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Abstract 

In the present Report, we will discuss the irregular water distributions 
at silica surfaces as were reported by the measured data from Zouine 
et al. [1], especially those at room temperature. The question was 
whether the deviations from the usually found erfc-shaped water pro-
files can be understood by competing diffusion and surface dissolution 
and whether back-diffusion after water or air storage, may affect the 
type of water profile.  
We will come to the conclusion that the irregular distributions of the 
measured data by Zouine et al. [1], especially those at room tem-
perature, can be understood by back-diffusion after water or air 
storage, respectively. 
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1 Irregular profiles 
Water profiles in silica surfaces are mostly described by   

  







=

b
zCC ww 2

erfc)0(  (1) 

where erfc is the complementary error function. This profile is exact for the case that 
the surface concentration Cw(0)=C0 is instantaneously present already at t=0. This pro-
file is very often assumed in the treatment of diffusion problems and should therefore 
be referred to here as a “regular profile”. The present report is intended to evaluate a 
much more complicated water diffusion profile. Water concentrations at silica surfaces 
under saturation pressure are available from an investigation by Zouine et al. [1].  
 
Deviations from eq.(1), further referred to as irregular profiles, are not rare. Some ex-
amples for silica in humid environment are: 

1. Diffusion under a limited mass transfer coefficient at the surface of silica [2,3], 
2. diffusion coefficients, variable with respect to time or location ([4],[5]), 
3. presence of a Beilby surface layer [6], 
4. water profile modified by swelling stresses [7], 
5. back-diffusion after water soaking [8], 

6. moving surface by chemical water reaction [9,10]. 

In this report, we discuss especially irregular water distributions according to items 5 
and 6. 
Water concentrations at silica surfaces under saturation pressure are available from an 
investigation by Zouine et al. [1]. Some results in [1] deviate from the simple erfc-
description as can be seen for measurements compiled in Fig. 1a. Figure 1b represents 
the same results in a normalized representation where C(0) are the surface concen-
trations from Table 1 in [1] and additionally the concentrations are divided by the dif-
fusion depth b at which the erfc function has the value of ≅½. 
The irregular distributions of the measurement data from Zouine et al. [1], especially 
those at room temperature, can be understood by back-diffusion after water or air stor-
age, respectively. Unfortunately, no detailed information on storage after the end of the 
experiment is given in [1]. It therefore remains unclear in which medium and for how 
long the samples were in until the subsequent NRA measurement. Due to this circum-
stance, only the possibility of the effect should be addressed here, but no quantitative 
information should be given. 
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Fig. 1 Some irregular profiles a) total water content Cw(z) measured by Zouine et al. [1], b) same data 

in normalized representation, with Cw(0)=Cw(z=0). 

This may be illustrated here by superimposing two erfc distributions of the type 

  ][erfc][erfc 3210 zaazaaCw +=  (2) 

or according to (1) 
  ][erfc)]2/([erfc 3210 zaabzaCw +=  (3) 

the first describing diffusion during aging in the wet medium and the second de-
scribing diffusion towards the surface after aging. Zouine et al. [1] fitted the data far 
from the surface and thereby obtained the parameters a0 and a1 (introduced as curves in 
the original plots). Table 1 compiles these coefficients in the columns 2 and 3. Column 
4 gives the diffusion length b1 for the representation by eq.(3), i.e. b1=1/(2a1). 
We fitted the whole data by eq.(2) and obtained the two parameters a2 and a3, given in 
columns 5 and 6. The negative parameter a1 can be taken as an indication of a reversal 
of diffusion. The best fitting curves are plotted in Figs. 2a-2c. 

 
Temperature a0 a1 (µm-1) b1 (µm) a2 a3 (µm-1) 

200°C 0.0052 0.2421 2.07 -0.00143 4.53 
100°C 0.00177 0.377 1.33 -0.000254 5.73 
23°C 0.00063 2.218 0.225 -0.00041 15.6 

Table 1 Parameters for eq.(2) obtained by curve fitting to data of Figs. 2a-2c. 
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Fig. 2 a)-c) Total water profiles Cw(z) for 3 temperatures, fitted by two superimposed erfc-functions 
according to eq.(2) using the parameters of Table 1; d) the individual profiles for 200°C, 100°C and 

23°C in normalized representation. 

2 Computation of water profiles 
2.1 Equation for back diffusion  
In [8], it was assumed that the decreases in concentration found at the surface could be 
a form of back diffusion or outgassing. This hypothesis is to be tested with regard to 
the expected shape of the water profiles. Due to the equivalence between diffusion and 
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heat conduction (interpreted as diffusion of phonons), the diffusion problem can be 
traced back to the heat conduction problem. A plate of thickness L is considered as 
plotted in Fig. 3. The origin of the z-coordinate, z=0, is at the left side. 
The heat entrance into a plate by heat radiation may cause after a time t a symmetrical 
temperature distribution from both sides, illustrated by the red curves in Fig. 3a. The 
temperature T as a function of the coordinate z can be described by  

  0/,
2

erfc
2

erfc0 →



 −

+= Lb
b

zL
b
zTT  (4) 

where   tb κ=  (5) 

In the numerical computations we will consider the case b/L≤0.025. The parameter κ is 
the thermal diffusivity, defined by thermal conductivity λ, density ρ, and specific heat 
Cp at constant pressure: 

.   
pCρ

λκ =  (6) 

     
Fig. 3 a) Temperature distribution in a plate of thickness L that was heated up from the two surfaces, 

b) cooling down by heat radiation with heat transfer coefficient h. 

This plate is then cooled down by heat radiation with the heat transfer coefficient h at 
the surface, shown by the red curves in Fig. 3b. The temperature after the cooling time 
t is given in Section 3.9 of the handbook by Carslaw and Jaeger [10]  
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where the αn are the roots of the equation 
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The related equation for water diffusion is then 
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where now Cw is the water concentration, D the diffusivity, and h stands for the mass 
transfer coefficient. The sum in (9) has to be taken over an infinite number of terms. 
This is of course hardly possible and therefore the series is replaced by finitely many 
terms N. First, we have to examine how large N should be at least. From eq.(9) we see, 
that the concentration C must reproduce the initial concentration for t=0. 

2.2 Convergence behaviour  
Figure 4a shows the results of eq.(9) for t=0 and N=25 (red curve) and N=200 (blue 
curve). Figure 4b shows three distributions for N=25, 50, and 200.  
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Fig. 4 Convergence of the infinite series in Eq.(9) for b/L=0.025, a) comparison of N=25 and N=200 

over the whole plate, b) distributions for N=25, 50 and 200 near the surface z=0, c) distribution for 
N=200, 300, 350, and ∞ (close to z=0). 

Finally, the curves for N=200 and N=300 are compared in Fig. 4c with the initial dis-
tribution (green curve) that corresponds to the limit N→∞. The maximum deviation of 
the solution with N=200 occurs at z=0 and is less 2.5%. For N=300 the deviations are 
less than 1.6% and can be neglected. This is the reason why we suggest solutions with 
200-300 terms for further investigations. 

2.3 Influence of mass transfer coefficient and time after soaking 
In the calculations in Section 2.2, the case t=0 was considered. In the following calcu-
lations, the dependence of the water profiles on the time after the water uptake process 
is considered and the influence of the mass transfer coefficient is shown. 
Figure 5 shows the effect of time t on the water profiles for hL/D=30 (Fig. 5a) and 
hL/D=100 (Fig. 5b). It is evident that the concentration decreases strongly with in-
creasing time Dt/L2 at the surface and increases in deeper zones.  
Increasing mass transfer coefficient h also increases the effect of water reduction at the 
surface. The curves in Fig. 6a and 6b again represent the effect of mass transfer coeffi-
cient h, diffusivity D and time t after soaking. 
Finally, Fig. 6c gives a comparison of the data measured at room temperature with the 
computations for h×L/D=100 and D×t/L2=3×10-4. Even without the use of special fit 
procedures, the result is quite usable. This illustration is intended solely to show that 
the back diffusion of a sample into the surrounding vacuum can explain the water pro-
files occurring. 
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The results in Fig. 6c should not be understood as a curve fit, as some points could not 
be taken into account here, such as the influence of swelling stresses on concentration 
and diffusion constant. 

 

 
Fig. 5 Time dependence of water profiles for a) hL/D=30 and b) hL/D=100. 
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Fig. 6 Effect of mass transfer coefficient hL/D for a) Dt/L2=10-3 and b) Dt/L2=10-4, c) computed con-
centration profiles compared with measurements from Fig. 2c. 

3 Interaction of diffusion and dissolution at silica surfaces 
A further reason for deviations of the water distribution in the surface diffusion zone 
from an erfc-shape is caused by the dissolution of the surface material in water and a 
surface removal. As the glass dissolves in water, the glass/water-interface moves in the 
direction of diffusion. This must result in a deviation of the water concentration profile 
from the pure erfc law eq.(1), which was derived for a fixed glass surface.  
Water concentrations C0, expressed in hydrogen content, are shown in Fig. 7a versus 
temperature. For a few temperatures, Zouine et al. [1] performed multiple measure-
ments for different soaking times. For each of these temperatures, the H-concentrations 
were normalized on their averages H  and plotted in Fig. 7b as functions of soaking 
time t. From these results, we can conclude that the concentration decreases with in-
creasing soaking time by about 5-15%. At first glance, this is a completely unexpected 
result. 
Dissolution rates Ddis are plotted in Fig. 8a. The circles correspond to a soda-lime glass 
that should have the same dissolution behavior as silica [11]. The square shows the 
rate for silica at 150°C in a 0.0167 M CaCl2 solution. Table 2 compiles experimental 
data. In our opinion, the strange soaking behavior is caused by the interaction of diffu-
sion with dissolution of the surface material. The dissolution of the glass in water on 
the surface and the simultaneous diffusion of water into the glass lead to a diffusion 
problem with a moving diffusion source showing a correspondingly high mathematical 
effort, as can be seen, for example, from the work by Danckwerts [9], Masters [12], 
Carslaw and Jaeger [10] (Section 11), Crank [13] (Section 13), and Babich [14].  
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Fig. 7 a) Water concentration at a silica surface expressed in terms of hydrogen concentration 
H per cm3 from Zouine et al. [1], b) results of multiple measurements by Zouine et al. [1], nor-

malized on their averages. 

Temperature t 
 (h) 

C  
(1020 H/cm3) 

Ddis ∝ k 
(m/s) 

D 
 (m2/s) 

60°C 1416 1.9 3×10-14 2.9×10-20 

 2136 1.8  3.4×10-20 

100°C 336 2.8 8×10-13 2.9×10-19 
 1319 2.6  3.7×10-19 

140°C 253 3.8 1×10-11 5.8×10-18 
 1147 3.8  1×10-17 

200°C 22 6.9 1.5×10-10 7.7×10-17 
 45 7.3  8.5×10-17 
 92.5 6.3  6.0×10-17 

Table 2 Results from experimental data reported by Zouine et al. [1]. 

For a description of the behavior of real silica materials, one needs the maximum con-
centration at the surface z→0, C0, the dissolution rate Ddis and the diffusion constant D. 
These parameters are shown in Fig. 7a and Fig. 8a and 8b. For the case that the boun-
dary moves in diffusion direction, the diffusion differential equation was solved by 
Danckwerts [9] assuming the dissolution of a solid into a supernatant liquid  
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where k is the velocity constant of the surface reaction between solute and solid. As 
indicated in Table 2, it can be assumed that k is proportional to the dissolution rate Ddis 
of Fig. 8a. The zone thickness b is defined by  

  Dtb =  (11) 

For large k×t, the relation (10) tends to the stationary profile 

  ]/exp[
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Dkz
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 Fig. 8 a) Rate for dissolution of silica in water (circles: data for soda-lime glass R6 with about equal 
dissolution behaviour as silica, reported by Perera and Doremus [11], square: result from Dove et al. 

[15]), b) diffusivity from Zouine et al. [1]. 

Equation (10) is plotted in Fig. 9a for varying dissolution rates. The red curve shows 
eq.(1), i.e. the water profile in the absence of any dissolution. It is easy to see that the 
dissolution of the surface leads to strongly deviating "irregular" diffusion profiles. A 
comparison of eq.(10) given by the solid lines, with the stationary solution, eq.(12), 
represented by the dashed curves, is shown in Fig 9b. For large values of k×t the dif-
ferences disappear sufficiently and eq.(12) may be used. Finally, we tried to express 
the curves of Fig. 9a approximately by erfc-functions modified according to  
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Fig. 9 Diffusion profiles affected by surface dissolution, a) Variation of profiles with the dissolution 

rate, b) comparison of eq.(10), solid lines, with the stationary solution, eq.(12), represented by the 
dashed curves. For larger k×t, the two solutions can no longer be distinguished. 
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Fig. 10 Fit of some curves of Fig. 9a by an erfc-function. 

The “best” set of parameters α and b was determined by application of curve fitting in 
the region z/b ≤ 2 using equidistant data points. Figure 10 shows some original curves 
as the continuous lines together with the fitted curves (dashed lines). It can be seen, 
that the surface concentrations of the fitted curves are reduced by about 5-10%. The 
obtained parameters α and b are illustrated in Fig. 11. From Figs. 9a and 11 it becomes 
evident that the effect of dissolution is stronger on the shape parameter b of the erfc-
representation by approximation eq.(13). 

   
Fig. 11 Parameters for eq.(13) applied on the curves in Fig. 9a. 
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On the basis of the results by Zouine et al. [1] we can say that the moving boundary 
has a small effect of about <10% on the apparent surface concentration but a strong 
influence on the shape of the water profiles. 
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