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Fully discrete Heterogeneous Multiscale
Method for parabolic problems with
multiple spatial and temporal scales*

Daniel Eckhardt! Barbara Verfiirth?

Abstract. The aim of this work is the numerical homogenization of a parabolic problem with several time
and spatial scales using the heterogeneous multiscale method. We replace the actual cell problem with an alternate
one, using Dirichlet boundary and initial values instead of periodic boundary and time conditions. Further, we
give a detailed a priori error analysis of the fully discretized, i.e., in space and time for both the macroscopic and
the cell problem, method. Numerical experiments illustrate the theoretical convergence rates.
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1. Introduction

Problems with multiple spatial and temporal scales occur in a variety of different phenomena and
materials. Prominent examples are saltwater intrusion, storage of radioactive waste products
or various composite materials ([14, 7, 18]). These examples all have in common that both
macroscopic and microscopic scales occur. Consequently, they are particularly challenging from
a numerical point of view. However, from the application point of view, it is often sufficient
to know a description of the macroscopic properties. Therefore, it is quite relevant to develop
a method that includes all small-scale effects without having to calculate them simultaneously.
This is the main component of (numerical) homogenization.
In this work we are interested in the following parabolic problem

% -V (a(t,x,%,%)vue) =/

with initial and boundary condtions. The precise setting is given further below. a(t7 x, E%, f) is
called the time-space multiscale coefficient and represents physical properties of the considered
material. If we use standard finite element and time stepping methods, we obtain sufficiently
good solutions only for small time steps and fine grids as the following example illustrates.
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(a) L2-Error with respect to grid width

hoand € at time ¢ — 1. (b) Hlustration of ue

Ezample 1.1. Let Q = (0,1) and T' = 1. Furthermore we consider
a(t,z,s,y) = 3+ cos(2my) + cos?(27s).

Let the initial condition be u¢(0,z) = 0 for all z € . Figure la shows the error in the L?-norm
with respect to the numerical and a reference solution. The reference solutions were calculated
using finite elements with grid width A = 107% and the implicit Euler method time step size
7 =1/100. The theory yields an expected quadratic order of convergence. However, this occurs
here only for small grid sizes. More precisely, the error converges only when h < €, see Figure
la. Similar observations can be made for the time step, where one even needs 7 < €2 in general.
The reason is that u. is highly oscillatory in space and time, see Figure 1b.

To tackle the outlined challenges, various multiscale methods have been proposed. Focusing on
approaches for parabolic space-time multiscale problems, examples include generalized multiscale
finite element methods [11], non-local multicontinua schemes [17], high-dimensional (sparse)
finite element methods [26], an approach based on an appropriate global coordinate transform
[22], a method in the spirit of the Variational Multiscale Method and the Localized Orthogonal
Decomposition [20] as well as optimal local subspaces [24, 25]. As already mentioned, we consider
locally periodic problems in space and time here. Hence, we employ the Heterogeneous Multiscale
Method (HMM), first induced by E and Enquist [12], see also the reviews [1, 3]. The HMM
has been successfully applied to various time-dependent problems such as (nonlinear) parabolic
problems [2, 4, 5, 6], time-dependent Maxwell equations [13, 15, 16] or the heat equation for
lithium ion batteries [28]. We use the finite element version of the HMM, but note that other
discretization types such as discontinuous Galerkin schemes are generally possible as well.

The present contribution is inspired by [21], which considers the same parabolic model problem
and analyzes a semi-discrete HMM for it. Precisely, the microscopic cell problems are solved
analytically in [21]. Our main contribution is to propose a suitable discretization of these cell
problems and to show rigorous error estimates for the resulting fully discrete HMM. A particular
challenge for the estimate is to balance the order of the mesh size and the time step on the one
hand and the period € on the other hand. Further, we illustrate our theoretical results with
numerical experiments and thereby underline the applicability of the method.

The paper is organized as follows. In Section 2, we introduce the setting and present the main
homogenization results. In Section 3, we derive the fully discrete finite element heterogeneous
multiscale method. The error of the macroscopic discretization is estimated in Section 4 and
the error arising from the microscopic modeling is investigated in Section 5. Finally, numerical
results are presented in Section 6.



2. Setting

In this section, we present our model problem and the associated homogenization results. Through-
out the paper, we use standard notation on function spaces, in particular the Lebesgue space
L2, the Sobolev spaces H! and H}, as well as Bochner spaces for time-dependent functions. We
denote the L2-scalar product (w.r.t to space) by (-,-)o and the L?-norm by || - ||o. Furthermore,
we mark by # spaces of periodic functions. Let X4 () be such a space for an arbitrary  C R?,
then the subspace Xy 0(€2) C X4 () consist of all functions whose integrals over 2 is 0.

2.1. Model problem

Let © ¢ R be a bounded Lipschitz domain, T > 0 the final time and ¥ := (—%, %)d. We
consider the following parabolic problem

aaf — V- (af(t,2)Vus) = f(t,z) z€Q, te(0,T)
u¢(0, x) =ug(z) x2€0Q (2.1)
us(t, x) =0 zed, te(0,71),

where f € L?((0,7),L%*(Q)) and ug € L*(Q). a° is the time-space multiscale coefficient as
introduced in Section 1 and is defined by the matrix-valued function a(t, z,s,y) € C([0,T] x Q x
[0,1] x Y,ngxn‘f). The function a is (0,1) x Y-periodic with respect to s and y, furthermore it
is coercive and uniformly bounded, in particular this means that there are constants A, A > 0,

such that for all £,7 € R%:
77"1(7237»5,?/)5 < A|77| ‘§| und g'a(tha&y)f > >‘|€|2

for all (t,z,s,y) € [0,T] x 2 x [0,1] x Y. Further, we assume that a is Lipschitz continuous in ¢
and x.

2.2. Homogenized Problem

Analytical homogenization results for (2.1) were obtained in [8, 26]. For ease of presentation,
we follow the traditional approach of asymptotic expansions here, but we emphasize that the
same results are obtained with the more recent approach of time-space multiscale convergence as
in [26], which is a generalization of two-scale convergence. Based on the multiscale asymptotic
expansion

. t x t x t x
u (t,l‘) = Uo(t,ﬂ?,g,z) +€U1(t,x7§,z) +62U2(taxa ?7 ;) + LR} (22)

it is shown that Uy solves the homogenized problem

% -V (onUo) = f in (O,T) x
Uo =0 on(0,7) x 99 (2.3)
Up(0, ) =ug in Q.

Here, the homogenized coefficient Ag is defined by

J
k

1 d
9
AOJ (tvx) = /0 A Z aik(t7x7 Say) (6jk + %(t,fﬂ, S, y))dydsa (24)
k=1



where §;;, denotes the Kronecker delta. The function x* € L*((0,7) x Q x (0,1), H} ,(Y)) N
L2((0,T) x Q, H,((0,1), H,, (Y))) solves the cell problem
ox* . : .
e Vy-(a(e"+Vyx"))=0 1in (0,1) xY,
X' (t,x,s,-) Y-periodic for all ¢, x, s,
X'(t,x,-,y) (0,1)-periodic for all ¢, z,y.

Using these !, U; in the asymptotic expansion (2.2) can be written as

sH

Ui(t,z,s,y) = Xt z,8,9).

[8, Chapter 2, Section 1.7| shows in Theorem 2.1 and Theorem 2.3 that
||u€ — Uy — ey ”L2((O,T),Hé(Q)) — 0 for e — 0.
We call Uy the homogenized solution. Uy describes the macroscopic behavior of u€, because Uy

only depends on the macroscopic scale z. U is called the first-order corrector.

Remark 2.1. Ay is not symmetric in R? for d > 1 in general since

i oy’
AY(t,x) / /YZZ(S,[CLM (t,z,8,9) (0, + 77— i (t,x,s,y))dyds

=1 k=1
d

0
/ / ZZ 3l + t x say))alk(tvxasay)((sjk + 8X (t z 57y))dyds
Y Yk

1=1 k=1
X
/ / (t,z,8,9) (t x,s,y)dyds. (2.6)

The last term does not vanish in general, but it is zero for ¢ = j due to integration by parts and
the time-periodicity of x*.

In the following we reformulate Ay in a way which we use to derive the discretized problem
later. We transform the reference cell (0,1) x Y to a general cell (t,t + €2) x {xo} + I. with
I. == €Y for ¢t € [0,T) and xo € Q) fixed. Application of the chain and transformation rule allows
us to write

o(t,x) / / (t,z,s,y)(Idg +Dyx(t, s,y))dyds (2.7

_ L] /tt+e /{m}-iJE a(t,gs7 ;2, %) (Idd +Dyx(t7;r;’ e%’ %)) dyds. (2.8)

3. The finite-element heterogeneous multiscale method
(FE-HMM)

Based on the results of Section 2, we want to compute an approximation of the homogenized
solution Uy based on the Finite-Element Heterogeneous Multiscale Method (FE-HMM). In [21],
this method was already introduced, but it was assumed that the cell problems (2.5) could be




solved exactly /analytically. The main aim of this section is to introduce also the (microscopic)
discretization of the cell problems, allowing for a fully discrete method. Further, we also account
for the non-symmetry of Ag. This leads to a slightly different formulation in comparison to [21]
where the symmetric part of Ay was considered throughout. In the following, we will derive
the full method step by step, which is on the one hand hopefully instructive for the readers to
understand the final formulation and on the other makes it easier to follow the error estimates
in the following sections.

We start with the discretized macro problem. For the spatial discretization we use linear finite
elements based on a triangulation 7y and for the time discretization we use the implicit Euler
method. Precisely, let Viz C H}(Q2) be the space of all piecewise linear functions which are zero
on 9N and let 7 = T'/N be the time step size. For 1 < n < N we set t,, = n7. Further, we define
UY := Quuo, where Qg : L*(Q) — Vp is the L-projection.

Let U then be the solution of the discretized equation

UL
<8—tH,<I>H>O + Bltn, Uy, &) = (", ®ur), for all by € Vi, (3.1)

ouy
where f"(z) = f(tn,x) and —IL = (U} — Uy~ ')/7. Here, the discrete bilinear form Blt,,, -, ]
is defined for any @y, ¥y € Vg via

B[tn,(IDH,\I/H] :/V\IIH(x) Ao(tn,x)VCDH(x)dx
Q

= K;—H /K VUy(x)- Ao(tn, 2)VOy (x)dx

~ > K|V (oK) - Aoltn, 1) VOm (k). (3.2)
KeTh

In the last step we approximated the integral with a quadrature formula, where xx denotes
hte barycenter of K € Ty. If we now consider the individual summands, we could calculate
Ap(tn, zi) starting from equation (2.7). However, this would have several disadvantages. First,
we would have to compute Ag(t,, zk) for all time points ¢,,, which would require a lot of memory
depending on the time step size. Furthermore, we want to change the boundary conditions
later, which is not possible with this approach. Therefore, the idea is to compute VU (zx) -
Ao(tn,zx)VPy(zk) directly. For this, set I,  := {zx} + I and use reformulation (2.7) to give

VUgh(zk) - Ao(tn, 2x)VOH(2K)
::a;,K(tvx)
1 i t x
= 207 v : t’ru s 9y
62|Ie| /tn /IF,K v HII&’K (xK) a( K €2 6)

t x
V(@H‘I‘,K (xx) + V<I>H|I‘)K (xr)ex(tn, TK 5> ;))dmdt

=3

1 e’ . . t x
27 / / VVh|, (Tr) - ap (6, 2)VOY(tn, Tk, —, —)dzdt, (3.3)
|1 tn, I. x € €

where

¢;§Iz = (I’H‘IE,K + (i) S VH + X((tnvtn + 62)ale,K)7 (34)



with
X((tnstn + €), Iei) := L*((tny tn + €), Hy o (Ie.)) 0 Hy (b tn + €2), Hy o (Ie i)

¢ solves the equivalent cell problem

095 .

aT# — Vo (af VL) =0 in (ty,ty, +€2) x Lk

¢y (t,z,s,-) — Ppy, periodic on 0l (3.5)
%t z,,y) — Puy, periodic on (t,, t, + €2).

We can thus give the first discretization for the bilinear form in (3.1)

K 'n,
Bt gt O W)= 3 o / Vo, (oK) b o (ty) Vet y)dydt
KeTy

tn-i-e
/ ! / [ 0w, @) i) V5 )y
[ele? [y, Ik oK

KeTu

Note that By 4 is generally not symmetric.

In practice, the period may be known only approximately. Therefore we consider the case with
cell side length § > € and cell time o > €2 and where the two terms Z, g are not integers. Thus,
the periodic boundary conditions no longer hold (see [, p.164] for the stationary case). In this
case, we need to find alternative boundary and initial values. We approximate VU g - Ay (t,)VP®y

by replacing € by ¢ and €2 by ¢ in (3.3), and also X by
L*((tnstn +0), Ho(I5,)) N H ((tns tn + o), Hy ' (Isx))
n (3.4). Then we approximate

1
olls] J,

_ " o af o (t €(t,x))dwdt
U|I5|/tn /I(;’K(v H\I&K(‘TK) a’n,K(vx)vd)(’I)) xrat,

tn+o
V\IIH($K) . Ao(tn,CL’K)V(I)H(iL'K) ~ / V@H(ZK) (t,x)Vd)e(t,x))dxdt
Is, ik

where ¢¢ solves the initial value problem

aa(i — V(a5 . VE) =0 in (t by +0) X Lk
¢ =&y on (tn, tn + 0') X 8[57}( (36)
i =oy.

|t:tn

This means that we replace periodic boundary conditions by Dirichlet ones and the time “bound-
ary value problem” by an initial value problem.

In the following, we consider the bilinear form resulting from the above approximation. We
set Qp i = (tn,tn + 0) X I5 k and define

Bultn, ®n, Yyl = Z (K|VVh(zK) - A (tn, 21)VOH (2K), (3.7)
KeTy

_ / VU (2) - Agr(tn, 250) VO (2)da, (3.8)
KeTy



where
1
VU -Ap(tn,2x)VPpy = —— VU (zr) - ay, k(t,x)Vo(t, x)dzdt.
‘ Qn,K' Qn. K
To finally get the fully discrete method we consider a triangulation T}, of the unit cell Y and the
resulting triangulation T}, (Is k) of the shifted cell with the finite element space VP C Hg (15, k),
which consist of all piecewise polynomials of order p > 2. We stress that the mesh size h is meant
with respect to the scaled triangulation Tj,(Is k). Let 1 < k < Neey, 0 = NL” and s, = k6. For

any @y € Vy seek ¢f, , € @y + V' as the unique solution of the discrete cell problem

5 €
/ Oh 2n + Vap - a5, g Vo5, pde =0 for all z, € VP
Ik Ot ’ '

with ¢}, o = @y
We consider the following bilinear form, which we get from the approximations above

By pltn, @, Vul = Y |K|VUg (k) - A n(tn, o) Vu (1) (3.9)
KeTu
= Z /V\I/H(LL')-AH’h(tn,l‘K)v‘bH(l‘)dx, (310)
KeTu’ K

where

1 /0
VU - Agp(tn, 1) VOp = ( VU (2) - 0y g (b, 1)V, o

U|I5| 5 Is i
Neenn—1
+6 Z V\IJH(J}K) ~a§7K(tn+8k79€)v¢2,kdl‘
k=1 7o
0 € €
+ 5 VVUp(rk) - an,K(tn + SNcemx)V(z)h,ndI)'
Is x

Remark 3.1. In the above definition of Ay, we used the trapezoidal rule for the approximation
for the time integral, which is consistent with our numerical experiments below. We emphasize
that the choice of other quadrature rules is equally possible. In practice, also the spatial integral
over Is i is approximated by a quadrature rule.

We reformulate the discrete homogeneous equation by substituting By p [tn, @a, ¥ ] into (3.1):
Seek Up; € Vi such that

our
<(TtH’q)H>o + By pltn, Ul 5] = (f", ®p ), for all & € Vg, (3.11)

where again Uy = Qnuo.
Remark 3.2. The restriction to use only piecewise linear functions for the macrodiscretization is

important for proving the claimed error bounds later. For finite elements of higher degree, one
approach is to consider the linearization ® g iy, of finite element functions ® 5 € Vi, where

D 1in, = Z D tin, k= Z Cp(rk) + (v —2K) - VOgu(rk).
KeTn KeTu
We refer to [1] for details in the stationary case.

In the following, we will show well-posedness as well as error estimates for the FE-HMM. Note
that for the well-posedness, it is sufficient to show stability for the macrodiscretization since the
microproblem is “only” used to calculate the homogenized coefficient Ag j, or the discrete bilinear
form By p, respectively.



4. Error estimation of the macrodiscretization

We start with a stability result which we will use to show coercivity and boundedness of By .
The statement and the proof are similar to [21, Lemma 2.1]. However, we consider here the
time-discretized case.

Lemma 4.1. Let Q C R? be a bounded domain, T > 0 and ® a linear function. Further, let ¢
be a solution to the following problem.

%_V~(a(t,z)-v<p) =0 n(0,T]xQ
o =® on (0,7] x 0N (4.1)
¢li=o =2,

where a(t, x) = (a;;(t, x)); j=1...q fulfills the following conditions
AMdg <alt,z) <Aldg  a.e. on (0,T] x Q,

where Idg : R? — R is the d-dimensional unit matriz. Let V¥ C H(Q) be the space of all
piecewise polynomials of degree p on  using the simplicial mesh Tp. For 1 < n < N we define
0 =T/N, t, =nb and let ¢} € ® + VP be the weak solution of the discrete problem

o — e B\ —
% + Vzp - a(tn, z)Vep (z)de =0
o

for all zp, € Vi, and @9 = ®. Then it holds for alln € {0,...,N}:

IVelo < [V¢ilo (4:2)
1/2 Y i 2\ /2
CT 2|V elo > (6319 (¢h - ®)IF) (4.3)
=0

Proof. Let n € {0,..., N} be arbitrary. Since ¢} = ® on 0Q and V® is constant, we get with
partial integration

/S;V(@Z(x) ~®(2)) - VO(a)de = — / (0 (2) — B(2)) Ad(2)do

Q
+ ég (o7 () — ®(2))VE(z) - vdv
=0

and, hence,

/Q Vi ()2 de = /Q V() de + /Q IV (¢ () — B(a)) [2d.

The first inequality (4.2) is thus proved. For the second inequality, we use that ¢ is the weak
solution of (4.1). We choose ¢} — ® as the test function to obtain

N
> /2 (eh(x) = o™ (@) (eh() ~ B(@)da+ 6 | Vlph(r) = @)-altn, 2)V(¢h(x) - B(z))dr]

n=1

N
= ;9 /Q V(eh (@) — ®(2)) - alty, 2)VO(z)da.



From the Cauchy-Schwarz inequality and boundedness of a it follows

1/2

< (Z/ﬂv(wﬁ(x) —®(2)) - a(tn, )V (o} (x) — @(x))c@

(i /Q V(z) .a(tn,z)w(x)dz)l/

N 1/2
< AVVR|VD (Y /Q V(eh () — @(a)) - altn, 2)V(eh(x) — D(x))dz)
n=1

2

Inserting this inequality into the equation above and using that

(len” = @lI3 = loh — @[13) > 0,

N | =

N
)3 /Q () — o () (o ) — D)) >

we finally obtain

N
> 9/ Vigh(z) — @(x)) - altn, z)V(pp () — ®(z))dx
n=1 Q

N 1/2
< Co"2|Ve]s (30 [ V(@) = @) - altn. )Vl a) ~ B(a))dr)
n=1

Finally dividing by (ZnN:1 0 o V(eh —@)(x) - altn, )V (e} — <I>(:1:))d:v)1/2 finishes the proof. O

Using this lemma, we now show the boundedness and coercivity of the discretized bilinear
form BH,h~

Lemma 4.2. For alln € {1,...,N}, Bypltn,, -] : Vu x Vg — R is a coercive and bounded
bilinear form.

Proof. Using the definition of ¢, ;, we obtain with Lemma 4.1 and 0 = Ncey 0

V\I/H . AH’h(tn,LL'K)V(I)H

1 /0
=—|= VU (rk) - as ;(tn, 2)Ve5 gdr
0_15(2/1&1( H( K) n,K( ) ¢h,0

Neenn—1
+0 Y VU (er) - ap g (tn + s, 2) V5, da
k=1 Jlsx
0 c c
+ ) VU (k) - an,K(tn + SNeens x)vd)h,ndz)
Is x
1 0 e
< mc(iuv\PH”Lz(I&K)(”v(d)h,O - (I)H)||L2(IJ,K) +HVCI>H”L2(IE,K))
Neeu—1
0 ) Va2t 0 (IV Sk = Pr)lz2(rs0) + IVOHI L2215 1))
k=1

9 €
+ DIVl (19,0 — @)l + IVl 101,,) )



Necen Necen

1 1/2 1/2
< —_— 22 2
< SOl X 9l 0) (02 IV Gk =~ 2l )
Ncell
0> IVl 0 IVl 20150
k=0
S C— Va2 ) IVHI L2(15.10) = CIVY (k) ||VOH (2K)],

III

where we used in the last step that V®p is constant. Summation over K shows the boundedness

of BH,h~
. . . Ag o (tn, —Agp(tn,xr)T . .
It remains to show the coercivity. Since ~* (tn,25) o (o) g skew-symmetric, it follows

that

(AH’h(lfn,fL'K) - AH,h(tn,xK)T>

Vo . 5

Vo =0.

For the symmetric part, we obtain with (2.6)

Ao(t,z) + Aolt, Ox!
o(t: 2) + Ao(t, ) / / Y b+ X t:csy))alk@,x,s,y)(éwﬁ(t,w,s,wdyd&

2
Y i1 k=1

With the lower bound on a;, ;- and Lemma 4.1, we calculate

A (t, Appn(tn, )T
Vb - Agp(tn, k) Vs = Vb - ( m,h(tn, T ) +2 a2,h(tn, k) )V(I)H
1 0 € € €
= — (* Vo ay g (tn, )V, odz
o|ls Is i
Neenn—1
+0 Z V&5, 1 - a5 x (tn + 55, 2) V5, pdx
Is i
9 € € €
t3 V- an k(tn + SN I)V(bh,ndm)
Is x

> Co|VOy(zr)|?

and the coercivity of By follows by summation over K and the fact that ®p is piecewise
linear. O

The macrodiscretization is thus a usual finite element discretization with implicit Euler time
stepping of a coercive and bounded parabolic (discrete) problem, which directly implies its sta-
bility.

We will now present the main error estimate which is of similar form as in [21]. We define the
error arising from the estimation of microscopic data as

e(HMM) = max er(HMM),

where
er,(HMM) := nax (Ao — Am ) (th, x|
= VU -(Ag— A t Voyll.
R ey, IV (o ) (i)

IVOu| VY| |=1

10



Note that the definition is analogous to [21], but includes the microscopic discretization by
comparing Ay with Ay, and not Ay. Using the same perturbation argument as [21] one directly
obtains the main error estimate.

Theorem 4.3. Let Uy and U}, be solutions of (2.3) and (3.11), respectively. If a and Uy are
sufficiently regular, there exists a constant C' independent of €,9,0, H, T such that

|UE — Uo(z,tn)|o + |U — Uo(,tn)|| < C(1 + H? + e(HMM)), (4.4)
|U% = Uo(,tn) |10y < C(7 + H + e(HMM)7~ %), (4.5)

where ||.|| is defined as

n

o= (Y rlvers3) "

k=1

for all ® = {®*}1_, with ®* € H}(Q).

5. Estimation of e(HMM)

In this section, we prove the error bound for e(HMM). In contrast to [21], we also consider the
error of the microscopic discretization, which requires additional effort. Further slight differences
to [21] arise from the lacking symmetry of Ag and Ag . Instead of estimating e(HMM) directly,

we introduce auxiliary matrices A and Ap and calculate the error with respect to them. Let
Py, Uy € Vy. A is defined via

VU Aty 2x)VPy = ][ VU (x) - af, g (t, 2) VoS (¢, x)dudt,
On K

where ¢ solves (3.3). Note that A uses the macroscopic discretization as Az, but solves the

cell problem with periodic boundary conditions in space as well as time. Ay is defined via

~ 1 /0
VU Ag(tn, 25)VPp = —(7/ VU () - 0 e (b 7)Y (b, 2)da
Is x

o|Ls|
—i—HZ VUg(zk)-a (tn + Sk, )V (ty, + Sk, x)dx
Is ik
6 € €
+ 5 ; V\I’H(I'K) ! an,K(tn + chezlvx)v¢ (tn + SN aj)d‘r>7
5K

where ¢¢ solves (3.6). Note that Ay includes the approximation of the temporal integral, but
in contrast to Ag j solves the microscopic cell problems exactly. In the following, we write ®, ¥
instead of &y, ¥y for simplicity and omit the variables in the integrals for readability. The
central result of this section is

Theorem 5.1. Ifa € C([0,T] x ,C?((0,1),CY(Y)), then it holds for any a > 0

e(HMM) <C((5)1/2+ﬁ+ﬁ£+ hs;a +E),

e € € €

where o and § are the time and cell size, respectively, of the cell problem (3.6).
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The first two terms arise from the oversampling as well as the change of the temporal and
spatial boundary conditions and are already present in [21]. The other terms come from the
discretization of the cell problems, where the leading terms orders are h/e and 0/¢2. We refer to
Remark 5.8 for a discussion of the spatial order. Linear convergence in time is expected due to
the choice of implicit Euler for time stepping. To sum up, when choosing § and o in practice,
one has to balance the oversampling and the microdiscretization error in e(HMM). Further,
note that no additional terms ¢ and o appear as it is the case in [21]. The reason is that we fix
the macroscopic scales in the coefficient (so-called macroscopic collocation of the HMM, cf. [3]).

For the proof we use the triangle inequality and our auxiliary matrices A and Ay via

[40 = Al < Ao — Al + |A = Aul + |An — Anl + |Ar — Anal. (5.1)

In the following, these terms will be estimated in four steps.

1.Step: Estimate |4y — A|.  This error is caused by the wrong cell time and cell size.

To even consider the difference of Ay and A, we still need an alternative representation of
VU - Ag(tn, zx)VO. Let I = |0/2], k = [6/e] and Qp i := Luc i X (tn,tn + le?). Since x§ is
the solution of problem (2.5), it follows that

][" VU -ap, g VO© = ][ V- ay g VO +VV -ay, i Dy x;, VO
On, K On, K

= V- (]é 0, 1 (Idg+D, X;))mb

=VVU. Ao(tn, .’I?K)V':I)
With that, we can handle the first step of estimating e(HMM).

Proposition 5.2. There exists a constant C such that
(A- a0l <c(S+5)
0 = 5 o )

Proof. From the calculation above it follows that

1
VU - (Ag — A)(tn, xx)VP| = ‘27/ VU -ay, ¢ Vo
|1€2 ([ Lse | Te i X (tn tn+1e2) '

1

|O—H[6‘ IJ,KX(tnvthFU)

1 1 )/
= - VU - a5 5 VoS
‘(\Ullfal 0 [ Tiel 7 S s x (b tu-+1e2) o
1

T L5 ] J 15 g\ L e X (t st 162)
1

||| s] Is i X (tntn+(c—1e2))

VU -ap, Vo

AVAUS a;,K ng;&

VU - df, i V5,

12



|1 e - le2 ][
_ 1_7) VU - af, g VS
‘( ol|ls| Te, i X (tn tn+1€2) o
—_———

=:G1
I5| — [L.c|) (12
+((| sl — | D<6))][ VU -, g V5,
o] |15 I5. 1\ e, ¢ X (tn tn +162) ’
=:Go
I —1e?
+(7| sl 6))][ VU - a5, i V|-
o[ Zs] Is, ik X (tn,tn+(0—1€2)) '

=:G3

We now consider the terms one by one. We use that § — e < ke < § and 0 — 2 < keZ2 <o to
estimate

d _ gdy(g _ 2
§<1*(6 a|)IE;| ))

<GrE-5D < (D)

Using the same arguments, the estimate follows for G5 as well

[Te| - l€2)

Gr = (1 B o|Is|

_ 2 2 d_ dy(. _ .2
o= (Bl < (- =)
2 d+2 2
<(5+5-S)=(G+5)

2 2
€ €

To estimate G'3 we use that [— > 1 — — and obtain
o o

Ga = (|16||(;||;5|162)) <(1 ‘é) = ;

Altogether, after substitution and from the boundedness of a¢ it follows that

N 2
IV - (A — Ag)(tn, 2x) V| gc(§+%)\v<b\|v\m. 0

2.Step: Estimate |A— Ay| This error can be described as the error of using wrong boundary
values and wrong time conditions.
Define (€ := ¢ — ¢%. Then (° satisfies the following differential equation

a €

= V(@ V) =0 in Qi

e =—ex5V® on 05k X (tn,t, +0) (5:2)
<6|t:tn = —¢€ X; Vo.

We derive an estimate for (¢ in the following. This in turn provides a bound for the term ¢¢— %
which appears in the final calculation of the error of Ay with respect to A.
Lemma 5.3. There exists a constant C independent of €,d, 0 such that

eN1/2

. / €
V¢ 22 @n 0 < O(( )+ a/) IVl 2(0, 1)

for all® € V.
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The proof can be found in [21, Lemma 3.3]. We can now complete the second step as well.

Proposition 5.4. It holds that

A ami<e((5)" + )

Proof. Using Lemma 5.3 we obtain

]i VU - af e V(6 — 6) < Q |\|WHL2<Q,LK>||V¢# AT

1/2
o((5)" + %) Temp A CICISI PR
1/2
_|_

<C((5

where we used again that V& is constant. O

1/2)|V‘I’(xK)HV‘I)(fUK)|

3.Step: Estimate [Ay — Ay| This error can essentially be described as a quadrature error.
Proposition 5.5. For @,V € Vg we obtain
VU - (Ag — Ag)V®| < CO*VI||VD|.

The proof follows directly from the quadrature order of the trapezoidal rule. In general, if use
a quadrature rule of order ¢ in the definition of Ay j (and consequently, for Ay ), this error will
be bounded by 69.

4.Step: Estimate |Ay; — Ay ;| This term describes the error from the microscopic discretiza-
tion. A direct calculation shows that

¢ (t,x) =Py +n(t,x) - VOy(zk)

where n = (n',...,n%) € (L*((tn, tn + 0), H}(Is,x)) N HG ((tn, tn + 0), HO*l(L;’K)))d satisfies
o' (t, x)z(x) + Vz(x) - as k(€' + Vn'(t,z))dz =0

Is x

for all z € H}(I5 k) and n(0,z) = 0. Analogously,
by (2) = P (x) + npi(rx) - VOu(z)

where 1k = () 4r -0k i) € (Vi (Is.1))? satisfies

Doty (2) 2 (2) + Van () - ap, g (te, @) (€' + Vnj, i (2))da = 0

Is x

for all z, € VP (I5x) and 77;1,0 =0foralli=1,...d. n and 0, obviously depend on €, 4§ and o.
To better investigate this dependence, we re-scale 7 in the following lemma.

Lemma 5.6. Define &' € L?((0, %), H (1)) via £'(s,y) = 1n'(t, + €s,2x + ey). Then &
solves

{f[a,é 0562+ Vz-af, (' +VE)de =0  Vze Hj(Is.)

§Yi=o0 =0,

where dsl’K(S’y) = a(t"’xKa te% +s, z?K + Z/)
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Proof. Define

x}6:15/6—>15,K:y—>xK+ey
g
o7 (0,6—2) = (tnytn +0) 1t = t, +€%s

Using the transformation and chain rule, we obtain

8t77i(t, x)z(x) + Vz(z) - Uy K (ei + Vni(t, x))daz

Is, ik
1

:/, 0" (t5°(5), 2% ()~ (2 ()
5/e

1

€
1 ~/ € ~€ i 1 i€ €,

+ VAR W) - @5 k(5. 9) (€ + V0 (157 (9). 25 () dy. O

Based on the rescaling of 7, we estimate the error between 1 and 7, which is the key
ingredient for the bound of |Ay — Ag |-

Proposition 5.7. Assume that a € C?*((tn,tn + 0),C?*(Iks)). Then, it holds for any o > 0

N 0o h3 h
Aup—An) < (52 04 1),

Proof. Let &y, ¥y € V. We obtain with the boundedness of af% x and the fact that V¥ g is
piece-wise constant

VU A VO — Vg - AgVdy|

1 0
" 1Qukl (5 /,m Vi - ap, g (tn, )V (h,0(2) = O (tn, @)
Neeni—1
+0 Z /1 V() -a, gt + Sk)v(dﬁ’k(m) — Ot + Sk,m))
k=1 K,s

0
+ 5 / Vg - a;,K(tn + SNcezzvl')v(d);,n(x) - ¢6(tna Jf)))
Ik

C 1 Ncelle qu 5 1/2 Ncellg v ) 1/2

< € _ € tn;'

< |Qn,K|(,§_31 Iven?) (kZ_l IV (65,1 — 6°) (1. )I2)
Ncell 1/2 Ncell ) . 1/2
> ovealR) (Y OV — o' (e DRI VEnR)
k=1 k=1

<C;
<C

el
Qn,K|
Neeu N,
1 1/2 ;
(D2 o1vwaulid) (D 0[6200un 132 0, 0,409,200
AN ot k=1 '

|
6—2c 7 2 2 7 2 2 1/2
RS20 ()32 1y ) + P2 () 2. | 1V 2011

<cC

1
|Qn,K|

o 2\ /2 2 )2
(32 15 wal) ™ ([0 10 I 0221100
k=1

F RPN T2 (4 -0y, F2 (i)

. 1/2
B2 1R (1t b2 0| | V@)
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where we used Theorem A.l in the last step. We now employ Lemma 5.6 and regularity results
for parabolic problems [23] to estimate the above terms as follows

10 | 2t b +0),L2 (11 0)) = eéed/%nassgi||L2((0,52),L2(15/E)) < Czelgﬁdm\/me \/;72
< 02%3 \Is k|0,

1960 | L2 (4 140, H2 (15 5)) = 652ééd/zﬁﬂasfiHL?((o,ﬁ),Hz(za/g)) < Cgﬁlsedﬂ\/@e \/;72
< Oy /Il Ve,

i 1 i 1 o
1711 L2t st +o) 12 (L 5)) = €§€d/2€||§ 220, 5). 1201500 < Ca e/ |15/ ‘\Ve
1
§C4E |I6,K|\/E~

Inserting these inequalities, we get

~ 3—«a
Vg - A Vg — VU - AgVdy| < c(ﬁﬁ b

h
ST+ e+ ) IVOu ()| Vs (k). O

Remark 5.8. Since we are in the non-symmetric case we only get a theoretical convergence order
of h. For the case that A is symmetric, convergence order of h? is expected. In a different setting
with non-symmetric homogenized coefficient, |13] even observed h? convergence numerically. The
term h3~% occurs due to the H!-norm estimate and is discussed in the appendix.

Summing up, we have proved the estimate for e(HMM).

Proof of Theorem 5.1. Using (5.1) and Propositions 5.2, 5.4, 5.5 and 5.7 we obtain the desired
error bound. O

6. Numerical Experiments

In the following, numerical results calculated with the Heterogeneous Multiscale Method are
presented. The convergence rate with respect to the time step and mesh width is investigated
for the macrodiscretization as well as for the microdiscretization. The implementation was done
in Python, building on the Fenics software library [19], where Version 2019.2.0 was used for this
paper.

6.1. Setting

We choose © = (0,1) and T = 1. Let the initial condition be u¢(0,z) = 0 for all x € Q. As the
exact solution of the homogenized equation we choose

Up(t, x) = t*(x — x?)
and accordingly the right side
f=2t(x — 2?) 4+ 24012

with the homogenized coefficient Ag. As in Section 4, the error between the numerical solution
Up and the exact solution Uy is investigated. For this purpose, we consider |UY —Up(tx, )| 12(0)
the error at time ty.
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Figure 2.: L2-error (left) and H'-error (right) with respect to the grid sizes H and h of the macro
and micro discretization, respectively, at the time ¢t = 1 and € = 1073.

As seen in Theorem 5.1, the error bound of e(HMM) depends on the terms o, §, and %,
which we get from the boundary and initial values. When choosing the parameters § and o, it is
important that H > ¢ and H > 0. Here, as suggested by [21], we choose § = €'/ and o = €2/5.

6.2. First example

In the first example, we select the coefficient as
a(t,z,s,y) = 3 + cos(2my) + cos?(27s).

According to [20], Ay = 3.352429824667637. For simplicity and more efficient calculation, in f
the coefficient A is replaced by this value.

Figure 2 (left) shows the error in the L? norm over the grid width H for different cell grid
widths h. Time step sizes were fixed as 7 = 1—15 and 6 = 7. It can be clearly seen that for coarser
cell grid widths h = 277 and h = 278 the error of microdiscretization dominates and therefore
we do not get convergence order H2. However, for fine cell grid widths, the expected order shows
up. Similarly, we obtain linear convergence w.r.t. H in the H!(Q) norm (Figure 2 right). Note
that for the H' norm, convergence in the macro mesh size can already be observed for relatively
large cell grid widths. These results agree nicely with our findings in Theorems 4.3 and 5.1.

6.2.1. Second example
In the next example we set

1

ai(y) = m

independent of s. A straight forward calculation shows

1

Ag=Cyh= -.

0 0= 3
We again consider the error between the numerical solution Uy and the exact solution Uy. As in
the previous example, we choose as time step sizes 7 = 1—15 and 0 = 7. We again first consider
the L2?-error and study its convergence w.r.t. to H, see Figure 3 left. For h = 273 no convergence
can be seen. For fine grid widths h = 277 and h = 278, quadratic convergence is initially seen,
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Figure 3.: L2-error (left) and H'-error (right) with respect to the grid sizes H and h of the macro
and micro discretization, respectively, at the time ¢t = 1 and € = 1073.
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Figure 4.: L?-error with respect to time steps 7 at t =1 and € = 1073.

but still the microerror dominates. Only for very fine cell grid widths quadratic convergence does
appear. The fact that for h = 2710 the error flattens out is probably due to rounding errors.
Figure 3 (right) shows the convergence in the H! norm. Here, for sufficiently small cell grid
width, the expected linear convergence is also observed. The results are again in alignment with
the theory and the observations for the first example.

In addition, we investigate the error of the time discretization. For this, we fix H = 1—10 and
h= ﬁ. Figure 4 shows that for fixed cell time step size § = ¢ linear convergence in the macro
time step 7 can be observed. Again, this underlines our theoretically predicted results.
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Finite element error estimates for parabolic problems

In this appendix, we present and prove an a priori error estimate for the finite element discretiza-
tion of an (abstract) parabolic problem with time-dependent coefficient. The statement and its
proof are very similar to the well known results in the literature cf., e.g., [27]. We try to extract
as high spatial convergence order as possible for each term. This is crucial to obtain (almost)
balanced orders between h and € in Proposition 5.7. In the following, we use || - ||,, to denoted
the H™(2)-norm for any m € R.
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Theorem A.1. Let Q C R? be a hypercube, T > 0, b : [0,T] x H () x H*(Q) be bounded,
coercive and Lipschitz-continuous (w.r.t. the time t) and f : [0,T] — L?(Q) be continuously
differentiable. Denote by u the solution of the following weak problem

<%’“>0 =b(t,u,v) = (f,v)o Vv € Hy(Q) (A1)
(u(04), v)o =0 YoeL*9).

Let further u}} € Vi be the fully discrete approzimation of u at time t, = nt using implicit Euler
method with time step size T and finite elements of order p > 2. Then we have for any o > 0

n . 1/2 n Con
(TZ ([, — U(Q)H?ﬁ(g)) < C(ZT[72||6ttu||2L2((0,T),L2(Q)) + WO 2 Bpultr) |1 32 ()
j=1 j=1

R ey ]) - (A2

Proof. We denote by Ry, the Ritz projection onto VP with respect to b(t,-,-). Note that R
depends on the time ¢, but we will omit this dependence for better readability. Inserting the
Ritz projection of the exact solution into the discrete equation and using a standard stability
estimate, cf., e.g., [27], provides

n ) 1/2 n 1/2
(7 Mt = Biut) iz ey) < (72 Malyrey)
Jj=1 j=1

where

(tn) — ultn-1)

tn
g, =1 / 0:((I — Rp)u) dit + — Byulty).
T tn1

The first term can be bounded with the following arguments of [27]: Set e = u — Rpu. Let
w € HY(Q) be arbitrary and find z € H(Q) such that b(-,v, 2) = (w,v). From elliptic regularity
estimates it follows z € H3~%(Q) for any o > 0 since (2 is a hypercube [J]. If we choose v = d;e,
we obtain

(Ore,w)g = b(-,05e,2) = b(-,0e, 2 —vp) + b (e, 2 —vp) =V (-, e, 2),

where the second equality follows by differentiating the equation b(-,e,v;,) = 0 for all v, € V}
with &'(-, -, -) the bilinear form obtained from b(-, -, -) by differentiating the coefficients with respect
to t. We get

(Gre,w)o < (|Bsellr + llell) inf Iz —walls + llef-1llzll3-a
v, €VP

By elliptic regularity and convergence results for (at least) quadratic finite elements [9, 10]
(Ore,w) < W ((|0gells + llell) lwll + [lell -1 [w]]1-
From [9, 10] it follows for small h
1sell-1 < PP~ ([10pull2 + [[ull2) + 2>~ [lulls < CR*=*(||0pullz + [full2).

For the second term in d,, we use again projection estimates and Taylor expansion

(ML= t) ) s < () ) e
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1 tn 9 1/2
<57( | Nowuls)lFe@ ds)
tn—1

Using the triangle inequality and estimates for the Ritz projection error of the exact solution, cf.
[10, 27], we obtain (A.2). O

We emphasize that quadratic finite elements are necessary to get the required bounds for the
Ritz projection error in the H~!-norm, cf. [9, 10]. Since our domain of interest is a hypercube,
we only get H3~®-regularity for any o > 0 of a solution to an elliptic problem with right-hand
side in H'.
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