I(Z)‘maSSIeSS is a pure bubble correction of

the massless one—loop Wilson coefficient, which is known in the MS scheme too.
-~ 2
The massless Wilson coefficient AC;}?g (%) depends on the factorization scale 2. This

dependence cancels, however, against that of the massive OME in AH(g,Sl(,lg).

In measuring the structure functions g (x, 0?%) and g>(x, Q?) the inclusive relations apply.
Here also heavy flavor corrections with massless di-quark final states and virtual heavy flavor
corrections contribute.!® The massless coefficient functions, related to N g heavy quarks, are
denoted by

2 2 2
ACg;k (%) = ACg ik <%, N+ NH) —ACq:k (%, NL) , (39)

where Ny, is the number of light flavors. In the following we will consider the case of a single
heavy quark, i.e. Ng = 1.

The representation of the polarized two—loop massless Wilson coefficients in Ref. [40] have
been corrected several times. They are partly given in the Larin scheme and partly in the M
scheme, see also the comment in [1] on the calculation of A there. For clear reference we
present the pure singlet and gluonic contributions in the M scheme using harmonic polyloga-
rithms (or alternatively, harmonic sums) in Appendix C. The massless flavor non—singlet Wilson
coefficient is the same as for the unpolarized structure function x F3 and it has been calculated
in [78,84] to three—loop order.!” The two—loop results were obtained in [78,85,86]. In [83] it
has been mentioned that the final result on the two—loop massless Wilson coefficients of [40] for
g1 has been confirmed in the M scheme. We have checked that our results also agree with the
corresponding FORTRAN program by W.L. van Neerven [87].

In the following, we will use the notations f and f also for the splitting functions, anomalous
dimensions and Wilson coefficients

A ~ 1
f=fWNr+1D)—f(Np), [f= N_Ff(NF)- (40)
S.NS

The operator matrix elements A}, obey the expansion

16 In Ref. [53] it has been shown that, otherwise, the polarized Bjorken sum-rule cannot be obtained.
17 This also holds to three—loop order for the usual case of N = 3 massless flavors, but not for more (or less) massless
flavors, resulting into a different d,;p term, despite the first moment of its contribution vanishes.
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2
ASNS(M> (11O li) = 8p.i + ZIAASN”), ki=q.g. (41)
=1

The twist-2 operators Oy form the massive OMEs between partonic states |i), which are related
by collinear factorization to the initial-state nucleon states |N).

The operator matrix elements A,ElNS (m2 /12, x) are process independent quantities. They are
calculated from the diagrams in Figures 2-5 of Ref. [17], for the polarized local non—singlet,
singlet and gluon operators

_ A
O;f;lmﬂN}(x) =iN-1§ |:1,0(x)y5y’“ D#2 . DMV E’w(x)} — trace terms, (42)

O -1 () = iV IS [P (x)ysy D2 .. DMV (x)] — trace terms, (43)

Ol (x) = 2V =288p 1P T (g, (1) D" . DV Flit ) | — trace terms .
(44)
Here ¥ (x) denotes the quark field, A, the SU (3) (light) flavor matrix, D* the covariant derivative
including the gluon fields, F gﬁ the gluon field strength tensor, with a the SU(3). color index.
The trace (Sp) is over color space. The curly brackets {...} in the Lh.s. of Egs. (42)—(44) and

the symbol S in the r.h.s. denote symmetrization of all Lorentz indices, which projects onto the
twist—2 operators. The corresponding Feynman rules are obtained by replacing in the quark case

A — Ays (45)

and turning from the field strength tensor F, to its dual by introducing the Levi—Civita symbol

"By in the gluonic case in the unpolarized Feynman rules of the operator insertions given in
Figure 1 of Ref. [17] and Figures 8 and 9 of Ref. [20].

The expansion coefficients of the unrenormalized OMEs A,f"lNS’(l) have the representation

ASNSD Z el Aa™. (46)

m=—I
In the present calculation we need the following coefficients

(1)0 (1)1 —(1) NS, (2),0 NS, (2) PS,(2),0 _ A PS,(2)
Aa =0, Aa =Ad Aog Aaqq,Q qq9,0 ° AaQq _AaQq ’

(2),0 _ (2)
Aan = Aan. “7

=Aa

We also calculate the O(¢g) terms at two—loop order, denoted by a bar, for use at the three—loop
level.

In the following we will present formulae in Mellin space and for different N -dependent func-
tions we use the shorthand notation F(N) = F. The massless Wilson coefficients to O(asz) are
given by, cf. [88], in Mellin space. For the different N—dependent functions we use the shorthand
notation F(N)=F

1 0
o _ L po ()
AC(Y, = SAPY ln(u ) +e, (48)
@ _ | LAp@[Ap© © © 0
ACY, = | AP, [Ang +Aqu] AOAP, F

10



1. Bierenbaum, J. Bliimlein, A. De Freitas et al. Nuclear Physics B 988 (2023) 116114

1 1 1 0’
6] 0) o 0) (D
+|:2Aqu +(2Ang ﬂo)cgl’g+2Aqu cgl’q:|ln( 2)

W
+c (49)
1 Q2 1 1 Q2
PS,(2) _ 0 0) 12 PS,(1) 0) .(1)
ACglyq —gAqu Aqu In (F>+[EAqu +5qu cgl,g:|ln(ﬁ
re3, S
1 2 1 Q?
NS,(2) _ (0) ) 2
ACgl,q = [gAqu —ZﬂOAqu}ln (F)
+ lAPNS_*(” + lAP(O) — BocP e | 1n Q—2 + @ (628
7~ laq 7" aqg T P0%i.q |Ce1q 112 1.q

Here cfk) denotes the contribution to ACI.(k) for Q% = u? and By is the lowest order expansion
coefficient of the QCD B—function,

11 4
Bo= ?CA - gNFTF: (52)

with C4 = N.,Cr = (Nf — 1)/(2N,) and NF denotes the number of light quark flavors and

N, =3 for QCD. ¢ = Z[’il (l/lk), k € N, k > 2 denote values of the Riemann ¢{—function at

(PS.NS).=D ") are the kth order splitting and coefficient functions.

J > gL
The splitting functions APi(jk)(N ) are related to the anomalous dimensions Ay,(.k) by

integer argument and P,
ij
k k
AP =—AyP, (53)
used in other representations, [78]. In the representation in Mellin N space the corresponding
quantities depend on nested harmonic sums, Sz, [64,65], which are recursively defined by
N .
3 (sign(an)*

Sal ,,,,, al(N) = klail

a k), Sp=1,a; € Z\{0}. (54)

.....

k=1

At LO and NLO the splitting functions [43,59-61,78,89,90] in the M scheme are given by18

s -cr B 45
AP;? — 8TFNFNI(VN7_+11), (56)
APY) = 4CF]\71(VN4121), 7)
APY =C, [2(24;]\/1(113/;1)1N2) _851} _gTFNR 58)

18 Here and in the following we drop the factor %[l — (=N and the integer moments are taken at the odd integers
N > 1. Note the partly different normalizations comparing the splitting functions given in Refs. [43,59-61,78,89,90].

11
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. 4 40 3N* +6N3 +47N2 +20N — 12
APDNS — corpNp—1 -85, + —8; — , 59
14 FAFTES 23 3NZ(N +1)2 (59)
16(N +2)(1 42N + N?)
APVPS = _CpTpN : 60
4 FTFNF NN 1 1) (60)
8(N—1(2—N+10N3+5N%) 32N —1)
APY = CrTEN —
qg = “FIF F[ N3N +1)3 NN+
16(N—1)_,
— [§?—S§
+ N(N+1)[ 1 2]
CCATeN 16(N° + N* —4N3 +3N2 - 7N —2)
ALEE N3(1+ N)3
64 16(N—1) ,
— S?+ 8 +25511. 61
NN T NN TS 2sal D

The first order polarized Wilson coefficients c¢g, , and ¢, o for Q2 = Mz read [25,36,40,78,86,
91,92]

2+3N)(3N?—1) 3N243N -2
0 = ¢ S +2[87—S 62
N—1 [N-1
() — _aTeN Sil. 63
“o1g d FN(N+1)|: N T ©3)

The first moment of céll),q yields —3CF in accordance with the Bjorken sum rule in the massless
case [93] and [94]. The 2nd order contributions were given in [40,78,83,87].

3. Renormalization

In the following we briefly summarize the renormalization of the polarized massive operator
matrix elements and Wilson coefficients to O (asz). It has been given for the case of tagged heavy
flavor in Ref. [1,16]. We will consider, however, the inclusive case since we deal with the struc-
ture function g (x, 02) and follow Ref. [20],'? where the renormalization has been performed
in the unpolarized case. Since we use the Larin prescription [57], we perform subsequently a
finite renormalization to the M scheme given in Ref. [41,59—-61], which is the only additional
renormalization step beyond those described in Ref. [20] in the single heavy mass case.

The unrenormalized polarized OMEs obey the series expansion

AA;j =5 +Z&(‘AA§’?>. (64)
In the renormalized case, the corresponding expansion reads

o
k
AA,'/Z(S,’j-FZ(lfAAEj) . (65)
k=1

19 Note that the renormalization applied in [1,15,16] is not generally valid in the case of inclusive structure functions.

12
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One performs i) the mass renormalization, ii) the coupling constant renormalization, iii) the
renormalization of the local operators by ultraviolet Z—factors, and for the massless sub—sets of
the diagrams iv) one removes the collinear singularities. By this one obtains the renormalized
OME:s given in [20], Egs. (4.16), (4.22), (4.35) and the renormalized asymptotic massive Wil-
son coefficients in Eqs. (2.11), (2.14), (2.15). These expressions can be written in terms of the
anomalous dimensions, massless Wilson coefficients, the expansion coefficients of the unrenor-
malized heavy quark mass, the QCD B-function and the expansion coefficients of the massive
OME:s up to two—loop order.

Yet these expressions are given in the Larin scheme used in the present calculation. The mass-
less Wilson coefficients to two—loop order transform from the Larin scheme to the M scheme [41]
by

(1,NS,M _ A ~(D.NS.L _ (1)
ACS, =AC, Zgqs (66)
(@O.NSM _ A ~@.NSL | (D2 _(2)LNS _ _(1) A ~(1),NS,L
ACq Ty =AC e T2y T 2gq 29 DCqry (67)
(2),PSM _ A ~(2.PS.L _ _(2),PS
AC, =AC 299 (68)
AC = ACy)y (69)
ACEN = ac a0

The relations can also be determined considering the massless physical evolution coefficients
associated to the pair of observables {Fi, Fy} = {g1 (x, 0%),dgi(x, 0%)/dIn(Q?)}, cf. Ref. [95,
96].%Y One considers the evolution equation

d(R\_ 1/ Ky Kia\(F an
dr \ Fu 4\ Kg1 Kaa F; )’
with 1 = —(2/B0) In(as(0%)/as(03)), with K = K =0 for k € Nk > 1 and K\) =
0,K 1(2) = —4. The scheme—invariant singlet evolution coefficients in the massless case read”'
1
© _ 21,00 _ . ©0),/©0)
Kar=73 [ 99 Veg' — Vag Veq ] (72)
0
Kid =Vig +7ig- 73)
ko Polfe o oo Lo o) oo
dr = O Lg\ P0%q T 5Wee = Vaq )Vaq > Yas Vaq
qg

1
1
+ Bocl ) |:—/30 + E(V;E) + J/;g))}
1
1,,0) 1,,0) (1,0 (1), M, 0)
+ 1 Wee Vag T Yaq Ve ~Vag Vea ~ Veq Yag )~ PoCi gVeq

Br (o0 _ 0,0\ _ L, o
+ 260 ( ag Veq ~ Yee Yaq ) - Eﬁquq ’ 74)

20 We corrected typos in [95].
2l To 1-and 2-loop order they were given in Refs. [92,97]. In Egs. (72)~(80) we drop the A in front of the y;; and ¢/,
since these formulae also structurally apply in the unpolarized case, e.g. for the structure function Fy.
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(e8]
Yqg

0)
Yqg

).

0,2

Bi

Bo

i T vge + 2P0

1 1
K =4pocty + v\ (2,80 +y

0

0 (2/30 + ¥ ~ Vag

2,0 (. (1 2,0
@ _ Ve
Ky =

9]
Yag  VYeq Vqg  Veq Vqg 4 Yeg Yaq + Yeg Yaq T Yeg
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)

(0)

+ Vg

(75)

(1) 0)

2
Yaq

4 4

(M
C1,qVes

2

4

+,30<

30,0

4
2
C(l) 0)

l,g 788 i
2

2)
8

@) 0

(
1.q”gg —2¢

+

@)
“1.q9%aa

2

ORI
_ 14 Yaq

2

1,g784q
2
1
(02
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Yeg Yaq

Yag
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Veg

M, (M
Yag Yqq

2

+,31<

2,0

194

+

0 M ,,0,,1)

1 2 2
_ 2. (0) _
¢ Yaq ~ C1,¢Ves Vag

2 lg Ve Yaq

<1>y<0>2_l M2 3
99 2 Le 749

) (1)
C1,gVeq Vag

2

(1)

(H2
1,¢Vag

+c1’g +c

)

@) . (0)
Cl.gVeg

1

L 12 0.0
© Y,
Yqs

2€1g Veg Veq

3 2 0
5Le Vaq

E M,

2¢1.¢%aq

)

2).,(0) )
+C1,g

) _ _
Yag Yaq —C1g

0)
Yqq Yag +
1 (1

0)
1,6%1,q

q

(0)

(D)
+c Yeg

Yqq

)

1
D
2%l

+ Vag (=
(H (0)
C1,gYaq
0)
g

(1)
—cr,

(2%

1) (©0)
CleVeq T

(2

t ¢ gVaq

)

)+y[1(2))
(©)
o (ﬁz( 2 2

)/g(g) + 2¢

4 4

0 (1) (0)
1.5€1.qYeq

2
qq

ORI

© _ Yag Vqq

2

0)
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M O (1)
C1,¢Yes Vaq

2

(02
q49

)

+
,31< 5

), ) 1,0

2Yqg )
1 0, ) 0y, ,(0)
1,0 o, @) 1,0 O, @

YeaVqg | VeaVag  Veg Vag  Vsg Vaq
+ B
2
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1 (D), (1,0 4 ».(D2 O, O 0
T02 (_ch,qug Yag T2 Vaq (“Veg +V4q )>

L (D 12
3/312 2¢, 50 2¢, % Yaq
3BL (0,0 _ 0,0, g3 [ Z1ela _ “Clg
T 482 (ng Yag — Ve Vaq ) + 8o ©) 02 ’ (76)
0 Yqg Yasg
2 1
K =—4Bo(ci’))?
@) Bo M) > 0 0 0 0)\2
+8bocy 4 + 70y !(Cl,g) |:_8'30 = 8B0(rgy’ — ¥aq) = 207gg — V4q) :|
48
M _ 4,00 1,0 _ | _ (1)2
+Cl’g|: YWeg Vag tWag Vag — 8BoVye :| 2(Ygg) ]
Bo | o 0 0 (1 (1) 0 0
i » Clwg(léﬁo + 4(Vs£g) - Vq(q))) + Cl,gcl,q( — 1660 + (_4Vs£g) + 4Vq<q)))
48
2
1 1
+eih 8B+ @yl — 4y —4 (4);) yD +4y 2 }
4 & —4B + (— (O (0)) + ’3—12(213 +0 4 (0))
5 0 Yeg ~ Vqq 2P0 T Vo' T Vyq
0 B
Bi .y, @ @
— Ve TVaq) + Vo5 T 744 - 7

Bo 58

The transformation relations for the anomalous dimensions up to three—loop order are given e.g.
in [61], Egs. (19)—(29). Since the scheme—invariant evolution equations do not affect phase space
logarithms, such as In( Q2 / mz), which occur additionally in the heavy flavor Wilson coefficients,
the massless case is extended to the single mass case by

) )+ 51 -
c@ — Cﬁ; + AHI(?; + AL%;, (79)
¢y = Chg T AHGT, (80)
with [20]
~(0) 2
A 0
) _ _SVag 1% ~(1)
AH],g_ > ln(m2>+c],g, (81)
~ (0) 2 ~ (1) 2
A 0 A 0
@ _ Vg © _ A0 2 €7\ BV g
AH = = (A7 = A7 +260+4f0.0|In = in (-5
~(0) 2
82 50 (A © © @ 0 AVgg 0%\
+ g AV (Aygg — Avyq +2'30) tAag,+ey, - Tln m2 ) Cla
0%\ .
+puoin( ) el )
2
®) 07\ .
ALLg:,BO,an (W) Cl.g> (83)
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(2),PS R Ty 4% 1 yps, (©Q°
AHl,q = —gA)/qg A)/gq ln W — EA'}/qq ln W
L . 2),PS | =2
+ gAy;?Ay;g)Q +agh™ + 2. (84)

The double-mass corrections to O(af) are scheme—invariant, as are A H 1(1;, and AL&ZZ, and the
following relations are implied,

2,PSM _ . (2),PS,.L (2),PS
Aag, = Aay, + 244 (85)
2),M _ 2),L
Aan —Aan . (86)
Here the functions determining the finite renormalization are, cf. [59],
8CF
o _ 87
qu N(N + 1) ’ ( )
16(34+ N —5N?) 4V,
DN — _ CpTpNp——m— ™ Crl-—————
“aq FEFRF NI (N +1)2 AP\ TONI(N + 1)3
16 8V 142N
S — P e + 16
NN+ 1) 2) F<N3(N+1)3 N2(N + 12!

b0 gL B (88)
NN+D 2T NN+D )

8QR+N)(N*—N -1

@D-PS — _CpTrN 89
Z4q FTFNF NAN 1 1) ) (89)
with

Vi =2N*+ N>+ 8N? +5N +2, (90)
V2 =103N* + 140N> + 58N* + 21N + 36, 1)

cf. [41].
Because of the Ward—Takahashi identity in the flavor non—singlet case, which implies to use
anticommuting y5 along the external massless quark line, one obtains AL;ZI),’gNS’M directly. It can

also be extracted from the inclusive full phase space calculation in Ref. [53]. In the pure singlet
case the asymptotic expression can be obtained in a similar manner from a result in [36]. In both

cases only very few Feynman diagrams contribute, unlike the case for A(sz)’, and Hélz?g.
4. The polarized operator matrix elements

The massless QCD Wilson coefficients for polarized deeply inelastic scattering were calcu-
lated to O(asz) in Ref. [40,78,83,87] in the M scheme. To derive the corresponding heavy flavor
Wilson coefficients we calculate the corresponding massive operator matrix elements. We use
first the Larin prescription for y5, [57], which has been applied in the calculation of the massless
Wilson coefficients in [40,78,83,87].22 The Dirac-matrix ys is represented in D dimensions by

22 See also footnote 5 in [90], in which the calculation is performed using the CFP method [98].
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s_ b
24

l
Ay’ = Eumos YV Y (93)

The Levi—Civita symbol will be contracted later with a second Levi—Civita symbol emerging in
the general expression for the Green’s functions

Y SMupaJ/“J/UV'OJ/G, (92)

GO oy = DAY (A PYV e puap AP %4)
GY = AAL S (A p)N T Rys. (95)
In D dimensions we apply the following relation, [99],
ewpgs‘“‘w :—Det[gf)] , B=a, ATy, 0=p,v,p,0.
The projectors for the quarkonic and the gluonic OME:s in the Larin scheme read

~iap)N!
Y4AN(D = 2)(D —3)
(Sab

N2 —1(D—2)(D—3)

In its practical application there are further requirements which we will describe in Section 4.3.

In combining the massless Wilson coefficients with the massive operator matrix elements,
(32)—(35), and the parton densities, we obtain the scheme—invariant structure functions provided
that all definitions are carried out in the same scheme.

In the following we will first present the results for the operator matrix elements obtained
in the Larin scheme and then perform the finite renormalization to the M scheme. We will first
derive the unrenormalized operator matrix elements, after the mass renormalization has been
carried out.

PG/ =-5 Epvpatr [py“y”éjj] (96)

P,Gh = (A.p) N e A, py GOP ©7)

s

4.1. The O(ay) operator matrix element

The polarized leading order massive operator matrix element is obtained from diagram in Fig-
ure 2a of Ref. [17], using the Feynman rules [43,60]. Diagram 2b vanishes. Due to the crossing
relations of the forward Compton amplitude [47] corresponding to the present process the overall
factor

%[1—(—1)1"], NeN,N>1, 98)

is implied, which we drop in the operator matrix elements in the following. To obtain the results
in z—space, the analytic continuation to complex values of N is performed from the odd integers.
For the unrenormalized operator matrix element one obtains to 0(H)»

" 1 m? ¢/2 1 &orent| 8(N—-1)

1 0g [ < )
AA, =— =-STr | — - E == _—
Qs ™ g, ¢ F(,u,2> Sexp > [ \2 N(N+1)

23 Note a misprint in Eq. (51) of Ref. [17] which needs to be corrected. There the exponents of m? / w2 should be & /2
in all places.
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m\r 1 o & 5| 8(N-D 3
=SSTF(E> [‘7@8 24° }m*o(“

g/2
m 1 ~ _
_ (0) (6] —(1) 2 4= 3
—Sg (ﬁ) [—EAqu (N)—I—Aa +8Aan+8 Aan}‘I‘O(E ), (99)
with
S = exp [% (yE — ln(4n))] (100)

and yg the Euler—Mascheroni constant.”* The matrix element (99) is proportional to the leading
order splitting function Pq(g) and one has

Aa“)(N) (101)
—() _ _ %2, 50
Aag,=—5AF,, (102)
=) & =0
Aan_—ﬂAqu . (103)
The renormalized one—loop operator matrix element is given by
ORI m_ Lapog, (™
AA AA e T z- )qg = —EAqu In F , (104)
with
1 X~
(Z~ )(1) qu(g) ) (105)

Eq. (29) yields then the corresponding expression of H (1)(2 0%

0 1
AHGY (2) = [ AP (2) In (W +ef @] - (106)
At O (ay) there is no finite renormalization due to the treatment of ys. In Mellin space one has
1
AHG® (N)oc (N = 1), (107)

cf. (101), (62), and the first moment vanishes.
4.2. The O(asz) operator matrix element AA(QZQ)

(2)

We express the unrenormalized operator matrix element AA , after mass renormalization,

in terms of splitting functions and the contributions of 0V, ¢), cf. [20], by

2 &
r@ _fm ) | L 50 (A7 0 — Ay _ }
AAQg_SS<M2> [82{2 ¢ (A, —2Bo —4Po,0)

1
+5-{any —20mT A @) + AaG) — sm " A7 -

L.
e SAPY B0t

2

1
2 (1 ~
+8<Aa(Q; sm{Papl0 — 12AV(1(2)/30,Q§2>} (108)

24 At the end of the calculation S¢ is set to one, as part of the renormalization in the MS scheme.
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or the corresponding expression in z space. Here the expansion coefficients of the unrenormalized
mass m are given by

m2 e/2
’h=m|:1+&s<p> dm :|—|—O(a) (109)

[
smy = —om{"V +om” +eom|" + 0(e?). (110)
&

After performing charge— and operator renormalization and subtracting the collinear singu-
larities one obtains

AAD = [LAp® Ay 0 — Ay © _2pyapy o)) m\ | Aag (7

1
+2a2 + S A7 > © (Ay;g> Ay<0)+2ﬁ0) (111)

While the leading order anomalous dimensions are scheme—independent, at NLO A)?,I(él,) is dif-

ferent in the Larin and M scheme. O

In an earlier version of Ref. [40], AP, (N) was used as anomalous dimension departing
from the M scheme. Therefore, in Ref. [1] the finite renormalization [59—01] as a corresponding
one in cgl) (2), [40], was not used calculating AA( ) , and analogously, AAS; PS We refer to the
final version of [40] for the two—loop Wilson coefﬁc1ents in the M scheme and apply the finite
renormalizations to AA(in, and AA(ng’PS.

Comparing to (111) the unrenormalized two—loop OME A(é)g(N ) is given in the Larin scheme
by

2 2
) m*\e | 1 N=1 _ (N=DBN+3N+2)
Adgy(N) = (lﬂ) {82 [T’”CF<321\7(1\1+1)S1 8 N2(N +1)2 )

wrpcaf-n N g e N
Fra N(N+1) PNV F )2

1 N—1 N—1 N -1
+—|:TFCF(—8 S)+8 §? —16———S)
&

N(N+1) N(N +1) N2(N+1)
(N—l)(5N4+10N3+8N2+7N+2) N—-1
TrCy| —16————
N3(N +1)3 TIECa NN+’
N-—1 N-—1 N-—1
—8 S, —8 S?+8 &
N(N +1) NN +1) N(N +1)
32 N>+ N*—4N3 +3N?—7N -2
+ 251+8 3 3
N(N +1) N3(N +1)
+ Aay) + AT, } (112)

with the constant term in &

19



1. Bierenbaum, J. Bliimlein, A. De Freitas et al. Nuclear Physics B 988 (2023) 116114

2) - 3
Aa? = CrT, 44(—45 $3 4+35,5, + 68 )
Ao, F F{ NN+ 1) 3+ 57 +35152+ 6518
N*+17N3 +43N2 4+ 33N +2 3N2+3N -2 @
NZ(N + D2(N +2) TUNIN DOV 2!
2(N—1)(3N2+3N+2) 4N3—2N2—22N—36
NZ(N £ 1) Tt I NE DN T2

2P
N4 (N + DA(N +2)

N-1 Lis (x) ,
TrCald———|12M N+1)+38" —8S
+FA: 3N(N+1)[ |:1+x]( +1)+38 3

— 83 =988, — 12818 — 128(N + 1) — 3@}

N—-1 N?+4N+5

b +4 3 1

N(N +1) N(N + 12(N +2)

TN3 +24N?2 4+ 15N — 16 N (N=1D(N+2)
N2(N+12(N+2) NZ(N +1)2

N4 +4N3 — N2 — 10N +2 4P, }

2

NN+1D3(N+2) ' N N+ DN +2) (1

At two—loop order single harmonic sums have to be calculated at N = 0. This is done expressing
them first in terms of S14(/NV), for which then the analytic continuation

SIN)=¥(N+1)+yE, (114)
S, (N)=ﬂ1//(k_”(N+l)+§ k>2 (115)
¢ k— 1) o E=s

S_1(N)=(—=DVB(N +1) —In(2), (116)

S_k(N):ﬂﬂ“"l)(NH)— (1— L) e k=2 (117)

(k—1)! 2k—1 )oK =
is used, which suggests the following definition
S+1(0):=0. (118)

Here, the function B(N) is related to the y—function ¥ (z) = d In(I'(z))/dz by

1 N+1 N
ﬂ(N)=§[1/f (T)—w(3>] (119)

and we use the following short-hand notation for the kth derivative of the 8 function (119)
P =0 (N +1), keN, k>0, (120)
above and in the following. The polynomials are
P =12N% + 52N7 + 60N® — 25N* —2N3 + 3N? + 8N + 4, (121)
Py =2N8 + 10N7 +22N® + 36N> + 29N* +4N3 + 33N + 12N + 4 . (122)
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The corresponding expression in Eq. (A.2) of Ref. [1] differs by a global minus sign compared
to (113), which has to be corrected. The linear term in & reads

N-1 (16S 855 1 — 85,151 + 385 — 1538 — 152 Lgd
N(N+1) 2,1,1 3,1 2,191 4 3 301 ) 2 6 1

AE(QZZ, - TFCF[
8 o2 )
351{'3 S$87 +2580 —28510

Sr.1 3N2+3N -2 (

2 3
25251+ 557)

N2 T N2(N + 1)(N +2) 3
3N* 4+ 48N3 + 123N2 + 98N +8 4N —1)
INZ(N + D22+ N) St e
2(N—1QBN?*+3N+2) P3
= 3+ \Y)
3 N2(N + 1)2 N3(N + 1)3(N +2)
N3 —6N? -22N —36 , Pslr
N2(N+1D)(N+2) ' N3N +1)3
_22N4—4N3 —3N2420N + 12 N Ps }
NZ(N + D2(N +2) "TNS(N + 1)S(N +2)
+ TFCA{N*_I(I@S‘—Z 1,1 —482,1,1 — 8531 —85_22—4831+ %ﬂm
NN +1) T | ST 3

" ’ ’ Q2 40 1 2 2
— 1685 21851 —4B"S1 +8B'S, +88'ST + 984 + ?S3S1 + ESZ + 355287
1

%

10 17
St +40B — 268 — 2057 — ?5153 - ?422>
N-—1
N(N +1)2
16 N3 +7N?4+8N —6 2(3N2 - 13)
— X7 3 3+ 5 S152
3 N2(N + 1)?*(N +2) N(N +1)=(N +2)
2(N2+4N +5) 8 g 2(N—DON +8)
INNT D212 T W12 T3 MVt 1)
8(N>+3) Ps
- B — S
N(N +1)3 N3(N + 1)3(N +2)
N*4+2N?—5N2—12N+2 , 2P 2Py
— - St —— s0+ T S
N(N +1)°(N +2) N°(N+1) N(N + 1)*(N +2)

2P 123
CNSINHDSIN+2) [ (129

165_51 + 48" — 168'S)
( )

and

P3 =3N°®+ 30N>+ 107N* + 124N3 + 48N? + 20N + 8, (124)
Py=(N—1)(N*+2N3—2N?—7N —-2), (125)
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Ps=8N'"0 +24N% — 11N® — 160N7 —311N® — 275N° — 111N* — 7N?3

+1IN?+ 12N +4, (126)
Po=N®4 18N’ + 63N* + 84N> +30N? — 64N — 16, (127)
P;=N>—N*—4N3>—3N?2—-7IN -2, (128)
Py =2N> + 10N* + 29N> + 64N? + 67N + 8 , (129)
Py =4N'""4+22N° +45N8 + 36N7 — 11N® — 15N> +25N* — 41N

—2IN?>— 16N — 4. (130)

It is useful for the analytic continuation of the respective expressions to the complex plane to
express harmonic sums containing also negative indices by their associated Mellin transforms
referring to Ref. [65], see also [23]. This allows to get rid of factors of (—1)N , which would
occur otherwise.

The calculation has been performed using FORM [100]. Further mathematical simplifications
were done with the help of MAPLE. The contributions due to the individual diagrams are given in
Appendix A. In the calculation, extensive use was made of the representation of the Feynman—
parameter integrals in terms of generalized hypergeometric functions [67]. Examples are given
in Appendix B. The infinite nested harmonic sums, partly weighted with Beta-functions and
binomials, which occur in the present calculation, are similar to those in Ref. [17].

We use

MI:I_],lz(x)i| (N+1) =8N +1) = (_I)N—H |:S_2,1 + §§3:| (131)
+x 8

to provide a proper representation for the analytic continuation. The structural relations between
the finite harmonic sums [101] allow to express Aa(ng in terms of just two basic Mellin trans-
forms, which are meromorphic functions in the complex N—plane with poles at the non—positive
integers. They are related to the harmonic sums S; and S_> ;. In the present calculation we re-
frain from using IBP reduction for the individual diagrams. Due to this and the consequent use of
Mellin—space representations in terms of polynomial-weighted harmonic sums we obtain very
compact results even for the individual diagrams. As in [17], only one more harmonic sum, $7 1,
occurs, which cancels in the final result. None of the harmonic sums containing the index {—1}
contributes, which has been observed in the case of all known space and time-like single scale
processes up to three—loop orders [37,39,60,61,101-106], which can be written in terms of har-
monic sums only. All other terms can be expressed by half—integer relations and derivatives w.r.t.
N, cf. [101].

NS, (2)

4.3. The O(asz) operator matrix element A 49,0

The diagrams for the non—singlet operator matrix element ANqs ') are shown in Figure 5 of

Ref. [17]. Due to the Ward-Takahashi identity, it has to be the same as in the unpolarized case, i.e.
one may treat y5 as anticommuting in the present case to obtain the OME in the M scheme, using
the quarkonic projector given in [16]. The asymptotic Wilson coefficient is, however, different
from the unpolarized one, cf. Appendix C.

The OME reads, [1,17,22],
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2
oNS.(2)
AA €
94,0 (MZ )
&
_efm™ /3 Ay© 4 LApNS D | A NSO | £GNSO) (132)
=S 3 0,02Vqq e qu q9.Q 99.Q ’

The renormalized OME is given by

1 m?
NS, (2) - 0) (1),NS (2),NS
AAqu (MZ) = ﬁo AN In? <IL )—i—szq ln<—2)+Aaqq

"
—1,6 Ay D¢ (133)
7P0.08Yqq &2
The constant term is given by
NS, () 8., 8 40 3N?4+3N+2 224
Aa N)=TrCryi—=S3— =051+ —SH4+2———H— —S
a0 0 (N)= FF{ 35— 3hSit oSt ANV T D L= =S

219N® 4+ 657N> 4+ 1193N* + 763N3 —40N? — 48N + 72
n . (134)

54N3(N +1)3

The corresponding expression in [1] is defined without the color factor CrTF. It agrees to the
related quantity in the unpolarized case [16,17]. The linear term in ¢ is given by

4 4 8 20 20 3N24+3N+2
—NS,(2)
A —TrCrl=Sy+ S0 — ~8103 — —83 — —8§ pm . T T ®
400 F{3 4+3 20 9 163 TIRCAT 15 + NN+ 1) ]
N 1125 +3N4+6N3+47N2+20N—12 656S
27 72 ISN2(N + 1)2 T
+L (135)
648N*(N + D* [

with
Pio = 1551N8 + 6204N7 + 15338N% + 17868 N> + 8319N* + 944 N3 + 528 N2
— 144N — 432, (136)

again the same as in the unpolarized case [22]. The OME (133) in the Larin scheme is given
in [72]. The part of the asymptotic heavy flavor Wilson coefficient corresponding to final heavy
flavor states is, however, the same in the Larin and the M scheme, while that of the massless
quark final state has a finite renormalization, cf. Eq. (323) in Ref. [72].

4.4. The O(az) operator matrix element APS @

The operator matrix element AP g obtained from diagrams Figure 4 of Ref. [17]. Here

the contribution due to diagram b vanishes. The unrenormalized OME is given by
2

£
AQPSL 2 M 1 O A . L aq)ps (2),PS,L _(2) PS.L,
Adog =5 <ﬁ> [ 552 Mag DVgg T 58Vgq "+ Aag T+ Mg,

+0(?) (137)

23



1. Bierenbaum, J. Bliimlein, A. De Freitas et al. Nuclear Physics B 988 (2023) 116114

and the renormalized OME reads

©) A (0) 2
AAQTSL — AVag AVeg 1o (MY 1Ay(1> PS 1, TN e
8 u? 2 ,u

L) x O
AP OA
n %Q. (138)

The calculation is first performed in the Larin scheme, using the projector (11), Ref. [60], for
diagrams with external massless quark lines in the polarized case.”

The next-to-leading order pure singlet anomalous dimension Ay“) PS is the same in the Larin
and in the M scheme [1,59-61], as well as the asymptotic pure singlet Wilson coefficient. Because
of

AHPS® (N, Q “ _anD7 (v, ) £ ac@rs 139
s ) =g (N2 )+ A (139)
and
~(2),PSM __ A ~(2).PSL _ _(2),PS
ACy =AC, —24q’ (140)
one has
2),PS,M 2 2),PS,L Mz
AAG) (N —) AAG) (N, W) + 2P, (141)
One obtains the constant term Aa (Qz) oS, L(N )26

Aa (2) PSLNY = —4TrCp

N2(N + N2(N + 1)2

N+2 4AN3 —4N2 —3N — 1
+IP%N—DD&+M— }
(142)

The corresponding quantity in Eq. (A.4) of Ref. [1] agrees with (142) defined without the color

factor CrTF there. The term Aam PS, L(N ) is given by
N3+2N +1 N—1
—(2),PS,L
Aa =8CrTr(N +2 —(ZS —7(35 )
“0q rTr(N+ )|:4N3(N+ ER. Q) GNZ(N + 12 U3 T8

(143)

N N> —TN* 4+ 6N3 +7TN? +4N +1
4NS(N +1)3 :

4.5. Discussion

Our results for the massive operator matrix elements agree with those found in Ref. [1]. There
the calculation was performed in z space and the integration-by-parts method was applied. In
Table 1 all functions contributing to (112) in z space are listed. These are 24 functions.

25 Before [60] there was still some ambiguity in calculating the polarized pure singlet OME, cf. Section 8.2.3 of [107].
26 Note a typographical error in [36], Eq. (81). There the ¢, term shall read —[20(1 — z) 4+ 8(1 + z)Hgl¢2, switching
one sign.
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Table 1

Functions contributing to the results in z—space.

8(1—2z) In(z) In(2) In®(z) In(l - 2)
n?(1—2)  In¥(1—2) In(z) In(1 —2) In(z) In*(1 — z) In?(z) In(1 — z)
In(1 +2) In(z) In(1 + z) In%(z) In(1 4 z) In(z) In2(1 + z) Lip(1 —2)
Liy(—z2) In(z)Lip (1 — 2) In(1 — z)Lia (1 — 2) Liz(1 —z) S12(1—12)
Liz(—2) S1,2(=2) In(z)Liz (—2) In(1 + z)Liz (—2)

The O (¢°) term depends on six harmonic sums. Since the single harmonic sums form one equiv-
alence class, cf. [101], the result can be expressed by the two sums S;, S—»,1 only, by applying
structural relations. Compared to the 24 functions needed in [1], we reached a more compact
representation. The O (¢) term depends on the six sums S7, S+2.1, S—3,1, S+2,1,1.- The other sums
can be expressed by structural relations. The O (£%) terms have thus the same complexity as the
two—loop anomalous dimensions, while that of the O (¢°) terms corresponds to the level observed
for two—loop Wilson coefficients and other hard scattering processes which depend on a single
scale, cf. [102].

Let us consider the first moment of the polarized heavy flavor operator matrix elements and
Wilson coefficients in the region Q2 > m?. The splitting functions obey

APQ(N=1)= (144)
P(O)(N =1) —2;30, (145)
APQQ(N=1)= (146)
AP (N =1) =6Cp, (147)
AP(I)(N—I)— (148)
APS (N =1) = —24T¢Cp, (149)
AP D(N=1)=0. (150)

In Table 2 we illustrate the complexity of our results in Mellin—space quoting the harmonic
sums, which contribute to the individual Feynman diagrams, cf. Appendix A.
Furthermore one has

Aa(l)(N e (151)
—
> (Q;(N_ o (152)
_(2) — 1) —
o (154)
3
AﬁPS’(z)L(N — 1) — —CFTF(ll +4C2)» (156)
NS, (2)
Oy 1 (157)
—NS,(2) A7 1y
Aay,'n'(N=1)=0. -

Relations (144), (150), (157), (158) hold due to conservation of the axial vector current.
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Table 2
Complexity of the results in Mellin space. The first + denotes the contribution of the sum to in O (¢), the second + for
the O(e) term and — its absence.

Diagram §; S S3 S4 S S_3 S_a S1 S0 31 S-31 S22 $2101 S-2.1.1
A ++ —+
B ++ ++ ++ —+ ++ —+ —+
c ++ —+
D ++ ++ —+
E ++ ++ —+ —+
F ++ ++ ++ —+ ++ —+
J ++ —+
L ++ ++ ++ —+ ++ —+ —+
M ++ —+
N ++ ++ ++ —+ ++ =+ A+ -+ -+ —+ —+ —+
PS ++ —+
NS ++ ++ -+
b ++ ++ ++ -+ -+ -+ -+ -+ —
Since
Acgv(z)(QZ/ 2 N—l)—O (159)
g1 mo, N=1)=

holds, cf. [40], one also obtains
AHZP (@ /m*, N=1)=0 (160)

and the first moment of the gluonic contributions to the structure function gj(x, 0?) both for
the heavy and light flavor contributions vanishes, if calculated in the collinear parton model. A
related sum-rule for the gluonic contribution to the photon structure function holds [108].

The first moment of the pure singlet contribution H, ;s’b(z) (Q?%/m?, x) is given by
2
20
Hy> P (Q%/m* N =1)=—12In (Q—2>+—+16;3. (161)
’ m 3

We finally consider the small x behavior of the corrections calculated in the present pa-
per.”” The leading order small x resummation for the polarized flavor non—singlet and singlet
contributions were studied in [109—114]. Unlike the unpolarized case where the most singular
contributions have poles at N = 1 in the perturbative expansion, the leading poles are situated
at N = 0 in the polarized case. From a theoretical point of view, it is interesting to see to which
series of a formal small x expansion the different coefficients belong, in order to compare with
ab initio calculations of these terms, even though the resummation of these terms alone does not
describe the small x behavior of the polarized structure functions, since sub—leading terms turn
out to be as important, cf. [110,111].

In the polarized case leading small x terms are of the form

a [as 1n2(x)]k , (162)

27 For the unpolarized case see [16,23].
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for the splitting functions in the M scheme. Only for this case the all order resummation in ay
has been derived so far. As has been pointed out in [113] the small x behavior of the massless
Wilson coefficient is found to be less singular by one power in In(x), i.e. the O(aé‘) coefficient
functions behave at most like

cr(x) ocak I~ 1(x) (163)

At leading order in a; the small x asymptotic behavior of the polarized heavy flavor Wilson
coefficient is given by

x— 1 1
AHZS D002 m?, N = ag (0D T [W +0 (ﬁ>] , (164)

AHZE D002 m? ) ocas (D) TrIn(z) . (165)

The leading singularity results from the massless one—loop Wilson coefficient, while the massive
operator matrix element behaves like

(D= 1 0’
AAGE D TNQ M N) = Tr [‘N +0 (1)] In <W> : (166)

2
AAZE D002 /2 1) o —Tr In <%> : (167)
The logarithmic term In(Q?/m?) thus belongs to the less singular series at small x.

As it is the case at O (ay), the most singular terms at small x for the asymptotic heavy flavor
Wilson coefficient AH g,i(z) (x, Q2) at O(af) are due to the constant terms in QZ. Here the con-
stant term in the massive operator matrix element, which is vanishing at O (ay), contains a term
of same singularity as the massless Wilson coefficients [40],

02 1 1
AHi’fﬁ)’N*O(WW = a2(Q) {83 Tr4Ca +3C) + 0 (13 ) i

2 4
AHg 0 (Q_z X) xaZ(Q*) | =Tr(4Ca + 3Cp)1n3(x)} : (168)
, ~ 3

A HPS:(2).x—0 Q_2 N _a2(Q2) —ET Cr+0 L
21,9 m27 - Yy N4 F F N3 ’

2
16
AHg 20 <Q—ZX> o aj(Q?) —TFCF1n3(x)} : (169)
, ~ A 3

The two—loop Wilson coefficients are by one power in In(x) less singular at small x in the non—
singlet case if compared to the singlet case,

2
NS, (2), 0 Q _ 2 2 4 8 1
ALg1,q xX— (W,N>_aS(Q ){chTFF}—FO(m s

Q2
ALgg™ " (px o —4a3(Q*)CpTr In(x) . (170)

Furthermore, one has
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0.06+

0.041

Xg

0.02+

0.00

10~4 0.001 0.010 0.100

Fig. 1. The NLO massless structure function xg1 (x, Q2) as a function of x for Q2 =10 GeV? (full line); 100 GeV?
(dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using the parton distribution functions of
[35].

2
@.x—0 (€ )16, 1 1
ALglaZ;’x (W’N)_ax(Q) ?TFNFW + 0 N/
o2 16
ALGY O(W’x o —af(Q)F TENF In(x) (171)

5. Numerical results

In the following we illustrate the heavy flavor contributions to the twist—2 contributions of the
polarized structure functions g1,(2)(x, 0% numerically.28
The massless contributions to xg{’(x, 0?%) and )cgé7 (x, 0?) are shown in Figs. 1 and 2 to NLO.
In all illustrations we use the parton distribution functions of Ref. [35] and a; (0?%) at NLO and
they are made for contributions to the proton structure functions xgﬁ @) (x, 0?).

In the small x region both structure functions tend to zero because of their principle shapes, which
are similar to the unpolarized non—singlet structure functions. The change of sign in xg>(x, Q?)
is due to the Wandzura—Wilczek relation. In Fig. 3 we illustrate the charm contributions to the
structure function xg; (x, 02) at O(ay) for Q% = 10, 100, 1000 and 10000 GeV?.

The values of the charm and bottom quark masses are used in the on—shell scheme with m, =
1.59 GeV, [115], and mp, =4.78 GeV, [116].

Fig. 4 shows the corresponding contributions for the structure functions xg»(x, Q). The nu-
merical integrals have been performed using the Fortran code AIND [117]. The contributions
to xg; turn out to be two to three times larger than to xg;.

In Figs. 5 and 6 the corresponding contributions due to bottom quarks are shown. They are
suppressed by a factor of ~ 8 compared with the O (ay) terms due to charm quarks. Comparing
Figs. 1 and 3, the O (ay) charm contribution is suppressed by about one order of magnitude com-

28 To accelerate the numerical calculation we use splines over fine grids in very few cases.
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-0.03

-0.04 ‘ ‘ ‘
10-4 0.001 0.010 0.100

X

Fig. 2. The NLO massless structure function xgo (x, Q2) as a function of x for Q2 =10 GeV? (full line); 100 GeV?
(dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using the parton distribution functions of
[35].

0.0015
‘/'—.\\
0.0010} R
A o
J D
ST ~\\ 3,
0.0005¢ ;s <A
o] s N ‘\
> S, N
= ) e AN
0.0000 — a4 S
-~ i \/
e __a”
______________ "
—0.0005f~ e ___ .27 1
—0.0010 ! ! |
1074 0.001 0.010 0.100
X

Fig. 3. The O (ay) charm contribution the polarized structure function xgq (x, Q2) as a function of x for Q2 =10 GeV?2
(full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line) for m, = 1.59 GeV
and the parton distribution functions [35].

pared to the massless case for the structure function xg;(x, Q2) and similarly for the structure
function xg>(x, Q2). Yet for future precision measurements, contributions of this kind become
important.

We now turn to the single mass O(asz) contributions. They are shown in Figs. 7 and 9 for the
charm contributions to xg1(2) (x, 0?) and for those from the bottom quark contributions in Figs. 8
and 10. Here we show the combination of the non—singlet and different singlet contributions. In
the large x region the non—singlet contribution dominates, while the singlet contributions dom-
inate in the lower x region. Towards large values of x the Wandzura—Wilczek relation implies
g2(x, 0%) ~ —g1(x, 0?). The bottom quark corrections turn out to be about a factor of 1.5 to 2

29



1. Bierenbaum, J. Bliimlein, A. De Freitas et al. Nuclear Physics B 988 (2023) 116114

0.0006

0.0004

0.0002 LA

-,
0.0000 AP
=

CC
Xg5
1
i
\
\
\
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—0.0004
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1074 0.001

Fig. 4. The O (ay) charm contribution the polarized structure function xg; (x, Q2) as a function of x for Q2 =10 GeV?
(full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line) for m, = 1.59 GeV
and the parton distribution functions [35].
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0.0001
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Fig. 5. The O(ay) bottom contribution the polarized structure function xgq (x, Q2) as a function of x for Q2 =10 GeV?
(full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line) for m;, = 4.78 GeV
and the parton distribution functions [35].

smaller than the charm quark contributions. The corrections of O (asz) are a factor 2 to 3 smaller
than the O (ay) corrections in the case of charm, and similarly for bottom. Concerning the present
illustrations, the corrections for bottom quarks can be trusted only in the higher Q2 region. For
the lower range of Q2 one would need to consider also power corrections, which we did not
do in the present analysis. We can also compare the present results with numerical results given
in [28], to some extent. There the case of tagged heavy flavor has been considered numerically,
following the earlier computation strategy in the unpolarized case in Ref. [15]. As we have out-
lined above, the calculation of the heavy flavor corrections to the inclusive structure function
g1(x, Q2) needs a differing treatment. Furthermore, massless final state corrections are neces-
sary, containing virtual heavy flavor corrections as well as two—mass corrections. Furthermore,
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Fig. 6. The O(ay) bottom contribution the polarized structure function xg» (x, Q2) as a function of x for Q2 =10 GeV?
(full line); 100 GeV2 (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line) for mp, = 4.78 GeV
and the parton distribution functions [35].

0.0004+

0.0002¢

cc
xg7
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~0.0004 : : :
104 0.001 0.010 0.100

Fig. 7. The O(a‘g) charm contributions to the structure function xgi (x, Q2) for me = 1.59 GeV as a function of x for
02 =10 GeV?2 (full line); 100 GeV?2 (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using
the parton distribution functions of [35].

the factorization scale and quark mass in [28] is chosen differently than in the present case. The
size of the NLO corrections compared to LO, Figs. 3 and 7 and their Figure 7 for g; do still
compare. It is also stated in Ref. [28] that the large Q2 limit has been numerically checked with
[1], at least to a certain extent.

At O(af) there are also contributions with two heavy quark lines in single graphs, due to
heavy quark polarization insertions in the external gluon line. Their contributions are illustrated
in Figs. 11 and 12. They are smaller in size by factors of 10-20 than the O (a,) charm contribu-
tions.
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X
Fig. 8. The 0((152) bottom contributions to the structure function xg1 (x, 0?) for myp, =4.78 GeV as a function of x for

02 =10 GeV?2 (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using
the parton distribution functions of [35].
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Fig. 9. The O(ag) charm contributions to the structure function xg» (x, Q2) for me = 1.59 GeV as a function of x for
0% =10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using
the parton distribution functions of [35].

6. The gluonic OMEs for the variable flavor number scheme

The matching between parton densities at large scales Q% > m? can be performed by using
the variable flavor number scheme, cf. e.g. [79]. Due to the similar size of m. and m; one often
has to decouple both masses at the same time, see Eqs. (190)—(194) and (196), (197), cf. [73].
Besides the OMEs given in Section 4 already the polarized gluonic OMEs contribute which we
calculate in the following. For the unrenormalized operator matrix element AAz(gzq), o one obtains

AAD g m? 8(N+2) 1 32 +16 (2+5N) 1 s
sa.0 =%\ 2 e23N(I+N) & [ONN+1)? 3NN+
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Fig. 10. The O(ag) bottom contributions to the structure function xg» (x, 0?) for m » =4.78 GeV as a function of x for

02 =10 GeV?2 (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV? (dash—dotted line), using
the parton distribution functions of [35].
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Fig. 11. The O(asz) two—mass contribution the polarized structure function xgq (x, QZ) as a function of x for Q2 =
10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV?2 (dotted line), and 10000 GeV? (dash—dotted line) for m, =
1.59 GeV and mj, = 4.78 GeV and the parton distribution functions [35].
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Fig. 12. The O(ag) two—mass contribution the polarized structure function xgo (x, Q2) as a function of x for Q2
10 GeV? (full line); 100 GeV? (dashed line); 1000 GeV? (dotted line), and 10000 GeV?2 (dash—dotted line) for n.
1.59 GeV and mj, =4.78 GeV and the parton distribution functions [35].

(4(2+5N) - 4 S) +L ]}+0(2) (172)
oNN+12 NN+ )T onav 0 © &

The structure of AA( ) 1s predicted, cf. [20], by

2 £
2L m 2| 2P0, poy ] (1) ) —Q2) 2
Aqu 0= <_/L2) Ss [_—82 Aqu % AP +a 7.0 —l—sagq 0 + 0%, (173)

2
(2) L_ Boo,pop2(m 1 (1) (2) Bo, QQ (0)

8 N+2 ,(u?
—Cprp ]S T (B
F F{3N(N+1) 1 <m2

S (2+5N) w?
16+ 2)[3N(N F1) 9NN+ 1)2} In (W)

8(22+41N +28N?)  8(2+5N)
+(N+2)[ 2IN(N+13  ON(N+D2!
4 2
tINNTT [s7+ Szﬂ } (175)

The unrenormalized OMEs AA;L: %))’L are given by~’

R 2\ €/2 00 .
2(1) m 2B0,0 gi (e\i
sdo= (1) s (-H2)en| THG) | e

i=2

29 Please note that (177) replaces Eq. (280) of [118], which contained typographical errors.
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N 2\ ¢
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s? (142N) 20 1623 8
- S— —0Si+—2 — =8
304N T304m0 Toyar Ny 904
+T2§; (177)
F27 30
with the polynomials
Ry =3N*+6N3 + 16N + 13N — 3, (178)
Ry =3N®+9N> +7N* +3N> + 8N? — 2N — 4, (179)
R3 =15N® +45N° 4+ 374N* + 601N> 4+ 161N — 24N + 36, (180)
R4 =3N%+ 12N7 4+ 2080N° + 5568N° + 4602N* + 1138N3 —3N? — 36N
— 108, (181)
Rs =13N% +52N7 + 54N® + 4N> + 13N* + 12N? + 36N + 24, (182)
Re =35N'"0 4 175N° +254N8 + 62N7 + 55N® + 347N° 4 384N* + 72N> — 96N*?
— 120N — 48, (183)
R7=N®+3N°>+5N*+ N> —8N? + 2N +4. (184)

In Egs. (172), (177) we also present the terms of O (¢) which are needed in the calculation of the
NNLO contributions, cf. [20]. Furthermore, one has

A ADN €
i@ (M) | L ) A pO) ©
AAY) = (ﬁ) SS[E{APM AP +2p0,0 (~APY +260+ 4600 )
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+e|a? , +26mVB 41 185
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The renormalized OME AA;? 0 is then given by
2
AAD — g o (186)
gg.0 = ~ 0.0 W)

1 m?

@ _1 _Ap© OAp© o gg2 2™

8 =2 {2ﬂ0,Q( AP +2,30)+Aqu AP —1—8,30’Q}1n <M2>
8

@
tage 0 (187)

1 4 m? o
__ApWD - _APO ©0) A p©
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2R3 4(47 + 56N) Rg
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tea F<27N3(1 TNB3 T 210+ N) ‘) Ty (189
with
Rs = —15N% — 60N7 — 82N® — 44N> — 15N* —4N? — 12N — 8. (189)

The following transition rules hold in the two—flavor VENS, cf. [79], to next—to—leading order
in Mellin N space

Afusi(NF+2, %) = {1 +at@) [ Aahe G+ aaN G ] } Afus.i(NF. pu?), (190)

NS, (2,¢)
q49,0

PS,(2,¢)
qq,Q

NS, (2,b)

+ AA 49,0

AS(Np +2, u?) = {1 +a§(;ﬁ)[AA T AA

2,b
+AAPSS )]}AE(NF, 112

+ {as @[ a4G +8aG) |+ 2w A + aaG)
TN A(é:gcb)]}AG(NF, ). (191)

AG(Np +2, 1) = {1 +a, ([ AALY + AL | +awh|aal + aa%Y

+ AAffg’f‘g’]}AG(NF, i)

2,c 2,b
+ a2 AALY + MM |AZWNE, 1), (192)
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S, (2, 1,
[Afe+ 8 Je|NE+2,1%) = a2 AAG 2O AS(NE, 1) + { as (1D AAG)
1
+ a2 )| 8AG0 + S AAGP I AGWE, 1D, (193)

I

(A fo+ A S5 NE +2, 1) = a2 AAG, P ASNE, 1) + {a (D) AAYY)

1 i
+a2u)[AAG) + 385D AGWE D, (194)

0g 0g
and
A fnsi(NF. 1?) = Agi(u?) + Agi (1?). (195)
The two—mass OMEs read
2 2
(2,ch) A0 2 2
AAGY = —Bo.0 AP In (W) In (P) : (196)
c b
2 2
(2,¢cb) __ 2 n n
AAgg,Q _ZﬁO,an <m—%>ln (m—lz)) (197)

Very recently the three—loop corrections to AA;?’ o have been completed [119].

The transition relations (190)—(194) represent the general mass VFNS for two—mass decou-
pling. Note that from two—loop onward also genuine two—mass corrections are present. The mass
dependence is fully accounted for by the massive OMEs, which are process independent quan-
tities. Through those the parton distribution functions A f;(Nr + 2, N) become heavy—flavor
dependent quantities, but still remain process independent. The distributions A f;(Nr + 2, N)
are explicitly dependent on the phase space logarithms through the massive OMEs.

7. Conclusions

We calculated the two—loop single and double mass corrections to the polarized twist—2 struc-
ture function g1 (x, Q2) in the asymptotic range 02> m?in analytic form. Those to g»(x, 0%
are related by the Wandzura—Wilczek relation. The corrections include all but the power contribu-
tions o (mz/Qz)k, k € N, k > 1. Parts of the results in Ref. [ 1] were confirmed, and other parts
were corrected. In [1] a series of contributions to the Wilson coefficients of the structure function
g1(x, Q2), like additional terms contributing to the non—singlet Wilson coefficient, AHéz) , and

AL;Z), were left out. Also the two—mass corrections were not considered there. We perform the
calculation of the Feynman diagrams using the hypergeometric method [67] for general values of
the dimensional parameter ¢ in the Larin scheme and transform then to the M scheme and do not
use IBP reduction. In Mellin space one obtains more compact results than in momentum fraction
space. In Ref. [1], 24 Nielsen integrals [120] were needed, whereas the N—space result depends
only on two functions using also structural relations [101]. In the small x region the heavy flavor
contributions are suppressed by at least one power of In(x) if compared to the expected leading
logarithmic behavior of O((ay In(x))¥) in the massless case. We illustrated the different con-
tributions to two—loop order for the structure functions xgp(x, QZ) and xg>(x, Qz) in a wide
kinematic range for planning future experiments and possible re—analysis of the existing data.
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The contributions calculated in the present paper are of importance for precision measure-
ments of the structure functions g;(x, Q%) and g»(x, Q%) in future high luminosity measure-
ments, e.g. at the EIC [7], and associated precision measurements of the strong coupling constant
as [121] and the charm quark mass [115]. We also presented the polarized NLO expansion co-
efficients in the 2-heavy flavor variable flavor number scheme and the next order terms O (¢g)
needed in the calculation of the O(af) massive OMEs.
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Appendix A. Results for the individual diagrams

In this appendix we list the results for the individual diagrams to O(¢), prior to renormaliza-
tion. The calculation was performed in Feynman gauge. We suppress the argument in S;(N) = S;
and the factor

2
Cyfm2\ 1 Y
lCleS ﬁ f.

The notation follows Ref. [17], where also the individual diagrams are depicted.

AAgg:TFcF{L[i—WN— 1)} +1[gw}

2| N2(N +1)2 P N3(N +1)3
4(N —1) 4P
= 7 (25 e
N2(N + 1)2( 2+ Q) TN N )
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Furthermore, one has
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In Table 3 we show, for comparison, numerical values for some moments of the diagrams calcu-
lated above.
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Table 3
Numerical moments for N = 3,7 for the different contributions in the dimensional parameter ¢ to the diagrams A — N
of Ref. [1].

order 1 /52 1/e 1 £ &2
A N=3 —0.22222 0.06481 —0.13343 —0.15367 —0.06208
N=7 —0.03061 0.00409 —0.01669 —0.01900 —0.00639
B N=3 4.44444 —1.07407 4.45579 0.515535 3.13754
N=7 5.46122 0.74491 6.09646 2.97092 5.35587
C N=3 1.33333 —8.14444 0.13303 —6.55515 —2.64601
N=7 0.85714 —5.12329 0.14342 —4.10768 —1.59526
D N=3 2.66666 —0.02222 2.19940 1.03927 1.69331
N=7 1.71428 0.85340 1.78773 1.56227 1.80130
E N=3 —2.66667 5 —2.27719 4.89957 0.73208
N=7 — 1.71429 2.97857 —1.3471 2.83548 0.44608
F N=3 0 0.77777 —5.80092 —2.63560 —6.57334
N=7 0 1.40105 —3.54227 —0.78565 —3.72466
L N=3 —9.33333 0.25000 —8.83933 —3.25228 —6.84460
N=7 —6.73878 —1.86855 —7.09938 —4.56051 —6.501
M N=3 —0.22222 0.71296 —0.41198 0.69938 —0.11618
N=7 —0.03061 0.11324 —0.05861 0.11969 —0.01207
N N=3 —2.22222 1.26851 —1.37562 0.69748 —0.36030
N=7 —3.19184 —0.50674 —3.39832 —1.7667 —2.97339

The non-singlet diagrams are the same as in the unpolarized case, cf. [17,22]. These sums
were calculated both with the help of integral representations and by applying the package
Sigma, [122,123].

Appendix B. Representations through generalized hypergeometric series

In the present calculation the Feynman diagrams were evaluated without using the integration-
by-parts method. As an example, we describe in the following the evaluation of a 5—propagator
integral emerging in diagram f, see Figure 3, Ref. [17].

U(N)=N_2f1/1 d%q 47k
: @m)P@2n)P
=09 0
5 (Ag) (AN =21
(@2 —m2)((q — p)? —mD) (k2 —m2)((k — p)2 —m>)2(k —q)?

The diagram has a 4—dimensional Feynman parameterization over the generalized unit-cube.
After the momentum integrals are carried out one obtains

1111
A N—ZF 1— = —&/2,,—¢/2 1— e/2—1
1pvy = Bp I S)f///dudzdydx IR T Gk
0000

(229)

@)+t (m?)! ¢ (I —u+uz)!=¢(x —y)
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N—1 N-1
(zyu +x(l— zu)) - ((1 —wx + uy) . (230)
It is very useful to apply the following transformations of variables given in Ref. [124],
/. /. x(l - y)
x=xy, y =
1—xy
x/
xzx/+y/_x1y/’ y=7y/+x/_x/y/’
a(x, 1—x

(x,y) X (231)

a(x/’ y/) - x/+y/ _x/y/ ’
which yields
1

1
/ f dxdyf (x, y)(xy)V

0
1
l

(1= xHHN x
// dx'dy’ o ”f<y/+x/_x/y/,m), (232)
0

Similarly, terms of the form (x — y)" can be combined using

xX>y: xX<y:
X i=x-y, x'=y—x,
yl,z y y/.z ]_y
Cl—x+4y’ Cl4x-—y’
x=x'+y —x'y, x=1-xH1-y),
y=(00-=x)y", y=1-(10=x)y",
d , a )
oY) SR S (233)
ax’, y") ax’,y")

leading to, cf. Ref. [124],

//dxdyf(x »Nx—yN= f/dX’dy’ N x/)(f(y’+x/—x’y’,(1—x’)y’)

+ DYy =2, 1= —X’)y/))~ (234)

The substitution (231) u’ := uz and shifting 7/ — 1 — z ,u’ — 1 — u afterwards, yields
1111
(Ap)N72r(] —8) //f/ M)7€/2278/2(1 _Z)8/27]
1+(N) = dudzdyd
1) = e )i wzdyds (1—u+uz>1—8<x—y)
0000
N—1 N—1
((1 —u)y+ux) _ ((1 —u)x—i—uy) . (235)
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Now transformation (233) is used by setting x" := +(x — y). Thus

1111
A N_2F1— 1— —&/2 —8/21_ 8/2—11_ 1
1pv) = BTG 8)/f//dudzdy’dx’( W~z (1 - 2) x
0000

- (47T)4+8(m2)178 (1—u+ uz)lf& X

N-1

|:(y/(l —x)+ ux’)N_1 — (y’(l — X+ 11— u))

_ (1 —ux —y'd —x/))N_1 n (1 X 4ux —y(1 —x/))N_l:| . (236)

This form allows to perform the y’-integration. Further we set x = x’, u — 1 — u, giving

111
2AANY21(1 — —&/2,—/2(1 _ »)&/2—1
1Ny = 2apn” 1 8)///dudzdxu -2
000

(4m)4te(m2)l-eN (u+z—uz)l~4x

x |:xNuN —xNaA-wN+d —un)¥N =1 -x(1 —u))N]

1 1
N—21(1 _ —e/2—e/2(1 _ ne/2—1
_ap” Td 8)|:i//dudzu I Gt [0 — =]
00

- (477)4+5(m2)1_5N N w+z-— uZ)l—s
N P — _ _
N\ (=1 u 5/2Z 8/2(1 _ Z)S/Z 1 ; ;
+§<i> i (u+z—uz)l-¢ [u_(l_u)]

N-2 _ N )
e S ()

- (477)4+5(m2)1*5N Z

i=1

(u+z—uz)l-

11
—&/2_—¢/2 1— e/2—1 . .
x//dudzu 2 7d-2) [u’—(l—u)’]. (237)
00

Here also the x—integral was carried out. The latter expression can now be rewritten in terms of
a generalized hypergeometric series [67] by applying

1 1
= /fdydw(l — w1 — )y — y(1 — )]
00

1

:B(d+1,c+1)2 (@)(d+ 1)k dw(l — w) b
k=0

— k2 +d+ o)
= 0

d+1la+1
:B(d+1,c+1)B(a+1,b+1)3F2|:2+ed++c 2‘:;%;1] (238)

Here (a); = ]_[fzo (a + ) denotes the Pochhammer—Appell symbol and B(a, ) is Euler’s Beta-
function. One thus obtains
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{ )(—1)j+5j,N}
]

,1+]) 1—¢%,j+1
LR .
3F2[ Li+2-5 T

(239)

Note that although (239) is a double sum, the summation parameters and the variable N are not
nested. This expression can be expanded in ¢ and calculated using the sums given in Appendix B
of Ref. [17].

The same kind of transformation was performed to obtain a result for the S—propagator integral
of diagram n. Although a little more work is needed, it could be treated in a quite similar manner
as diagram f. One of the most important aspects is to write all sums which have to be introduced
in such a way that there is no nesting of summation indexes with N. Note that in the case of
only 3 massive propagators, analytic results for fixed values of N can be obtained quite easily by
choosing the momentum flow in such a way that one momentum follows the massive propagators.
Thus no denominator structure emerges in the parameter integral. One obtains

dPk (Aq) (Ag — Ak)N=27T
(V)= Z / P | 2P (@ —md)((q —p)? — Dk —)F — Dk — )2k

B F(l —&)(Ap)N 2

- (47T)4+8 (mZ)l—a
! N=2 ‘
//dwdydvdz Do —wyw P =) T2y TR (1 — )
i=0

11
0000

x (1 —w) (z = v)! (1 = w)v + wz) + (1 — y))N 772, (240)

Mz

]f(N)_WeXp 278 Nsin(Ze) 4

=2

~.
Il

F(HTG +1-3) B(1 —
L(j +2—8)F(]+1+2)

(S ST

Calculating (240) for arbitrary values of N analytically involves some work, while for fixed
values of N, (240) decomposes into a finite sum of Beta-functions, which can be handled by
MAPLE. The general N expression reads

= (chqu)D (2ik)D (Aq)ZVA_ql - (AA,{];)N_I
1
@ —m((q - pP—mD) U2 —mD)(q —k— pP(k—q)
= (3211::(1;1(21)1_? {B(N +1-¢/2,1-¢/2) <(_13V# B(N +1,¢/2)
- %BW +2,8/2)

+ =DV

BIN+Le/2+D) [ e+ N+11
NN+1) | N+2,N+2+¢/2’

N-1 v 1
—Z< l )(—1) Bl+1—¢/2,2—¢/2)
=1
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-1
Bk +2,6/2)Bk+2,N —1—k)
x (=D K+ 1
k=0
N-—1 -1
—iZ(N_1)(—1)’B(l+1—e/2,2—s/2) Bk+2.¢/2)
N &=\ =kt 1
Ry V|
-1y B B
+[Z§< l )( D'BI+1—¢/2,2 5/2)}
1 1
x//dxdv (1—x)s/z_lvN_l(ln(v(l—x)—l—x)—ln(v(l—x)))} (241)
0 0

_ Siaph? | ! 1 =DV -1
= G D) exp ;78 NN T D - 451(N)+2 N
26N+ DSi(N) | (=DV —1

2
+282(N) = S2N) + ST (N) + — N(N +1)

+ 0(8)} , (242)

where

11
/ /dxdv A =0 N In((1 = x) +x) — In(v(1 — x)))
00

(243)

_ 4 2 BU+e2D Ll+e/21
TN eNZT NN+ A N+224¢27 |7

Appendix C. The heavy quark O (asz) Wilson coefficients for Q2 > m?>

In the following we give the representation of the heavy quark two—loop polarized Wilson
coefficients for Q2 > m?in N—and 7 space and correct some errors in [1]. Furthermore, for the
case of the inclusive heavy flavor corrections, further conceptual changes w.r.t. [1] are necessary.
The structure of the Wilson coefficients has been given in Egs. (32)—(36). In Ref. [1] the Wilson
coefficient AL;%)g, has not been considered.

In the following we set both the factorization and renormalization scales > = Q2. Thus the
asymptotic heavy flavor Wilson coefficients depend on the logarithms In(Q?/ sz) only, with
mg =m¢ Or myp.

The massive asymptotic polarized flavor non—singlet Wilson coefficient [1], Eq. (B.4), reads

2 2 2
ALNS- @1 (Z, Q—2> = TFCF{iL Ltz In? (Q—2>
m

31—z m

14272 (8 16 58 02
+|: 1 <§ln(1 —z)—? ln(Z)—E> —2+6Z:|ln<ﬁ>
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1+22| 8 . (1—2) 8 161()1 (1—2)
-z 37 ¢ 3§2 3 ¢ ¢

4, , . 58 134 359}
+-In"(1—2)+41n°(z) — l(l—z)+—1()+—
3 27
10
—(2—6z)ln(1—z)+<?—102)1n(z)

19
+?—19z]. (244)

In Ref. [1] the higher functions are expressed in terms of polylogarithms [125] and Nielsen-
integrals [120]. They obey the following integral representations

( 1)n+p 1 w1 »
Snp(x) = ————— = Dipl /—ln (2) In" (1 — xz2) (245)
Li,(x) = n—l,l(x) . (246)

In Eq. (244) the variable z obeys z € [0, Q2 / (m* + Q2) < 1], since only real heavy quark pro-
duction has been considered in [1]. Approaching the region z ~ 1 the +-prescription has to be
used, and z € [0, 1]. Furthermore, a soft and virtual term has to be added, cf. [1]. This is not
the complete result, however, since a term containing other virtual initial state corrections with
massless quark final states is yet missing [53,69] and the foregoing result still violates the polar-
ized Bjorken sum rule, since there is a logarithmic correction in the limit Q% > m?. To obtain
the correct expression one has to consider the inclusive heavy flavor Wilson coefficient for a
structure function, cf. [53,69].3° In particular, its first moment does not yield the correct result
for the Bjorken sum rule. Relations of this kind are used in the tagged flavor case, see also [28].
They do not apply to the structure functions. The polarized flavor non—singlet Wilson coefficient
is given in the MS scheme due to the Ward-Takahashi [126] identity, which can be used since
the local operator is located on the massless fermion line.

s 2 4 2 2+3N +3N?
AN (n QN _oop ) 42 (2 (_ij%gl)
m? 2N(1+N)

2Ty +80S 16 n 0?
ONZ(1+N)2 9! 35 m?

+ 14 + 215 +SS s
2IN3(1+N)3 '\ 27N2(1 + N)? 2]
2(—6+29N +29N?) , 2(—2+35N +35N?)

- S
IN(1+ N) T 3N(1+N) 2
S zg 16 (247)
9 1 9 3 3 2,1 (>

30 1t is very well possible that different analysis programmes still refer to the results of Ref. [1], which has to be
corrected.
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with
T, = —3N* —6N> —47N% — 20N + 12, (248)
T» =57N* + 96N> + 65N% — 10N — 24, (249)
T3 = 359N* +772N3 + 335N + 30N + 72, (250)
Ty =795N% + 2043N° 4+ 2075N* + 517N — 298 N? + 156N + 216. (251)

The first moment of (247) yields 8a?CrTr for u?> = Q2 in accordance with the polarized
Bjorken sum rule [93] for a single quark flavor, shifting Np — N + 1 in the limit Q2 > m?.
For a detailed discussion of the finite mass effects see Ref. [53].

The corresponding expressions in z space are represented using harmonic polylogarithms
[127], which are the iterative integrals over the alphabet

1
={fo —f1 —f1—1+z}, (252)

and are given by

[ d
Hb,a(z>=/7yfb(y)Ha<y>, Hy=1, b.a;e{0,1,~1). (253)

In the following we use the shorthand notation H;(z) = Hj.
One obtains

_ 2
ALNS.(2),M8 (z, Q_z)
m

B 1 2 Q2 718 16 Q2

+268 L 8H 4+ 116H+16HH+8H+16H 32
9009130131301 §2+

2 2
(21n (Q ) §1n<5 >+2;i>8(1—z)

_4 (22 _ 4 8 11, _
(l+z)1 ( ) 27(47+218z)+<9(11z 1

8 02 8
+ 5(1 +2)Hp | In (m—) - —(13 +282)Ho — 4(1 + 2) HE

8 8 4
+ (—5(5 +147) — 5(1 + z)H()) H — 5(1 +2) [le +2Ho1 — 4;“2”. (254)
The corresponding expression in the Larin scheme is given in [72]. Here the +-distribution is
defined by

1 1
fdz[f(Z)]+g(Z) =/dz[f(z) —f(D]g@) - (255)
0 0
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The Mellin convolutions of the different contributions in (254) are defined by [128]

1 b4
1
(&) ®g) = [ aylY [—g (5) - g(z)} ) / dy I (256)
I—z/, J -y Ly \y , 1—y
5(1-2)®g(2) = g(2) (257)
1
d
fQ)®g() = / %f (%) 2(). (258)

In the pure singlet case one obtains in Mellin space for the massive Wilson coefficient in the
Larin scheme

2 2
AHPSO.L (N, Q_2> — CFTF{—W In2 <Q_>
m

2

N2(1+ N)? m
82+ N)(1+2N +N3) /02
~ N3(1+N) <W>
8Ts

* (N —1N4(1+N)*2+ N)
4N -1)2+N)
N2(1+ N)?
82+ N)(2+ N — N2 +2N?)
N3(1+N)3

— o4 SQ}, (259)
(N= DN+ N)2+N)

[S7 —35,]

S

Ts =3N3% + 10N — N® — 22N> — 14N* — 18N
—30N?% +38. (260)

The corresponding result in z space reads
Q2 Q2
AHPS @)L (z, —2> = CrTr{—[20(1 —2) +8(1 4 2) HolIn® (—2)
m m

2

X ) 4220
m2+3( 2

3
32(1 +2)°
3z
+8(1 — 2)(11 4 10Hp) Hy +20(1 — z) H}
—16[(1 —32) — 2(1 + 2) Ho | Ho,1
32(1 3
N (1+2)
3z

+ <256 2—-2)—-32(1+ Z)Q) Ho

8 16
H_iHy+ 3(21 +22%)H§ + S +2)H;

Ho,—1 —16(1 +z)(2Hp,0,1 — (1 +2)Ho,1,1)
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32
- ?(9—3z+zz)§2+16(1+z)§3 , (261)

PS,(2)
Qq
no finite transformation to the M scheme at O(asz) since the correction to the massive OME and
the massless Wilson coefficient compensate each other.

The gluonic Wilson coefficient AH 2;2) is given by

2
5.2) 07\ _
AHg, (N’W>—

{ Pl |:2(N—1)(2+3N+3N2) _8(N—1)S1:|

which agrees with Eq. (B.3) of Ref. [1]. For the pure singlet Wilson coefficient H there is

P3N+ N) N2(1+ N)? N(+N)

_ _ 2 _
+CATF|:_ 16N —1) 8V 1)51]}ln2 <%)+{CFT1{_ 4(N — )Ty

N2(14+N)2 N(1+N) N3(14N)3
(N —1)(1657 — 168,) 4N —1)(—6— N +3N?)S$) 5| 16(N —1)?
N(1+N) N2(1+N)2 FI3N2(1+N)
I6(N=DS1| (o 8711 (N —1)(857 +88+1655)
3N+ N) A NI N3 N(+N)

n 3281 In Q2 L CAT 45, T 1681713
N+ N)2 m? AP NZAEN2Z2+N) N3 ENBPQ2EN)

874 (N —1)(3281 5, — 16521)
TN DN AN+ N2 T NI+ N)
4(12—= N+ N2 +2N3)S7  8(—2+3N +3N?%)S3
N2+ N)2+N) N(1+N)2+N)
16T¢ 328, 8(N —2)(3+ N)S_3
((N—l)N(1+N)<2+N)2 +2+N>S TNATNCEN)

16(2+N+N?)So1 242+ N+N?)
NI+N)Q2+N) NI+NQ+N)"

282T, 28, Tho 481T12
! +
N2(14+N)22+N) N2(1+N)22+N) N3(1+N)3Q2+N)
n 4T5 n N —
(N—DN*1+N)*Q+N)2  N(1+N)
162 +N+N)S; (16(10+N+N2) 1285 )s
- -2

N(1+N)2+N) (N—DQ+N)?2 N(I+N)Q+N)

+CFTF|:_

(—85] +8815+16821)

64S_3 12855 48(2+ N + N?) ] 262

TNA+NQ+N)  NA+NQ+N)  NI+MC+N

with
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Ts=N*+3N> —4N? — 8N — 4,

T7; =2N* — N3 —24N? — 17N + 28,

Ty =4N* +5N3 +3N2 —4N — 4,

Ty =9N* + 6N —35N? — 16N + 20,
Tio=11N* + 42N> + 4TN? 4 32N + 12,
Tip = N>+ N*—4N3 +3N? — 7N -2,

Tio =2N® 45N —22N* —95N3 — 114N? — 24N + 16,

Ti3=2N®+5N> —3N* —7N? +2N?> — 11N -8,

Ti4=N'""43N° —15N% —56N7 —8N°® + 90N> + 60N* + 67N> + 86N
— 12N — 24,

T1s =5N"0+23N% + 31N® — N7 + 54N° + 268N> + 342N* + 98N> — 60N>
— 8N +16.

The rightmost pole in (262) is located at N = 1, as expected. In z space it reads
2
so (. 27\ _
AHQg (Z, W) =
—TF?(—l +22) + CoTr[48(—1+2) — 16(1 + 2)Hy + 8(—1+ 22) H, ]

2
+ CpTr(6+ (—1422)(—4Hy — 8H1)} In (%) + [Tﬁ[?(% +4z)

16 16
+ (-1 +ZZ)(?H() + ?H1>} + CaTr |:—8(—12+ 112) + (1 + 22)

x (—16H_1Hy — 8Hg + 16Ho 1) + 8(1 + 82) Ho — 32(—1 + 2) H,

—8(—1+22)H? — 16§2:| +CrpTr [4(—17 +132) + (=1 +22)(8Hg + 32Ho Hy
+ 16H? — 8Hy 1) + 16(=3 4 22) Ho + 4(—17 + 202) Hy — 24(—1 + 2z){2:| }

2
8
x In (%) +CAT {—g(—IOI +1042) + (1 +22)(16H_ Ho1 — 16Hy 1 1

4
— 16Hy,—1,1) + (=1 +22)(— 16HoH{ + 16H  Ho 1) + 3

(194 — 163z + 62°) Ho

16(2 43z 4 92% + 11z2°) H_1 Hy
3z

2
+16z2H?  Hy + (g (126 — 48z + 4127)

8
—4(-3—6z+ ZZZ)H_1>H02 +30 +4z)Hy +4(43 — 53z +22%) H,
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—4( =53+ 562+ 2*) HoHy + 4(3 — 6z + 22%) HS Hy +2(19 — 24z + 2%) H}
+4(— 194282 +27%) Ho,1 — 8( — 7 — 10z +22%) HyHo,1 + (—32z2H_1

16(2 + 3z +92% + 112%)
* 3z

+8(-3—6z+ 2z2)H0) Ho—1+8(—=9—10z
+22%)Ho0,1 —8( =3 — 62+ 22%)Ho0,—1 +48Ho,1,1 +322°Ho,—1,-1

4
+ (—5(114 — 847 +477%) — 322+ 2)Ho — 16(—1 +2)?Hy + 16( — 1 — 22

+2°)H_1 |02 —8(—1— 10z +4z°)¢3 ¢ + CrTF — 5 (-20+172)

8 8
+(—=1+22)(— gHg — 16HyH{ — 8H; — 16H  Hy,1 +24Ho 1,1) — g(—46

16(4 + 1222 + 1323)

. H_yHy—32(1+2)*H? Hy
Z

+ 53z + 6z2)Ho +

4
+ (-5(— 27 + 6z +23z%) + 16(1 +z)2H_1)H§ —4(— 47+ 41z +42%) Hy

+8(8 — 14z + z%)HoHy — 162 Hy Hy — 2( — 33 + 40z +27%) Hf — 16( - 6+ %)

16(4 4 1222 + 1327)
3z

x Ho.1 +32(—1+2)?HoHo1 + (— —32(—142)*Ho
+64(1 + z)2H_1> Ho,—1 —32(=1+2)*Ho0.1 +32(1 — 62+ z*) Ho 0,1

8
—64(1 +2)"Ho,—1,-1 + (5 (— 60442z +292%) + (—1 + 22)(32Ho + 16H))

+322%H; —32(1 + z)zH_l)Q +8(1 + 14z +82%)¢3 } (273)

To compare with the representation of H 3’;2) (z) in [1], Eq. (B.2), we use the relation

Lis |~ | —Lis | -2 | =~ b2 o — B HoHy — S HoH? 1 (B4 B
31+Z 3]+Z—2_10 —101201 1 —1

3
X (HO,l + Hp,—1— 5(2) — Ho,1,1(z) — Ho1,-1(2)

7
— Hy,—1,1(z) — Hp,—1,-1(2) + ZCa. (274)

The expressions corresponding to Egs. (262), (273) in Ref. [1] do not agree with our results.
Our result differs by
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Fig. 13. The non-single 2-loop Wilson coefficient (254) reweighted by the factor (1 — z) for charm. Dotted line 0% =
10 GeV?, dashed line 0% = 100 GeV2, full line 02 = 1000 GeV?.

16 (N=1) [3¢cpTr L[ , (02 N-1 Q2>
?N(N+1)! N _TF[IH <W>_<T+S1)IH<W o)

from that in Eq. (B.2) of Ref. [1]. The renormalization formulae in [1] are different from those in
[20], which fully refer to the MS scheme for charge renormalization, being related to the O (T%)
terms.

Finally, the Wilson coefficient AL;,Z) reads

2 16 N-—1 N-—1 0?
NI T? In(=). 276
g ( 2 )T 3NNy T TG (276)

It is a gluonic single heavy quark correction to virtual photon—gluon fusion with Nz massless
final state quarks. In z space one has
2 2
16
ALY <z, Q—z) = —TZ[4z -3+ 2z — 1)(Ho + H1)]In (Q—) . (277)
m 3 m?2
Furthermore, the two—mass corrections (22) contribute. Both the latter contributions have not
been considered in [1].
We illustrate the two-loop Wilson coefficient as functions of z in the case of charm,
Eqgs. (254), (261), (273), (277) in Figs. 13-16 for 0 = 10,100 and Q% = 1000 GeV? for

me = 1.59 GeV. In size the Wilson coefficients are ordered about by A H, gg) ,AH gsq’ (2), ALyqs,’ (QZ ),
AL?, where AH g; is largest. The analytic expressions of the polarized massive 2—loop Wilson

coefficients are given in computer—readable form at https://www-zeuthen.desy.de/~blumlein/.
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