
a

S
b

c

E

A

K
T
T
G
M
G

1

M
c
b
a
a
a
p
o
u
t

T
t
m
I
e
o
e

Thermomechanically coupled theory in the context of the multiphase-field
method
Andreas Prahs a,∗, Martin Reder a,b, Daniel Schneider b,c, Britta Nestler a,b,c

Institute for Applied Materials - Microstructure Modelling and Simulation (IAM-MMS), Karlsruhe Institute of Technology (KIT),
traße am Forum 7, Karlsruhe, 76131, Baden-Württemberg, Germany
Institute of Digital Materials Science (IDM), Karlsruhe University of Applied Sciences, Moltkestraße 30, Karlsruhe, 76133, Baden-Württemberg, Germany
Institute of Nanotechnology - Microstructure Simulations (INT-MS), Karlsruhe Institute of Technology (KIT), Hermann-von-Helmholtz-Platz 1,
ggenstein-Leopoldshafen, 76344, Baden-Württemberg, Germany

R T I C L E I N F O

eywords:
hermoplasticity
hermomechanical coupling
rowth of inclusion
ultiphase-field method
reenwood–Johnson effect

A B S T R A C T

The modeling and simulation of microstructure evolution is usually subject to the multiphase-field method. In
this context, thermomechanical coupling is often neglected, even when non-isothermal phase transformations
are considered. Using a simplified example, the present work shows that this assumption is not justified
for small strains and small strain rates with respect to a non-vanishing coefficient of thermal expansion. To
this end, both a thermomechanically coupled and a thermomechanically weakly coupled theory are briefly
revisited. The difference between the coupled and the weakly coupled theory regarding the growth of an
inclusion is discussed. The considered elastoplastic inclusion, subjected to eigenstrains, is embedded in an
elastoplastic matrix under load. It is shown, that the weakly coupled theory overestimates the growth of the
inclusion, and, thus, the volume concentration, compared to the coupled theory. Moreover, only the application
of the coupled theory reflects a load-induced anisotropic growth of the inclusion, which exhibits an isotropic
material behavior, due to non-vanishing uniaxial Neumann boundary conditions. In addition, it is shown that
the smaller the heat conduction coefficient, the more pronounced the anisotropic growth of the inclusion.
. Introduction

otivation In computational materials science and microstructure me-
hanics, the characterization of materials by numerical methods is often
ased on scans of the microstructure such as EBSD or 𝜇-CT scans. An
lternative is given by digital microstructures, exhibiting the same char-
cteristics as the scanned ones, obtained by microstructure modeling
nd subsequent simulation. Clearly, both modeling and simulation must
rovide a quantitative representation of the scanned microstructures in
rder for them to be used as digital surrogates. To this end, it is of
tmost importance to understand in detail the mechanisms controlling
he evolution of the microstructure.

hermomechanically coupled and weakly coupled theory In the case of a
hermomechanically coupled theory (TCT), both the balance of linear
omentum and the heat conduction equation are mutually dependent.

n this context, the balance of linear momentum is coupled to the
quation of heat conduction by means of a thermoelastic formulation
f Hooke’s law. Moreover, for an elastoplastic material behavior, the
quation of heat conduction accounts for, e.g., the plastic stress power
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URL: https://www.iam.kit.edu/mms/Mitarbeiter_5283.php (A. Prahs).

density and thermomechanical coupling terms as heat sources or heat
sinks, respectively, cf., e.g., [1, p.67]. Consequently, the solution of a
boundary value problem (BVP) in the context of the TCT requires the
solution of both, the balance of linear momentum and the equation of
heat conduction, either in a monolithic or in a staggered manner. The
heat source due to plastic deformation becomes more significant the
higher the deformation rate [2]. Thus, TCT-approaches are commonly
applied in the context of large deformations, regarding, e.g., shape
memory alloys under cyclic loading [3,4], multi-phase transforma-
tions [5], the characterization of Portevin–Le Châtelier bands [6],
recrystallization [7,8], or crystal plasticity [9]. In contrast, for an
elastoplastic material, a thermomechanically weakly coupled theory
(TWT) only allows for a coupling in the sense that the equation of
heat conduction accounts for the plastic stress power. However, ther-
momechanical coupling terms are not taken into account. Moreover,
Hooke’s law does not account for thermal strains. Consequently, a
thermomechanical BVP can be solved by two separate simulations:
First the balance of linear momentum is solved and, subsequently, the
obtained solution can be used as input for the heat conduction problem.
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egarding small strains and small (plastic) strain rates, the heating due 
o a deformation is negligibly small, cf. [2, Fig. 5]. This justifies the

application of a TWT in the small strain regime, as commonly done 
in simulations of microstructure mechanics, cf., e.g., [10,11] in the 
context of a gradient crystal plasticity. However, the 
thermomechanical coupling should not be neglected unless the 
coefficient of thermal expansion is negligibly small, if an additional 
phase transformation is considered, as illustrated in the present work.

Multiphase-field method The multiphase-field method (MPFM), as an
extension of the classical phase-field method (PFM) to several phases
cf., e.g., [12–14], is a numerically highly efficient method that is
widely used for the simulation of microstructure evolution. The field
of application includes, among other, phase transitions such as liquid–
liquid, liquid–solid, and solid–solid, cf., e.g., [15–17]. With respect to
the latter, e.g., solidification, cf., e.g., [18,19], growth of precipita-
tions, cf., e.g., [20,21], recrystallization, cf., e.g., [22–24], and crack
propagation, cf., e.g., [17,25–27] are considered. While coupling the
classical (M)PFM with the heat conduction is possible, cf., e.g., [28
p.47], [29, Eq.(3.19)], and [30, p.179], a vast amount of publica-
tions focus on isothermal phase transitions and processes. Works
that account for non-isothermal phase transitions discuss, e.g., ther-
mal effects on the morphology evolution during crystallization, cf.
e.g., [31], shape memory effects, cf., e.g., [32], and the simulation
of hot-cracking, cf., e.g., [27]. However, none of these works account
for a TCT: The evolution of the phase-field is coupled with the heat
conduction equation by Wang et al. [31, Eqs. (6) & (16)]; The heat
source is related to the accumulated plastic strain, however, neither
thermomechanical coupling terms nor a thermoelastic Hooke’s law is
considered by Cissé and Asle Zaeem [32, Eqs. (10), (30) & (31)]
While a thermoelastic Hooke’s law is considered, no thermomechanical
coupling terms enter the equation of heat conduction in [27, Eqs. (11)
(12) & (42)]. Even a non-isothermal phase-field model used for the
simulation of thermally and stress induced martensitic transformations
does neither account for thermal strains and, thereby, a thermoelastic
Hooke’s law, nor for thermomechanical coupling terms cf. [33, Eqs
(7), (8) & (13)]. Consequently, the effect of the thermomechanical
coupling in the context of a TCT on the microstructure evolution
especially on the growth kinetics and the evolution of the shape of
an inclusion, regarding a phase transformation is rarely discussed in
literature. In the present work, the multiphase-field model according
to Steinbach et al. [12] and Steinbach and Pezzolla [13], and Nestler
et al. [14] is applied. The key findings of this work can be transferred
to other phase-field models as well.

Greenwood-Johnson effect A prominent example for a phase trans-
formation due to plastification is the so called Greenwood–Johnson
(GJ) effect, cf., e.g., [34], representing one of two significant mech-
anisms [35] with respect to the behavior of steels that exhibit trans-
formation induced plasticity (TRIP) behavior [36,37]. In this context
a load is applied to a composite consisting of a martensitic inclusion
subjected to a distortion within an austenitic matrix. The load is
significantly smaller than the yield stress of the austenitic matrix. Under
the applied load, the martensitic inclusion grows at the expense of
the austenitic matrix, which undergoes plastic deformation before the
transformation takes place. The plastification of the matrix material
can be accounted for using classical Mises plasticity [38], but also by
use of more sophisticated plasticity models such as crystal plasticity
theory [39–42], cf., e.g., [43–45]. In contrast to classical plasticity, the
plastic deformation caused by the growth of the martensitic inclusion
is referred to as transformation plasticity, cf., e.g., [46] regarding a
micromechanical discussion of the GJ effect. The displacive transfor-
mation of this stress driven transformation is extensively studied in
literature, cf., e.g., [47–49], and [50] in the context of the phase-field
method, as well as Mahnken et al. [5,51], and Cheng and Mahnken [52]
regarding the sharp interface context. The martensitic transformation
representing a displacive, i.e., diffusionless process, takes places at
sonic speed. Consequently, diffusive processes are negligible.
Effect on the predicted effective material properties Regarding the overall
mechanical behavior, TRIP steels are considered as composites with
an austenitic matrix and martensitic inclusions [53]. In this context,
it is known that the volume content of the martensite is of utmost
importance with respect to the effective (plastic) mechanical proper-
ties [54,55]. In addition, the shape of the martensitic inclusions within
an underlying microstructure also significantly affects the effective
material properties [56]. Microstructure simulations, used to generate
digital surrogates for further investigations, necessarily have to predict
the volume fraction of martensite as well as the shape of martensitic
inclusions as precisely as possible.

Objective of the current work The main objective of the present work
is to elaborate how the simulated microstructure is affected by TCT
compared to TWT, with respect to the growth kinetics and the shape
of the inclusion. To this end, the concept of a TCT and a TWT are
revisited, at first. Both the TWT and the TCT are applied in the context
of MPFM. The effect of using a TCT in contrast to a TWT with respect
to the transformation-induced growth of an elastoplastic inclusion,
subjected to a distortion, within an elastoplastic matrix under load is
discussed. As an instructive trivial form, a setup mimicking the GJ effect
is considered for the simulations, where the distortion of the inclusion
is accounted for by transversely isotropic eigenstrains, for simplicity.
Moreover, the variation of the parameters leading to these differences
and associated implications are considered. Possible consequences for
the effective (predicted) material properties are briefly addressed. To
restrict the attention to the effect of the thermomechanical coupling,
the plastification of the matrix material is accounted for by a classical
Mises plasticity without hardening. It should be emphasized that
the objective of the present work is not the in-depth, quantitative
modeling or simulation of martensitic phase transformation. Therefore,
the constitutive material behavior and the considered setup are kept
as simple as possible, by intention: Only two phases are considered;
Different orientations between the phases are not taken into account.
For a more elaborated setup, the impact of using TCT instead of TWT
is expected to be greater than for the simple setup discussed here.

Originality Part of the originality of the present work is the appli-
cation of TCT to the growth of an elastoplastic inclusion, subject to
eigenstrains, in an elastoplastic matrix under load. As a major novelty
of the present work, it is shown that the application of TWT cannot
be justified by considering small strains or small (plastic) strain rates
when phase transformations are considered and the coefficient of ther-
mal expansion is not negligible. Regarding the growth kinetics of the
inclusion, it is shown that the application of the TWT leads to an
overestimation of the growth behavior, i.e., the inclusion grows faster.
Furthermore, it is shown that only the application of TCT reflects
an anisotropic growth of the inclusion due to anisotropic boundary
conditions which are realized by non-vanishing uniaxial Neumann
boundary conditions. It is emphasized that the material behavior of
both inclusion and matrix is considered to be isotropic. Thus, the
load-induced, anisotropic growth of the inclusion is directly related
to the applied boundary condition and is only accounted for by the
application of the TCT. The application of the TWT leads to an isotropic
growth of the inclusion.

Outline In Section 2, the concepts of a TCT and a TWT are briefly
revisited . In this context, the thermodynamical prerequisites of the
TCT and the TWT are discussed, as well as the fundamentals on the
considered MPFM and the corresponding treatment/implementation of
plasticity. For a comparison between the results obtained by TCT and
TWT, a setup that mimics the GJ effect, the corresponding simulations,
a variation of parameters leading to these differences as well as brief de-
tails on the solution strategy are addressed in Section 3. The manuscript

is concluded in Section 4.
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Notation Throughout the work at hand, a direct tensor notation is used.
calars are written as 𝑎, vectors as 𝒂, tensors of second order as 𝑨 and 

tensors of fourth order as A. The scalar product between two tensors 
s written as 𝒂 ⋅ 𝒃, 𝑨 ⋅ 𝑩, and A ⋅ B. The linear mapping of a vector by 
 tensor of 2nd order is written as 𝑨𝒃, and of the mapping of a 2nd
rder tensor by a 4th order tensor as A[𝑩]. A composition between two
ensors of 2nd or 4th order is written as 𝑨𝑩 or AB, respectively. The 
yadic product between two vectors or two tensors, e.g., of 2nd order
s written as 𝒂 ⊗ 𝒃, respectively, 𝑨 ⊗ 𝑩. The material time derivative 
f field 𝑎 of arbitrary tensorial order is written as 𝑎̇ .

 Revisiting thermomechanically coupled and weakly coupled 
heory, and multiphase-field method

otivation and subsequent procedure For the simulation of microstruc-
ure mechanics without phase transformations the TWT is commonly
pplied in the small strain regime. This is justified by the negligible 
eating due to deformation associated with small strains and small
plastic) strain rates. The present work shows that this justification does
ot apply to simulations that take into account phase transformations, 
hich are commonly performed in the context of the MPFM. The 

mpact of using TCT instead of TWT is discussed in this context. In 
his section, the concept of the TCT and TWT is revisited. To illustrate
he relation and differences between both the underlying assumptions
re provided. Moreover, the fundamentals of the considered MPFM are
iscussed.

.1 Fundamentals

nergy balance Regarding a classical Cauchy–Boltzmann continuum,
he balance of total energy for a material volume 𝑡 with respect to
he current configuration at time 𝑡 is given by

d
d𝑡 ∫𝑡

𝜌
(

𝑒 + 1
2
𝒗 ⋅ 𝒗

)

d𝑣 = ∫𝑡
𝜌 (𝒃 ⋅ 𝒗 + 𝑟) d𝑣 + ∫𝜕𝑡

(𝒕 ⋅ 𝒗 + ℎ) d𝑎, (1)

with the mass density 𝜌, the specific free energy 𝑒, the velocity field 𝒗,
the body force 𝒃, the specific heat supply 𝑟, the traction vector 𝒕 and
the heat flux ℎ, cf., e.g., [57, p.148].

Balance equations The invariance of the balance of total energy with
respect to a change of observer yields the Cauchy stress tensor 𝝈 and
the heat flux vector 𝒒

𝒕 = 𝝈𝒏, and ℎ = −𝒒 ⋅ 𝒏, (2)

as well as the balance of mass, linear and angular momentum

̇ + 𝜌div (𝒗) = 0, 𝜌𝒂 = div (𝝈) + 𝜌𝒃, 𝝈 = 𝝈𝖳, (3)

cf., e.g., [57]. Herein, 𝒏 denotes the outward pointing normal vector on
𝜕𝑡 and 𝒂 = 𝒗̇ the acceleration field. A detailed discussion with respect
to regular and singular points, respectively, regarding an extended
continuum is provided, e.g., by Prahs and Böhlke [58,59]. Taking into
account Eqs. (2) and (3), the localization of Eq. (1) yields the balance
of internal energy, reading

𝜌𝑒̇ = 𝜌𝑟 + 𝝈 ⋅𝑫 − div (𝒒) , (4)

where 𝑫 denotes the symmetric part of the velocity gradient. Subse-
quently, the following assumption is considered

A1 A small deformation theory is considered, implying a constant
mass density, as well as small strains, i.e., 𝑫 = 𝜺̇, holds true cf.,
e.g., [60, pp. 30–32].
2.2 Thermomechanically coupled theory

Exploitation of the Clausius–Duhem inequality In the following, the
Clausius–Duhem inequality is considered, as a special form of the
dissipation inequality, based on the following assumptions

A2 The entropy flux is given constitutively by 𝒒∕𝜃.
A3 The entropy supply in regular points is given constitutively

by 𝜌𝑟∕𝜃.

Consequently, the Clausius–Duhem inequality is given by

𝜌𝛿 = 𝜌𝜃𝜂̇ − 𝜌𝑟 + 𝜃div
(𝒒
𝜃

)

≥ 0, (5)

where 𝛿 denotes the specific dissipation, 𝜂 the mass specific entropy,
and 𝜃 the absolute temperature cf., e.g., [61, Eq. (3.1)]. Accounting
for 𝒈 = grad (𝜃) as well as the Legendre transformation 𝜓 = 𝑒 − 𝜃𝜂, cf.,
e,g., [62], and taking into account Eq. (4), Eq. (5) reads

𝜌𝛿 = 𝝈 ⋅ 𝜺̇ − 𝜌𝜓̇ − 𝜌𝜃̇𝜂 − 1
𝜃
𝒒 ⋅ 𝒈 ≥ 0, (6)

with the specific free energy 𝜓 . In the context of a TCT, the following
assumptions are considered

A4 The small strain tensor 𝜺 is additively decomposed into an
elastic 𝜺e, a plastic 𝜺p and a thermal contribution 𝜶𝛥𝜃, as well
as a contribution due to an eigenstrain 𝜺∗, reading

𝜺 = 𝜺e + 𝜺p + 𝜶𝛥𝜃 + 𝜺∗. (7)

Here, 𝛥𝜃 = 𝜃 − 𝜃0 is considered with the referential tempera-
ture 𝜃0, and 𝜶 denotes the thermal expansion tensor.

A5 The specific free energy depends on the total strain 𝜺, the plastic
strain 𝜺p, the eigenstrain 𝜺∗, and the temperature 𝜃, reading

𝜓 = 𝜓(𝜺, 𝜺p, 𝜺∗, 𝜃). (8)

A6 The eigenstrain 𝜺∗ is constant, i.e., 𝜺̇∗ = 0 holds true.

Accounting for Eq. (8), Eq. (6) reads
(

𝝈 − 𝜌
𝜕𝜓
𝜕𝜺

)

⋅ 𝜺̇ − 𝜌 𝜕𝜓
𝜕𝜺p

⋅ 𝜺̇p − 𝜌
(

𝜂 +
𝜕𝜓
𝜕𝜃

)

⋅ 𝜃̇ − 1
𝜃
𝒒 ⋅ 𝒈 ≥ 0. (9)

Following the Coleman–Noll procedure, cf., e.g., [61], exploiting Eq.
(9) yields the potential relations for the Cauchy stress and the entropy

𝝈 = 𝜌
𝜕𝜓
𝜕𝜺
, 𝜂 = −

𝜕𝜓
𝜕𝜃
. (10)

With respect to the TCT, the following assumption is considered

A7 The specific free energy reads

𝜓 = 1
2𝜌

(

𝜺 − 𝜺p − 𝛼𝛥𝜃𝑰 − 𝜺∗
)

⋅
(

C
[

𝜺 − 𝜺p − 𝛼𝛥𝜃𝑰 − 𝜺∗
])

− 1
2𝜌

(𝛼𝛥𝜃𝑰) ⋅ (𝛼𝛥𝜃𝑰) − 𝜅𝑐
(

𝜃 ln 𝜃
𝜃0

− 𝛥𝜃
)

, (11)

where C denotes the stiffness tensor, 𝛼 the scalar-valued co-
efficient of thermal expansion, 𝑰 the identity tensor of second
order, accounting for an isotropic thermal expansion, and 𝜅𝑐
the heat capacity, cf., e.g., [63]. This choice of the specific
free energy exhibits a coupling of the mechanical and thermal
contributions, such that the interactions between the balance of
linear momentum and heat conduction are accounted for. Thus,
the TCT is contrary to the assumptions and consequences of a
purely mechanical theory as discussed in [64].

egarding the Cauchy stress,

= C
[

𝜺 − 𝜺p − 𝛼𝛥𝜃𝑰 − 𝜺∗
]

, 𝜌
𝜕𝜓
𝜕𝜺p

= −𝝈 (12)

hold true. Thus, the dissipation inequality according to Eq. (6) can be
ritten in a simplified reduced form, as

⋅ 𝜺̇p − 1 𝒒 ⋅ 𝒈 ≥ 0. (13)

𝜃
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This reduced dissipation inequality can be fulfilled by considering
Fourier’s law as 𝒒 = −𝜿𝒈, with the positive definite heat conduction
tensor 𝜿, as well as Mises plasticity with an associative flow rule, cf.,
e.g., [65, p.83], reading

𝑓 = ||dev (𝝈) || −
√

2
3
𝜎Y ≤ 0, 𝜺̇p = 𝛾

𝜕𝑓
𝜕dev (𝝈)

= 𝛾
dev (𝝈)

||dev (𝝈) ||
, 𝛾 ≥ 0,

(14)

leading to

𝛾||dev (𝝈) || + 1
𝜃
𝒈 ⋅ (𝜿𝒈) ≥ 0. (15)

he consistency parameter is referred to as 𝛾, the initial yield stress
s 𝜎Y, and the deviator of the Cauchy stress as dev (𝝈). In the work at
and, an elastic perfectly plastic material behavior is considered, cf.,
.g., [1, Fig. 3.28]. Thus, hardening is neglected and 𝜎Y is just referred
s yield stress, for brevity.

eat conduction After a brief auxiliary calculation, provided in the
Appendix, and the introduction of the heat capacity for constant
trains

𝜀 = −𝜃
𝜕2𝜓
𝜕𝜃2

(16)

similar to Lemaitre and Chaboche [1, p.67], reformulation of Eq. (4)
eads

𝑐𝜀𝜃̇ = 𝜌𝑟 − div (𝒒) + 𝝈 ⋅ 𝜺̇p + 𝜃 𝜕𝝈
𝜕𝜃

⋅ 𝜺̇ − 𝜃 𝜕𝝈
𝜕𝜃

⋅ 𝜺̇p. (17)

Due to the second term of the specific free energy according to Eq. (11),
he heat capacity is constant at constant strains and, thereby, 𝑐𝜀 = 𝜅𝑐

holds true. Regarding the thermal material parameters, the following
assumptions are considered, for simplicity

A8 The heat conduction is isotropic, i.e., 𝒒 = −𝜅𝒈 holds true, where
the coefficient 𝜅 is considered to be constant.

A9 The heat supply is neglected, i.e., 𝑟 = 0 holds true.

Introducing the Laplacian △ (⋅) and taking into account Eq. (12), Eq.
(17) reads

𝜌𝜅𝑐 𝜃̇ = 𝜅△ (𝜃) + 𝝈 ⋅ 𝜺̇p − 𝜃𝛼 (C [𝑰]) ⋅
(

𝜺̇ − 𝜺̇p
)

, (18)

Lemaitre and Chaboche [1, p.67]. Regarding the elastic material
behavior, the following assumption is considered, for simplicity

A10 An isotropic elastic material behavior is considered with the
stiffness C = 3𝐾P1 + 2𝐺P2 with the compression modulus 𝐾,
the shear modulus 𝐺, as well as the first and second projec-
tor P1 = 1∕3𝑰 ⊗ 𝑰 , P2 = IS − P1. Thus, C [𝑰] = 3𝐾𝑰 holds true.

Moreover, taking into account the plastic strain rate according to Eq.
(14)2 and the linearity of the trace-operator, cf., e.g., [66, p.14],
𝝈 ⋅ 𝜺̇p = 𝛾||dev (𝝈) || and tr (𝜺̇p) = 0 hold true, and Eq. (18) reads

𝜌𝜅𝑐 𝜃̇ = 𝜅△ (𝜃) + 𝛾||dev (𝝈) || + 𝑝thm, 𝑝thm ∶= −3𝐾𝛼𝜃 tr (𝜺̇) , (19)

with tr (⋅) denoting the trace of a second order tensor. Subsequently, the
term 𝑝thm = −3𝐾𝛼𝜃 tr (𝜺̇) is referred to as thermomechanical coupling
contribution and 𝝈 ⋅ 𝜺̇p, respectively 𝛾||dev (𝝈) ||, as plastic stress power
density.

2.3 Thermomechanically weakly coupled theory

Exploitation of the Clausius–Duhem inequality In contrast to the TCT,
assumptions A4, A5, and A7 are modified. However, a constant eigen-
strain according to A6 is considered also within the TWT. Thus, regard-

ing the TWT, the following assumptions are considered
A11 The small strain tensor is additively decomposed into an elas-
tic 𝜺e and a plastic 𝜺p contribution, as well as a contribution due
to an eigenstrain 𝜺∗, reading

𝜺 = 𝜺e + 𝜺p + 𝜺∗. (20)

Consequently, no thermal strains are considered.
A12 An additive decomposition of the specific free energy into a

purely mechanical and a purely thermal contribution is consid-
ered, reading

𝜓 = 𝜓m + 𝜓𝜃 , 𝜓m ≠ 𝜓m(𝜃), 𝜓𝜃 = 𝜓𝜃(𝜃). (21)

A13 The considered contributions of the specific free energy for the
TWT read

𝜓m = 1
2𝜌

(

𝜺 − 𝜺p − 𝜺∗
)

⋅
(

C
[

𝜺 − 𝜺p − 𝜺∗
])

, 𝜓𝜃 = −𝜅𝑐

(

𝜃 ln 𝜃
𝜃0

− 𝛥𝜃
)

.

(22)

As a consequence of A12, the potential relations for the stress and the
entropy according to Eq. (10) are modified, reading

𝝈 = 𝜌
𝜕𝜓m
𝜕𝜺

, 𝜂 = −
𝜕𝜓𝜃
𝜕𝜃

. (23)

Due to A13, the Cauchy stress tensor is given by

𝝈 = C
[

𝜺 − 𝜺p − 𝜺∗
]

. (24)

The results according to Eqs. (12)2 to (14) are not affected and, thus,
the same as for the TCT.

Heat conduction Based on Eq. (23)2, the rate of the entropy is given by

𝜂̇ =
(

−
𝜕𝜓𝜃
𝜕𝜃

)⋅

= −
𝜕𝜓̇𝜃
𝜕𝜃

= −
𝜕2𝜓̇𝜃
𝜕𝜃2

𝜃̇. (25)

Thus, in contrast to Eq. (48), no coupling terms enter the rate of
entropy regarding the TWT, and the contribution associated with the
derivative 𝜕𝝈∕𝜕𝜃 is omitted in Eq. (18). The heat capacity at constant
strains is introduced as in Eq. (16). Regarding the TWT, the choice
of the specific free energy according to A13 ensures a constant heat
capacity at constant strains. Accounting for the definition of the plastic
strain rate, given by Eq. (14)2, the equation of heat conduction is given
by

𝜌𝜅𝑐 𝜃̇ = 𝜅△ (𝜃) + 𝛾||dev (𝝈) ||. (26)

Compared to the TCT, the equation of heat conduction according to Eq.
(26) is simplified and accounts only for the plastic stress power density,
however not for the thermomechanical coupling contribution 𝑝thm.

Comparison between TCT and TWT For a better comparison, Hooke’s
law as well as the equation of heat conduction, obtained for TCT and
TWT, respectively, are compared, regarding an isotropic elastic and
thermal material behavior and under consideration of Mises plasticity
without hardening, in Table 1. Regarding the TCT, the stresses are
affected by thermal strains, and both the plastic stress power den-
sity 𝛾||dev (𝝈) || as well as the thermomechanical coupling contribution
𝑝thm affect the heat conduction. While the first always acts as a heat
source, the latter acts as heat source or heat sink, respectively. In
contrast, no thermal strain is accounted for by A11, and 𝑝thm vanishes
with respect to the heat conduction equation, for the TWT theory.
Consequently, the balance of linear momentum is not affected by any
thermal contribution in case of the TWT. It has to be stressed that

• The combination of Hooke’s law of the TCT with the heat con-
duction of the TWT is thermodynamically not admissible: In
accordance with the additive decomposition of the strain tensor,
cf. Eq. (7), the elastic contribution of the specific free energy
has to depend on the thermal strains, cf. Eq. (11), yielding the

̇
thermomechanical coupling contribution 𝑝thm = −3𝐾𝛼𝜃 tr (𝜺).
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Table 1
Comparison of Hooke’s law and the equation of heat conduction for both the TCT and
the TWT, considering both isotropic elastic and thermal material properties. While the
stress power 𝛾||dev (𝝈)|| is present for both the TCT and the TWT, the thermomechanical
coupling contribution 𝑝thm = −3𝐾𝛼𝜃 tr (𝜺̇ ) is only accounted for by the TCT. In case of 
 vanishing coefficient of thermal expansion, TCT and TWT coincide. The combination 
f Hooke’s law of the TCT with the heat conduction of the TWT, and vice versa, is
hermodynamically not consistent.

Hooke’s law Equation of heat conduction

TCT 𝝈 = C [𝜺 − 𝜺p − 𝛼𝛥𝜃𝐼 − 𝜺∗] 𝜌𝜅𝑐 𝜃̇ = 𝜅△ (𝜃) + 𝛾||dev (𝝈) || − 3𝐾𝛼𝜃 tr (𝜺̇)

TWT 𝝈 = C [𝜺 − 𝜺p − 𝜺∗] 𝜌𝜅𝑐 𝜃̇ = 𝜅△ (𝜃) + 𝛾||dev (𝝈) ||

• The combination of Hooke’s law of the TWT with the heat conduc-
tion of the TCT is also not admissible: The additive decomposition
of the strain according to Eq. (20) does not allow for a depen-
dency of the elastic contribution of the specific free energy, and
thereby, Hooke’s law, on the thermal strain, cf. Eq. (22).

• For a negligibly small or vanishing coefficient of thermal expan-
sion, TCT and TWT coincide.

.4 Evolution of inclusion modeled by multiphase-field method

onsidered free energy functional In this work, the multiphase-field
ethod (MPFM), cf., e.g., [12–14,67], is used to model the evolution

f the respective phases. In this context, the considered free energy
unctional reads
[

𝝓, grad (𝝓) , 𝒖
]

= ∫𝑡
𝑓 d𝑣, (27)

f., e.g., [68]. Here, the free energy functional is referred to as  ,
he free energy density as 𝑓 and the displacement field as 𝒖. Con-
idering problems with a total number of 𝑁 phases, the n-tuple of
rder parameters is denoted as 𝝓 =

{

𝜙1,… , 𝜙𝑁
}

and the n-tuple of the
corresponding gradients as grad (𝝓). The order parameters are subject
to the summation constraint

∀𝒙 ∈ 𝑡, 𝑡 ≥ 0 ∶
𝑁
∑

𝛼=1
𝜙𝛼(𝒙, 𝑡) = 1, (28)

cf., e.g., [14, p.2]. Thus, the order parameter 𝜙𝛼 can be seen as a local
volume fraction of phase 𝛼. Subsequently, the following assumptions
are considered with respect to the free energy density used within the
MPFM.

A14 An additive decomposition of the free energy density is consid-
ered, reading

𝑓 = 𝑓grad + 𝑓pot + 𝑓 bulk . (29)

While the contribution 𝑓 bulk accounts for the specific free energy
of the bulk material, the contributions 𝑓grad and 𝑓pot are due to
the regularization of a sharp interface within the MPFM.

A15 According to the model of Steinbach and Pezzolla [13], the
contribution 𝑓grad is given by

𝑓grad (𝝓, grad (𝝓)) = 𝜖
𝑁
∑

𝛽=2

𝛽−1
∑

𝛼=1
𝛾𝛼𝛽 grad

(

𝜙𝛼
)

⋅ grad
(

𝜙𝛽
)

(30)

and the contribution 𝑓pot is expressed by means of the multi-
obstacle potential, cf., e.g., [14], as

𝑓pot (𝝓) =
16
𝜖𝜋2

𝑁
∑

𝛽=2

𝛽−1
∑

𝛼=1
𝛾𝛼𝛽 𝜙𝛼𝜙𝛽 . (31)

In this context, 𝛾𝛼𝛽 refers to the interfacial energy between
phase 𝛼 and 𝛽. The parameter 𝜖 determines the width of the

interface. For diffuse interfaces in equilibrium state, its width is
obtained by 𝜋2𝜖∕4, cf., e.g., [69]. Furthermore, 𝑓grad and 𝑓pot are
balanced and their sum can be viewed as a regularized surface
Dirac distribution multiplied by the interfacial energy 𝛾𝛼𝛽 .

A16 The contribution 𝑓 bulk is obtained by the interpolation

𝑓 bulk =
𝑁
∑

𝛼=1
𝜙𝛼𝜌𝛼𝜓𝛼 (32)

of the phase-inherent bulk energies, where 𝜓𝛼 refers to the spe-
cific free energy according to Eq. (11) or Eq. (22), respectively,
with respect to phase 𝛼.

overning equations The minimization of Eq. (27) with respect to 𝒖
yields the balance of linear momentum for the diffuse interface region,
reading

div
(

𝝈
)

= 𝟎, 𝝈 =
𝑁
∑

𝛼=1
𝜙𝛼𝝈𝛼 , (33)

here 𝝈 is an interpolated stress. The phase-inherent stresses 𝝈𝛼 are
in general unknown within the diffuse interface region and need to be
determined by a diffuse interface approximation. They can be obtained,
e.g., from an effective stiffness tensor resulting from a linear inter-
polation of the phase-inherent stiffness tensors, which yields a diffuse
interface approximation according to the model of Khachaturyan [70].
In contrast, the enhanced approach according to Schneider et al. [71]
is employed, here, which meets both the Hadamard condition and the
balance of linear momentum on a singular surface. Both conditions
are enforced at each point of the diffuse interface by means of the
corresponding phase-inherent quantities. More details of the approach
are provided by Schneider et al. [71]. Regarding phase 𝛼, the evolution
equation is given by

𝜕𝜙𝛼
𝜕𝑡

= − 1
𝜖𝑁̃

𝑁̃
∑

𝛽=1
𝛽≠𝛼

𝑀𝛼𝛽

(

δ𝑓
δ𝜙𝛼

−
δ𝑓
δ𝜙𝛽

)

. (34)

Here, the mobility of the diffuse interface between two phases 𝛼 and 𝛽
is referred to as 𝑀𝛼𝛽 . Therefore, a different speed of phase transfor-
mation can be provided for each specific phase pairing. The mobility
parameter 𝑀𝛼𝛽 globally scales the temporal change of order parameters
between two phases. Thus, it determines the kinetics of the overall
phase transformation of a phase pair 𝛼 and 𝛽. Local differences in
interface velocities, arising from phase transformation, are caused by
differences in the phase-inherent free energy densities 𝜓𝛼(𝒙, 𝑡). In the
present work, they are introduced by elastic contributions of 𝜓𝛼(𝒙, 𝑡)
according to Eq. (32) and, thus, the local interface velocity is space
and time dependent. The number of locally present phases is denoted
by 𝑁̃ , which is defined as

𝑁̃(𝒙, 𝑡) =
𝑁
∑

𝛼=1
H(𝜙𝛼), (35)

where H denotes the Heaviside function. The considered variational
derivative is defined as

δ𝑓
δ𝜙𝛼

∶=

(

𝜕𝑓
𝜕𝜙𝛼

− div

(

𝜕𝑓
𝜕grad

(

𝜙𝛼
)

))

, (36)

f., e.g., [72, Eqs. (13.63) & (13.64)]. In addition, the boundary condi-
ion on the Neumann boundary 𝜕N

𝑡 , given by
𝜕𝑓grad

𝜕grad
(

𝜙𝛼
) ⋅ 𝒏 = 0, ∀𝒙 ∈ 𝜕N

𝑡 , (37)

has to be fulfilled.

Phase-inherent plasticity In the context of MPFM, different implementa-
tions of the plastic material behavior within the diffuse interface region
are known in literature. Here, the so-called phase-inherent plasticity
is considered, i.e., each phase exhibits its own plastic fields and its
own flow rule in form of Eq. (14). The material parameters are not
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interpolated within the diffuse interface. A detailed description on the
phase-inherent treatment of plasticity in the MPFM context is given
by Herrmann et al. [68]. Using the phase-inherent approach to plastic-
ity according to Herrmann et al. [68], no inheritance of plastic fields
is considered, cf., e.g., [73]. Thus, if a phase exhibits plastic strains
and transforms to another phase, the previously present plastic strains
vanish due to the transformation. While it is possible to account for
inheritance of plastic fields within the phase-inherent approach, it is 
not accounted for, here, for brevity.

Thermal driving forces In the work at hand, the thermal material prop-
erties 𝜅𝑐 , 𝜅, and 𝛼 are considered to be the same, for simplicity,
cf. Table 2. Thus, no additional contributions in terms of thermal
driving forces have to be considered. However, in the more general 
case, thermal driving forces due to different thermal parameters have
to be taken into account. The present work focuses on discussing the 
difference between the TCT and TWT and, thereby, the effect of the 
thermomechanical coupling regarding inclusion growth due to different
yield stresses. Effects due to a contrast in the thermal properties are,
therefore, not discussed.

3 Model application in numerical simulations

Motivation and subsequent procedure This section discusses the effect of
using a TCT as opposed to a TWT with respect to the growth of an
elastoplastic inclusion, subjected to a distortion, within an elastoplastic
matrix under load. To this end, the boundary value problem and the 
solution procedure are briefly stated. The effect of using a TCT in 
contrast to a TWT is discussed in terms of the growth kinetics of the 
inclusion and its shape. The special case of a vanishing heat conduction
is addressed, since the temperature distribution can be additively de-
composed into the accumulation due to the thermomechanical coupling
contribution and the plastcic stress power, respectively.

3.1 Boundary conditions and considered parameters

Considered instructive trivial form As an application example, we con-
sider a simplified martensitic phase transformation of a spherical
inclusion, subjected to transversely isotropic eigenstrains, inside an
austenitic matrix under external load. The difference in mass density
between matrix and inclusion is modeled via eigenstrains within the in-
clusion. They lead to plastic deformation in the weaker matrix material
and thus the resulting energy difference induces phase transformation 
according to the Greenwood–Johnson effect, cf. [34]. Numerical 
simulations are conducted employing both the TWT and TCT.

Boundary condition In the following, a composite consisting of an 
elastoplastic, spherical inclusion in an elastoplastic matrix is consid-
ered. The inclusion is subjected to eigenstrains 𝜺∗, with
𝜀∗𝑥𝑥 = 𝜀∗𝑦𝑦 = 𝜀∗ ∈ {0.001, 0.005, 0.01}, 𝜀∗𝑧𝑧 = 𝜀∗𝑥𝑦 = 𝜀∗𝑥𝑧 = 𝜀∗𝑦𝑧 = 0. (38)

The matrix as well as the inclusion exhibit the same elastic material
behavior. The yield stress of the inclusion is higher than the yield stress
of the matrix. This set of parameters mimics austenite and martensite,
respectively. Fig. 1 represents the boundary conditions applied. A plane
strain setup is considered employing the Neumann boundary conditions

𝒕 (𝐿∕2, 𝑦, 𝑧) = 𝜎0𝒆𝑥, 𝒕 (−𝐿∕2, 𝑦, 𝑧) = −𝜎0𝒆𝑥,

𝒕 (𝑥, 𝐿∕2, 𝑧) = 𝒕 (𝑥,−𝐿∕2, 𝑧) = 𝟎, (39)

with 𝜎0 = 100MPa, and the Dirichlet boundary conditions

𝑢𝑧 (𝑥, 𝑦, 𝐵∕2) = 𝑢𝑧 (𝑥, 𝑦,−𝐵∕2) = 0. (40)

ere, the width and height of the considered simulation domain is
eferred to as 𝐿, and the thickness as 𝐵. The domain length is chosen
s 𝐿 = 25𝑑0, where 𝑑0 denotes the initial inclusion diameter. Moreover,
t all boundaries, a vanishing normal heat flux is prescribed, reading
⋅ 𝒏 = 0 ∀𝒙 ∈ 𝜕𝑡. (41) p
Fig. 1. Illustration of considered boundary value problem for discussing the differ-
ence between the use of TCT and TWT on the inclusion growth. Specifically, the
transformation-induced growth of an elastoplastic inclusion, subjected to a distortion,
within an elastoplastic matrix under load is considered. The distortion is realized by
transversely isotropic eigenstrains, i.e., 𝜀∗𝑥𝑥 = 𝜀∗𝑦𝑦 = 𝜀∗ and 𝜀∗𝑧𝑧 = 𝜀∗𝑥𝑦 = 𝜀∗𝑥𝑧 = 𝜀∗𝑦𝑧 = 0 are
considered with respect to the Cartesian coordinate system. Moreover, a plane strain
setup is applied with non-vanishing Neumann boundary conditions at the left and the
right side of the matrix in 𝒆𝑥-direction.

Material and geometrical parameters considered The material behavior
is considered to be elastic and perfectly plastic, i.e., hardening is not
considered, with isotropic elasticity, cf., e.g., [1, p. 104]. The param-
eters associated with the TCT and TWT discussed above and used
for the simulations discussed subsequently are listed in Table 2. The
only difference between the material behavior of inclusion and matrix
is the yield stress 𝜎Y, which is significantly higher for the inclusion.
The inclusion is considered on a microscale with an initial diameter
𝑑0 = 20 μm.

Numerical setup and solving procedure The considered partial differen-
tial equations (PDEs) are discretized on an equidistant Cartesian grid
with the step size ℎd being constant in all directions. The computations
are carried out employing the in-house code Pace3D, cf. [74]. A
number of 750 × 750 cells is used for discretization. The temperature
equation as well as the momentum balance are solved implicitly em-
ploying a finite element discretization with linear elements. For the
phase-field evolution an explicit time integration is used. All PDEs are
solved by a staggered scheme in time, such that the coupling is treated
explicitly, cf. Fig. 2. The coupling terms of the temperature equation
are approximated with a trapezoidal rule, e.g., we use

𝝈 ⋅ 𝜺̇p(𝒙, 𝑡𝑛 + 𝛥𝑡∕2) ≈
1
2𝛥𝑡

(

𝝈𝑛+1 + 𝝈𝑛
)

⋅
(

(𝜺p)𝑛+1 − (𝜺p)𝑛
)

, (42)

where 𝑛 denotes the time step and 𝛥𝑡 the time step size. Additionally,
the simulations where conducted with a reduced resolution by factor
0.8 both in space and time. Similar results where observed, which
indicates, that the chosen resolution is sufficient also with regard to
the staggered coupling. The considered setup is a two-phase prob-
lem. Thus, the multiphase-field model simplifies due to 𝜙2 = 1 − 𝜙1,
grad

(

𝜙2
)

= −grad
(

𝜙1
)

arising from the summation constraint (28) in
he two-phase case. With these simplifications, the evolution equa-
ion (34) yields

𝜕𝜙1
𝜕𝑡

= −𝑀12𝛾12

[

16
(𝜋𝜖)2

(1 − 2𝜙1) − 2△
(

𝜙1
)

]

+
𝑀12
𝜖

(

𝜌2𝜓2 − 𝜌1𝜓1
)

(43)

for phase 1. The distribution of the second phase is obtained from the
summation constraint. For the simulations the parameter 𝜖 = 4∕𝜋2 7ℎd
s considered, such that the width of the diffuse interface equals seven
imes the spatial discretization step size ℎd. The characteristic time
cale by means of the process end time 𝑡end is 100 ns. A mobility
12 = 1.4 × 103 ms kg−1 is chosen, to achieve this time scale, which is

ypical for these transformation processes. The number of timesteps
onsidered to reach the end time is 11 250. Additionally, the inter-
acial energy 𝛾12 is chosen such, that the equilibrium profile for the
hase-field is maintained during the simulation.



Fig. 2. Overview of the solution procedure for the considered model application. The equations for phase evolution (43), temperature (18) and the momentum balance (33) are
coupled and solved with a staggered scheme. The phase-field is updated explicitly, the solution for mechanical equilibrium uses 𝜃𝑛 and 𝝓𝑛+1. The coupling terms for temperature
are integrated with the trapezoidal rule see e.g. Eq. (42).
Table 2
Considered parameters for an elastic and perfectly plastic (i.e., hardening is not considered) material behavior with isotropic elasticity: Young’s
modulus 𝐸, Poisson’s ratio 𝜈, mass density 𝜌, (initial) yield stress 𝜎Y, heat capacity at constant strains 𝜅𝑐 , coefficient of heat conduction 𝜅,
coefficient of thermal expansion 𝛼. The constitutive material behavior is intentionally kept as simple as possible. Here, the yield stress of the
inclusion and matrix are the only parameters that differ.

Domain 𝐸 in GPa 𝜈 in − 𝜌 in kg/m3 𝜎Y in MPa 𝜅𝑐 in m2/(s2 K) 𝜅 in kg m/(s3 K) 𝛼 in 1/K

Inclusion 210 0.3 7800 1500 460 46 1 × 10−5

Matrix 210 0.3 7800 250 460 46 1 × 10−5
3.2 Comparison of simulation results for TCT and TWT

Comparison with respect to the growth of inclusion Regarding three dif-
ferent eigenstrains within the inclusion, the volume fraction of the
inclusion over the simulation time is illustrated by Fig. 3. While the
left diagram of Fig. 3 considers linear axes, the right diagram shows the
same results with respect to double logarithmic axes. The dashed lines
refer to the results obtained for the TWT, while the solid lines depict
the results for the TCT. Regarding the double logarithmic diagram, the
distributions can be approximated by straights with a similar slope over
a certain range. The following observations can be made:

• TWT: The dashed lines can be approximated by straights with
similar slope for 𝑡∕𝑡end ∈ [0.1, 1] regarding the double logarithmic
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Fig. 3. Volume concentration over time for the growing inclusion. TWT: growth of inclusion illustrated by dashed lines, TCT: growth of inclusion illustrated by solid lines, black
crosses: volume fractions 𝑐 = 0.4% and 𝑐 = 3% considered for the snapshots shown in Fig. 4 and 5. Left: linear scale of axes, right: double-logarithmic scale of axes.
Table 3
For the TCT the values of the half axes ratio 𝑅𝑦𝑥= 𝑆𝑦∕𝑆𝑥 are compared to quantify
the deviation from the spherical inclusion that is obtained by using TWT. In this
context, 𝑆𝑥 and 𝑆𝑦 denote the length of the half-axes. The table lists the values
of 𝑅𝑦𝑥 for two volume concentrations 𝑐 = 0.4% and 𝑐 = 3% and different amplitudes of
he component 𝜀∗ of the eigenstrain 𝜺∗. Regarding a specific volume concentration,
he value of 𝑅𝑦𝑥 increases for larger eigenstrains. For a specific eigenstrain, the
ncrease of 𝑅𝑦𝑥 with respect to the increase of the volume concentration is even more
ronounced.

𝜀∗ 𝑅𝑦𝑥 for 𝑐 = 0.4% 𝑅𝑦𝑥 for 𝑐 = 3%

0.1% 0.99946 1.0014

0.5% 1.0387 1.1092

1.0% 1.0494 1.1414

diagram. Thus, the amplitude of the eigenstrain does not signifi-
cantly influence the growth behavior of the inclusion. However,
the distributions are shifted for a larger amplitude of eigenstrain.
Thus, a larger eigenstrain leads to a smaller volume fraction of
the inclusion.

• TCT: The distributions obtained in the context of TCT exhibit a
significant shift compared to the distributions obtained for the
TWT. For 𝑡∕𝑡end ∈ [0.3, 1] the distributions can be approximated
by straights with similar slope regarding the double logarithmic
diagram. Thus, also for TCT, the growth behavior is not signif-
icantly affected by the amplitude of the eigenstrains. Similar to
the TWT, a larger amplitude of eigenstrain leads to a shift of the
distributions, such that the larger the amplitude of the eigenstrain
the smaller the volume concentration of the inclusion. This shift
is more pronounced regarding the results for TCT than for TWT.

• The slopes of the approximative straights for TCT and TWT are
approximately the same. Thus, the growth behavior of the inclu-
sion for the TCT seems solely delayed compared with the TWT.
Moreover, the TCT shows a higher sensitivity for a variation in
the eigenstrains.

inally, for a given simulation time, the TWT overestimates the growth
f the inclusion compared to TCT, thereby affecting the effective mate-
ial properties of the composite.

omparison with respect to the accumulated plastic strain and shape of in-
lusion Regarding the two volume concentrations 𝑐 = 0.4% and 𝑐 = 3%,

illustrated by small cross markers in Fig. 3, the distribution of the ac-
cumulated plastic strain is depicted for the TWT and the TCT in Fig. 4.
The following observations can be made:

• The shape of the distribution of the accumulated plastic strain

𝜀p,acc differs for the TWT and the TCT.
• For both TWT and TCT, the inclusion stays completely elastic
throughout the simulation. This is ensured by using a phase-
inherent plasticity without inheritance of plastic fields. Conse-
quently, the accumulated plastic strain is vanishing within the
inclusion and, thus, the shape of the inclusion is visible in Fig. 4.

• Regarding TWT, the shape of the inclusion stays spherical,
whereas the shape becomes elliptic for TCT. To quantify the
deviation from the spherical inclusion, obtained in TWT, the
ratio 𝑅𝑦𝑥 = 𝑆𝑦∕𝑆𝑥 of the lengths of the half-axes of the inclusions
are compared. Here, 𝑆𝑦 and 𝑆𝑥 refer to the length of the half-
axis with respect to the 𝑦- and 𝑥-axis, respectively. Regarding
the TCT, the values of 𝑅𝑦𝑥 are listed in Table 3. They increase
both with larger eigenstrain and with increasing volume fraction
of the inclusion. For 𝜀∗ = 0.5% and 𝜀∗ = 1%, the inclusion height
grows faster, than its width and this effect is more pronounced
for larger eigenstrains. For 𝜀∗ = 0.1% the inclusion stays almost
spherical. In the TWT case, 𝑅𝑦𝑥 ≈ 1 is observed in all considered
cases and thus, the inclusion stays spherical.

• The deviation of 𝑅𝑦𝑥 from 1, characterizing a spherical inclusion,
can be associated with the heat conduction present in the compos-
ite. Regarding the TCT, the temperature distribution at 𝑐 = 0.4%
and 𝑐 = 3% is depicted at the top of Fig. 5. The median of the
diffuse interface, the transition region between inclusion and
matrix, is illustrated by a closed white line. On the left and right
sides of the inclusion, the temperature within the diffuse interface
is elevated compared to the top and bottom sides, where elevated
temperatures occur within the pure matrix, outside of the diffuse
interface. An increase of the temperature leads to a reduction of
the stress according to the thermoelastic Hooke’s law, cf. Eq.
(12). Thus, the stress and, thereby, the elastic energy, within
the diffuse interface is reduced more to the left and right of the
inclusion than above and below it. This leads to a higher speed of
phase transition at the top and the bottom of the inclusion com-
pared to the left and right side, causing the anisotropic growth
behavior. Contrarily, the stress and, thus the elastic energy, is not
affected by any thermal fields, cf. Eq. (24), regarding the TWT.
Consequently, for TWT, the speed of phase transition is higher
compared to TCT, cf. Fig. 3, and no anisotropic growth behavior
induced, cf. Fig. 4.

Finally, the TCT yields an anisotropic growth of the inclusion due to the
thermomechanical coupling, while the TWT yields an isotropic growth.

Thermomechanically coupled theory, influence on the shape of inclusion
In this paragraph, the influence of the heat conduction on the shape
of the inclusion is discussed. To this end, either the characteristic
length scale of the problem, e.g., the initial diameter 𝑑0, the charac-

teristic time, or the value of the actual heat conductivity is changed,
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Fig. 4. Comparison of the accumulated plastic strain fields for the growing inclusion in the case of 𝜀∗ = 1%. The simulation results for employing TWT (top) and TCT (bottom) are
depicted at volume fraction 𝑐 = 0.4% (left) and 𝑐 = 3% (right). For TCT, the half axes of the elliptic anisotropy are indicated by white arrows. A phase-inherent plasticity without
nheritance of plastic fields is considered. Thus, the accumulated plastic strain is vanishing within the inclusion and the inclusion stays completely elastic during the simulation.
he closed white line illustrates the median of the diffuse interface.
f. Appendix for details. Here, the latter approach is pursued and
he conductivity 𝛼 = 46 kgm s−3 K−1, used in the section above, is var-
ed by multiplication with a factor 𝑘 ∈ {0, 0.5, 1, 2, 4}. This study is
onducted for an eigenstrain of 𝜀∗ = 0.01. Regarding a volume con-
entration of 𝑐 = 3%, the distribution of the temperature difference is
llustrated in Fig. 6. Regarding 𝑘 = 0, the heat conduction is completely
eglected and, thus, the temperature difference, depicted at the bottom
f Fig. 5, is a result of the accumulated source terms exclusively. The
orresponding source term contributions are depicted in Fig. 7 of the
Appendix. Throughout the whole process, the matrix is elastoplastic
hereas the inclusion remains elastic, cf., e.g., [38,46]. Thus, for 𝑘 = 0,

he equation of heat conduction given by Eq. (19) reduces to

𝜌𝜅𝑐 𝜃̇ = 𝛾||dev (𝝈) || − 3𝐾𝛼𝜃 tr (𝜺̇), 𝜌𝜅𝑐 𝜃̇ = −3𝐾𝛼𝜃 tr (𝜺̇) , (44)

for points outside and within the inclusion, respectively. Consequently,
the temperature change within the inclusion is caused by the thermo-
mechanical coupling contribution 𝑝thm = −3𝐾𝛼𝜃 tr (𝜺̇), a phenomenon
referred to as Joule-Gough effect, cf., e.g., [75], [76, pp.456–461].
Outside of the inclusion, the change of temperature is caused by the
interaction between the plastic stress power density 𝛾||dev (𝝈) || and the
contribution 𝑝thm, where the plastic stress power density is a result of
the displacive phase transformation of the austenitic matrix to marten-
site. Within the diffuse interface, all quantities are a mixture of the
corresponding phase-inherent fields of both matrix and inclusion. Thus,
plastic contributions are also present in the diffuse interface, while they
become zero in regions of pure inclusion {𝒙 ∈ 𝛺 ∶ 𝜙i(𝒙, 𝑡) = 1}.
Regarding a non-vanishing coefficient of heat conduction, more heat
Table 4
Based on the TCT simulations illustrated by Fig. 6, the values of the half axes
ratio 𝑅𝑦𝑥 are compared for two volume concentrations 𝑐 = 0.4% and 𝑐 = 3% and
different thermal conductivities 𝜅 = 𝑘 ⋅ 46 kgm s−3 K−1 which are varied by a factor
𝑘 ∈ {0, 0.5, 1, 2, 4} at eigenstrain 𝜀∗ = 1%. The depicted values of 𝑅𝑦𝑥 illustrate that the
anisotropic growth decreases as the thermal conductivity coefficient increases.

𝑘 𝑅𝑦𝑥 for 𝑐 = 0.4% 𝑅𝑦𝑥 for 𝑐 = 3%

0 1.0562 1.1666

0.5 1.0543 1.1588

1 1.0494 1.1414

2 1.0421 1.1405

4 1.0355 1.1396

transfer occurs, characterized by the decrease of temperature gradients,
which is observed as expected. Consequently, with increasing thermal
conductivity coefficient, the anisotropic growth decreases, cf. Table 4.
The half axes ratio 𝑅𝑦𝑥 is smaller, the higher the heat conduction is.
This can be associated with the smaller peak value of the temperature
at the left and right flank of the inclusion and, thus, with a smaller
decrease of the stress due to the thermoelastic Hooke’s law according
to Eq. (12).

Consequences with respect to the effective material properties Regarding a
composite material, the effective properties are affected, among others,

by the volume concentration and the shape of its constituents. This



Fig. 5. Temperature distributions obtained by TCT simulations for 𝜀∗ = 1% at volume fraction 𝑐 = 0.4% (left column) and 𝑐 = 3% (right column). The influence of the coefficient
of heat conduction on the temperature distribution is illustrated for different stages of the inclusion growth. For the top row, the coefficient of heat conduction is considered as
stated in Table 2. In contrast, for the lower row a vanishing coefficient of heat conduction is considered, i.e., no heat conduction occurs.
Fig. 6. Temperature distributions from TCT simulations compared for different thermal conductivities 𝜅 = 𝑘 ⋅ 46 kgm s−3 K−1 varying by a factor 𝑘 ∈ {0, 0.5, 1, 2, 4} at eigenstrain
𝜀∗ = 1% and volume concentrations 𝑐 = 3%. The higher the coefficient of heat conduction, the more heat transfer occurs. Consequently, the temperature peaks within the complete
diffuse interface region decrease. As a result, the effect of anisotropic growth decreases as the thermal conductivity coefficient increases.
becomes especially illustrative in regard of mean field homogenization
schemes that account for Hill’s polarization tensor, cf., e.g., [77], which
accounts for the geometry of the inclusions, cf., e.g., [78]. Thus, the
quantitative prediction of effective material properties based on a digi-
tal microstructure, obtained by simulations of microstructure evolution,
is increased by considering the TCT instead of TWT.

4 Concluding remarks

Thermomechanically coupled vs weakly coupled theory The work at hand
revisits the well known concept of a thermomechanically coupled
theory (TCT) and a thermomechanically weakly coupled theory (TWT).
Both approaches are used to simulate the growth of an elastoplastic
inclusion using the multiphase-field method. The inclusion is subjected
to an eigenstrain, within an elastoplastic matrix under load. This setup
mimics a diffusionless, displacement-free phase transformation, such as
martensitic transformation. The application of TCT results in a load-
induced, anisotropic growth of the inclusion, which can be directly
attributed to the temperature-induced stress fields due to the consider-
ation of thermal strains in the thermoelastic Hooke’s law in the context
of TCT. This anisotropic inclusion growth cannot be reproduced by
using the TWT: The TWT does not take into account thermal strains
and, therefore, thermal stresses. In addition, it is shown that the smaller
the coefficient of heat conduction the more pronounced the anisotropy
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of the inclusion. Regarding the limiting case of a vanishing heat con-
uction, the heat sources and, thus, the change of the temperature

within the inclusion and outside the inclusion can be attributed to
different causes: Inside the inclusion it is governed by the Joule-Gough
ffect, while outside the inclusion, the interaction between the plastic

stress power density and the thermomechanical coupling contribution
causes the change.Obviously, for a non-vanishing heat conduction,
this separation does not hold, because of the diffusive heat transport,
since heat conduction is present. Furthermore, it is shown that the
pplication of the TWT leads to a significant overestimation of the
olume fraction of the inclusion compared to the TCT. Consequently, 
sing a simplified example, the present work reveals that neglecting
he thermomechanical coupling is not applicable when phase transfor-
ations are considered and the coefficient of thermal expansion is not 
egligible.

onsequences regarding the prediction of effective material parameters The 
ain objectives of the simulations are the prediction of the volume

concentration of the inclusion for a specific simulation time as well 
as of the shape of the inclusion due to microstructure evolution and,
hereby, of the obtained morphology. Both the volume concentration
f inclusions and their shape significantly affect the effective material 
ehavior. Since the TWT overestimates the volume concentration com-
ared to the TCT and the TCT accounts for the anisotropic growth of
he inclusion, using the TCT yields more quantitative results than the

TWT.

CRediT authorship contribution statement

Andreas Prahs: Conzeptualization, Formal analysis, Investigation, 
ethodology, Validation, Writing – original draft, Writing – review 
 editing. Martin Reder: Formal analysis, Investigation, Software,
alidation, Writing – original draft, Writing – review & editing, Visu-

alization. Daniel Schneider: Conzeptualization, Investigation, Writing
– review & editing, Supervision. Britta Nestler: Writing – review & 
diting, Supervision, Funding acquisition.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared to
nfluence the work reported in this paper.

ata availability

Data will be made available on request.

cknowledgments

The financial support of KIT excellence strategy ExU-Future Fields
tage 3 ‘‘Kadi4Mat’’ is gratefully acknowledged. In addition, support
rom KIT excellence strategy ExU-Future Fields Stage 2 ‘‘ACDC’’, en-
bling meetings for intensive intellectual exchange on continuum ther-
odynamics, is also gratefully acknowledged. Contributions related

o the model formulations and evaluations are provided through the
‘Materials Science and Engineering (MSE)’’ program No. 43.31.01, sup-
orted by the Helmholtz association, which is gratefully acknowledged.
mplementation of the models were realized with partial financial
upport by the Bundesministerium für Bildung und Forschung (BMBF)

ithin the KMU-innovative project BioSorb.
Appendix

Heat conduction in the context of TCT Inserting the material time deriva-
tive of the Legendre transformation, i.e., 𝑒̇ = 𝜓̇ + 𝜃̇𝜂 + 𝜃𝜂̇, in the balance
of internal energy according to Eq. (4) yields

𝜌𝜓̇ + 𝜌𝜃̇𝜂 + 𝜌𝜃𝜂̇ = 𝜌𝑟 + 𝝈 ⋅ 𝜺̇ − div (𝒒) . (45)

ccounting for Eq. (8), Eq. (45) reads

𝜌
𝜕𝜓
𝜕𝜺

− 𝝈
)

⋅ 𝜺̇ + 𝜌 𝜕𝜓
𝜕𝜺p

⋅ 𝜺̇p + 𝜌
(

𝜂 +
𝜕𝜓
𝜕𝜃

)

⋅ 𝜃̇ + 𝜌𝜃𝜂̇ = 𝜌𝑟 − div (𝒒) . (46)

aking into account the potential relations for the Cauchy stress ten-
or 𝝈 as well as for the entropy 𝜂 according to Eq. (10), as well as Eq.
12)2, Eq. (46) yields

𝝈 ⋅ 𝜺̇p + 𝜌𝜃𝜂̇ = 𝜌𝑟 − div (𝒒) . (47)

ue to the potential relation for the entropy given by Eq. (10)2, the
aterial time derivative of the entropy is given by

̇ =
(

−
𝜕𝜓
𝜕𝜃

)⋅

= −
𝜕𝜓̇
𝜕𝜃

= −
𝜕2𝜓
𝜕𝜺𝜕𝜃

⋅ 𝜺̇ − 𝜕2𝜓
𝜕𝜺p𝜕𝜃

⋅ 𝜺̇p − 𝜕2𝜓
𝜕𝜃2

𝜃̇. (48)

Accounting for Eq. (48), Eq. (47) can be written as

−𝝈 ⋅ 𝜺̇p − 𝜌𝜃
(

𝜕2𝜓
𝜕𝜺𝜕𝜃

⋅ 𝜺̇ + 𝜕2𝜓
𝜕𝜺p𝜕𝜃

⋅ 𝜺̇p + 𝜕2𝜓
𝜕𝜃2

𝜃̇
)

= 𝜌𝑟 − div (𝒒) . (49)

onsidering again the potential relations according to Eq. (10), Eq. (49)
eads

𝝈 ⋅ 𝜺̇p − 𝜃 𝜕𝝈
𝜕𝜃

⋅ 𝜺̇ + 𝜃 𝜕𝝈
𝜕𝜃

⋅ 𝜺̇p − 𝜌𝜃 𝜕
2𝜓
𝜕𝜃2

𝜃̇ = 𝜌𝑟 − div (𝒒) . (50)

Non-dimensionalized form of governing equations Let (⋅)∗ and (⋅)c denote
dimensionless and characteristic quantities, respectively. Each quantity
arising in the governing equation can be split into a product of its
dimensionless quantity and a characteristic value. This yields

0 = div∗
(

𝝈∗) (51)
𝜌𝜅𝑐𝜃c
𝑡c

𝜕𝜃∗

𝜕𝑡∗
=
𝜅𝜃c
𝑙2c

△∗ (𝜃∗
)

+
𝜎c
𝑡c
𝝈∗ ⋅ 𝜺̇p∗ −

𝛼𝜃c𝜎c
𝑡c

𝜃∗
(

C∗ [𝑰]
)

⋅
(

𝜺̇∗ − 𝜺̇p∗
)

(52)
𝜕𝜙
𝜕𝑡∗

= −
𝑡c𝑀𝛾
𝑙2c

[

16
(𝜋𝜖∗)2

(1 − 2𝜙) − 2△∗ (𝜙
)

]

+
𝑡c𝑀𝜎c
𝑙c

1
𝜖∗

(

𝜌2𝜓2 − 𝜌1𝜓1
) ∗. (53)

From the heat conduction equation (52) it can be seen, that the
characteristic length scale 𝑙c only arises in the heat conduction term.
Additionally, the inverse of the characteristic time 𝑡c occurs in all
terms except the heat conduction term. Therefore, the influence of
heat conductivity is increased relative to the other contributions, if
the length scale gets smaller, or alternatively a larger time scale, and,
thus, a slower process velocity is considered. The interface velocity and,
thus, the speed of the phase transformation can be controlled by the
mobility parameter 𝑀, if both characteristic time and stress are given.
The consideration of the stationary momentum balance (51) instead of
the dynamic one 𝜌𝑙c

𝑡2c

𝜕2𝒖∗

𝜕𝑡∗2
= 𝜎c

𝑙c
div∗ (𝝈∗) is justified, if 

(

𝑙2c∕(𝜎c𝑡
2
c )
)

≪ 1
holds. This is the case in the present work, since the considered set of
parameters yields an order of magnitude 1 × 10−4.

Heat source contributions The total heat source generally consists of
both the thermomechanical coupling contribution and the plastic stress
power. However, only for vanishing heat conduction it is possible to ad-
ditively decompose the temperature distribution into the accumulation
of these two contributions, since no heat transfer occurs. This is done
in the following. From Fig. 7, the following observations can be made:
• Within the inclusion, all strains are almost constant in time.



Fig. 7. Details of TCT simulation excluding heat conduction at eigenstrain 𝜀∗ = 1%. Top: Temporal evolution of strain quantities at two probe locations A and B. The phase, the
probe position belongs to is indicated by PM for pure matrix (𝜙m = 1), DI for diffuse interface region (𝜙m ∈ (0, 1)) and PI for pure inclusion (𝜙m = 0). Bottom: Field information
for the contribution of plastic heat supply and thermomechanical coupling by means of time integrated source terms 𝑝p and 𝑝thm normalized by 𝜌𝜅𝑐 . The snapshots are given at
𝑐 = 3% and the probe location is plotted in the left one.
 

 

 

 

 

 

 
 

• The total strain in the inclusion is mainly deviatoric.
• The coupling contribution yields a heating inside the inclusion

at the locations of maximum compression stress, which are the
left and right sides of the inclusion. At the same locations the
temperature is also increased within the diffuse interface. The
elevated temperature decreases the stress at these particular lo-
cations compared to a TWT. This is a reason for the anisotropic
growth behavior.

• Within the matrix, the plastic strain raises in time inducing a
(positive) plastic power.

• As soon as a point undergoes phase transformation, the total
plastic strain decreases. This is due to a decreasing matrix phase
(𝜙̇m < 0), which exhibits non-zero phase-inherent plastic strain.
At the same time, the inclusion phase increases, but its phase-
inherent plastic strain is zero. This effect induces a negative
plastic power.

• Whether the overall plastic work in a point is positive or negative,
depends on which of the effects is dominant. For instance, for
sample A, the phase transformation happens early on, since the
point is near the inclusion. Thus, the second effect dominates
leading to an effective cooling. For sample B initially more far
away from the inclusion, the first effect dominates leading to an
effective heating.
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