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ABSTRACT

Electromagnetic waves impinging on three-dimensional helical metallic metamaterials
have been shown to exhibit chiral effects of large magnitude both theoretically and
in experimental realizations. Chirality here describes different responses of scatterers,
materials, or metamaterials to left and right circularly polarized electromagnetic waves.
These differences can be quantified in terms of electromagnetic chirality measures. In
this work we consider the optimal design of thin metallic free-form nanowires that

:.:(]eélc‘/::(:g—;gnetic scattering possess measures of electromagnetic chirality as large as fundamentally possible. We
Chirality focus on optical frequencies and use a gradient based optimization scheme to determine
Shape optimization the optimal shape of highly chiral thin silver and gold nanowires. The electromagnetic
Maximally chiral nanowires chirality measures of our optimized nanowires exceed that of traditional metallic helices.

Therefore, these should be well suited as building blocks of novel metamaterials with an
increased chiral response. We discuss a series of numerical examples, and we evaluate the
performance of different optimized designs.

1. Introduction

The concept of electromagnetic chirality (em-chirality) has recently been introduced to quantify differential interactions
of scattering objects, materials, or metamaterials with electromagnetic waves of positive and negative helicity. The helicity is
a property of free electromagnetic fields that extends the concept of circular polarization handedness from individual plane
waves to general solutions of homogeneous Maxwell’s equations. Broadly speaking, if all scattered fields that are caused
by illuminating an object with either left or right circularly polarized electromagnetic waves can also be reproduced using
circularly polarized electromagnetic waves of the opposite helicity, then we call the object em-achiral. If this is not the case,
then the object is em-chiral. This notion of em-chirality is consistent with the traditional geometric concept of chirality,
which defines chiral objects as those that cannot be superimposed on their mirror images by translations and rotations. In
contrast to the geometric chirality of an object, its em-chirality can be quantified directly in terms of the object’s interaction
with electromagnetic waves using em-chirality measures [7,19,50]. These em-chirality measures are bounded from below
by zero and from above by the square root of the total interaction cross-section of the scattering object, which makes them
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well-suited objective functionals for a shape optimization program. The lower bound zero is attained for em-achiral objects,
and a maximally em-chiral scattering object, material, or metamaterial would scatter waves of one helicity while at the
same time not scattering waves of the opposite helicity at all.

Maximally em-chiral scattering objects made of isotropic materials are being considered as possible building blocks of
novel chiral metamaterials that exhibit effective chiral material parameters many orders of magnitude larger than what
is found in natural substances [20,35,39]. Metamaterials with large electromagnetic chirality have potential applications
in angle-insensitive circular polarizers, which are materials that transmit one circular polarization of light and that reflect
and/or absorb the opposite handedness nearly completely [21,22]. The goal of this work is to design such building blocks for
novel metamaterials, whose chiral response at optical frequencies is as large as fundamentally possible. Previous numerical
studies in [19,23,24] have concentrated on the optimal design of silver and gold helices with fixed circular cross-sections
at frequencies ranging from the far-infrared to the optical band. This amounts to optimizing four parameters describing the
geometry of the helix: the radius of the helix spine, the thickness of the helix wire, the pitch of the helix, and the number
of turns. While the obtained optimized silver helices from [24] achieve high chirality measures for wavelengths of 3 um
or more, their performance decreases significantly towards the optical frequency band. Three-dimensional helical metallic
metamaterials have also been studied experimentally [21,22,24,40]. In [4] the effective Drude-Born-Fedorov constitutive
relations governing the propagation of electromagnetic waves in a chiral metamaterial, which is obtained by embedding a
large number of regularly spaced, randomly oriented metallic helices in a homogeneous medium, have been derived from
the linear constitutive relations for homogeneous isotropic media.

In this work we go beyond helical shapes for the individual scatterers. Instead of optimizing the few shape parameters
of a helix with circular cross-section, we consider a free-form shape optimization for thin metallic nanowires with fixed but
arbitrary cross-sections. In addition to the shape of the spine curve of the nanowire, we also optimize a possible twisting
of its cross-section along the spine curve. This extends an earlier study in [6], where a free-form shape optimization for
thin dielectric nanowires with circular cross-sections has been discussed. It has been observed in [6] that the optimized
thin dielectric nanowires do not possess very high values of em-chirality at optical frequencies. The distinguishing feature
of the noble metals considered for the nanowires in this work, in particular of silver and gold, is the negative real part
of their electric permittivity at optical frequencies combined with a relatively small positive imaginary part. This permits
the excitation of plasmonic resonances (see, e.g., [25,44,46]), which are not observed for dielectric nanowires, and that turn
out to be relevant in the design of highly chiral nanowires (see also [35,37,49]). In particular silver has a higher plasma
frequency and lower damping compared to other noble metals across the optical band, and it is thus well suited for our
purpose.

The chirality measures from [7,19], which have to be maximized in the shape optimization program, are defined in
terms of the singular values of the electromagnetic far field operator associated to the thin nanowire. This operator maps
superpositions of plane wave incident fields to the far field patterns of the electromagnetic waves that are scattered at
the nanowire. Accordingly, each evaluation of the objective functional and of its shape derivative in the shape optimization
requires the evaluation of the far field operator and of its shape derivative corresponding to the current iterate in the shape
optimization. Applying a traditional shape optimization scheme (see, e.g., [18,31,33,34,36,42,47]) would require solving a
large number of scattering problems using either integral equations or finite elements in each iteration step of the algorithm.
This would be computationally intensive, and hardly feasible for the problem under consideration. Instead, we assume that
the thickness of the nanowire is small relative to the wave length of the electromagnetic field, and we apply an asymptotic
representation formula to approximate the far field operators associated to thin metallic nanowires without solving any
differential equation. This asymptotic formula has been developed for scattered fields due to thin dielectric nanowires in
[1,9,13,28]. In previous studies similar asymptotic representation formulas have been successfully applied in algorithms for
shape reconstruction in electrical impedance tomography and inverse scattering [9,13,27,29]. Further applications in the field
of structural optimization can, e.g., be found in [17,41]. We provide a rigorous theoretical justification of its generalization
to thin metallic nanowires that are characterized by complex-valued electric permittivities with negative real and positive
imaginary parts as considered in this work. Therewith, we develop a quasi-Newton algorithm that does not require to
solve a single Maxwell system during the optimization procedure. This shape optimization scheme is an extension of the
algorithm from [6]. The novel features are that we consider metallic nanowires, that we allow for arbitrary cross-sections,
and that we optimize not only the shape of the spine curve of the nanowire but also the twist rate of the cross-section of
the nanowire along the spine curve.

In our numerical examples we focus on silver and gold nanowires with elliptical cross-sections, and we work at discrete
frequencies in the optical band. We obtain the largest chirality measures when both, the shape of the spine curve and the
twist rate of the cross-section of the nanowire, are suitably optimized simultaneously, and when the frequency where the
optimization is being carried out is chosen to be somewhat below the plasmonic resonance frequency of the nanowire. We
discuss several numerical examples and evaluate the performance of different optimized designs. For practical applications
of these results it is important to note that the asymptotic representation formula that we use in the shape optimization
yields an accurate approximation when the thickness of the nanowire is in the range of a few percents of the wave length
of the electromagnetic field. At optical frequencies the fabrication of the corresponding nanowires might be challenging.

The article is organized as follows. In the next section we introduce our mathematical setting and the geometric de-
scription of thin metallic nanowires that we use throughout this work. We also establish the asymptotic representation
formula for far field patterns of scattered electromagnetic waves due to thin metallic nanowires. In Section 3 we discuss



Fig. 2.1. Sketch of the geometry of a thin nanowire D .

electromagnetic chirality and give a short synopsis of the concepts and results that have recently been developed in [7,19].
In Section 4 we develop the shape optimization scheme, and we provide numerical results in Section 5. In the appendix we
establish some estimates that are required in the explicit characterization of the electric polarization tensor associated to
thin metallic nanowires in Section 2.

2. Scattering at thin metallic nanowires
2.1. Geometrical description of thin nanowires

We consider the scattering of electromagnetic waves at thin metallic nanowires in the three-dimensional free space. To
begin with, we introduce the geometrical description for these nanowires. Let I' € R3 be a simple (i.e., not self-intersecting)
curve with C3-parametrization p : [0, L] — R3 such that p’ % 0 on [0, L] for some L > 0.! Throughout, we assume for
simplicity that L coincides with the length of I', but the parametrization p does not necessarily have to be by arc-length.
We use t, := p’/|p’| to denote the unit tangent vector along I', and we consider an associated moving orthogonal frame
(tp,np, bp) with t, x np =by and |np| = |bp| =1 that is rotation minimizing (or twist free) in the sense that

n’p(s) — @) tp(s) =0 and ny(s)-ty(s) =0, se[0,L],

for some continuous function ¢ : [0, L] — R with a reference vector ny(0) € $2 satisfying ny(0) L t,(0). Up to a rotation of
the reference vector n,(0) around t,(0) the rotation minimizing frame is uniquely determined by I" (see, e.g., [8,11,51]).
We denote by

_pexp’'®l 1 p's) p'©-p'®
K(s) == = —
Ip'(s) 1P’ ()| |1’ ()] Ip'(s)

the curvature of T, and we write Kmax := [|[Kllc(o,15,R) for the maximal curvature of I'. Accordingly, let B;(0) € R? be a
two-dimensional disk with radius 0 < r < 1/kmax centered at the origin. Then,

p'(s)|. sel0,1], (2.1)

Xp:[0,L] x B;(O) — R3, Xp(s,n,8) :=p(s)+nnp(s) +Ebp(s) (2.2)

is a local coordinate system around T.

In the following, T’ will be the spine curve of the nanowire. We restrict the discussion to thin nanowires with fixed but
possibly twisting cross-section D;, := pB’, where the rescaled cross-section B’ C B} (0) € R? is a bounded Lipschitz domain.
Here, 0 < p < is a scaling parameter that will determine the thickness of the nanowire. To describe the twisting of the
cross-section of the nanowire along the spine curve, we let # € C2([0, L], R) be a twisting function, and we define a two-
dimensional parameter dependent rotation matrix

cosO(s) —sinf(s)

R (s) := |:sin6(s) 0s0(s) j| , sel[0,L]. (2.3)

Accordingly, the support of the nanowire shall be given by

Dy = |Xps.n.0) | sel0.11, R\ (®) [g] eD,) (2.4)

(see Fig. 2.1 for a sketch).

1 The smoothness assumption on I' has been used in the proof of the asymptotic representation formula from [13] that we will apply to our setting
below (see Theorem 2.3).



Table 2.2
Relative electric permittivities &, of silver and gold at
optical frequencies (from [38]).

Silver Gold
f Re(¢ér)  Im(er)  Re(er)  Im(er)
300 THz  -50.55 0.57 -4178 294
350 THz  -3623 048 -2884 177
400 THz  -26.94 032 22011 124
450 THz  -2057 044 -1410 104
500 THz  -16.05 044 -9.36 153
550 THz ~ -12.62  0.42 -5.59 219
600 THz -9.78 0.31 -2.54 3.65
650 THz  -7.64 0.25 -1.73 5.06
700 THz  -5.94 0.20 -1.69 5.66
750 THz  -4.41 0.21 -1.66 5.74
800 THz  -3.10 0.21 -1.50 5.63

Remark 2.1. In [13] we used the Frenet-Serret frame instead of a rotation minimizing frame to describe the geometry of
thin tubular scattering objects as in (2.4). As a consequence, we had to assume that the spine curve I' has a non-vanishing
curvature. Using a rotation minimizing frame, the analysis in [13] extends without further changes to spine curves, which
may have vanishing curvature at some points. The special case, when T" is a straight line segment, has been considered

in [9]. O

For the derivation of the shape optimization scheme it is more convenient to work with a geometry adapted frame
(tp,Mpg.bpp), which is defined by

[np.o(s)|bpo(s)] := [np(s)|bp()]Ra(s),  se[0,L]. (2.5)
Therewith,
Dy = [pO) +11p0(5) +Ebp() [ s€10,11, (1.6) € D)} 26)

This means that the twisting of the cross-section along the spine curve in the description of the support D, of the nanowire
is now included into the frame. The twist rate 8 := 6" € C([0, L], R) of the geometry adapted frame satisfies

B(s) =mpo(5)-bpo(s), sel0,L]. (2.7)
2.2. Scattering of electromagnetic waves

We work with electric fields only, but the corresponding magnetic fields can immediately be obtained from the associ-
ated first order Maxwell systems. Let &g :=8.85 x 10712 Fm~! and g :=1.25 x 1078 Hm~! be the electric permittivity and
the magnetic permeability of free space, respectively. Denoting by f > 0 the frequency, the angular frequency is w :=2m f,
and the associated wave number is given by k := w./€oto. An electric incident field E! is a solution to Maxwell's equations

curlcurl E' — k*E' = 0 inR3. (2.8)

We suppose that the thin nanowire is made of a noble metal like silver or gold. At optical frequencies these materials are
characterized by a frequency-dependent complex-valued relative electric permittivity &, € C with negative real part Re(e;) <0
and positive imaginary part Im(g;) > 0 (i.e., their electric permittivity is &p, := €9&;), while the magnetic permeability is the
same as for the surrounding free space. The real and imaginary parts of the relative electric permittivities &, of silver and
gold at optical frequencies as considered in this work are retrieved from the data base [38]. They are shown in Table 2.2.
We prefer these experimental data to the classical Drude model, because the Drude model is known to be rather inaccurate
across the optical band (see e.g., [25, pp. 117-118]).

We denote by

&p = €0+ (em — €0) XD, (2.9)

the piecewise constant electric permittivity distribution on R? in the presence of the nanowire. Here, xp , is the indicator
function for D, from (2.4). The scattering problem consists in finding the total electric field E, satisfying

curlcurl E, — ?j0spE, =0 inR, (2.10a)

such that the scattered electric field

Ej, :=E,—F (2.10b)



fulfills the Silver-Miiller radiation condition
lim (curl ES (x) x X — ik|X|E° (x)) =0 (2.10¢)
|%]— 00 p p
uniformly with respect to all directions ¥ := x/|x| € S2.

Lemma 2.2. Let &; € C with Re(e;) <0andIm(g;) > 0,andlet D, € R3 and &p beasin(2.4)and (2.9) for some 0 < p <, respec-
tively. Suppose that E' € Hyoc(curl; R3) satisfies (2.8). Then, the scattering problem (2.10) has a unique solution E, € Hioc(curl; R3).
The corresponding scattered electric field Ef) has the asymptotic behavior

ik|x|
ES(x) = — R |(E°°O+0(|x|—1)) as x| — o

uniformly in® € S, The vector function E%Y e L(S?, C?) is called the electric far field pattern.?

Proof. The uniqueness of solutions follows exactly as in the proof of [45, Thm. 10.1], where complex electric permittiv-
ities with positive real and imaginary parts have been considered. The existence of solutions can be obtained applying
Riesz-Fredholm theory, using the same arguments as in [45, Sect. 10.3]. The far field expansion has been shown in [45,
Cor. 9.5]. O

2.3. Asymptotic representation formula

We focus on thin metallic nanowires, i.e., the scaling parameter 0 < p < r in (2.4) is supposed to be small relative
to the wave length ) = 2w /k and relative to the total length L of the nanowire. In this case, solutions to the scattering
problem (2.10) can be accurately described by the following asymptotic representation formula.

Theorem 2.3. Let &; € C with Re(e;) < 0 and Im(e;) > 0, and for any 0 < p <r let D, C R3 and &p be as in (2.4) and (2.9),
respectively. Denoting by E' an electric incident field, the electric far field pattern corresponding to the solution of the scattering
problem (2.10) satisfies, for each X € S2,

EX® = |B'|(kp)’ / (er = e MY (® x I3) x R)ME (1) E' () d(y) +0((kp)?) (211)

as p — 0. Here, | B’| denotes the area of the rescaled cross-section B’ = D;)/,o, I5 € R3*3 is the identity matrix, and the matrix valued
function MI® € L*(", C3*3) is the electric polarization tensor. The term o((kp)?) in (2.11) is such that [|o((kp)?)|| 1 (s2)/(kp)?
converges to zero uniformly for all E' satisfying || E! Il H (curt: Bg 0)) < C for some fixed R, C > 0 such thatD_,O C Br(0).

Theorem 2.3 is a special case of a more general result that has been established for scatterers of low volume with
complex electric permittivities with positive real and nonnegative imaginary part in [1,13,28] (see also [14] for an earlier
version of this asymptotic perturbation formula in electrostatics). Using the well-posedness from Lemma 2.2, this result
including its proof carries over to the case of metallic nanowires with complex electric permittivities with negative real and
positive imaginary part as considered in this work.

The electric polarization tensor M? e L2(I", C3*3) in (2.11) is defined as follows (see [13,28]). Let R > 0 be sufficiently
large such that D_p C Bg(0) for all 0 < p <. For any & € $2, we denote by Wff) € HY(BR(0)) the corrector potentials satisfy-
ing

div(e, VW) = —div((e) — £0)§) inBr(0), WS =0 ondBg(0). (212)

Then, the electric polarization tensor is uniquely determined by

|F|/§ MEEy de = 5 |/|§| vodx+ —— |D | (- vW®)y dx+o(1) asp—0 (2.13)
P P

Dy

for all ¥ € C(Bg(0)) and any £ € S2. In contrast to the very general situation considered in [13, Thm. 1], no extraction of a
subsequence is required in (2.13) under our assumptions on the geometry of the cross-sections (see [13, Rem. 4.5]).

2 As usual LIZ(SZ, C3) denotes the vector space of square integrable tangential vector fields on the unit sphere.



Remark 2.4 (Dielectric nanowires). For dielectric nanowires, i.e., when & > 0 is positive, the electric polarization ten-
sor M? e L%(I', R3*3) is a real-valued, symmetric, and positive definite matrix pointwise a.e. on I" (see [14, Sec. 4]). In
particular, it can be diagonalized. A pointwise characterization of the eigenvalues and eigenvectors of M® has been es-
tablished in [13, Thm. 4.1] (see [9] for the special case when I' is a straight line segment). It has been shown that, for
a.e. s € [0, L], the tangent vector £,(s) is an eigenvector of the electric polarization tensor M (p(s)) corresponding to the
eigenvalue 1. Furthermore, using the vectors (np(s), by ¢(s)) from (2.5) as a basis of the plane orthogonal to t,(s), the
electric polarization tensor reduces to the corresponding two-dimensional electric polarization tensor m¢ associated to the
rescaled cross-sections B’ = D;,/p in this plane. Here, m* = (mfj) e C?*2 is given by

& 1
mij — 81] + m
B’

where 8;; denotes the Kronecker delta, and w; € H} _

oW ;
Jwydy, 1<i,j<2, (2.14)
/

axi

(R?) is the unique solution to the transmission problem

Awj =0 inR2\ 9B, (2.15a)
Wijlay — Wil =0, (215b)
ow;j |t owj |~
—J e — = —1y; 2.15
ov ’aB’ "oy lop (&r = Dvj, (2.15¢)
wjx)—0 as |¥| — oo. (2.15d)

(see [13, Rem 4.5]). Given any specific geometry for B’, the functions wj, j=1, 2, in (2.14) can be approximated by solving
the two-dimensional transmission problem (2.15) numerically. Then, the two-dimensional electric polarization tensor m?®
can be evaluated by applying a quadrature rule to the integral in (2.14). In the special case when B’ is an ellipse with
semi axes of lengths a and b for some 0 <a <b < 1 that are aligned with the coordinate axes in R2, the transmission
problem (2.15) can be solved by separation of variables. Then, the integral in (2.14) can be evaluated explicitly to obtain
that

a+b O
mé = a+érb otb (2.16)
b+era

(see, e.g., [5,12]). Here, the semi axis of length a is aligned with the x;-axis and the semi axis of length b is aligned with
the x-axis. o

When the relative electric permittivity &, is complex-valued with negative real and positive imaginary part, the electric
polarization tensor M¢ e L2(I", C3*3) is still symmetric pointwise a.e. on I'" (see Lemma A.1 in the appendix), but this no
longer implies diagonalizability. However, the following statements of [13, Thm. 4.1] including their proofs remain valid for
such complex-valued relative electric permittivities.

Proposition 2.5. Suppose ¢, € C with Re(e;) < 0 and Im(g;) > 0, and for any 0 < p < let D, C R3 and £p be as in (2.4)
and (2.9), respectively. Let MI¢ € L?(T", C3*3) be the electric polarization tensor defined in (2.12)-(2.13) and denote by m?® e C?*?2
the polarization tensor corresponding to the rescaled cross-section B’ = D;) /p defined in (2.14)-(2.15). Then, the following pointwise
characterization of M holds.

(a) Let ty(s) be the unit tangent vector at p(s) € I, then

ty(s) -Ma(p(s))tp(s) =1 forae.se[0,L]. (217)

(b) Let (npg,bpe) be the normal components of the geometry adapted frame (tp,Mpg,bp o) from (2.5), let &' € St and let
£ € C1([0, L], S?) be given by &(s) := [np,o(s), bp,o(s)]€" € S for all s € [0, L]. Then,

£(s) MP(p(9)E(s) = & -m®¢’  foraese[0,L].

As in the dielectric case, we use pointwise polarization tensor bounds to show that the unit tangent vector t,(s) is in
fact an eigenvector of MI®(p(s)) corresponding to the eigenvalue 1 for a.e. s € [0, L]. These bounds, which are different from
the corresponding polarization tensor bounds in the dielectric case from [14], are shown in Lemma A.1 in the appendix.

Lemma 2.6. Suppose &; € C with Re(g;) < 0 and Im(g;) > 0, and forany 0 < p <rlet D, C R3 and &p be as in (2.4) and (2.9),
respectively. Let M€ e L2(T", C3*3) be the electric polarization tensor defined in (2.12)-(2.13). Then, the unit tangent vector tp(s)is
an eigenvector of the matrix M¢ (p(s)) corresponding to the eigenvalue 1 for a.e. s € [0, L].



Proof. Fpom Lemma A.1 in the appendix we obtain that there exists y € (0,7 /2) such that Re(el”zp) > 0, Re(el’ &) > 0,
and Re(e'” (e, — €0)) < 0. Observing that, for any £ € S?,

& Re (eiV (Em — ao)Me) E=¢. (Re (e”’ (&m — 80)) Re(M?) — Im (eiy(sm — 80)) Im(Ms)) &, (2.18a)
£-Im((em —€0)M®) & = & - (Re ((€m — €0)) Im(M®) + Im ((€m — €0)) Re(M?)) &, (2.18b)
the inequality (A.5) can be rewritten as

Im (el (&m — €0))

2 , @) - ——3
&2 <& (Re(M @) Re (7 Em—20))

Im(M? (x))) & for every & € s?andae.xeT. (2.19)

Moreover, subtracting (A.5) from (A.4) and using (2.18) gives that

;. (Re(ism —29)  Im(e” (En — £0))

£ 2
MG, —t0) | Re(e? (5. —29)) ) Im(M°®(x))€ <0 forevery é € S“andae.xel. (2.20)

From our assumptions on & we find that Re(e,, — &) = Re(em) — €0 < 0 and Im(ey — €9) = —Im(ep) < 0, and conse-
quently lm(e‘V (ém — €0)) < 0 as well because y € (0, /2). Furthermore, at the beginning of the proof we have seen
that Re(e" (em — €0)) < 0. Hence, the real factor on the left hand side of (2.20) is strictly positive. This implies that

& - Im(Mf(x)€ <0 forevery & € S?andae.xeT . (2.21)

Now, considering the imaginary part of (2.17), applying the min-max principle and using (2.21), we find that the tan-
gent vector tp(s) is an eigenvector of the self-adjoint matrix Im(M?®(p(s))) corresponding to the eigenvalue O for
a.e. s € [0,L]. Similarly, considering the real part of (2.17), applying the min-max principle and using (2.19), shows
that t,(s) is an eigenvector of the self-adjoint matrix Re(M*(p(s))) corresponding to the eigenvalue 1 for a.e. s € [0, L].
Since M® = Re(M?) + iIm(M¥#), this ends the proof. O

Combining Proposition 2.5 and Lemma 2.6 shows that the electric polarization tensor M¢ e L2(I", C3*3) in the asymp-
totic representation formula (2.11) satisfies

M (p(s)) = Vp,g(s)MEV‘IO(s) fora.e.s [0, L], (2.22a)

where the matrix valued function Vp g € c'([0, L1,SO(3)) is given by Vp.o:=I[tpinpglbpel, and

1] 00
Mé:= |0 o eC¥3, (2.22b)
0

Therewith, the asymptotic representation formula (2.11) yields an efficient tool to evaluate the electric far field pattern due
to a thin metallic nanowire.

Remark 2.7 (Plasmonic resonances). In the special case when the reference cross-section B’ is an ellipse with semi axes
of length 0 <a <b <1 we observe from (2.22) and (2.16) that the norm of the polarization tensor is large when
either & ~ —a/b or & ~ —b/a. For noble metals like silver or gold, Im(e;) > 0 is strictly positive, and therefore the po-
larization tensor does not become singular for any choice of a/b (see Table 2.2 for the relative electric permittivity &,
of silver and gold at optical frequencies). However, according to (2.11) strong scattering occurs, whenever Im(g;) is small
and Re(er) = —a/b or Re(e;) = —b/a. Following [3] (see also [25,26,44,46]) we call the corresponding frequencies fres plas-
monic resonances for D.

Since Re(¢;) < —1 for silver and gold across the optical band (see Table 2.2), and 0 <a <b < 1 by assumption,
i.e, —oo<—b/a<—-1<-—a/b<0, only the plasmonic resonance frs with Re(e;(fres)) = —b/a can be excited for silver
and gold nanowires with elliptical cross-sections at optical frequencies.

For general cross-sections D), plasmonic resonances can be determined by solving an eigenvalue problem for the
Neumann-Poincare operator on the boundary of the rescaled cross-section B’ = D;,/p (see [3]). The optimal design of
two-dimensional shapes that resonate at particular frequencies has been considered in [2]. O

3. Electromagnetic chirality
In this section we briefly summarize the concept of electromagnetic chirality. For further details we refer to [7,19,50]. An

electric plane wave with direction of propagation 6 € S and polarization A € C3, which must satisfy A -6 =0, is described
by the matrix E'(-;0) € C3*3 defined by



Eix;0)A = Ael®*  xcR3.

We consider scattering of an electric plane wave at a thin nanowire D, with relative electric permittivity &,. Because of the
linearity of (2.10) with respect to the incident field, we can also express the scattered electric field and the electric far field
pattern by matrices Ei,(~ ;0) and E;°(~ ; 0), respectively. Superpositions of electric plane waves

E'[Al(x) := /A(o)e”‘”"‘ ds(@), xeR3, (3.1)
52

with density A € L? (52, C3) are called Herglotz waves. The scattered field associated to E[A] is given by

E;[A](x) = /E;)(x; 0)A(0) ds(@), xeR3.
S2

The electric far field operator Fp,, : L} (5%, C3) — LZ(S?, C3),

(Fp, A® = EXIAI®) = /E;’f@;a)A(o) ds@), Res?,
S2

maps densities of electric Herglotz incident waves to the far field patterns of the corresponding scattered electric fields.
Since the kernel of this integral operator is smooth (see, e.g., [45, Cor. 9.5]), it is compact and of Hilbert-Schmidt class,
ie, Fp, € HS(LE(S?, C?)).

Electromagnetic chirality describes different responses of scattering objects to electromagnetic fields of positive and
negative helicities. An electric plane wave E!(-;#)A is said to be left or right circularly polarized (i.e., it has helicity £1) if its
polarization vector performs an anti-clockwise or clockwise circular motion (one turn per wave length) along the direction
of propagation, respectively. This is equivalent to the relation

k~'curl Ei(-;0)A = +E(-;0)A,
and therefore to
A+ti(@ xA)=0

(see [7, p. 561]). The latter immediately extends to more general fields. An electric field E', E,, or ES, in R*\ D, is said to

have helicity +1 if it is an eigenfunction of the operator k~! curl associated to the eigenvalue +1. In fact, using the Riemann-
Silberstein combinations U + k~! curlU (see, e.g., [10]), any solution U € H(curl; B) to curlcurlU — k*U = 0 in some
subdomain B € R3 can be decomposed into a sum of two fields of helicity +1 and —1 (see [7, Rem. 2.3]). Furthermore, the
helicity of an electric Herglotz wave E'[A] and of the corresponding scattered electric field E;[A]|R3\W are uniquely de-

termined by the density A and by the associated far field pattern Eff’[A], respectively. Decomposing Lf (82, CH=vtevVv-
into the two orthogonal eigenspaces

VE .= [A+CA|AecL}(S? C3) (3.2)
of the self-adjoint linear operator C : L2(52, C3) — L2(S2, C3),
(CAY®) :=i0 x A#), 0¢€S?,
it has been shown in [7, Rem. 2.3 and Thm. 2.4] (see also [19, p. 5]) that
E'[A] has helicity =1  ifandonlyif AeV*®,
EZ[A]|R3\D_/) has helicity 41 ifand onlyif ~ Fp,A e vE.

Using the orthogonal projections P* : [2(52,C3) — L[2(5%,C3) onto V*, we define the projected far field opera-
tors }',S‘i = PC}"D,,P" for c¢,d € {+, —}. Then, ]—'LC,‘L describes the components with helicity ¢ of all possible electric far
field patterns corresponding to electric Herglotz incident waves with helicity d. Therewith, the far field operator Fp, can
be decomposed into four blocks

Fp, = Fp +Fp +Fpl +Fp (33)

The following notion of electromagnetic chirality has been introduced in [19] (see also [7]). Roughly speaking, the idea is to
decide whether the information content of the electric far field patterns corresponding to all possible electric incident fields
with positive helicity can be reproduced using all possible electric incident fields of negative helicity and vice versa, or not.



Deﬁnitipn 3.1. A scattering object D, is calleq electromagnetically achiral (or em-achiral) if there exist unitary opera-
tors UW : 12(52, C3) — 12(S%, C3) satisfying UV C = —CUYD, j=1,...,4, such that
Fof =uVru® . Ft = uPFgu®.

If this is not the case, then the scatterer D, is electromagnetically chiral (or em-chiral).

For c,d € {+, —} let (Ude)jeN denote the singular values of }"f)d in decreasing order and repeated with multiplicity.
Then, Definition 3.1 says that a scattering object D, is em-achiral if and only if

(0’]*+)jeN = (Uj__)jeN and (O’]*_)jeN = (Uj_+)jeN-
Accordingly, it has been proposed in [19] to quantify the degree of em-chirality of a scattering object by means of the
distance of the corresponding sequences of singular values. In this work, we discuss two possible choices for such an em-

chirality measure of a scatterer D, with associated far field operator Fp,. The measure x, from [19], which is defined
by

[(SE

0, = (|7 = @7 Djen | + 1@ Djen = @7 Djen ) (342)

and a smooth relaxation xys of x> from [32], which is given by

N—=

xssF,) = ([ jenll 2 = @5 e | 2)* + (0] Djentll 2 = 07 P jeni | .2)°) (3.4b)

1
= (175 s = 175, lns)” + (175 s — 175 1ns)?) 2

Here, || - [lns denotes the Hilbert-Schmidt norm. The squared Hilbert-Schmidt norm | Fp, ||ElS of the far field operator Fp,
is sometimes called the total interaction cross-section of the scattering object D,. It has been shown in [7,19,32] that

0 < xus(Fp,) < x2(Fp,) =< [IFp,llus (3.5)
(see [6, p. 1984] for details). For the upper bound in (3.5) we have that

Xus(Fp,) = IFp,llns  ifandonlyif  x2(Fp,) = Fp, s

(see [32, Lmm. 5.11] or [6, p. 1984]). If the scatterer D, is em-achiral then x2(Fp,) = xus(Fp,) =0, and it is said to be
maximally em-chiral if Xx2(Fp,) = xus(Fp,) = IFp,, llus. The latter is equivalent to the fact that the scatterer D, does not
scatter incident fields of either positive or negative helicity at all (see [7, Lmm. 4.2 and 4.3] and [16, Thm. 9.6]).

4. Optimal shape design

We consider the shape optimization problem to design thin metallic nanowires that are as close to being maximally em-
chiral at optical frequencies as possible. To this end, we maximize the normalized em-chirality measures x2(Fp,)/IFp,|lns
and xus(Fp,)/IFp,llus, which are bounded between 0 and 1 by (3.5), with respect to the shape of D,. We run the shape
optimization scheme at a fixed frequency fop, which in turn determines the relative electric permittivity &, of the nanowire
(see Table 2.2 for silver and gold), prior to the optimization process. We also choose the rescaled cross-section B’ = D;) /p
as well as the length L of the nanowire in advance, and then we optimize the shape of the spine curve I and the geometry
adapted frame Vp g :=[tp|npg|bp o] that describes the twisting of the cross-section of the nanowire along the spine curve.

4.1. Objective functionals and shape derivatives

The computational complexity of the iterative shape optimization scheme that we develop below is dominated by the
evaluation of electric far field operators and of shape derivatives of electric far field operators corresponding to thin metallic
nanowires in each iteration step. Using the asymptotic representation formula (2.11), the electric far field operator Fp,
associated to a thin metallic nanowire D, can be approximated by the operator 7p, (L2(S?,C3) — 12(52,C3),

(T, A®) := |B'|(kp)* f (er — e MY (@ x I3) x R)ME (M E[Al(y)de(y),  Re S (4.1)
r

Theorem 2.3 and the definition of the electric Herglotz wave EI[A] in (3.1) show that

Fp, = Tp, +0(kp)®) asp—0, (4.2)



where the term o((kp)?) in (4.2) is such that [Jo((kp)?)|lus/(kp)? converges to zero.

Since we have fixed the rescaled cross-section B’ := D/p/,o, the support D, of a nanowire is uniquely determined by a
parametrization p of the spine curve I' and an associated geometry adapted frame (tp,np,bp ) as in (2.6). Accordingly,
we introduce a set of admissible parametrizations for supports of thin nanowires by

Usa == {(p. Vp.o) € C*([0, L], R?) x C*([0, L], SO(3)) |
p([0, L]) is simple, p’(s) # 0, and Vp g(s)e1 = p’(s)/|p’(s)| for all s € [0, L]} . (43)
Here, e; :=(1,0,0)7 is the first standard basis vector in R3. We define a nonlinear operator T, : U,q — HS(LZ(S%, C3))

that maps admissible parametrizations of supports of thin nanowires D, to the leading order term 7p, of the associated
far field operator Fp, in (4.2) by

T,O(pv Vp.@) = 7bp ) (p» Vp,9) € Uad . (44)

The projected operators (T ,(p, prg))Cd =PT,(p, Vp’Q)Pd for any combination of c¢,d € {4, —} yield a decomposition
of Ty(p, Vp,e) as in (3.3). Accordingly, we can apply the em-chirality measures from (3.4) directly to T ,(p, V).
We consider the two objective functionals

X2(Tp(P. Vpo))

Jo:Usa = 10,11, Jo(p, Vpyg) := ,
! P IT,(p. Vpo)llns

(4.5)

and

Xus(T (P, Vpo))
ITo(P, Vp,o)llHs ’
Both functionals J, and Jys attain their maximum value 1 for a maximally em-chiral metallic nanowire. Since J, is not
differentiable and hence less suitable for a gradient based optimization, we focus in the following on maximizing the

nonlinear functional Jys. However, we will also specify the corresponding values of J, for comparison (e.g., with the results
from [24]) in the numerical examples in Section 5 below.

Jus 1 Uaqg — [0, 1], Jus(p, Vpo) = (4.6)

Remark 4.1. It is important to observe that for any A € L?(Sz, C3) the electric far field pattern 7p ,A from (4.1) is homoge-

neous with respect to the squared radius p? of the cross-section D;) = pB’ of the support of the thin nanowire. Thus, the
same is true for x2(T (P, Vp,0)), Xus(Tp(P,Vpe)), and [T, (p, Vpo)llns with (p, Vp o) € Uyq. In particular, the rescaled
em-chirality measures J>(p, Vp¢) and Jus(p, Vp ) are independent of p. This means that the specific value of p does not
affect the result of the optimization procedure considered below. However, in order for the leading order term 7p, in (4.2)
to be an acceptable approximation of Fp,, the radius p of the cross-section D/p of the thin nanowire has to be sufficiently
small, which we assume throughout this work. O

We discuss the optimization problem

find argmin (= Jus(P, Vp.0)) subjectto |I|=L (4.7)
(P,Vp.0)EUaq

at some prescribed frequency fop, for some fixed rescaled cross-section B’ = D;)/p CBj(0) C R2, and for some prescribed
length L > 0 of the nanowire. The frequency fop¢ determines the wave number k and the relative electric permittivit &.
Therewith, the rescaled cross-section B’ defines the two-dimensional electric polarization tensor m® € C2*2 according
to (2.14)-(2.15).
It has been shown already in [32] that the em-chirality measure yys from (3.4) is differentiable on
X == |G e HS(LE(S%,C?) | xus(9) #0and [G%|lus > 0, c,d € {+,—}}.

For any G € X and H € HS(L?(S?, C3)) the derivative is given by

d ocdy, 1G9
Re(G, H)us — D¢ def+,—) Re(G, HE )Hsm
xus(9)
where ¢ := —c and d := —d. Accordingly, the Fréchet derivative of the objective functional Jys satisfies
(xuis) [T p(P. Vp.o) | (T, [p. Vp.ol(h, )
ITo(P, Vp,o)lns
xus(Tp(P. Vo)) Re(T (B, Vp.o), TP, Vi ol(h, )y
IT,o(p. Vo)l

(xus)'[G1H =

)

];—]S[p’ V‘J,@](h’ ¢) =

)



where T;)[p, Vp.el denotes the Fréchet derivative of the operator T, at (p, Vp ) € Uyq. It remains to show that T, is
indeed Fréchet differentiable at (p, Vp 9) € Uyg and to determine its Fréchet derivative.

The admissible set U,q in (4.3) is not a vector space, but Uq can be parametrized locally around any admissi-
ble (p,Vpo) € Uyq with Vpg = [tp}np_9|bp,g] as follows. Suppose that §p,8¢ > 0 are sufficiently small. Then, an open
neighborhood of (p, Vj ¢) in Uyq is given by

{(P+h Vypsnoie) |he CCU0.LLR?), |Ihl: <8p, ¢ € C2([0, L1, R), [$llc2 <o}, (4.8)

where Vpiho4g = [tpsnMpinosglbpinorel € C2([0, L], SO(3)) with

p/+h/
t = 4.9a
bpoio-
Nyinore = (Ep - tprn)Np oty — 1p¢7(tp X tprn) — Mpotg - tpin)tp, (4.9b)
Tt Lpin
0+ h
bp+h,0+¢ = (tp 'tp+h)bp,0+¢ + u(tp X tp+h) - (bp,9+¢ : tp+h)tp s (4-9C)
1 + tp M t[)+h
and
[Mp.o+6|bp.o+e] = [cos(@)npo + sin(@)bp o] — sin(d)np g + cos(@)bpg]. (4.10)

We note that (tph, Rpth.o+¢ Dp+ho+e) is an orthogonal frame along the perturbed curve p + h by construction.
Before we establish the Fréchet derivative of T, in Theorem 4.3 below, we discuss the shape derivative of the polarization
tensor MI® using the explicit representation in (2.22).

Lemma 4.2. The mapping M : Uyq — C([0, L], C3*3) defined by M¢(p, Vpy) := Mfy,v,,g = V,,,QMSV‘IB is Fréchet dif-
ferentiable. Its Fréchet derivative at (p,Vpe) € Uag with respect to the local parametrization of Uyq in (4.8)-(4.10) is given

by (M, y, )" C*([0, L1, R?) x C*([0, LI, R) — €([0, L], C*>*?) with

My y,,) (0,¢) = Vp o (R, $IMV ) o+ Vi oM* (Vi 5 (. 9) T, (411)

where the matrix-valued function V;ﬁ (h, ¢) satisfies

h -n 2] h-b 2] h -n h/~b /2]
4 (h,¢):[ Plnpo + Py — ——Plt, + by Pltp —on ,9].
PO P P p '| P p PP
Proof. Using Taylor’s theorem we find that
tpen = tp + | ,|((h npo)po+ (W -bpo)bpo) + O(IhIZ, 0 r3) (412)

and

Mp.o+p = Mp.o + Pbpo + 0UIBIIZ 0 1 r3)
bp.o+o = bpo — dtpo+ OUIDIE (0 1 r3)-
Furthermore, substituting (4.12) into (4.9) gives

1 2
m(h/ : np.G)tp + O(||h||C2([0,L],R3))’

Npihg = MNpo —

bp+h,9 = bp,@ - (h bp G)tp + O(”””cZ( 0,1] ]R3)) .

I’I

Accordingly, the partial derivatives

dpVpoh) = [(h npo)Np o + (h'- ~bpo)bpg ‘ — (- “Npg)ty ‘ —(h'- -bp, G)tp]

'l
9 Vpo(@) = ¢[0|bpe|—npo]

satisfy



A

IVp+ho = Vpo — 3pVpoMllcorr3s) < ClRIZ o 1 g3) -

IVp.o+s = Vo =3 Vpo@lcqor3s) < CIOIE(0.1r5)-
Thus, using Taylor’s theorem once more, we obtain that there exists § € [0, 1] such that

IVpihoto = Vpo — Vpo(h ®)llcqo.r)r33)

=< ||Vp+h,9+¢ - Vp+h,0 — 0y Vp,9(¢)||c([0,L],R3x3) + || Vp+h,(9 - Vp,H - 3pr,0(h)||c([o,L],R3x3)

= 1190V p+n,6+5¢(P) — 30 Vp.o @ llcqo ) r33) + 1Vp+ne — Vo — pVpoMllicqo L r3:3) -
The continuity of 99V p¢(¢) with respect to p and 6 shows that V4 is Fréchet differentiable with derivative V;,ﬁ. The
Fréchet differentiability of the polarization tensor and (4.11) are now a consequence of the product rule. O

In the next theorem we establish the Fréchet derivative of T,, at (p, Vpg) € Uyg.

Theorem 4.3. The nonlinear operator T, from (4.4) is Fréchet differentiable from U,q to HS(L?(SZ, C3)). Its Fréchet derivative
at (p, Vp,e) € Uyq with respect to the local parametrization of Uyq in (4.8)-(4.10) is given by

T),[p.Vpsl: C([0.11.R?) x C*([0, L], R) — HS(L} (5%, C?))

with

4
T,[p. Vpol(h.¢) = B |(kp)>(er = 1)) T}, /[p. Vpol(h. ).

j=1
where, for any A € L2(S%, C3),
L
(T, [P Vpol(h, ) A)®) = — | ik@- hye P (& x I3) x ®) M, , E'[Al(p)|p/| dt .
0
L
(T}, 5[P. Vp.01(h. $)) A)®) = f e IRP (@ x I3) x DM, ) (h, §)E'[AI(p)|p'| dt,
0
L
(T, 5[p. Vp.ol(h, ) A)®) = / e P (@ x TI3) x R) M ; (E'[A1) [P, Vpl(h, ¢)|p'| dt,
0
L W
(T alp. Vpalh. ) A)® = [ €57 (@ x 1) B 1y, E'1ANp) e
0

Proof. Using Lemma 4.2, this result can be shown as in [6, Thm. 4.2], where the Fréchet differentiability of T, for thin
dielectric nanowires with circular cross-sections has been established. O

Remark 4.4. For the numerical implementation of the operator T ,(p, Vp ¢) and of its Fréchet derivative Tfo[p, Vp.ol, we use

truncated series representations of these operators with respect to a suitable complete orthonormal system in L?(Sz, C3).
Denoting by UJ', VI, m = —n,...,n, vector spherical harmonics of order n > 0 (see, e.g.,, [16, p. 248]), we define the
circularly polarized vector spherical harmonics of order n by

1 . 1 .
Al = E(U? +ivy) and B = E(Uz1 —ivh.
Then A} and BI', m=—n,...,n,n=1,2,..., form a complete orthonormal system of the subspaces V* and V~ from (3.2),
respectively. This follows from the facts that the vector spherical harmonics U}, V]!, m=—n,...,n,n=1,2,... constitute
a complete orthonormal system in L?(S?, C3) and that V() =0 x U™ () for all 8 € S?, and from the definition of V*
in (3.2). The main reason for using this orthonormal basis is that the orthogonal projections P* onto V*, required to evalu-
ate the em-chirality measure from (3.4) in the shape optimization scheme, can be obtained without any further computation
directly from corresponding series expansions.

In Lemma 3.2 and Remark 4.3 of [6], formulas for the coefficients in the series representations of T ,(p, Vp ) and of its
Fréchet derivative T:o[p, Vpol(h,¢) in terms of these circularly polarized vector spherical harmonics have been developed



for the corresponding operators associated to thin dielectric nanowires with circular cross-sections. Observing that the
different material properties and the more general twisting cross-sections considered in this work only affect the electric
polarization tensor and its Fréchet derivative in T ,(p, Vp ) and T;,[p, Vpol(h, ¢), the results from [6] can immediately be
applied to obtain formulas for the coefficients in the series representations of the operators considered in the present work
as well.

In the numerical implementation these series expansions have to be truncated at some maximal degree n= N € N. The
analysis from [30] suggests to choose the truncation index N such that N 2> kR, where Bg(0) denotes the smallest ball cen-
tered at the origin that circumscribes the nanowire D,. Accordingly, we consider discrete approximations T, n(P, Vps) €
C2xQ apd T), NP, Vpolh,¢) € C2%Q with Q =2N(N +2). O

4.2. Regularization and numerical implementation

In the numerical optimization scheme we will consider spine curves I' that are parametrized by three-dimensional cubic
not-a-knot splines® p: [0, L] — R3 with respect to a partition

A={0=t;<ty<--<ty=L}<[0,L].

Throughout, we denote by Sx and (Sx)3 the space of one-dimensional and three-dimensional cubic not-a-knot splines with
respect to this partition, respectively.

To evaluate local minimizers of the constrained optimization problem (4.7), we approximate the latter by an uncon-
strained optimization problem, where we include the length constraint |I"| = L via the penalty term

n—1 1 Lj+1 2
Wil >R, WP Vpo) = Y| - / POl d| (413)
j=1 £

Besides enforcing the length constraint, this term will also promote uniformly distributed nodes along the spline represent-
ing the spine curve during the optimization process.
We use two further regularization terms to stabilize the optimization. The functional

L

1
Wy :Upg — R, Vo (p, Vpo) = Z/Kz(t)lp/(t)l d, (4.14)

0

where « is the curvature of I' parametrized by p from (2.1), prevents the optimal nanowire from being too strongly entan-
gled. Similarly, the term

L
1
U3 :lyg — R, V3(p, Vpo) = z/ﬁz(t)lp’(t)l d, (4.15)
0

where g is the twist rate of the geometry adapted frame (tp,np,bp ) parametrized by (p, Vp ) from (2.7), penalizes
strong twisting of the cross-section of the optimal nanowire along its spine curve.
Adding o1V, aa W9, and a3 W3 with some suitable regularization parameters o1, &2, @3 > 0 to the objective functional
in (4.7), we obtain the regularized objective functional @ : U,y — R given by
O(p, Vpo) = —Jus(D, Vpo) +a1W1(p, Vpo) + 2V (p, Vp o) +a3W3(p, Vpo). (4.16)

Accordingly, we consider the unconstrained optimization problem

find argmin  ®(p, Vp ). (417)
(P, Vp,o)EUaq

Below we apply a quasi-Newton scheme to solve a finite dimensional approximation of (4.17) numerically. In the next
lemma we collect the Fréchet derivatives of the penalty terms W1, W,, and W3, which are required by this algorithm.

Lemma 4.5. The maps W1, W, and W3 from (4.13)-(4.15) are Fréchet differentiable. Their Fréchet derivatives at (p, Vp.g) € Uyq With
respect to the local parametrization of Usq in (4.8)~(4.10) are given by Wi[p, Vp o1: C3([0, L], R?) x C2([0, L], R) — R with

3 The “not-a-knot” boundary condition for cubic splines means that at the first and last interior knot also the third derivative is continuous.



n—1 tj+
" K 1 1
Wi[p, Vpol(h, §) = dpWi[p, Vpslth) = —2Z</ P dt)(n_l -7 / Pl dt),

=1 tj
by Wy[p, Vpol: C3([0, L], R?) x C%([0, L], R) — R with
Wy[p, Vpolth, ¢) = 3pWa[p, Vpel(h)
1/L <2p”~h” _SlPPO )
L ) p'P lp'l°

-2 +5
p'P lp'’

(-0 +p" W) -p" (p“h’)(p’-p”)z) dt

and by W4[p, Vpol: C3([0, L], R3) x C%([0, L], R) — R with

Wi[p, Vpol(h,¢) = 3pW3[p, Vpol(h) + 09 W3[p, Vpol(e),
where
L

1
apYs[p, Vp,O](h) = Z /(2(71;,,0 : bp,G)(_(h/ : "p,@)(t;, 'bp,O) + (h/ : bp,&)(t/p -np,e))lp/l
0

p/ . h/
+ (n;,,g 'bp,é))2 W) de,
L

1
W1, Vpa @) = 7 / 21, 5 - bp.s)d' P d.
0

Proof. This follows by direct calculations using the definitions (4.13)-(4.15) together with (2.1), (2.7), and Lemma 4.2. O

We apply the BFGS-scheme from [43] to approximate a local solution of (4.17). We start with an initial approxima-
tion for the spine curve of the nanowire and for the geometry adapted frame. Let p(® e (Sx)> be a three-dimensional
cubic not-a-knot spline describing the initial guess for the spine curve. Accordingly, we compute a rotation minimizing
frame (tp(m,np(m, bp<o>) along this spline using the double reflection method from [51]. Then we choose a one-dimensional
cubic not-a-knot spline 6(® e S, that describes the rotation function of the initial guess for the geometry adapted
frame (tp0), My 0. byo o) as in (2.5). As before, we write V40 g0 = [Ep0 [Mp0 g0 |byo go]. We store the coordi-
nates of the knots of p(@ and 0@ in a vector Xy € R*", where the first 3n components are associated to p©® =: p{%o} and
the last n components correspond to 8(® =: #{X;}. The vector X is the initial guess for the BFGS-scheme.

Next we explain how the spine curve and the geometry adapted frame are updated in each step of the op-
timization procedure, assuming that the descent direction and the step size have already been obtained (see be-
low). Let X, € R*" denote the ¢-th iterate of the BFGS-scheme. The ¢-th spine curve p® = p{x/} € (Sx)? is the
three-dimensional cubic not-a-knot spline determined by the knots stored in the first 3n components of X,. De-
noting by 6® = 9{x;} € Sxn the one-dimensional spline described by the knots stored in the last n components
of %, the ¢-th geometry adapted frame (tpm,n‘,mﬁ(e),b‘,(mﬁm) is obtained from the (¢ — 1)-th geometry adapted
frame (£pe-1), Mpe-1 ge-n.bpe-n ge-n) using the formulas (4.9)-(4.10) with h = p® —p®D and ¢ =6© — o=V, We
write V0 g0 = VpolXe} :=[tp0 ny0 golbpo gol.

Now we discuss how to compute the descent direction and the step size in each step of the optimization procedure.
Given X;, the (¢ + 1)-th iterate of the BFGS-scheme is defined by

Rop1 = R+ dedy, (4.18)
where :1[ is a solution to the linear system
Hedy = —VO[p{Xe}. VpolRe}].

and XA, € (0,1) determines the stepsize. The gradient V@[p{?zg},vp,@{ﬁg}] of the regularized objective functional &
from (4.16) with respect to X, is obtained by evaluating the Fréchet derivative of T o from Theorem 4.3 and the Fréchet



derivatives of the penalty terms W1, Wy, and W3 from (4.5) in (p{X.}, V,,,g{i'g}) in the directions corresponding to the com-
ponents of %,. The matrix H, is an approximation of the Hessian matrix V2®[p{x;}, Vpﬁg{;()e}]. Starting with the initial
guess Ho = I4,, we use the cautious update rule

_ HBGS[He | yoy/

-T=
e Yo Se - .
H@+1 — HK gZH[S‘[ j’zgé lf |§Z‘2 > 5|V¢’[P{xl}, Vp,G{xK}] ) (419)
Hy otherwise,

from [43]. Here,

Se =X 1— X, Yo = VO[pRea} VpolRea}] — VO[PIR), Vo lRe}].

and ¢ > 0 is a parameter. It has been shown in [43] that this update rule ensures positive definiteness of H, throughout
the BFGS-iteration.

We use an inexact Armijo-type line search to determine the stepsize A, in (4.18). Choosing parameters o € (0, 1)
and § € (0, 1), we identify the smallest integer j=0, 1, ... such that 87 satisfies

D (plRe +87de}, Vp olRe +87d,}) < (iR}, VpolRe)) + 08 VO[p(Re), VpolRe)] -de . (4.20)

Then, we set Ay :=8/.
In our numerical examples below, we use the parameters ¢ = 107>, o =104, and § = 0.9 in (4.19) and (4.20). We ap-
proximate all line integrals over I" using a composite Simpson rule. We stop the BFGS iteration when |X¢1 — X¢|/|X¢| < 1074,

5. Numerical examples

We discuss three numerical examples, where we use the shape optimization scheme developed in the previous section
to design highly chiral thin silver and gold nanowires at four different frequencies in the optical band. We work at

o fopt =400 THz, i.e., the wave length is Aopt =749 nm (red light),

o fopt =500 THz, i.e., the wave length is Aopc = 600 nm (orange light),
o fopt =600 THz, i.e., the wave length is Aopt = 500 nm (green light),
o fopt =700 THz, i.e., the wave length is Aqpt =428 nm (blue light).

The relative electric permittivities &, of silver and gold corresponding to these frequencies can be found in Table 2.2 (see [38,
p. 6] for the complete data set).

We focus on elliptical cross-sections D:O = pB’, p > 0, where the lengths of the semi axes of the rescaled cross-section B’
are denoted by 0 <a <b < 1. As discussed in Remark 2.7, a frequency fres is called a plasmonic resonance frequency
of such a thin metallic nanowire, if the aspect ratio b/a of its elliptical cross-section satisfies b/a = — Re(&;( fres)), and
if Im(&r(fres)) > 0 is sufficiently small. The total interaction cross-section of the nanowire (i.e., the squared Hilbert-Schmidt
norm of the associated far field operator) can be understood as a measure of the overall coupling between the nanowire
and electromagnetic fields, including both scattering and absorption (see, e.g., [19, p. 4]). The light-matter interaction of
thin metallic nanowires is much stronger at a plasmonic resonance frequency than away from this frequency, and stronger
interaction means that a lower number of such nanowires that are suitably arranged in a two- or three-dimensional struc-
ture might be sufficient to obtain enhanced and tailored chiral optical responses. Accordingly, highly em-chiral nanowires
with a large total interaction cross-section would be very interesting for the design of novel chiral metamaterials (see,
e.g., [35,37,49]). Thus, we choose in our first two examples the aspect ratios of the elliptical cross-sections of the nanowires
such that the frequency fopt, where the shape optimization program is carried out, is a plasmonic resonance frequency,
i.e., fopt = fres. We show that strongly scattering thin metallic nanowires with fairly large em-chirality measures can be ob-
tained. In our third example we then design thin metallic nanowires with even larger em-chirality measures, choosing the
frequency fopt to be around 100 to 150 THz below the plasmonic resonance frequency fres of the nanowire, i.e., fopt # fres.
However, in this case the total interaction cross-section of the optimized nanowire is smaller than in the previous examples.

As already pointed out in Remark 4.1, the scaling parameter p > 0 that determines the thickness of the nanowire D,
does not affect the outcome of the shape optimization. Accordingly, the results that we present in this section are valid
for any p > 0 that is small enough such that the leading order term 7p, in (4.2) constitutes an acceptable approximation
of the far field operator Fp,. In [13] we compared 7p, for circular cross-sections with radius p, a real-valued electric
permittivity &, > 0, and a whole range of values for o with numerical approximations of Fp, that have been computed
using the C++ boundary element library Bempp [48]. This study suggests that 7p, is an accurate approximation of Fp,
within a relative error of less than 5% when the radius of the thin tube D, is less than 1.5% of the wave length of the
incident field, i.e., when kp < 0.1. For instance, choosing p = 0.1/kep means that the radius p of the nanowire with circular
cross-section is between 6.8 nm at fope =700 THz and 11.9 nm at fope = 400 THz. Here, kopt denotes the wave number
corresponding to the frequency fopt. In our visualizations of the optimized nanowires with elliptical cross-sections, and for
the plots of the square root of the total interaction cross-section of these optimized nanowires in the examples below, we
choose p such that koptp+/ab = 0.05.
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Fig. 5.1. Optimized silver nanowires of length L = 2o from Example 5.1 for fope =400, 500, 600, 700 THz (left to right).

Table 5.2
Normalized em-chirality measures J, and Jys of optimized silver (left) and gold nanowires (right) from Exam-
ple 5.1.
Silver Gold
fopt [THz] 400 500 600 700 fopt [THz] 400 500 600 700
L= ot I2 026 026 026 026 L= o I2 026 023 0.09 0.03
I Jus 012 012 012 012 B Jus 012 012  0.02  0.003
L= o I2 039 039 039 039 L o I2 039 037 017 0.06
T2 Jus 017 017 017 017 2 Jus 017 017 0.03 0.004
L—a I 037 037 037 037 L I2 036 035 013 0.03
ot Jus 020 020 020 020 ot Jus 020 019 004 0003
L= 2opt I2 032 032 032 032 L= 2hopt I2 032 030 0.08 0.01

Jus 019 019 019 019 Jus 019 019 0.03  0.0008

Example 5.1 (Optimizing the twist rate of the cross-section along a straight nanowire). In our first numerical example we
discuss thin straight silver and gold nanowires with elliptical cross-sections. We consider four different frequen-
cies fopt =400, 500,600, and 700 THz, and for each of these frequencies we choose a different aspect ratio for the
elliptical cross-section of the nanowire such that fopt = fres is a plasmonic resonance frequency of the nanowire,
i.e, b/a=—Re(&(fopr)). We fix the spine curve of the nanowire to be a straight line segment, and we optimize just
the twist rate of the elliptical cross-section along the spine curve of the nanowire, i.e., the twist function 6 in (2.3)-(2.4).
We use the shape optimization scheme from Section 4. For the regularization parameters in (4.16) we choose o1 = a2 =0
and a3 =5 x 1072,

To discuss the influence of the length of the nanowire on the optimized shape of the nanowire, we consider four different
values L = jiopt/4 with j=1,2,4,8 for the length constraint in (4.13). As before, Aop¢ denotes the wave length at the
frequency fopt. Accordingly, we choose the maximal degree N of circularly polarized vector spherical harmonics that is
used in the discretization of the operator T,(p,Vpe) and of its Fréchet derivative T;)[p, Vp.ol(h,¢) (see Remark 4.4) to
be N=2,4,6,8 for L = jAopt/4 with j=1,2,4,8, respectively.

We use cubic not-a-knot splines with n = 10 knots to describe the (fixed) spine curve I" and the twist function 6 and 11
quadrature points for the composite Simpson rule on each spline segment to approximate integrals over I'. Since the em-
chirality measure xys, and thus also the objective functional ®, are not differentiable at an em-achiral configuration, we
choose an em-chiral initial guess for the shape optimization algorithm. To this end, we start with a rotation minimizing
frame along the straight spine curve and add a small random twist. The same random twist is used for all frequencies and
length constraints.

In Fig. 5.1 we show the optimized twisted silver nanowires obtained by the shape optimization scheme for L = 2Xqpt
and fopt = 400, 500, 600, and 700 THz (left to right). The directions of the twists of the optimized structures depend on
the initial guess. The aspect ratios b/a of the elliptical cross-sections vary between 26.94 at fopr =400 THz and 5.94
at fopt = 700 THz. The optimized twist rate per wave length of the cross-sections of the four optimized twisted silver
nanowires around the straight spine curve is almost constant and virtually the same for all frequencies.

In Table 5.2 we collect the values of the normalized em-chirality measures J, and Jys from (4.5) and (4.6) of the opti-
mized straight twisted silver and gold nanowires for the four different frequencies and the four different length constraints.
Each pair of entries in these tables corresponds to a different optimized twisted silver or gold nanowire. For the silver
nanowires we observe that the values of J, and Jys that are reached for the different optimized structures are independent
of the frequency. On the other hand, for the optimized gold nanowires these values change significantly with the frequency.
While at fop =400 and 500 THz the normalized em-chirality measures of the optimized twisted gold nanowires are com-
parable to those of the optimized twisted silver nanowires, the normalized em-chirality measures of the optimized twisted
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Fig. 5.4. Frequency scans for optimized gold nanowires of length L = 2opt from Example 5.1 at fope =400, 500, 600, 700 THz (left to right).

gold nanowires quickly decrease at higher frequencies. This is a consequence of the increasing imaginary part of the relative
electric permittivity of gold at higher frequencies (see Table 2.2). For the gold nanowires the aspect ratio b/a of the ellip-
tical cross-section varies between 20.11 at fope =400 THz and 1.69 at fope = 700 THz, i.e., the cross-section is somewhat
rounder than for the corresponding silver nanowires.

Finally, we study the frequency dependence of the normalized em-chirality measures for the optimized twisted silver
and gold nanowires of length L = 2Aop; that have been optimized at fop: = 400, 500, 600, and 700 THz. In each of the plots
in Fig. 5.3 and 5.4 the optimized nanowire is fixed. However, it is illuminated with incident waves of different frequencies,
and thus its frequency-dependent relative electric permittivity &, varies. In Fig. 5.3 we plot the normalized em-chirality
measures J, (dashed) and Jys (solid) and an approximation of the square root of the total interaction cross-section (dotted)
of the optimized thin twisted silver nanowires shown in Fig. 5.1 over a frequency range between 300 and 800 THz. The
approximation of the square root of the total interaction cross-section is obtained by evaluating the Hilbert-Schmidt norm
of the operator 7p, from (4.1) with p = 0.05/(k0pt\/@). The sharp peak in the square root of the total interaction cross-
section is exactly at the plasmonic resonance frequency fres of the corresponding thin silver nanowire. It is important to
note that, in contrast to the normalized em-chirality measures, the square root of the total interaction cross-section is
plotted in a logarithmic scale. We find that J, and Jys have a peak at the plasmonic resonance frequency fres as well. This
is the frequency that has been used in the shape optimization, i.e., fopt = fres.

In Fig. 5.4 we show the corresponding frequency scans for the optimized thin twisted gold nanowires. For the gold
nanowires that have been optimized at fopr =400 and 500 THz, the results are similar as for the silver nanowires that
have been optimized at the same frequencies in Fig. 5.3. On the other hand, for the gold nanowires optimized at fopc = 600
and 700 THz, the plasmonic resonance is no longer visible in the plots of the square root of the total interaction cross-
section. This is a consequence of the larger imaginary part of the electric permittivity of gold at fo, = 600,700 THz (see
Table 2.2). For these two higher frequencies, the values of the normalized em-chirality measures J, and Jys are small
across the entire frequency band. The plasmonic resonance seems to be required to obtain thin metallic nanowires that
exhibit large normalized em-chirality measures. ¢

Example 5.2 (Optimizing the shape of the spine curve of the nanowire). In our second example we consider a free-form shape
optimization for the spine curve of thin silver and gold nanowires with elliptical cross-sections, but we do not optimize the
twist rate of the cross-section of the nanowire along the spine curve. As in the first example, we consider four different
frequencies fope = 400, 500, 600, and 700 THz, and for each of these frequencies we again choose the aspect ratio of the
elliptical cross-section of the nanowire such that fopt = fres is @ plasmonic resonance frequency for the nanowire. We use
the optimization scheme from Section 4. For the regularization parameters in (4.16) we choose a; =5, oy =8 x 1073,
and o3 =0.

The length constraint for the nanowire is set to be L = 3Xqpt/2, and, accordingly, we choose the maximal degree N
of circularly polarized vector spherical harmonics that is used in the discretization of the operator T,(p, Vp ) and of its
Fréchet derivative T;O[p, Vpolth,¢) (see Remark 4.4) to be N =5. We use cubic not-a-knot splines with n =20 knots
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Fig. 5.5. Optimized silver nanowires and corresponding frequency scans from Example 5.2 for fopt = 400,500 THz (top row) and fopt = 600,700 THz
(bottom row).

to parametrize the spine curve I and the (fixed) twist function 6 and 11 quadrature points on each spline segment to
discretize line integrals over I'. For the initial guess for the spine curve we use a straight line of length L = 3Xqp/2, and
we add a small random perturbation to obtain an em-chiral configuration. The same random perturbation is used for all
frequencies. The initial geometry adapted frame is chosen to be rotation minimizing, and in each step of the optimization
procedure the geometry adapted frame is being updated using the formulas (4.9)-(4.10) as explained at the end of Section 4.

In Fig. 5.5 we show the optimized silver nanowires that have been obtained by the shape optimization scheme
for fopt =400, 500, 600, and 700 THz. The aspect ratios b/a of the elliptical cross-sections are the same as in Example 5.1
and vary between 26.94 at fopr =400 THz and 5.94 at fope = 700 THz. For a better three-dimensional impression, we also
included the projections of the spine curves of the optimized nanowires on the three coordinate planes in these plots. Dur-
ing the optimization the straight initial guess bends into a rather irregular shape that is difficult to interpret. However the
optimized silver nanowires obtained at the four different frequencies have very similar shapes, which seem to be rescaled
versions of each other with respect to the wave length.

Fig. 5.5 also contains plots illustrating the frequency dependence of the normalized em-chirality measures J, (dashed)
and Jys (solid) as well as of the square root of the total interaction cross-sections (dotted) of the optimized silver nanowires.
The maxima of the normalized em-chirality measures and the plasmonic resonances visible in the plots of the square root
of the total interaction cross-section are rather localized. It is interesting to observe that, although the shape optimization
has been carried out at the plasmonic resonance frequency, i.e., fopt = fres, the maximum of the normalized em-chirality
measures J, and Jys is attained around 100 to 150 THz below the plasmonic resonance frequency in all four examples. This
is a common feature that we have observed in several other examples, and we will utilize this phenomenon in Example 5.3
below to design thin silver and gold nanowires with even higher em-chirality measures.

In Fig. 5.6 we show the corresponding results of the shape optimization of thin gold nanowires for fope =400, 500, 600,
and 700 THz. The shapes of the gold nanowires that have been optimized at fop = 400,500 THz are similar to those
of the optimized thin silver nanowires in Fig. 5.5. Also the frequency scans in Fig. 5.6 show a similar behavior, although
the plasmonic resonance is not as pronounced as for the silver nanowires. For fopc = 600,700 THz the results are dif-
ferent. The shapes of the optimized gold nanowires look similar to those obtained for dielectric nanowires in [6]. The
optimized gold nanowires are helices, and no plasmonic resonances are visible in the plots of the square root of the total
interaction cross-sections. This different behavior results from the larger imaginary part of the electric permittivity of gold
at fopt = 600, 700 THz (see Table 2.2). 9

Example 5.3 (Optimizing the twist rate of the cross-section and the shape of the spine curve of the nanowire). The goal of our final
example is to design thin silver and gold nanowires with elliptical cross-sections that possess normalized em-chirality mea-
sures J and Jys as close to 1 as possible at optical frequencies. We consider a free-form shape optimization for the spine
curve of the nanowire, and we optimize the twisting of the elliptical cross-section of the nanowire along the spine curve.
As in the previous examples, we discuss four different frequencies fope =400, 500,600, and 700 THz. For each of these
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Fig. 5.6. Optimized gold nanowires and corresponding frequency scans from Example 5.2 for fopt =400, 500 THz (top row) and fopt = 600, 700 THz (bottom
row).

frequencies we choose the aspect ratio of the elliptical cross-section of the nanowire such that its plasmonic resonance fre-
quency fres is around 100 to 150 Thz above the frequency fop: that is used in the shape optimization, i.e., we use b/a =12.5
at fopt =400 THz, b/a =7.14 at fopt =500 THz, b/a =3.85 at fopt = 600 THz, and b/a =1.92 at fopt = 700 THz. In particu-
lar fopt # fres. This is different from the previous two examples, where we optimized the shape of the nanowires directly at
the plasmonic resonance frequency. It is motivated by our observations at the end of Example 5.2. We apply the optimization
scheme from Section 4. For the regularization parameters in (4.16) we choose oy =5, 0y =8 x 1073 and a3 =1 x 1076,

The outcome of the shape optimization strongly depends on the initial guess for the spine curve. Thus, we consider in
this example 100 different initial spine curves for the optimization scheme at each frequency. These are helices with four
turns, where the total height and the radius of the helix are chosen randomly in [0, 2Xop¢/3] and in [0, Aqp¢/2], respectively.
As before, Aqp¢ denotes the wave length at the frequency fope. We also add different random twists to these initial guesses.
We use cubic not-a-knot splines with n = 40 knots to parametrize the spine curve and the twist function, and 21 quadrature
points on each spline segment to discretize line integrals over I'. The length constraint L of the nanowire is set to be the
length of the corresponding initial guess. We choose the maximal degree N of circularly polarized vector spherical harmonics
that is used in the discretization of the operator T ,(p, Vp¢) and of its Fréchet derivative T;)[p, Vp.ol(h, ¢) (see Remark 4.4)
to be N = 5. This gives 100 different optimized silver and gold nanowires for each frequency fopt, and we finally select those
(for each frequency fopt) that attain the highest normalized em-chirality measures.

In Fig. 5.7 we show the optimized silver nanowires that have been obtained for fopt = 400,500 THz (top row) and
for fopt = 600,700 THz (bottom row). The shapes of the optimized nanowires look complicated but they show similarities
and seem to be scaled according to the wavelength where the optimization has been carried out. Very high normalized em-
chirality measures are being attained by the optimized structures at all four frequencies fopt =400, 500, 600, and 700 THz,
respectively. Fig. 5.7 also shows plots of the normalized em-chirality measures J, (dashed) and Jys (solid) as well as of
the square root of the total interaction cross-section (dotted) of the optimized thin silver nanowires as a function of the
frequency of the incident waves. The maximal values of the normalized em-chirality measures appear at approximately the
same frequency, where the total interaction cross-section of the nanowires has a local minimum. Directly at the plasmonic
resonance frequency the normalized em-chirality measures are smaller, but on the other hand the total interaction cross-
section of the nanowire is much larger.

In Fig. 5.8 we show the corresponding results for gold nanowires at fop; =400 and 500 THz. The obtained normalized
em-chirality measures are lower than for silver, which might be explained by the larger imaginary part of the relative
electric permittivity of gold at these frequencies. Also the plasmonic resonances are not as pronounced as for the thin
silver nanowires. As a consequence of the even larger imaginary part of the electric permittivity of gold at fope = 600
and 700 THz, the normalized em-chirality measures obtained for thin gold nanowires optimized at these frequencies are
rather small. Therefore, we do not show the results for these frequencies. O
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6. Conclusions

We have optimized the shape of thin free-form silver and gold nanowires to maximize their electromagnetic chirality at
particular frequencies in the optical band. Our gradient based shape optimization scheme uses an asymptotic representation
formula for scattered electromagnetic fields due to thin bended and twisted metallic nanowires with arbitrary cross-sections
to efficiently evaluate the objective functionals and their shape derivatives in each iteration. We have extended the theo-
retical foundation of this asymptotic representation formula from dielectric materials to noble metals with complex-valued
electric permittivities with negative real and positive imaginary parts.

We have demonstrated that the optimized free-form silver and gold nanowires yield significantly enhanced chiral
responses, when compared to traditional helical designs. Values larger than 90% of the maximum possible value of electro-
magnetic chirality are obtained for optimized silver nanowires with elliptical cross-section across the whole optical band.
We have observed an interesting connection between plasmonic resonances (and nearby local minima of the total interac-
tion cross-section) and extremal values of electromagnetic chirality for thin metallic nanowires at optical frequencies. These
results are relevant in practice, since the optimized free-form silver and gold nanowires may serve as building blocks of
novel metamaterials with an increased chiral response. However, due to the small thickness of our optimized nanowires,
the fabrication of these metamaterials might be challenging.
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Appendix A. Polarization tensor bounds

We show two pointwise bounds for the electric polarization tensor M¢ that are similar to the bounds that have been
established in [14, Thm. 1] but valid for complex valued relative electric permittivities & with negative real and positive
imaginary part. Since we will modify the arguments used in the proof of [14, Thm. 1], we work with the following definition
of the electric polarization tensor M, which is equivalent to (2.12)-(2.13) (see [15, Lmm. 1]). For any & € S, we denote
by V/(f) € H}>(B r(0)) the corrector potential satisfying

y®
div(e,VVE) = 0 in Br(0), epa—"; =e,v-£ ondBg(0), (A1)

where H!(Br(0)) denotes the space of H'-functions on Bg(0) with vanishing integral mean on 8B (0). Then, the electric
polarization tensor M¢ e L2(I", C3*3) is uniquely determined by

“1_|/5.M8§1//dﬂ = _|Dl |/(§-VV,(;E))1// dx+0(1) asp—0 (A2)
0
r D,

for all ¥ € C(Bg(0))) and any & € S2.

Lemma A.1. Suppose that &; € C with Re(e;) < 0 and Im(e;) > 0, and forany0 < p <rletD, C R3 and &p beasin(2.4)and (2.9),
respectively. As before, we write &, := goé; for the electric permittivity of the thin metallic nanowire.

(a) The electric polarization tensor M€ € L2(T", C3*3) is symmetric, i.e.,
Migj(x) = M?i(x) for1<i,j<3andaexeT. (A.3)
(b) We have that

& -Im((em — c0)M* ())&
Im (& — €0)

< &> foreveryt e S?andae.xeT. (A4)

(c) There exists y € (0, 7t /2) such that Re(el”&g) > 0, Re(el¥ g, > 0, and Re (e (g, — €0)) < 0. For every y with these properties,
we have that

& -Re(el” (&n — €0)M® (%))&
Re (el (& — €0))

> &> forevery& e S*andae.x<T. (A5)

Proof. (a) Let £ € S%. We denote by V,(f) € H}(Bgr(0)) the corresponding solution to (A.1), and we define Vég) € H1(Bgr(0))
by Vég)(x) :=x- & for all x € Bg(0). Then, V(()E) solves (A.1) with &, replaced by &o.
It can be seen as on p. 169 of [14] that, for any two &, 5 € S? and for all ¥ € C(Bg(0)),
1 1
o f(so —em)VVE vV Py dx = oo /(80 —em)VVI .V v dx+0(1)
o 5, o 5,

as p — 0. Substituting this into (A.2) gives



/(eo—smn—' Mepyde = — /(eo—smm MEE ¥ de 4+ o(1).

Tl IT|
which implies (A.3).
(b) The same calculation as on p. 170 of [14] shows that, for any & € §2,

/(em —e0)VVE . vV y dxto(1)

1 .
—_— m— .M de =
- rf(e 8 Mgy dl = o

/(sm—ao)|vv(‘>’)| v dx — /epw(v@ VI dx+o(1) (A6)

Br(0)

"Dyl 1Dyl

as p — 0. From now on we consider non-negative test functions ¢ € C(Bg(0)), i.e., ¥ > 0. Taking the imaginary part on
both sides of (A.6) and recalling that Im(¢,) > 0 gives

T /5 Im((gm — £0)M®)& ¥ de > |D1—| Im (5 — £0)IVVE Py dx +o(1) (A7)
P

p
as p — 0. Passing to the limit on the right hand side of (A.7) then yields (A.4).
(c) Writing &n = |em|e® and &, — €0 = |&m — &ole? in polar form, we obtain from our assumptions on &g and &p
that «, B € (;r, 3 /2) with o > 8. Accordingly, choosing y =37 /2— (¢ +8)/2, we find that y € (0, 7 /2) with Re(el”&g) > 0,
Re(el” &x) > 0, and Re(e” (€, — €0)) < 0. Multiplying both sides of (A.6) with e!” and taking the real part gives

%/5 .Re IV(Em —80)M8)5¢d£ < |Dl—| Re(eiy(r —80))|VVSE)|2¢ dx +o(1) (AS)
0

Dy

as p — 0. Passing to the limit on the right hand side of (A.8) then yields (A.5). O
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