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Abstract

Laser-plasma acceleration is a prominent candidate to drive the next-generation compact
light sources and free-electron lasers (FELs). Having orders of magnitude larger elec-
trical field gradients than RF cavities-based machines makes plasma accelerators more
affordable and compact. To fully exploit the advantages of the novel accelerating tech-
nology, novel compact beam optic elements to compensate for large chromatic effects in
the beam transport are required. This thesis aims at exploring the potential of designing
miniaturized and high-strength, High-Temperature Superconducting (HTS) magnets and
beam optics for the transport of the Laser Wakefield accelerated beams in order to match
them to the input parameter requirements of given applications, especially to those of a
transverse gradient undulator (TGU) light source. The designed transport lines include
miniature multiplet/triplet/doublet quadrupole magnets for beam capture and compact
combined-function optics for matching and beam transport. Moreover, investigating the
key technology of high-temperature superconductivity (HTS) in designing accelerator
magnets can lead to the future application of a plasma accelerator as an injector for a com-
pact storage ring. In this thesis, I targeted magnet designs for HTS miniaturized iron and
coil-dominated magnets. For a cos-theta coil-based geometry and an iron-based periodic
geometry compact, well-controlled, high-energy transport lines have been developed in
which the beam properties are matching the geometrical and dynamical acceptance of, e.g.,
the transverse gradient undulator, TGU. Finally, for the periodic iron-based quadrupole,
a prototype using HTS ReBCO tape has been optimized and built in close collaboration
with KIT Institute for Technical Physics (ITEP) and Technik-Haus.
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Zusammenfassung

Laserplasmabeschleuniger haben das Potential, eine neue Generation kompakter Lichtquel-
len und Freie-Elektronen-Lasers (FEL) zu ermöglichen. Da die elektrischen Feldgradienten
in Plasmabeschleunigern um Größenordnungen größer sind als in Linearbeschleunigern
auf der Basis von HF-Resonatoren, sind sie kompakter und potentiell kostengünstiger.
Um die Vorteile der neuartigen Beschleunigungstechnologie voll ausschöpfen zu kön-
nen, sind neuartige kompakte Strahloptiken erforderlich, die große chromatische Effek-
te beim Strahltransport kompensieren. Ziel dieser Dissertation ist es, miniaturisierte
hochtemperatursupraleitende (HTS) Magnete mit hohen Feld- bzw. Multipolstärken für
die Laser-Wakefield-beschleuniger Elektronenpakete zu entwerfen, welche am Ende der
Transportstrecke die Anforderungen an die Eingangsparameter bestimmter Anwendun-
gen zu erfüllen, insbesondere die einer Transversalgradient-Undulator-Lichtquelle (TGU).
Diese Transportlinie umfasst Miniatur-Multiplett/Triplett/Dublett-Quadrupole für den
Strahleinfang und kompakte Optiken mit kombinierten Funktionen für die Anpassung
und den Strahltransport. Darüber hinaus kann die Erforschung der Schlüsseltechnologie
der Hochtemperatur-Supraleitung (HTS) für Beschleunigermagnete neue Möglichkeiten
zur Anwendung eines Plasmabeschleunigers als Injektor für einen kompakten Speicher-
ring eröffnen. In dieser Arbeit habe ich mich auf Magnetdesigns für HTS-miniaturisierte
Eisen- und spulendominierte Magnete konzentriert. Für eine auf Cos-Theta-Spulen ba-
sierende Geometrie und eine auf Eisen basierende periodische Geometrie wurden kom-
pakte, gut kontrollierbare Hochenergie-Transportlinien entwickelt, bei denen die Strah-
leigenschaften der geometrischen und dynamischen Akzeptanz von beispielsweise dem
Transversalgradient-Undulator-Lichtquelle (TGU) entsprechen. Schließlich wurde für den
periodischen Quadrupol auf Eisenbasis ein Prototyp unter Verwendung von HTS ReBCO-
Tape optimiert und in enger Zusammenarbeit mit dem KIT-Institut für Technische Physik
(ITEP) und dem Technik-Haus gebaut.
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1. Introduction

Today, particles are accelerated to a speed close to the speed of light and
with energies up to trillion electron volts in small and large particle accelera-
tors. The dimensions of these accelerators range from a meter to kilometers
while aiming at solving the most complex issues from fundamental par-
ticle physics to medical, industrial, environmental, and nanotechnology
applications. RF-based accelerators with dimensions of several kilometers
come with construction costs of billions of dollars while still suffering limi-
tations like electrical breakdowns or, respectively, quenches in the cavities
to produce high-intensity RF waves. Due to these limitations, the maximum
acceleration gradient is restricted to less than 100 MeV m−1. In recent years,
to overcome these limitations and pursue the goal of having compact, lab-
scaled accelerators, alternative acceleration methods have been explored.
In fact, the lab-scaled ultra-compact accelerators give this chance to use
the accelerator technology more often and easier in exploring materials
and life science. One of these novel accelerating methods is particle ac-
celeration using plasma; because plasma is an ionized medium capable
of generating and handling electric field gradients up to 100 GeV m−1 by
charge separation in a plasma wave, which is at least 3 orders of magnitude
larger than in conventional accelerators. The plasma wave producing such
a strong electric field can be excited using various methods which for more
information one can refer to [1, 2, 3, 4], and Section 2.6.
In these small but efficient accelerators, using high power Terawatt (TW)
laser pulses with femtosecond (fs) pulse length, plasma waves with high
amplitude are excited with a phase speed close to the speed of light. The
separation of the positive and negative charges in the plasma wave causes
strong electric fields and using this electric field, an injected electron can be
accelerated to very high energies of the order of GeV in cm scales. Moreover,
laser-plasma accelerators (LPA) can generate ultra-short electron bunches
with micrometer bunch lengths leading to high peak currents. This makes
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1. Introduction

LPAs attractive to be used as drivers for a compact radiation source or even
free-electron lasers (FELs) [5]. However, one of the major disadvantages
of the LPA technology compared to conventional accelerators is the broad
energy distribution of the accelerated electrons with a few percent energy
spread, which is decreased to less than 1% in recent years, and milliradians
divergence which is orders of magnitude higher than in conventional ac-
celerators and makes it difficult to shape and transport the LPA bunches.
To overcome these difficulties and capture divergent, large-energy spread
beams efficiently an effective beam transport line is required which in com-
bination with a transverse gradient undulator (TGU) as the radiation source
can generate narrow bandwidth radiation despite the high energy spread.
The TGU is designed such that the electron beam entering the undulator
meets a magnetic field with a gradient in the transverse direction. Electrons
with different energies travel through the TGU at different transverse posi-
tions and encounter different field amplitudes. Therefore the TGU generates
a narrow bandwidth radiation spectrum in spite of a relatively large energy
spread of the LPA electron bunches, [6]. Using the TGU as the radiation
source, different transport lines with different lengths at different energies
have so far been designed and developed at KIT, like a 2.5-meter normal
conducting transport line at an energy of 120 MeV designed by Christina
Widmann [7] as well as an upgrade to this transport line which has the
same 2.5 m length but works at 300 MeV by applying high strength magnets,
[8]. The scope of this thesis was the development of reliable transport lines
employing miniature magnets with high-strength magnetic fields based
on high-temperature superconductor (HTS) technology. These transport
lines connect the LPA electron source, like the one at the JETI laser facility
at the University of Jena, and a radiation source like the TGU. The mag-
nets’ field strengths and layouts are in a way to match the beam optics
parameters to the requirements of a given application, especially those of
a TGU light source. In this thesis, an air-core and an iron-core transport
line are proposed and in addition to the beam dynamics simulations, all
magnets for these two beam transport lines were designed. These magnets
are based on HTS-coated conductor coils and due to the brittle structure
of these conductors, especially in case of having miniature sizes and small
bending radii, minimizing stress and strains on the coils while designing
the magnets is taken into account. This thesis is structured as follows:
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Chapter 2 presents an overview of the fundamental theories and concepts
of beam dynamics, iron-core and coil-dominated magnets, and their design
principles. Also, an introduction to laser wakefield acceleration, supercon-
ductivity, and especially high-temperature superconductor ReBCO coated
conductors are given in chapter 2.
In Chapter 3 the design of a 1.4 m beam transport line using air-core, minia-
ture HTS magnets is presented. This transport line guides and controls the
LPA electrons at an energy of 700 MeV while fulfilling transverse gradient
undulator input parameters. This chapter closes with a detailed discussion
of the magnets’ design and calculation of the electromagnetic forces in-
serted on the cos-theta coils wound by HTS tapes.
In Chapter 4 the magnet design as well as the manufacture and test of a
demonstrator of an iron-core miniature HTS quadrupole multiplet is dis-
cussed. This magnet has a periodic structure and features a simple winding
scheme that is capable of providing sufficiently high field gradients to en-
able highly compact beam transport lines. A 1.4 m iron-core transport line
at 260 MeV for this periodic quadrupole is presented in which this periodic
quadrupole multiplet is substituted with the common doublet/triplet sec-
tion of the beam line. Chapter 5 gives a review of Fixed Field Alternating
Gradient (FFAG) accelerators as well as the first ideas for adopting FFAG
optics concepts for LPA electron beams.
Finally, the summary is given in chapter 6.
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2. Fundamentals

2.1. Motion of charged particles in electromagnetic fields

In particle accelerators, we employ the Lorentz force to formulate the
charged particle dynamics in presence of electric and magnetic fields which
are used for beam acceleration and beam guidance/focusing. The Lorentz
force has two components, accounting for the interaction of the charged
particle with the electric and the magnetic field

®𝐹𝐿 = 𝑞( ®𝐸 + ®𝑣 × ®𝐵), (2.1)

where 𝑞 and 𝑣 are particle charge and velocity and 𝐸 and 𝐵 are the electrical
and magnetic field strengths, respectively. If we integrate the Lorentz force
along the particle trajectory, 𝑑𝑠 , we can see that no work can be done by
the magnetic field.

Δ𝐸𝑘𝑖𝑛 =

∫
𝑞( ®𝐸 + ®𝑣 × ®𝐵)𝑑®𝑠 =

∫
(𝑞 ®𝐸𝑑®𝑠 + 𝑞(®𝑣 × ®𝐵)®𝑣𝑑𝑡) =

∫
𝑞𝐸𝑑𝑠 (2.2)

So magnetic fields can not change the particle energy and therefore we
use electric fields for that purpose but for beam guidance both fields work.
Now we come to the question of which field to use to guide the particle
beam and why we use magnets in particle accelerators while electric fields
are cheaper to generate. To do a comparison we may consider the relation:

𝐸 = 𝑣𝐵

���
𝑣 = 𝑐, 𝐵 = 1 T

= 3 × 108 V m−1. (2.3)

For non-relativistic particles, electric fields are easier and cheaper to gen-
erate, but for relativistic particles, a magnetic field of 1 T corresponds to
an electric field of 300 MV m−1. So magnetic fields are the practical choice
for relativistic particles. If a charged particle travels along a circular arc
with radius 𝜌 in a uniform magnetic field, according to Newton’s 3rd law

5



2. Fundamentals

the Lorentz force, 𝐹𝐿, is equal to the centripetal force, 𝐹𝑐 , and for elec-
trons/protons one can write

𝛾𝑚𝑣2

𝜌
= 𝑒𝑣𝐵,

1
𝜌
=

𝑒𝐵

𝛾𝑚𝛽𝑐
=

𝑒𝐵𝑐

𝛾𝑚𝛽𝑐2 =
𝑒𝐵𝑐

𝛽𝐸
,

1
𝜌
= 0.29956 𝐵 (T)

𝛽𝐸 (GeV) ⇐⇒ 𝐵𝜌 (Tm) = 3.33𝛽𝐸 (GeV).
(2.4)

In Eq. 2.4, 𝜌 is the radius of curvature, Larmor radius, 𝐸 is the particle
energy,𝑚 is the particle mass, 𝑒 is the electron charge, 𝑐 is the light velocity,
𝛽 is the fraction of light speed at which particle moves 𝛽 = 𝑣/𝑐 , 𝐵𝜌 is the
beam rigidity and 𝛾 is the Lorentz factor and is defined as,

𝛾 =
1√︁

1 − 𝛽2
. (2.5)

This is a measure of particle energy (momentum) and expresses that par-
ticles with higher momentum are more resistant to being deflected by a
magnetic field.
For a uniform field of arc length 𝐿𝑚, the deflection angle can be written as
𝜑 = 𝐿𝑚/𝜌 . For relativistic particles with 𝛽 ≈ 1, Eq. 2.4 is further simplified
and can be written as,

1
𝜌
=

𝜑

𝐿𝑚𝑎𝑔
= 0.29956 𝐵(T)

𝐸 (GeV) (2.6)

In Beam dynamics, we are interested in particle movements and deviations
with respect to the ideal path. The most appropriate coordinate system is,
therefore, the one that moves along the ideal path with the origin of the
coordinate moving with the reference particle, as shown in Fig. 2.1. In the
above figure, 𝑥 is the horizontal direction, 𝑦 is the vertical direction and 𝑠
is the direction along the beam path. The definitions and argumentation in
this section and Section 2.1.1 are mainly following the presentation by H.
Wiedemann [9].

2.1.1. Equation of motion

As it was discussed in the previous section, we use magnetic fields to guide
and keep the particle beam on the desired orbit. The reference trajectory
consists of straight and curved parts in which the curvatures are functions

6



2.1. Motion of charged particles in electromagnetic fields

Figure 2.1.: Curvilinear coordinate system of beam dynamics.

Figure 2.2.: Particle trajectories, reference path 𝑠 and individual particle trajectory 𝑠𝑖 with
different bending radii.

of the coordinate 𝑠 and are nonzero only where there is a constant field of
a dipole magnet. To derive the equations of motion, by looking to Fig. 2.2
for the horizontal deflection we have,

𝑑𝑠𝑖 = 𝜌𝑑𝜑 = (𝜌0 + 𝑥)𝑑𝜑0 , 𝑑𝑠 = 𝜌0𝑑𝜑0

𝑑𝑠𝑖 = (1 + 1
𝜌0
𝑥)𝑑𝑠 (2.7)

7



2. Fundamentals

𝑥 is the deviation of an individual particle from the ideal path, and 𝜑
and 𝜑0 are the deflection angles for the individual and reference particles,
respectively. Then for the second derivative of 𝑥 with respect to 𝑠 , we can
write

𝑥′′ = −(𝑑𝜑
𝑑𝑠

− 𝑑𝜑0
𝑑𝑠

) = (𝑑𝜑
𝑑𝑠𝑖

𝑑𝑠𝑖

𝑑𝑠
− 𝑑𝜑0
𝑑𝑠

)

𝑥′′ = −1
𝜌
(1 + 1

𝜌0
𝑥) + 1

𝜌0

(2.8)

Also, this horizontal deflection caused by a vertical field can be written in
terms of the field higher order multipoles, especially the three lowest ones,
dipolar field 𝐵𝑦0, quadrupolar field 𝑔𝑥 , and sextupolar field 1/2𝑠𝑥2 (for more
details on this multipole fields see Section 2.2.1)

1
𝜌
=
𝑒

𝑝
𝐵𝑦 =

𝑒

𝑝
[𝐵𝑦0 + 𝑔𝑥 + 1

2𝑠𝑥
2 + ...] (2.9)

In real cases with momentum dispersion, 𝛿 , we have,
1
𝑝
=

1
𝑝0(1 + 𝛿)

=
1
𝑝0

[1 − 𝛿 + 𝛿2 + ...] (2.10)

where 𝑝 and 𝑝0 are individual and reference particle momentum, respec-
tively. By inserting Eq. 2.10) into Eq. (2.9),

1
𝜌
=

1
(1 + 𝛿) [

1
𝜌0

+ 𝑘𝑥 + 1
2𝑚𝑥

2 + ...]

= [ 1
𝜌0

− 1
𝜌0
𝛿 + 1

𝜌0
𝛿2 + 𝑘𝑥 − 𝑘𝑥𝛿 + 1

2𝑚𝑥
2 + ...],

(2.11)

we have

𝑥′′ = −[ 1
𝜌0

− 1
𝜌0
𝛿 + 1

𝜌0
𝛿2 + 𝑘𝑥 − 𝑘𝑥𝛿 + 1

2𝑚𝑥
2 + ...] (1 + 1

𝜌0
𝑥) + 1

𝜌0

= − 1
𝜌0

− 1
𝜌2

0
𝑥 + 1

𝜌0
𝛿 + 1

𝜌2
0
𝑥𝛿 − 1

𝜌0
𝛿2 − 𝑘𝑥 + 𝑘𝑥𝛿 − 1

2𝑚𝑥
2 + ...,

(2.12)

where 𝑘 and𝑚 are the quadrupole and sextupole strengths respectively
which in analogy to the dipole curvature Eq. 2.6, are related to g and s as
[9]

𝑘 =
𝑒𝑝

𝑔
, 𝑘 (m−2) = 0.29956 𝑔(T/m)

𝛽𝐸 (GeV) (2.13)

8



2.1. Motion of charged particles in electromagnetic fields

𝑚 =
𝑒𝑝

𝑠
, 𝑚(m−3) = 0.29956 𝑠 (T/m2)

𝛽𝐸 (GeV) (2.14)

So, the equation of motion can be finally derived as follows:

𝑥′′ + (𝑘 + 1
𝜌2

0
)𝑥 =

1
𝜌0
𝛿 − 1

𝜌0
𝛿2 + 1

𝜌2
0
𝑥𝛿 + 𝑘𝑥𝛿 − 1

2𝑚𝑥
2 (2.15)

In the above equation the term (1 − 𝛿)𝛿/𝜌0, refers to dispersion which
expresses having different deflection angles for particles with an energy
deviation from the ideal design energy. (𝑘 + 1/𝜌2

0)𝑥𝛿 represents the chro-
matic aberration which means that the quadrupole focusing strength is also
depending on energy. The last term,𝑚𝑥2/2, indicates the sextupole field
which can partly cancel the chromatic aberration of the quadrupoles, but
it leads to geometric aberrations. Keeping the constant and linear terms
and considering no energy dispersion, i.e. 𝛿 = 0, the homogeneous linear
equation of motion in the deflection plane 𝑥 is given by

𝑥′′ + 𝐾𝑥 = 0 , 𝐾 = (𝑘 + 1
𝜌2

0
) (2.16)

Moreover, as in most cases, the deflection occurs only in the horizontal
plane, the equation of motion in the vertical plane can be derived in a
similar way as

𝑦′′ + 𝐾𝑦 = 0 , 𝐾 = −𝑘 (2.17)

In fact, the final aim of beam dynamics calculations is to distribute magnets
along the beam transport line in such a way that the solutions to the
equations of motion result in the desired beam characteristics.

2.1.2. Phase-space and Twiss parameters

Looking at equation (2.16), if the restoring force 𝐾 is constant with respect
to 𝑠 , it is a simple harmonic equation. However, as 𝑠 is the longitudinal
direction along the accelerator and there are different focusing requirements
along this path, 𝐾 varies sharply with 𝑠 and we have 𝐾 (𝑠). So, equation
(2.16) is Hill’s equation which can be solved as follows.
One can guess the solution to this 2nd order differential equation to be

𝑥 =
√︁
𝜖𝛽 (𝑠) cos(𝜙 (𝑠) + 𝜙0) (2.18)

9



2. Fundamentals

. Where 𝜖 and 𝜙0 are constants defined by initial conditions. 𝛽 (𝑠) and 𝜙 (𝑠)
are the amplitude modulation and phase advance which are dependent on
the focusing strength, 𝐾 . In order to simplify Eq. 2.18 some parameters are
defined as below

𝛼 =
𝛽′

2 , 𝛽 = 𝜔2 , 𝛾 =
1 + 𝛼2

𝛽
, 𝜙 = 𝜙 (𝑠) + 𝜙0 (2.19)

And we have
𝑥 = 𝜔

√
𝜖 cos(𝜙)

𝑥′ = 𝜔′√𝜖 cos(𝜙) − 𝜔
√
𝜖𝜙′ sin(𝜙)

𝑥′′ = 𝜔′′√𝜖 cos(𝜙) − 𝜔′√𝜖𝜙′ sin(𝜙) − 𝜔′√𝜖𝜙′ sin(𝜙) − 𝜔
√
𝜖𝜙′′ sin(𝜙)

− 𝜔
√
𝜖𝜙′2 cos(𝜙).

(2.20)

Inserting Eq. 2.20 into 2.16 yields,

𝜔′′√𝜖 cos(𝜙) − 𝜔′√𝜖𝜙′ sin(𝜙) − 𝜔′√𝜖𝜙′ sin(𝜙) − 𝜔
√
𝜖𝜙′′ sin(𝜙)

− 𝜔
√
𝜖𝜙′2 cos(𝜙) + 𝐾𝜔

√
𝜖 cos(𝜙) = 0

(2.21)

Considering the “sin” terms we have

2𝜔′𝜙′ + 𝜔𝜙′′ = 0
2𝜔′𝜔𝜙′ + 𝜔2𝜙′′ = 0
𝛽′𝜙′ + 𝛽𝜙′′ = 0
(𝛽𝜙′)′ = 0

(2.22)

The finally reached expression is correct since 𝜙′ = 1/𝛽 which proves that
our guessed solution satisfies Hill’s equation, [10]. Now for predicting the
particle trajectory using equation (2.20) and substituting 𝜔 with 𝛼 , 𝛽 and 𝛾
we can write

𝑥 =
√︁
𝜖𝛽 cos(𝜙)

𝑥′ = −𝛼
√︂
𝜖

𝛽
cos(𝜙) −

√︂
𝜖

𝛽
sin(𝜙)

(2.23)

If we plot 𝑥′ versus 𝑥 for 0 < 𝑥′ < 2𝜋 we have an ellipse which is determined
by the parameters 𝛼 , 𝛽 , and 𝛾 named “Twiss parameters” and the ellipse
is called phase-space ellipse. The orientation and shape of this ellipse are
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2.1. Motion of charged particles in electromagnetic fields

Figure 2.3.: Phase-space ellipse in the two-dimensional transverse phase space 𝑥 − 𝑥′.

defined by the focusing properties of the magnets, whereas the area of the
ellipse is an intrinsic property of the beam. As the particles go through the
transport line or circulate in the ring, they encounter different magnetic
elements, especially the quadrupoles which affect the 𝛽 value. So the ellipse
shape will be changed while the area of the ellipse remains constant for
fixed particle energy and equal to 𝜋𝜖 , where 𝜖 is a constant of the single
particle motion and is determined by initial beam parameters. Also, beam
size 𝜎𝑥 , and beam divergence 𝜎𝑥 ′ in the transverse plane can be defined as
the ellipse projection on the 𝑥 and 𝑥′ axis, respectively.

𝜎𝑥 =
√︁
𝜖𝑥𝛽

𝜎𝑥 ′ =
√
𝜖𝑥𝛾

(2.24)

In fact, in a bunch of particles, every particle has its own ellipse in the
phase-space and identifying the ellipse with the particle distribution is only
valid if the phase-space distribution of the particles is Gaussian. Then this
ellipse can be identified e.g. with the 1𝜎 level of this Gaussian distribution.
Also according to Liouville’s theorem phase-space density is constant, no
particle can escape the phase ellipse, any particle within the ellipse will
stay within the ellipse and any particle outside the ellipse will stay outside.
As discussed so far, desired particle dynamics can be obtained using spe-
cific magnetic fields which are generated by the different magnets. In the
following sections, an introduction to the different types of magnets and
their design concepts is presented.
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2. Fundamentals

2.2. Iron-core magnets

Electromagnets are magnets based on the creation of a magnetic field by an
external current in normal conducting or superconducting coils. In these
magnets, the field is amplified and the flux is guided using an iron core.
In this thesis, the main focus is on the magnet design and beam dynamics
calculations in which ferromagnetic materials, which will be described
later, are used for the HTS iron-core magnets to shape the field lines. So,
general definitions and relations are given and for more details on the
solid-state concepts, one can refer to the reference books like ”foundations
of electromagnetic theory” by J. R. Reitz et al. ([11]).
Using the current carrying coils and applying an external magnetic field
𝐻 to a material, magnetic flux density 𝐵 can be defined as a response of
the medium magnetized by 𝐻 . There is a relation between 𝐵 and 𝐻 which
depends on the nature of the materials. To look through this concept, one
should see how materials respond to an external magnetic field.
The magnetization𝑀 represents all the magnetic effects due to the material
properties and is almost zero in unmagnetized status. But in the presence of
an external magnetic field,𝑀 gets nonzero values depending on the applied
magnetic field 𝐻

𝑀 = 𝜒𝑚𝐻 (2.25)

the dimensionless quantity 𝜒𝑚 is magnetic susceptibility and indicates the
response of the material to the external field. Paramagnetic materials like
aluminum or platinum, with 𝜒𝑚 > 0, align with the applied magnetic field
and strengthen the field while diamagnetic materials like Gold, Water, and
copper, with 𝜒𝑚 < 0, are anti-aligned and weaken the magnetic fields. In
both Paramagnetic and diamagnetic materials, the magnetic susceptibility
𝜒𝑚 is much smaller than one. Ferromagnetism, in contrast, refers to materi-
als (such as iron and nickel) that can retain their magnetic properties when
the magnetic field is removed. If a ferromagnetic substance is heated, then
at a definite temperature, the Curie temperature, the ferromagnetic prop-
erty of the substance disappears and the substance becomes paramagnetic.
Writing Ampere’s law, including current density from the current carrying
coils 𝐽 and atomic currents with magnetization current density 𝐽𝑚, one can
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2.2. Iron-core magnets

Figure 2.4.: XC-06 magnetic steel magnetization curve using the data from [12], the author
permission is granted.

write,

∇ × 𝐵 = 𝜇0(𝐽 + 𝐽𝑚)
∇ ×𝑀 = 𝐽𝑚 , ∇ × 𝐻 = 𝐽

(2.26)

inserting equation(2.25) in (2.26)

𝐵 = 𝜇𝐻

𝜇 = 𝜇0(1 + 𝜒𝑚)
(2.27)

In the above equations, 𝐻 and 𝑀 have the dimension of A m−1 and 𝐵 is
in T, using the SI unit system. 𝜇 is the magnetic permeability and for
ferromagnetic materials is not constant but depends on the value of 𝐻 ,
i.e. 𝜇 = 𝜇 (𝐻 ). Also, depending on the material chemical properties and
contents, see sub-section 2.2.7.1, magnetic permeability is different for an
applied magnetic field for different materials and can be, for example, as
large as 105𝜇0 in Permalloy that is a nickel-iron magnetic alloy.
In ferromagnetic materials by increasing the applied magnetic field 𝐻 , the
magnetic flux density 𝐵 increases until the material reaches its highest
magnetization𝑀 which is named saturation. After reaching saturation, a
further flux density increase is due to the term 𝜇0𝐻 only and the material
can no more play a role in strengthening the field. The magnetization curve,
𝐵 − 𝐻 curve, of a common type of magnetic steel XC-06, from Industeel
supplier, [12], is plotted in Fig. 2.4. Since the iron core is saturated about
2 T and normal conducting copper coils can tolerate current densities up
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2. Fundamentals

to 10 A mm−2 depending on the cooling technique (optimum 5 A mm−2 in
direct current applications), these magnets are usually used to generate
field up to 2 T. But also in the case of superconducting coils generating
much higher flux densities, iron cores can be used to guide and shape the
field even if fully saturated. Magnets in most of the storage and booster
rings in accelerator facilities have iron cores and are powered by direct
current or low-frequency alternating currents. Also, fast-ramped magnets
such as septa and kickers which are used to inject and extract beams at the
beginning and end of transport lines have the same structure and can fall
into this category. In the following, we will introduce the common types
of magnets used in accelerators and express the relationships that govern
them.

2.2.1. Multipole Fields

In order to have the required beam dynamics a variety of magnets is needed.
Bending magnets or dipoles with a constant field are used to guide the
beam, Quadrupoles are mainly used to focus the beam, and sextupoles are
to correct the chromatic effects. As was discussed before, to investigate the
beam dynamics and particle movements and deviations with respect to the
ideal path, the curvilinear coordinate system is usually used which moves
together with the reference particle. Magnets and the related magnetic
fields are usually described with the Cartesian coordinate system located at
each magnet center in which 𝑥 ,𝑦, and 𝑧 represent horizontal, vertical, and
longitudinal directions, respectively. For beam dynamics, we are primarily
interested in the field around the beam, between the iron poles, and away
from the excitation currents. So according to the Maxwell equation, we
have

∇ × 𝐵 = 0 , ∇ · 𝐵 = 0 (2.28)

And such a magnetic field can be derived from a scalar potential function𝜓
(𝑥,𝑦, 𝑧) which is a solution to Laplace’s equation

∇2𝜓 = 0 , ®𝐵 = −∇𝜓 (2.29)

To simplify the derivation of the multipole fields we may use cylindri-
cal symmetry and rewrite Laplace’s equation for the scalar potential in a
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2.2. Iron-core magnets

cylindrical coordinate system (𝑟, 𝜑, 𝑧).

∇2𝜓 =
𝛿2𝜓

𝛿𝑟 2 + 1
𝑟

𝛿𝜓

𝛿𝑟
+ 1
𝑟 2
𝛿2𝜓

𝛿𝜑2 + 𝛿
2𝜓

𝛿𝑧2 = 0 (2.30)

So the solution is in the form of a Taylor expansion with respect to the
reference path and can be written as

𝜓 (𝑟, 𝜑, 𝑧) = −𝑐𝑝
𝑒

∑︁
𝑛>0

1
𝑛!𝐴𝑛 (𝑧)𝑟

𝑛𝑒𝑖𝑛𝜑 (2.31)

For any higher-order multipole i.e. any arbitrary 𝑛 the scalar potential in
the middle plane, 𝑧 = 0, is given as follows

𝜓𝑛 (𝑟, 𝜑) = −𝑐𝑝
𝑒

1
𝑛!𝐴𝑛𝑟

𝑛𝑒𝑖𝑛𝜑 (2.32)

which, in Cartesian coordinates becomes

𝜓𝑛 (𝑥,𝑦) = −𝑐𝑝
𝑒

1
𝑛!𝐴𝑛 (𝑥 + 𝑖𝑦)𝑛 (2.33)

where real and imaginary terms represent two basic field orientations and
only the imaginary solution fulfills the mid-plane symmetry in which there
are no horizontal field components in the midplane, 𝑦 = 0, and Im(𝜓𝑛 (𝑥,𝑦))
= -Im(𝜓𝑛 (𝑥, -𝑦)) or 𝐵𝑛𝑦 (𝑥,𝑦) = 𝐵𝑛𝑦 (𝑥, -𝑦). The family of scalar equipoten-
tials is orthogonal to the vector equipotentials and can represent possible
pole shapes. If we write down the potential terms up to 𝑛 = 3, the pole
shape for dipole (𝑛 = 1), quadrupole (𝑛 = 2) and sextupole(𝑛 = 3) can be
derived.

− 𝑒

𝑐𝑝
𝜓1(𝑥,𝑦) = 𝐴1𝑥 + 𝑖𝐴1𝑦

− 𝑒

𝑐𝑝
𝜓2(𝑥,𝑦) =

1
2𝐴2(𝑥2 − 𝑦2) + 𝑖𝐴2𝑥𝑦

− 𝑒

𝑐𝑝
𝜓3(𝑥,𝑦) =

1
6𝐴3(𝑥3 − 3𝑥𝑦2) + 𝑖 16𝐴3(3𝑥2𝑦 − 𝑦3)

(2.34)

In the above equation, magnets’ pole shapes defined by the imaginary
solution are called upright magnets, and real solutions of scalar potential are
defined as the so-called rotated magnets. So the upright multipole magnetic
fields can be derived from the imaginary solution of the Laplace equation.
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2. Fundamentals

Replacing the coefficients A𝑛 with the multipole strength parameters, [9],
the three first magnetic field multipoles are compiled in Table 2.1 Therefore
the general magnetic field equation includes only the most commonly used
upright multipole elements in the horizontal midplane, where 𝑦 = 0, are
given by

𝐵𝑦 =

∞∑︁
𝑛=1

𝐵𝑛 =

∞∑︁
𝑛=1

𝑏𝑛𝑥
𝑛−1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 + 𝑔𝑥 + 1

2𝑠𝑥
2 + ... (2.35)

A pure multipolar field has only one nonzero 𝐵𝑛 for a given value of 𝑛,
which is called the main order of the field. As an example, 𝑛 = 1 is a pure
dipole and 𝑛 = 2 is a quadrupole. Nonzero 𝐵𝑛 for 𝑛 other than the main
order are usually referred to as field harmonics or field errors. Allowed
higher order multipoles, which comes from the finite transverse length
of the pole profile, in dipole magnet are 𝑛 = 3, 5, 7, 9,.,(2𝑛+1) which are
sextupole, tenth-pole, fourteenth-pole, and 2(2𝑛+1) pole components. For
quadrupoles the allowed higher order harmonics are 𝑛 = 6, 10, 14,...(12 pole,
20 pole, etc.) and for sextupoles are 𝑛 = 9, 15, 21,...(18 pole, 30 pole, etc.).

2.2.2. Dipoles

In circular accelerators or curved transport lines, dipoles are the main
magnets. Dipole magnets have two iron poles and two current-carrying
coils, and by creating a uniform magnetic field (perpendicular to the beam
path) between the two magnetic poles, they are responsible for bending the
beam in a circular path. In any ideal dipole magnet, the pole profile points
and the magnetic field as a function of the horizontal direction obey Eq.

Table 2.1.: Upright multipole fields.

Magnet type B𝑦

Dipole 𝑒
𝑝
𝐵1 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Quadrupole 𝑒
𝑝
𝐵2 = 𝑘𝑥

Sextupole 𝑒
𝑝
𝐵3 =

1
2𝑚(𝑥2 − 𝑦2)
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2.2. Iron-core magnets

Figure 2.5.: Dipole magnet cross-section (left) and magnetic field distribution in the hori-
zontal direction (right).

Figure 2.6.: Standard shapes of dipole magnet; H shape (left), C-shape (center) and O-shape
(right). The green color represents the iron yoke, and the blue/red color is used
to show the current carrying coils.

(2.36).

𝑦 (𝑥) = ±ℎ2
𝐵𝑦 (𝑥) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

(2.36)

ℎ is the magnet’s full gap. Dipole magnets are usually designed and fabri-
cated in three standard shapes, H shape, C shape, and O shape or window
frame, Fig. 2.6. To select between these shapes, one needs to consider
the required conditions. In C-shape dipoles, access to the magnet gap and
therefore vacuum chamber alignment and installation is easier. Also if a
beamline is needed to be extracted from the dipole magnet, C-shape ones
are usually used. In H-shape dipole magnets we have symmetry in both
transverse planes and it provides a higher rigidity whereas access to the
gap is more difficult. In order to derive the relation of the central magnetic
field to the applied current, looking at Fig. 2.7 and using Ampere’s law, we
have,
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Figure 2.7.: Integration path in a dipole magnet.∮
𝐶

𝐻.𝑑𝑙 = 𝑁𝐼∫
𝑔𝑎𝑝

𝐻.𝑑𝑙 +
∫
𝑖𝑟𝑜𝑛

𝐻.𝑑𝑙 = 𝑁𝐼∫
𝑔𝑎𝑝

𝐻.𝑑𝑙 =
𝐵ℎ

𝜇0
,

∫
𝑔𝑎𝑝

𝐻.𝑑𝑙 =
𝐵𝜆

𝜇𝑖𝑟𝑜𝑛

𝐵ℎ

𝜇0
>>

𝐵𝜆

𝜇𝑖𝑟𝑜𝑛
⇒ 𝑁𝐼𝑝𝑒𝑟 𝑝𝑜𝑙𝑒 =

𝐵ℎ

2𝜇0

(2.37)

In Eq. (2.37) 𝐻 is the magnetic field created by the coils, 𝜇0 is the vacuum
permeability, 𝜇𝑖𝑟𝑜𝑛 is the iron permeability which is larger than 103𝜇0, ℎ is
the magnet full gap and 𝜆 is the average length of the integration path in
the iron yoke.

2.2.3. Quadrupoles

Quadrupole magnets are the second most common type of magnets that
are used in accelerators and are responsible for focusing the particles on
the central beam path. Each iron-core quadrupole magnet has four iron
poles with a hyperbolic profile and four coils. These magnetic lenses impart
a transverse momentum kick, Δ𝑃 , to the particle beam with momentum
𝑃 . For a field that increases linearly with 𝑥 , the resulting kick, Δ𝑃 , will
also increase linearly with 𝑥 . Figure 2.8 shows the quadrupole magnet
cross-section and the field shape. Particles traveling in an accelerator have
to be kept as close as possible to the reference orbit by means of focusing
forces acting perpendicularly to the reference orbit. This is achieved by a
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2.2. Iron-core magnets

Figure 2.8.: Quadrupole magnet cross-section (left) and magnetic field distribution in the
horizontal direction (right).

combination of focusing and defocusing quadrupoles and a non-focusing
element which could be either a dipole or a drift space. The focusing
quadrupoles focus the beam in one plane but defocus it in the other plane,
and inversely for the defocusing ones. In any ideal quadrupole for the
area around the mid-plane, pole profile coordinates and magnetic field as a
function of the horizontal direction obey the Eq.(2.38).

𝑥𝑦 =
𝑅2

2
𝐵𝑦 (𝑥) = 𝑔𝑥, 𝐵𝑥 (𝑦) = 𝑔𝑦, 𝑔 =

𝑑𝐵

𝑑𝑟

(2.38)

In Eq. 2.38, 𝑅 is the magnet aperture radius and 𝑔 is the quadrupole gradient.
Quadrupoles are mainly designed in three common shapes which are shown
in Fig. 2.9, Each of these quadrupole shapes has its advantages and disadvan-
tages, which should be used according to the application requirements. For
example, Collin quadrupoles provide free space for beamlines, however at
the cost of reduced mechanical stability, a more complicated assembly, and
therefore a more expensive fabrication. Using Ampere law and considering
the closed integration path in Fig. 2.10 the relation between the magnetic
field and current in quadruple magnets can be derived as follows,
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2. Fundamentals

Figure 2.9.: Standard (left), Collin (center), and Panofsky (right) quadrupoles. The green
color represents the iron yoke, and the blue/red color is used to show the
current carrying coils.

Figure 2.10.: Integration path in a quadrupole magnet.

∮
𝐶

𝐻.𝑑𝑙 = 𝑁𝐼∫
𝑆1

𝐻.𝑑𝑙 +
∫
𝑆2

𝐻.𝑑𝑙 +
∫
𝑆3

𝐻.𝑑𝑙 = 𝑁𝐼∫
𝑆1

𝐻.𝑑𝑙 =

∫
𝑆1

𝑔𝑟

𝜇0
𝑑𝑟,

∫
𝑆2

𝐻.𝑑𝑙 ≈ 0,
∫
𝑆3

𝐻.𝑑𝑙 = 0

⇒ 𝑁𝐼𝑝𝑒𝑟 𝑝𝑜𝑙𝑒 =
𝑔𝑅2

2𝜇0

(2.39)
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Figure 2.11.: Sextupole magnet cross-section (left) and magnetic field distribution in the
horizontal direction (right).

2.2.4. Sextupoles

Sextupole magnets are mostly used in circular accelerators to correct chro-
matic aberrations. In fact, particles with different energies are focused
to different points when they reach quadrupole magnets and sextupole
magnets are used to prevent this scattering of the particles. These multipole
magnets can also be used to compensate for the six-pole component caused
by dipole magnets, i.e. the first allowed error of dipole magnets. In any ideal
sextupole, pole profile coordinates and magnetic field versus horizontal
direction can be obtained by Eq. 2.40.

3𝑥2𝑦 − 𝑦2 = ±𝑅2

𝐵𝑦 (𝑥) =
1
2𝑠𝑥

2, 𝑠 =
𝑑2𝐵

𝑑𝑟 2 ,
(2.40)

where 𝑅 is the magnet aperture radius and 𝑠 is the sextupole component.
Using Ampere’s law, one can calculate the magnetic field in terms of magnet
coil current, Fig. 2.12 and equation (2.41).
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Figure 2.12.: Integration path in a sextupole magnet.∮
𝐶

𝐻.𝑑𝑙 = 𝑁𝐼∫
𝑆1

𝐻.𝑑𝑙 +
∫
𝑆2

𝐻.𝑑𝑙 +
∫
𝑆3

𝐻.𝑑𝑙 = 𝑁𝐼∫
𝑆1

𝐻.𝑑𝑙 =

∫
𝑆1

𝑠𝑟 2

2𝜇0
𝑑𝑟,

∫
𝑆2

𝐻.𝑑𝑙 ≈ 0,
∫
𝑆3

𝐻.𝑑𝑙 = 0

⇒ 𝑁𝐼𝑝𝑒𝑟 𝑝𝑜𝑙𝑒 =
𝑠𝑅3

6𝜇0

(2.41)

2.2.5. Combined-function magnets

Combined-function magnets combine several different functions together
in one magnet. These magnets can save energy, space, and cost and are
of great interest in compact accelerators in spite of design and fabrica-
tion complications. For example, a combined dipole with a superimposed
quadrupole, both guides and focuses the particle beam, or a quadrupole
magnet that also acts as a sextupole and is a common type of magnet in
many accelerators [13, 14]. In these magnets, combined fields are usually
created by applying changes to the pole equation, Fig. 2.13 and Table 2.2,
or by placing additional coils, Fig. 2.14.
Looking at the bottom side of Fig. 2.13, to have an integrated sextupole

component in the quadrupole magnet, here 3.22 T m−2, the pole profiles are
rotated by 0.467◦ clockwise. But this rotation causes an unwanted dipolar
component in the center, in order to eliminate this component two different
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2.2. Iron-core magnets

Figure 2.13.: Designed pole profiles for; combined function dipole with the dipole field of
𝐵 = 1.42 T and two different quadrupole components (top) [15] and combined
function quadrupole with sextupole component (bottom) [16], both these
designs were done by S. Fatehi for the ILSF magnets.

Table 2.2.: Pole profile equation for the common combined-function magnets.

Magnet type Pole equation

Dipole+Quadrupole 𝑦 = ℎ(0)/(1 + 𝑔𝑥

𝐵0
)

Dipole+Quadrupole+sextupole 𝑦 = ℎ(0)/(1 + 𝑔𝑥

𝐵0
+ 𝑠 𝑥2

2𝐵0
)

Quadrupole+sextupole 𝑔𝑥𝑦 + 𝑠 (𝑥2𝑦 − 𝑦3

3 ) = cte

apertures, 18 mm and 18.2 mm, are imposed on the left and right poles.
Figure 2.14 shows a sextupole magnet with combined dipole and skew
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2. Fundamentals

Figure 2.14.: Sextupoles magnet with superimposed dipolar and quadrupolar fields.

Figure 2.15.: Field lines inside a combined function sextupole, when the sextupole coils
are off and horizontal correction (left), vertical correction (center), and skew
quadrupole coils are on. In Steering coils, green and orange represent, the
positive and negative current flux in each coil respectively, this design is
developed by S. Fatehi and published in ILSF conceptual design report [17].

quadrupole components, in which the additional fields are created using
extra, independently powered coils. Skew quadrupolar auxiliary windings
are energized with the same polarity, while for the horizontal steering
windings the polarity at the poles 30°, 90°and 150° is opposite to that of
poles 210°, 270°, and 330°. Vertical steering is generated when the polarity
at poles 150° and 210° is opposite to that of 30° and 330°, which leads to the
field lines as shown in Fig. 2.15.
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2.2. Iron-core magnets

Figure 2.16.: Schematic view of magnetic length.

2.2.6. Magnetic length

If we approach a magnet with a measuring probe in the longitudinal direc-
tion, the measuring device detects the presence of a magnetic field adjacent
to the two ends of the magnet. The field increases slowly by approaching
the magnet ends and remains constant in the gap space in the center of the
magnet. By integrating the magnetic field on the beam path, it can be seen
that this value is always greater than the multiplication of the field and
the mechanical length of the magnet. Therefore, the quantity of "magnetic
length" is defined as follows[18]

𝐿mag(𝑥) =
∫

𝐵(𝑥,𝑦, 𝑧)
𝐵0

𝑑𝑧 (2.42)

where 𝐵0 is the field at the magnet center i.e. at 𝑥 = 𝑦 = 𝑧 = 0.
In the special cases where the mechanical length is much larger than the
size of the magnetic gap, the following approximate relations are valid.

Dipole 𝐿mag = 𝐿iron + 2ℎ𝐾
Quadrupole 𝐿mag = 𝐿iron + 2𝑅𝐾

(2.43)

ℎ is the full gap length in dipoles, 𝑅 is the aperture radius in quadrupoles,
𝐿iron is the mechanical length of the magnet and 𝐾 is the geometry-specific
constant which is equal to 0.54 and 0.45 for dipoles and quadrupoles respec-
tively. Although the exact value of 𝐾 should be calculated by numerical
calculations for each magnet [19].
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2. Fundamentals

Figure 2.17.: Schematic view of the magnet design procedure.

2.2.7. Principles of magnet design

The purpose of designing the magnets is to have a system with reliable
operation and a high safety factor at a reasonable price in a reasonable time.
Since the particle beam goes through the magnets, single turn or several
turns, achieving the desired quality for the magnetic field and low field
errors is very important. Therefore, keeping the required field tolerances
must be considered at every stage of design. This section describes methods
that can be applied in magnet design to fulfill the required tolerances and
conditions. In Fig. 2.17, the common design steps are given.

2.2.7.1. Determining the iron core material

One of the most important design steps is to determine the type of iron,
which varies according to the type of application. For example, ferromag-
netic blocks can be used in DC current magnets, while in the magnets with
AC current (up to several kHz) to prevent eddy current, it is necessary to
use sheets of non-oriented electrical steel with a thickness of less than 1 mm
[18].
In order to improve the magnetic and mechanical properties of the iron
sheet, it is annealed in the presence of a low-carbon atmosphere. Carbon
percentage is one of the important factors in choosing yoke material as
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2.2. Iron-core magnets

increasing the carbon percentage causes saturation in lower fields and
increases the hardness. Therefore lower carbon percentage is preferred.
Using silicon in addition results in higher punch ability, fewer burrs, and

less hysteresis loss. In the production of electric steels, it is necessary for
the magnetic properties to be constantly uniform throughout the length of
the sheet and from sheet to sheet. For further reduction of eddy current, the
sheets are covered by insulating materials on both sides. The most common
type of electrical steel is AISI1010 (maximum 1% carbon 0.3% silicon) and
one of the best quality ones is M1200-100A (maximum 0.003% carbon 1.3%
Silicon) from ThyssenKrupp Steel Europe AG. [20]. AISI1010 is named after
American Iron and steel standards and is equivalent to DIN EN 1.0032 in
Europe.

2.2.7.2. Pole profile design and optimization

One of the most important and influential parameters in the design of
the magnets is "having good field quality in the good field region (GFR)",
which is defined and determined by beam specifications during the lattice
design. In the GFR the field quality, Δ𝐵/𝐵0, needs to be kept such that
higher-order multipoles do not affect the beam dynamics. Therefore, after
determining the main parameters of the magnet, including field strength,
magnet length, and magnet aperture size using existing design codes such
as Opera [21], poisson[22], FEMM [23], magnetic design begins. The main
steps in designing magnets, to achieve the required field quality, are given
in the following.
Shimming and tapering In the magnets, due to limited space and the
need to locate the coils, the pole profile cannot continue indefinitely and
must be cut somewhere. Limiting the size of the magnetic pole disturbs the
quality of the field and increases the values of the higher-order components
of the field. The first step is to determine a cut-off point according to the
needed GFR, then, a shim, as shown in Fig. 2.18, is added to the pole profile
from this cutting point, which causes the concentration of the magnetic
field at this edge. To reduce the accumulation of field lines, some iron is
reduced from the profile and since the sharp points are unattainable during
construction, these corners are chamfered and rounded with a small radius.
Moreover, in order to avoid saturation at upper excitation levels of the
magnet, the pole root is usually tapered slightly outwards [18, 24].
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2. Fundamentals

Figure 2.18.: Schematic of the shimming process according to the explanations in [24].

Figure 2.19.: Pole profile and shim shapes designed by FEMM for combined function dipole
(left), quadrupole (center) and sextupole (right) magnets [26], designs were
done by S. Fatehi.

Figure 2.19 shows some examples of pole profile and shim shapes designed
by FEMM software for dipole, quadrupole, and sextupole magnets are given.

2.2.7.3. Field quality

After the shimming process, in order to finalize the shape of the pole and the
shim, it is necessary to check the quality of the field and test the required
quality value which is usually of the order of 10−4 in the good field region.
The field quality for the three common magnets; dipole, quadrupole, and
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2.3. Air-core magnets

Figure 2.20.: Chamfers on H-type dipole magnet (left) and quadrupole magnets (right).

sextupole is obtained from the following equations [25],

Dipole Δ𝐵

𝐵0
=
𝐵 − 𝐵0
𝐵0

Quadrupole Δ𝑔

𝑔0
=
𝑔 − 𝑔0
𝑔0

Sextupole Δ𝑠

𝑠0
=
𝑠 − 𝑠0
𝑠0

.

(2.44)

2.2.7.4. Chamfering

In order to study the end fields of the magnet due to the limited length
of the iron core and the coil, it is necessary to examine the magnets in
three dimensions. In the three-dimensional design, which can be done by
codes such as Opera[21], RADIA [27], MERMAID [28], etc. The two ends
of the magnet are cut to a certain angle and depth so that the quality of
the field integral and the integrated higher-order multipoles do not exceed
the permitted values. The field integral quality is obtained by integrating
the relations in equation (2.44). In other words, the best chamfer is the one
that keeps the magnetic length, see sub-Section 2.2.6, constant in the good
field region. Figure 2.20 shows two samples of chamfers on H-type dipole
magnets and quadrupole magnets of the Iranian Light Source Facility (ILSF)
booster ring.

2.3. Air-core magnets

Magnets play a key role in accelerators and maintain the particle beam with
the required characteristics on the desired path by applying a fixed field
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2. Fundamentals

Figure 2.21.: Magnetic field generated in 𝑧 by an infinitely thin current line placed at 𝑧0,
geometric plane represented by complex plane.

(dipole magnet) or a radial field (quadrupole, sextupole, etc.), perpendicular
to the path of the beam. Although magnets have no role in particle accel-
eration, in the relativistic relationships the final beam energy is directly
proportional to the dipolar field, 𝐵, and the bending radius 𝑅, as it was
discussed in Section 2.1.

𝐸 (𝐺𝑒𝑉 ) = 0.3𝐵𝜌 (Tm) (2.45)

𝜌 is the radius of curvature, Larmor radius, 𝐵 is the magnetic field and 𝐸
is particle energy. In air-core magnets, compared to iron-core magnets,
the magnetic field is determined by the spatial distribution of the wind-
ing currents. For this reason, the shape of the coil must be optimized to
achieve the highest field and the best field quality. In air-core magnets,
especially the superconducting ones, because of the required high magnetic
field, forces of several ten/hundred kilonewtons are exerted on the coils.
So, to maintain mechanical stability and magnet rigidity a non-magnetic
mechanical structure is also required. Moreover, the use of iron cores in
these types of magnets is generally for shielding purposes to block the
generated high-strength magnetic field from surrounding devices. Starting
with the Biot–Savart law, one can derive how to make a ‘good’ dipole or
quadrupole field with current carrying lines independent of the specific
features of superconductivity. This is the main building block that can be
used to construct the so-called cos-theta layout. Using Biot–Savart law for
the magnetic field generated by a current line, Fig. 2.21, one can obtain:
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2.3. Air-core magnets

Figure 2.22.: Two overlapping cylinders with current density 𝐽 , the center points 𝐶1 and
𝐶2 separated in 𝑥 direction by a distance 𝑡 .

𝐵 =
𝜇0𝐼

2𝜋 (𝑧 − 𝑧0)

=
−𝜇0𝐼

2𝜋𝑧0

1
(1 − 𝑧

𝑧0
)

=
−𝜇0𝐼

2𝜋𝑧0

∞∑︁
𝑛=1

( 𝑧
𝑧0
)𝑛−1

(2.46)

Comparing equations 2.46 and 2.35, we obtain the multipoles of a current
line,

𝐵𝑛 + 𝑖𝐴𝑛 =
−𝜇0𝐼

2𝜋𝑧0
(
𝑅𝑟𝑒 𝑓

𝑧0
)𝑛−1. (2.47)

Where the reference radius 𝑅𝑟𝑒 𝑓 has no physical meaning, it is just a choice
of units to express the multipoles and is usually chosen to be 2/3 of the
magnet aperture, [29]. Moreover, using the Ampere law and considering
two overlapping cylinders with current density 𝐽 which flow in opposite
directions, one can show that it gives a perfect dipole field in the aperture,
where the currents cancel out each other,[30]. The magnetic field inside a
cylinder carrying uniform current density can be derived as∮

𝐶

𝐵. 𝑑𝑙 = 𝜇0𝐼

2𝜋𝑟𝐵 = 𝜇0𝐽𝜋𝑟
2

𝐵 = 𝜇0
𝐽𝑟

2

(2.48)
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Now using Eq. 2.48, looking at Fig. 2.22 and combining the effect of the
two cylinders we have

𝐵𝑥 = 𝜇0
𝐽

2 (𝑟1 cos𝜃1 + 𝑟2 cos𝜃2) = 0

𝐵𝑦 = 𝜇0
𝐽

2 (−𝑟1 sin𝜃1 + 𝑟2 sin𝜃2) = 𝜇0
𝐽𝑡

2

(2.49)

Obtaining the vector potential from the Eq. 2.46, a pure dipole field can be
also created using a cos-theta current distribution with a current density
that varies as a function of the azimuthal angle 𝜃 , [31].

𝐽 = 𝐽0 cos𝜃 . (2.50)

This means that there is a maximal current on the mid-plane, with the
opposite signs on the left and right sides of the aperture, and zero current
at 90° and 270°. This can be realized by sector coils with a uniform current
density that are separated with wedges, see sections 2.3.1 and 2.3.2.
This form of current density not only creates a dipole field but is also the
most optimal form of current distribution that generates the most flux and
magnetic energy [29]. Thismeans that the number of Ampère turns required
to create a given field, in this case, is less than any other distribution. This
is especially important in superconducting magnets, where the cost of the
wire is an important part of the expenditure. Like dipoles, quadrupolar
fields can also be obtained by a constant-thickness current shell 𝑡 in which
the current density depends on the following relation,[31],

𝐽 = 𝐽0 cos 2𝜃 . (2.51)

In fact, any spherical current distribution with current density 𝐽 = 𝐽0𝑐𝑜𝑠𝑛𝜃
forms a multipolar field of order 𝑛. In practice, superconducting magnets
are composed of shells with a constant current density that is arranged by
spacer components in such a way as to create a 𝑐𝑜𝑠𝜃 current distribution,
[29, 31].

2.3.1. Dipoles

As discussed in the previous section, a 𝑐𝑜𝑠𝜃 current distribution can create
a good dipolar field and can be approximated and realized by sector coils,
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2.3. Air-core magnets

Figure 2.23.: Sector coil dipole (left), and quadrupole (right).

Considering Fig. 2.23 and Eq. 2.47 for 𝑛 = 1 we can write

𝐵1 =
−𝜇0𝐼

2𝜋 ℜ(1
𝑧
) , 𝑧 = 𝑟𝑒𝑖𝜃

𝐵1 =
−𝜇0𝐼

2𝜋
cos𝜃
𝑟

(2.52)

In cylindrical coordinates, we have 𝐼 = 𝐽𝑟𝑑𝑟𝑑𝜃 so

𝑑𝐵1 =
−𝜇0𝐽𝑟𝑑𝑟𝑑𝜃

2𝜋
cos𝜃
𝑟

𝐵1 =
−𝜇0𝐽

2𝜋 2
∫ 𝛼

−𝛼
cos𝜃𝑑𝜃

∫ 𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑟𝑑𝑟

𝑟

𝐵1 =
−2𝜇0𝐽

𝜋
(𝑅𝑜𝑢𝑡 − 𝑅𝑖𝑛) sin𝛼

(2.53)

In the above relations 𝛼 is half of the angular width of the sector coils, 𝑅𝑜𝑢𝑡
is the outer radius, and 𝑅𝑖𝑛 is the inner radius where the difference of these
radii is the radial width of the sector coil and is important for estimating
the volume, mass, and cost of copper used in the coil. As can be seen from
Eq. 2.53, for a dipole magnet the main field 𝐵1 is proportional to the current
density and the radial width of the coil and is independent of its internal
radius. We know from Section 2.2.1 the allowed higher order multipoles for
dipoles are 𝑛 = 3, 5, 7, .., (2𝑛+1) and we can calculate these terms starting
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by Eq. 2.47 as follows.

𝐵𝑛 =
−𝜇0𝐼

2𝜋 𝑅𝑛−1
𝑟𝑒 𝑓

ℜ( 1
𝑧0
)𝑛−2

𝑑𝐵𝑛 =
−𝜇0𝐽𝑟𝑑𝑟𝑑𝜃

2𝜋 𝑅𝑛−1
𝑟𝑒 𝑓

ℜ(𝑒
−𝑖𝜃

𝑧0
)𝑛−2

𝐵𝑛 =
𝜇0𝐽𝑅

𝑛−1
𝑟𝑒 𝑓

𝜋

2 sin𝑛𝛼
𝑛

(𝑅2−𝑛
𝑜𝑢𝑡 − 𝑅2−𝑛

𝑖𝑛 )
2 − 𝑛

𝐵𝑛 =
2𝜇0𝐽𝑅

𝑛−1
𝑟𝑒 𝑓

𝜋

(𝑅2−𝑛
𝑜𝑢𝑡 − 𝑅2−𝑛

𝑖𝑛 )
𝑛(2 − 𝑛) sin𝑛𝛼

(2.54)

Considering 𝛼 = 60◦, the sextupolar field 𝐵3 is zero, and the first multipolar
error is related to the ten-pole field 𝐵5, which is almost a hundred times
larger than the allowable limit. As can be seen from Eq. 2.54, coils with a
width much larger than the inner radius 𝑅𝑜𝑢𝑡 ≫ 𝑅𝑖𝑛, naturally have small
multipolar errors. Therefore, in order to optimize the field quality, more
degrees of freedom should be considered. For this purpose, two layers
of segmental windings with the same width and different angular widths
𝛼1 and 𝛼2 are used to zero the sextupole and tenth-pole components at
the same time, see Fig. 2.24, left. Superimposing the fields of these two
layers, considering 𝑅𝑖𝑛 = 𝑟 , 𝑅𝑜𝑢𝑡 = 𝑟 +𝑤 for the first layer and 𝑅𝑖𝑛 = 𝑟 +𝑤 ,
𝑅𝑜𝑢𝑡 = 𝑟 +2𝑤 for the second layer, using Eq. 2.54 one can write the sextupole
and tenth-pole field components as follows,

𝐵3 ∝ sin(3𝛼1) (
1

𝑟 +𝑤 − 1
𝑟
) + sin(3𝛼2) (

1
𝑟 + 2𝑤 − 1

𝑟 +𝑤 ) = 0

𝐵5 ∝ sin(5𝛼1) (
1

(𝑟 +𝑤)3 − 1
𝑟 3 ) + sin(5𝛼2) (

1
(𝑟 + 2𝑤)3 − 1

(𝑟 +𝑤)3 ) = 0

(2.55)

Also by adding one wedge to the first layer and having three free parameters
𝛼1, 𝛼2 and 𝛼3 one can diminish the fourteenth-pole component too, (see Fig.
2.24, right and [29] .
In order to better understand and compare the intensity of the magnetic
field caused by coils with the same radial width(𝑤 ) and different layout
(number of layers, angles, and number of wedges), the coefficient 𝛾0 for
each layer is defined according to the following relation:

𝐵 = 𝛾0𝑤𝐽, (2.56)
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2.3. Air-core magnets

Figure 2.24.: Layout of dipolar coils, one-layer with one wedge (right) and two-layer with
no wedges (left).

where for one layer coil with angular width 𝛼 = 60◦,

𝛾0 =
2𝜇0
𝜋

sin 𝜋3 ≈ 6.9 × 10−7 T.m.A−1 (2.57)

In order to find the coefficient 𝛾0 for different configurations of coil sectors
and wedges, the resulting fields for individual sectors using Eq. 2.52 should
be calculated and added up. Then by comparing the field with Eq. 2.56, the
coefficient 𝛾0 and specifications for different common coil layouts can be
summarized in Table2.3.

2.3.2. Quadrupoles

Considering the sector coil layout for an air-core quadrupole, as shown in
Fig. 2.23 and Eq. 2.47 for 𝑛 = 2 we can define the field gradient 𝑔 as follows

𝐵2 =
−𝜇0𝐼𝑅𝑟𝑒 𝑓

2𝜋 ℜ( 1
𝑧2 ) , 𝑧 = 𝑟𝑒

𝑖𝜃

𝑔 =
𝐵2
𝑅𝑟𝑒 𝑓

=
−𝜇0𝐼

2𝜋
cos 2𝜃
𝑟 2

(2.58)

Switching to the polar coordinates, 𝐼 = 𝐽𝑟𝑑𝑟𝑑𝜃 ; considering 𝑅𝑖𝑛 as the sector
coil inner radius and 𝑅𝑜𝑢𝑡 = 𝑅𝑖𝑛 (𝑟 )+ 𝑤 (coil width), field gradient can be
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Table 2.3.: Different angular layouts for air-core dipole, canceling the first allowed har-
monics.

Layout No.wedges Angular width 𝛾0 Zero harmonics
[0◦ − 60◦] 0 60◦ 6.928E-7 𝐵3
[0◦ − 48◦, 60◦ −
72◦] 1 60◦ 6.625E-7 𝐵3, 𝐵5

[0◦ − 24◦, 36◦ −
60◦] 1 48◦ 5.480E-7 𝐵3, 𝐵5

[0◦ − 36◦, 44◦ −
64◦] 1 56◦ 6.335E-7 𝐵3, 𝐵5

[0◦−43.2◦, 52.2◦−
67.3◦] 1 58.3◦ 6.535E-7 𝐵3, 𝐵5

[0◦−33.3◦, 37.1◦−
53.1◦, 63.4◦ −
71.8◦]

2 57.7◦ 6.411E-7 𝐵3, 𝐵5, 𝐵7

derived by integrating over the sector coil;

𝑑𝑔 =
−4𝜇0𝐽𝑟𝑑𝑟𝑑𝜃

2𝜋
cos 2𝜃
𝑟 2

𝑔 =
−4𝜇0𝐽

2𝜋

∫ 𝛼

−𝛼
cos 2𝜃𝑑𝜃

∫ 𝑅𝑜𝑢𝑡

𝑅𝑖𝑛

𝑟𝑑𝑟

𝑟 2

𝑔 =
−2𝐽 𝜇0
𝜋

ln 𝑅𝑜𝑢𝑡
𝑅𝑖𝑛

sin 2𝛼 = 𝛾0𝐽 ln 𝑅𝑜𝑢𝑡
𝑅𝑖𝑛

𝑔 = 𝛾0𝐽 ln 𝑟 +𝑤
𝑟

= 𝛾0𝐽 ln (1 + 𝑤
𝑟
)

(2.59)

Where

𝛾0 =
−2𝜇0
𝜋

sin 2𝛼 (2.60)

Therefore, the gradient is proportional to the current density and to the
natural log of one plus the ratio of the coil width and the magnet aperture
[29]. Also, the higher-order multipoles can be obtained in the same way as
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dipoles.

𝐵𝑛 =
−𝜇0𝐼

2𝜋 𝑅𝑛−1
𝑟𝑒 𝑓

ℜ( 1
𝑧0
)𝑛−2

𝑑𝐵𝑛 =
−𝜇0𝐽𝑟𝑑𝑟𝑑𝜃

2𝜋 𝑅𝑛−1
𝑟𝑒 𝑓

ℜ(𝑒
−𝑖𝜃

𝑧0
)𝑛−2

𝐵𝑛 =
𝜇0𝐽𝑅

𝑛−1
𝑟𝑒 𝑓

𝜋

4 sin𝑛𝛼
𝑛

(𝑅2−𝑛
𝑜𝑢𝑡 − 𝑅2−𝑛

𝑖𝑛 )
2 − 𝑛

𝐵𝑛 =
4𝜇0𝐽𝑅

𝑛−1
𝑟𝑒 𝑓

𝜋

(𝑅2−𝑛
𝑜𝑢𝑡 − 𝑅2−𝑛

𝑖𝑛 )
𝑛(2 − 𝑛) sin𝑛𝛼

(2.61)

Looking at the Eq. 2.61, for 𝛼 = 30◦ multipole corresponds to the 𝐵6, 𝑛 =
6, is zero and the first allowed multipole is 𝐵10, the twentieth-pole field.
Therefore, in this case, it is also necessary to consider more degrees of
freedom in order to suppress the higher-order multipoles. For this purpose,
methods such asmulti-layer winding layout and addingwedges, whichwere
discussed in detail in the dipole Section 2.3.1, are used. Adding layers and
wedges to diminish 𝐵6 and 𝐵10 yields similar results as dipoles which means
any angular solution for a dipole canceling the first𝑛 allowed harmonics will
also cancel the first 𝑛 allowed quadrupolar harmonics, provided that angles
should be divided by a factor of 2,[31]. The coefficient 𝛾0 and specifications
for different common coil layouts can be summarized in Table2.4

2.4. Magnetic measurement

To determine the validity of the magnet design and ensure the qualified
operation of the magnets, usually it is recommended to do a magnetic
measurement for a prototype magnet before going to the series production.
Then according to the obtained measurement results, the necessary changes
will be applied to the design or fabrication procedure of the magnet. There
are several magnetic measurement methods, like the Hall probe, Nuclear
Magnetic Resonance (NMR), stretched wire, and rotating coil method which
is an accurate method for measuring multipole components, especially in
magnets with circular apertures like quadrupoles and sextupoles, [32]. The
best method for an application is selected depending on parameters such
as the size of the magnet aperture, field intensity, field homogeneity, and
required accuracy. In this thesis, a Hall sensor was used to measure the
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Table 2.4.: Different angular layouts for air-core quadrupole, canceling the first allowed
harmonics.

Layout No.wedges Angular width 𝛾0 Zero harmonics
[0◦ − 30◦] 0 30◦ 6.928E-7 𝐵6
[0◦ − 24◦, 30◦ −
36◦] 1 30◦ 6.625E-7 𝐵6, 𝐵10

[0◦ − 12◦, 18◦ −
30◦] 1 24◦ 5.480E-7 𝐵6, 𝐵10

[0◦ − 18◦, 22◦ −
32◦] 1 28◦ 6.335E-7 𝐵6, 𝐵10

[0◦−21.6◦, 26.1◦−
33.7◦] 1 29.2◦ 6.535E-7 𝐵6, 𝐵10

[0◦−16.7◦, 18.6◦−
26.6◦, 31.7◦ −
35.9◦]

2 28.9◦ 6.411E-7 𝐵6, 𝐵10, 𝐵14

magnetic field in the experimental work so in the following the Hall probe
measurement method is reviewed in more detail.

2.4.1. Hall probe

A Hall probe is a semiconductor suitable for point-to-point field measure-
ments. If no magnetic field is applied, the charge carriers in the semicon-
ductor move parallel to the external electric field. Under the influence of
the external magnetic field, the charge carriers are separated from each
other and the Hall voltage is produced according to the applied current
and magnetic field, Fig. 2.25. The Hall generator is mainly sensitive to a
component of the magnetic field that is perpendicular to the plane of the
probe (shown as the x-y plane), This generator is usually made of n-type
semiconductors such as InSb (Indium Antimonide), and InAs (Indium Ar-
senide) with high electron mobility. To derive the relation between the Hall
voltage and applied magnetic field it should be noticed that by applying
an external magnetic field to a current-carrying Hall sensor, the electrons
with the velocity 𝑣𝑒 encounter the Lorentz force 𝐹𝐿

®𝐹𝐿 = −𝑒 ( ®𝐸 + ®𝑣𝑒 × ®𝐵), (2.62)
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2.4. Magnetic measurement

Figure 2.25.: Sketch of a Hall generator, consists of a thin semiconductor plate of length 𝑙 ,
width𝑤 , and thickness 𝑡 .

Under this Lorentz force, the electrons are pushed by the magnetic force
toward the edge of the semiconductor plate. As a consequence of this charge
separation, an electric field is induced across the plate which is defined by

®𝐸𝐻 = ®𝑣𝑒 × ®𝐵 (2.63)

Therefore, the Hall voltage V𝐻 across the width of the semiconductor plate,
𝑤 , can be calculated by the integral of the electric field as follows

𝑉𝐻 =

∫ 𝑆2

𝑆1

®𝐸𝐻 𝑑𝑤 =
−𝐽
𝑛𝑒
𝐵𝑤 (2.64)

where the current density is 𝐽 = 𝐼/𝑤𝑡 , 𝑛𝑒 is the density of electrons and 𝑡 is
the thickness of the plate. So, the Hall voltage can be defined as a function
of the current and the magnetic field

𝑉𝐻 =
𝑅𝐻

𝑡
𝐼𝐵 (2.65)

where 𝑅𝐻 = -1/𝑛𝑒 is the Hall coefficient, [33]. The main limitation to the
accuracy of the Hall probe is the temperature dependence of the Hall voltage.
This problem can be reduced by temperature control or by calibrating the
sensor. Other limitations include the sensitivity to the field components
in the Hall plane, often referred to as the planar Hall effect, and the non-
linearity of the calibration curve, [34]. The Hall probe is a useful tool
for local mapping of the magnetic field. However, field mapping is time-
consuming, and not accurate enough when field integrals are required. For
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Table 2.5.: Critical temperatures for Various Superconductors.

Material T𝑐(K)

Zn 0.88

Al 1.14

Sn 3.72

Pb 7.9

Nb-Ti 9.46

Nb3Sn 18.05

Nb3Ge 23.20

YBa2Cu3O7 92

Bi–Sr–Ca–Cu–O 105

Tl–Ba–Ca–Cu–O 125

HgBa2Ca2Cu3O8 134

this reason, integral measurement methods like stretched wire or rotating
coil are used.

2.5. Superconductivity in magnets

Superconductivity is a physical property of a material that manifests itself
in vanishing electrical resistivity as well as the expulsion of the magnetic
field at temperatures below a certain cryogenic temperature 𝑇𝑐 . This phe-
nomenon was first discovered in 1911 by Heike Kammerlingh Onnes when
he passed a current through a very pure mercury wire and measured no
resistance at temperatures less than 4.2 K. Using coils wound of supercon-
ducting wires leads to very high current densities, up to 2000 A mm−2, and
strong magnetic fields up to 20 T, whereas normal conducting magnets due
to ohmic loss and cooling issues can tolerate only up to 10 A mm−2 current
density and generate usually up to 2 T magnetic fields. To make use of these
benefits, long-term research has led to finding superconductivity in many
elements and compounds with different critical temperatures, 𝑇𝑐 . Table 2.5
shows critical temperatures for various superconductors [35] and [31].
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Figure 2.26.: Meissner effect: the expulsion of the magnetic flux inside a superconductor
due to the induced surface current at 𝑇 < 𝑇𝑐 and non-changing external field.

2.5.1. Superconductors Type I and Type II

Expelling an external magnetic field at temperatures below the critical
temperature is one of the main characteristics of superconducting materials
and is called the Meissner effect. To understand the Meissner effect, one
can see what happens to a perfect conductor when it is cooled down to
temperatures less than its critical temperature, starting with Ohm’s law

𝐼 =
Δ𝑉

𝑅
(2.66)

In a perfect conductor with 𝑅 ≈ 0, the potential difference and thus the
electric field 𝐸 inside the material is zero. Also according to Faraday’s law,
Eq. 2.67, since 𝐸 is zero everywhere inside the material and the integral of
𝐸 over any closed path inside is zero, 𝑑Φ𝐵/𝑑𝑡 = 0.

Δ × 𝐸 = −𝑑𝐵/𝑑𝑡

Stokes′theorem
∮
𝐶

𝐸. 𝑑𝑙 = −𝑑Φ𝐵/𝑑𝑡
(2.67)
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This indicates that the magnetic flux in any cooled perfect conductor cannot
change and thereforemagnetic field, 𝐵 = Φ𝐵/𝐴, must remain constant inside.
It also means that if the perfect conductor is cooled down in the presence
of an external magnetic field, the field is trapped inside even for 𝑇 < 𝑇𝑐 .
For superconductors, however, in contrast to an ideal conductor, at 𝑇 < 𝑇𝑐 ,
there is always a surface current that makes the magnetic field inside zero
even if the external field has been applied before cooling the material. This
surprising characteristic of the superconductors cannot be explained by the
law of induction due to having a constant magnetic field before and after
the cooling and is the so-called Meissner effect, Fig. 2.26.
Superconductors that exhibit the complete Meissner effect like mercury,
lead and aluminum are named Type I or soft superconductors while those
which exhibit an incomplete Meissner effect, which in other words admit a
partial penetration of magnetic flux, such as Nb-Ti, Nb3Sn, and ReBCO (Rare
earth Barium Copper Oxide), are called Type II or hard superconductors
[35].
Type II superconductors have two critical magnetic fields 𝐵𝑐1 and 𝐵𝑐2. For
temperatures well below the critical temperature and at external fields
lower than the 𝐵𝑐1, the material stays completely in the superconducting
state and shows the complete Meissner effect as Type I superconductors.
At external fields between 𝐵𝑐1 and 𝐵𝑐2, a mixture of normal conducting
and superconducting states appear, the so-called Shubnikov phase, which
is characterized by the formation of magnetic field vortices. The vortex
density increases with increasing field strength. At fields higher than the
critical field 𝐵𝑐2 superconductivity is destroyed, Fig. 2.27.
In spite of zero resistivity below the critical temperature, superconductors
can carry only a limited amount of current, 𝐼𝑐 which also depends on the
temperature 𝑇 and magnetic field 𝐵. This current can even become zero
if the critical magnetic field or the critical temperature is reached. Figure
2.28 depicts the phase diagram for the superconducting phase of type II
superconductors.

2.5.2. Low-temperature and high-temperature superconductors

The type-II superconductors are categorized further into Low-Temperature
Superconductors (LTS), like Nb-Ti and Nb3Sn, and High-Temperature Super-
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Figure 2.27.: Superconductors Type I (left) and Type II (right).

Figure 2.28.: Superconductors type II critical surface given by critical magnetic field 𝐵𝑐 ,
critical temperature 𝑇𝑐 , and the critical current 𝐼𝑐 forms the limit between the
superconducting and normal phases.

conductors (HTS), like ReBCO (rare earth barium copper oxide) or Bi-2212
(Bi2Sr2CaCu2O6+𝑥 ), based on their critical temperature value with respect
to the boiling point of liquid nitrogen, 77 K. The first high-temperature
superconductor was discovered in 1986, by IBM researchers Bednorz and
Müller, who were awarded the Nobel Prize in Physics in 1987 "for their
important breakthrough in the discovery of superconductivity in ceramic
materials". All other materials discovered before this were superconduct-
ing with critical temperatures near the boiling points of liquid helium or
hydrogen (4.2 K and 20 K, respectively), which are both more expensive
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Figure 2.29.: Comparison of the critical surfaces of Nb-Ti and Nb3Sn, both LTS conductors
and ReBCO, HTS conductor [29].

and difficult to obtain than liquid nitrogen. A substance with a critical
temperature above the boiling point of liquid nitrogen, together with a high
critical magnetic field and critical current density, would greatly benefit
technological applications. Figure 2.29 shows the critical surfaces for two
common LTS in comparison to high-temperature superconductor ReBCO.
Superconducting coils in accelerators are frequently wound using low-
temperature superconductors like Nb-Ti and Nb3Sn. Nb-Ti is a ductile alloy
that makes it easy to deform, while Nb3Sn is a brittle solid-state compound
that makes the fabrication, winding, and handling of wires and coils more
complex. Therefore, Nb3Sn wires are usually applied only if the magnetic
fields exceed 9 T and Nb-Ti wires cannot carry the required amount of cur-
rent. In LTS accelerator magnets, flattened helical cables called Rutherford
cables are commonly used. The majority of high-temperature supercon-
ductors are ceramic materials and due to the anisotropy and production
process of the ceramics, round-wire cabling techniques cannot be used for
HTS coils, except for Bi-2212 wires. The conductors are usually in form of
flat tapes consisting of a metallic substrate on which a thin film of these ce-
ramics is deposited. In addition to the higher critical temperature, the HTS
materials exhibit very high critical magnetic fields and critical current den-
sities, particularly when cooled to lower temperatures. At 4.1 K and fields
above 20 T, they perform much better than even the best Nb3Sn wires. A
chart with the current carrying capacity of some practical superconductors
is published by P. Lee [36] and shown in Fig. 2.30.
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Figure 2.30.: Current carrying capacity of some practical superconductors vs. magnetic
field published by P. Lee [36], the author’s permission is granted.

2.5.2.1. ReBCO tapes

High-temperature superconductors offer performance advantages and oper-
ating space and margins that do not exist with low-temperature supercon-
ductors. They are of great interest, especially, in high-field applications (for
𝐵 > 23 T) such as particle accelerators, magnetic confinement fusion, and
nuclear magnetic resonance. Indeed, the maximum achievable magnetic
field with low-temperature superconductors (LTS) is limited to a value of
23.5 T at 2 K, [37], while using HTS ReBCO coated conductors reaching a
magnetic field of 45.5 T was reported for using an HTS insert coil in a resis-
tive magnet, [38]. One of the main characteristics of HTS materials is their
anisotropy: the dependency of the critical current on the field orientation
with respect to the tape face (angle 𝛼), in addition to being a function of
temperature and magnetic field i.e. 𝐼𝑐 (𝑇, 𝐵, 𝛼). The highest critical current
is obtained when the applied magnetic field is parallel to the tape face (𝐵∥)
and the critical current is lowest when the field is perpendicular to the tape

45



2. Fundamentals

Figure 2.31.: A schematic of the critical current (I𝑐 ) dependency to the relative direction
of the magnetic field 𝐵 with respect to the tape face in an HTS tape; field
direction has an angle 𝛼 with the tape face normal (top), perpendicular field
(𝐵⊥) to the tape face (bottom-left), and parallel field (𝐵∥) with the tape (bottom-
right).

face (𝐵⊥), Fig. 2.31. ReBCO tapes in comparison to Bi-2212 have higher 𝐽𝑒 ,
better mechanical robustness, and are more available, especially in Europe.
ReBCO tapes are commercially available in different widths of 12, 6, 4, 3,
or 2 mm(1.5 mm under development). Figure 2.32 shows the multi-layer
structure of a ReBCO-coated conductor. The HTS layer consists of single-
crystalline grains coated on a substrate with a thickness of 25 to 100 µm that
is commonly made of stainless steel, nickel, or nickel alloy. To improve the
epitaxial growth and to provide a chemical barrier between the substrate
and the superconducting layer, a stack of buffer layers is deposited on the
substrate by various methods like magnetron sputtering, pulsed laser depo-
sition (PLD), and ion-beam-assisted deposition (IBAD) or a combination
of these methods, [40]. Superconducting ReBCO is deposited on the buffer
layers with a thickness from 1 to 5 µm. This can be done using various depo-
sition methods like MOCVD (Metal- Organic Chemical Vapor Deposition)
which is a technology that is used to apply ultra-thin, single-crystal layers
to a semiconductor wafer [41]. Using sputtering a few µm layer of silver is
coated on top of the ReBCO layer to prevent the chemical reaction of the
ReBCO with copper, while this coating also provides an interface to enable
copper deposition. Depending on the application, a copper layer of 10 to
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Figure 2.32.: Multi-layer structure of a ReBCO coated- superconducting tape developed by
Superpower Inc. [39].

100 µm thickness (5 µm to 55 µm per side) can also be added for additional
stabilization. This copper layer can either be soldered onto the tape or
formed by electro-deposition. The total conductor thickness is usually kept
to be less than 100 µm but in some cases is up to 300 µm.
Long-length production of high-quality HTS has been a challenge for years
because the production quality usually decreases exponentially with tape
length. In recent years, single-piece REBCO coated conductors have been
produced in lengths exceeding 1000 m by Superpower Inc. in the US, [42].
These days, in addition to Superpower Inc., many more companies supply
high-quality long-length coated conductors like THEVA Dünnschichttech-
nik GmbH, Germany [43], Fujikura Ltd, Japan [44], Shanghai Creative
Superconductor Technologies, China [45] and SuperOx Japan LLC, [46]. In
this thesis, we used 4 mm and 12 mm ReBCO tapes, SCS4050 and SCS12030,
from Superpower Inc. for the design and fabrication of the HTS air-core
and iron-core magnets, respectively. For more information see chapters 3
and 4.
In order to find the minimum achievable bending radius in ReBCO HTS
tapes, different coated conductors from different manufacturers have been
tested at 77 K. 𝐼𝑐 of each sample was determined by measuring the voltage
by ramping up the current until the criterion was reached, using an elec-
tric field criterion of 100 µV m−1. It was obtained that these tapes behaved
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Table 2.6.: Tested samples at 77 K and their parameters, measured critical current 𝐼𝑐 , and
measured minimum bending radius 𝑅𝑚𝑖𝑛. The minimum bending radius is
defined as the smallest radius for which the critical current degrades less than
5%, [47].

Supplier Reference Tape Tape Substrate Measured R𝑚𝑖𝑛

name width thickness thickness I𝑐

Bruker - 4 mm 105 µm 50 µm 91 A 10 mm

THEVA TPL4120 4 mm 80 µm 50 µm 167 A 4 mm

ShanghaiSCT ST19911-78 10 mm 95 µm 50 µm 360 A 7 mm

ShanghaiSCT ST1910-19 4 mm 95 µm 50 µm 159 A 2.5 mm

SuperOx 942-R 4 mm 76 µm 60 µm 127 A 5 mm

SuperPower SF12050-AP 12 mm 55 µm 50 µm 428 A 4 mm

SuperPower SCS4050-AP 4 mm 100 µm 50 µm 135 A 4 mm

SuperPower SCS4030-AP 4 mm 42 µm 30 µm 130 A 2 mm

SuperPower SCS4025-AP 2 mm 36 µm 25 µm 65 A 2 mm

mainly according to their substrate thickness. Overall, a thinner substrate
decreases the minimum bending radius, Table 2.6 and [47].

2.5.2.2. Roebel cable

In the investigations to reduce the AC losses in large generators, a low-loss
assembled copper cable was designed by Ludwig Roebel in 1914 [48]. His
design was based on segmenting the conductor into insulated strands that
are transposed along the cable direction. Because of the good ductility of Nb-
Ti, the first superconducting Roebel cable was made from Nb-Ti insulated
strands in EURATOM project magnet [49] and later at CERN [50]. The first
high-temperature superconducting Roebel cable was developed at Siemens
AG, Germany, using 13 strands of Bismuth strontium calcium copper oxide
(BSCCO) coated conductors [51]. Because of the restricted in-plane bending
capability of the material, the transposition length was as long as 3 m which
was long enough for the rotating machines. Developments in the coated
conductors technology years after led to a meander-like shaping of the
coated conductors first patented by Martino Leghissa from Siemens AG. in
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Figure 2.33.: Roebel cable geometrical parameters of the punched meandering pattern.

2002 [52] and later presented and realized by Wilfried Goldacker in 2005-
2006 at Karlsruhe Institute of Technology, KIT [53, 54]. In this, the Roebel
cables are prepared by precise punching of the ReBCO-coated conductors
in a meandering shape. The geometrical parameters of the punched pattern
are depicted in Fig. 2.33. In the above figure,𝑊𝑇 is the tape width, 𝐿𝑡𝑟𝑎𝑛𝑠
is the transposition length that is a full period of the meander,𝑊𝑠 is the
strand width,𝑊𝑐 is the strand-edge clearance,𝑊𝑥 is the crossover width,
Φ is the crossover angle, 𝑅𝑐𝑢𝑡 the cut-off fillet radius and 𝑅𝑖𝑛 and the inner
radius [55]. Due to its high current density and full transposition, Roebel
cables have been recently used in the EuCARD2 project. In this project
dipole magnets using an aligned block coil (CERN) [56] and the cos-theta
coil (CEA) [57] have been designed and realized to work at 5 T and liquid
helium temperature, 4.2 K.

2.6. Laser Plasma Acceleration

As it was discussed before, in this thesis the focus is on designing the
miniature HTS magnets for capturing the Laser-Plasma generated electron
beams. So far the required general concepts for designing iron-core and air-
core magnets and considerations of using superconducting coils, especially
the HTS ones, were discussed. Now to cover all the aspects of the project a
brief overview of the Laser Plasma acceleration concept is also given in this
section. Particle acceleration in Plasma was first proposed by Tajima and
Dawson In 1979 [58] for laser-driven wakefields (LWFA) and in 1985 by P
Chen, J M Dawson et al. [59] for Particle driven wakefields (PWFA). Plasma
accelerators are steadily matured by developments in generating ultrashort
duration high-current electron bunches and high-power, ultrashort-pulsed
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lasers [60, 61, 62, 63]. In accelerators the drive beam, whether a laser or
particle beam, generates a plasma ‘wake’ with a phase velocity close to the
speed of light. This wake separates the electrons and ions in the plasma
through a ponderomotive force, Eq. 2.68, and leads to strong longitudinal
electric fields that accelerate trapped charged particles to relatively high
energies of several hundred MeV to a few GeV in a few centimeters. The
ponderomotive force is given by

®𝐹𝑝𝑜𝑛 =
−𝑚𝑒𝑐

2

2 ∇(𝑎2), (2.68)

where 𝑎 is the laser strength parameter, defined as the peak amplitude of
the normalized vector potential of the laser field, ®𝑎 = 𝑒 ®𝐴/𝑚𝑒𝑐

2, and𝑚𝑒 is the
electron rest mass, [64]. The ponderomotive force, which is proportional
to the gradient of the laser strength parameter pushes plasma electrons
outward and separates them from the ions. The associated electrostatic
field pulls electrons back, resulting in electron oscillations with the plasma
frequency behind the laser pulse, Eq. 2.69, as schematically depicted in Fig.
2.34.

𝜔𝑝 =

√︄
4𝜋𝑛0𝑒2

𝑚𝑒

, (2.69)

where 𝑛0 is the plasma density.
Moreover, the electric field which can be endured in ionized plasma is

Figure 2.34.: Schematic sketch of an LPA acceleration process.

50



2.6. Laser Plasma Acceleration

proportional to the plasma density and can be approximated by [64, 65]

𝐸0(
𝑉

𝑚
) =

𝑐𝑚𝑒𝜔𝑝

𝑒
= 96

√︁
𝑛0(𝑐𝑚−3). (2.70)

Thus, for a plasma density of 𝑛0 = 1018 cm−3, the plasma electric field will be
𝐸0 = 96 GV m−1, which is approximately three orders of magnitude greater
than that obtained in conventional linear accelerators. In addition to the
high accelerating gradients, LPAs can produce short electron bunches, as
the length of the accelerating wave is approximately the plasma wavelength

𝜆𝑝 (µm) = 2𝜋𝑐
𝜔𝑝

=
3.3 × 1010√︁
𝑛0(𝑐𝑚−3)

(2.71)

So, for the previous case of 𝑛0 = 1018 cm−3 we have 𝜆𝑝 = 33 µm which leads
to the bunch length of 𝜏𝑏 < 100 fs.
One of the main aims of the LPA research is to make these accelerators
capable of feeding free electron lasers (FELs). To increase the FEL gain
and shorten the wavelength of operation, it is needed to have an excellent
beam quality for the hard x-ray domain (nC charge level, 0.01% energy
spread, 1 𝜋mm mrad emittance). Although using concepts like TGU and/or
using decompression/slice energy spread reduction can help in spite of
not having that perfect beam quality in LPAs. Recently, FEL amplification
with LWFA beams has been proven experimentally at Shanghai [66]. Also
at COXINEL in Paris, a proper transport of LPA-generated beams was
reported in 2021 by using strong permanent quadrupoles to handle the
electron beam divergence, a magnetic chicane to reduce the energy spread,
and set of quadrupoles for adjusting the focusing inside the undulator [67].
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Laser plasma accelerators can generate several GeV electron beams in few
cm length. This high energy, but large-energy spread and fairly diver-
gent beams, need to be transported in a well-controlled way through the
undulators to generate high-quality, short wavelength radiations. so we
require short focal length focusing elements like high-strength quadrupoles
which also should be short in length to provide focusing in both transverse
planes over a small distance. After capturing the electron beam through
the quadrupole triplet/doublet, it is necessary to transport the beam in a
dispersive section that can match the beam properties to the geometrical
and dynamical acceptance of, e.g., a transverse gradient undulator, TGU.
To achieve this goal, an air-core transport linewith compact, high-temperature
superconducting (HTS) magnets is planned to be designed. In this transport
line, the magnets are based on the cos𝜃 coils using ReBCO tapes, see Sec-
tion 2.3.1, 2.3.2 and 2.5.2.1. These magnets can produce much higher fields
than iron-core ones and make it possible to capture and guide the elec-
tron beams at higher energies. The main disadvantage of using cos-theta
HTS coils in air-core magnets is the limited mechanical properties of HTS
ceramic-structured superconductors which leads to many manufacturing
issues during the coil winding process. Although in this thesis it is tried to
minimize the strain and stresses on the coils by modifying the coil ends,
Section 3.2.1.2.
So, by using cos-theta high-strength quadrupoles and combined dipoles
and implying high current densities to the HTS coils at liquid Helium tem-
perature, the 700 MeV electron beam is caught in a short distance while
achieving the transverse gradient undulator input requirements at the end
of the transport line, see Section 3.1.1. In this chapter beam dynamics
simulation as well as air-core magnets’ design is discussed.
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Table 3.1.: Start parameters for the beam transport line design.

Parameter Unit Value

Source size µm 4.0

Source divergence mrad 2.5

Bunch length µm 1.0

Geometrical emittance 𝜋nm rad 10.0

𝛽𝑥,𝑦 mm 1.6

𝛼𝑥,𝑦 - 0.0

Total charge nC 1.0

3.1. Beam dynamics

Due to extremely high accelerating gradients in LPAs, electron bunches
can gain sufficient energies to generate synchrotron radiation in the X-
ray regime in only a few millimeters to centimeters of acceleration length.
To efficiently capture and transport the LPA-generated bunches in a com-
pact transport line, beam line designs using OPA [68], elegant(ELEctron
Generation And Tracking) [69] and ASTRA [70] have been studied.

3.1.1. Parameters and requirements

To start the beam transport line design one should have the start parameters
of the particle beam which are the parameters of the beam emitted by the
LPA. In this thesis, I considered a Gaussian beam with the start parameters
as estimated by C. Widmann [7], Table 3.1. In the above table, source size
is the size of the electron bunch inside the plasma which can be measured
by analysis of the emitted radiation in the plasma during the acceleration
process, betatron radiation [71]. Also, emittance at the LPA can be mea-
sured using different methods like the pepper pot method [72, 73], or via a
quadrupole scan [74]. Since a beam waist at the exit of the LPA is assumed,
𝛼𝑥,𝑦 = 0, the geometrical emittance, from Eq. 2.24, is obtained by the product
of the source size and the source divergence, i.e. 10𝜋nm rad. Moreover, the
beam parameters at the end of the transport line should match the radiation
source entrance parameter, here I consider the Transverse Gradient Undu-
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Figure 3.1.: Transverse Gradient Undulator (TGU) [6].

lator (TGU) as the radiation source. Figure 3.1 shows the TGU designed
and developed at Karlsruhe Institute of Technology and as can be seen in
Eq. 3.1, the magnetic field on the transverse plane has a gradient and is
matched to the spatial dispersion of the electrons. So the particles with
different energies oscillate at the same amplitude and frequency which
leads to narrow spectrum radiation, more information can be found in [6]
and [75].

𝜆 =
𝜆𝑢

2𝛾2(𝑥) (1 +
𝐾2
𝑢 (𝑥)
2 ) , 𝐾𝑢 (𝑥) =

−𝑒𝐵0(𝑥)
𝑚0𝑐

𝜆𝑢

2 (3.1)

To match the beam parameters to the TGU requirements, according to
the analysis of the beam shape along the TGU which has been done by C.
Widmann [7], it is assumed that there is a beam waist at the center of the
undulator with 𝛽𝑥 ≈ 0.2 m, dispersion 𝐷 is equal to 20 mm and dispersion
gradient 𝐷′ is considered to be zero at the entrance and the center of the
TGU.

3.1.2. Layout and simulation results

Having the start and end parameters of the particle beam, a compact beam
transport line using high-strength combined functionmagnets was designed
as a modification of the normal conducting transport line by C. Widmann
[7] and M. Ning [8]. C. Widmann designed a 2.5 m long, normal conducting
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3. HTS air-core transport line

Figure 3.2.: Magnet layout and beam optic parameters along beam trajectory at 300 MeV
for the normal conducting transport line, [8].

layout of magnets at 120 MeV energy. This beam transport line consists of
a triplet, three quadrupoles, to capture the electron beam and a dispersive
section, in which three quadrupoles are located between two dipoles with
opposite bending directions, to match the beam parameters to the TGU
requirements. M. Ning modified the mentioned transport line by using the
same layout but higher strength normal conducting quadrupoles. Keeping
the same transport line length, the energy is increased from 120 MeV to
300 MeV. The layout and the resulting optical functions are shown in Fig.
3.2, [8, 76]. In this thesis, different transport lines using HTS magnets
have been studied. Inserting initial beam conditions, several layouts with
different magnets’ lengths and strengths as well as different drift spaces
have been investigated. In the two best results, in which the transport
lines are more compact and the Twiss parameters at the end of the trans-
port lines match better to the TGU input parameters, the designed beam
energy increased to 700 MeV at 1.67 m and 1.4 m length for triplet-based
and doublet-based designs, respectively. Detailed information about the
beam dynamic and magnet designs of these transport lines is brought in
the following sections. Also, it should be noted that the magnets’ given
parameters, dipoles deflecting angel (𝜑), quadrupole strength (𝑘), and sex-
tupole strength (𝑚), are based on the before-mentioned equations 2.6, 2.13
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3.1. Beam dynamics

and 2.14.
Dipole fields and the field gradients of the quadrupoles are limited by the
maximum current density that can be carried by the HTS coils. According
to the tests and experiments which were done by C. Barth [77] on ReBCO
tapes from different suppliers, the current density of 2000 A mm−2 can be
well tolerated in most of the cases at the liquid helium temperature 4.2 K
and the parallel fields below 19 T. In this thesis, for the magnet coils which
are operated at 4.2 K and the field of 6 T, I chose a 4 mm wide ReBCO tape
(SCS4050) from Superpower Inc., this HTS tape has a 50 µm substrate thick-
ness and 20 µm copper stabilizer on each side. In order to be on the safe
side and keep good margins, especially in air-core magnets with winding
complications, I used a maximum current density of 1500 A mm−2 that gives
a field gradient of 550 T m−1 for the triplet quadrupoles. So using Eq. 2.13,
in case of 𝐸 = 700 MeV the upper limit for 𝑘 is 235 m−2.

3.1.2.1. Triplet-based design

In order to design the beam transport line, I used the start parameters of
the LPA source as it was discussed in Section 3.1.1. So by considering a
beam waist 𝛼𝑥,𝑦 = 0 and 𝛽𝑥,𝑦 = 0.0016 m at the start (the source position),
I optimized a linear beam transport layout in a way to match the TGU
required parameters. I started from C. Widmann’s designed layout [7],
considered a triplet and a dispersive section, and tried to make the transport
line more compact by using combined-function magnets, reducing the
number of magnets as well as lessening the magnet lengths and drift spaces
between the magnets.
Magnet parameters for the designed triplet-based transport line are brought
in Table 3.2. In this transport line, as is shown in Fig. 3.3, the beam from
the laser plasma accelerator is collimated by passing through the three
quadrupoles. The first quadrupole 𝑄1 is located close to the source at a
distance of 16 cm, to keep the 𝛽 function small. This first quadrupole is
defocusing, it defocuses the beam in the x-plane and focuses it in the y-plane.
So to capture the beam in the horizontal direction a focusing quadrupole
𝑄2 is used close to the first quadrupole. The remaining focusing task will be
done by the third quadrupole𝑄3 in a way that a beam waist occurred in the
first dipole position. Also, the required dispersion is generated through the
bending elements 𝐷1 and 𝐷2 in a dispersive section. These dipole magnets
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3. HTS air-core transport line

Table 3.2.: Magnet specifications for the triplet-based transport line at 700 MeV.

Magnet position(m) Length(m) Defl.angel(◦) k(m−2)

𝑄1 0.163 0.050 - -59.94

𝑄2 0.435 0.050 - 82.74

𝑄3 0.692 0.050 - -66.81

𝐷1 1.039 0.050 1.5 47.44

𝑄4 1.307 0.050 - -39.24

𝐷2 1.650 0.050 -1.5 12.85

have a superimposed quadrupole component with the same amount but
opposite dipolar field directions, the bending angles of dipoles were adjusted
to give the 20 mm dispersion. The lengths of the drifts and quadrupole
strengths were further optimized using the built-in matching algorithm of
OPA [68].
So, by applying the beam initial conditions, after the second dipole and
along the TGU, dispersion is 20 mm, the dispersion gradient is zero and a
beam waist at the center of the TGU is achieved. Also using high-strength
HTS combined compact magnets leads to a decrease in transfer line length
from 2.5 m to 1.67 m [78].
In this transport line, all the magnets have the same length of 50 mm and
the highest quadrupole strength is in the second quadrupole 𝑄2 equal to
82.74 m−2. This means a field gradient of 𝑔 = 193 T m−1 at 700 MeV which is
2.8 times less than the considered maximum gradient (𝑔 = 550 T m−1). So it
can be deduced that the designed 1.67 m transport line can work for beam
energies up to 1.9 GeV although the betatron function in the 𝑥-direction,
𝛽𝑥 , at the end of the transport line is one order of magnitude less than what
is expected at the center of TGU, see Section 3.1.1. Although a shorter,1.4 m,
doublet-based transport line with the beam energy of 700 MeV is developed
(see Section 3.1.2.2), due to the ability to serve higher beam energies, it is
still worth doing more efforts to upgrade this triplet-based design in future
works.
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3.1. Beam dynamics

Figure 3.3.: Magnet layout and beam optic parameters along beam trajectory at 700 MeV
for the triplet-based HTS transport line design.

3.1.2.2. Doublet-based design

As a modification to the triplet-based design, a transport line with a doublet
quadrupole was investigated and developed. Starting from the triplet-based
design and omitting the third quadrupole of the triplet, I tried to match the
end optical parameters of the new transport line to the input parameters
of the TGU. This leads to a decrease in transfer line length from 1.67 m to
1.4 m while fulfilling all the TGU input parameters at the energy of 700 MeV
including the 𝛽𝑥 = 0.2 m at the center of the undulator [79]. I used the
built-in matching algorithm of OPA [68] and crosschecked the results with
the software elegant [69]. In this transport line, as is shown in Fig. 3.4, the
beam is collimating by passing through the two doublet quadrupoles. The
initial beam conditions are the same as for the triplet-based transport line
and the energy is set to be 700 MeV. The first high-strength quadrupole
𝑄1 is located at a distance of 16 cm from the LPA source, it has a large
defocusing effect on the beam in y-plane which is mainly compensated
using the defocusing quadrupole𝑄2 in a 22 cm distance from𝑄1. There is a
beam waist at the center of the first combined-function dipole 𝐷1 which
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3. HTS air-core transport line

Table 3.3.: Magnet specifications for the doublet-based transport line at 700 MeV.

Magnet position(m) Length(m) Defl.angel(◦) k(m−2)

𝑄1 0.163 0.050 - 216.23

𝑄2 0.435 0.050 - -96.20

𝐷1 0.782 0.050 1.5 88.06

𝑄3 1.050 0.050 - -39.24

𝐷2 1.393 0.050 -1.5 12.41

has quite a large focusing quadrupolar strength i.e. 𝑘𝐷1 = 88.06 m−2. The
second combined-function dipole 𝐷2 has a much smaller superimposed
focusing quadrupole component and the same amount of bending field
which acts in opposite directions. The third pure defocusing quadrupole
𝑄3 is placed between the two dipoles, in a way that the electron beam
enters the TGU with a constant dispersion of 20 mm while at the center
of TGU, the alpha function tends to zero in both planes and Beta function
in 𝑥 direction also fulfill the TGU requirements. Magnet parameters for
the designed doublet-based transport line are brought in Table 3.3. As the
designed doublet-based transport line is more compact and satisfies the
needed end conditions, especially 𝛽𝑥 value, better than the triplet-based
design, I have done further evaluations like particle tracking and magnet
design for this transport line which are discussed in the following sections.

3.1.3. Particle-tracking

In Laser plasma accelerators, large energy spread is a dominant factor to
deal with and as it was discussed in Section 3.1.2, to reduce the spectral
broadening of the photon beam caused by this energy spread, TGU with
a large energy acceptance of Δ𝐸/𝐸0 = ±10% (see [80]) has been designed
and fabricated. So, the designed transport line should be able to guide the
electron beam from LPA to the TGU within this energy range, properly. In
the previous section, the Twiss parameters and the optical functions of the
designed transport line were discussed. Now using the elegant software [69]
phase space parameters 𝑥 and 𝑥′ for a single particle at different energies,
within ±10% of the central energy (TGU energy acceptance), are investi-
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3.1. Beam dynamics

Figure 3.4.: Magnet layout and beam optic parameters along beam trajectory at 700 MeV
for the doublet-based HTS transport.

Figure 3.5.: Momentum deviation Δ𝑃/𝑃 versus transverse positions 𝑥 in mm (left) and
divergence 𝑥′ in mrad (right).

gated. Energy varies 21 times, in 7 MeV steps, from 630 MeV to 770 MeV i.
e. ±10% energy dispersion, and 𝑥 and 𝑥′ versus energy variation has been
studied. The results are depicted in Fig. 3.5.
It is derived that for the designed transport line, 𝑥 has a linear relationship
with the energy (momentum) deviations within ±10% and the phase 𝑥′
does nearly not change with energy (momentum) variations i.e. < 6 × 10−5,
which fulfills the dispersion requirements. For more detailed calculations
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3. HTS air-core transport line

Figure 3.6.: 𝛽 functions, in 𝑥 (left) and 𝑦 (right) planes for different energies up to ±1%.

multi-particle tracking was done which gave the phase-space distribution
in each energy and the related optical functions. In experimental cases
when we power the magnets with a specific current, the field (𝐵) and field
gradient (𝑔) are constant parameters. So, the electrons in a bunch with an
energy dispersion that are passing through the magnets undergo different
field strengths (𝜌 and 𝑘). Therefore to investigate the optical functions
for different energies, I considered an electron bunch with specific central
energy and zero energy dispersion, then I changed the energy 𝐸, quadrupole
strength 𝑘 and the bending radius, 𝜌 , of the dipoles for each energy ac-
cording to their relation with energy, see equations 2.6, 2.13 and 2.14. The
results calculated by OPA software show that the designed transport line
can well handle an energy spread of less than 1% using the linear beam optic
elements. For an energy band of 693 MeV to 707 MeV, the end parameters
satisfy the optical conditions at the center of the TGU. It means that for this
1% energy range, there is nearly a beam waist at the center of the undulator
𝛼𝑥,𝑦 ≈ 0 and the 𝛽 functions remain of the same desired order. Figure 3.6
shows the obtained 𝛽 functions, along the beam transport line, in both 𝑥
and 𝑦 plane. Also doing the Beam tracking for a bunch of particles with
5000 electrons and varying the central energy, the phase-space distribution
for different energies have been obtained as shown in Fig. 3.7 it can be seen
that for the bunches with lower energies, the bunch diverges while the
higher energy bunches show a focusing effect. According to what has been
derived by Axel Bernhard et al. [81] for a 100-period transverse gradient
undulator, the accepted beam sizes are the ones less than 10−4 m. So for
the designed doublet transport line, the beamlets with less than 1% energy
dispersion can well fit the TGU requirements. These days with upgrading
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3.2. Magnet design

Figure 3.7.: Phase-space distribution for different energies for ±1% energy spread.

Figure 3.8.: 𝛽 functions, in 𝑥 (left) and 𝑦 (right) planes for different energies up to ±5%.

the LPAs an energy dispersion of less than 1% can be easily achieved and
such an electron source can well serve this transport line. Investigating
the behavior of the optical functions at higher energies, Fig. 3.8, seemed
that for energy dispersions higher than 1% and up to ±5%, the desired beam
dynamics performance can be reached by implying nonlinear elements like
sextupoles which can be a future modification of this transport line.

3.2. Magnet design

In this section, the Magnet design for the doublet-based transport line
is described. As discussed in Section 3.1.2, for the design of the coils, I
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3. HTS air-core transport line

Figure 3.9.: Schematic of the HTS air-core transport line.

chose a 4 mm wide ReBCO tape(SCS4050) from Superpower Inc., this HTS
tape has a 50 µm substrate and can easily carry a current density up to the
2000 A mm−2 at the magnetic field of 5 T and temperature of 4.2 K. Also in
order to achieve high magnetic strengths in this transport line, an air-core
geometry for both dipoles and quadrupoles has been considered. In the
following sections, the magnet design for the whole transport line (Fig.
3.9) using Opera [21] and CST [82] software is discussed. To start the
design process, it was important to determine the gap radius (inner radius
of the coils). So considering the experience of winding the cos-theta coil in
CEA [57], after discussions with Thibault Lecrevisse from CEA and Anna
Kario from Twente university, the lowest bending diameter was found to
be 20 mm to limit the risk of coil damage. Although, even at such bending
diameters, it is still complicated and challenging to wind the coils [83, 84].

3.2.1. Quadrupole design

Considering magnet specifications in Table 3.3 and using Eq. 2.13, the main
parameters for the doublet quadrupoles Q1 and Q2 and the quadrupole Q3
in the dispersive section are specified in Table 3.4. Also as discussed in
Section 2.2.7.2, magnet design should be accurate enough such that the
particle beam meets a good field quality in the good field region (GFR).
GFR is usually determined by the beam size, i.e. approximately 2-3 times
bigger than the maximum beam size [85]. Referring to Fig. 3.4, 𝛽𝑥 is very
small along the transport line but the Beta function in the vertical plane,𝛽𝑦 ,
gets large at the position of the second quadrupole Q2, 𝛽𝑦 = 530 m. So, the
largest beam size occurs in the vertical direction and is 𝜎𝑦 ≈ 2.3 mm.
To design the magnets I considered ±5 mm good field region in which the
magnet design carried out a field quality of Δ𝑔/𝑔0 ≤ 0.1%. In transport
lines usually, a field quality of 1% is assumed to be enough but due to the
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3.2. Magnet design

Table 3.4.: Quadrupole magnets specification at 700 MeV.

Magnet Length(m) field gradient(T m−1)

𝑄1 0.050 504.53

𝑄2 0.050 -224.47

𝑄3 0.050 -91.57

Figure 3.10.: Geometry layout and coil configuration of the quadrupole magnets.

complications in the fabrication of cos-theta magnets, fabrication errors will
also be added which decreases the magnet efficiency. So, I made an attempt
for smaller field qualities to keep the designs on the safe side. Although
the required field quality can be more precisely obtained with the beam
dynamics simulations and this can be a future task.

3.2.1.1. Geometry

Using the three-dimensional Opera Software[21], a coil configuration of
sectors and wedges of 12°–18°–30° was developed for pure quadrupole
magnets, Fig. 3.10. The four superconducting coils forming the quadrupole
winding are held together by means of non-magnetic collars which are
surrounded by iron yokes. The inner radius of the coils and the coil width
are considered to be 10 mm and 4 mm, respectively. Coil properties are
given in Table 3.5. Since using the HTS wires may come with insulation
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3. HTS air-core transport line

Table 3.5.: Quadrupole Coil properties for the air-core transport line.

Parameter unit Value

Conductor type - ReBCO tape(SCS4050-AP) SuperPower Inc.

Width mm 4

Substrate thickness µm 50

Current density A mm−2 1460

Configuration - (12-18-30) /( 0-30)

R𝑖𝑛 mm 10

B𝑜𝑛−𝑐𝑜𝑖𝑙 T 4.6

Figure 3.11.: 2D (left) and 3D (right) models of the quadrupole magnet including the beam
tube with 𝑟 = 5 mm.

issues, I come to the decision that winding with tapes looks easier to start
a demonstrator. So, for winding the coils ReBCO tape (SCS4050-AP) from
SuperPower Inc. is chosen.
Simulations are done for a field gradient of 504 T m−1 and magnetic length
of 50 mm. The current density to achieve the desired field strength is taken
to be 1460 A mm−2 which is well below the limitations of the SCS4050-AP
for the applied magnetic field at 4.2 K. A 2D and 3D model of the simulated
magnet including a beam tube with 5 mm radius, is illustrated in Fig. 3.11
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3.2. Magnet design

Figure 3.12.: Air-core HTS quadrupoles with (right) and without (left) coil–end design.

3.2.1.2. Coil ends

In order to come to more precise solutions and consider the end effect of
the coils, the coils are closed using two other 20-nod bricks at the two ends.
After closing the coils and doing the simulations, it was seen that there
are unwanted end fields at the two ends of the magnets. To omit these
end fields, the coil ends should be designed in a saddle shape which means
giving an upward slope to the coil ends. In Fig. 3.12 and Fig. 3.13, these
two designs and their related magnetic field in the longitudinal direction
(beam direction) are shown and compared. So the final designed model for
the magnetic simulations is depicted in Fig. 3.14.
Moreover, it is important to note that the field distribution at the coil ends
is complicated and the highest field in the coil is at the return point which
can be up to 10% of the central field. Therefore if the coil ends do not clamp
well, there would be a Lorentz-force-induced motion which can lead to
quenching. So, the windings in the coil head should be spread out using
spacers like epoxy fiberglass [35].

3.2.1.3. Field calculations

The obtained field and field gradient with respect to the horizontal and
longitudinal axis are shown in Fig. 3.15 and Fig. 3.16, respectively.
For calculating the field gradient at 𝑥 = 5 mm versus the longitudinal

direction in Opera software, the field is calculated on the circles of radius
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3. HTS air-core transport line

Figure 3.13.: Magnetic field versus longitudinal direction for the coils; with (blue) and
without (orange) saddle coil end design.

Figure 3.14.: Quadrupole magnet modeled in Opera software.

5 mm which are moved in the beam direction with steps of 2 mm. Using
the Fast Fourier Transform, magnetic field, field gradient, and higher order
harmonics are obtained in each location. Also, having the field gradient
at different longitudinal locations, one can calculate the integrated field
gradient at 𝑥 = 5 mm.

3.2.1.4. Field quality

For field uniformity in the central plane 𝑧 = 0, using Eq. 2.44 field gradient
tolerances can be obtained as shown in Fig. 3.17: As can be seen above,
field tolerance is in order of 10−4 in the good field region up to 5 mm.
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3.2. Magnet design

Figure 3.15.: Vertical magnetic field 𝐵𝑦 versus horizontal direction at 𝑦, 𝑧 = 0 .

Figure 3.16.: Field gradient versus longitudinal direction on the beam path i.e. 𝑥 , 𝑦 = 0 .

3.2.1.5. Integrated field quality and effective length

Integrated field quality can be obtained using the following equation

Δ
∫
𝑔𝑑𝑧∫
𝑔0 𝑑𝑧

=

∫
𝑔𝑑𝑧 −

∫
𝑔0 𝑑𝑧∫

𝑔0 𝑑𝑧
(3.2)

In this relation, the integrals of g and 𝑔0 are the integral of the field gradient
in any desired radius and the integral of the field gradient at the center of
the magnet i.e. the main path of the beam, respectively. To calculate the
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3. HTS air-core transport line

Figure 3.17.: Field gradient quality versus horizontal direction for 𝑦, 𝑧 = 0 .

Figure 3.18.: Integrated field gradient quality versus horizontal direction for 𝑦 = 0.

integrated field gradient quality in the good field region, six circles with
radii of 0.001, 1, 2, 3, 4, and 5 were considered. These circles were moved
along the path of the beam, and each time by using of Fourier transform for
each circle, field components were obtained and integral of each of the field
components in different radii was calculated. Therefore, the changes of the
integrated field gradient in the horizontal direction are derived and shown
in Fig. 3.18. As it can be seen in Fig3.18, variation of the integrated field
quality within the good field region stays below 2 ×10−3 which is within
the acceptable limits.
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3.2. Magnet design

Figure 3.19.: Effective length variation in the horizontal good field region.

According to the beam dynamics calculations, quadrupole magnets should
have a 50 mm magnetic length, Table 3.4. To achieve the exact value of the
required magnetic length on the beam path, one should modify the length
of the coils in several iterations. By applying Eq. 2.42 for the quadrupole
magnets, effective length in the horizontal direction up to the limit of
the good field region is calculated and the result is indicated in Fig. 3.19.
Moreover, considering the experimental facts, the variation of the effective
length should not get larger than 5 mm in the good field region so that the
particle beam encounters quite equal to the magnetic field while passing
through the magnet. The depicted results in Fig. 3.19 show that the effective
length has a maximum change of 0.12 mm at the good field region of 𝑥 =
5 mm which is also well within the applicable range.

3.2.1.6. Harmonic analysis

As was discussed in Section 2.2.1, calculating the field harmonics is one
of the main steps in magnet design. So, due to the Eq. 2.35, the main field
coefficients for the quadrupole magnet at the normalization radius of 5 mm
are calculated and summarized in Table 3.6.
It can be seen that the two main higher-order multipoles of the quadrupole
magnet field i.e. twelfth and twentieth fields, B6 and B10, are both of the
order of 10−5 at the GFR radius, which is too small to affect the electron
beams and from these results, one may deduce that this magnet design,
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3. HTS air-core transport line

Table 3.6.: Quadrupole field coefficients in central plane at 𝑥 = 5 mm.

n type B𝑛 (T) B𝑛 / B2

2 𝑄 2.52 1

6 𝑄 −1.72 × 10−5 −7 × 10−6

10 𝑄 −1.06 × 10−5 −4 × 10−6

including the angular configuration of the sector coils and end-coil design,
can also well control the higher-order harmonics.

3.2.2. Combined dipole design

In order to have a compact transport line two combined function dipoles,
with the same field strength, different signs, and same length, in the disper-
sive section are considered. These dipoles guide the electron beam, create
the required dispersion of 20 mm, and also have a focusing effect due to
the additional quadrupole coils which are added to the main coils. Dipole
magnet specifications are given in Table 3.7.

3.2.2.1. Geometry

Using the three-dimensional Opera software, a coil configuration of sectors
and wedges, 48◦-60◦-72◦ to create a dipolar field and 12◦–18◦–30◦in four-
fold symmetry to impose quadrupole field has been developed, Fig. 3.20. All
the coils have a width of 4 mm and the smallest inner radius is considered to
be 10 mm to ease the winding process. The advantage of the design in Fig.
3.20 is that the dipolar and quadrupolar components are independent of each
other and changing the current in each set of sector coils can change the
relevant field strength. In air-core dipole magnets like quadrupole magnets,

Table 3.7.: Dipole magnets specification at 700 MeV.

Magnet Length(m) Field (T) Field gradient(T m−1)

𝐷1 0.050 1.22 205.48

𝐷2 0.050 -1.22 28.95
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3.2. Magnet design

Figure 3.20.: Coil configuration of the combined function dipole magnets, blue coils indi-
cates the dipolar coils red coils create the quadrupole field.

Table 3.8.: Combined dipoles coil parameters.

Magnet D1 D2

Dipole coils current density (A mm−2) 500 500

Quadrupole coils current density (A mm−2) 1341 200

R𝑖𝑛𝑑𝑖𝑝𝑜𝑙𝑎𝑟 (mm) 10 10

R𝑖𝑛𝑞𝑢𝑎𝑑𝑟𝑢𝑝𝑜𝑙𝑎𝑟 (mm) 16 16

non-magnetic collars help the winding to stay fixed and not move because
of electromagnetic forces. Also, a hollow cylindrical iron yoke is mounted
around the coil to shield the outer side of the magnet against possible ring
fields. Additionally, an iron yoke can reduce the stored energy which assists
in case of error and quench. Simulations are done for both D1 and D2 with
a field of 1.22 T and field gradient of 205.5 T m−1 and 29 T m−1. The current
densities to achieve these desired field strengths are brought in Table 3.8
and the coils are designed to be wound with ReBCO tape (SCS4050-AP), as
mentioned before. Also, the coil ends were designed for both dipoles and
quadrupoles, The finite element simulation results for the combined dipole
D1 are given in the following sections. The required field parameters for
D2 can be easily obtained by inversion of the current direction in dipole
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3. HTS air-core transport line

Figure 3.21.: 3D models of the combined dipole magnet including the beam tube with 𝑟 =
7 mm.

Figure 3.22.: Combined dipole magnet with end coil design, dipole coils (right-top), and
quadrupole coils (right-bottom).

coils and decreasing the current of the quadrupole coils to reach the 𝑔 =
29 T m−1.

3.2.2.2. Field calculations

The obtained field and field gradient with respect to the horizontal and
longitudinal axis are shown in Fig. 3.23 and Fig. 3.24, respectively.
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Figure 3.23.: Vertical magnetic field 𝐵𝑦 versus horizontal direction at 𝑦, 𝑧 = 0 .

Figure 3.24.: Field gradient versus horizontal direction at 𝑦, 𝑧 = 0.

3.2.2.3. Field quality

For field uniformity in the central plane 𝑧 = 0, the following formula was
used:

Δ𝐵

𝐵0
=
𝐵 − 𝐵0 − 𝑔0𝑥

𝐵0 + 𝑔0𝑥
(3.3)

Therefore field and field gradient tolerances can be obtained as shown in
Fig. 3.25 and Fig. 3.26. As can be seen, the obtained tolerances are of the
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3. HTS air-core transport line

Figure 3.25.: Field quality versus horizontal direction at 𝑦, 𝑧 = 0.

Figure 3.26.: Field gradient quality versus horizontal direction at 𝑦, 𝑧 = 0.

order of 10−3 in the good field region up to 5 mm.

3.2.2.4. Integrated field quality and effective length

Integrated field quality can be obtained using the following equation

Δ
∫
𝐵 𝑑𝑧∫
𝐵0 𝑑𝑧

=

∫
𝐵 𝑑𝑧 −

∫
(𝐵0 + 𝑔0𝑥) 𝑑𝑧∫

(𝐵0 + 𝑔0𝑥) 𝑑𝑧
(3.4)
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3.2. Magnet design

Figure 3.27.: Integrated field gradient quality versus horizontal direction at 𝑦 = 0.

In this relation, the integrals of 𝐵, 𝐵0, and 𝑔0 are the integral of the field in
an arbitrary radius, the integral of the field at the center of the magnet, and
the integral of the field gradient at the center of the magnet, respectively.
To calculate the integrated field quality in the good field region, the same
method as in the previous section is applied. Therefore, the changes of the
integrated field in the horizontal direction are calculated and shown in Fig.
3.27.

3.2.2.5. Harmonic analysis

According to the discussions in Section 2.2.1, due to the finite transverse
length of the magnets, higher-order multipoles always exist in the field
distribution of each magnet. Calculating the field harmonics is one of the
main steps to validate the magnet design. So, due to the Eq. 2.35, the main
field coefficients for the combined dipole magnet at the normalization radius
of 5 mm are calculated and summarized in Table 3.9. As was given in the
above table, allowed field multipoles for the combined dipole are the ones
for dipole and quadrupole i.e. 6-pole, 10-pole, 14-pole, and 18-pole together
with 12-pole and 20-pole components. The most important field multipole
in dipole-quadrupole combined magnets are the sextupole (6-pole) and
twentieth-pole (20-pole) fields which in this magnet design turned out to
be of the order of 10−3 and 10−5, respectively. For the combined function
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3. HTS air-core transport line

Table 3.9.: Combined dipole D1 field coefficients in the central plane at 5 mm.

n type B𝑛 (T) B𝑛 / B2

1 𝐷 1.22 -

2 𝑄 1.02 -

3 𝐷 −2.77 × 10−3 −1.24 × 10−3

5 𝐷 −8.45 × 10−5 −3.77 × 10−5

6 𝑄 −6.64 × 10−5 −2.96 × 10−5

7 𝐷 −8.93 × 10−4 −3.99 × 10−4

9 𝐷 1.20 × 10−7 5.36 × 10−8

10 𝑄 5.77 × 10−8 2.58 × 10−8

dipoles these values are well-acceptable, especially in the case of a transport
line in which the electrons are passing through the magnets once. Although
to investigate the effect of the multipoles on the beam dynamics one can
insert these values as an error to the beam dynamics simulations that can
be a future step to this project.

3.3. Force calculation

As discussed in Section 2.5.2, high-temperature superconductors are ceramic-
like, brittle structures often in form of the tapes. So during the winding
process, especially for the complicated coil geometries, these tapes may
endure stress and strains which could affect the superconducting properties
and lead to high degradation. Also powering the coils to high currents can
exert big electromagnetic forces on the coils. To deal with these forces and
reduce the stress on the tapes a good support structure around the coils can
be used to fix the coils on the place. In other words, as it was mentioned in
Section 3.2.1.2, the coils should be designed such that the stress and strains
on the tapes stay within an allowed limit. This limit is different for different
tapes at different working conditions. In an investigation by Barth et al.
[77], the strain and stress dependence of the current carrying capabilities
as well as the stress and strain correlation are investigated for some com-
mercial coated conductors including the ReBCO tape (SCS4050-AP) from
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3.3. Force calculation

Figure 3.28.: One-fourth of the simulated quadrupole coils with mesh lines.

Figure 3.29.: One-half of the simulated dipole coils with mesh lines.

Superpower that is used for designing the air-core magnets.
So having the electro-mechanical properties of the ReBCO tape (SCS4050-
AP) at 4.2 K, Von Mises stress for the quadrupole coils as well as the dipole
coils are calculated. The simulation is done in magneto-static and static-
stress modules, using Opera software [21]. For the static stress, the coils are
defined as a body with a specific mesh size while the electro-mechanical
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3. HTS air-core transport line

Figure 3.30.: Von Mises stress on one-fourth of the quadrupole HTS coil at 4.2 K.

Figure 3.31.: Von Mises stress on one-half of the dipole HTS coil at 4.2 K.

properties of the ReBCO tape and the mechanical boundary conditions are
also specified. As can be seen in figures 3.30 and 3.31, Von Mises stress
in both coils is mainly of the order of 107 Pa while in the sharp turning
corners it is increased to 5 × 107 and 2 × 108 Pa. According to the report by
Barth et al. [77], ReBCO tape (SCS4050-AP) can tolerate stresses to the limit
of 800 MPa at 4.2 K. So the stress obtained for both dipole and quadrupole
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3.3. Force calculation

coils is well below this limit although more modifications on the coil ends
can be done as a future step of this project.
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4. HTS iron-core transport line

As it was discussed in the previous chapter, cos-theta air-core magnets
can generate higher magnetic fields and therefore can guide and control
the particle beam at higher energies. But the main disadvantage of these
magnets is the complicated coil geometry which makes the coil winding
difficult, especially in the case of miniature HTS-coated conductor coils. To
ease this difficulty, designing iron-core magnets with simple shape HTS
coils was investigated. The idea was to use simple pancake coils for which
two designs were considered. Shell coil and periodic quadrupole geometries,
as shown in Fig. 4.1. For the shell coil geometry, two HTS pancake coils with
opposite current directions are placed parallel to the x-y plane at a distinct
distance from each other, Fig. 4.2. In this model, there is a quadrupolar
field in the transverse plane which can be optimized by shimming and
designing the pole profile, see Section 2.2.7.2. There exists also a solenoidal
field component, 𝐵𝑧 , along the longitudinal direction, 𝑧, but the integrated
solenoidal field is fully eliminated due to the opposite current directions in
the two coils, Fig. 4.3. The main disadvantage of the shell coil geometry is
that the field gradient raises not more than 𝑔 = 50 T m−1, but for the low

Figure 4.1.: Iron-core quadrupole designs: shell coil geometry (left) and periodic geometry
(right).
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4. HTS iron-core transport line

Figure 4.2.: Shell coil geometry yoke design (left) and coils with current direction (right).

Figure 4.3.: Vertical magnetic field 𝐵𝑦 versus horizontal direction at 𝑦, 𝑧 = 0 (left) and
longitudinal magnetic field 𝐵𝑧 versus longitudinal direction at 𝑥 , 𝑦 = 0 (right).

field gradients and low current densities applications, this design could be
a good choice as it does not have complicated coil windings [86].
The second designed model, the periodic quadrupole, is a novel magnet
design (that to my knowledge is not reported before) and consists of several
HTS pancake coils in which the neighboring coils have opposite current
directions making a periodic structure with periodic length 𝜆. The coils
are located on a cylindrical iron yoke and the quadrupolar field shape
is created by an optimized hyperbolic iron pole, Fig. 4.4. This magnet
geometry gives a high-quality field in both transverse and longitudinal
planes, using HTS-coated conductors and by employing current densities
as high as 2000 A mm−2 field gradients as high as 200 T m−1 can be created.
Moreover, by changing the periodic length 𝜆, and/or the number of periods
themagnetic field distribution in the longitudinal direction can be optimized
to efficiently capture and transport the LPA-generated bunches in a compact
transport line. More details are described in the following sections.
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4.1. Periodic quadrupole

Figure 4.4.: Periodic quadrupole; pancake coil dimensions (right) and whole geometry
with periodic length 𝜆 (left), green and red represent iron yoke and current
carrying coils respectively.

4.1. Periodic quadrupole

4.1.1. Magnet design

Designing the periodic quadrupole magnet was done in two steps, the
2D and the 3D design. The 2D design, i.e. designing the hyperbolic pole
profile, includes defining the proper pole width and pole shims so that
a good magnetic field quality in the good field region of ±5 mm can be
achieved. The 3D design of the magnet mainly determines the number of
periods and the periodic length and was done in parallel with the beam
dynamics calculation leading to amultiplet quadrupole capable of effectively
collimating the electron beam right after the LPA source. TheMagnet design
was done in 2D with Poisson [22] and in 3D with Opera [21] and CST [82].
In parallel, electron beam dynamics in this periodic magnet structure were
explored using ASTRA [70]. In this section, the 2D and 3D design of the
periodic quadrupole is discussed in detail.

4.1.1.1. 2D design

- pole profile design Using the two-dimensional, finite-element magneto-
static code Poisson, a pole geometrywas developed for the periodic quadrupole.
The pole face had a broad low shim at the pole edge to maintain the field
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4. HTS iron-core transport line

Table 4.1.: Pole profile coordinates of the periodic quadrupole.
NO. x (mm) y (mm) NO. x (mm) y (mm)

1 4.95 4.95 10 13.95 1.76
2 5.95 4.12 11 14.95 1.64
3 6.95 3.53 12 15.95 1.54
4 7.95 3.08 13 16.95 1.45
5 8.95 2.74 14 17.95 1.37
6 9.95 2.46 15 18.95 1.29
7 10.95 2.24 16 19.95 1.23
8 11.95 2.05 17 20.95 1.17
9 12.95 1.89 18 22.20 1.17

homogeneity over the good field region of ±5 mm. The pole profile points
were derived using Eq. 2.38. The shims were added to the pole ends and
designed using an iterative process. The shape and coordinates of the
optimized pole profile are given in Fig. 4.5 and Table 4.1 respectively.

Figure 4.5.: Shape of the designed pole profile for the periodic quadrupole, the green part
on the top right shows the pole profile and the pole root of the magnet modeled
in Opera.

- 2D Field calculations Using the material properties of the soft ferromagnetic
material XC-06, [12], the magnetic field and field quality in the transverse
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4.1. Periodic quadrupole

Figure 4.6.: Magnetic field 𝐵𝑦 versus horizontal direction 𝑥 at 𝑦, 𝑧 = 0.

Figure 4.7.: Magnetic field quality versus horizontal direction 𝑥 at 𝑦, 𝑧 = 0.

plane were calculated. The results are shown in Fig. 4.6 and Fig. 4.7,
respectively. As can be seen in Fig. 4.6, the magnetic field has a linear
behavior in the horizontal direction which leads to a constant field gradient.
During the magnet fabrication and assembly process, fabrication errors are
always added to the design errors, making the magnetic field quality worse.
Therefore I aimed to keep the higher order fields as small as possible in the

87



4. HTS iron-core transport line

design, i.e. in the order of 10−4 in the good field region of ±5 mm to ensure
a field quality of better than 10−2 after fabrication.

4.1.1.2. 3D design

The main idea for designing and developing the periodic quadrupole is
to substitute it with the doublet/triplet section in the transport line, see
Section 3.1.2.2 and Section 3.1.2.1. Therefore magnet 3D design to deter-
mine the number of periods and the periodic length of the magnet was
done in parallel to the beam dynamics calculation to ensure an efficient
capture and transportation of the LPA-generated bunches. In fact, this task
was a loop of magnet design and beam dynamics simulation in several
iterations to reach the desired beam focusing in both transverse planes.
Using the geometric characteristics of commercially available 12mm-width
HTS ReBCO tape and assuming a current density of 2000 A mm−2, I started
the 3D design from a primary model shown in Fig. 4.4. This magnet is a
1.5-period structure with 12.6 cm magnet length and 5.9 cm periodic length.
The magnetic field gradient along the longitudinal direction 𝑧, obtained
from the Opera simulations is plotted in Fig. 4.8. Now that the magnetic
field is calculated, it is good to see how this field affects the electron beams
while passing through the magnet. In ASTRA magnets can be defined in
two ways, either by their magnetic field gradient values as a function of

Figure 4.8.: Magnetic field gradient 𝑔 along the longitudinal direction 𝑧 for a 1.5-period
model at 𝑦 = 0.
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4.1. Periodic quadrupole

Figure 4.9.: Beta functions 𝛽𝑥 and 𝛽𝑦 along beam trajectory 𝑆 , for 1.5-period model with 𝜆
= 5.9 cm at the energy of 260 MeV.

longitudinal position or by a magnetic field map. I extracted the magnetic
field gradient from Opera and CST and defined the periodic quadrupole
geometry in ASTRA with its center located at 38.4 cm from the LPA source.
By inserting the beam optics parameter values of the LPA source, as pre-
viously listed in Table 3.1, the resulting beta functions were obtained for
an electron energy of 260 MeV. It can be seen in Fig. 4.9 that the beam size
is growing rapidly in both, 𝑥 and 𝑦 direction which means this periodic
structure can not collimate the electron beam. In order to find the proper
solution, different magnet geometries with different periodic lengths and
different period numbers were investigated using a parametric magneto-
static simulation in CST, Fig. 4.10 and Fig. 4.13. In parallel, the effect of
such geometries on the electron beams was studied using ASTRA. For these
simulations, the magnet center is located at 38.4 cm from the LPA source,
electron energy is 260 MeV and coils have an inner radius of 21 mm and
an outer radius of 25 mm and are wound with 12 mm width SCS12030-AP
ReBCO tape from Superpower Inc. [39]. Each coil has 72 turns and at 4.2 K
carries 2000 A mm−2 current density. There is 1333 A current per tape, i.e.
96 000 A.t per coil. Coils specifications are given in Table 4.2 and further
details of the electrical parameters, coil winding, and connection scheme
will be discussed later in Section 4.3.
The investigated periodic models shown in Fig. 4.10 have 1.5 periods but
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4. HTS iron-core transport line

Table 4.2.: Coil specifications for the periodic quadrupole magnet.
Parameter Unit Value

Conductor type - ReBCO tape (SCS12030-AP)
Tape Width mm 12
Tape thickness mm 0.055
Substrate thickness mm 0.030
R𝑖𝑛 mm 21.00
R𝑜𝑢𝑡 mm 25.00
Radial thickness mm 4.00
No. turns - 72.00

Figure 4.10.: Field gradient 𝑔 versus longitudinal direction 𝑧 for 1.5-periods model and
different periodic length.

different periodic lengths from 𝜆 = 10.9 to 13.9 cm. It can be seen that by
enlarging the periodic length, the field gradient distribution in the lon-
gitudinal direction is broadened. Using these field gradient distributions,
one can do the beam tracking in ASTRA. The beta functions resulted from
passing the electron beam through the 1.5-period model with 𝜆 = 11.9 cm
and 13.9 cm and are plotted in Fig. 4.11 and Fig. 4.12, respectively. As can
be seen, there is still an increasing trend for 𝛽𝑦 (𝑧) whereas the 𝛽𝑥 value
is decreased quite well at the end of the Periodic structure. So keeping
the periodic length to 𝜆 = 11.9 cm and 𝜆 = 13.9 cm, in a try to focus the
electron beam in both transverse directions, I explored more models with a
higher number of periods. Figure 4.13 shows field gradient distribution in
the longitudinal direction 𝑧 for the models with 𝜆 = 11.9 and 13.9 cm and 2
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Figure 4.11.: Beta functions 𝛽𝑥 and 𝛽𝑦 along beam trajectory 𝑠 , for 1.5-period model with
𝜆 = 11.9 cm at the energy of 260 MeV.

Figure 4.12.: Beta functions 𝛽𝑥 and 𝛽𝑦 along beam trajectory 𝑠 , for 1.5-period model with
𝜆 = 13.9 cm at the energy of 260 MeV.

and 3 periods. These results are obtained from magneto-static simulations
in CST. Employing these field gradients on the electron beams coming from
the Laser Plasma accelerator (LPA), transverse beta functions are derived as
in, Fig. 4.14. As it is shown, these 2 and 3-period models can collimate the
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4. HTS iron-core transport line

Figure 4.13.: Field gradient 𝑔 versus longitudinal direction 𝑧 for 𝜆 = 11.9 and 13.9 cm and
different period numbers.

Figure 4.14.: Beta functions 𝛽𝑥 and 𝛽𝑦 along beam trajectory for models with 𝜆 = 11.9 and
13.9 cm and 2 and 3 periods.

electron beam quite well in both, 𝑥 and 𝑦 direction, especially for the cases
𝜆 = 11.9 cm with 3periods and 𝜆 = 13.9 cm with 2 periods. Selecting these
two geometries, in the next step, I extracted beta and alpha functions at the
end of the periodic quadrupole and tried to design a dispersive section for
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Table 4.3.: Magnet parameters for the periodic quadrupole with 𝜆 = 11.9 cm and 3 periods
at 4.2 K.

Parameter Unit Value

Magnet Length cm 39.00
Periodic length cm 11.90
No. periods - 3.00
Aperture radius cm 0.70
Magnetic field gradient T m−1 170
Current density A mm−2 2000

Figure 4.15.: One-fourth of the periodic quadrupole magnet with 𝜆 = 11.9 cm and 3 periods.

these models to provide the TGU with the required input parameters. In
this try, after many iterations, it was deduced that the 3-period model can
provide the dispersive section with better initial beam parameters leading
to the TGU input parameters at the end of the transport line. Consequently,
I chose the periodic quadrupole with 𝜆 = 11.9 cm and 3 periods as a substi-
tution for the doublet/triplet section and proceeded to design the transport
line which will be discussed in detail in the next section. Figure 4.15 depicts
the designed magnet structure, and the magnet parameters are summed up
in Table 4.3.

4.2. Transport line

Designing a beamline for the periodic quadrupole is somehow tricky since
the periodic shape of the field on the beam path could not be substituted
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4. HTS iron-core transport line

Figure 4.16.: Beam parameters versus beam trajectory from LPA to the end of the periodic
quadrupole.

Table 4.4.: Beam optics parameters at the end of the periodic quadrupole at S = 0.54 m
shown by a dotted green line in Fig. 4.16.

Parameter Unit Value

𝜖𝑥,𝑦 𝜋nm rad 10.0
𝛽𝑥 m 14.04
𝛽𝑦 m 50.61
𝛼𝑥 - -33.72
𝛼𝑦 - 182.3

with the individual pure quadrupole magnet fields and most of the common
beam dynamics codes do not offer the possibility to investigate the beam
behavior by inserting the field map. Therefore a combination of the beam
dynamics codes, ASTRA and OPA, was used to design a transport line for
this periodic focusing magnet.
As discussed before, I used ASTRA software and insert the field gradient
distribution of the periodic quadrupole, with 𝜆 = 11.9 cm and 3 periods, to
explore the magnet effect on the electron beams, Fig. 4.16. The resulting
Twiss parameters at the end of the periodic quadrupole, which is shown
by the dotted green line, were extracted and summarized in Table 4.4.
The parameters in this table were then inserted into the OPA software to
investigate the beam dynamics in the whole transport line at 260 MeV. I
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Figure 4.17.: Magnet layout and beam optic parameters along beam trajectory at 260 MeV.

Table 4.5.: Magnet specifications for the designed dispersive section at 260 MeV.

Magnet position (m) Length (m) Defl.angle (◦) k (m−2)

𝐷1 0.251 0.050 0.9 97.48

𝑄1 0.439 0.050 - -157.76

𝐷2 0.893 0.050 -0.9 22.92

used the built-in matching algorithm of OPA in a way to fulfill all the TGU
input parameters as previously described in Section 3.1.1. In an iterative
process a 0.9 m long dispersive section was successfully designed for the
periodic quadrupole. Figure 4.17 shows the layout and the optical functions
of the dispersive section.
As can be seen in Fig. 4.17, Table 4.5 and Table 4.7, after capturing

and collimating the beam with the periodic quadrupole, electron beams go
through a combined function dipole i.e. a dipole with a focusing quadrupolar
component. This dipole magnet generates dispersion and focuses the beam
in the horizontal direction 𝑥 . After 0.138 m there is a pure defocusing
quadrupole with quite a high field gradient of −136.72 T m−1 which reduces
the beam size in the vertical direction, 𝑦. The last magnet is another dipole-
quadrupole magnet which has the same dipolar field strength of 0.27 T as the

95



4. HTS iron-core transport line

Table 4.6.: Beam optics parameters at the end of the transport line, center of the TGU.
Parameter Unit Value

𝛽𝑥 m 0.2
𝛽𝑦 m 0.6
𝛼𝑥 - 0
𝛼𝑦 - 0
Dispersion m 0.020

first dipole but acts in the opposite direction. This magnet is located at 0.4 m
after the pure quadrupole and has a 19.8 T m−1 focusing field gradient which
compensates the defocusing effect of the pure quadrupole in 𝑥 direction.
The arrangements and strengths of the magnets are set in a way that the
electron beam enters the TGU with a constant dispersion of 20 mm while at
the center of TGU the alpha function tends to zero in both planes and beta
functions fulfill the TGU requirements. Adding the 0.54 m long section from
the LPA to the end of the periodic quadrupole, the whole transport line has
a length of 1.44 m at the end of the second dipole. The beam parameters
obtained at the end of the transport line are summarized in Table 4.6.

4.2.1. Magnets design

To design the magnets of the dispersive section the magnetic fields and
field gradients were calculated from the deflecting angle, magnet length,
and quadrupolar strength 𝑘 , given in Table 4.5, for the design beam energy
of 260 MeV. The resulting magnet specifications are summarized in Table
4.7. There are two combined function dipoles and one pure quadrupole, all
having the same aperture radius of 7 mm and the same length of 50 mm.
iron-core combined function dipoles are usually bending magnets with
a non-uniform gap generating a quadrupole component. They produce

Table 4.7.: Magnet specifications at 260 MeV.
Magnet D1 Q1 D2

Aperture radius (mm) 7 7 7
Magnetic field at the center (T) 0.27 0 -0.27
Magnetic field gradient (T m−1) 84.48 -136.72 19.86
Coils current density (A mm−2) 500 1000 180
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Figure 4.18.: Pole profiles of the combined dipole magnet, the blue rhombus sign shows
the offset magnetic center.

a strong field and a weak gradient. Such magnets were built for several
accelerators so far, see Section 2.2.5. But combined dipoles with low-field
and high-gradient components can not profit from the common method of
superimposing the required gradient in the pole shape. In these magnets,
an offset quadrupole is usually used, like for the combined magnets at
ESRF-EBS [87] and Diamond light source [88] upgrades. In fact, by moving
the magnet center from (0, 0, 0) to (x𝑐 , 0, 0) a dipolar field 𝐵0 at the center
of the beam, i.e. (0, 0, 0), is generated and the field equation can be written
as follows.

𝐵𝑦 (𝑥) = 𝑔𝑥 + 𝐵0 (4.1)

In Eq. 4.1 𝐵0 is the dipolar field, 𝑔 is the field gradient and 𝑥 is the horizontal
distance with respect to the magnet center. In this thesis, to take benefit
from the simple coil shape of the periodic quadrupole, I decided to use the
offset periodic quadrupole geometry to design combined function dipoles.
In order to eliminate the periodic shape of the field in the longitudinal
direction, I used half a period of the periodic quadrupole with an offset in
the magnet center. As it is shown in Fig. 4.18 and Fig. 4.19, the magnet
center of the periodic quadrupole is moved by 3 mm to the left with respect
to the beam path to create a dipole field of 0.27 T at 𝑥 = 0. The field and field
gradient obtained from simulating this model in Opera [21] is given in Fig.
4.20. The obtained magnetic field has a linear slope in the transverse plane
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Figure 4.19.: Combined dipole magnet; half a period of the periodic quadrupole with offset
magnetic center, X-Y-Z and U-V-W are beam and magnet coordinate systems
respectively.

and crosses the 𝑥 = 0 at 𝐵𝑦 = 0.27 T. In the bottom of Fig. 4.20, the magnetic
field as a function of longitudinal position 𝑧 at 𝑥 = 0 is plotted. It can be seen
that there is a constant magnetic field at 𝑥 = 0 for the longitudinal positions
near the central part of the magnet but at the coil positions towards the
two ends, unwanted fields up to 𝐵𝑦 = −0.3 T are present. To remove the
effect of the two unwanted end fields on the electron beam, high-magnetic
permeability materials can be used as shielding around the beam chamber
at the two ends, Fig. 4.21. Mu-metals, nickel-iron soft magnetic alloys, are
the common shielding material. They have high magnetic permeability
which causes the magnetic flux to concentrate in the material. As magnetic
permeability is a temperature-dependence property and mu-metals are
mainly developed for room-temperature applications, the permeability of
these materials begins to drop below -40 °C, making them unsuitable in low-
temperature applications. In these cases, applying special heat treatments,
cryogenic shielding alloys are developed which are suitable for use at
cryogenic temperatures, typically down to 4.2 K, like CRYOPHY® [89]. For
this magnet geometry, the magnetic field distribution in the longitudinal
direction, for both cases with and without magnetic shielding, is depicted in
Fig. 4.22. It can be seen that after placing 4 mm thick shielding tubes at the
two ends of the magnet around the beam chamber, the disturbing end fields
are eliminated and the electron beam is affected only by the foreseen dipolar
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Figure 4.20.: Combined dipole field 𝐵𝑦 versus; horizontal direction 𝑥 at 𝑦, 𝑧 = 0 (top) and
longitudinal directions 𝑧 at 𝑥 , 𝑦 = 0 (bottom).

Figure 4.21.: Combined dipole magnet model with magnetic shielding tubes around the
beam chamber, colored in violet.
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Figure 4.22.: Magnetic field profile in the longitudinal direction at 𝑥,𝑦 = 0, with and without
magnetic shielding.

Table 4.8.: Field coefficients of the combined dipole D1, at 5 mm.

n type B𝑛 (T) B𝑛 / (B1+B2)

1 𝐷 0.27 -

2 𝑄 0.42 -

3 𝐷 6.17 × 10−4 8.58 × 10−4

5 𝐷 1.38 × 10−3 1.98 × 10−3

6 𝑄 −2.93 × 10−4 −4.07 × 10−4

7 𝐷 −1.52 × 10−3 −2.11 × 10−3

9 𝐷 −1.20 × 10−4 −1.87 × 10−3

10 𝑄 1.36 × 10−3 1.88 × 10−3

and quadrupolar fields when passing through the magnet. In addition, using
Eq. 2.35, the main field coefficients for the dipole-quadrupole magnet at the
normalization radius of 5 mm are calculated and summarized in Table 4.8.
Now that a magnet design for the D1 magnet is successfully achieved, the
second dipole D2 can be easily designed by decreasing the current density
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Figure 4.23.: Schematics of the HTS iron-core transport line.

of the coils and using the same design concept as for D1. Moreover, the
pure quadrupole magnet in the dispersive section, Q1, will be a non-offset
half-period model with the end fields shielded in the same way as in the
case of D1 and D2, i.e. using mu-metal tubes at the two ends of the magnet
around beam chamber, see Fig. 4.23.

4.3. Demonstrator fabrication

As discussed before, the periodic quadrupole geometry has a simple coil
shape which eases the coil winding and fabrication process for miniature
HTS-coated conductor coils. So the possibilities of prototyping half a period
of the magnet in collaboration with Technik-Haus and ITEP at Karlsruhe
Institute of Technology have been inspected and a prototype has been
realized.

4.3.1. Winding body

In the first step, two optimized designs, A and B, were investigated which
are shown in Fig. 4.24 and Fig. 4.25. Design A has the yoke and coil shape
we already discussed in Section 4.1.1. It consists of pancake-shaped coils in
73 turns with an inner radius of 21 mm, and an outer radius of 25 mm, see
4.2. Design B has the same iron yoke shape but the coils consist of 1mm
width ReBCo-coated disks. This design applies a novel HTS coil winding
technique, the disc up-down assembly (DUDA), [90]. In this configuration,
there is an opportunity to add more current-carrying disks and increase
the magnet strength when desired. The fabrication of a demonstrator
for geometry A was scheduled in the first phase and a demonstrator for
geometry B is a future plan for this project.
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As the protection of a magnet for the high current densities is an issue,
it was decided to wind non-insulated (NI) ReBCO tapes on oxygen-free
copper parts so that the current is able to bypass the normal zones with
very low resistance in a quench event. The key idea of using NI coils is to
intentionally eliminate turn-to-turn insulation in a pancake coil, thereby
upon a quench, enabling current in the coil to automatically bypass the
initial hot spot through turn-to-turn contacts.
To ensure, on the other hand, that the current is kept within the coil

and copper bodies, ground electrical insulation is used, as is shown in
Fig 4.26. G11 and G10 are usual insulation materials that work well in
cryogenic conditions and due to the glass content have a low thermal
contraction and high radiation resistance. PEEK is another kind of insulator
that can alternatively be used in superconducting applications. It is a high-
performance thermoplastic polymer and has a long life, high-temperature
resistance, and excellent mechanical strength across a broad temperature
range but is more expensive than G10/G11. These days using 3D printing

Figure 4.24.: Design A with two 12mm width pancake coils.

Figure 4.25.: Design B with coils consisting of 1 mm thick ReBCo coated disks.
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Figure 4.26.: Half a period model designed with Opera 3D, general view (left) and detailed
view (right).

PEEK insulators are more commonly used [91], [83] and [92].
In this project, we used PEEK insulators due to the availability of this
material during the demonstrator fabrication at Technik-Haus, KIT. As
depicted in Fig. 4.26, the iron yoke is insulated from the coils and the
copper parts using PEEK insulators and is fabricated using the available
structural steel S355JR which shows good magnetic characteristics, close
to the magnetization curve of magnetic material XC-06, during powering
the coils and magnetic measurement test (see Section 4.3.6). Copper parts,
including two end parts and a bridge, are placed on the PEEK insulators
beneath the HTS coils and the coils are connected together employing two
HTS tapes on the copper bridge in the back yoke. More details on the
connection scheme and the winding body can be found in the mechanical
drawings, A and Section 4.3.4.
As can be seen in Fig. 4.27 the copper ends are screwed to the iron yoke
to support the coils against electromagnetic forces and keep them in their
foreseen place.

Fig. 4.28 shows the winding body fabricated at Technik-Haus, KIT. The
iron yoke in the front view includes the quadrupole pole profile which
shapes the field lines and the back view includes the copper bridge placed
on the PEEK insulator.
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4. HTS iron-core transport line

Figure 4.27.: Mechanical model; magnet cross-section (left), and coil winding (right), cour-
tesy of Matthias Eisele, ITEP, KIT.

Figure 4.28.: Winding body demonstrator.

4.3.2. Electrical parameters

As discussed before, the demonstrator is half a period of the periodic
quadrupole which is designed to work at 4.2 K with a current density of
2000 A mm−2. For the first step, it was planned to power the coils at 77 K
in which according to the tape characteristics, provided by the supplier,
the critical current (I𝑐) has a value of 400 A at the self field which is the
magnetic field created with a single tape. To find a proper value for the
critical current at higher fields, I used the critical current database for dif-
ferent HTS wires and tapes from the website of the Victoria University
of Wellington [93]. Considering the worst case of a field perpendicular to
the tape face, I extracted the data for critical current per cm width versus
applied magnetic field for Superpower tapes and calculated these data for
a 12 mm wide tape, which is illustrated in Fig. 4.29 together with the load
line derived from the Opera simulations. The intersection of these two
graphs gives an estimate of the critical current which is around 135 A. At
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Figure 4.29.: Critical current 𝐼𝑐 versus magnetic field 𝐵 for 12 mm wide tape at 𝑇 = 77 K,
[93].

Table 4.9.: Electrical parameters for the demonstrator coils.
Parameter Unit Value at 4.2 K Value at 77 K
Current per coil A.t 96000.00 9771.84
No. turns - 72.00 72.00
Current per turn A 1330.00 135.72
Current density A mm−2 2000.00 203.58

this point, using the current of 135.72 A per tape leads to a critical current
density of 203.58 A mm−2 for the SCS12030-AP ReBCO tape with 12 mm
width and 0.055 mm thickness. The coil specifications are already given
in Table 4.2 and the electrical parameters for powering the coils at liquid
nitrogen and liquid helium temperatures are summarized in Table 4.9.

4.3.3. Force calculation

To check the mechanical layout of the demonstrator, before fabrication
and coil winding, the fields and forces were investigated on the coils as
well as on the HTS bridge tapes. The force calculation is done using the
magneto-static solver of the Opera simulation code. The simulated model is
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4. HTS iron-core transport line

Figure 4.30.: Magnetic fllux density on HTS bridge and coils at 77 K (left) and 4.2 K (right).

Figure 4.31.: Lorentz forces on coils and HTS bridge at 4.2 K.

one-fourth of half a period of the periodic quadrupole, the same geometry as
the demonstrator. The calculations are done for 4.2 K and 77 K temperatures,
using the currents given in Table 4.9, and the calculated magnetic field on
the HTS coils and tapes are shown in Fig. 4.30. It can be seen that the
computed magnetic field on the coils B𝑐𝑜𝑛𝑑 is less than 0.65 T and 6 T at 77 K
and 4.2 K, respectively. Also as illustrated in Fig. 4.31 the maximum force to
the coils is in the longitudinal direction, 𝑧, which in total is equal to 7.7 kN
on each coil. These longitudinal forces are stopped in this model by the iron
yoke and the two copper ends. For the HTS bridge tapes which connect the
coils together, the forces in the longitudinal direction, F𝑧 are nearly zero,
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and the transverse forces, F𝑥 and F𝑦 , have the maximum value of 0.26 kN
in the vertical direction which is small and can be neglected. Nonetheless,
it was foreseen to fix the HTS bridge tapes to the copper bridge from the
upper side with a Kapton tape that can work against the transverse forces.

4.3.4. Coil winding

To proceed with the demonstrator fabrication and winding the two coils,
22 m of the 12 mm-width SCS12030-AP ReBCO tape was procured from
Superpower Inc. [39]. HTS coils were wound on the copper winding bodies
with the superconducting layer faced up, i.e. the substrate side lays on
the copper body. To fix the coils to the copper bodies and also to make
the electrical connection between the HTS coils and the HTS tapes on the
bridge, soldering was used. The inner turn of the HTS-coated conductor
for each coil was soldered to the copper using Sn60Pb40 solder wire with a
melting point of 183°C. Sn60Pb40 is a high-purity alloy that is composed of
60% tin and 40% lead alloy. To do the soldering, the copper body was first
heated to a temperature higher than the melting point of the soldering wire.
The heating process used two heating rods that can create a 400 W heating
power in total. This heating structure was placed beside the copper body,
on the winding machine, and increased the copper body temperature to
more than 200°C in less than 10 minutes making it ready for the soldering.
Then by applying the solder wire and flux, a smooth soldered face on the
copper body was created, Fig. 4.32. The next steps were soldering the
tape surface, placing the soldered face of the tape on the soldered copper
body, heating them up, and finally cooling down such that the first-turn
tape is well attached to the copper body, Fig. 4.33. After soldering the
first turn to the copper body, the winding was continued till 72 turns
were wound. The last step before dismounting the coils from the winding
machine was the outer turn soldering using indium-based low-temperature
soldering wire Sn50In50, Fig. 4.34. In this step, the middle part of the last
turn was soldered to the penultimate turn and for this, the whole coil was
heated up to the melting point of Sn50In50 which is 118°C. During the
heating process, the temperature on the tapes was kept below 200°C to
protect the HTS tape. In fact, at higher temperatures, the oxygen content
in the superconducting layer is reduced, resulting in a degradation of the
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superconducting properties [94]. Using the described procedure both coils
were wound successfully. Figure 4.35 shows the two wound pancake coils
assembled on the iron yoke. The final phase in winding the coils was
connecting the two coils by soldering the end turn of each coil to the two
HTS bridge tapes. To minimize the joint resistance on the soldering surface,
the HTS face of the HTS bridge was soldered to the HTS face of the last
turn tape. The first idea was to solder the HTS tapes to the copper bridge
and then solder the two winding ends to these HTS tapes on the bridge.
To do this a fixture to hold the copper bridge was fabricated but due to
the curved shape of the copper bridge the tapes were not well soldered to
it, see Fig. 4.36. Finally, the last winding turns were soldered to the two
HTS bridges on a heating plate, and the HTS bridge tapes were fixed on

Figure 4.32.: Soldering the first turn of ReBCO tape on the copper body.

Figure 4.33.: Placing the soldered face of the tape on the soldered copper body.
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Figure 4.34.: Last turn soldering.

Figure 4.35.: Wound pancake coils.

Figure 4.36.: Copper bridge (left) and HTS tapes on the copper bridge (right).

the copper bridge using Kapton tape instead of soldering, Fig. 4.37 and Fig.
4.38. Two copper wires as voltage taps (V-taps) are placed on each coil, as
can be seen in Fig. 4.38, to measure the voltage during the powering test.
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Figure 4.37.: Soldered end turns (left) and soldered HTS bridge tapes on Soldered end turns
(right).

Figure 4.38.: Magnet demonstrator.

4.3.5. Powering of the coils

After completion of the winding process, the coils were powered and tested
at 𝑇 = 77 K inside an insulated box using the current leads of the CASPER
I cryostat at KIT. To measure the voltage of the coils, the V-tap on each
coil was soldered to a longer wire. Also, the voltage of two ends of the
demonstrator was measured by clamping two wires between the current
leads and copper ends. As is shown in Fig. 4.39, the pink and blue wires
were connected to the most positive and most negative voltage ends, re-
spectively, while the red and yellow-brown wires were connected to the
positive coil and negative coil, sequentially. Using the four-channel voltage
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Figure 4.39.: Current leads (black arms) and voltage measurement wiring.

Figure 4.40.: Voltage measurement channels.

measurement as illustrated in Fig. 4.40, I could measure the voltage on
channels one and two for coil I and coil II, respectively. Channel three was
related to the two ends’ voltage, and channel four was used for the bridge
voltage measurement. After connecting the coils to the power supply and
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Figure 4.41.: Powering setup.

Figure 4.42.: Hanging the demonstrator in a box filled with LN2.

voltage measurement device, the final experimental setup was prepared.
The demonstrator was hung in an insulated box using the CASPER I current
leads. Then the box was filled with liquid nitrogen until the coils and the
whole demonstrator were well-immersed, see Fig. 4.41. In Fig. 4.42 the
experimental setup for powering the coils is shown. The black box is the
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insulated box, containing liquid nitrogen and the demonstrator. On the
right-hand side is the liquid nitrogen container which was used to fill in the
black box whenever the coolant level is low. Also, the CASPER I cryostat
can be seen on the left side, of which in this experiment we just used the
power leads. After cooling down the coils in LN2, the powering process was
started at 77 K. The coils were powered to 150 A, using a current ramping
rate of 10 A min−1. In this experiment, as can be seen in Fig. 4.43, the voltage
over each coil showed a linear dependence on the current up to 125 A and
122 A for coil I and coil II, respectively. This constant slope is pointing to
the V-taps wires, end wires, and soldering resistances which are in total
of the order of a few µΩ at 77 K for both coils. Also, it can be seen that
these ohmic resistances are different for the two coils and coil II reaches its
critical current a few amperes sooner than coil I, that is 122 A. This can be
due to the different contact resistances between tapes in coil II with respect
to coil I which is unwanted inaccuracy during the winding process. By
subtracting the V-taps and wiring resistances and related voltage values,
the measured voltage over coil I and coil II versus current is obtained as
depicted in Fig. 4.44. By ramping up to the critical current values 125 A and
122 A, there is approximately zero resistance for the two coils. If the current
is further increased a resistance appears. In fact, by increasing the current
each turn reaches its critical current, and by filling up the turns the current
flows radially within the non-insulated turns. In this powering test, in spite
of having the radially flowing currents for current values higher than I𝑐 , the
coils were powered successfully up to 120% of the critical current, i.e. 150 A.
After ceasing the current ramping, due to the non-insulated tape turns, the
current needs time to exit the superconducting path and there would be
a current/voltage decay, as can be seen in Fig. 4.43 at the 𝑡 = 926 s. Also,
to investigate the functionality of the demonstrator assembly for creating
the desired magnetic field, a magnetic measurement was done which is
discussed in the next section.

4.3.6. Magnetic measurements

To evaluate the coils functioning in generating the required magnetic field
a magnetic measurement was performed. Since the demonstrator is one-
fourth of a quadrupole, a valid measurement was to measure the pole tip

113



4. HTS iron-core transport line

Figure 4.43.: Measured voltage and current over coil I and coil II, versus time.

Figure 4.44.: Measured voltage over coil I and coil II versus current, values are corrected
to the normal conducting parts’ resistances.

field at the longitudinal center of the quadrupole, i.e. at 𝑧 = 0. To do the
magnetic measurement the following setup was arranged: as it is shown
in Fig. 4.45, the demonstrator was fixed on a G10 plate at the two ends,
by wrapping two fixing bands on the copper ends. On the central plane
of the magnet, two screwed rods were placed on the two sides in which a
small rectangular G10 plate could be moved up and down above the pole
profile. A Hall probe was glued at the center of this plate which by moving
the plate down to the pole profile, could measure the field on the pole tip.
More information about the Hall probe structure and its functionality was
described before and can be found in Section 2.4.1. After preparing the
setup, the four electrodes of the Hall sensor were connected to four wires,
two of which fed the hall sensor with a 10 mA current, and the other two
were used for measuring the Hall voltage. The Hall probe used was a high
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Figure 4.45.: Field measurement setup.

Table 4.10.: Hall probe specifications used for magnetic measurement.
Parameter Unit 77 K 4.2 K
Nominal control current, I𝑛 mA 10 10
Sensitivity at I𝑛 mV T−1 140.2 140.7
Offset voltage at I𝑛 µV -393 -
Input resistance Ω 73 -
Output resistance Ω 63 -

linearity Hall probe for room and cryogenic temperatures, the HHP-VP
model by Arepoc s.r.o., Bratislava, Slovakia, with an operating temperature
range of 1.5-330 K, [95]. The Hall probe specifications at 77 K and 4.2 K are
summarized in Table 4.10. To start the magnetic measurement, the whole
sample was placed in the black insulated box which was filled with liquid
nitrogen. Then the coils were ramped up with a ramp rate of 30 A min−1

in 15 A steps. Between every two steps, the current was kept constant for
200 s to have a stable Hall probe voltage, because of the non-insulated tapes
which lead to a voltage decay. Figure 4.47 illustrates the applied current
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Figure 4.46.: Field measurement setup with the current leads and voltage measuring wires
in liquid nitrogen.

Figure 4.47.: Load current vs. time for Hall probe measurement.

versus time. During powering the coils, the Hall probe with a 10 mA current
was placed perpendicular to the magnetic field generated by the coils and
delivers an output voltage that is proportional to the magnitude of the
magnetic field. For calculating the perpendicular magnetic field from the
Hall voltage 𝑉𝐻 , offset voltage 𝑉off of the Hall probe should be determined
at zero current. The offset voltage is generally due to imperfections of
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Figure 4.48.: Magnetic field on pole tip 𝐵𝑃𝑜𝑙𝑒𝑡𝑖𝑝 vs. applied current, obtained by Hall-probe
measurement and Opera simulation.

the manufacturing process, inhomogeneity of materials, misalignment,
and asymmetry of the Hall probe contacts. In our experiment, the offset
voltage V𝑜 𝑓 𝑓 was obtained to be 1.7 mV. By subtracting the offset voltage
from the measured voltage and dividing the obtained value by the Hall
probe sensitivity at 𝑇 = 77 K, see Table 4.10, the measured magnetic field
was calculated. Also because of placing the whole setup well-immersed
in the coolant, all the voltage leads and connections are kept at the same
temperature and the thermo-electric voltages are negligible. According to
the Hall probe data sheet which was provided by the manufacturer, the
overall thickness of the hall sensor is 1.1 mm. Therefore, to compare the
measurement with the simulation results, the Opera results were calculated
at 0.55 mm distance from the pole tip of the magnet. Figure 4.48 shows
a comparison of the measured and simulated magnetic field versus the
applied current which shows a very good compatibility. In addition, the
linearity error is up to 0.2% which is too small to affect the obtained results.
Moreover, the next phase of the experiment which is not included in this
thesis will be powering the coils and doing the magnetic measurement
at liquid helium temperature in which the coils are planned to be located
inside the CASPER I cryostat.
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5. Fixed field alternating gradient
transport line

Fixed Field Alternating Gradient (FFAG) accelerators are accelerating struc-
tures in which the magnetic fields are fixed with time and are not ramped
up with energy. These accelerators were first conceived in 1950 to reduce
the radius in circular accelerators and cyclotrons. To reduce the radius
a field gradient was introduced in the dipole magnets but these dipoles
with quadrupolar components focus the beam in one plane, say horizon-
tally, and defocus in the vertical direction. To overcome this "alternate
gradient focusing" was proposed. Therefore, the magnets in FFAGs create
time-constant fields and are split up into focusing and defocusing elements.
Some advantages of such accelerators are simple power supplies and no
synchronization issues, the possibility to accelerate the particles as fast
as the RF allows, and high repetition rates i.e. high average currents. In
fact, the FFAG accelerator is a class of circular accelerators that combines
properties of both the cyclotron and the synchrotron. It uses a magnetic
field that is constant in time, a ‘fixed field’, together with an increased
focusing strength achieved using the ‘alternating-gradient’ principle. The
first FFAG accelerators were scaling ones in which the particles’ orbit scales
with the energy. Scaling and non-scaling designs are proposed for many
applications: proton acceleration for cancer treatment like in the PAMELA
project, [96], muon fast acceleration for a neutrino factory [97], and elec-
tron acceleration like the Electron Model of Many Applications (EMMA)
which is a non-scaling ring [98]. Most of the FFAG accelerators are circu-
lar machines, although there are few projects in which the particles are
guided in an FFAG-based transport line with no overall bending like the
scaling FDDF (where F stands for horizontally focusing, D for horizontally
defocusing) transport lines for proton beams presented by Machida and
Fening in 2010 [99] and the FDF design proposed by Lagrange et al. in
2012 [100]. A straight FFAG section would be indeed an asset. The first
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obvious application would be a straight beam line with a large momentum
acceptance that relies on the energy separation in the transverse position
and leads to the same optical behaviors for locally dispersed particles with
different energies which is similar to what we have in the TGU.
In this part of the thesis, an investigation into the design of an FFAG trans-
port section is presented in which this transport section is considered as
a means of transportation of the large energy spread electron beams to a
specific target while keeping the same optical parameters at the start and
end of the section. Although the ultimate goal of this project would be to
design a compact transport line with a high energy acceptance using the
HTS FFAG concept that would be the next phase of this work.
Scaling FFAG A scaling fixed field alternating gradient (FFAG) accelerator
has a large momentum acceptance despite the fact that magnetic guiding
fields are constant in time and therefore can be a candidate to be used for
LPA electron beams. Looking at Eq. 2.13, one can see that if the gradient 𝑔
remains constant, the quadrupole strength, 𝑘 will decrease as the energy
of the particle increases. This will cause optics mismatch and can lead to
beam loss. To prevent this problem we should have,

𝛿𝜌

𝛿𝑝
= 0

𝛿𝑘

𝛿𝑝
= 0

(5.1)

where 𝜌 and 𝑃 are particles’ orbit radius and momentum, respectively.
According to the above equations in scaling FFAGs the orbit shape should
be the same for different energies and also 𝑘 should be independent of the
energy variations which means that the field gradient should be alternating.
To satisfy the mentioned scaling optics in a beam transport line, special
combined function magnets are required in which the vertical magnetic
field, 𝐵𝑦 , is a function of 𝑥𝐾 , where 𝑥 is the horizontal coordinate and 𝐾
is the field index and is a measure of the momentum compaction. For the
higher 𝐾 values, the equilibrium orbits of particles with different energies
are closer together, [99, 101].

𝐵𝑦 (𝑥, 𝑧) = 𝐵𝑦0 (
𝑥 + 𝑥0
𝑥0

)𝐾𝐹 (𝑧) (5.2)

The function 𝐹 (𝑧) describes the longitudinal distribution of the field which
is unity at the magnet center and tends to zero far from the magnets and is
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Table 5.1.: Parameters of an FDDF cell, [99].
Parameter Unit Value

Reference radius, x0 m 1E+6
Field index K - 5E+6
B𝑦0 for F magnets T 2.0
B𝑦0 for D magnets T 3.0
C1, C2, C3, C4, C5 - 0.1455, 2.2670, -0.6395, 1.1558, 0, 0
𝑔 m 0.15

defined as follows

𝐹 (𝑧) = 1
1 + 𝑒𝑥𝑝 (∑5

𝑖=1𝐶𝑖 (𝑧/𝑔)𝑖)
(5.3)

where 𝐶𝑖s are the Enge coefficients that determine the falloff function and
𝑔 is a constant value. Also, for the beam transport lines as the reference
radius 𝑥0 is much bigger than the horizontal position 𝑥 , equation 5.2 can be
written as

𝐵𝑦 (𝑥, 𝑧) = 𝐵𝑦0 exp (𝐾 𝑥
𝑥0
)𝐹 (𝑧). (5.4)

So using scaling FFAGmagnets that obey the abovemagnetic field equations,
designing a transport line at reference energy of 500 MeV was investigated
by Shinji Machida and Richard Fenning in 2010 [99]. In this work for an
FDDF configuration of magnets, with the given parameters in Table 5.1, a
transport line for proton beams with 50% energy spread as an alternative to
the conventional beam transport lines with solenoids or quadrupoles was
designed.
Looking at the results for different momentum orbits shown in Fig. 5.1,

it can be seen that using FFAG magnets in a cell or multi-cell section, the
large energy spread particle beams like the LPA generated beams can be
transported in a distance to bring them to a specific target while the optical
functions are identical at the beginning and end of this beam transport
section. In other words, using periodical FFAG magnet cells, which are
properly matched at both ends of each cell and can be potentially repeated
any number of times, serves as a building block for a transport line over an
arbitrary distance. In this final chapter of the thesis, I present a preliminary
study on optimizing such a scaling linear transport line for electron beams
that have much smaller mass and dispersion than protons. This investiga-
tion has been done using the CST particle in cell (PIC) solver [82]. To start,
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Figure 5.1.: Different momentum orbits in a unit cell, rectangles at the bottom show the
position of FDDF magnets, [99].

Table 5.2.: Specifications of 5 electron sources considered for simulation.
No Energy (MeV) Hor. position (mm)

1 750 7
2 650 5
3 500 0
4 350 8
5 250 14

I used 5 electron sources with different energies and zero energy dispersion
which are spatially dispersed around the reference particle with 500 MeV
energy and an initial horizontal position 𝑥 = 0. The particle specifications
are compiled in Table 5.2. The electron sources emit electron bunches
in Gaussian shape with 1 µm bunch length. These electron bunches pass
through an FDF magnet structure as shown in Fig. 5.2. These focusing (F1),
defocusing (D), and focusing (F2) magnets are located in the beam pass in
longitudinal positions 𝑧 = 300, 700, and 1100 mm, respectively. Figure 5.3
and 5.4 show the field shapes of these magnets in horizontal and longitudi-
nal directions which obey the relation in Equation 5.2. For this FDF electron
transport section, the magnetic field parameters are summarized in Table
5.3. By tracking the electrons passing through the FDF magnets in a 1 m
long path in 5 n sec, different momentum orbits were obtained, Fig. 5.5. As
can be seen the electron orbits for different energies have the same shape
and the optical functions remained identical at the beginning and end of this
beam transport section. This beam transport section can be placed within
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Figure 5.2.: Particle bunches with 5 different energies pass through the FDF magnets
simulated in CST.

Table 5.3.: Parameters of an FDF cell.
Parameter Unit Value

Reference radius, x0 m 1E+5
Field index K - 5E+6
B𝑦0 for F magnets T 0.32
B𝑦0 for D magnets T -0.34
C1, C2, C3, C4, C5 - 0.1455, 2.2670, -0.6395, 1.1558, 0, 0
𝑔 m 0.075

Figure 5.3.: Magnetic field profile 𝐵𝑦 of the scaling FFAG magnets in the horizontal direc-
tion 𝑥 .
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Figure 5.4.: Magnetic field profile 𝐵𝑦 of the scaling FFAG magnets in longitudinal direction
𝑧.

Figure 5.5.: Simulated different momentum orbits for an FFAG transport section.

any transport line that fulfills the defined energies and initial locations
of the electron sources summarized in Table 5.2. As a future task on this
project, one can cross-check these results with the codes which are written
for FFAG-based accelerators, Zgoubi [102] and S-code [103]. Moreover, as
a modification to these calculations, an investigation is currently being
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carried out at LAS, KIT to explore the possibility of implanting such an
FFAG transport section in the designed 700 MeV doublet transport line (see
Section 3.1.2.2). In this research, the LPA electron bunches are collimated
passing through a doublet section 350 mm after the doublet quadrupoles,
the electron beams are affected by the magnetic field of the first combined
function dipole and are locally dispersed. These electron beams enter the
FFAG section and are transported in a finite length. Then the electron beams
continue their path to the third quadrupole and second combined function
dipole which in total match the beam optic parameters to the TGU input
parameters. This work is planned to be presented at the 14th International
Particle Accelerator Conference, IPAC 2023, [104].
Also, an upcoming task could be exploring the possibility of adopting the pe-
riodic quadrupole magnet (see Section 4.1) to be used in the FFAG transport
cells instead of the periodic FDF/FDDF structures. This can be investigated
by changing the pole profile of the periodic quadrupole in a way to create
the combined magnetic fields of a scaling FFAG structure and tracking the
electron beams going through the magnet using beam dynamics simulation
codes.
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6. Summary

In this thesis, it was shown that with HTS technology very compact and
versatile beam transport lines are feasible. Designs for individual magnets,
air-core, and iron-core, as well as for the complete beam transport lines
have been developed and adapted to the example case of an LPA-driven
TGU light source. Furthermore, the technical feasibility of one of the pro-
posed magnet designs, a novel periodic quadrupole magnet, is proved by the
manufacture and test of a demonstrator. In the very first phase of the thesis,
several magnet designs for miniaturized HTS iron and coil-dominated mag-
nets were proposed. For the different possible quadrupole geometries, the
ones with the ability to generate the higher field gradients were selected i.e.
a cos-theta air-core geometry and an iron-core periodic geometry which
can generate field gradients up to 600 T m−1 and 200 T m−1, respectively.
These simulations were done at 4.2 K for a maximum current density of
2000 A mm−2.
For the air-core cos-theta magnets two transport lines were designed a
triplet-based and a doublet-based with the length of 1.67 m and 1.4 m, re-
spectively. These compact transport lines collimate and guide the LPA
electrons at 700 MeV up to 1% energy dispersion (which is in order of what
LPAs offer these days), using linear beam optic elements. For the doublet-
based design, all the magnets include pure quadrupoles and the combined
function dipoles were simulated based on cos-theta geometry. The angular
configuration of the sector coils was chosen in a way that leads to small
higher-order harmonics and integrated field quality of the order of 10−3.
As the cos-theta coils have complicated geometry, it is difficult to wind
such coils using ReBCO tapes. So the stress on the coil ends, as a result of
the electromagnetic forces, at 𝑇 = 4.2 K was investigated. The results show
the Von Mises stress for both dipole and quadrupole coils below the report
thresholds. In a try to simplify the HTS cos-theta coils, a novel iron-core
quadrupole geometry named periodic quadrupole magnet was designed
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and developed. This magnet has 3 periods and a periodic length of 𝜆 =
11.9 cm and has simple-shaped pancake coils. The periodic quadrupole can
be well substituted in the doublet section. It collimates the 260 MeV electron
beams to the dispersive section, including two combined function dipoles
and a pure quadrupole. The whole transport line in a length of 1.4 m fulfills
the TGU beam optic requirements at the end of the transport line.
Moreover, all the magnets in the dispersive section were also designed
using half a period of the periodic quadrupole and the same quadrupolar
cross-section. While an offset in the magnets’ center was given for the com-
bined dipoles and the unwanted end fields were shielded using a cryogenic
shielding tube at the magnet ends.
To realize the periodic quadrupole magnet, a demonstrator was fabricated.
The coils were successfully powered up to the 150 A, which was 120% of
the critical current, in liquid nitrogen at 𝑇 = 77 K. To evaluate the coils
functioning to generate the magnetic field, the pole tip field using a Hall
probe was measured at 𝑇 = 77 K. The measurement results were compared
to the Opera 3D simulation which showed very good consistency.
As the last part of the thesis, the possibility of transporting the LPA large
energy spread electron beam using Fixed Field Alternating Gradient (FFAG)
magnets was investigated and an FFAG FDF transport section for the large
dispersed electron beams was designed. This transport section can be used
to transport the electrons with different energies, in parallel orbits, to a
specific target.
In conclusion, the work done in this thesis provides simulations and opti-
mization of different iron-core and air-core miniature combined function
magnets using HTS technology. In this work, a novel high-strength periodic
quadrupole magnet was designed and developed which has simple pancake
coils and eases the winding difficulties of the HTS coils. A demonstrator of
this HTS magnet was fabricated and the coils were successfully powered
and tested in liquid nitrogen which shows the feasibility of the magnet
concept. It was also shown that by using half a period of this magnet and
shielding the end fields, this simple-shaped magnet can work as a non-
periodic pure magnet when needed.
Moreover, ultra-compact transport lines based on the designed cos-theta
air-core and periodic iron-core magnets were developed. These transport
lines can well handle the LPA-generated electrons in less than a 2-meter
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length at the energies of 700 MeV and 260 MeV, respectively. Especially, the
lab-scaled, 1.4 m length, air-core transport line which is able to collimate
and guide the LPA electrons at 700 MeV up to 1% energy dispersion (which
is in order of what LPAs offer these days), while using the linear combined
beam optic elements.
The next steps for the different parts of this thesis would be as follow:
For the HTS iron-core transport line, testing the HTS periodic quadrupole
in 𝑇 = 4.2 K in the near future is planned, also the fabrication of the whole
magnets in the iron-core transport line and testing the transport line in a
laser-plasma accelerator facility is foreseen.
For the HTS air-core transport line, the possibility of fabrication of the
designed cos-theta magnets using the ReBCO-coated conductors can be
evaluated by manufacturing a demonstrator. In the case of a successful
demonstrator, the whole transport line would be fabricated and tested in a
laser-plasma accelerator facility.
Finally, a future step for the designed FFAG transport line would be in-
vestigating the possibility of using the HTS periodic quadrupole instead
of the periodic FDF/FDDF structures. Also, implanting of the designed
FFAG FDF transport section in the 700 MeV air-core transport line is under
investigation.
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