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mate the incident plane wave by an incident point source and let the location
of the source tend to infinity.
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1 | INTRODUCTION

Let k > 0 be the wave number and § € R? be a unit vector with §, < 0 which are fixed. In polar coordinates, we express &

as b = <_Sic‘;: 9) for some |0]| < % Furthermore, let n € L® (R2 ) be the real valued index of refraction, which is assumed

to be 2z —periodic with respect to x; and equal to 1 for |x,| > ho for some hy > 0. Letq € L® (RZ) have compact support
in Q :=(0,27) X (—hy, ho). We refer to Figure 1 for a sketch of the geometry. It is the aim to solve

Au+k*(n+qu = 0 in R? 1)

for the total field u(x) = eikdx 4 u$(x) as the sum of the incident plane wave of direction § and the scattered field u®.
Furthermore, a suitable radiating condition for u* has to be assumed.
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original work is properly cited.
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FIGURE 1 Sketch of the geometry. [Colour figure can be viewed at wileyonlinelibrary.com|

Scattering theory in periodic structures has many important applications in optics, micro-electronics, and photonic
crystals. We refer to [1] for an introduction and overview till 1980. During the past decades, a huge number of publications
appeared on this topic. Most of them deal with the scattering of periodic curves such as [2-7] or [8-11], if the problem is
considered as a special case of a scattering problem by a rough surface. For the scattering by a layer with a space dependent
refractive index, we refer to, for example, [12-15].

In the first part of the paper, we consider the unperturbed case; that is, ¢ = 0. We note that the incident field u'(x) = e
is a-quasi-periodic with respect to x; with parameter a = kf; = ksin 6. (Recall thata function ¢ = ¢(x;) is a-quasi-periodic
if p(x; + 27) = e2™p(x;) for all x; € R.) Therefore, it is common (see, e.g., [2, 16-18]) to assume that also the scattered
field has to be quasi-periodic with the same parameter a, and then the Rayleigh expansion provides a suitable radiation
condition.

As we will recall below, for fixed k > 0, there exist angles 8 of incident directions, for which no uniqueness holds
under the Rayleigh expansion. For these particular angles (which correspond to so-called propagative wave numbers, see
Definition 2.1, by a« = ksin #), it is not clear which solution is—mathematically or physically—the correct one.

There are at least three ways to derive a correct radiation condition in this case where no uniqueness holds. A classi-
cal way is to apply the limiting absorption principle (LAP). Noting that the scattered field satisfies the inhomogeneous
Helmholtz equation (for g = 0)

ikf-x

AW + kPnu’ = —k*(n—Du' in R? ©)

with incident plane wave u!(x) = ¢l e observe that the application of the LAP to the wave number k; that is, replacing
k by k +ie does not seem to work because in that case, the right hand side f(x) = (k + ie)*(n(x) — Du'(x) = (k + ie)*(n(x) —
1)eik9"‘e‘fé"‘ vanishes for |x,| > hg but is not even bounded in the layer W := R X (—hy, hy) (note that —0-xis not bounded
from above in W). An alternative is to apply the LAP to the refractive index n; that is, replace n(x) by n(x) + ie inside
the waveguide. Since also in this case we do not expect a H! (R2 )-solution for u’, we have to add a radiation condition.
The “upwards propagation radiation condition” gives uniqueness in H llo . (RZ) even in the case of general g, that is, with
refractive index n(x) + q(x) + ie. In the unperturbed case g = 0, this condition is equivalent to the Rayleigh expansion.
In Section 3, we will study the question of convergence when ¢ tends to zero. It will turn out that this principle gives an
unexpected and unsatisfactory answer in the case where no uniqueness holds.

The second approach demands continuity of the solution with respect to the angle of incidence. As we will see in
Section 6, this will pick one particular solution and gives an additional condition on the field.

In Section 5, we will follow a third approach and consider first the scattering of an incident point source at z € R?
with z, > hy and later let z tend to infinity. Therefore, the incident field is given by u;(x) = d(x,2), x € Rz\{z}, where
D(x,z7) = iH(()l)(klx — z|) denotes the fundamental solution. We recall the asymptotic behavior

iklz| .
O(x.2) = y—e V1 + O (12]2) | 2] - o,
1z
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is the direction of the incident plane wave, we define the source to be z = —t0 and note that

Therefore, if § = ( sind )With 6] < %

uniformly with respect to directions z/|z| and x from bounded sets. Here, y = st

L iim [\/Ee—”“q)(x, —ré)] = olk0x 3)

Y =00

uniformly for x from bounded sets. Therefore, we expect that the solution of the scattering problem of a point source at
z = —td (multiplied with the factor % te~*) converges to a solution of the scattering problem for the plane incident field

of direction §. We will prove this convergence result for the unperturbed case, that is, for g = 0, in Section 5.

Section 6 is devoted to the case where q is general, that is, where the refractive index is given by n + q.

All three approaches use the theory of quasi-periodic scattering problems (either because the problems themselves are
quasi-periodic or via the Floquet-Bloch transform), which we repeat in Section 2. Also, the problems are singular in the
sense that they involve invertible operators L, for € # 0, which tend to an operator L, as ¢ — 0, which is singular. For
treating the convergence of the corresponding solutions of L.u, = r., we apply an abstract singular perturbation result,
which we learned from [19], section 1.4. We recall and extend it in Theorem 2.7 of Section 2.

Let us summarize some notations on sets and spaces. Let again W := R X (—hy, ho) and Q := (0,2x) X (—hy, hp) and,
furthermore, Q* := (0,2x) x R and Q* := (0,27) X (ho, 00) and Q™ := (0,27) X (—o0, —hg) and T4 := (0,27) X {%hy};
thatis, Q® = Q® UT_UQUT, UQ™. WesetT :=T, UT_.

Let Hlloc (RZ) = {u : R* > C : ulx € H(K)forall open and bounded discs K} be the usual local Sobolev
space and H!, (R®) := {u € H, (R®) : u(.xp) is a — quasi — periodic} where a function u is a-quasi-periodic if
U + 27,%) = €27 u(xy,x,) for all x = (x1,x,). We identify H! | - (R?) sometimes with H Q) :=f{u:Q°—-C:

ulgn € H L(Q")for all H > 0andu(-, x,)isa-quasi-periodic} where Q" := (0, 27)x(—H, H); that is, identify quasi-periodic
functions on (0, 27) with those on R - as we do also by identifying the space { f € L? (]RZ) : fvanishes outside of Q% }
with L2(Q%). In the same way, H,(Q) is defined. The space H,,,(Q) denotes the subspace of H'(Q) of 2z-periodic functions

with respect to x;. Finally, the space H;/ 2(l“) is the trace space of Hull Le(@F)onT and H, Y 2(l“) the dual of Hi{f(l“).

2 | QUASI-PERIODIC PROBLEMS AND ASINGULAR PERTURBATION
RESULT

We first recall some notations.

Definition 2.1.

(a) a € Ris called a cut-off value if there exists # € Z with |£ + «| = k.
(b) @ € R is called a propagative wave number (or quasi-momentum or Floquet spectral value) if there exists a
non-trivial ¢ € H! , (R?) such that

Ap +Kk*ng = 0in R?, 4
and ¢ satisfies the Rayleigh expansion
d(x) = 2 d’? ei(f+a)x1+i\/k2—(f+a)2|x2| forall + x, > hy (5)

el

for some d);;" € C where the convergence is uniform with respect to {x € (0,27) X R : |x;| > ho + 6§} for all
& > 0. The functions ¢ are called propagating (or guided) modes.

If we decompose k into k = #Z + k with # € NU {0} and k € (=1/2,1/2], we observe that the cut-off values are given
by +x + ¢ for any ¢ € Z.

Since with « also a + ¢ for every ¢ € Z is a propagative wave number, we can restrict ourselves to propagative wave
numbers in (-1/2,1/2].

Under the following assumption, it can easily be seen that every propagating mode ¢ corresponding to some propagative
wave number « is evanescent; that is, <;b;7" = 0for all |7 + a| < k; that is, there exist ¢, § > 0 with |¢p(x)| < ce~®™! for all
|22| > ho.
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Assumption 2.2. Let |£ + a| # k for all propagative wave numbers « and all # € Z. In other words, we assume that
the cut-off values are no propagative wave numbers.

Under Assumption 2.2, it can also be shown (see, e.g., [20]) that at most, a finite number of propagative wave numbers
existin [-1/2,1/2]. Furthermore, if « is a propagative wave number with mode ¢, then —a is a propagative wave number
with mode ¢. Therefore, we can numerate the propagative wave numbers in [-1/2,1/2] such they are given by {&; : j €
J} where J C Z is symmetric with respect to 0 and @_; = —@; for j € J. Furthermore, it is known that every eigenspace

X := {qb IS H;tj,loc (R?) : ¢ satisfies (4) and (S)} (6)

is finite dimensional with some dimension m; > 0. We note that the elements of X; are in H*(Q*) and even analytic for
|x2| > ho. We construct an orthonormal basis in X; as follows. Let j € J be fixed. First, we choose an arbitrary inner
product (-, -)x, in X;. Then we consider the following finite dimensional eigenvalue problem in X;.

Determine A,; € R, ¢ =1, ... ,m;, and non-trivial ¢, ; € X, for £ =1, ... ,m; such that
. [ 0Pr;
_21/ — Lydx = A, (¢pej.w), forall v €X;. -
1 J
Qw

This eigenvalue problem is self-adjoint because the left hand side defines a Hermitean sesqui-linear form on the finite
dimensional space X;. Let the eigenfunctions be normalized such that (d)f, jo ¢f’,j) x =0epfort, " =1, ... ,m;.
J

Remark2.3. In[21], it is shown (for the case of the source problem Au+k2nu = — f in the half plane {x € R? : x, > 0}
and additional Neumann boundary conditions for x, = 0) that the limiting absorption principle (LAP) with respect
to k leads to the eigenvalue problem with inner product (¢, wx, = 2k menq’)de while the LAP with respect to n in
the layer W leads to the eigenvalue problem with inner product (¢, y)x, = k2 fQ¢de.

We make a further assumption, which is equivalent to the fact that the group velocities do not vanish (see [22]).

Assumption2.4. Let A, ; #0forallZ =1, ... ,m;and j € J; thatis, there is no non-trivial ¢ € X; with me %de =
1

0 for all y € X;.

In all of the paper, we make Assumptions 2.2 and 2.4 but mentioning this only in the formulations of the theorems.

After these preparations, we will now consider quasi-periodic source problems with source functions f € L*(Q%),
which are not compactly supported.

Let f € L?(Q%) such there exist ¢, § > 0 with | f(x)| < ce~®™! for all |x;| > hy. For any a € R, consider the problem to
determine u € Hcll,lOC(Qoo) such that

Au+k’nu = —f in Q%, (8a)

and u satisfies the generalized Rayleigh condition

2

el

2
(sign x,) ducﬁm —iVI2 = (€ + aus(xy)| =0, x| > oo0. (8b)
2

Here, us(x;) = \/% foh u(xy, x;)e” @+ dx, are the Fourier coefficients of u(-,x,). The corresponding a-quasi-periodic

Dirichlet-to-Neumann operator A, : Hi/ T) - H, Y D) is given by

(Aup)r, ho) 1= —= 3 VI = (7 + @ do(2ho) e, 3y € (0.27), ©)

27 re7.

for ¢ € H*(D).
The following theorem collects properties of the problem (8a), (8b). For a proof, we refer to [22], Theorems 4.1-4.3 and
Remark 4.4.
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Theorem 1. Let Assumptions 2.2 and 2.4 hold.

(a)

(b)

(©
(@

For every a € R, the problem (8a), (8b) is equivalent to the variational equation
/[Vu-W—kznuw]dx—/(/\au)ws= /fwx+/ ‘;—st (10)
1%
Q r Q r

for all y € HL(Q) where ow/ov := idwi/axz on I's. Here, wt e H! (Qﬁf) are the (uniquely determined)

a,loc
solutions of Aw* + k2w* = —f in Q;_:‘j, wt = 0on [+, which satisfy the generalized Rayleigh condition (8b);
that is, o

2

d +
(signx;) Wf—(xz) —iVk2 -+ a)zwf(xz)

dx,

2

tel

-0, x; - *o0,

where w} (ox2) are the Fourier coefficients of wEC,x).
For every a € R, the variational equation (10) can be written as

L,u = ry in HX(Q)

wherer, € H(Q) and L, : H{(Q) — HL(Q) are given by

(Lot W) () = /[Vu-VW—kznuW]dx—/(Aau)st,
T

Q
_ ow —
(re> ¥)m) = /fwdx+/a—]:l/)wds
Q r

foru,y € HX(Q). The operator L, is a Fredholm operator with index zero and Riesz number one (that is, the null
spaces of L, and L2 coincide). The operator L, is invertible if, and only if, a is not a propagative wave number. If
a = a; + ¢ (for some ¢ € Z) is a propagative wave number, then the null spaces of L, and its adjoint L}, coincide
and are given by the restrictions to Q of the corresponding modes in X.

If a = &; + ¢ is a propagative wave number for some ¢ € Z and j € J then the problem (8a), (8b) is solvable if,
and only if, /waadx =0forall ¢ € X;.

Define J, : Hp,,(Q) = Hy(Q) by Ju$)(x) := e™1¢(x) and ¥, € H,,.(Q) and the operator L, from H,,,(Q) into
itself by ¥, :=J;'r,and L, := J;'L,J,, respectively. If & € R is not a cut-offvalue, then there exists a neighborhood
U c Cof @ such that « v 7, and a + L, are analytic as mappings from U into H,,,(Q) and L (Hp,(Q)),
respectively.

We note that in the case where f € L2(Q*) has compact support in Q, the generalized Rayleigh condition (8b) can be
replaced by the Rayleigh expansion (5), and the function w appearing in (10) vanishes. Application of this theorem yields
existence of the following quasi-periodic scattering problem.

Theorem 2.6. Let Assumptions 2.2 and 2.4 hold. For a given wave number k > 0 and unit vector 6 = (_Siczse 9) with

18] < %; thatis, 6, = —cos8 < 0, set a := kb; = ksin 0. Then there exists u € Hi loc (]RZ) such that Au + k*nu = 0 in

R and us(x) := u(x) — eikdx satisfies the Rayleigh expansion (5).

Proof. The scattered field u® satisfies (8a) with f = k?(n—1)u where u!(x) = k0% denotes the incident field. If a is not
a propagative wave number, then there exists a unique solution u® by parts (a) and (b) of Theorem 1. If « = &; + £ is
a propagative wave number for some ¢ € Z and j € J, then we have to show that /Qoo (n—1)ul¢pdx = 0forall ¢ € X;.
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¢ WILEY KIRSCH
From the differential equation for ¢, we obtain
k? /(n ~Du'gdx = [ u[Ap+kpldx = [ [Au'+k*u'lpdx =0
Q= Q®
Qoo

by Green's second theorem. We used that the product ulgis 2z —periodic with respect to x;, that u! is bounded, and
that ¢ decays exponentially for |x,| — 0. O

The following theorem is a special case of a singular perturbation result in [19], Section 1.4. We add the characterization
of the limiting solution and give a more direct proof for the convenience of the reader.

Theorem 2.7. Let @ € I for some open interval I C R, K, compact operators from some Hilbert space X into itself and
ry € R(L,) forall @ € I where L, := 1 — K,, and R(L,) denotes the range of L,. Furthermore, let L, be one-to-one (thus
invertible) for all « # @ and let Ly = I — K have Riesz number one; that is, the null spaces of Lz and Lé coincide. Let
P : X - N := N (L) be the projection onto the null space of Ly along the direct decomposition' X = N @ R where
R = R(La). Finally, let a + r, and a — K, be analytic in a neighborhood U C C of @ and let PL! | 5 be an isomorphism
from N onto itself where L/, denotes the derivative of L, with respect to a at a = &.

Then the mapping a — u, := L3'r, has an extension to an analytic mapping from U into X. The limituz = lim,_zUq is
the unique solution of the system Lzuz = rz and PL:i Uy = Pr(; where r‘; denotes the derivative of r, at « = a. Furthermore,
there exists a closed interval Iy C I containing & in its interior and ¢ > 0 with

luellx < c |supllrgllx + sup||ors/0flix| forall a €I,. (11)
Bel, Bel,

Proof. Without loss of generality we assume that @ = 0. First, we show uniqueness of the system Loty = 1o and
PL{uo = Pr. Let uf)j) for j = 1,2 denote two solutions. Then ug = uf)l) - ui)z) satisfies Loup = 0 and PL{u, = 0; that is,
Up € N and thus uy = 0 because PL] is one-to-one on N'.

For a # 0, we decompose u, into u, = uf + uf with ull € N and u® € R and project the equation L,u, = r, onto
N and R; that is, PL,(u) + u®) = Pr, and QL. (u) + u®) = Qr, where Q = I — P is the projection onto R.

The operator QLy|z is an isomorphism from R onto itself as easily seen. Therefore, by a perturbation argument,
there exist A, := [QL,|z]™" from R onto itself for all @ in a neighborhood V' c U of 0 and they depend analytically
on « € V. Therefore, substituting uf = A4,(Qr, — QL,uY) into the first equation yields

PL,(I — A,QL)uY = Pr, — PL,A,Qr, in N,

which we write briefly as CouY = s,. From PLy, = 0 and Pry = 0, we conclude that C, = 0 and s, = 0. Therefore,
C ul = s, is equivalent to 5(Ca - Coul = %(sa — Sp). The operators i(Ca — Cp) and the elements i(r,, — rp) depend
analytically on « in the neighborhood V of « = 0 with lim,,_,oi(Ca —Cp) = C() and lima_,oi(sa —Sp) = sg. By the
chain rule, we compute C; = PL;|y and s, = Pry — PL{Aoro. Since C; = PL;| v is invertible by assumption also
i(Ca — Cy) is invertible for « in some interval I and its inverses are uniformly bounded with respect to @ € Iy, thus
lulllx < cll(sa — So)/atllx < ¢ supy s |1x- Also, it is easily seen that uy converges to the unique solution u)’ € N of
Cul = sp; that is, of PL{ul = Prj — PL! Agro.

Finally, we observe from above that uf converges to uf = A¢(Qro — QLou)) = Agro. Therefore, u)) satisfies
PL{ul’ = Pry — PL{uf; that is, PL{u, = Pr), which ends the proof. O
Remark 2.8. From the proof of this theorem, we observe that we can modify the assumptions on the mappings a — r,
and a — K,. If these mappings are only continuously differentiable in an open interval J C I (as a subset of R) which
contains &, then the solution maps a + u, is continuous from J into X, and the estimate (11) holds. Also, if the
assumption on the injectivity of L, holds only for « € J with a > @, then the one-sided limit u; = lim,— 4 4>alUa €Xists
and solves the system Lsus = 1z and PL u; = Prl.

I This is an immediate consequence of Riesz' third theorem, see, e.g., [23], Theorem 3.3.
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3 | THE LIMITING ABSORPTION PRINCIPLE

In this section we consider the unperturbed case; that is, g = 0, and prove the limiting absorption principle (LAP) with
respect to the refractive index; that is, we replace n(x) in W := R X (—hy, ho) by n(x) + iep(x) for € > 0 and let ¢ tend to
zero. Here p € L®(W) is any fixed non-negative function which is 2z—periodic with respect to x; and satisfies p(x) > po
on some open set Q C Q for some py > 0. As an example we can take the constant function p = 1. Therefore, let

._ | n(x) +iep(x) for x e W,
i { 1 for xe RAW.

The incident plane wave is given by ui(x) = 0> where § = <_Sic‘;f 9) for some fixed |0 < 7. Then u! is a-quasi-periodic

with parameter a := kf; = ksin 6. Therefore, for € > 0, we wish to determine u, € H; 10(Q%) such that
Au, + k*n.u, = 0in R? 12)

and the scattered field u¥ := u, — u' satisfies the Rayleigh expansion (5). The scattered field satisfies Aus + k?n.ul =
—k*(ne — 1)u!, and by (10), its variational form is given by

Jvie v - enia- [Gapgds =1 [ o - vugx
Q r Q
for all y € HL(Q). Green's theorem applied to u’ and y in Q yields
/[Vui VY - K, i) dx - / Lgds = -k /(ng — Dudx
Vv
Q r Q

and thus by adding both equations

/[Vue-VW—kzne qu]dx—/(Aaug)st
Q r

ou' | — ou! 1
= —_— al ds = _— al d
/[av Au]y/s /[ax2 Au]ws 13
r

+

2r 2r
= 2ik §, ¢ik0:ho / ey (x1, ho)dx; = —2ik cos § e khocos? / ey (o, ho) dxy
0 0

for all y € HL(Q). Here, we used that for x, < —hy, the incident field satisfies the Rayleigh condition; thus, ‘;—‘5 = Aqulon
I"_. Furthermore, for x, > hy, the a-quasi-periodic solution of the Dirichlet problem with boundary data u’ on Iy is given
by eiax1+|«§2|(x2—2h0); thus, A,ul = iklézleiax1+ikézho onT,.

Lemma 3.1. Forall € > 0, there exists a unique solution u, € H‘i (Q*) of (12), (5), or, equivalently, (13).

Joc

Proof. Since by Theorem 1, this equation can be written as L,u, = r in H.(Q) where L, is a Fredholm operator of
index zero it suffices to prove uniqueness. For u! = 0, we substitute y = u, into the variational equation and obtain

0= [ 1Vl = enuc ] dx - [ hanzds
r

Q
=/[|Vu6|2—k2n5|u6|2]dx—i Y D VIR = + @R |ucs(cho)l.
Q

oce{+.—-} feZ
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Taking the imaginary part

0=-ek [plutidr- 3 ¥ VE-@TaF lu kol

0 oce{+,—} | +al<k
yields u, = 0 in Q. Unique continuation implies that u, vanishes in all of Q. O

Theorem 3.2. Let Assumptions 2.2 and 2.4 hold, and let u, € Hil (Q%) be the unique solution of the quasi-periodic

oc

scattering problem (12), (5) for the plane incident wave of direction = < sinf )for some fixed |0| < % Here, a := kb, =

—cosé
ksin 6. Then u, converges to some uy in H'(Q) which is a solution of (12), (5) for ¢ = 0. Furthermore, in the case that

a=a;+ ¢ (forsome? € Z and j € J) is a propagative wave number, u, is the only solution which satisfies in addition
pruoqbdx = 0 for all modes ¢ € X;.

Proof. We note that now «a is fixed and ¢ takes the role of the parameter which tends to zero. We write (13) again in
the form L.u, = r where L, : H:(Q) — H.(Q) and r € H.(Q) are given by (compare with part (b) of Theorem 1)

Leu, Y)uy = /[Vu~VW—kznguW]dx—/(Aau)st,
Q r

2

(r, W) = —2ik cos g e Mo os? / ey (x1, ho) dxy
0

for u,yw € HL(Q).

If @ is no propagative wave number, then L, is invertible, and one has convergence of u, to the unique solution u,
of Loug = r in HY(Q) as ¢ tends to zero.

Let now a be a propagative wave number. It is the aim to apply Theorem 2.7 in the modification of Remark 2.8
with X = H.(Q). Then we know from Theorem 1 that the Riesz number of L, is one and the null spaces N of L
and its adjoint Lj coincide and are given by the restrictions to Q of the space of corresponding propagating modes.
Furthermore, L, depends obviously analytically on . It remains to show that r is in the range of L, and that PL{| »- is
an isomorphism from A onto itself (where L; denotes the derivative with respect to ¢ at € = 0). Since the null spaces
of Lo and its adjoint L§ coincide, we have to show that (r, ¢)m1q = 0 for all propagating modes ¢ corresponding to
the propagative wave number a. We have

2
(r, By = —2ik cos ge e’ / ¢ g, ho)dxy = 0

0

because the Fourier coefficients of the propagating modes ¢ vanish for all |# + a| < k, in particular for £ = 0 because
|| = k| sin 8| < k. Furthermore,

(Lov-¥) g = —iK* / pvwdx, vy € Hy(Q),
Q

which shows that PL]| - is an isomorphism from W onto itself. Application of Theorem 2.7 yields convergence of u,
to ug as € tends to zero, and u, solves the k sin 8-quasi-periodic scattering problem and, in addition, pr Uppdx = 0
for all modes ¢. O

This result is quite unsatisfactory because the orthogonality condition pr uppdx = 0 depends on p. The scattering
problem for the limiting case e = 0, however, is independent of p. Therefore, also the extra condition in the case of a
propagative wave number should be independent of p.
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4 | CONTINUITY WITH RESPECT TO THE DIRECTION OF INCIDENCE

We continue with the unperturbed case; that is, ¢ = 0, and the scattering of a plane wave uz,(x) = ¢*®* for some ¢ =

(_S:;;” ) with |p| < £ such that @« := k@, = ksin ¢ is not a propagative wave number in the sense of Definition 2.1.

Then Theorem 1 ylelds uniqueness and existence of a —quasi-periodic solution u,, of Au,, + k?nu,, = 0 such that u, —u,
satisfies the Rayleigh expansion (5). Let now 4 = ( s:;: ) with [0] < 7 such thata := kd, = ksin 6 is a propagative wave
number and consider ¢ in a neighborhood of 6. It is the aim to prove that the unique solution u, converges to a solution
uy of the problem for 4 and give a characterization.

We recall from (13) that the scattering problem for the incident direction ¢ is equivalent to the variational equation

/[qu, VY — kKPnu, y)dx - /(Aauw)st
Q T
(14)

2r
= — 2ik cos pe khocos® / ey (x1, ho)dx; for all w € HL(Q)
0

where @ = ksin@. With this variational formulation of the scattering problem we are able to prove the following
convergence result.

Theorem 4.1. Let Assumptions 2.2 and 2.4 hold and let @ := ksin 0 for some |0] < % be a propagative wave num-

ber; that is, @ = ksin® = ¢ + @; for some ¢ € Zand j € J. Furthermore, let u, be the unique solution of the
sin @

k sin @-quasi-periodic scattering problem of the plane wave incidence of direction = ( ) for @ in a neighbor-

—cosq@
hood of . Then u,, converges in H'(Q) to some uy as ¢ tends to 0, and uy is a &-quasi-periodic solution of the scattering

problem corresponding to the incident field of direction 6 and the only solution which also satisfies /QW %de = 0 for
all propagating modes ¢ € X;.

Proof. We transform (14) into the 2z-periodic form by setting fi,(x) = e‘iksm(”xluq,(x) and replacing w(x) by
elksinexiy, (x) for some y € 1er(Q). Then we substitute the form of the Dirichlet-Neumann map and use partial
integration /QZTV_/ fipdx = — /QaLde This yields

1

7 s . : aﬁW— 2 ) . —
Vii, - Viy — Zlksm(paTy/ —k*(n —sin“@)i,y| dx
0 1
=i Y, X V= (€ +ksing iy (cho) we(oho)

c€{+,~} reZ

(15)

2r

= — 2ik cos pe khocose / w(x1, ho)dx, forall w € H;er(Q).
0

Here, ii, ,(£hy) are the Fourier coefficients of &i, (-, £h,). We write this as I:(,] i, =7,in Hll,e,(Q) where L, =J L J,
asin Theorem 1. Since @ = ksin 6 is a propagative wave number it is not a cut-off value by Assumption 2.2. Therefore,
by Theorem 1 the operator L, satisfies the smoothness assumptions of Theorem 2.7 in a neighborhood of 6, and also
the right hand side 7, depends obviously analytically on ¢. Furthermore, L, has Riesz number one and the null spaces
N of Ly and its adjoint L} coincide and are given by the restrictions to Q of the space of corresponding propagating
modes (transformed to the periodic case). The derivatives with respect to ¢ are given by

(iﬁpf), Vg = — 2ik COS(p/ [667‘) +ik Sin(pf)] de

Z + ksin —
+ ik cos @ Z Z e Ve(cho)We(oho),
} reZ, \/k2 — (¢ + ksin ¢)?

2

(7'/ , III)HI(Q) = 2ik sin qoe_ikh" cose [1 - lkho Cos QJ] / w(x1, ]’lo)dxl
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forv,y € H;er(Q). To show that PI:;, is one-to-one on V', we compute (I:;,f), ¥)mi(g for ¥, € M. As mentioned above,
B(x) = e"sin0xy(x) and g (x) = e 5Ny (x) in Q with propagating modes v,y € X; which have expansions outside
of Q in the forms

1 i i ks 02— (e | —
V(x) - = Z v,f’(iho)el(f+k sin @)x,; (¢+ksin 0)2—k2(|x,|~hg) L, X > hO ,
27 |£+ksin0]>k

w(x) = 1 z Wi (dthg) @€ Hksin O VTSP R (5l -he) 4 ) 5 |
27 |¢+ksino|>k

respectively. A direct computation yields that

/;— / [— +lksm6v] ¥ dx and (16a)

Q
© 2
o — £ +ksiné —
/ / s Fdude =2 Y v (ho) e (ho)
1e+ismol>k V(€ + ksin 0)2 — k2 (16b)
1 £ +ksing —_—
=-= Z Sl ve(ho)we (ho)

2 siksmosk VK2 — (€ + ksin 6)

and analogously for the integral over (0, 27) X (—o0, —hyg). Therefore,

(LoD, 9)m @ = —2ik cos / aa—dex
X1
QOO

for U, € N. Therefore, PL’ ¥ = 0 for some ¥ € N implies that wi o wdx = 0 for all y € X; which implies that v
vanishes identically by Assumption 2.4.

Application of Theorem 2.7 yields continuity of ¢ + &, in H'(Q) and PL)ity = PF); that is, (L), ¥)rnq) =
(?g, ) g for all ¥ € M. As above we go back to the quasi-periodic fields uy and y. We observe that for x, > hy and
X, < —hg the total field uy is given by

Up(x) = eiksin&xl [e—ikcos@x2 _ eikcosH(xz—ZhO)]
+ Z U, f(h )el(f+ksmH)xl—\/(f+ksm9)2 K20, —hy) X > h(),
27 el
Up(x) = Z Up f(_ho)ei(fﬂcsin 0)x,—/(£+ksin 9)2—k2(—x2—h0)’ X, < —hg,

\/g el

\/% /02” Uy (xy, £hy)e +ksinx, gy, From this and the fact that
T

/02” w(x1, ho)e~*ksinfx dx, vanishes the propagating modes, we conclude as before that

where uy »(£hg) =

~ a Nr
(Lyiie, )i = —2ik cos 6 _/ a_?ce"’dx and (Fp, )@ = 0
1
QDO

for all propagating modes y € X; which proves /Qoo % w dx = 0 for all modes. O
1

We note that this condition on u, is independent of hj in contrast to the condition obtained by the LAP.
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5 | APPROXIMATION BY POINT SOURCES

We begin with the scattering problem of a point source at z € R? with z, > hg. The total field Uz (%) = D(x,2) + ug(x) is
required to satisfy

Aug + K*(n + @uy = 0 in R*\{z}, 17

where ®(x,z2) = in)l)(klx —z|) denotes again the fundamental solution. Furthermore, the scattered part uj = u; — ®(-,z)

is required to be smooth at x = z; that is, uj € Hllo . (]RZ), and u, has to satisfy the following open waveguide radiation
condition.

Definition 5.1. Let y,y_ € C®(R) be any (fixed) functions with y+(x;) = 1 for +x; > o, (for some oy > 27 + 1)
and w+(x;) = 0for +x; < 6p—1. Denote by D a disc centered at the origin which contains the source z and the support
of g and by Wy := R X (—H, H) the layer of width 2H for any H > 0.

A solutionu € H, 110 C(R2 \D) of Au + k*nu = 0 in R?\D satisfies the open waveguide radiation condition with respect
to given inner products (-, )x, in X; if

(a) u has a decomposition in the form u = Uyuq + Uprop Where Uyq € H 1(WH\I_)) for all H > hg and

Uprop(0) = Do |W1) D Ay e ) +w(x1) Y, ar e () (18)

jel Ay ;>0 Ay ;<0

for x € R*\D and some a, ; € C. Here, 4., € Rand ¢ ; € X, for j € J are the eigenvalues and corresponding
eigenfunctions, respectively, of the eigenvalue problem (7) in X.
(b) The radiating part u,,q satisfies the following generalized angular spectrum radiation condition

by 2
/ (sign xﬁw —iVk2 — 02 (Fuyeq)(@,%)| do — 0 (19)
2

as |x;| — oo where (Fu,qq)(-,x,) denotes the Fourier transform of u,q4(-, X;) with respect to x;. We normalize
the Fourier transform as (Fg)() = —= [~ ¢(s)e ™' dsfor t € R.
Var /=

Remark: We refer to [2, 8, 24] for the original angular spectrum representation condition (ASR) which can shortly be
formulated as (signx;) d(r”ade(w) —iVk? — 02 (Fuyeq)(w, ) = 0 on R for almost all w.

We transform this scattering problem to a problem with a compactly supported source. Indeed, for some € > 0 we
choose a functiony € C*® (Rz) with #(y) = 1for |y| < e/2and n(y) = 0 for |y| > . We decompose u; as u, = n,d(-,z) +iI;
with & := u, — 5,®(-,7) where we have set #;(x) = (x — z). Then &I} satisfies (note that (1 — n + q) #, vanishes identically
ifz, > hy +¢€)

Al + K*(n+ @)@ = —f, in R?, (20)

where the right hand side f, := 2Vy, - V,®(-,2) + An, D(-, z) is supported in the annulus {x € R? : ef2<|x—z <€}
which we assume to be in D.

It has been shown in [20] for the case of a half plane problem that the radiation condition of Definition 5.1 for compactly
supported source functions f € L?(Q) is a consequence of the limiting absorption principle. In [22], it is shown that the
source problem (20) for any source function f € L*(Q) has a unique solution satisfying the open waveguide radiation
condition. Furthermore, we note that the solution i} of (20) satisfies the open waveguide condition if, and only if, the
solution u, of (17) satisfies the radiation condition because #I{ — u, vanishes for |x — z| > ¢ and can be subsumed into the
radiating part.

From now on, we consider again the unperturbed case g = 0. In this case, the coefficients a,; = a, ;(z) are given
explicitly by
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. / £ Be @ dx. 1)
[Az ]

|x—z|<e

see again [22]. It is the aim to prove the following convergence result.
Theorem 5.2. Let Assumptions 2.2 and 2.4 hold and let 6 = <_Sicr(’):9> € R? be a fixed unit vector with 10| < %; that
is, &, < 0. In addition, let & := kf, = ksin 6 not be a cut-off value in the sense of Definition 2.1. Let u; be the unique
solution of the unperturbed (that is, for ¢ = 0) scattering problem of the point source at z = —tf for t|0,| > 2hq such that

uy 1= u — o, —th) e H lloc (RZ) and u, satisfies the open waveguide radiation condition of Definition 5.1. Then

L lim [\/;e_”“ut] = vy in H'(Qg) (22)

Y =00

for any R > 0 where Qg := (—R,R) X (—hy, hy), and where vy € H; loc (]Rz) solves the a—quasi-periodic scattering

problem Avy + k*>nvy = 0 in R? such that the scattered field vy (x) 1= vp(x) — eikdx satisfies the Rayleigh expansion (5) for
a=a=ksiné.

Ifa = ksin@ = ¢ + @ is a propagative wave number (for some ¢ € Z and j € J) with corresponding space X; of
propagating modes then the total field vy is the only solution which satisfies in addition

/Z—;‘iadx =0 forall p €X;. (23)

Qoo

We note that the convergence of the total fields in (22) corresponds exactly to the convergence of the incident fields
in (3). Therefore, this theorem justifies rigorously the assumption that one searches right away for k sin #-quasi-periodic
solutions of the scattering problem. We note however that this result holds also for the case that ksin 6 is a propagative
wave number. In this case, there is no uniqueness of the scattering problem by the plane wave of direction 6 of incidence,
and Theorem 5.2 formulates the extra orthogonality condition (23) which coincides with the condition of Theorem 4.1.

We were not able to prove Theorem 5.2 in the case that ksin 8 — ¢ is one of the cut-off values +« for some £ € Z.

Proof of Theorem 5.22: For the moment, we consider any z € R? with z, > hy + . From (20) (for g = 0), we note that
the radiating part u qq of u solves

Aty raq + KNy rag = —f, — g in R?, (24)

where

[z =2V - Vi®(,2) — A, @(-,2) = (A +k?) [(n, — DP(-,2)] and (25a)

m;
8 =(A + K n)ug prop = Z Z as;(z) s with
jer =1
06,,(%) (25b)
2y (x1) (;le
@rj(x) = 0, 0
Xy

2u/i(x1)a— +W£(xl)¢f,j(x) if A'f,j <0.

+yl (1) e (x) if Ay >0,

Now, we use the Floquet-Bloch transform F to transform (24) to a family of quasi-periodic problems. For functions v €
ce (RZ), the transform is defined as

(Fo)(x, a) i= ) vq +22¢,%)e ™ x € R
cel

2We note already here that we will interrupt the proof by four lemmas.
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Then it is known (see, e.g., [25-27]) that F has an extension to an isomorphism from H(W) onto

. H! for al t all d
H})P(Qxl) . {ueLz(QxI): u(-,a) € Hy(Q) for almost all « an }

a v |luC, o)llme isin L*()

where I = (—1/2,1/2) (or any other interval of length 1). The inverse is given by u = fI(Fu)(-, a)da in W where (Fu)(-, a)
is extended a-quasi-periodically to W.
We know from [22] that the Floquet-Bloch transformed equation

Attgz + KPnuay = =(Ff)(, @) — (Fg)(, @) in Q% (26)
for uy; = (Fugreq)(-, @) is solvable for all « € R (without exception) and that « — u,, has an extension to a mapping in

W (I, H(Q)) and is even analytic in neighborhoods of points & which are no cut-off values. By part (b) of Theorem 1
this equation can be written as a variational equation in the form

_ — — — OWq 7 _
/[Vua,z -V = kg yldx — /(Aaua,z)u/ds = /(ng)(~, )y dx + / = =y ds 27
r Q r
for all y € HL(Q) or shortly as Lyus, = Fyz in HX(Q) where r,, € H(Q) denotes the Riesz representation of the right
hand side. Note that F f, vanishes in Q and therefore appears only implicitly in wj ,. The functions w— € H! (Qﬁf) are
the a-quasi-periodic solutions of B

a,loc

AW}, + KPwi, = — (Ff)(,a) — (Fg)(, a)
=— (A +K)F ((n; — DP(,2)) — (Fg)(:, @) (28a)
=— (A +kHF ((n; — VP, 2) + D(, %)) — (Fg)(, @)

in Qﬁo with wy , = 0 for x, = hy and
Awg .+ KPwi; = —(Fg)(,@) in QY (28b)

with w; , = 0 for x, = —hy, satisfying the generalized Rayleigh condition (8b). Here, we used the definition of f; and the
fact that #, vanishes in Qﬁ“. The point z* = (z1,2hy — z2)" is the reflection of z at the line x, = hy.

Lemma 5.3. Let w— be the solutions of (28a) and (28b), respectively. Then ow>. -/ 0x; are given by

+
awa,z(xl’h(’) Z V=) @y=hg) pi(¢+a)(1=21)

6x2

er
V= / (ng)f(yz,a)el\/m@z—hwdy el
27 ser

ow (X1, —ho)

0%, o @KEZ

/(ng)f( yz,a)elm@z —hy )dy PC+mx

Jorx; € (0,2r) where (Fgy)¢(y2, ) = \/% fOZ”(ng)(y, a)e"“+Ondy, are the Fourier coefficients of (Fg,)(-, y2, ).

Proof. We write (7, — 1)®(-,2) + ®(-,2*) = —=G*(,2) + n,®(-, z) where G*(x, z) = ®(x,z) — P(x, z*) denotes the Green's
function for the half space {x € R? : x, > hy}. Furthermore, the Floquet-Bloch transform (FG* (-, 2))(x, @) is just the
a—quasi-periodic Green's function in Qﬁ”, given by
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(FG*(.2)) (x, a) = Z [ei\/kz—(f+a)2|x2—z2| _ ei\/kz—(f+a)2(x2+z2—2h0)] P+ —2)

e

Indeed, this follows from the connection between the Fourier transform F and the Floquet-Bloch transform F

2z

(FONE +a) = —— ) P 0 ds = L [ Fg)t, e dr

21 J - 2r 0

(just decompose the region of integration into | .7 (277, 2x¢ + 21)), writing this as (Fg)(t, a) = ﬁz rez(Fo)C +

a)el“+9! and using formulas 3. and 4. in [28], Section 6.677.
Therefore, F (G+ (,2) — nztb(-,z)) is smooth near x = z and vanishes for x, = hy and satisfies the Rayleigh
expansion (5) because 7, vanishes near x, = hy and for |x| > |z| + €. Therefore,

wi, = F (G*(.2) = 1:9(-2)) (o) +vf, in QY

where v} is the radiating solution of Av}, + kWi, = —(Fg)(,a) in Qﬁ with v = 0 for x, = hy. Expanding v;’z
L, Z(xz) +(K = (¢ +aP, () =
—(Fgy)e(x2,a) for x; > hy and v § az(hO) = 0 and the generalized Rayleigh condition (8b) for its Fourier coefficients
gives

intoa Fourler series and solving the one d1mens1onal boundary value problem

o0
. i AVIR=(EF 0,1, | _ oiVKR=(f+a)20ey+7,~2ho)
vy X)) = 5 / (Fgz)e(y2, @) dys.
VEk2 — (¢ + a)?
This proves the form for wy ,. Since w; , plays the role of v , in Q ° the representation is shown analogously. O

With this result we rewrite (27) as

(Laua’z, W)Hl(Q) :/(ng)( a)l//dx+ -+ Z en/kz (£+a)2(zy—hgy) —z(f+a)z1 Wf(ho)
0 27 el

+ 2 Z l[/f(gh())/(ng){(o-yz,a)el\/kz (C+a)(y,—hy )dyz

} tel

(29)

where the operator L, from HL(Q) into itself is again defined as

(MMWMW)ﬁi/WVVW—Wm@ﬁﬁ—/bMWWﬁ,MWEHM@-
Q

sin @
—cosé

At this point we define the sources z to be z = z(t) = —t8 for t > 0 where § = < ) for |6] < = 1s the fixed direction of

the incident plane wave with 6, = — cos O < 0. We choose ¢ > 0 such that z,(f) = —t0, = tcos 6 > 2h0. Then z,(t) — oo as
t — co. We change the symbols slightly and write u,; and g; and a, ;(¢) for ua Zm and g,y and a, ;(z(1)), respectively.

It is now the aim to study the inverse Floquet-Bloch transform u,(x) = /| /2 Uy :(x)da when t tends to infinity. We will
decompose u; into components and split the region into parts and discuss the contributions separately.

From the definitions (25b) and (21) of g, and a, ;(z), respectively, the exponential decay of ¢ ;, and the fact that the

support of f, is contained in the disc {x € R? : |x —z| < &} we first note that lazs;(t)| < ce™®, and thus,
m;
”ut,prop”Hl(QR) < cr Z Z |at’,j(t)| < ce™® (30)

Jel ¢=1
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for some ¢ > 0 and
|(Fg)x, )| + [0(Fg)(x, @) /a| < ce®PeD x e Q*\Q, (31)

forallt>0,R>0,and a € [-1/2,1/2].

We split the first series on the right hand side of (29) into propagating and evanescent parts. Decompose k again into the
form k = 7 + x with Z € Ny and « € (—=1/2,1/2]. Then *k are the cut-off values. We can always decompose [—1/2,1/2]
in the form [-1/2,1/2] = I U I, U I3 with closed intervals I, such that their interiors are pairwise disjoint and find
corresponding sets L, C {=Z,...,¢}suchthat | +a| < kforalla € ,and ¢ € L,y and | + a| > kforall « € I,
and 7 ¢ L, for m = 1,2,3. For example, if & > 0, then I, = [—«,«x] with £, = {7, ... ,Z}, I, = [-1/2,—k] with
Lr={-F+1,..,¢},and L5 = [«, 1/2] with L3 = (=7, ..., —1}. Some of the intervals can degenerate into points (as
I3 in the preceding example if k = 1/2 or I; if k = 0) and some of the sets L, can be empty (as £, and £; in the preceding
example if Z = 0). The cut-off values are contained in the boundary points of I,.

For « € I, (Where m € {1, 2,3} is kept fixed), we rewrite (29) in the form

1 i ) - 0,11 —ir/iP— —
Z PHE+B VI~ +a)2|6,]] =ik~ +a)?hy we(ho)
V2r sec,
1 . A _ — A — —_—
+ Z MUC+B —/(C+a)* 28,1 o/ (F+ay—k2h, we(ho)
27 r¢c,,

(Laua,ls W)HI(Q) =
(32)

+/(ng)(~,a)de+ > Zw(ffho)/(ng)f(GJ’z,a)e”kz‘(““)z(h‘ho)dyz
hO

0 c€l{+,~} el

for all y € H.(Q). We recall that if a is not a propagative wave number, then this equation is uniquely solvable. If « = @; is

a propagative wave number in I, then by the choice of a, ;(¢), this equation is also solvable because r5 , is orthogonal to

X;; that is, the right hand side of (32) vanishes for modes y = ¢; € X; corresponding to &;. This has been shown in [22].
The right hand side of (32) suggests to decompose u,, for a € I, into a sum of the form

i ; i — ) 1
gt = — Z Qb +Vie—(C+a10) =, ra ufxl; (33)
Ar & V2 = (£ + )2 ’

with functions v, , € HL(Q) for # € L,, which are independent of ¢ and solutions of

(Laveas ) g = = 20V27 VI = (2 + a2 VR oy ()
27

=— 2i\/k2 — (£ +a) e IVIE=(E+ayh, / w (e, M) €+ gy

0

(34

for all y € HL(Q). The solutions exist for all a € I,, because for every propagative wave number a = &, € I, the right

hand side of (34) vanishes for every y = ¢ € X;. Indeed, in this case ¢ is evanescent; that is, the Fourier coefficients

\/% /02” @(x1, ho, @) e~ “+@% dx, vanish for |£ + &| < k; that is, for all # € L,,. This proves existence of a solution for all
JT

a € I,. The functions v, , are solutions of a—quasi-periodic scattering problems for plane wave incidence as the next
lemma shows.

Lemma 5.4. v, , is the restriction to Q of a solution of the a-quasi-periodic scattering problem of the incident plane wave
~ T . .

of direction 6, = % <z,” +a,—\Vk2—(Z+ a)z) to determine the total field v, , as the sum vy 4(x) = e +On=-IVie-(C+at; 4

v, (x) such that

Avsg + kK*nve, = 0in R?, (35)

and the scattered field v}, satisfies the Rayleigh expansion (5) outside of Q.
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Proof. We consider the scattering problem and make an ansatz for the solution in the form

ol +a, [e—i\/kZ—(ﬂa)sz B s ]

Ve o(X) =V, () + {
’ O, X2 < _hO’

where

~ 1 i i a2 (1 |
vsf,a(x) = _2 Z ag’/(iho)el(f +ax VK= (1] —h) for + Xy > ]’l(). (36)
T el

Thenv,, = f)sf ,on I'=T,uTl_, and thus,

0V¢ (X1, ho)
0x2
0V¢ (X1, —ho)
dxz

— (Aavf,a)(xl, h()) _ 2i\/k2 _ (z/p + a)z e—i\/kz_(f+a)2h0 ei(f+nz)xl ,
= (Aavf,a)(xh _hO)-
Therefore, the variational form of (35) is

/ (Voo - VI = KPnvg o 7] dx — / (Ave )y ds
Q r

2z

= = 2iVk: = (£ + @) e Ve (ko / ey (xy, ho)dx; forall w € Hp, (Q)

0

which coincides with (34). O

Lemma 5.5. Let & be a fixed value in the interior of I, and v¢ , as in the previous lemma for ¢ € L,, and a € I,,. Then
the solution map @ — v, , can be extended to an analytic map from an open neighborhood U C C of @ into HY(Q).
Furthermore, if & = &; is a propagative wave number, then this extension into &; satisfies

an,a_ _

/ - ¢pdx =0 (37)
6x1

Qw

for all corresponding modes ¢ € X;.

We omit the proof because it follows from Theorem 4.1 if one writes (£ + a)/k as (£ + «)/k = ksin ¢ in the incident
plane wave of direction 8.
Next we consider the remaining term

”Si = U= i Z eit[(f+a)01+\/k2—(f+a)2|92|] 1
S Vk2 = (€ + a)?

vf,a

of (33) which satisfies

<Lau((,1;’ W) _ 1 i+ =[P =R210,]) v/ (Cay—Kh, wo(ho)

HQ /27 /¢t

+ / (Fgoe.myw@dx+ Y, Y weloho) / (Fg))r(oyp, @)e! Va0t gy,
Q hy

o€{+,~} cel

@O _ (D (2) (3)

for all y € Hp,,(Q) which we write briefly as Lyu,, =1, + 1., +7,,.
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Lemma 5.6. There exists ¢ > 0 such that

/”MS}”HL(Q)d(X < % forall tlézl > 2]’10

Proof. We decompose I, into a finite union of closed intervals I C I,, with non-intersecting interiors where I is one
of the following two types.

First case: Let I C I, does not contain any of the propagative wave numbers &;. Then L;! is uniformly bounded
with respect to @ € I. We estimate the three terms r(’ ) on the right hand side. The inequality of Cauchy-Schwarz and
the trace theorem yields for every a € I,

1/2
1l < c< > e “+“)2"‘2“'§2"h°)>
D) < v

£eL,,
where ¢ > 0 is independent of a and ¢. Furthermore, (31) implies
12 < 1P @)l < ce™ forall a € I

For r(3) we consider first |£| > k + 1. Then )eiv"z‘(’f +@?(=ho) | = e=V(€+@?-k*(-ho) and thus,

2

Z |‘I/f(h0)|/|(th)f(y2,a)| |ei\/k2—(f+a)2(y2—

|Z|>k+1 h
0
< Y el Y / |(Fg)e (v2, )dys / VI gy,
|£]>k+1 |£]>k+1 s
0

2 2 —26
SCl“W”Hl(Q)”(Fg[)('sa)”L2(QhO) < e t”W“HA Q)
+ er

for all « € [-1/2,1/2] by (31). The remaining finite sum is estimated as

Z lwe(ho)l / |(Fg) e (y2, @)l |eivk2—<f+a>2<yz—ho> dy,

|£]<k+1

2r o

y V2k+3
< Z |Wf(ho)|/|(ng)f(Y2,04)| dy, < —+||W||H1(Q)//|(th)(y’0!)|dJ’2dyl
h

|£]<k+1

Vo 0

<cllwllme ™ forall a € [-1/2,1/2]

where we used (31) again. The restrictions of these estimates to @ € I and the uniform boundedness of L yield the
existence of ¢ > 0 with

1/2
Mo < c< > e-w<f+a>2—k2wzl> + oo (38)

£EL,,

forall a € I and 110, > 2h,

Second case: Let I C I, contain no cut-off value (that is, I C intl,,; thatis, |£ + a| # kforall # € Z and a € I). In
this case we wish to apply Theorem 2.7 (in the modification of Remark 2.8) to the equation L, it ~(1) ~(1) i+ 7'(2) + 7'(3 ) j
~(J)

the space H e,(Q) of periodic functions. We have to show that 7, is differentiable with respect to a and have to bound
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the derivative. First we note that in this case of I there exists ¢y > 0 with \/(£ + a)? — k? > ¢o(|£| + 1) for all « € I and
¢ & L. We begin with 17;1; Fora € I and ¢ & L,,, we have

9 Jitt+a00,~ PRt |hy)

p = |ith, — &(ﬂéﬂ — hg)| e~ VEror =R wd, 1~y
o

< cte—CoUf I+ ~ho)

This yields
Z ai Q@0 TR W) | [y (o)
fer, 1 9%
1/2
S ct ”l[/”H;er(Q)< Z e_2C0(|f|+1)(t|92|_h0)> S Cte—co(t|92|—ho) ”W”H:W(Q) :
¢ec,,

that is, ||a?fxl’t)/aa||H’}N(Q) < cte=tlh:l=hy) < cte=6tl:1/2 for all a € I and t]6,] > 2h,.
The estimates of ||a:7;{ g
|2+ al/| \/m | is uniformly bounded with respect to £ € Z and a € I.
Therefore, application of Remark 2.8 yields an estimate of the form (38) where the second term is replaced by c, te=%!
for some c;, c; > 0. Since we can decompose I, as a finite union of closed intervals I of the first or second type with

non-intersecting interiors,> we have an estimate of the form

/oal| H.,(Q for j = 2,3 follow the same arguments as for ||rfl{ 2|| m (@) using in addition that

1/2
||u;1’3||H1(Q) < c1< Z o IV(E+ay-k2 |02I> +cyte St

T

for all a € I, and t|6,| > 2hy. Therefore, by the inequality of Cauchy-Schwarz,

1/2

/||”§13||H1<Q>d06 < Z /e_t G Blda |+ epteno
Im

CEL, Y
m

For large values of |#|, say |£| > k + 1, we use the estimate /(£ + «)? — k? > ¢y|£| which yields that the series over
|£] > k + 1 decays exponentially to zero as ¢ tends to infinity. For fixed £ ¢ L, with |£| < k + 1, we make the

substitution f = w(a) = \/(¢€ + a)? — k2. Then

/ VPR 10,) gy _ / et P gp 1 / peltil g

I, wl,) w(l,)

which tends to zero as 1/¢2. Indeed, if w(I,,) = [a, b] with b > a > 0, then this follows from

Slz (e—sb _ e—sa) .

b
/ﬂe‘sﬂdﬂ = % (ae™* —be™) -

This ends the proof. O

3Note that the cut-off values are no propagative wave numbers by assumption.
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WILEY
We go back to the decomposition (33) of u, for @ € I,,, and consider the integrals (for £ € £,,)
i / Q1+ 0+ IP= (210, ) 1 Voo da
iy 4 1/k2—(1,”+a)2

I

m

in H'(Qg) (for some fixed R > 0) with the method of stationary phase. We recall from Lemmas 5.4 and 5.5 that v, is the
total a-quasi-periodic field corresponding to the incident plane wave e+ -iVK*=(¢+0; yhich is analytic with respect
to a in the interior of I, and is also in W*! (I,,, H(Qg)).

We define w(s) = s6; + Vk? —s2|,] for |s| < k. Then it easily seen that § = ké; is the only critical point (that is,
v'(3) =0)and y(3) = kand y' () = _k%ég < 0. There is exactly one 7 € Z and @ € (—1/2,1/2] with§ = kb, = 7 + &. We
note that & # +x; that is, @ is not a cut-off value by assumption on kb;.

Then there exists exactly one interval I such that & is in the interior of I;, and e Ly
Since v, , is smooth in I, the method of stationary phase is applicable to the integral over I, which gives

4r ) V2 = (7 + a)?

m

i 27k 62
_ L itk—izr/41, 2, 101 t)
e-Crar e o(11Vi
ikt
=Ve\_/_vi,&+0<1/\/;>
t

i / (40 b, +V =216, ]] 1 vy, da

ast — oo. For 7 € L£;\{Z} the function @ — (¢ + )0, + \/k? — (¢ + a)?|6,| is monotonous. Substituting f§ = (¢ +
a)0; + \/k? — (¢ + )?|0,| and using partial integration yields that these integrals decay as ()(1/t). Therefore, by (33) and
Lemma 5.6,

itk

/ua’,da = )/e7vf”’& +0 (1/\/;)
t

Iy

ast — oo in H'(Qg). For the intervals I,,, with m # mand £ € L, partial integration yields again that these integrals decay
as O(1/t). Therefore, the integration can be done over all of [-1/2,1/2], and the inverse Floquet-Bloch transform gives

1/2
itk
U = / Uy da = ye—v,;ﬁ +o<1/\/z>
-1/2 \/;

in H'(Qg). From Lemma 5.4, we observe that v, ; is the solution of the @—quasi-periodic scattering problem for the incident
plane wave ui"¢(x) = el+ox-iViP=(+ayx = oikdx; that is, Vs = Vg with the field v, from Theorem 5.2. If k6, is a propagative
wave number &; + ¢ for some £ € Z, then /QW %‘:de = 0 for all corresponding modes ¢ € X; by Lemma 5.5. Finally
we note that the propagating part u, p,, tends to zero exponentially by (30) and u; = &; on Q. This ends the proof of
Theorem 5.2.

6 | THE CASE OF ALOCALLY PERTURBED PERIODIC INDEX
Now we consider the more general problem that the periodic refractive index n is perturbed by some function g € L*® (RZ)
with support in Q. The following result on uniqueness and existence has been shown in [22].

Theorem 6.1. Let Assumptions 2.2 and 2.4 hold and, in the case q # 0, the additional assumption that no bound states
exist; that is, no non-trivial w € H (RZ) with Aw + k2(n + @)w = 0 in R? exist; that is, k2 is not in the point spectrum of
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—n%qA. Then forall f € L*(Q) there exists a unique solution u € Hlloc (Rz) of Au+k*(n+q)u = — f in R* which satisfies
the open waveguide radiation condition of Definition 5.1. Furthermore, the solution operator f +— u|g is bounded from

L*(Q) into H'(Q).

It is the aim to prove the following extension of Theorem 5.2.

—cosf

Theorem 6.2. Let Assumptions 2.2 and 2.4 hold and let b = ( sinf ) € R? be a fixed unit vector with |0| < %; that is,

0, < 0. In addition, let @ := k@, = ksin 6 not be a cut-off value in the sense of Definition 2.1 and assume that there exist
no bound states. Let w; = ®(-, —t0) + w; be the unique solution of the scattering problem

Aw; + K*(n + @)w; = 0in R*\{—td}, (39)
of the point source at z = —tf for t|0,| > 2hy such that w;, € leo . (Rz) and wy satisfies the open waveguide radiation
condition of Definition 5.1. Then

1 tlim [\/—te_”“w[] = vy +win H(Qr) (40)

y — 00

forany R > Owhere again Qg := (—R, R)X(—hy, hy). Here, vy € H;,loc (Rz) is exactly the limit function as in Theorem 5.2;
that is, vy solves the &-quasi-periodic scattering problem Avy + k2nvy = 0 in R? for such that the scattered field vy(x) 1=
Vo(x) — eikdx satisfies the Rayleigh expansion (5) for |x,| > ho. If k6, = ksin @ is a propagative wave number then v,
satisfies in addition the orthogonality condition (37).

The functionw € H | (R?) solves the source problem Aw+k(n+q)w = —k?qv, in R?, and satisfies the open waveguide
radiation condition of Definition 5.1.

Proof. We define u, = u; +®(:, —t0) as in Theorem 5.2 to be the unique solution of the unperturbed scattering problem
Auy + kK*nu, = 0 in R*\ {6} for the point source incidence at z = —td such that u; € HlloC (Rz) and u; satisfies the
—ikt

open waveguide radiation condition of Definition 5.1. Then Theorem 5.2 implies that ie tu, converges in H'(Q)

to the solution v, of the @-quasi-periodic scattering problem for the plane wave of incidence @. In the case that kf,
is a propagative wave number v, satisfies in addition the orthogonality condition (37). Then W; = w;, — u, satisfies
AW, + K2(n + @)W, = —k?*qu, in R? and the open waveguide radiation condition of Definition 5.1. The convergence of
ie‘”" \/Eut to vy in H'(Q) yields convergence of %e"'k‘ \/_ ti; to w in H'(Q) because of the continuous dependence of the
solution on the right hand side. This ends the proof. O

7 | CONCLUDING REMARKS

In this paper, we have, first, justified the assumption that in a purely periodic structure the scattered field has the same
quasi-periodicity property as the incident field. Second, in the case where no uniqueness holds, we have compared three
additional properties to achieve uniqueness. While continuity with respect to the incident angle or the approximation
of the incident plane wave by sources where the source point tends to infinity leads to the same additional property, the
limiting absorption principle with respect to the refractive index leads to a different one which depends on the kind of
absorption and is therefore not appropriate. Third, in the case where the periodic refractive index is locally perturbed, we
have shown that the solution can be represented as the sum of the solution to the unperturbed problem and a correction
term which satisfies the open waveguide radiation condition.

ACKNOWLEDGEMENT
Open Access funding enabled and organized by Projekt DEAL.

CONFLICT OF INTEREST STATEMENT

This work does not have any conflicts of interest.

85U80|7 SUOWIWOD 3AFeaID 8|qeo! dde ays Aq pauseAob ae S9jpie YO ‘88N JO S9N 10} A%eiq)8uljuO 8|1 UO (SUOTIPUOD-pUe-SWBI W0 A8 1M ARe.q Ul juo//Sdny) SUORIPUOD pue slue 1 8y} &8s *[£202/20/9T] uo Ariqiauliuo Ao|im @1bojouyos | 4 15Ul Bunis|ed Aq L&T6'eWw/Z00T OT/I0p/wod A8 1M Akeid jeuljuoj/sdny wo.j pepeojumod ‘0 ‘9/yT660T



KIRSCH W I L EY 21

ORCID
Andreas Kirsch'® https://orcid.org/0000-0003-3578-7504

REFERENCES
1. R. Petit Ed., Electromagnetic theory of gratings. Springer, 1980.
2. G. Hu, W. Lu, and A. Rathsfeld, Time-harmonic acoustic scattering from locally perturbed periodic curves, SIAM J. Appl. Math. 81 (2021),
no. 6, 2569-2595.
3. W.Luand Y. Y. Lu, High order integral equation method for diffraction gratings, J. Opt. Soc Am. 29 (2012), no. 5, 734-740.
4. A.Meier, T. Arens, S. N. Chandler-Wilde, and A. Kirsch, A Nystrom method for a class of integral equations on the real line with applications
to scattering by diffraction gratings and rough surfaces, J. Int. Equ. Appl. 12 (2000), 281-321.
5. J.-C.Nédélec and F. Starling, Integral equation methods in a quasi-periodic diffraction problem for the time-harmonic Maxwell's equations,
SIAM J. Math Anal. 22 (1991), no. 6, 1679-1701.
6. A. Rathsfeld, G. Schmidt, and B. H. Kleemann, On a fast integral equation method for diffraction gratings, Commun. Comput. Phys. 1
(2006), 984-1009.
7. Y. Wu and Y. Y. Lu, Analyzing diffraction gratings by a boundary integral equation Neumann-t-Dirichlet map, J. Opt. Soc. Am. 26 (2009),
no. 11, 2444-2451.
8. S. N. Chandler-Wilde and P. Monk, Existence, uniqueness, and variational methods for scattering by unbounded rough surfaces, SIAM. J.
Math. Anal. 37 (2005), 598-618.
9. S.N.Chandler-Wilde and C. R. Ross, Scattering by rough surfaces: The Dirichlet problem for the Helmholtz equation in a non-locally perturbed
half-plane, Math. Meth. Appl. Sci. 19 (1996), 959-976.
10. S.N. Chandler-Wilde and B. Zhang, A uniqueness result for scattering by infinite dimensional rough surfaces, SIAM J. Appl. Math. 58 (1998),
1774-1790.
11. P. Li, H. Wu, and W. Zheng, Electromagnetic scattering by unbounded rough surfaces, SIAM J. Math. Anal. 43 (2011), no. 3, 1205-1231.
12. S. N. Chandler-Wilde, P. Monk, and M. Thomas, The mathematics of scattering by unbounded, rough, inhomogeneous layers, J. Comput.
Appl. Math. 204 (2007), 549-559.
13. S.N. Chandler-Wilde and B. Zhang, Electromagnetic scattering by an inhomogeneous conducting or dielectric layer on a perfectly conducting
plate, Proc. R. Soc. Lond. A 454 (1998), 519-542.
14. Z.Chen and H. Wu, An adaptive finite element method with perfectly matched absorbing layers for the wave scattering by periodic structures,
SIAM J. Numer. Anal. 41 (2003), 799-826.
15. B. Zhang and S. N. Chandler-Wilde, Acoustic scattering by an inhomogeneous layer on a rigid plate, SIAM J. Appl. Math. 58 (1998), no. 6,
1931-1950.
16. G. Bao, D. C. Dobson, and J. A. Cox, Mathematical studies in rigorous grating theory, J. Opt. Soc. Am. A 12 (1995), no. 5, 1029-1042.
17. A.-S. Bonnet-Bendhia and F. Starling, Guided waves by electromagnetic gratings and non-uniqueness examples for the diffraction problem,
Math. Methods Appl. Sci. 17 (1994), 305-338.
18. J. Elschner and G. Schmidt, Diffraction of periodic structures and optimal design problems of binary gratings. Part I: Direct problems and
gradient formulas, Math. Meth. Appl. Sci. 21 (1998), 1297-1342.
19. D. L. Colton and R. Kress, Integral equation methods in scattering theory, 1992. Krieger, repr. ed., with corr. edition.
20. A.Kirsch and A. Lechleiter, The limiting absorption principle and a radiation condition for the scattering by a periodic layer, SIAM J. Math.
Anal. 50 (2018), no. 3, 2536-2565.
21. AKirsch, The trouble with the limiting absorption principle for periodic waveguides, 2022.
22. A. Kirsch, A scattering problem for a local perturbation of an open periodic waveguide, Math. Meth. Appl. Sciences 45 (2022), no. 10,
5737-5773.
23. R.Kress, Linear integral equations, 3rd ed., Springer, 2014.
24. J. A. Desanto and P. A. Martin, On angular-spectrum representations for scattering by infinite rough surfaces, Wave Motion 24 (1996),
421-433.
25. S. Fliss and P. Joly, Solutions of the time-harmonic wave equation in periodic waveguides Asymptotic behaviour and radiation condition,
Arch. Ration. Mech. Anal. 219 (2016), 349-386.
26. P. Kuchment, Floquet Theory for Partial Differential Equations, volume 60 of Operator Theory, Advances and Applications, Basel,
Birkhiuser, 1993.
27. A. Lechleiter, The floquet-Bloch transform and scattering from locally perturbed periodic surfaces, J. Math. Anal. Appl. 446 (2017), no. 1,
605-627.
28. I.S. Gradshteyn and I. M. Ryshik, Table of integrals, series, and products, 7th ed., Elsevier, Amsterdam, Boston, etc, 2007.

How to cite this article: A. Kirsch, On the scattering of a plane wave by a perturbed open periodic waveguide,
Math. Meth. Appl. Sci. (2023), 1-21. DOI 10.1002/mma.9147

85UB017 SUOLULUIOD dA1IERID 9|qedt|dde au) Ag peueAob a1e sao1Le YO 38N JO 3N JoJ Akeud1TauUIIUO AB]1M UO (SUONIPUOD-PUB-SWIRILIY A3 I Afe.q 1 Bu 1 UO//:SdNY) SUONIPUOD PUe swd L 8y} 85 *[e202/c0/9T] uo Areiqiauliuo Aojim ‘@ibojouyde L “4 1su| Jeunssiey Aq 2¢T6Bw/Z00T OT/10p/iod"Aa|1m Areid puluoy/sdiy Wwoj papeo|umod ‘0 9Ly T660T


https://orcid.org/0000-0003-3578-7504
https://orcid.org/0000-0003-3578-7504
info:doi/10.1002/mma.9147

	On the scattering of a plane wave by a perturbed open periodic waveguide
	Abstract
	1 INTRODUCTION
	2 QUASI-PERIODIC PROBLEMS AND A SINGULAR PERTURBATION RESULT
	3 THE LIMITING ABSORPTION PRINCIPLE
	4 CONTINUITY WITH RESPECT TO THE DIRECTION OF INCIDENCE
	5 APPROXIMATION BY POINT SOURCES
	6 THE CASE OF A LOCALLY PERTURBED PERIODIC INDEX
	7 CONCLUDING REMARKS
	REFERENCES



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


