J. Evol. Equ. (2023)23:45

© 2023 The Author(s) Journ:al of Evolution
https://doi.org/10.1007/s00028-023-00895-x Equations
Check for
updates

Strichartz estimates for equations with structured Lipschitz coeffi-
cients

DOROTHEE FREY AND ROBERT SCHIPPA

Abstract. Sharp Strichartz estimates are proved for Schrodinger and wave equations with Lipschitz co-
efficients satisfying additional structural assumptions. We use Phillips functional calculus as a substitute
for Fourier inversion, which shows how dispersive properties are inherited from the constant-coefficient
case. Global Strichartz estimates follow provided that the derivatives of the coefficients are integrable.
The estimates extend to structured coefficients of bounded variations. As applications we derive Strichartz
estimates with additional derivative loss for wave equations with Holder-continuous coefficients and solve
nonlinear Schrodinger equations. Finally, we record spectral multiplier estimates, which follow from the
Strichartz estimates by well-known means.

1. Introduction and main results

In the following, we show Strichartz estimates for Schrodinger and (half-)wave
equations with time-independent Lipschitz coefficients under additional structural as-
sumptions. Let d > 1, and a; € C%!(R) satisfy an ellipticity condition for i =
1,...,2d:

I A>0:VxeR: A<a(x)<A, ief{l,..., 2d}. (1)
We consider the Dirac operators
D= (,, 0, )
laj(Xj)aj 0
We further write

L:Dﬁ=ibi. = (‘Z?ﬂaj+d(xj)3j(aj(xj')3j) 0 )

= 0 — Y41 aj(x)dj(aja(x))d))

|Dp| = L%, and | D| = |V|. We consider the homogeneous Schrodinger

idu+Lu=0, (t,x)eRxRY,
{ i (t, x) @

u(0) ug € H*(R4; C?)
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and half-wave equation

i+ Lu=0, (t,x)eR xR,

u(0) =ug € H¥(R?; C?). )

The homogeneous Strichartz estimates quantify dispersive effects by estimates
||u||Lp([o,T],Lq(Rd)) S,T,d,p,q,s ||M0||HS(Rf1) 4)
for solutions to (2) or (3). In the constant-coefficient case,i.e.,a; = 1 fori =1, ...,2d

global Strichartz estimates

||M||L11(R,L4(Rd)) ,Sd,p,q ||”0||ﬁ.s(Rd)

hold true with s determined by scaling, see below. Our first result are local-in-time
. . 1
Strichartz estimates for L and L?2.

Theorem 1. Letd > 1,2 < p < 00,2 < ¢ < 00, 5¢ =d(%—g)—§,z e {1,2).
Suppose that a; € CO%'(R), i = 1,...,2d satisfy (1). Then, we find the half-wave

Strichartz estimate to hold

1 1
—s1 itL2 1
[ID]~*1e! uollLrqo. 1y La ey S P luoll L2re) %)
with u = T max; ||la;|l o1 > 1 provided that % + % = %.
Furthermore, the Schrodinger Strichartz estimate holds true

. 1
|||D|7S2€ltLMO||L1’([0,T],L4(Rd)) N HMOHH%(RH) (6)

with u = T max; ||a; ||2C0-1 > 1 provided that % + ‘q—i = %_

Remark 1. Forq = oo, the above estimates remain true after changing to Besov norms
B, "%, except at the double endpoints (p, q,d) # (2, 00,2) for the Schrodinger
equation or (p, q,d) # (2, 0o, 3) for the wave equation.

If the coefficients have integrable derivatives with small Ll—norm, we can show
global estimates:

Theorem 2. Letd > 1,2 < p,g < 00,50 = d(3 — ) — 5. £ € {1,2}, and

a; € CO’I(R), i =1,...,dsatisfy (1). Leta; = 1 fori =d +1,...,2d. Suppose
that Var(log((a;)) < 2m. Then, we find the following estimate to hold
1
DI ™ uoll Lo ;1o rayy S Mol 12ra) @)

provided that % + % = d%l and (p,q,d) # (2,00, 3).
Furthermore, the Schrodinger Strichartz estimate holds true

D12 uoll o . paray S luoll L2cray ®)

provided that % + % = § and (p, ¢, d) # (2,00,2).
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Recall that p > 2 and ¢ > 2 are necessary due to convolution structure. The
Knapp counterexample for constant coefficients gives the necessary conditions for the
integrability indices. For the Schrodinger equation, this reads

2 d

=+

d
p q 2

and for the half-wave equation, this is

2 d—-1 d-1

—+— =< —. (10)

p q 2
Estimates (5)—(8) follow for the strict inequalities in (9) or (10), respectively, by
Sobolev embedding for g 7# oco. The double endpoints (p, g) = (2, 00) in two dimen-
sions for the Schrodinger equation and three dimensions for the wave equation are
ruled out by more sophisticated counterexamples due to Montgomery—Smith [29] and
Stein (cf. [40, p. 81]), respectively. Tuples (s, p, g, d), for which the necessary con-
ditions hold, will be referred to as Schrodinger or wave Strichartz pairs, respectively.
If equality holds in (9) or (10), the pairs are referred to as sharp.

Clearly, on a finite time interval we can use Holder in time and Bernstein’s inequality
to estimate low frequencies. Hence, on a finite time interval we can as well consider
inhomogeneous Sobolev spaces. The estimates are named after Strichartz’s pioneering
work [38] on constant coefficients, where the relation with L2-Fourier restriction was
established (cf. [43]). Ginibre—Velo [17] covered a wider range of integrability indices,
and finally Keel-Tao [23] covered the time-integrability p = 2 endpoints.

It was clarified in [23] that Strichartz estimates follow from a dispersive estimate
and an energy estimate, see Theorem 5. In the constant-coefficient case, the required
dispersive estimate reads as

it(— A)K/2 _
1P T ug ooy S (L4 1D Pllugll 1 gay (2 # 0),

where P; denotes a smooth frequency projection to unit frequencies, o (k) denotes a
decay parameter, and the energy estimate is given by

(A2
|| Pyt 4 uoll p2ray S luoll 2 (ray-

By the interpolation arguments due to Keel-Tao [23] these yield Strichartz estimates
for unit frequencies. The claim follows by rescaling for any dyadic frequency range
and the dyadic frequency pieces are assembled by Littlewood—Paley theory.

We follow this strategy also in the current setup of Lipschitz coefficients as square
function estimates and scaling symmetries are still available. The key step remains the
proof of the dispersive estimate at unit frequencies. In the constant-coefficient case
the crucial kernel estimate is a consequence of stationary phase estimates. Here we
can use Phillips functional calculus as substitute for Fourier inversion.

Previously, the first author proved fixed-time L?-estimates for wave equations with
structured Lipschitz coefficients in joint work with Portal [16]. In [16], an adapted
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scale of Hardy spaces was introduced on which the time-evolution is bounded. Wave
packet analysis is not required in the following. We believe that it is worthwhile to
track the time-evolution of wave packets also in the current setup.

Without imposing additional structural assumptions, Tataru proved sharp Strichartz
estimates for wave equations with rough coefficients in C*, 0 < s < 2 in [41] (see
also [2,24,42]). As counterexamples due to Smith—Tataru [34] show, in the general
case there is derivative loss for C*-coefficients, 0 < s < 2 compared to the constant-
coefficient case; for C2-coefficients the usual Strichartz estimates hold true (see also
Smith [33]). In the present work, the additional structural assumptions rule out the
trapping examples by Smith—Tataru, which allows us to recover the Strichartz estimates
for constant coefficients.

General Strichartz estimates for Schrodinger equations with variable coefficients
were firstly derived by Staffilani-Tataru [37] for C2-coefficients under non-trapping
assumptions, see also Burg—Gérard—-Tzvetkov [8] for estimates on smooth compact
manifolds and Marzuola—Metcalfe-Tataru [27]. Moreover, in one spatial dimension
Burg—Planchon [9] showed Strichartz estimates only for coefficients with bounded
variation; see also Beli-Ignat—Zuazua [4]. It is conceivable that the proof of Burg—
Planchon [9] also applies in higher dimensions. There is a huge body of literature on
Strichartz estimates for wave or Schrodinger equations, local- and global-in-time, for
Laplacians associated with a Riemannian metric g, and the above list is by no means of
exhaustive; see also [5,6,28]. However, we are not aware of sharp Strichartz estimates
for metrics having regularity below C? and satisfying structural assumptions, but see
[35] for the quasilinear case.

We shall also discuss inhomogeneous estimates and Strichartz estimates for Holder
coefficients. A straightforward consequence of Theorem 1 by Duhamel’s formula and
Minkowski’s inequality, which is already useful to handle nonlinear equations, is the
following:

Corollary 1. Let ¢ € {1, 2}, and (p, p, q,d) be sharp wave (£ = 1) or Schrodinger
(€ = 2) admissible Strichartz pairs. Then, we find the following estimates to hold:

_t=1
IIDI"*(D)" » M”Lf’([O,T],L‘i(Rd)) S,T,lla,'\lco,l ”u(o)”LZ(]Rd)

, ¢
HIG@ + L2)ull 110,71, 22R4)) -
(11)

A standard argument invoking the Christ—Kiselev lemma [13] yields more inhomo-
geneous estimates with precise dependence on time scale and Lipschitz norm of the
coefficients. However, this misses endpoint estimates:

Corollary 2. Let ¢ € {1, 2}, and (p, p,q,d), (p, p,q,d) be sharp wave (£ = 1) or
Schrédinger (€ = 2) admissible Strichartz pairs. Suppose that p < p'. Then, we find
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the following estimates to hold:

1pe 0y [ttt gy ag
0 L([0,T],L4 (RY))

1

Lyl
S ur P (IDIP(D) 7 F| (12)

L7 (0,71, L9 (RY))

with u = max; T|a; ||f5(,y,.

More inhomogeneous estimates are available by the bilinear interpolation due to
Keel-Tao [23]. The estimates were further refined by Foschi [15] (see also [26,31,39,
45]). For the sake of brevity, we only record the estimates due to Keel-Tao, but remark

that the estimates from [15] hold in a wider range.

Theorem 3. Let? € {1, 2}, andlet (p, p,q,d), (0, P, q, d) be sharp wave (£ = 1) or
Schrodinger (€ = 2) admissible Strichartz pairs. Leta; = 1 fori = d+1, ..., 2d. Sup-
pose that Var(log(a;)) < 2m. Then, we find the following inhomogeneous Strichartz
estimates to hold:

t L ~
I1D|~* fo ¢TI F () dsllpr @ pg ray S IIDIPF (13)

LV ®.Lf @)

We remark that in the case of the half-wave equation, we can also apply the Keel—
Tao argument for finite times. In Sect. 4, we give further applications of the analysis.
Since the dispersive estimate hinges on integrals of the derivatives, we can extend the
results to coefficients with (locally) bounded variation. We refer to Sect. 4.1 for details.
Next, we use a refined version of Corollary 1 to derive wave Strichartz estimates for
Holder coefficients. We truncate the coefficients in Fourier space, which allows to
use Strichartz estimates for Lipschitz coefficients for frequency localized functions
and use commutator estimates. Similar arguments were previously used by Tataru
[41]; see also [2]. Below (Sy)ycon denotes an inhomogeneous Littlewood—Paley
decomposition in spatial frequencies.

Theoremd4. Letrd > 2, s € (0,1, T > 0, P = 8[2 — Z;i:l Oy a; (x;)0y;, and
a; € Bgo,l(R) satisfy (1) fori =1, ..., d. Suppose that T*||a; || zs [(R) < 1 for some
w > 1. Then, we find the following estimate to hold: '

l—p—2 1
sup N P=r ||SNM||LP([0,T],Lq(Rd)) N ||V“||L°0([0,T],L2(Rd))
Ne2No
_1 -
+u P IIDIT Pull o, L2 (Rdy) (14)
provided that (p, p, q,d) is a wave Strichartz pair and o = 1 — s.

We also apply Strichartz estimates to nonlinear Schrodinger equations. With the
same Strichartz estimates as in case of constant coefficients at hand, the arguments to
show analytic well-posedness for (sub-)critical nonlinear Schrodinger equations are
standard by now (cf. [40,44]). We refer to Sect. 4.3 for details. In Sect. 5, we point out
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how the global Schrodinger Strichartz estimates of Theorem 2 yield Bochner—Riesz
and spectral multiplier estimates for the scalar operator L = — Zfl: 1 Ox; (@i (x;)0x;)
witha; € BV (R) satisfying ellipticity conditions. For this we apply the abstract results
due to Chen et al. [11,12] and Sikora—Yan—Yao [32].

Outline of the paper In Sect. 2, we recall basic facts about elliptic operators with
Lipschitz coefficients as resolvent estimates and the Phillips functional calculus. In
Sect. 3, we show Strichartz estimates for Lipschitz coefficients, and in Sect. 4 we
record applications. We extend the Strichartz estimates to BV -coefficients, derive
wave Strichartz estimates for Holder coefficients, and also record well-posedness
results for nonlinear Schrodinger equations with BV -coefficients. In Sect. 5, we show
Bochner—Riesz means and spectral multiplier estimates.

2. Preliminaries

We recall the basic setup of Frey and Portal [16] with an emphasis on the Phillips
functional calculus. We also collect basic resolvent estimates and the square function
estimate. Recall that for i € {1, ...,2d}, a; € C%'(R), which satisfy the ellipticity
condition

A, A>0:VxeR: A <ax)<A. (15)

The ellipticity constants will be fixed for the rest of the paper.

Definition 1. Forj € {1, ...,2d},leta; € C*!(R) satisfy (15).For& = (£, ..., &) €
RY, we define

d
_Z , 0 —ajra(x;)o;(-)
§Da= 25 <a,-(x,~)a,- 0 )
Jj=1

d
/D2 = (/—aj+a(x))dj(aj(x;)d;) 0 )
: \/7 /X—;sl < 0 V—=a;j(x))d(@jra(x;)d;))’

which we view as unbounded operator in Lz(Rd; C?) with domain W!-2(RY; (Cz).

The Dirac operators Dy, are not commuting. The remedy is to use the cosine group,
which is as well generated by . / szl_ , and the operators | / Dgl_ and ng are commuting.

Recall the following about the generator of the transport group:

Proposition 1. [16, Proposition 3.1] The operator a% generates a bounded Cy-
group in LP(R) for all p € [1, 00). Moreover, ¢(x) = f(;‘ %}) dy is a global C'-
diffeomorphism, and we have

(€% f)(x) = f(x(t, x)) for f € CP(R)

with x(t,x) = ¢~ 1t + ¢ (x)), x € C'(R?; R).

We can now prove the following basic property of the Dirac operator:



J. Evol. Equ. Strichartz estimates for equations Page 7 of 34 45

Proposition 2. Leta, b € C*1(R) satisfy (15). Then, the operators

AW R CY) o LPR;CY), A=( O PEO) yp, (O P40
ady O aoy 0

with the same domain generate Co-groups in LP(R; C?) for 1 < p < oc.

Proof. 1t will be enough to show the claim for A as we shall see that the proof extends
to i D,. For the proof, we diagonalize A up to an L” bounded operator. The principal

symbol is given by
, 0 b(x)
is (a x) O ) )

The eigenvalues are given by =i&(ab)!'/?(x), and it suffices to note a matrix M of
eigenvectors is given by

pl/2 pl/2 . 1 /p=1/2 4-12
M=<a1/2 _a1/2)’ M Zi(b‘/z —a1/2>'
With this, it is straightforward that
1(b712(x) a™'2(x) 0 0c(b(x))) (b*(x) b'*(x)
2\ 12(x) —a12(x)) \a(x)d, 0 a'?(x) —a'?(x)

_ <(ab)1/2(x)8x 0

0 —(ab)”%x)ax) +EE,

where E is a 2 x 2 matrix consisting of linear combinations of derivatives of the
coefficients, which are bounded. Hence, we can transform the equation

o (1) _ (0 b0 (1
! wr)  \ad, O us
v\ [ ((ab)/?d, 0 vy
a, <v2>_<< 0 —(ab)”zax)JrE) (vz)
with

V] 1 (b~12 g=1/2 Ui )
<v2> = B (b_l/z —a12)\uy ) lENLr—rr < CA, A) Cn:lgﬁ)(”C”CO.l)

(16)

to

For v, we have the following representation by Duhamel’s formula:

el(ab)l/z(x)‘dxvl '
v = + T;_s(Ev)(s)ds, 17
ST B N BERI (a7
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with (7;) denoting the Cy-transport group generated by
B = diag((ab)"/*(x)dy, —(ab)'*(x)dy). (18)

From (17) is immediate that vy > v(t) is a Co-group in L?(R; C?) forl < p < oo,
and so is g > u(t). In a similar spirit, we can show that iD, generates a Co-group in
LP(R?; C) for 1 < p < oo because the diagonalization still applies, and after change
of basis, i D, generates the transport group up to an L”-bounded error. O

We find a representation in terms of solutions to wave equations by squaring the

transport group. Let
u itD, 40
t) = “ .
<U> n=c <U0>

By taking two time derivatives, we find

d2u = bdy (ady)u,
32V = ad, (bdyv).

Let Ly = —bdy(ady), Ly = —ady(bdy). Then, we can write the solution as

{ u(t) = cos(tL)ug — i ™ pi) vy,

v(r) = cos(tLy)vy + i 22 ad g,

or, concisely,

oitPa — cos(tLy) _img#(bax)
jS00La) o - cos(tLy)

Ly

A similar computation yields for
“) (1) = etV PE (10
v v/’

u(t) = cos(tLi)ug +isin(tLy)uo,
v(t) = cos(tLy)vg + i sin(tLo)vo,

the representation

or, concisely,

u(t)\ _ (cos(tLy)+isin(tLy) 0 uo —ei’\/D_g uo
v()) 0 cos(tLy) +isin(tL2) /) \vo) ~ vo /)’

The Dirac operators (D,) are bisectorial operators (cf. [16, Definition 2.4], [22, Chap-
ter 10]), but not commuting. However, the cosine groups of the operators coincide:

eiu/Dg +e_”‘/Df% = ¢i'Da 4 o=itDa

This allows us to recover a Phillips functional calculus, for which we follow the
argument in [16]:
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Definition 2. For ¥ € . (R?), we define W (,/ D?) using Phillips functional calculus

associated with the commutative group (exp(i&.y/D2)) ferd’

1 A .
(/DD = g [ b expiie 0 e

We consider functions W which are even in every coordinate, i.e., ¥ = W* with

U (x) =274 Z W(81x1, ..., 84%x40).
(64 et=1.1)¢
For such functions, we have that

w(,/D2)
1 - 1
= i o [ #©3 (ewieier/ D2+ exp (<igier/2) ) exp (it ~ e /2
d

1 n
/ &) [ expié; Day) o,

e Jpa e
since D, and /D2 generate the same cosine family. For the sake of brevity, we write

1 n
wi(,/D2) = w'(D,) = oy fR W (€) exp(it. Da) .

Moreover, we have
d ) )
_ L a; N0y (ai(x)dy,) 0
L=D>=.D2. /D2 = 2 5ot @jrd (xj)0x; (aj(x)0y; .
’ ﬁ ‘ ( 0 —Z‘;:laj(xj)3Xj(aj+d(X_/)3x,-)

As another consequence of the close relation with the transport group, the group
generated by i&.D, satisfies a strong form of finite speed of propagation (cf. [16,
Remark 4.2]). We summarize the finite speed of propagation property in the following
lemma:

Lemma 1. Ler ug € C°(R; C?), and d,u = ibau, u(0) = ug. Then, we find
u(t, x) = 0 if dist(x, supp(ug)) > Clt|.

Moreover, after introducing the scalar product in LZ(R; (Cz),

(GG, =6 (o) ()

we find i D, to be a self-adjoint operator, which implies the following global L>-
estimates.

Proposition 3. Let ug € L2(R; C%) and d;u = i Dau, u(0) = ug. Then, we find the
following estimate to hold:

lul 2,02y S NuollL2r:c2)- (19)
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In subsequent sections, we need the following properties of the operators D, and

L:

Proposition 4. There is N = N (d) such that we find the following estimate to hold:

||(1 + L)iN”Ll(Rd)_)Loo(Rd) = C()\,, A) (20)

We shall also make use of Littlewood—Paley theory associated with L = |Dr].
For this purpose, we consider a radially decreasing function

¢(&) = lfor|g] <1, supp(¢) € B(0.2).
Let ¥ (§) = $(£/2) — ¢ (&) and Y (§) = ¥ (27¥&) such that
PE+Y W@ =1, Y W@ =1 (E#0).

keN keZ

In view of the previous paragraph, we note that ¢ = ¢* and ¥ = W*. We have the
following square function estimate:

Proposition 5. Let 1 < p < oo. Then, we find the following estimate to hold

11l Lo ay ~ (Z |wk(/;3)f|2> 1)

keZ LP(RY)
with implicit constant only depending on d, p, and ||a|| co,1.

This follows from L7-boundedness of F (L%) provided that F satisfies the usual
Mikhlin condition (cf. [46]). The square function estimate is concluded by a Rademacher
function argument.

It turns out that the Besov norms for structured L°°-coefficients remain equivalent.
'L denote the associated heat kernel and Ajf = 47/LS; (477) the dyadic projection.
We define Besov spaces associated with L as

sqj L
I = | 22V 14T fIT

JEZ

Proposition 6. Under the above assumptions, for 1 < p < coand —1 < s < 1,
we have B,‘;’p = B(;[Z with equivalence of the norms only depending on the ellipticity
constants.

Proof. In the present case, the heat kernel factors as a consequence of

[9x; (@i (xi)0y,), Ox; (@ (x;)dx;)] = 0.
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Since the operators (dy, (a; (x; )0y, ); are commuting, the properties of the one-dimensional
heat kernel of L; = —0d, (a; (x;)0y,;) are inherited for L:

d
Kr(e,y, 1) = SL@)(x,y) = e (x, y) = [ ' (xi, yi).
i=1

The one-dimensional case was discussed in detail in [9, Appendix A]. By the properties
of the one-dimensional kernel, there exists ¢ depending only on the ellipticity constants
such that

=y

KLGey, D] St %e 7. (22)

Moreover,

L=y
t

d_ 1
0y, Kp(x, y, D] + 105, Kp(x, y, )] S 1727 2e

and

d_

ILKp(x,y, D) S 172

—yl2
le_ £ r}|
By the Gaussian bounds, it follows that Sy (¢) is continuous on L7, as well as Ajf =

4=JLS7 (477). By the kernel estimate, we can derive equivalence of Besov norms as
in [9, Appendix A.2]. O

Remark 2. We remark that the argument strongly hinges upon the structure of the
operator. For general elliptic operators with Holder coefficients, the equivalence of
Besov norms fails.

We shall also need the following square function estimate, which even holds for
general elliptic L°°-coefficients (cf. [1]):

Proposition 7. (One-dimensional Kato square-root estimate) Under the above as-
sumptions, we have

NDLIf N2 ~aa 1Lf g (23)

3. Strichartz estimates for Lipschitz coefficients

This section is devoted to the proof of Strichartz estimates for structured Lipschitz
coefficients. The key ingredient in our proof are as in the constant-coefficient case
dispersive estimates. Recall how dispersive estimates imply Strichartz estimates by
the following abstract result due to Keel-Tao [23]:

Theorem 5. (Keel-Tao) Let (X, dx) be a measure space and H a Hilbert space.
Suppose that for each t € R we have an operator U(t) : H — L?*(X) which satisfies
the following assumptions for o > 0:



45 Page 12 of 34 D. FREY AND R. SCHIPPA J. Evol. Equ.

(i) Forallt and f € H we have the energy estimate:
NU® flirzy S N Ia-
(ii) Forallt #sand g € L'(X) we have the decay estimate
IU W) gl S L+ 1t =sD™NglLix)-

Then, for o-admissible exponents (p, q), which satisfy % + % < Fand (p,q,0) #
(2, 00, 1), the estimate

WOl s @y S 1F1ln

holds. Furthermore, for two o-admissible pairs (p, q) and (p, q), the estimate

SIFI (24)

57 =
Ly L]

/ U@ (U(s)*F(s)ds
s<t

LY LI(RxX)
holds true.

We shall see by Littlewood—Paley decomposition and rescaling that it will be enough
to show estimates for unit frequencies. The energy estimate required by Theorem 5(i)
is Proposition 3. We have to show the dispersive estimate:

Proposition 8. Ler a; € C%'(R) satisfy (15). Then, we find the following estimate to

hold:
L
elIL2 w < Dzl)
L1 (Rd)— Lo (Rd)

fort €{1,2},0 <t < C(A, A)max(||a;l¢o1), and

S+ eh=o® (25)

d—1 ¢ =1
a()=1 ,°
-, £=2.
2
Proof. By Phillips functional calculus, we have to prove
sup / Ki(§)e' S Pug(x) dg | S (1+ 16D~ lluoll 11 o) (26)
xeRd
where
K. () = i)yl ivE g
O =5 /H; My (y)e S dy

denotes the kernel of the half-wave equation for £ = 1 or the Schrédinger equation for
£ = 2 at unit frequencies. Note that K, (§) = K/ (§) and Definition 2 applies. Recall
that

L+ +1EDN, el # Jgl

27
(141t~ ®, |t] ~ |€] @7

K S {
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by (non-)stationary phase (cf. [36, Chapter 1]). Hence, to show the dispersive estimate
(25), it suffices to prove

/ |eif'D"f(x)\dss/ | f(x)|dx.
R4 R4

We show this after suitable localization.

By the L?-estimate, Phillips functional calculus, and the rapid decay of the ker-
nel (27) for |£] > |t|, we can localize the integral in (26) to || < T: Let x7 €
C°(B(0, 2T)) be aradially decreasing function with x7(§) = 1for& € B(0, T). Let
nr = 1 — x7. We estimate by integration by parts, the L>-estimate from Proposition
3, and the resolvent estimate from Proposition 4:

H /R ) nr () K, (&)e'SPau(x) dg

Loo(Rd)

< M nr VK (E)(1 — Ag)*N (1 4+ L) 2N efs-Pay (x) dg

LOO
< H / = AN (T (E)K (€)™ Pe (1 + L) Nu(x) de i
R L
5/ (L+1ED"V &)1+ L) Null 2
|E|=T
SA+T)™Mulp.
Thus, it is enough to show the estimate
sup / K,@)e’“"uo(x)dé’ S A+ Nuoll L1 gy (28)
xeRd |V |EI<T
which follows from
i£.D, <
sup |e'* Paug(x)| d& < Nuoll L1 ray- (29)
xeRd JI|E|<T

By Lemma 1, we can suppose that supp(ug) S B(x, CT) to show (29). Furthermore,
by commutativity of the Dirac operators under the radial frequency constraint, we can
write

/ ‘eiE‘D”uo(x)dé‘

B(0,T)
T T T

< / dé ... / dsd</ dsl|el'§l-’)an(e"‘f’-Déuo(xl,x’>)|) (30)
-T -T -T

with &' = (&,...,&) and D), = (Dy,, ..., Dg,). It suffices to prove the estimate
for a one-parameter group as the estimate for the above expression then follows by
iteration. Thus, the proof will be complete once we show the following estimate:

T N
/ e Peug () dt < fluoll L1 p ey
-7



45 Page 14 of 34 D. FREY AND R. SCHIPPA J. Evol. Equ.

for ug € L'(R) and supp(ug) € B(x, CT). We write u(t, x) = €'Peuq(x) and with
the notations from the proof of Proposition 2, we find by change of basis

T T
/ |u(z,x)|dt§/ lu(t, x)| dt (32)
-T -T
with
t
u(t, %) = Typ(x) + f T, Ev(s, x)ds,
0
where T, = expdiag(t(ab)'/*>(x)dy, —t(ab)/?(x)d;). We can write T,vo(x)

= vo(x (¢, x)) with x(x,-) a Cl-diffeomorphism and

/ Tp (o)l dr < COu Aol ).
R

Hence, integration in time of v(z, x) yields

T T T
/ lv(z, x)[dr < C(k,A)IlvollLl(R;CZ)Jr/ dtf ds|Ev(s, x(t — s, x))|.
—T -T —T
(33)

We estimate the second term by the diffeomorphism property of x (x, - — s), Fubini’s
theorem, and L!-boundedness of E:

T T T
/ dt/ ds|Ev(s, x(x,t —s))| < C(A,A)/ ds|[Ev(s)lz
-T -T -T

IA

T
C(A,A)/ dsllElzizillv(s)lzy
r :

IA

T cT
CO, M|E|pi_p / ds/ dx’|v(s, x + x|
-T —cT

C, MIENL1 1 CT sup [v(r, x)”L,l([_TqT]y
X

IA

(34)

We use the bound for || E|| 1,1 from (16): Let T = METS such that we
L

can absorb (34) into the right-hand side of (33) to find

1
1 CCU. /)

T
/ o, x)[dt S llvoll 1 w2.c)-
—-T

Conclusively, (31) follows from (32), the previous estimate, and a final change of
basis. The proof is complete. g

In the following, we show the dispersive estimate for arbitrary finite times. We start
with the following growth bound as consequence of Grgnwall’s lemma:

Lemma 2. Let u(t, x) = e''Paug. Then, we find the following estimate to hold:

Cdlaillzo,1.A,A)t

lu@lip <e lluoll -
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Proof. Starting with the representation by Duhamel’s formula after change of basis

t
v(t, x) = Ttvo(x)+/ Ti—sEv(s, x(t —s,x))ds,
0

we obtain

t
/Iv(t,X)ldXS/ |UO(X(17X))|dX+/ /I(Ev)(s,x(t—s,X))ldde
R R 0 JR

t

= C, Mlluoll 1wy +/0 CR, MIEN L1 o)l ds.

By IElli 1 < C(&, A, laill¢o.1), the proof is concluded by applying Grgnwall’s
lemma and inverting the change of basis. g

In the following, we show that the dispersive estimate remains true on arbitrary time
intervals, but with a bad constant.

Lemma 3. Letl € {1, 2}and A = max; ||a; || ¢0,1. Then, we find the following estimate
to hold:

A
[ Pre™ 2 |1 oo < C1eC2TAM 4 1t)™@ (0 < 1] < T).

Proof. As in the proof of Proposition 8 by the localization and decay of the half-wave
or Schrodinger kernel at unit frequencies (27), it suffices to prove

‘/ eié'D"uo
[§1=T

As above, it suffices to prove the estimate for one Dirac operator by their commutativity

CTA
< Cre " Muoll 1 (way-

and iteration. Let u(z, x) = e'Payq(x). We show

T
/ (e, )1t < Cre®T gl 1 .
T

Proposition 8 yields T/(A, A, A) such that

T/
/ (e, )1 de < ol ey,
0

We partition [0, T] into N = |T/T’] + 1 intervals Iy = [a, bi] of length T’ such
that f,, lu(t, x)|dr < |lu(ag)| ;1. Hence, by Lemma 2 we find

T
/ |u(z, x)|dr <
0

N+1 N+1

kT'C TC
Z/m(r,xndrgZe ol S e Clluoll 1 w)-
—o Y Ik
k=0

k=0



45 Page 16 of 34 D. FREY AND R. SCHIPPA J. Evol. Equ.

For the proof of the global results and extending the above to coefficients with
bounded variation, we use the following result due to Beli-Ignat—Zuazua:

Theorem 6. [4, Theorem 1.1] Foranya € BV (R) satisfying (15) and Var (log(a)) <
27 there exists a positive constant C(Var(a), A, A) such that the solution u to

O = 0y(a(x)o)u, (t,x) e R xR,
u©) =uge L'(R), u(0)=0

satisfies
sup/ lu(z, x)|dt < C(Var(a), r, A)luollp1g- 35)
xeRJR

Remark 3. We note that Beli et al. showed the threshold for Var(log(a)) to be sharp
for (35) to hold.

We show the corresponding result to Proposition 8 for functions with locally bounded
variation. To this end, let

Varr(a) = sup{/ dla’(x)| : I € Rinterval, |I| =T}.
I

Proposition 9. Leta; € BV, (R),i =1, ...,d satisfy (15) such that there is T > 0
with Varr(log(a;)) < 2w and a; = 1 fori =d + 1,...,2d. Then, there is T =
7~"(T, A, A) such that

L -
[P 2 e S A+ 1D 0 <t < T).

If Var(log(a;)) < 2m, then we can choose T = oo.

Proof. By the reductions from above, it is enough to prove

T
/ e Peug(x)|dg < C(Varr(a). . Mlluoll 1 e)-
-7

T will be determined from 7 and A, A. It suffices to show the above display in one
dimension:

T
/ e Peup(o)] dr < Clluolliga-
_F

By the symmetry of the kernel, we change to the cosine group, and it is enough to
prove

T
/ lcos(tLyug()| d < Clluol 1z
-T

for L = +/—0,(a;(x)dy). Note that the second entry on the diagonal can be recast
into divergence form after change of variables as pointed out in [9]. By finite speed



J. Evol. Equ. Strichartz estimates for equations Page 17 of 34 45

of propagation, we can localize u¢ to an interval of length [ = C(A, A)T such that
cos(tL)ug(x) = cos(tL)ig(x) for || < T. Secondly, we can localize the coefficients
of L such that

cos(tL)iig(x) = cos(tL)ug(x).

Note that this strictly speaking only works for piecewise constant coefficients, but
we can assume this by approximation arguments (cf. [4]). Moreover, the localization
of a can be chosen in an interval of length C (A, A)T around x. By hypothesis, for
C(h, A) T < T, we have by the localization and Theorem 6

T
/ _|cos(tL)up(x)|dt < / | cos(tLyuo(x)|dr < C(Varr(a), A, Muollp1(wy-
-T R

O

Remark 4. The hypothesis on locally bounded variation is satisfied for a; € C!'(R)
with ||3xai||L1(R) <ooora; € CH(R) being t-periodic.
We begin the proof of Theorem 1 in earnest:

Proof of Theorem 1. We have the scaling symmetry
¢
x = llaillcoax, ¢ — llaill gt

with £ = 1 for the half-wave equation and ¢ = 2 for the Schrodinger equation, which
reduces the estimate to

¢ )
- itL?2 -
DI~ “uollLrqo,m1,20) S TP lluoll 72

with |lal| 01 < 1. For a sharp Strichartz pair (s, p, ¢, d) we always have 0 < s < 1.
Hence, for Lipschitz coefficients the homogeneous Sobolev spaces W*P and WZ”’
are equivalent for —1 < s < 1, and it suffices to estimate

£ 1
—sp itL2 5
DL "™ uollLro.71.29) S T lluoll 12
The estimate for the low frequencies
o itLS 1 "
DL "™ ¢ (DL D0l Lo o, 71, L0y S TP IDLIP ™™ UDLDUON Lo 10,71, 12y
1
S T lluoll 2@y
follows by Holder’s and Bernstein’s inequality and boundedness of the group on
L2(RY).
We turn to the estimate for the high frequencies: The square function estimate (21)
and Minkowski’s inequality, recall that p, g > 2, yield

2
L ot
DL ™ uoll 1o 0. 71,1 sy ~ (Z IDLI™* Y (I DL u0|2)

k>1
LP([0,T],L7 (RY))

1

2
A
< (22‘2’““||wk<|DL|>e”“uo||i,,<[0¢ﬂ,m(w))) . (36)

k>1
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Hence, it suffices to show the frequency localized estimate

||1ﬂk(|DL|)elt M0||Lp([o T),L4(R4)) ~ S TP2 %2 ||1/fk(|DL|)MO||L2 (R9) (37)

We use the scaling x’ = 2kx, ' = 2%¢, which yields 9, = 2%9, and % = D;,
a; (x) = a;(27%x;). Note that

la: 27l gos S 27 llaillcon S 275 (38)

This reduces (37) to unit frequencies:

(\

1
1 (1D; D™ woll o qo.72007, Loy S (T2 V)P flugll 2 oy 39)

We note that as a consequence of (38) by Proposition 8 there is C independent of
k € Ny such that the dispersive estimate

\‘t

I (D7 D L2 gl o ray S (1 + 18177 © gl 1 gray (40)

holds for 0 < |t] < C 2k with implicit constant independent of k and ¢. Thus, by the
energy estimate from Proposition 3, the dispersive estimate (40), and Theorem 5, we
find

N

||1//(|D |)@ 7MOHU7 [0,C2K], L9 (RY)) ~ ||MO||L2(]Rd) 41

Hence, by partitioning [0, T2%7 into 0(T2(€">k) intervals (I,,) of length C2* we
conclude

(\

Iz
||¢(|D |)€” M0||Lp([0,nkk],m(Rd))

£ r 1
(an(m e Zuon{p(,m,m(w))) < (#1n) 7 lluoll 2y

m

We have additionally used that e'’ L2 conserves the L2-norm independently of k.

Thus, by change of variables, we can conclude the Strichartz estimates for high
frequencies of the original operators from estimates for unit frequencies of the rescaled
operator:

16 DL Dol < 2524 1D Dol o, o
< (25527727 |y (1D Diioll 2
< (205270270 2% |y (DL Dol 2
= (T2 52Ky (| D Do .

The proof is concluded by (36) and square summing the above display. 0
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Next, we turn to the proof of global-in-time Strichartz estimates. The additional
hypothesis on small variation allows for dispersive estimates with uniform constant
for arbitrary times, from which global Strichartz estimates follow.

Proposition 10. Let a; € C%1(R) satisfy (15) and suppose that Var(log(a;)) < 2w
fori =1,....,danda; = 1 fori =d+1,...,2d. Then, we find the following
estimates to hold:

" a1

le" 2w (DDl S+t 2, (42)
: d

e N pee S1EIT2 (2 #0) (43)

with implicit constant only depending on the ellipticity constants and V ar (log(a;ai+q))-

Proof. As in the proof of Proposition 8, by the decay of the half-wave kernel at unit
frequencies, to show (42), it suffices that

/ |e/8-Pa f(x)| dE < / |f(x)ldx. (44)
R4 R4

For the proof of (43), we write by Phillips functional calculus without frequency
localization

eup(x) = / G ()¢ Paug(x) dg
Rd
with

Gi(§) =

1d/ eiy.Seitly\zdyZ ! de”éz~
Q) Jra (4rit)?

Thus,

. . d .
le"Fuo(x)| < sup |G (8)] f e -Payg(x)| dg < |¢|72 / le's-Pay(x)| de,
geRr? Rd R4

and (43) follows likewise from (44).
As in the proof of Proposition 8, by commutativity of the generators and iteration,
it suffices to show

/|e”f)au(x)|dr5/ lu(x)| dx (45)
R R

for u € C°(R). We write u(t, x) = ei’b“u(x). Since we can change to the cosine
group by radial frequency constraint, (45) is immediate from Theorem 6. g

With global dispersive estimates at hand, we turn to the proof of Theorem 2:

Proof of Theorem 2. We begin with the proof of (8), which does not require an addi-
tional Littlewood—Paley decomposition. We have to show

itL
[le' u()”LP(R;Lq(Rd)) S ||MO||L2(RH)
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for % + ‘q—i = ‘%, (p,q,d) # (2, 00,2). This is a consequence of Theorem 5 due to the
global energy and dispersive estimates from Proposition 3 and 10.

For the proof of (7), it suffices again to consider only sharp Strichartz pairs. We use
the square function estimate and Minkowski’s inequality to find

1 2
<Z |DL| wk(mu)e”“umz)

keZ

1
—s1 ,itLZ
D]~ e! uO”LP(R;L’i(Rd)) ~

LP(R; L4 (RY))

o 2
g<22ZSII{Wk('DLI)e”LZ'40||ip(R;m<ﬂ%<f’)>) - (46)

keZ
We rescale similarly as in the proof of Theorem 1 to reduce to unit frequencies. It
suffices to prove that

o1
1w (Dz D™ ol Lo . Larayy S llitoll L2 (e (47)

with implicit constant uniform in the rescalings. This is true as the rescaled coefficients
are given by a; x(x) = a; (2_kx) and hence, ||8xa,~,k||L1(R) = ||0ya; ||L1(JR)- Thus, the
global dispersive estimate derived in Proposition 10 holds uniformly in &, so does
the energy estimate by Proposition 3, and hence (47) holds true independently of
k € Z. Plugging (47) into (46) and square summing over the spectrally localized
pieces finishes the proof. g

Next, we discuss inhomogeneous estimates. The involved arguments are standard by
now, so we shall be brief. The most straightforward estimate is recorded in Corollary
1. By local well-posedness of the half-wave and Schrodinger equation in L?, we can
make use of Duhamel’s formula:

L r, £
u ZellL2u0+f el(t_S)L2(Pgu)(S)dS
0

with P, = id; + L:. Corollary 1 now follows from Minkowski’s inequality and
homogeneous estimates. For details we refer to [8, Corollary 2.10].

For the proof of Corollary 2, we use the following tailored version of the Christ—
Kiselev lemma [13]:

Lemmad4. [19, Lemma 8.1] Let X and Y be Banach spaces and for all s,t € R let
K(s,t) : X — Y be an operator-valued kernel from X to Y. Suppose we have the
estimate

H/RK(SJ)JC(S) dsllramy)y < Allf

LP(R,X)
forsome A >0and1 < p <q <oo,and f € L?(R; X). Then, we have

/ K(s.0)f () dslzo@y) < CpgAllf
s<t LP(R,X)

Theorem 3 is another consequence of Theorem 5 with the dispersive estimate at
hand. Additionally, a Littlewood—Paley decomposition is required.
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4. Applications

In this section we give applications of the preceding analysis. First, we show
Strichartz estimates for coefficients of bounded variation by limiting arguments. Next,
we prove wave Strichartz estimates for Holder coefficients under the additional struc-
tural assumptions. In this case, they improve the general estimates due to Tataru [41].
Finally, we indicate applications to the well-posedness theory of nonlinear Schrodinger
equations.

4.1. Strichartz estimates for BV coefficients

In the following, we see that by approximation arguments due to Burq—Planchon
[9, Proposition 1.3], we can drop the hypothesis that the coefficients are Lipschitz and
allow for BVj,.(T)-coefficients, which norm is defined by

lallgv,,(r)y = sup {/ dld’|(y) : I € Rinterval, |I| = T}
i

for a’ being a locally finite measure. The backbone is the dispersive estimate only
depending on the ellipticity constants and ||a|| pv;,.(r). We have the following:

Theorem 7. Let (a;)i=1,..a C L™ satisfy (15)andletT > Osuchthat | log(a;)|v,,.cT) <
2w and L = — Z;j:] Oy, (ai (x;)0yx,). Then, we find the following estimates to hold:

L
irL2

e u — < lu -
” 0||L1)([0,T],Bz Zq(Ra’)) ~ || O”Heli’I(Rd)

for £ € {1,2}, sy = d(% — %) — %, (p, q,d) being wave (£ = 1) or Schrodinger
(¢ = 2) admissible.

A straightforward modification of the proof of [9, Proposition 1.3] yields the fol-
lowing:
Proposition 11. Let (a;)¢_; € C%'(R; R) satisfy (15) and |la; || v,,.(T) < o©.
Denote L = — Zle Ay, (a(x;)0y,). Suppose that the Co-group S, (t) generated by i L
satisfies

ISa(Duolle < C(r, A, llaill Bv;,.(r)) ol 2 (ra)

with B a Banach space (weakly) continuously embedded in 2' (R4, whose unit ball
is weakly compact. Then, the same result holds for (a,')l’?l:1 C L*®°(R) satisfying (15)
and ||a,- ”BVloc(T) < Q.

This yields the Schrodinger Strichartz estimates of Theorem 7. We turn to Strichartz
estimates for wave equations locally-in-time with coefficients ||a; || pv;,.(1) < oo:
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Proposition 12. Let d > 2 and (a;))’_;, € C®'(R; R) satisfy (15). Denote L =
— Z;j:l Oy, (a; (x;)0yx,). Suppose that the Cy-group S,(t) generated by

01 1 2
<LO> on H x L

satisfies

[1(Sa () (uo, vo))1llB < C(A, A, llail| BV, ()| (M0, Ortt0) | g1 5 12

with B a Banach space (weakly) continuously embedded in 2’ ([0, T x RY), whose
unit ball is weakly compact. Then, the same result holds for (a,-)?l:1 C BV, (T)
satisfying (15).

Proof. Let (a,-)l?":l C BV (T) satisfy (15). Let (pg)s~0 be a family of positive
mollifiers and consider a; = p, * a;. We have (a;) € C* and ||8x(af)||L11 T =

lla; |l Bv,,. (). Hence, by assumption

1(Sa, (1) (o, vo1llB < C(A, A, |lai | Bvi. 7)) | @0, vO) | g1 5 1.2

and (S, (1) (ug, v9))1 converges weakly in 2'([0, T x Rd). As in [9], it suffices to
prove that S, (¢) (1o, vo) = Sq(t)(uo, vo) in H 1'% L? because by energy estimates
this yields convergence to S,(-)(ug, vg) in 2'([0, T] x Rd). For this purpose, it is
enough to show the strong convergence of

Z = il_ltof_l— i
& T \Lgi T \Li

by Reed and Simon [30, Theorem VIIL.21]. Clearly, £! : L?> x H™! — H' x L?
uniformly in & as well as ! : L> x H~! — H! x L?. By the resolvent formula,

B A A G K7

Hence, DZZS_I converges strongly to .#~! as operators from L?x H 'to H' x L.
Hence, 02”,5_1 converges to .~ ! strongly as operators from H'! x L”>to H' x L?. The
proof is complete. 0

Now we can prove the Strichartz estimates for half-wave equations stated in Theo-
rem 7.

Proof of Theorem 7, Half-wave Strichartz estimates. The half-wave Strichartz estimates
for Lipschitz coefficients read

1
itL2
1™ uoll p gsva S Nluwoll 2 e)-

These yield wave Strichartz estimates for C%!-coefficients:

D1 (Sa(6) (uo, vl S lluoll i + lvoll 2.
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We have (S, (¢) (1o, vo))1 = cos(tL)ug+ M Since it is enough to consider sharp
2

L
Strichartz pairs with ¢ > 2, we have 0 < 1 — s < 1 and have equivalence of Besov
norms by Proposition 6. We estimate

(a0 wo. vl p g1 S NeoS( LYol p yi-sa + I sinGLIvol s
< Dol 2 + ol 2 < Nuoll 1 + ||vo||Lz.

At this point, we invoke Proposition 12, which yields estimates

16Sa @ o, vo)1ll p g1-sa S lluoll 1 + llvoll 2

for BVj,.(T)-coefficients. We apply this estimate to vg = i L%uo, which gives

1
itL2
e uoll o g < loll 1

The half-wave Strichartz estimate now follows from trading derivatives and the sub-
stitution vy = | Dy |uo. [l

As an example for new local-in-time Strichartz estimates for Schrodinger equations
with BV),.-coefficients, we consider the Kronig—Penney model: let xo € (0, 1), and
by # by > 0 with bgxg = b1 (1 — x¢). Consider the 1-periodic functiona : R — R
defined by

b2 forx € [0, xp),
a(x)=1",
by “ forx € [xo, 1).

Banica [3, Theorem 1.2] showed that the dispersive estimate

_1
@l S 12172 luollig) (& # 0)

fails for solutions

i0u + 9y (a(x)o)u =0 (t,x) e R xR,
u(0) = ug.

Still we find the Strichartz estimates with derivative loss
u u 48
lulleqo,n,ca®y S 0||H117(R) (48)

for 2 5+ % < 2, P, q > 2 to hold, which indicates dispersive properties on frequency

dependent time scales

_1
ISyu@llze® < 1172 1Squoll 1wy

for0 < |f] < N~!with S]/\*, denoting the spectral projectionto [N, 2N) of —d, (a(-) ).
This is reminiscent of the short-time dispersive estimates on smooth compact mani-
folds due to Burq—Gérard—Tzvetkov [8].



45 Page 24 of 34 D. FREY AND R. SCHIPPA J. Evol. Equ.

4.2. Strichartz estimates for Holder coefficients

To show Strichartz estimates for Holder coefficients, we firstly derive Strichartz
estimates with inhomogeneity in L' L? and with precise dependence on the Lipschitz
norm and time interval. We show the following refinement of Corollary 1:

Proposition 13. Let (p, p, q, d) a wave admissible Strichartz pair. Then, we find the
following estimate to hold:

1 -1
DI Pullrqo.ryLey S wP lull oo p2ay + 1 P 1Pl 1o 11.22) (49)

with 0 = Tlallby, = 1and Py = id, + L.

Proof. We find by Minkowski’s inequality and the homogeneous Strichartz estimate
for admissible exponents

1 ro,
IDI™Pull e o, 1,09y S m? lluollz2 +/ w? || Pru(s)|lp2 ds
0

1 1
Surfullpecpz +p? | Prullpiye.

We shall see that we can improve the constants: suppose that [lal|-o01 < 1 (by rescal-
ing). Divide [0, T'] into intervals /; = [¢;, #;41] such that

—1
WPl gt ey pp00.22) = T Pl i, 7). 02

and #; 1 —t; < 1. Then, there are roughly T intervals /; and for each interval 1, we
find by the above argument

DI ull o, oy S a2 + T 1Pl 1 go.ry.2)-

Taking the £”-sum over intervals /;, we find

1 -4
D™ ullLrrs S TP ullpoor2 +T P | Prull o, 7, 12)-

For arbitrary ||a| :o,1-norm, we find

1
>

1 _
DI Pullprqo,r1,09) S P lluollg2 + 1 7 I1Prullpige.

O

In the following, we derive Strichartz estimates for coefficients with lower regularity.
The estimates are supposed to be understood as a priori estimates for smooth solutions
to equations with smooth coefficients (but only depending on the rough norms). Later
it becomes useful that for smooth solutions to wave equations

d
Ofu ="y 0y (a;(x)dyu), (t.x) € R xR,
i=1
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the energy
d
Eo(u) = / 0ul* + ) ai (xi) (1) (50)
R? i=1

is conserved. The arguments are adapted from Tataru’s works [41,42] to our setting.
Dealing with time-independent coefficients simplifies matters. The idea remains the
same: After truncating the coefficients in frequency, we arrive at Lipschitz coefficients
with large Lipschitz norm. The argument only works for operators in divergence
form. Let P = 8,2 — Z?:l 0; (a; (x;)9;) and let (Sn)ycon, denote inhomogeneous
Littlewood—Paley projectors. We record the following consequence of Proposition 13:

Corollary 3. Letd > 2, T > 0,anda; € CO'(R),i =1, ..., d satisfy (15). Suppose
that T\a; || po1 < p for some w > 1. Then, we find the following estimate to hold:

1 -4
|||D|l_pM”Lp([o,T],Lq(Rd)) Su?|Vullpeop2 + 7 ||PM||L1([0,T|,L2(RJ) (51
provided that (p, p, q,d) is a sharp wave Strichartz pair.
We turn to the proof of Theorem 4:

Proof of Theorem 4. By scalinginvariance, we can suppose that 7 = 1 and ||g; || zs -
0,

. Let a; <y denote the coefficients with Fourier transform smoothly truncated at fre-

quencies %, and Py = 8,2 — Zfl:l i (a; <n0;). We first argue that it is enough to

show

O 1 -1 _
NP0 Syullzrre S wPIVSnull o2+ 7 IIDI77 PySyullpigz. (52)
Since the spatial frequencies of Py Syu are comparable to N, (52) is equivalent to
1 -1
NP Syullzrrs S (NTw) 7 [IVSyull ooz + (uN) 7 | PySyullpigz. (53)

After observing that [la; <y |01 S uN?, (53) follows from Corollary 3. To see that
(52) implies (14), it suffices to see that

D177 (SNP — PnSnullprpe S pllVullpoop2.

Let v = V,u, which is compactly supported in time, and since P is in divergence
form, it suffices to show the fixed-time estimate

IDI'=% (Sya; — ai <y SNVl 2 S mllv(@)]l 2

or

I(Snvai — ai,<nSMVD 2 S Nl 2.
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We prove this by considering dyadic blocks Sxa; = a; k. We have K¥||a; g |1~ < .
For K > %, the estimate reads

ISn (@i, kv 2 S N7 K llai g [l v @)l 22,

which is immediate. For K < 1.

I(Syaix — ai,k SNV ll2 S N K a; g llzee lv(@)]l 2.

we have to prove

By rescaling K — 1, N — %, it suffices to prove

1SN, ai vz S N0 llaiallzee llv@ll 2.

or, equivalently,
IESns @i vz S N7 HIVxaiallze lv@ll2.
This is a well-known commutator estimate as the kernel is given by
K (x, ) = lkn (e, y)(@i1(x) —ai i) Sy (1+ Nix = yD ™ [x = yll| Veai i | .
The proof is complete.

Note that there is slack in the proof as the commutator estimate gives

ISn. ai i lv®ll 2 S N HIVeai il o)l 2.

Moreover, Strichartz estimates for P are suitable to handle lower order perturbations as
Z?:l bi(t, x)0; +c(t, x). However, the above argument cannot deal with Schrodinger
equations with rougher coefficients as the free part is estimated in L? and not in H'.
The Duhamel integral does not gain one derivative.

To obtain more inhomogeneous estimates for the wave equation, we record the
following consequence of Theorem 4 for solutions to

2, _ d
{B,M—Pu, (t,x) e R x R, (54)

u@) = f, 9u) =g.
combined with conservation of energy (50).

Corollary 4. Letd > 2,5 € (0,1),0 =1—s,anda; € C*°R),i =1, ...,d satisfy
(15), and let (p, p, q, d) be a wave Strichartz pair. Suppose that u is a smooth solution
to (54). Then, we find the following estimate to hold:

l—p_o
sup N' "7 7 | Syullrqo.rr.ey S Il g ey + 1€l r2ray
N

with implicit constant depending only on T, ||a;|| gs i (p, p,q,d), and the ellipticity
constants. ’
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As aconsequence of trading derivatives, we find the following homogeneous Strichartz
estimate for the half-wave equation:

o .1
DI 77 fll oo qo.ry Loy S I F 2y (55)

In fact, for the sharp Strichartz estimates, it is easy to see that it suffices to trade less
than one derivative. For non-sharp pairs one reduces to the sharp case first by Sobolev
embedding. We prove inhomogeneous estimates by using again the tailored version
of the Christ—Kiselev Lemma 4.

Proposition 14. Letd > 2,5 € (0,1),0 =1 — s, and (p, p,q,d), (p, p,q,d) be
two wave Strichartz pairs with p > p’. Suppose that a; € C*°(R) satisfies (15) and
u solves

{ 07u — Y0y 8y (a(x)dyu) = F. (1,x) € [0, T] x R? 56)
u(0) =/f du()=g.

Then, we find the following estimate to hold for p1 > p + % and p» > p + %.‘

||<D)l_p]M||L1>([o_r]_Lq(Rd)) Sl ey + gl 2@ay + ||(D)pzF||Lﬁ/([o,T],Lc7’(Rd))
(57)
with implicit constant only depending on T, ||a;|| 0,1, and the ellipticity constants.

Proof. We write

i 3 t o . 1
u(t):cos(tL%)fq_Mg_,_/ M
2 0 L2

L2
The homogeneous components are estimated by (55). We turn to the forcing term:
Consider

F(s)ds. (58)

T: 2R — LP(0, T1, LIRD), f s (D) PeitE f

whose boundedness follows from the homogeneous estimates (55). The dual operator
with respect to the L2-scalar product is given by

T 1
T* . LP([0,T], LY (RY)) - L*RY), F / e L2 (DY PLF (s5) ds.
0
We consider the composition with different exponents
TT*: L' ([0, T], L7 R%)) — LP([0. T, LI (R?)).
T 1
Fi> (D)_p‘f e ILE (D)2 F)(s) ds,

0

which is also bounded. Since by assumption p’ < p, we can invoke Lemma 4 to find
the bound

b Gy
‘(D)‘”/O ¢TI E () dsll oo, 1y, Loy S ||<D> FliLw o0,11,07 ®ay)-

This yields the claim after trading | D| to |Dr|. O
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4.3. Applications to nonlinear equations

With the usual Strichartz estimates at disposal, it is straightforward to prove well-
posedness for a large class of equations with power-type nonlinearity. Here, we con-
sider as an example Schrodinger equations with power-type nonlinearity in L?(R9):

{mm+2i&mewmu=mw”m (t.x) eR xR, 59)

u(0) =ug € L*(RY)

withd > landa; € BV (R) satisfying (15) and Var(log(a;)) < 2. The results in the
constant-coefficient case are due to Tsutsumi [44]. For further explanation, we refer
to [40, Sect. 3.3]. The following holds by substituting the free Strichartz estimates for
the Schrodinger equation with the estimates from Theorems 2 and 3:

Theorem 8. (Lz-well-posedness) Letl < p <1+ 3 and p € {—1; 1}. Then, (59)
is analytically globally well-posed in L*(R?) in the subcritical sense. If p = 1 + %,
then (59) is analytically locally well-posed in the critical sense.

We remark that also the H*-theory extends as long as it is valid to trade derivatives
DI fliza ~ NDLI* fllLa-

5. Spectral multiplier estimates and Bochner-Riesz means

In the following, we consider the nonnegative self-adjoint operator

d
L==Y 0(ai(x)d) (60)

i=1

in L2(R?) for a; € BV (R) satisfying (15) and Var(log(a;)) < 27. We derive con-
sequences of the dispersive properties worked out in Proposition 10 for spectral re-
striction, multiplier estimates, and Bochner—Riesz means. The results follow from
the analysis of Chen et al. [12] for L being a self-adjoint operator on a doubling
metric space. Since L is self-adjoint, it admits a spectral resolution E (A), and for
F : [0, 00) — C a bounded Borel function, the operator

F(L) = /oo FQ)AEL()
0

defines an L2-bounded operator by the spectral theorem. A special case are the
Bochner-Riesz means: we let

S5 = (1 —x/RHS.

for § > 0and R > 0. S%(L) is referred to as Bochner-Riesz mean of order §
corresponding to L. In the classical case L = — A, the Bochner—Riesz conjecture states
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that S‘3 (L) : LP(RY) — LP(RY) is bounded provided that § > max (d| 5= % -3 0)
for 1 < p < ocoand d > 2. Note that for p = 2, § = 0 is trivially adm1551ble
see also [14]. The conjecture was verified for d = 2 by Carleson—Sj6lin [10] and
Hormander [20]. By using the Stein—Tomas restriction theorem and finite speed of
propagation, Fefferman verified the conjecture for d > 3 and max(p, p’) > %
(note the self-duality). Further progress was closely tied to work on the restriction
conjecture [7,18,25]. In terms of the spectral measure d E \/j()») the classical Stein—

Tomas restriction theorem is equivalent to

< crdG=3)-1 (61)
p—p

||dEF(A')||p—>p H (2 )d ARA

forall p € [1, (2d +2)/(d 4 3)]. In the first part of Chen et al. [12] spectral multiplier
estimates, which are sharp in general, were derived based on the following Stein—
Tomas restriction condition:

(ST)?  IFWD) s < CRUG5) 155 Fl1 1o

p.s

We denote dilations by g F'(x) = F(Rx). These estimates in turn can be derived
from (61). We have the following as an instance of [12, Proposition II.4]. Note that
the required smoothing estimates

lexp(—tL)ll, ., 20, SKF%(Tﬁ) 62)

forallf >0and 1 < p < d +2 follow from the pointwise heat kernel estimate (22).

Proposition 15. Let d > 3, and L be defined as in (60). Then, forall 1 < p < m
and ) > 0, the following estimate holds:

1_1)_
I4E 0y < €3G (63)

As a consequence of (63) we derive the Stein—Tomas restriction (cf. [12, p. 267])

. R a(L-15)-1
IFD) pspr = /o F)AE /7 (3) §C/0 [FO)A P77 da

p—p
a(-7)
<CR " PsrF1.
By a TT*-argument this is (ST)%,,Z. This yields the following spectral multiplier

estimates and endpoint estimates for Bochner—Riesz means by [12, Theorem I1.6] and
[12, Theorem 1.24].

Theorem 9. Let L be as in (60), d > 3, and p € [1,2d/(d + 2)]. For each bounded
Borel function F such that sup,_ |né; F |lys2 < oo for some f > max ({d(% —
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%), % ) and non-trivial n € C2°(0, 00), F (VL) is bounded on L’(Rd)for allr €
(p, p)). We find the following spectral multiplier estimate to hold:

IF(VL) -y < Cﬂ(sug m8: Fllws.2 + [F(0)]).
1>

Furthermore, formax(p, p’) > %, the Bochner—Riesz means Si(p)(L) : LP(RY) —
LP(RY) are bounded and satisfy weak endpoint bounds uniformly in R with §(p) =

We turn to maximal Bochner—Riesz operators S¢ (L) defined by

SY (L) f(x) = sup |SR(L) f(x)]. (64)
R>0
These were explored in the general context described above by Chen et al. in [11].
[11, Theorem A] yields the following:

Theorem 10. Let L be as in (60), and d > 3. Then, the maximal Bochner—Riesz
operator S$ (L) is bounded on LP (RY) provided that

2<p 2 d o a(P-y_ 1y (65)
—_— n m —_— — — _— .
Sa-2 sm\d L) T

In particular, we find pointwise convergence of the Bochner—Riesz means to hold:
lim SR(L)f(x) = f(x)a.e. (66)
R—o0

In [32], Sikora—Yan—Yao considered Bochner—Riesz estimates of negative index
and spectral multiplier estimates LP(RY) — L1(RY). The results were likewise ob-
tained in the general context described above, hinging on heat kernel and Tomas—Stein
restriction estimates. We consider for ¢ > —1

S¥(VL) =

ﬁ) . (67)

1
Ta+1) (l_T

For « = —1, we set Slgl (ﬁ) = R‘ldEﬁ(R). This is based on the distributional
limit (cf. [21, Eq. (3.2.17")]):

1
lim ———x% = §(x).
A Fa T W

Let L be as above (60). By the pointwise Gaussian estimates noted in (22), Davies—
Gaffney estimates of second order follow

_ clx — y|?
P 'Lp <Cexp (- 68
1B idy® Ppg by l2 = eXp( P (68)
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forallt > 0,and x, y € R?. Pg f(x) = xg(x)f(x) denotes multiplication with an
indicator function. Moreover, the condition

2 d(}
le™" Ll 2 < Ct (:

) (69)

S =

holds for all x € R? and 1 > 0.
The Bochner—Riesz estimates of negative index investigated in [32] for operators
satisfying (68) and (69) read

d(i-1
(BRZJI) ||S(1x€(\/z)||p~>q SCR (p ‘7)_

Thus, the Stein—Tomas restriction estimates (63) showed in Proposition 15 corresponds
to (BR‘[“7 p/). Sikora—Yan—Yao [32, Theorem 3.9] proved that Bochner—Riesz estimates
of negative index imply the following spectral multiplier estimates:

Theorem 11. Let L be as in (60). Suppose that (BR}, ;) holds for & > —1 and
l<p<g<ooletp<r<s<gq,and B >d(%—%)+d(%—%)+a+l,

supp(F) < [1/4,4], and F € WA L(R), the operator F(t\/Z) is bounded from
L"(RY) — L5(RY). Moreover; the following estimate holds:

1_1
sup /G5 | F(/ D s < CUF iy (10)
t>0

For a second result on spectral multipliers, we recall the definition of the Weyl—
Sobolev norm: the distributions

xd

—E a1 1)
T'a+1)

X =

can be extended to arbitrary index v € C by respecting the recursion relation of
the derivatives (cf. [32, p. 3087]). For supp(F) C [0, oo), we then define the Weyl
fractional derivative of F of order v by

FY =Fx«yx"7!, vecC
and the Weyl-Sobolev norm by
IFllwsvr = IFllp + 1 FY .

For1 < p < ocoand v > 0, the Weyl-Sobolev norm is equivalent to the usual Sobolev
norm || F|lwv.r ~ || F|lwsvr whereas for p = 1 we have

[ Fllwset < CellFllyvren

for any ¢ > 0 (cf. [32, Lemma 3.7]). The following result [32, Proposition 3.8] is not
restricted to dyadically supported multipliers:
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Proposition 16. Suppose that (BR‘I)‘,, o) holds for some a = —land1 < p < g < o0.
Then, for every ¢ > 0, there exists a constant C such that for any R > 0 and all Borel
functions F with supp(F) C [R/2, R], we find the estimate

1_1
IFWDllpog < CR G0 15k F Ly
to hold.

Moreover, Bochner—Riesz estimates of index —1 yield Bochner—Riesz estimates
of higher order with more admissible indices (cf. [32, Theorem 3.12]). We omit the
details.
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