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Abstract

We develop a general framework to study hyperuniformity of various mathe-
matical models of quasicrystals. Using this framework we provide examples of
non-hyperuniform quasicrystals which unlike previous examples are not limit-
quasiperiodic. Some of these examples are even anti-hyperuniform or have a positive
asymptotic number variance. On the other hand we establish hyperuniformity for a
large class of mathematical quasicrystals in Euclidean spaces of arbitrary dimension.
For certain models of quasicrystals we moreover establish that hyperuniformity holds
for a generic choice of the underlying parameters. For quasicrystals arising from the
cut-and-project method we conclude that their hyperuniformity depends on subtle
diophantine properties of the underlying lattice and window and is by no means auto-
matic.

1 Introduction

In an influential article in 2003 [27], Torquato and Stillinger initiated a systematic
study of point processes with reduced long-wavelength density fluctuations under the
name of hyperuniformity. ' Over the last 20 years hyperuniform point processes have
been studied intensely from a mathematical point of view and found applications in
physics, materials science, chemistry, engineering and even biology; we refer to the
survey of Torquato [28] for an extensive bibliography. In particular, the question of
hyperuniformity has been investigated for various mathematical models of quasicrys-
tals [1, 2, 23, 24].

! In some parts of the literature the term superhomogeneity is used.
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This article investigates hyperuniformity (and various related properties) for a class
of pure point diffractive jammed hard-core point processes known as cuz-and-project
processes, which in dimensions 2 and 3 provides one of the most widely accepted
mathematical models for quasicrystals. It was observed by Oguz, Socolar, Steinhardt
and Torquato [23] (see also related work by Baake and Grimm [1]) that many one-
dimensional cut-and-project processes are hyperuniform. On the other hand, it was
already pointed out in [24] by the same authors that not all cut-and-project processes
are hyperuniform. However, the previously known counterexamples seem to be of a
very special form, namely limit-quasiperiodic.

In the present article we provide examples of cut-and-project processes which
are not hyperuniform (in a very strong quantitative sense) without being limit-
quasiperiodic. On the other hand, we also establish hyperuniformity for large classes of
cut-and-project processes (in arbitrary dimension) with spherical Euclidean (or more
generally, Fourier smooth) windows, and for such cut-and-project processes we even
prove that hyperuniformity holds for generic choices of the underlying lattice. The
main upshot of our discussion will be that hyperuniformity of quasicrystals depends
on subtle diophantine properties of the underlying data and is by no means automatic.

1.1 On the definition of hyperuniformity

Denote by By the Euclidean ball of radius R around 0 in R?. A locally-square inte-
grable invariant point process A in R? is called geometrically hyperuniform (with
respect to Euclidean balls) if its asymptotic number variance

. Var(#(A N Bg))
ANV(A) := lim ————
R—00 Vol (BRr)

exists and is equal to 0. Here the denominator Vol;(Bg) can be interpreted as the
number variance of a suitably normalized Poisson process Apyis, and hence geometric
hyperuniformity corresponds to a sub-Poissonian number variance for large balls. This
property can also be expressed spectrally: Given a bounded measurable function f on
R? with bounded support, we denote by Px f(w) = Yoe A, J () the corresponding
linear statistic. Then there exists a unique positive-definite signed measure 1, on R¢
such that

na(f = f*) = Var(Pa f),

and we denote by 7 its Fourier transform.? For example, if Apojs is a Poisson process
on R?, then up to scaling we have 7a,,,, = Vols. We then say that A is spectrally
hyperuniform (with respect to Euclidean balls) if 74 decays near 0 faster than a Poisson
process, i.e.

2 A can be obtained from the diffraction measure of A by removing the atom at 0. If 775 has a density
with respect to Lebesgue measure, then this density is called the structure factor of the process; however,
the processes considered in this article will have pure point diffraction, hence their structure factor is not
defined.
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naBe) o a(Be)
e—0 ﬁAPw.S (Bg) e—0 Voly(Bg)

The following result was previously established in various special cases (see e.g. [12,
Proposition 2.2]); we provide a proof of a more general statement in Theorem 3.6
below.

Theorem 1.1 (Geometric vs. spectral hyperuniformity) A locally-square integrable
invariant point process A in R? is geometrically hyperuniform if and only if it is
spectrally hyperuniform.

We emphasize that Theorem 1.1 only holds with respect to Euclidean balls. For general
balls, spectral hyperuniformity implies geometric hyperuniformity, but as observed by
Kim and Torquato [17] the standard lattice Z? in R? is spectrally hyperuniform, but
not geometrically hyperuniform with respect to balls in the £°°-metric (cf. [12, Section
2.1]).

1.2 Cut-and-project processes and their generalizations

The point processes whose hyperuniformity we investigate in the present article
arise from the field of aperiodic order and are related to quasicrystals. Given two
locally compact abelian groups G and H (for example, Euclidean spaces), a lattice
I' < G x H and arelatively compact subset W C H one can construct a point process
A(G, H,T', W) in G by the following cut-and-project construction. Choose a random

‘G
“wl .
“IH
Fig.1 Cut-and-project data
G
. ‘w .
M
Fig.2 Cutting a strip from a lattice
G
w

Fig.3 Projecting the lattice points in the strip
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translate of I' in G x H (as in Fig. 1), intersect it with the “strip” G x W (as in Fig.2)
and project the resulting point set to G (as in Fig. 3).

Let us assume for simplicity that G = R, that T projects injectively to G and
densely to H and that W has non-empty interior. Under these assumptions the resulting
point process is an ergodic jammed hard-core process, i.e. its instances are uniformly
discrete and relatively dense in R?, and its diffraction is a pure point measure with
a dense set of atoms. We refer to a point process with these properties as a mathe-
matical quasicrystal,®> and more specifically to processes of the form A(G, H, T, W)
as cut-and-project processes. We will see that in certain situations the question of
hyperuniformity of cut-and-project processes can be related to diophantine properties
of the underlying lattice.

We will also consider a slightly wider class of jammed hard-core processes which
naturally arise as thinnings of cut-and-project processes. We recall that a subset A C
R is called a Meyer set if it is relatively dense and if A — A is uniformly discrete; any
such set can in fact be realized as a subset of a cut-and-project set [21]. Accordingly,
we refer to an ergodic point process whose instances are Meyer sets as a Meyerian
point process. While such processes do not need to have pure point diffraction, their
diffraction still has a relatively dense set of uniformly large atoms [1].

1.3 Non-hyperuniform cut-and-project processes

The diffraction of a cut-and-project process A = A(G, H, I, W) depends very much
on whether the “internal space” H is connected or not. If the internal space has a totally
disconnected factor, then the corresponding cut-and-project process may happen to
be limit quasi-periodic [3], and it was already established in [24, Section B] that such
processes need not be hyperuniform. In fact, the authors of [24] manage to construct
a limit-quasiperiodic random quasicrystal A and a lacunary sequence (R,) of radii
such that

Var(#(A N B
im YAHANBR)) (1.1)
n—00" Volg(Bg,)
They also establish many other interesting results concerning one-dimensional limit-
quasiperiodic quasicrystals. On the contrary, the following two fundamental problems
have not been addressed so far:

Problem 1.2 Does there exist a non-hyperuniform cut-and-project process with con-
nected internal space?

3 As the terminology suggests, cut-and-project processes in dimensions 2 and 3 are related to physical
quasicrystals, by which we mean pure point diffractive materials with a dense set of Bragg peaks. The
latter condition implies in particular that quasicrystals are aperiodic and hence their diffraction may admit
non-crystallographic symmetries. The occurrence of such exotic diffraction symmetries was in fact how
quasicrystals were initially discovered, and hence some authors insist on exotic symmetries as part of
the definition of a quasicrystal. Most cut-and-project processes do not admit any diffraction symmetries
(crystallographic or otherwise), but they are still considered as quasicrystals in most of the mathematical
literature, and we will follow this convention.
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(Here the assumption of a connected internal space excludes limit-quasiperiodic exam-
ples.)

Problem 1.3 Does there exist a Meyerian point process with positive asymptotic num-
ber variance?

(For the non-hyperuniform examples from [24] we do not know whether the asymptotic
number variance exists, since the limit in (1.1) is only along a lacunary sequence of
radii.)

In this article, we resolve both problems by answering both questions in the affirmative.
The following consequence of Theorem 4.5 below solves Problem 1.2.

Theorem 1.4 (Cut-and-project processes need not be hyperuniform) There exists a cut-
and-project process with parameters (R, R, T', W) and centered diffraction 7 such that
W C R is an interval and

Tm 7(Be)
im ——

1= =00 foreverya > 0.
&£— &

Theorem 1.4 says that, even in one dimension (and one “internal” dimension), there
exist cut-and-project processes for which the diffraction of small balls of radius ¢
converges to 0 more slowly than any positive power of ¢ along some sequence of
radii. In our proof this sequence of radii will be extracted (using an equidistribution
result) from a sequence constructed using diophantine properties of I'. While this latter
sequence could be made explicit for certain choices of the parameters, the former is
certainly not explicit. Moreover, we have absolutely no control over the behaviour
of the diffraction along any other sequence of radii, since our estimates become very
poor as soon as the radii are no longer connected to certain diophantine exponents of
the parameters.

To resolve Problem 1.3, we thus consider a different class of examples. Using
mixing dynamical systems, we construct in Sect.6 below a class of Meyerian point
process A, in Z which are 2-syndetic in the sense that two translates of (A,),, cover Z
for every w. Via suspension, we can extend any such process A, to a Meyerian point
process in A in R, which is a 2-syndetic subset of a random translate of Z in R. The
following theorem is then a consequence of Theorem 6.6 below.

Theorem 1.5 (Meyerian point processes may have positive asymptotic number vari-
ance) There exists a Meyerian point process A in R, which is 2-syndetic in a random
translate of 7 and for which the asymptotic number variance ANV (A) exists and is
strictly positive.

1.4 Hyperuniform cut-and-project processes

Many of the classical cut-and-project processes A(G, H, I', W) (as found e.g. in [1])
arise from a very special class of lattices I', namely arithmetic lattices and their duals
(see Example 5.2 below). For the associated cut-and-project processes with spherical
window, Corollary 5.4 below implies the following:
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Theorem 1.6 (Arithmetic cut-and-project processes are hyperuniform) Let I' <
R4t pe g lattice, whose dual lattice T is arithmetic, and let W C R% be a
Euclidean ball. Then the cut-and-project process with parameters (RY, R% T, W)
is hyperuniform and its centered diffraction 7 satisfies

%Y d
77(58) < 8%.
edl

This provides plenty of explicit examples of hyperuniform cut-and-project processes.
Given that there exist both hyperuniform and non-hyperuniform quasicrystals, the
question becomes relevant which of the two behaviours is “generic”. To make this
question precise, we observe that every lattice in R? is of the form AZ¢ for some
(invertible) matrix A € R?*¢_ We then say that a set £ of lattices in R? is conull if the
set {A € R¥*? | AZ? € L} is a Lebesgue-conull set in R?*¢_ With this terminology
understood, the following is a special case of Theorem 5.5 below:

Theorem 1.7 (Generic cut-and-project processes are hyperuniform) Let W be a
Euclidean ball. Then for every § > 0 there exists a conull set of lattices T < R4+
such that the cut-and-project process with parameters (RY, R% T, W) is hyperuni-
form and its diffraction 7 satisfies

= ) (1-8)
1n(Be) <s ¢ }12% .
g

Thus, as far as hyperuniformity is concerned, generic lattices are only marginally worse
than arithmetic ones. To keep the formulation simple, we have formulated Theorems
1.6 and 1.7 only for Euclidean balls. For cut-and-project processes with more general
windows the decay rate of the diffraction at 0 depends in an explicit way on the Fourier
decay of the window. One thus obtains hyperuniformity as soon as the window has
sufficient Fourier decay (see Corollary 5.4 and Theorem 5.5). Both Theorems 1.6 and
1.7 (and their generalizations to windows with sufficient Fourier decay) are based on
a hyperuniformity criterion which uses the following notion of repellence of lattices
in products.

Definition 1.8 Alattice I' < R% xR% is B-repellent on the right if there exists &, > 0
such that for every (y1, y2) € I'\{(0,0} and all ¢ < ¢,,

Irilloe <& = ly2lloc = 7.
With this notion, we have the following sufficient condition for hyperuniformity, which

is a special case of Theorem 5.1 below:

Theorem 1.9 (Sufficient condition for hyperuniformity) Let W be a Euclidean ball
and let 7 denote the diffraction of the cut-and-project process with parameters
(R4 R, T, W). If the dual lattice T of T is B-repellent on the right for some
B > 0, then for all sufficiently small ¢ > 0 we have

p(Be) partn—a
Voly, (B,)
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In particular, the quasicrystal is hyperuniform provided that 8 > djﬁ.

Again, the theorem applies also to more general windows, but then the exponent
will depend on the Fourier decay of the window (see Theorem 5.1). Notably, the
lattices appearing in Theorem 1.6 and Theorem 1.7 satisfy the repellence condition
of Theorem 1.9. On the other hand, our construction of non-hyperuniform cut-and-
project processes for Theorem 1.4 starts from a lattice, whose dual lattice is not
sufficiently repellent for the criterion to apply. However, since repellence is only suf-
ficient and not necessary for hyperuniformity, additional work is required to produce
non-hyperuniform cut-and-project processes, and in particular the choice of window
plays a crucial role.

1.5 Number rigid cut-and-project processes

We recall that a locally square-integrable invariant point process A in R? is called
number rigid if for every Borel set B C R? the number #(B N A) of points in B
depends almost surely only on A|pc. While number rigidity is neither implied by
nor implies hyperuniformity, the two properties are nevertheless related. In Lemma
7.4 below we adapt an argument of Ghosh and Peres [14] to establish the following
spectral criterion for number rigidity in the spirit of spectral hyperuniformity.

Lemma 1.10 (Spectral criterion for number rigidity) A locally-square integrable
invariant point process A in R? is number rigid, provided there is a sequence €, \ 0
such that the centered diffraction of p satisfies

7p(Be,) < 2919,

Compared to spectral hyperuniformity we require a much stronger decay with exponent
2d + § rather than d + §; on the other hand, this decay is only required along one
specific sequence. The decay required to apply Lemma 1.10 is much stronger than what
we establish for generic (or even arithmetic) cut-and-project-processes with spherical
window above. However, it is well-known that one can obtain stronger decay by
making very specific choices of windows (often related to self-similarity phenomena).
For example, by a result of Baake and Grimm [1, Proposition 3.1], the Fibonacci cut-
and-process process (d = 1) satisfies the condition of the lemma with § = 2. We
deduce:

Corollary 1.11 (Number rigid cut-and-project processes) The Fibonacci cut-and-
project process is number rigid. O

At least with known methods, it is not possible to verify the criterion from Lemma
1.10 for cut-and-project processes which are obtained from the Fibonacci process by
modifying the window (see the discussion in [2, Section 7]). However, this does
not mean that such processes are not number rigid. Neither is the criterion from
Lemma 1.10 necessary, nor is it possible with current techniques (including ours)
to provide lower bounded for the centered diffraction of a cut-and-project process
along all sequences of radii. The following problem therefore remains open:

Question 1.12 Do there exist cut-and-project processes which are not number rigid?
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1.6 Stealthy cut-and-project processes

Cut-and-project processes and their centered diffraction measures can not only be
considered in R?, but also in other locally compact abelian groups. This wider context
sometimes leads to new and unexpected phenomena, notably in the p-adic case. To
illustrate some of the peculiarities of the p-adic setting, we recall that a locally square-
integrable random measure p on a locally compact abelian group is called stealthy if
its centered diffraction 7, vanishes identically on some open set. A recent, and quite
surprising, result [9, Theorem 3] says that every stealthy point process in Z is periodic.
Stealthy random measures on R¢ have been thoroughly investigated in [26] and [13].

Since the Fourier transform of a compactly supported function in Euclidean space
does not vanish on any open set, it follows from the Meyer diffraction formula (see
Theorem 2.9 below) that cut-and-project processes in RY can never be stealthy. This
property of the Euclidean Fourier transform is, however, not shared by the p-adic
Fourier transform, and this difference between the two Fourier transforms can be
exploited to establish the following result (cf. Corollary 8.4):

Theorem 1.13 (Stealthy p-adic cut-and-project processes) There exists a stealthy cut-
and-project process in Qp, (with R as internal space) for every prime p.

1.7 Organization of the article

This article is organized as follows: In a preliminary Sect.2 we collect various basic
facts concerning autocorrelation and diffraction measures of invariant point processes
(or, more generally, invariant random measures). In Sect. 3 we discuss the definition of
hyperuniformity and establish Theorem 1.1. Sections 4—6 form the core of the article
and discuss examples of hyperuniformand non-hyperuniform quasicrystals. In Sect. 4
we establish Theorem 1.4, in Sect. 5 we establish Theorem 1.9 and derive Theorems
1.6 and 1.7 and in Sect. 6 we establish Theorem 1.5. The remainder of the article then
discusses various related properties: In Sect. 7 and Sect. 8 we construct cut-and-project
processes which are number rigid and stealthy respectively, thereby proving Lemma
1.10 and Theorem 1.13.

For the convenience of the reader we include two appendices. Appendix A explains
the well-known diffraction formulas for Poisson processes and cut-and-project pro-
cesses, whereas Appendix B contains an introduction to the general formalism of
transverse point processes, a wide class of hard-core point processes recently intro-
duced in [7], which contains all of the point processes considered in this article.

1.8 Notations and conventions

Given non-negative real-valued functions f and g on some space X we write f(x) <
g(x) if there exists a constant C > 0 such that f(x) < Cg(x) forall x € X. We write
f(x) <4 g(x) to indicate that C depends on some parameter «. If these inequalities
only hold in some asymptotic sense, then we use the usual Landau notation o and O,
where indices like O, indicate again parameters on which the constants depend.
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The letter G will always be reserved for a locally compact second countable (lcsc)
group, which is always assumed to be unimodular and often assumed to be abelian.
We will denote by £2°(G) the space of bounded complex-valued Borel functions on
G which vanish outside a compact subset of G and by C.(G) its subspace of complex-
valued compactly supported continuous functions. Dually we denote by M (G) the
space of signed Radon measures on G. Given a space F of functions or measures on
which G acts, we denote by F¢ C F the subspace of G-invariants.

All probability spaces considered in this article are standard, i.e. the underlying
Borel space is standard. Given a probability space (€2, B, ) we denote by L?($2, P) the
corresponding L2-space and by L%(Q, P) the orthogonal complement of the constant
functions. If an lcsc group G acts on 2 preserving [P, we say that the action is pmp; in
this case, L2($2, P) and Lg(Q, P) are unitary G-representations.

2 Preliminaries on autocorrelation and diffraction
2.1 Autocorrelation of invariant random measures

In this article we are mainly interested in certain invariant simple point processes in
Euclidean space RY of arbitrary dimension d. However, it is convenient to define some
of the basics notions related to point processes in their natural generality.

Thus let G be a unimodular Icsc group with Haar measure m g acting probability-
measure preservingly (pmp) on a probability space (2, F,P). Every f € LX°(G)
defines a function

Pf:M(G)—C, pr p(f)

on the space of signed Radon measures, called the associated linear statistic, and we
equip M (G) with the smallest o-algebra Bjs(g) for which all of these linear statistics
are measurable. Then a G-equivariant measurable map

p:Q2—> M(G), wr> py,

is called an invariant* random measure on G with distribution p = plP €
Prob(M(G))®. We say that p is ergodic if P is ergodic and refer to the moments
of i as the moments of p.

Aninvariant random measure p is called an invariant point process if p,, is P-almost
surely supported in a locally finite subset of G and simple if moreover all atoms of p,,
have size 1. In this case we can identify p,, with its support and thereby think of p as
an invariant random locally finite subset of G.

Example 2.1 (Cut-and-project processes) Let G and H be unimodular locally com-
pact second countable (Icsc) groups, let ' < G x H be a a lattice which projects
injectively to G and densely to H and let W C H be a relatively compact subset with

4 In the probabilistic literature the term “stationary” is sometimes used instead of invariant.
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dense interior. We define 2 := I'\(G x H) and denote by P the unique G-invariant
probability measure on €2 (cf. [8]). One can show that the map

p=p(G, HT,W):(Q,P) > M(G), T(g h)— Sxc,urwi )y

is a well-defined Borel map, hence defines a simple hard-core point process. This
is a special case of a general construction discussed in more detail in Appendix B.
Generalizing the definition from the introduction, we refer to p(G, H,T', W) as a
cut-and-project process with parameters (G, H, T, W). If G = R% and H = R%,
then the space €2 is a torus of dimension d; + d3, and the G-orbits form a foliation of
this torus by d}-dimensional leaves, which are dense embeddings of R,

Note that cut-and-project processes automatically satisfy the following assumption.

Assumption 2.2 Allinvariant random measures in this article are assumed to be locally
square-integrable in the sense that

E[pw(B)z] < 00 (B C G bounded Borel set).

From now on p will always denote a locally square-integrable invariant random mea-
sure with distribution (4 ,. This assumption ensures that the first two moment measures
M}) € M(G)“ and M; € M(G x G)Y of p exist. By definition these two moment
measures are then given by

M) (A) :=E[p,(A)] and M,(B) :=El(po ® pu)(B)]

for bounded Borel sets A C G and B C G x G. Since M 11, is invariant, there exists
a constant i, called the intensity of the random measure p with respect to mg, such
that

M) =i(p)-mg 2.1
Similarly, since Mlz, is G-invariant, under the identification (G x G)/A(G) — G

given by [(g1, g2)] = g18, Uit corresponds to a Radon measure nl‘f on G called its
autocorrelation (cf. [8]). This measure satisfies

Ny (fixf)=Mifi® f) (fi. fr € LE(G)),

and if p is a non-negative Borel function on G with bounded support, normalized to
mg(p) = 1, then for every bounded Borel function f on G with bounded support we
have

MO /G Gf<g1g51>p<gz>dM,%<g1,gz>, (2.2)
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independently of p. The measure n; is positive-definite, since for fi, f2, f € C.(G)
we have

nh(f1 % £3) = (po(f1), Po(f2))12(,p)» and hence
ny (f % f5) = 1Po( 72 p) = 0. (2.3)

It turns out that the measure 17;; is closely related to the variance Var ), of the process
p, where, by definition, Var,(A) = Var[Px 4] is just the variance of the real-valued
random variable w +— p,(A) for any bounded Borel set A C G. The connection
becomes apparent if we define a signed Radon measure on G by the formula

np(f) =0 () —i(p)*-ma(f) (f € LI(G)). (2.4)

Proposition 2.3 (Variance vs. autocorrelation) The signed measure 1, satisfies

np(f* f*) = Var,(f) (f € LZ(G))

and is uniquely determined by this property. In particular, it is positive-definite.

Proof It is convenient to introduce the covariance of p as the signed measure given
by the centered second moment

Covp(fi ® f2) = El(po(f1) — Elpu(f)]) (Po(f2) — Elpo(f2)])]
= My (fi® f2) — My(fOM)(f2) (fi. f» € LX(G)).

Since this is G-invariant, it corresponds to a signed measure 77, on G such that , ( f1 *

fz) = Cov,(f1 ® f2), and we claim that this signed measure satisfies formula (2.4).
Indeed, for all f, g € L3°(G) we have

np(f 8% = My(f ®3) — My(HIM)(@) =0} (f *g*) —i(p)* - ma(fHme(3).
Now let (U,) be a nested sequence of compact identity neighbourhoods converging to

{e} and let p, be a non-negative function supported in U, and normalized to integral
1. Then (p,) is an approximate identity and hence

np(f)

Tim np(f ) = Tim (5 (f 5 ) = i) ma(Hma @) )
N5 () —i(p)*-me(f).

This proves (2.4), and the latter determines n;; uniquely. Finally,

Np(f % [*) = Covp(f ® ) = E[Ipu(f) — Elpu(H)1I*] = Var(po(f)) = Var,(f).

O
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Both of the closely related (signed) measures n;; and 7, are sometimes called the
autocorrelation measure of p (or j1p) in the literature. We will reserve this term for
the measure n;,r and refer to 1, as the centered autocorrelation measure.

2.2 Diffraction of invariant random measures on LCA groups

We now assume that G is an abelian Icsc group and denote by G its Pontryagin dual.
We then normalize Haar measures m ¢ and mg such that Fourier inversion becomes

fx) = /@f(X)X(X) dmg(x), where
ﬂx»=1!ﬂ@?@hwcux 25)

for all sufficiently regular functions on G. Given a positive definite signed Radon
measure 17 on G we denote by 7 its Fourier transform (cf. [6, Theorem 4.5]), which is
a (positive) Radon measure on G.

From now on let p be a locally square-integrable invariant random measure on
R? with autocorrelation n?,‘ and centered autocorrelation 7. Since these are positive-

definite, we can take their respective Fourier transforms 77\; and 7).

Definition 2.4 ﬁ; is called the diffraction of p, and 7)), is called the centered diffraction
of p.

We note that by definition

AP =i (f % £ = 1po(Hl]2qp and

p(IF1%) = np(f * f*) = Var, (/). 2.6)
for all sufficiently regular functions f, including all compactly supported continuous
functions. A straightforward approximation argument then shows that (2.6) holds for

all f € £L2(G).

Proposition 2.5 (Diffraction vs. centered diffraction) If p is ergodic, then the diffrac-
tion and the centered diffraction are related by the formula

=1 — 0,1} - 81

Here, 1 € G denotes the trivial character. Note that, by (2.4) we have for all f €
L(G),

U F1D) = np(f = £ =nf (f* f) = i(p)> - ma(f * f*)
=751 —i(p)* - | F1(0).

Thus Proposition 2.5 reduces to the following lemma:
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Lemma 2.6 (Intensity formula) The intensity and the diffraction of a square-integrable
ergodic random measure p are related by the formula

{1 =i(p)*.

We say that a sequence (8,) of probability measures on G is weakly ergodic if for
every strongly continuous unitary G-representation (H, 7) we have convergence

lim (7 (By)u, u) = || ProjG(u)||%_[, forallu e H,
n—oo

where Proj; denotes the orthogonal projection onto the space of G-invariants. Weakly
ergodic sequences of boundedly supported measures exist on every LCA group. For
example, if (F,) is any Fglner sequence in G, then by the weak mean ergodic theorem,
the sequence

XFy

W = (P

dmg

is weakly ergodic. In the case G = R” we may e.g. choose F}, to be the Euclidean ball
of radius n around 0. If (B,) is any weakly ergodic sequence of probability measures
on G and if 1 € G denotes the trivial character, then by definition we have

nli)rréoﬁn(é) =0 forallé € G\{1}. 2.7

Proofof Lemma 2.6 Let p : (2,P) — M(G) be a random measure; we consider
the unitary representation 7 of G on H := L?(Q2, P). Since P is ergodic, for every
f € C.(G) the associated linear statistic P f satisfies

Proj (P f) = /Q PfdP = Elpo(f)] = MA(f) = iy - ma(f).

Now let (8,) be a weakly ergodic sequence such that 8, has bounded support for every
n. Then, for every non-negative f € C.(G)andalln € Nwehave B, * f* f* € C.(G)
and, by polarization,

2
Lf,-lf(l)|2=tf,-</cfdmc>

| Projg(PAII> = nliﬂgo(ﬂ(ﬂn)Pfﬁpf>L2(Q,P)

lim nf(Bs /5 9 = lim 7f (B IFP).
n—oo n—oo

Now ,B\,, — 61 by (2.7), and since fe Lz(ﬁ;,‘) we can apply dominated convergence
to obtain

o FOP =05 - 1R
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If we choose f with f(l) # 0, then we can cancel |f(1)|2 and obtain Lf, = 77\;({1}).
O

In the sequel, we will be interested mostly in the Euclidean case where G = R?
for some (arbitrary) dimension d € N. In this case we will identify G with G by
identifying £ € G with the character x > ¢>7!"-§) Under this identification we may
then choose both m¢ and mg to be d-dimensional Lebesgue measure Voly. We will
later need the following a priori estimate concerning the centered diffraction of large
balls.

Lemma 2.7 (Dimension estimate) Let p be a square-integrable invariant random
measure on R? and denote by By the Euclidean ball in R?. Then the centered diffrac-
tion ), satisfies the estimate 1,(Br) <4 RY forall R > 1.

Proof For every R > 1, we can find a finite subset Fg C R4 such that

|Frl <4 R? and Brc (] BE D)= B1+6).
EeFR Ee€Fg

Hence,

p(BR) <a R sup 7,(By +&).
EeR4

Since 7, is positive definite, [6, Prop. 4.9] implies that ﬁ,, is translation-bounded, and
thus the supremum on the right-hand side is bounded. O

2.3 Diffraction formulas

To illustrate the above definitions, we recall two examples of explicit diffraction
formulas, one for Poisson processes and one for cut-and-project processes. For the
convenience of the reader we include proofs in Appendix A. We first consider the case
of a Poisson process. Recall that if (Y, m) is a o-finite Borel measure space, then a
Borel probability measure v on the space of o-finite Borel measures on Y is called
m-Poisson if

(i) for every Borel set B C Y with finite and positive m-measure,

m(B)* e=m(B)

w({peMs(Y): p(B)=k}) = for all k € N,.

k! ’
(i1) for every r > 1, and for all disjoint Borel sets By, ..., B, C Y the corresponding
linear statistics P xp,, ..., Pxp, are pu-independent.

A point process is then called an m-Poisson process if its distribution is m-Poisson.
Such a process exists for every o -finite Borel measure space (Y, m) (see [19, Theorem
3.6]) and is unique up to equivalence (see [19, Prop. 3.2]). Here we will be interested
in the case where (Y, m) = (G, mg). In this case it follows from invariance of m ¢ that

@ Springer



Hyperuniformity and non-hyperuniformity of quasicrystals

the m-Poisson measure is also G-invariant, hence there is an invariant m g-Poisson
process p, unique up to equivalence.

Proposition 2.8 (Poisson diffraction) For any Icsc group G the following hold.

(i) The centered autocorrelation of the m¢-Poisson process p on G is given by n, =
Be.
(ii) If G is abelian, then the centered diffraction is given by 1, = mg.

Here, the normalization of mg is determined by (2.5). For example, if (G, m¢g) =
(]Rd , Voly), then the Poisson process satisfies

7p(Br) = Vola(B,) = Vola(By) - . (2.8)

In particular, the centered diffraction of any invariant Poisson process on R is abso-
lutely continuous with respect to Lebesgue measure. On the contrary, we will see that
the centered diffraction of any cut-and-project process is pure point. To make this
precise we consider a cut-and-project process p = p(G, H,I', W) as in Example
2.1 with the additional assumption that G and H are abelian. We use the notation
from Example 2.1, so that in particular 2 = I'\L, where L := G x H. We fix Haar
measures mg and my on G and H respectively and denote my := mg @ mp. We
also fix a Borel fundamental domain F C L for I'; then covol(I") := m (F) depends
only on I'. Finally, we denote by

L=GxH and FLzz{éeZ:Elrzl}

the Pontryagin dual of L and dual lattice of I" respectively. We then have the following
formula, which, in essence, goes back to Meyer [21].

Theorem 2.9 (Cut-and-project diffraction) The diffraction 77\[,“ ofp=p(G,H, T, W)
satisfies

1

~ ~ 2

- . .

> = covol(T)2 E Ixw (2|7 - 8¢,
E=(&1,5)elt

and consequently, the centered diffraction 1, is given by

_ 1 o
T = covol T §L w1 - 8,
E=(&1,62)el'-\{(0,0)}

3 Definitions of hyperuniformity
3.1 Spectral vs. geometric hyperuniformity

Consider a locally square integrable invariant random measure p : @ — M(RY)
with associated centered autocorrelation 7, and associated centered diffraction 7,. It
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follows from Proposition 2.5, that if (Uy) is a nested sequence of compact identity
neighbourhoods in G with (U, = {1}, then

lim 7,(U,) = 0, 3.1)
n—oo

and (spectral) hyperuniformity is concerned with the speed of this convergence. Given
t > 0and a subset W C RY we write t W := ={tx | x € W}.

Definition 3.1 Let W C R be a bounded identity neighbourhood. The random mea-
sure p is spectrally hyperuniform with respect to W if

n,tW
Jim 2EW)

= 0.
t—0 td

It is called spectrally hyperuniform if it is spectrally uniform with respect to the
Euclidean unit ball in RY.

In view of (2.8), the denominator ¢ can be interpreted (up to a constant) either as the
Lebesgue volume of t W or as the diffraction measure of t W with respect to a Poisson
process. Hyperuniformity thus corresponds to “sub-Poissonian” spectral behaviour
near 0. A dual approach to hyperuniformity, which is often crucial for applications, is
via the number variance of p.

Definition 3.2 Let V C R? be a bounded identity neighbourhood. The random mea-
sure p is geometrically hyperuniform with respect to 'V if

Varp(tV)

t—>oo td

=0.

It is called geometrically hyperuniform if it is geometrically uniform with respect to
the Euclidean unit ball in R?.

Proposition 3.3 (Spectral vs. geometric hyperuniformity) A locally square integrable
invariant random measure is spectrally hyperuniform if and only if it is geometrically
hyperuniform.

Special cases of Proposition 3.3 have been observed in different levels of generality by
many people, see e.g. [12, Prop. 2.2]. Lacking a reference in the present generality, we
will include a full proof. In fact, we will provide a more precise version in Theorem
3.6 below; see also Theorem 3.7 for a quantitative version.. It is important to note that
a hyperuniform invariant random measure need not be geometrically hyperuniform
with respect to balls of a non-Euclidean metric, as the following example shows.

Example 3.4 Let T < R? be a lattice and let § : RY /T —> M (R?) be the associated
periodic simple point process. We claim that § is spectrally hyperuniform. Indeed, by
Poisson summation the support of its centered diffraction is I'-\ {0}, where ' denotes
the dual lattice of I', and thus the centered diffraction vanishes in a neighbourhood of
0. By Proposition 3.3 it is thus geometrically hyperuniform with respect to Euclidean
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balls. On the other hand, even for Z> C R? this process is not geometrically hyper-
uniform with respect to £°°-balls in R2, see [12, Section 2.1]. However, £°°-balls are
not Fourier smooth in the sense of the following remark.

Remark 3.5 (Fourier smoothness of balls) If B, denotes the Euclidean ball in R?, then
its Fourier transform satisfies the estimate

X8, ()] < (1+ [E)~“HD/2 forall & € RY,

In this article we will often consider the wider class of Borel sets B C R whose
Fourier transforms satisfy the estimate

158 &)] < (1 + [IEIND~YT/2 for some ¥ > 0 and all & € RY.

Such sets will be called Fourier smooth with exponent ¥ in the sequel. With this
terminology, Euclidean balls are thus Fourier smooth with exponent 1. By [16, Thm.
2.16], a compact, convex and symmetric subset B C R4 is Fourier smooth if its
boundary is (d + 3)/2-times differentiable and its principal curvatures do not vanish.
On the other hand, £%°-balls in R? are not Fourier smooth.

As the following theorem shows, the problems encountered above with £°°-balls do
not occur for Fourier smooth sets.

Theorem 3.6 Let p : @ — M(R?) be a locally square integrable invariant random
measure.

() If p is geometrically hyperuniform with respect to some bounded Borel set V- C RY,
then it is spectrally hyperuniform. R
(i) If p is spectrally hyperuniform for some bounded Borel set W C R? with 0 in
their interior, then it is spectrally hyperuniform with respect to any such set and
in particular spectrally hyperuniform.
(iii) If p is spectrally hyperuniform, then it is geometrically hyperuniform with respect
to every Fourier smooth bounded Borel set V.

Proof We are going to use the fact that, by (2.6) and since Xyy (£) = 1% - Xy (&), we
have

Var, (V) =, (IivI?) =124 fR IRy )P iy (€) (32)

for any bounded Borel set V C R and every ¢ > 0.

(i) Since V is bounded, the Fourier transform ¥y is continuous. Since moreover
Xv (0) = Vol (V), there thus exists a constant ¢ > 0 such that

Vol (V)?
2

1Xv (&) = for all £ € B,.
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Using (3.2) and the fact that ﬁp is a positive measure we have for all + > 1,

Vi \%4 ~ Y ~ ~
% Z,d./ XV (&) 7, (6) = r"-/ |Xv (t€)1* d7f, (§)
! R4 Bc/t
> M . Ty (Bejr),

- 2
i.e. fort > 1 we have

2 Var,(tV)

T (Bept) < o U2
pBei) = 21 " o1, vy

Setting ¢ := ¢/t this yields

My (Bs (0 4 2 Var,tV 2 Var, (1V
lim 1Ny (B:(0)) T ar, V) _ . lim ar, (tV) _0
es0t gl t—oocd 124 Voly(V)2 ¢ -Volg(V)?2 t—oo 14

(i1) If W and W' are bounded Borel sets with 0 in its interior, then there exist R > r > 0
such that

rWCW CRW = r forallr > 0.

) ﬁp(rl‘W) < ﬁp(l‘W/) <R. /n\p(RtW)
rt t - Rt

This shows that

n,tW n,dW’
fim ) oy OO

t—00 t t—00 t

0.

(iii) In view of (3.2) and the assumption of Fourier smoothness of V we have for all
R>1,

Var,(RV)

7 =Rd-Ld|iB<Rs)|2dﬁp(s>

<R fRdu + RIED ™ a7, (8)

— R /Olﬁ,, ({eer - a+rIED™ 2 1)) @

If we set W(s) := (1 + )@+ and y := R~ p~! (1), then the condition under
the integral is given by

V(RGN =t <= ¢l <u <= &€ B,, and
(—d — )R

/
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and hence the substitution # > u yields

V. RV e
M <« R / Fra49@W)du, where
R4 0 “
p (By)
Fras) = Lt (3.3)

(1+ Ru)d+z9+l :
To estimate the integral on the right, we will break the domain of integration into
three parts. From now on we fix ¢ > 0. We then choose ¢ in the open interval

O, #). Since ¢ > 0 we can find, by spectral hyperuniformity, a constant
R:(q) such that

Tp(Biyr) < e(t/R)® forall R > R.(q) and forall0 <7 < R'™4.
Using Lemma 2.7 we have
Tp(By) < u? forallu > M > 1.
For all R > R.(q) we then have, by the very definition of R (gq),

R'-4

ﬁp(Bz/R)

R4
. pd+l = R4 —
I =R /0 Fra,pu)du =R /0 (1 + 1)d+o+1

R'=4 d

Secondly, by our choice of ¢ we have

R M -5,(By) R—oo
(1+ Rl—q)d+19+l

M
I = Rd+] / FR’d,ly(u) du < 0, (3.5
R4

and, finally, by our choice of M we have

0
Iz .= RIH! / FRr.a.»w)du
M

giet [T [T 4 EBR 0 G
< I (l—l—Rt)d""H'l r = RM (1+t)d+19+1 ! : ( 6)

Plugging (3.4), (3.5) and (3.6) into (3.3) then yields

— Var,(RV)
lim ———
R— Rd

)

and since ¢ > 0 was chosen arbitrarily, the theorem follows.

O
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Note that (i) and (iii) imply Proposition 3.3 (and hence Theorem 1.1 from the intro-
duction). In the sequel we say that p is hyperuniform if it is spectrally, or equivalently
geometrically hyperuniform.

3.2 Quantitative bounds

Let V be a bounded Borel set containing O in its interior. If V is Fourier smooth, then
Theorem 3.6 states that

Vi RV 7,(B
im —arp( ) =0 < Ilim —77[7( e) =
R—o00 Volg(RV) e—0 Volg(By)

From the proof one can actually obtain a more quantitative relation between the vari-
ance of large balls and the centered diffraction measure of small balls. We collect these
relations in the following theorem, and leave the proof to the reader.

Theorem 3.7 Let p be a locally square-integrable random measure and let V be a
bounded Borel set containing 0 in its interior.

(1) There is a constant cy > 0 such that for every function p : [1, o0) — (0, 00),
Var,(RV) = O(Rp(R)), R — 00 = 7,(B.) = 0(¢%p(cy /e)), &€ — 0T,
(i) If'V is Fourier smooth with exponent ¥ and 0 < y < ¥, then
Var,(RV) = O(RY™Y), R — 00 &= 7,(B;) = 0(e?7"), ¢ — 0*.

The same statements hold for o instead of O.

3.3 Counterexamples in dimension 1

Theorem 3.6.(iii) rests on Fourier smoothness of the set V. Example 3.4 shows that this
assumption is indeed necessary in dimensions d > 2. To see that it is also necessary
in dimension d = 1 one can use a construction of Brown, Glicksberg and Hewitt
[10]. More precisely, we show that for a large class of one-dimensional locally square
integrable invariant random measures (including periodic and quasi-crystalline ones),
there is always a compact subset of the real line with respect to which these processes
are not geometrically hyperuniform. The following result can be found in [ 10, Example
Cl.

Lemma 3.8 (Brown-Glicksberg—Hewitt) There exist a compact subset V. C R and a
sequence (&) in (0, 0o) such that &, — +o00 and

lim &% |%vE)| > 0, asn — oo.
n—oo
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Note that V is not Fourier smooth for any positive exponent. We can now prove:

Lemma 3.9 (Automatic geometric non-hyperuniformity)

Let V and (&,) be as in Lemma 3.8, and fix a point &, € (0, 00). Then, for every
locally square integrable invariant random measure p : Q@ — M (R) for which &, is
an atom of 17, we have

. Var, (R, V)
lim sup ————— >

n—o0 n

05

whereang—"—>ooasn—>oo.
o0

Proof Note that if R, = &, /&,, then

Vi R,V R . . N
Varp(RaV) _ g, / 20 (RuE) P dTp (@) = R - 127 (Ruf)|? - Ty (o))

R, —o0
7p({5}) ~ 2
= (6 @)
€0
By our assumptions on V and (), the limsup of the right-hand side is strictly positive,
and the proof is done. O

4 Cut-and-project processes which are not hyperuniform
4.1 Centered diffraction for a class of cut-and-project processes

Given dimension parameters di, d», every choice of lattice I' < RA1+42 and window
W C R% gives rise to a cut-and-project process p(R%, R% ", W) (see Example
2.1). In this section we are going to show that, already in the smallest possible case
where dj = dy = 1, it is possible to choose the lattice I" and the window W in such a
way, that the resulting point process is non-hyperuniform in a very strong quantitative
sense. We are going to choose lattices of the form

1 _
r, = ga22 < ]Rz, where g, = — (1 a

) for some a > 0,
2a \1 a

and windows for the form W, := [—b, b] for some b > 0. We will choose a € R\Q, so
that I', is irreducible. We then denote by p,» = p(R, R, I'y, W},) the corresponding
cut-and-project process. As a special case of Theorem 2.9 we have:

Corollary 4.1 Let a,b > 0 with a € R\Q. Then the centered diffraction 0, p of the
process pq.p Is given by

anm —n

Tap((—uul) =da® - " X[—1,1]<

~ 2
) | Xi—p,p1(am +n)|”.
(m.n)€Z?\{(0,0}

“.1)
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Proof Since det(g,) = ﬁ and Z? is unimodular, we have covol(I',) = i, hence it
suffices to observe that

_ a -1 _ am —n
gaT:(a 1) and Fj‘zgaTzzz{<am+n):m,neZ}.

m}

To obtain anti-hyperuniform examples, we need to derive lower bounds for this central
diffraction. The following key estimate will be proved at the end of this section. Here,
given a real number 6 and u € (0, 1) we set

{6}z :=min{|0 +n| : n € Z} €[0,1/2] and Q, :={m € Z\{0} : {am}z <u/2}.

Lemma 4.2 (Lower bound for centered diffraction) For all a,b > 0 with a € R\Q
we have

. 2
Nap([—u, ul) > % . Z (M> + O4p(w) forallO <u < 1. (4.2)

am
meQy

4.2 Choice of parameters

Assuming Lemma 4.2 for the moment, the main idea behind our construction of
anti-hyperuniform cut-and-project processes is as follows: If (my) is an unbounded
sequence of positive integers such that {amy}z < f(my) for some function f, then
we have my € Q,,, where uy := 2 f (my), and thus the lemma yields the lower bound

Na,b([—uk, url)

s
Ug

> mkfzf(mk)*‘s . sin2(4nabmk) + Oa,b(u,lf’s).

If f is sufficiently rapidly decaying, then the first factor is unbounded and the O-term
converges to 0; to obtain divergence along the sequence of radii (uy), one thus only
has to arrange for the second factor to remain bounded away from 0, which can be
achieved (up to passing to a subsequence) using standard equidistribution results. This
motivates to choose a as a Liouville number; we recall the definition.

Definition 4.3 An irrational number a € R\Q is y-approximable for some y > 0 if
there exists an integer sequence (my) such that

mi — oo and {mga}z <m;” forallk; 4.3)

it is called a Liouville number if it is y-approximable for any y > 0.

Remark 4.4 Note that the second assumption of (4.3) means that there exist integers
Pk such that
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hence Liouville numbers are very well approximable by rational numbers. There exist
uncountably many Liouville numbers, for example the numbers

o0
Zan 2107 witha; € {0, ..., 9).
n=I1

If a is a Liouville number then by diagonalization we find an integer sequence mj
such that

mp — oo and {mgalz < m* forall k. (4.4)

Theorem 4.5 (Liouville implies anti-hyperuniformity) Ifa > 0 is a Liouville number,
then there is a conull a Lebesgue-conull subset E, C (0, 1/2a) such that for every
b € E, we have

1-_ ﬁa,b([_u,”])
m ———

5 =o00 forall§ € (0,1).

Uu—00 u
More precisely, if (my) is as in (4.4) and uy = 2m,:k, then for every b € E, there
exists a subsequence (ukj) such that

Ta,b ([~ , ug; 1)

)
ukj

lim =o00 foralls € (0,1).
J—>00
Note that Theorem 1.4 from the introduction is an immediate consequence of this
theorem. If one is only interested in non-hyperuniformity of p, ,, then it is actually
sufficient for a to be y-approximable for some y > 2 (rather than Liouville):

Theorem 4.6 (2 + ¢)-(approximability implies non-hyperuniformity) If a is y-
approximable for some y > 2, then there is a Lebesgue-conull subset E, C (0, 1/2a)
such that for every b € E,, we have

— 7 - 2
lim M =00 forall § € (—,1).

U— 00 u y

More precisely, if my is as in (4.3) and uy := ka_y, then for every b € E, there is a
subsequence (uy j) such that

Nap([—uk., Uy, 2
tim Mot D s € (—, 1).
Jj—=0o0 uk,— 14

Proofs of Theorem 4.5 and Theorem 4.6 modulo Lemma 4.2 For the proof of Theorem
4.5 we choose (my) as in (4.4), and for the proof of Theorem 4.6 we choose (my) as in
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as in (4.3); we then set uy := 2m,:k, respectively uy 1= ka_y so that, by definition,
mi € Q. Then uy — 0 and, by Lemma 4.2,

sin(4mwabmy)

2
Nab([—utke, ugl) > ( ) + Og.p (uy), forallk.

mg
In particular, for all § € (0, 1) and k € N we deduce that

k—2 ) 1-8Y\ - . . .
Tan (g, ux]) my~ " - sin“(dmwabmy) + Oqp (uk ) if a is Liouville;

up mi)’_z -sin?(dwabmy) + Oq p (u,lc_‘s) if a is y-approximable.

Note that since 0 < § < 1, the O-term tends to zero when k — o0 is both cases. In
the first case we have mifz — 00, and in the second case we have miyfz — 00 as
long as § > %

We deduce that 7, p ([—u, ui])/ ui diverges to infinity along a subsequence (k) as
long as the second factor sin® (4 abmy ;) stays bounded uniformly away from 0 along
this subsequence. This can be arranged by the following standard equidistribution
result. O

Lemma 4.7 (Equidistribution) For every a € R\{0} and sequence (my) of integers
such that my — 00 as k — 00, there exist a Lebesgue conull subset E, C (0, 1/2a)
with the property that for every b € E,, there is a sub-sequence (k;) such that

lim sin(4wabmy;) = 1.
j—o0

Proof Let (my) be an integer sequence such that my — oo when k — oo. By [18,
Chapter 1, Theorem 4.1] we can find a conull subset E C (0, 1) such that (my«) is
equidistributed modulo 1 for every o € E. In particular, for every o € E, we can find
a subsequence (k) such that my; o — 4—1‘ mod 1. Define

1
E, = {be (O, —) | 2ba € E}
2a

Then for every b € E, we find a sequence (my j) such that 2bamkj — 4—11 mod 1 and
hence

1
sin(4rabmy;) — sin (271 . Z) = 1.

Since E is conull in (0, 1), the set E, is conull in (0, 1/2a), and we are done. ]

We have thus reduced the proofs of Theorems 4.5 and 4.6 to Lemma 4.2. The
remainder of this section is devoted to deducing this lemma from the diffraction for-
mula (Corollary 4.1).
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4.3 Proof of Lemma 4.2

We now turn to the proof of Lemma 4.2. For this it will be convenient to abbreviate

~ in(2mbx)\ >
@1(X) 1= X—1/2,1/2) * X[—1/2,1,21(x) and  @2(x) = [X[—p.p) (X)[* := (W) )
(4.5)
Note that
_ sin()\’ _
01¢6) = ( s ) and ©2(85) = (X[—b,b) * X561 ().

From the diffraction formula we can derive a lower bounded for 7, , ([—u, u]) in terms
of the functions

o]

2b
Hy,(u) =u- Z g~ 2rwiamk / D1 (u(x + k) Gr(x)e™ 4 9m¥ qx - form # 0.
2b

k=—o00

(4.6)

Lemma4.8 Forallu > 0,

Nap([—tt, ul) = 4a® - Y~ Hy(u).
m##0

Proof Since the diffraction formula (4.1) only involves non-negative terms, we have

. am —n . 2
Dap(—u.ul) =4a> - > i ( - ) | Fiepitam +n)
(m,n)eZ2\{(0,0}

n=—0o0

34(12-2(

m#Q

> am —n R 2
> X[—l,l]( p >~|X[—b,h](am+n)| )

We would like to apply Poisson’s summation formula to the inner sum, but since x[—1, 1]
does not have sufficient Fourier decay, we cannot do this directly. Instead, using the
simple estimate x{—1,1] > X[—1/2,1/2] * X[—1/2,1/2],» W€ get a new lower bound:

ﬁa,b([_u» M])

z4a2~z<

m#0

> am—n R 2
Z X[=1/2,1/2] * X[=1/2,1/2] . | Xi=p.pr(am +m)|7 ) .

n=—0o0
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The functions in the inner sum on the right hand side do now have the right Fourier
decay for for Poisson’s summation formula to be applied. For a fixed m # 0, we
denote the inner sum by H,, (1), and note that

Hu() = Y Yam(niu) where i (x; 1) = g (?)m(wm, o> 0.

We leave it to the reader to check that

I/ﬂ\a(g; u) =u- 6—2711'06%‘ . / @1 (u(x + £)) - 1//f\2(x)e_4”"°”‘ dx,

—00
and thus H,, (u) is really given by (4.6). O

The key estimate concerning the functions H,, is as follows:

Lemma4.9 Forallu € (0, 1) and m # 0,

Ho () = ( > o (“’";”)) - p22am)

( > (am +n)- ¢1( m+”>> -goé(Zam)—i—O(%).

Assuming this estimate for the moment, let us complete the proof:

Proof of Lemma 4.2 assuming Lemma 4.9 Upon combining these two lemmas, we get

Tap((—u u)) = 4a® - Y ( 3 o (“’”;”)) - ¢2(2am)

m#0 \n=-00
— 44 Z ( Z (am +n) - @1 ( m—i—n)) -5 (2am) + O (u) .
m#0 \n=—00

4.7

For the first sum, we note that ¢; > % * X[-1/2,1/2]> and thus the inner sum over n is
bounded from below by % - X0, Hence,

o0 2 | 2
4a? . Z ( Z @1 <amu+n)) -2 (2am) > 4%_ Z (%)

m#Q \n=—00 meQy

(4mwabm)
_1 Z <sm ) .

meQu
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For the second sum, we note that since supp(¢1) C [—1, 1] and ||¢1]lco < 1, the only

terms which contribute to the inner sum are the ones for which |am + n| < u. Since
u € (0, 1), there are at most two such indices n. Hence,

(Z(am+n) §01<am+n>>'§ Z lam + n| < 2u,

nez
lam+n|<u

for all m. Since |5 (x)| < x 2, we see that |5 (2am)| < m~2, and thus

44> - Z < Z (am +n) - @1 <amu+n>> “¢5(2am) = O(u).

m#0 \n=—00
Upon plugging this into (4.7), and merging the two O (u)-terms, we are done. O

We have thus reduced the proof of our theorems further to Lemma 4.9, which is a
purely analytic statement about the functions ¢1, ¢ and their Fourier transforms.

4.4 Proof of Lemma 4.9
We break the proof of Lemma 4.9 into four lemmas involving the auxiliary function
° .
Fplcsuy =Y e @1 (u(x + k) — @i (uk)), x € [—2b,2b],
k=—00
where 0 € R and u > 0 are parameters.

Lemma4.10 Forallu > 0 and m # 0,

s 2b
am—+n N .
Hy (u) = ( Z ¥1 < u )) ~¢2(2am) + u - /Zb Fam(x; u) p2(x) e diamx .

n=—00

Lemma4.11 Forevery6 € Randu > 0,

2
Fatriuw) = x - 2 Z(n+e) <p1< >+<01(ux) 51(0)

+u? - Ly(x;u,0) —iu® - La(x; u, 6),

forall x € [-2b, 2b], where L1 and L, are of the form
x oy
Ly(x;u,0) =/ f Gi(z;u,0)dzdy
0 J—y
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and

X y z
Lz(X;u,9)=/ / f Gaw: . 6) dw dz dy.
0 0 —z

for certain continuous functions G1, Gy : R x R* x R — C which satisfy
1
sup{|Gj(x;u,0)| : x €[-2b,2b], u>0, 0 eR} < —, j=1,2.
u

Lemma4.12 For all m # 0,

2b

—~ ~ —~ A 1
sup @1 (ux) — @1(0) - Pa(x)e 4 gy | & —
2b

ue(0,1]

where the implicit constants are independent of m.

Lemma4.13 Forallu > 0 and m # 0,

2b ) 1
’/ Lj(x; u, am)@r(x)e”74m* dx | « 5 J=1.2
—2b um

where the implicit constants are independent of m and u.

Proof of Lemma 4.9 assuming Lemmas 4.10,4.11,4.12and 4.13 By Lemma 4.10 it suf-
fices to show that

2b
u- / Fam (x; u)e ™ 471amx g
—2b

> am +n , u
= <n;oo(am +n)- @ ( - >> - ¢5(2am) + O (W) .48

By Lemma 4.11 (applied with 6 = am) we have

2b 2b
u- / Fam (3 w)e™40iam gy — <2m'/ X - Palx)edriamx dx) .
—2b b

. Z (am+n)- o (amu—l-n)

n=—o0

2b )
+u- / @1 (ux) — §1(0)) Pa(x) e +miamx gy
2b

2 p2b
- Zu(—iu)“”f
j=1

" Lj(x;u, am)@s (x)e " 4riams gy
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Note that
2 .
2711'/ X - Pa(x)e MY gy — g (2am), for all m.
—2b

By Lemma 4.12,

u- | @i(ux) —§1(0) Pax) e+ G x

o ()

and by Lemma 4.13,

2 Cp2b _ w2
Zu(—iu)H']/ Lj(x; u, am)@a(x)e ™9 x| = O <—2)
i —2b m

Since u € (0, 1), the last O-term can be absorbed by the first O-term, and thus we
have proved (4.8). O

We are thus left with the proof of the four lemmas.

4.5 Proof of Lemmas 4.10 and 4.11

Lemmas 4.10 and 4.11 are both applications of the Poisson summation formula:
Proof of Lemma 4.10 We recall from (4.6) that

2b ‘
P1(u(x +5) @a(x)eHriamx qy,
b

o0
Hy(u) =u- Z e~ 2miamk, /

k=—00 -

for all u > 0 and m # 0. Hence,

S 2b
Hm(u) =u- ( Z e—Zntamk a] (uk)) i / az(x)e—4mamx dx
—2b
k=—00

2b 00 A |
+u- / ( Z o~ 2miamk (@1(u(x + k) — @ (uk))> . az(x)e—4mamx dx

-2b M "

=Fam (x;u)

By Poisson’s summation formula, and since ¢ is even,

. —2miamk - . am+n
w- Y e Py =Y @i ” .

k=—00 n=—oo
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Furthermore, since supp(@z) C [—2b, 2b], we have

2b o)
f Pax)e Hmiame qy — f P (x)e MY dx — @y (2am),
—2b —00

for all m, which finishes the proof. O

The argument for Lemma 4.11 is more involved, and we need the following lemma to
bound the functions G| and G»:

Lemma4.14 Let p : R — [0, 00) be a bounded function such
p(u) < lu|™2,  forall lu| =1,

Let M > 0. Then, forallu € (0, 1),

o0
1
sup Zp(u(n +w)) Lum,p >

|lwl<M n=1

where the implicit constants only depend on M and || p || -

Proof Fix u € (0, 1) and |w| < M and define
S =fneN:un+wl <1}
and
Sj={neN: 2/ <uln+wl <2/}, for;j>0.

Then,

o0 oo

D pumtw) <p@+ > pm+w)+ > | D plum+w))

n=1 nesS_ Jj=0 \nes;

4.9)

Since |w| < M, we see that

1 2j+1
[S-|<-+M and |Sj|]<——+ M, forj=>0.
u u

Hence,

1
3 puln+w) < 1] - [plloe < (; +M) plloo.

nes_
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and

j+1
Zp(u(n+w))<<|S| 4~ J<<2—+M> 4=

nes;

Upon summing over all j, and plugging the resulting estimates into (4.9), we are done.
]

Proofof Lemma4.11 Since ¢; is even and real-valued, so is ¢ . If we take out the term
corresponding to k = 0 in the sum defining Fy (x; u) and split the remaining sum into
real and imaginary parts, we get

Fo(x; u) = @1 (ux) — ¢1(0)

+ Y @1k +x)) = 2§ (uk) + §1 (u(k — x))) - cos(2mOk)
k=1

—i Y @ik + ) = Gi(uk - x))) - sinrok).
k=1

Note that ¢ is smooth, and thus
X y
G1uk +x)) — 2 P k) + 1 (wlk — x)) = 12 / f GGk + 2)) dz dy
0 J-y

and

X

Pr(uk +x) —@r1(utk —x)) =u- / @y (uk + y))dy

=u-/0 (@1 ulk +y) + @) (uk — y))) d

=u~/0 (ﬂ(u(k+y))—2~$§(uk)

+@1 (u(k — y)) dy + 2ux - @) (uk)
/ / o (u(k +w)) dwdz dy

+ 2ux - @) (uk),

for all x > 0, and similarly for x < 0. We conclude that
Fy(x; u) = ¢1(ux) — 91(0)

/ f <Za{(u(k+z)) ~cos(2n9k)) dzdy
y

k=1
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—iud. /X /‘y /Z ( A’”(u(k—i—w)) 51n(27r9k)> dwdzdy
0 0 —2Z k=

o0
—x-iu- Y @j(uk) sin2r0k).
k=—00

By Poisson’s summation formula, and since ¢ is even,

00 o —0
> @iuk) sinrok) = % > ((n —0) -9 ("T>

k=—00 n=—00

0
(1 +6)- </)1< n ))
u

_ 2 S tn. w1< +9>

n=—oo
Define
o
Gi(ziu,0) = Y ¢ (u(k +2)) - cos(2m0k)
k=1

and

Ga(z;u,0) = ZA’”(u(k—i-w)) sin(26k).

Since |$§p ) )] <p x~2forall p > 0, these sums converge uniformly for fixed «# and
6, and thus define continuous (hence bounded) functions on [—2b, 2b]. To see that
these functions actually satisfy the bounds specified in the lemma we apply Lemma
4.14 with M := 2b and p := max(|¢{, |¢]"]). If we now define L and L; in terms of
G1 and G as stated in the lemma, then we can write

[e¢]

2mi 04+n
Fou)=x-=——- )" (n+6)- <p1< >+s01(ux) ?1(0)
u u
n=—oo
+u” - Li(x;u,0) —iu? - Ly(x; u, 0),
for all x € [—2b, 2b], which finishes the proof. O

4.6 Proofs of Lemmas 4.12 and 4.13

The two remaining lemmas are a consequence of the following standard result, which
can be obtained by applying partial integration twice.
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Lemma 4.15 Let g be piecewise twice continuously differentiable function with com-
pact support, and suppose that F € C?(supp(g)). Then, for all real A,

o0 . 3 . .
‘/ F(1)-g(1)- e dt| < A2 -max{[|F o llg?* oo : j=0,1,2},
—0oQ

where the || - ||co-norms are restricted to C (supp(g)\Q), where Q denotes the end
points of the intervals on which g is twice continuously differentiable.

Proof of Lemma4.12 For a fixed u € (0, 1), apply Lemma 4.15 to
F=91ux)—91(0) and g=9¢> and A= —4mam.

Then F is smooth, supp(g) = [—2b,2b] and |FV) || < 1 for j = 0, 1,2, with
implicit constants independent of u. O

Proofof Lemma 4.13 Since

x pry
Ll(x;u,9>=/ f Gi(z:u,0)dzdy and Lo(x:u,6)
0 J-y

X y Z
= / / f Go(w; u,0)dwdzdy,
0 JO J—z

and both G{(-; u,0) and G;(-; u, 0) are continuous (hence bounded) on [—2b, 2b],
we see that both L1(-; u,0) and Lo (-; u, 6) are twice continuously differentiable on
[—2b, 2b], and

1LY . 0)lloo < 1Gi(i . 0) oo, for j =0,1,2and k = 1,2,
where the || - ||oo-norms are restricted to the interval [—2b, 2b]. By Lemma 4.11,
1Gk(su, D)oo K u™l, fork=1,2,

so by Lemma 4.15, applied with F = L;(-;u,0) and g = @ and A = 4mwam, we
have

2b
‘/ Li(x; u, 0)@a(x)e ¥ m> gy | « (m*u)~",
—2b

for all m # 0, which finishes the proof. O
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5 Quasicrystals which are hyperuniform
5.1 Hyperuniformity from repellence

We now study cut-and-project-processes p(R%, R%, ", W) as in Example 2.1 for
arbitrary dimension parameters d; and d». For such processes we provide a sufficient
condition for hyperuniformity along the lines of Theorem 1.9, based on the notion of
repellence of lattices (cf. Definition 1.8). As demanded in Example 2.1 we will always
assume that I projects injectively to R?! and densely to R%2. As for W, we are going
to assume that W is Fourier smooth in the sense of Remark 3.5. We then have the
following criterion, which will be established in Subsection 5.4 below.

Theorem 5.1 (Sufficient condition for hyperuniformity) Let p = p(R%, R%, T, W),
where W C R® is Fourier smooth with exponent ©. Assume that the dual lattice T+
of T is B-repellent on the right for some > 0. Then for all sufficiently small ¢ > 0
we have

—~ + n (BS) +19)—
B bl 0), dh P ghlat?)—di 5.1
np( o) K and nence v ldl(Bs) < (5.1

In particular, p is hyperuniform provided that > dzdﬁ'

Since Euclidean balls are Fourier smooth with exponent 1, this contains Theorem 1.9
from the introduction as a special case. Before we turn to the proof of the criterion,
we apply it to establish more general versions of Theorems 1.6 and 1.7 from the
introduction.

5.2 Hyperuniformity of arithmetic cut-and-project processes

Arithmetic lattices are an important class of lattices arising from algebraic number
theory which are not only (discrete, cocompact) subgroups of R” but also subrings
under coordinatewise multiplication. For the benefit of the reader not familiar with
algebraic number theory we discuss the simplest example:

Example 5.2 The ring Z[ﬁ] ={a+ b2 | a,b € Z} (or, equivalently, its quotient
field Q[+/2]) has precisely two embeddings (i.e. injective ring homomorphisms) into
R, namely

01(a+b\/§) =a+bv/2 and 02(a+b«/§) =a— b2,

and both o7 and o, have dense image. If, however, we combine these two embeddings
into a single embedding o7 x 03 : Z[+/2] — R2, then its image

T = (01 x 0)(Z[V2]) = (i _*/55) 7% < R

is a lattice.
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This procedure of turning an arithmetically defined ring into a lattice in some
Euclidean space can be generalized as follows (cf. [22]): If K is a totally real number
field (all embeddings into C are contained in R, as is the case for Q[ﬁ]), then it has
d = dimg K different embeddings o1, ..., 04 : K — R. The ring of integers Ok
of K (which generalizes Z[+/2] in the example above) embeds densely under each of
these embeddings, but its image under the product embedding o1 X - - - X g4 is always
a lattice. We refer to such lattices as arithmetic lattices.

Observe that if a, b € 7Z, then
(a+bv2)(a —bv2) =a®> —2b* € Z.

More generally, if Ok is the ring of integers of a totally real number field of degree
d, then for all y € Ok the so-called norm

N(y) :=o1(y)---0aly)
is an integer, which is non-zero if y # 0. This implies:

Lemma5.3 If It < RY x R% is an arithmetic lattice, then it is %—repellent.

Proof Letd := dy + d> and assume that ' is given by the image of Ok under the
diagonal embedding o} x - - - x 04 : Og — R<. By the previous remark we then have
£ ---&; € Z\{0} and hence |£ - - - &4| > 1 forall & = (£1,...,&7) € [+\{0}.

We deduce that if £ € T\{0} and |&], ..., |&4,] < &, then by the arithmetic—
geometric mean inequality we have

1
a1, Eqra) loo > NCEa+1, - Eqra) . = do - 1Egi41 - Edyvan | 2
dp

_L _L L _
=dy-1&1] 2 |Eq] 261 8al = dr-e 2,
hence 't is %-repellent. O
Corollary 5.4 (Hyperuniformity from arithmeticity) Ler p = p(R%, R%, T, W),

where W C R® is Fourier smooth with exponent 9 > 0. Assume that T is an
arithmetic lattice as above. Then p is hyperuniform with

) dy v
_Mp(Be)_ <eh
Volg, (By)

Proof Since I' is B-repellent with 8 := Z—;, this follows from Theorem 5.1 and the
inequality

_dida+9) —didy _ di9 -
N d> o

Bldr+79) —di 0.

O
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Since Euclidean balls are Fourier smooth with exponent 1, this specializes to Theorem
1.6 from the introduction. The main interest in Corollary 5.4 lies in the fact that is
provides explicit examples of hyperuniform cut-and-project processes. However, the
underlying lattices are of a very special kind. To complement Corollary 5.4 we are
thus going to consider generic lattices in the next subsection.

5.3 Hyperuniformity of generic model sets

In this subsection we establish the following genericity result for cut-and-project pro-
cesses with Fourier smooth windows.

Theorem 5.5 (Hyperuniformity for generic cut-and-project processes) Let W C R%
be Fourier smooth. Then for almost every lattice T' the cut-and-project process
p = pRY R% T, W) is hyperuniform. More precisely, if W is Fourier smooth
with exponent ¥, then for every § > 0 and almost every I" we have

1p(Be) & ey
Volg, (By)

For Euclidean balls, Theorem 5.5 specializes to Theorem 1.7 from the introduction.
We now turn to the proof. Throughout, let I and W be as in Theorem 5.1. We write

rt— <é‘ g) zdi+d2 (5.2)

for matrices A, B, C, D of appropriate sizes. We can then express f-repellence in
terms of these matrices.

Definition 5.6 A real (d| x d»)-matrix E is a-repellent if there exists Qg > 0 such
that

Ip+ Eqllss = llgllss forall (p.q) € Z x Z% such that ll¢ e = Q.
Lemma 5.7 Let Tt be given by (5.2) and assume that
det(A) #0 and det(D — CA™'B) #0. (5.3)
If A~ B is a-repellent, then TV is B-repellent on the right, for every B < (lx
Proof By assumption, every & = (£, &) € I'* can be written as
(£1,6) = (Ap + Bq, Cp + Dgq) for some (p, q) € ZU x Z%.
Let ¢ > 0, and suppose that

I€1lloe = IA(p + A™'B) o < &.
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Since det(A) # 0 we have ||p + A™'Bq|l~ < &, and since A~! B is a-repellent, we
further have

gl < Ilp+A'Bglle <&, forall p e Z" and [¢]loc > 1.
In particular, for all sufficiently small & we have
—1/a

lglloc > ¢

Finally, note that

I€2lloc = ICP + Dqlloo = ICA™ A1 + (D — CA™'B)qllo
> (D — CA™'B)qlloc — e

Since det(D — CA~!B) # 0 we have
(D = CA™'B)qlloc > llgllcc > V%,

We conclude that if ¢ is sufficiently small (so that e ~1/% > ¢), then
_ 1
l&llco = e forall p < —.
o

In particular, I'* is B-repellent on the right. O

Corollary 5.8 If W C R® is Fourier smooth with exponent © and T\ is given by (5.2)
with A, B, C, D satisfying (5.3) and A~' B is a-repellent for some o < Z—f + & with
6 € (0,0), then p := p(Rdl,Rdz, I, W) satisfies

p(Be)
Volg, (Bg)

In particular, if W is Fourier smooth and A~ B is a-repellent for some a < Z—f + 9,
then p(RY, R T, W) is hyperuniform.

Proof If we set B := dzdﬁ, then it follows from Lemma 5.7 that I'* is B-repellent on
the right. We then dedue from (5.1) that

np(Bs) < 8/3(,12+19),d] _ 8d| ('31224:;71) _ gdld(j;zss) '
Voly, (B;)
Since
di(dy + 1)
d)y+19)=——— > d,
B(d2 + V) A 1
the corollary follows from Theorem 5.1. O
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We have thus reduced the proof of Theorem 5.5 to showing that the set

{g = (2 [B)) € GLy,+4,(R) : det(A), det(D — CA™'B) #£0, A™'Bis a—repellent} ,

or equivalently (since det(g) = det(A) det(D — CA~!'B) if det(A) # 0), that the set

Cy = {(2 g) € GLg, 44, (R) : det(A) # 0, A~ 'Bis a—repellent} 5.4

is conull with respect to the Haar (or, equivalently, Lebesgue) measure class for all

o > Z—f. For this we use following consequence of the Khintchine—Groshev theorem:

Lemma 5.9 (Khintchine-Groshev) For every a > Z—f the set

Co:={E e R"*% | E s a-repellent)

is conull with respect to Lebesgue measure class.

Proof We apply the version of the Khintchine—Groshev theorem on p. 2 of [5] with
Y(x) :=x"% Sincedy — 1 —ad; < —1 we have

00 00
quz—lll/(q)dl — quz—l—old] < 00,
g=1 g=1

hence the theorem states (in our notation) that
&y = {E e Rx4 | 1(p, EQllco < llgll”“ holds for infinitely many p € 74, q € Zdz\{O}}

is a Lebesgue nullset in R41%% We claim that the complement of &, is contained in
Cy. Indeed, if E ¢ &, and

Qg = max{llglloo | I(p, EQlloc < llgll™*, p € Z, q € Z=\{0}},

then for ¢ € Z® with ||¢llec > Qf we have ||p + Eqllec > llgll~%, hence E is
a-repellent. O

The proof of the theorem now follows:

Proof of Theorem 5.5 Denote by m a probability measure on GL;(R) in the measure
class of Haar measure. Note that the open set

GLy, 40, (R)? := {(2 g) € GLgy14,(R) : det(A) # 0} C GLy, 44, (R).
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is m-conull. We further observe that the map

A B _
o : GLy, 14, (R)* — Matg, 4, (R), (C D) — A°'B

satisfies

A B\[(S O R A B
(& 2) @ 7)=se((E )
and hence o,.m is quasi-invariant under GLy, /(\R) x GLg4, (R), whence of Lebesgue

measure class. By Lemma 5.9 we deduce that C, is conull with respect to o,m, hence
o1 (Cy) = Cy is conull with respect to Haar measure class. O

5.4 Proof of the hyperuniformity criterion

We now turn to the proof of Theorem 5.1. We need an estimate for sums over uniformly
discrete point sets.

Lemma5.10 For every d > 1 and ¥ > O there exists a constant Cq 5 with the
following property: If R > 1 and Ag C RI\{0} such that Ag U {0} is R-uniformly
discrete, then

> max(l, [18lle) "t &g RTEHD.
SEAR

Proof Fix R > 1 and let Ag U {0} C R be R-uniformly discrete. This implies that

min ||§ > R. 5.5
We now consider the disjoint decomposition

R
RYO= | ] 5 (=121 +k).
L5 (=12 127+
kezd
Intersecting with Ag and using that R > 1 we obtain

Ar= | ] (AR n g : ([—1/2, 1/2) +k)>,

lklloo=2

=:Ark)

where for each k with ||k||oc > 2 there is at most one point in the intersection A g (k).
Also note that if 6y € Ag(k), then by the triangle inequality

min{l, [[8xlleo} = R([[klloo — 1/2).
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Hence,

> max{L, 81T < Y (R(IIk oo — 1/2) 7

SEAR [1kllco>2

0 j4-1
<y R*(d+l9) Z
=2

— (- 1/2)d+19

o
<<d R_(d+75) . Zl_(l"t‘ﬂ),
=2

where the implicit constants only depend on d. Since ¥ > 0, the sum on the right hand
side converges to a constant depending only on 9. O

To apply this lemma we observe:

Lemma5.11 Let I' as in Theorem 5.1 and let ¢ € (0, 1). If
a={g @8 e TO.0) 61l <ef.

then A U {0} is (2&)~P-uniformly discrete.
Proof Since I'* is B-repellent on the right, we have
5200 = 67F > (26)7F, forall & € A.
Furthermore, if
(&1, &) # (¢,&) e TT\0,0)) and € ]loo, 1§ 00 < &,
then
(61— &6 - ) e T\{(0,0)), and [I§ — &lloo < 2e,

and thus [|& — &]lleo > (2e)7F. =

Proof of Theorem 5.1 Assume that W is Fourier smooth with exponent ¥ > 0. With
A defined as in Lemma 5.11 we have

AB0) = Y RwEF < > max(l, &2,

&reA bHeA

an since A LI {0} is (2¢) “#-uniformly discrete we may apply Lemma 5.10 (with R :=
(2¢)~#) to obtain

7(B:(0)) < P+

for all sufficiently small ¢ > 0. O
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6 Meyerian point processes with positive asymptotic number
variance

6.1 A criterion for positive asymptotic number variance of suspension processes

Construction 6.1 Assume that 7 is an invertible ergodic pmp transformation of a
standard probability space (Z, B, 6) and that B C Z is a Borel subset such that
U, T7"B = Z. We then obtain a invariant simple point process in Z by

pP:(2,0) > M(Z), zv> 8,2z, where AZ={neZ|T"zeB}.

This is a special case of the general construction of a transverse process as discussed
in Appendix B. The point process in pZ gives rise to an invariant hard-core simple
point process in R via suspension: If we set Q2 := (R x Z)/Z, where Z actson R x Z
on the right by (¢, z).n := (t —n, T"z), and denote by g : R x Z — < the canonical
projection, then P := g, (Vol; |[0,1) ® #) is an invariant ergodic probability measure
on 2 and the suspended process is given by

P (Q.B) > MR). po =3z,

We refer to p as the suspension process with parameters (Z, 8, T, B). This process
is again a transverse process in the sense of Appendix B, cf. Example B.7, and since
AZZ —t C Z — t it is contained in a random translate of Z. In particular, a suspension
process is Meyerian provided A” is almost surely relatively dense in Z.

Definition 6.2 A functionclass f € L%(Z, 0) is called an L?-coboundary with respect
to T if there exists F in L?>(0) suchthat f = F — Fo T.

Proposition 6.3 (Coboundary criterion) Let p be a suspension process with parame-
ters (Z,0, T, B). Assume that

oo
Zn-|9(BﬂT7"B)—9(B)2| < 00, 6.1)
n=1
Then the limit ANV (p) exists, and we have ANV (p) = 0 if and only if the function
fB € Lg(Z) given by fg := xg — 0(B) - 1 is an L*-coboundary.

In the situation of the proposition one can actually give an explicit formula for ANV (p)
in terms of the function f. For this we recall that the asymptotic variance of a function
f e L%(Z, 0) is defined as

o0

o*(f) = Y AfoT". flrae.

n=—oo

With this notation we are going to show that ANV (p) = o%(f). The proposition is
a straight-forward consequence of a lemma of Conze and Le Borgne (cf. [11, Lemma
2.2]). Since our notation is quite different, we include the proof below.
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Lemma 6.4 (Conze—Le Borgne) Let f € Lg(Z , 0) with asymptotic variance ()
such that

o]

Cr=Y n-[{foT" gl < oo

n=1

Then,

sup Z PRODCS o T, )29y = 2R - 0*(£)] < 12C1 + 11 £ 1225).

R>01|,""«

and if o2(f) = 0, then f is an L*-coboundary.

Proof of Proposition 6.3 modulo Lemma 6.4 Let Q := (R x Z)/Z, where the right-
actionof Zon R x Z is givenby (¢, z).n := (t—n, T"z),anddenoteby g : RxZ — Q,
(t, z) — [t, z] the canonical quotient map. We use the fact that, by Example B.7, the
process p is a transverse process with underlying cross section 7 := ¢ ({0} x B) and
corresponding Palm measure v := ¢4 (§p ® 0|p). By Corollary B.9 we thus have

Var,(Bp) = | D pr(G) - v(T N27T) | = v(T)? - Vol (pr)

reAT

( > Pr()-0(B N T—"B)> —6(B)* - 2R)?

n=—0oo

= ( > prRMOBNT™"B) —9(3)%)

=S1(R)
—6(B)* - (( > pR<n>) - (2R)2>
=5(R)

where pgr(t) = (xBg * xBx) () = 2R — |t]) x[—2r,2r1(?), and hence

Var , (B S1(R S>(R
ar,(Br) tim 1 )+9( )2 $2(R)
—oo0 Voli(BR) " R>oo 2R 2R

ANV(p) = l (6.2)

By the Poisson summation formula we have
sin(2 Rm) sin(2rmR)
$2(R) = R*- Z( ) =)~
w0 7 Rm w0 TEm
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which is bounded in R, hence the second summand in (6.2) vanishes. On the other
hand we can write the first summand as
SI(R) 1 &

R~ IR PRM){fB o T", fB)12(9)s

n=—0oo

hence we deduce from the first part of Lemma 6.4 that ANV (p) = o2(f3). In partic-
ular, ANV (p) exists, and by the second part of the lemma its vanishing implies that
fp is an L%-coboundary. Conversely, o vanishes on all L?-coboundaries, hence the
proposition holds. O

Proof of Lemma 6.4 Let N be a positive integer and define

N

SNf=)_foT™
n=0
Note that
N
ISV 720y = D (FoT" ™™ g = D N+1=InD-(foT" fr2e),
m,n=0 [n|<N
hence,

ISNFIP = (N+ Do) == D Inl-(foT", f)r2

[n|<N

—(N+1 - Y (foT" e,

[n|>N
and thus
&)
ISNSI2 = (N +1) 02| <223 nf o T", flr2) = 2C;.
n=1

Fix R > 0, and write R = N 4+ up for unique N € N, andug € [0, 1). Then, from

the formula for ||SNf||iz(9) above,

Y R (foT", fliagy = Y QR—InD)-(foT", fr2

W In|<2R
= > @Nr—InD-(foT" fr2
[n|<2Ng
+2R=Ng)- > (foT" flra

[n|<2Npg
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+ Z QR—1n)-(foT", flr2

2Ng<|n|<2R
= 15255 f 11725, + L(R),

where

LR)=2(R=Ng)- Y. (foT" flpg+ Y, QR=In)-(foT" fre.

|n|<2Ng 2Ng<|n|<2R

Note that
IL(R)| <2-Cy+6-Cr=8-Cy,

since there are at most 3 terms in the last sum. We conclude that

o0

> pr) - (foT", e — 2R - (f)

n=—0oo

= Y or() - (foT", frag — ISane 1l

n=—0oo

+ 12wk 729y — @NR + 1) - 0>(f)
+ (2Ng +1=2R) - a2(f).

Since az(f) < ||f||22(9) +2Cy, we see from above that

o]

Yo or() - {foT" )2 = 2R -0 ()| < 12Cs + 1 flI72 ),

n=—oo

uniformly in R. Finally, note that if 02( f) = 0, then from the inequalities above, we

see that || Sy f ||i2 © is a bounded sequence. Hence, if we set

| M
Fu 5=MNZ_15Mf,

then there is a sub-sequence (M) such that (Fy, ) weakly converges to an element [
in L2(#). Furthermore, since

SnfoT =Syf—f+foT"
1
. . 1
F—FoT =lim(Fy, — Fy, o T) = lim J‘—MNX_:IJCOT’v+
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Since T is ergodic and f € Lg(Z , 0), the last averages tend to zero in L2(Z , 0) by the
mean ergodic theorem, and thus F — Fo T = f, showing that f is an L2-coboundary.
O

To summarize:

Remark 6.5 Assume that p is a suspension process with parameters (Z, 6, T, B) such
that

> nOBNT"B)—0(B)Y)] < o0,

n=1

and fp ;= xp—60(B)-1¢€ Lg(Z, 0) is not an L2-cob0undary with respect to 7. Then
p has positive asymptotic number variance and in particular is not hyperuniform.

6.2 The main construction

The main idea in order to construct a suspension process with positive asymptotic
number variance is to choose the parameters (Z, 6, T, B) as a mixing system. A typical
example of a mixing transformation is given by the “x2”-map on the circle T = Z\R,
i.e. by the map T,([x]) := [2x]. However, since the continuous endomorphisms 7, :
T — T is not invertible, we will have to work with an invertible (2-adic) extension.

Denote by Q> (respectively Z;) the field of 2-adic numbers (respectively ring of
2-adic integers). Every y € Q, can be written uniquely as y = m + k/2" for some
m € Zp and for some N > 1 and odd integer k, and we write {y}, := k/2N. We now
consider the compact abelian groups

K :=(R x Qy)/Z[1/2] and M := ({0} x Zy) +Z[1/2] < K
We equip these groups with the corresponding Haar probability measures m g and m py
respectively. We observe that the map M\K = T, [(x, )]+ M — x — {y}r + Z is
an isomorphism of topological groups, and denote by

7:K—->M\KET, [x,y]~>x—-{yh+Z

the canonical projection. Then the endomorphism 7, of T lifts via 7 to a continuous
automorphism 7" € Aut(K) given by T ([x, y]) := [2x, 2y] such that the diagram

K
T

commutes. Given g € (1/2, 3/4] we now define subsets

T
—_—

'%'TW

Ty
E—

BY = ([0,1/21U(q. 1) +ZC T and B :=x"'(BY) c K.
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We observe that
BPUT " (B{)=T, andhence B@UT '(BY)=K. 6.3)

For any ¢ € (1/2,3/4] we consider the suspension process p@ with parameters
(K,mg, T, B9). It follows from (6.3) that for all ¢ € (1/2,3/4) and all x € K the
set

Al={neZ|T"x e BYD)

satisfies A% U (A% + 1) = Z and thus A% is 2-syndetic in Z. We are going to show
the following result, which in particular implies Theorem 1.5 from the introduction.

Theorem 6.6 (Quasicrystals with positive asymptotic number variance) There exists a
dense subset S C (1/2,3/4] such that for all g € S the quadruple (K, mg, T, B4))
satisfies the conditions of Remark 6.5. In particular, for all g € S the asymptotic
number variance ANV ( pl >) exists and is strictly positive.

6.3 Proof of Theorem 6.6

Given g € (1/2,3/4] we define

o = Xy —mr(Bs”) and Y@ =y o = g —mr(BY),

According to Remark 6.5 the following two lemmas combine to prove Theorem 6.6.

Lemma 6.7 For every q € (1/2,3/4] we have

o0 o
> n (g (BDNT"BD) —mi (BD)Y)| = |y P o T", y@)| < oc.
n=1 n=I1

(6.4)

Lemma 6.8 There is a dense subset S C (1/2,3/4] such that for every q € S the
function P e L*>(K) is not an L*-coboundary for T.
We now turn to the proof of these lemmas.

Proof The first equality in (6.4) holds by definition. For the second equality, fix ¢ €

(1/2,3/4] and set ¥, := w,&q) and ¥ := (@), We observe that v, is a function of
bounded variation on T with zero integral, hence by [15, Proposition 3.3.14] we have

Vo (k)| < % for all k # 0. 6.5)

Now for all n > 0 we have
/K Y (T" ()Y (x) dmg (x) = /T Vo(T) (X)) W0 (x) dmr(x)
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=Y V")V (k).

k#0

Applying Cauchy—Schwartz and using (6.5) twice we thus find for all n > 0,

(@ o T, YD) = ‘/Kw(T”(X))deK(x)

1/2 1/2
< | D W, 0l PGS
k#0 k0
R ) 172 172
12"k - Yo (2"K)| 1
=z 222 > 2
k#0 k#0
1/2
1
_2 —
<[2™ ) 5 < 2™
k#0
The lemma then follows by multiplying by n and summing over n. O

For the proof of Lemma 6.8 we need to find a condition that ensures that some M-
invariant function ¥ (in our case the function (4 for certain values of ¢) is not
a coboundary. This is provided by the following lemma. Here we denote by 7% €
Aut(K ) the automorphism of the dual group K given by

T*@E)(k) = (T " (k)), foré € K andk € K.

We also denote by M+ K the annihilator of M and note that T(M)C M.

Lemma 6.9 Assume that  is an M-invariant L*>-coboundary with respect to T. Sup-
pose that there exists €7 € M~ such that

(@) limy— 400 T*(£") = oo (i.e. the sequence (T*"*(£V)) leaves any finite subset of
K)

(i) T*"(E") ¢ ML, foralln > 1.
Then,
0 0
Yo WTTE) <00 = Y PITEN) =0.
n=—00 n=—00
Proof By assumption there exists ¢ € L?(K) such that
V=¢—¢oTl.
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We deduce that for all £ € K and n € Z we have
VI E) = 9T () — (D (©)). (6.6)
Now fix £ € K satisfying the Conditions (1) and (2) of the lemma and define
Bu =V (T*"(ED) and yy = 9T (")

By (6.6) we then have B, = y, — ya41 forall n € Z. Since ¢ € L?(K) we have
@ € ¢,(K). It thus follows from (1) that

lim y, = 0. 6.7)

n—=+o0o

Now since ¥ is M-invariant, we have 1} () =0forall € ¢ ML By (2) we thus have
Y(T*" (7)) = Oforalln > 1. Thusif Zngoo | B.| converges, then (,,) is absolutely
summable. Since 8, = ¥, — ¥u+1 We then deduce from (6.7) that

Remark 6.10 We are going to apply Lemma 6.9 to the function

ET(x, y) = 2™ for [x, y] € K.
This is well-defined, since 27! *~{¥}2) vanishes on the diagonally embedded Z[1/2],
and satisfies £7|y; = 1,i.e. €7 € M. We claim that &7 satisfies Properties (1) and (2)
of Lemma 6.9. Concerning (1) we first observe that if we define

a(x) =Ry e and Bx) :=e 7V, xeR,

and if we set ax(-) = a(x-) and B,(-) = B(y-), then, by [4, Proposition D.4.5], we
obtain an isomorphism

RxQ—=RxQ2 (x,y) B Qay,
and K can be identified with a discrete subset of R x @>. Given [x, y] € K we have
(T*"E) ([x, y]) = 271G,

which under the above identification corresponds to the sequence (27"x,27"y) €
R x @Q;. Now if n — —o0 then the first component leaves any compact subset of R,
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and if n — oo, then the second component leaves any compact subset of Q,, hence
&, satisfies (1). Furthermore, for all n > 1 and every odd integer m we have

(T*&,)(0,m) = £,(0,27"m) = e 7M/%" £ 1,
thus 7*"(&,) ¢ M, which is (2).
Proof of Lemma 6.8 We define £" € M~ as in Remark 6.10. Given ¢ € (1/2, 3/4] we

then set g\ := Y@ (T*"(£1)). By Lemma 6.9 and Remark 6.10 it then suffices to
show that for all g in a dense subset S C (1/2, 3/4) we have

0 0
Y Bl <oc and Y pP 0. 6:8)

n=—oo n=—oo

To describe the coefficients ,B(fn) for n > 0 we denote by 52 S W the unique
character such that éT = SJ o 7. Then for all n > 0 we have

BY) = fK Y@ (T MEN () dmg (x) = /K Y@ 0ET (T (x)) dm (x)
= f Y (Mx)ES (T (Mx)) dm gy (Mx).
M\K

In view of the explicit form of £ and 7}, this implies that ﬂ(_qn) = 1'/70(‘1) (27™), and hence
we have to show that for all ¢ in a dense subset S C (1/2, 3/4) we have

Y@M <00 and Y P27 #0. (6.9)

n=0 n=0

The first condition actually holds, by the same argument as above, for all ¢ €

(1/2,3/4), since wéq) is of bounded variation. Now assume for contradiction that
the second condition of (6.9) does not hold on a dense subset S C (1/2,3/4). We
then find an open interval / in the complement of S such that

o0
Y 0@ =0 forallgel. (6.10)
n=0

We now define a periodic function

o e—27ri2"q
6:R— C, O(q)::Z 7
n=0
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We then deduce from (6.10) and the fact that

TP = T + Fign@ = Foam @)+ o ot ]
0 = X[0,1/2] Xg.n(2") = X0,1/2] e o |

that 6 (g) is constant on /, hence in particular differentiable on /. Since 6 is given by a
lacunary Fourier series, it then follows from a classical result of Hardy [15, Proposition
3.6.2] that

2".B(=2") = 0.

This contradicts the fact that, by the explicit formula, @\(—2”) = % O

7 Number rigidity
7.1 An abstract rigidity criterion

Let p be a locally square-integrable random measure on R?. Given a Borel subset
B C R? we denote by B¢ its complement.

Definition 7.1 A Borel function f : RY — R is called a rigidity statistics for p if for
every bounded Borel set B C R? there exists a conull set Q3 C €2 such that for all

w € Qp the integral
| s,
B

only depends on the restriction p,,|pe.

In particular, a point process p is number rigid as defined in the introduction if and
only if the constant function f = 1 is a rigidity statistics in the sense of Definition
7.1. We will need the following rigidity criterion, which has some history. An early
version of it was established by [14, Theorem 6.1]. We refer to [12] for an informative
survey of rigidity for point processes.

Lemma7.2 Letp : (Q2,P) — M(R?) be alocally square-integrable random measure
onRY and let f : RY — R be a Borel function. Suppose that there exists a sequence
(fn) of bounded Borel functions such that

(i) Pfu € L2(Q,P) for every n.
(ii) f, — f pointwise asn — oo.
(iii) Var,(f,) = Oasn — oo.

Then f is a rigidity statistics for p.

Proof Letc, := E[P f,]. Since Var ,(f,) = Var(P f,) = E[(P fu — c)?1 = | P fu —

Cn ||i2 @.py Ve deduce from (iii) that P f,, — ¢, converges to 0 in norm in L%(Q,P).
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We thus find a subsequence (nx) and a conull subset 2, C €2 such that
Po(fu) —cn, — 0 forall w € Q,.

Now for every bounded Borel set B ¢ R? and every w € Q, we obtain

/ fdpe = lim / For dpo = 1 (po(fur) — cn) + lim <cnk - / Fon dpw>
B k—oo JB k—o00 k—o00 B¢

= lim (an _f fnk de) .
k—o00 B¢

We may thus set Qp := , for all bounded Borel sets B and since the right-hand side
only depends on p,,|pe, f is a rigidity statistics for p. O

Specializing to the case f := 1 we obtain:

Corollary 7.3 A locally square-integrable random measure p : (2, P) — M(R?) on
R? is number rigid if there exists a sequence ( f,) of bounded Borel functions such
that

(G) Pfn € L*(Q,P) for every n.
(i) f, — 1 pointwise as n — oo.
(iii) Var,(f,) = Oasn — oo.

O

Based on this criterion, we can now establish our spectral criterion for number rigidity,
which is Lemma 1.10 from the introduction.

Lemma 7.4 If there exists a sequence &, \ 0 such that
p(Be,) < 3™, (7.1)

for some § > 0, then p is number rigid.

Proof We want to construct a sequence ( f,,) of Schwartz functions on R¢ satisfying
Conditions (i)—(iii) of Corollary 7.3. For this let p(u) = e™”" “ and or(x) = )x]),
fort > 0 and x € R?. Then, ¢; is a Schwarz function on R? and ¢, (x) — 1 for all
x ast — 0, hence if 1, N\ 0, then the sequence f;, := ¢;, satisfies Conditions (i) and
(ii) of Corollary 7.3. We are going to show that (iii) holds for some specific choice of
sequence #, \( 0. To find such a sequence 7, we observe that

P(&) =17(lgll/1), for& e RY,

and thus
Var, (¢;) = / 10 ()17 dn,(6) = / 12 g(lE1l/0)* A7y (§)
R4 R4
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= I_Zd/O np({& 1 pIEN/0) = Vu)) du.

Since ¢ is monotone decreasing on [0, co) we have

o€/ = Vu < |l <w:=19"'(Vu) < &€ B,

Since u = @(w/t)? we have du = 2¢(w/t)¢'(w/t)t~'dw and thus a substitution
yields

Var (gr) = 44D . /0 70 (Bu)20(w/0) | (w/0)] dw.

Now let &, as in (7.1) and choose y with 0 < y < %H‘ If wesett, := s,],JrV, then

t, ¢ 0 and the functions f, := ¢;, satisfy

Var, (fy) <1, @4+ /0 E p(Buw)2¢p(w/t) ¢ (w/t,)] dw

o0
+ 1, @D / Tp(Bu) 20 (w/1:)|¢ (w /)] dw
&y

n

< 17D e 5(Be) - 1 lloolle llo

o0
+ 1, 24D f w - p(w/t) g (w/t,)| dw
£

n

o
< tn—(2d+1) . Srzld-‘rl-‘rS +/
€n/t

u d
<—> “ow)¢’ ()| du

n

— o _ d
<70 [ a7 0) gl du
8”

The first term clearly tends to zero asn — oo. Concerning the second term, we observe
that

00 1/2 1/2
/yu”’-so(u)uo/(undus(/yud|¢<u)|2du> -(/yuduo/(u)ﬁdu) :

. _ 2
and, since p(u) = e "%,

o i nd
f ul oD du <« e ", for j=1,2,
4

&n

. .. . . — -V
where the implicit constants are independent of n. Since ¢, A p=me,” ) as
n — oo, we conclude that the second term above also tends to zero, which finishes

the proof. O
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8 A p-adic cut-and-project process

Example 8.1 (A p-adic cut-and-project process) For any fixed prime number p we
consider the cut-and-project process p = p(G, H,I', W) in Q, with parameters

G=Q,, H=R, T'={(y,y)eGxH :yeZl/p]} and W =[-1/2,1/2].

Note that 7 = Z, x [0, 1) is a fundamental domain for I", so if we normalize the
Haar measures so that mg ([0, 1)) = 1 and mq, (Zp) = 1, then the covolume of I is
equal to one.

To compute the diffraction of this process we need to parametrize the Pontryagin dual
of L:=G x H.

Remark 8.2 Every y € Q, can be written uniquely as x = m +k/ pN, wherem € Z P
N > 1 and k is an integer coprime to p. We then set {x}, := k/pN and define
characters on @, and R respectively by

a(x) = x e Qp, and B(y) = ey eR,

and if we set ax(-) = a(x-) and B,(-) = B(y-), then, by [4, Proposition D.4.5], we
obtain an isomorphism

L—>Z, (x,y) = ax ® By.

If we use this isomorphism to identify L with Z, then our lattice I" becomes self-dual
in the sense that 't = {(x,y) € L : (ax ® By)Ir =1} =T.

In view of Remark 8.2, Theorem 2.9 specializes as follows to the case at hand:
Corollary 8.3 The centered diffraction of the cut-and-project process p from Example
8.1 is given by
= Y. XISy
y€Z[1/pI\{0}
O

From this we deduce the following result, which implies Theorem 1.13 from the
introduction.

Corollary 8.4 (Stealth) The centered diffraction of the cut-and-project process p from
Example 8.1 vanishes on Z,. In particular, p is stealthy.

Proof Under our standing identification of R with R we have

_ 2 sin(7y)
Tw () = / v g = MY g
—12 Ty
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Since Z, N Z[1/p] = Z we deduce from Corollary 8.3 that

. 2
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Appendix A. Poisson vs. cut-and-project diffraction

In this appendix we collect the well-known proofs of the diffraction formulae from
Proposition 2.8 and Theorem 2.9.

A.1 Poisson diffraction

The proof of Proposition 2.8 is based on the following lemma.

Lemma A.1 If (Y, m) is a o-finite measure space and p is an m-Poisson process on
Y, then Var,(f) = mg(|f|?) forall f € L*(Y, m).

Proof 1t suffices to show the formula for real-valued functions f. By definition, the
variance measure Var, satisfies

Var,,(f) = Var(P f) = E[(P[)’] — E[P T,

where P f denotes the linear statistics of f, hence it suffices to show that, for an
m-Poisson measure p and a non-negative bounded real-valued function f,

2
]E[Pf]z/fdm and E[(Pf)2]=/f2dm+(/fdm) . (A
Y Y Y
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By a standard approximation argument it suffices to establish (A.1) in the case where

.
f=) cxp (B CY Borel ¢, €R). (A.2)
k=1

Now, by Property (i) of a Poisson measure, we have

o0 0 k ,—m(B)
k-m(B)‘e
E[Pxsl=) k-nlp: pB)=kh=) ————— =m(B),
k=0 k=0
for any bounded Borel set B C Y, and similarly
00 o0 k2 . B k ,—m(B)
BIPx?l = YRl - p(B) =k =Y O E T (B8 + 1.
k=0 k=0

For f asin (A.1) we deduce from linearity of the expectation that

BIP 1= Y aum(Bo = [ fam.
k=1

and using Property (ii) of a Poisson measure we obtain

E[(Pf)*1 =Y ccrEI(Pxs,) - (Pxp)l =Y _ci m(B)(m(By) + 1)

k,l=1 k=1
2
+ chcl -m(By)m(By) = / frdm + </ fdm> .
Py Y Y

m}

Proof of Proposition 2.8 Specializing the lemma to the case (Y, m) = (G, mg) we see
that

0 5 ) = Varg() = [ 1P dme = (7 5 1))
G
which implies (i), and then (ii) follows by taking Fourier transforms. O

A.2 Cut-and-project diffraction

We now turn to the proof of Theorem 2.9; we keep the notation of the theorem. Given
a bounded Borel function ¥ : L — C with bounded support we may define its
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I'-periodization

Perp(F): @ — C, Perp(F)(I'g) = Y F(yg),
yell

which is bounded on € and hence in L2(2, P). Note that for every bounded Borel
function F on L with bounded support we have

f Fdmy =f Perr(F)dmy = my(F) - E[Perr(F)], (A3)
L F

LemmaA.2 For any bounded Borel function F : L — C with bounded support we
have

I Perr(F) g ) = 7 f)z G

ger+

Proof Every £ € 't descends to a bounded measurable function on €2, which we
denote by the same letter; then L?(Q2,P) = @geric & For & € FL we have

Perr(F) - € = Perp (F - £), hence (A.3) yields

o Ban = — [ rEam, ~ 1O
(PerF(F),g)LZ(QYP) = mL(f) /FPerF(F S)dmL = mL(_'F.)\/‘LF SdmL = mL(f)'

Since Perp(F) € L?(u), we conclude from Parseval’s Theorem that

IPerr(F) 12 p = Y [(Perr(F), &) 2 pl* = COVO](F)Z Y IF®P
gert gelt

Proof of Theorem 2.9 By definition, we have for every f € £°(G) that

~9

TUTR) =5 (f % 7 = M35 © F) = Ellpu(HPI = [ 3a. () dP (@)
The key observation is now that

8p,(f) = Z f(g) =Perr(f ® xw)(w), €.

8€Aw

With Lemma A.2 we deduce that
Ay (F1) = IIPerr (f ® xw)l 725,
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1 _ R
= v 2 PP
(&1.6)el't

This establishes the formula for the diffraction, and the formula for the centered
diffraction then follows from Proposition 2.5. O

Appendix B. Transverse point processes

In this appendix we describe a large class of hard-core point processes called transverse
point processes, which were introduced in [7]. It will turn out that all of the processes
considered in this article, in particular cut-and-project processes, fall into this class.

B.1 Transverse point processes and transverse measures

We work in the following setting: We consider a pmp action of a unimodular lcsc group
G on a standard probability space (€2, F, P). Given a measurable subset 7 C 2 and
an element w € Q we define subsets

Ap={g€GlgweT}CG and Ar:=|]J Ay CG: (B.1)
weT

the latter is called the return time set of T .

Definition B.1 7 is called a cross section if it intersects every orbit in a non-empty
and at most countable set. Given an identity neighbourhood U in G, we say that 7 is
U-separated it A7 NU = {e}. Itis called separated if it is U-separated for some U.
We say that 7 is cocompact if Q@ = K.7 for some compact subset K C G.

Theorem B.2 (Conley) For every pmp action of a unimodular Ilcsc group G on a
standard probability space (2, F, P) there exists a cocompact separated cross section

7.

For the proof see [25, Theorem 2.4]. If 7 is a separated cross section (not necessarily
cocompact), then we say that (2, P, G, 7) is a transverse system. Following [7] we
associate a transverse point process and a transverse measure with every transverse
system; in probabilistic language this transverse measure is just the Palm measure of
the transverse point process.

Proposition B.3 [7, Lemma 3.3] For every transverse system (2, P, G, T) the map
p:(RQ,P) > M(G), o> py:=ida,,

where A, is defined as in (B.1), defines an invariant simple hard-core point process.

Definition B.4 The point process p from Proposition B.3 is called the transverse point
process associated with the transverse system (2, P, G, 7).
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With every transverse system (2, P, G, 7') one can also associate a transverse measure
v on 7, the Palm measure of the associated transverse process p [7, 20]. This measure
admits the following two characterizations [7, Thm. 1.14]: If 7 is U-separated and
V C G is an identity neighbourhood with VV~! c U, then

P(V.Y) =mg(V)-v(Y) (Y C 7 Borel).

Alternatively, given a non-negative Borel function ¢ on G x 7 such that {(g, w) €
G x T | ¢(g, w) > 0} projects to a bounded set in G, we may define

To@) =Y ¢g' g0), weQ.
g€l

Then T ¢ is a bounded Borel function on €2 and
E[T¢] = (mg @ v)(¢). (B.2)
B.2 Examples of transverse point processes

The simplest kind of transverse point processes are periodic point processes:

Example B.5 (Periodic case) Let G be an Icsc group and let I" be a lattice in G. Then
G acts on 2 := I'\G via g.I'h := 'hg, and this action preserves a unique invariant
probability measure P. Moreover, (2, P, G, {I"e}) is a transverse system, with Palm
measure is of the form v = 1/ covol(I") - r, and the transverse point process is given

by Prg = BI‘g-

It turns out that cut-and-project processes can also be seen as transverse point pro-
cesses:

Example B.6 (Cut-and-project process) Let G, H belcsc group, I' < G x H be alattice
projecting injectively to G and densely to H and W C H be a relatively compact set
with non-empty interior. We define a (minimal) action of G on @ := I'\(G x H) by
g1-(T'(g,h)) = F(ggl_l, h); this action admits a unique invariant probability measure
P (cf. [8]). If we now denote by g : G x H — < the canonical projection and set
T :=qg({e} x W), then (2, P, G, T) is a transverse system with Palm measure

1
= Se .
v covol(T) q+(8e @ mpylw)

and associated transverse process p(G, H,I', W), the cut-and-project process with
parameters (G, H, ', W).

Our third example concerns suspensions of transverse point processes in Z.

Example B.7 (Suspended transverse system) We consider a transverse system
(Z,0,7Z, B), i.e. Z is a standard Borel space, Z acts measurably on Z by powers
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of an invertible measurable transformation 7 : Z — Z and B C Z is a Borel set such
that Un T~"B = Z. We then obtain a transverse system (2, P, R, 7°) via suspension:

We define a right-action of Z on R x Z by (¢t,z).n := (t — n, T"z) and define
Q= R x Z)/Z; we denote by ¢ : R x Z — Q, (t,z) + [t, z] the canonical
quotient map. Then R acts on 2 by x.[t, z] := [x + ¢, z] preserving the probability
measure P := g, (Vol; |[o,1) ® #), and if we set 7 := g ({0} x B), then (2, P, R, T)
is a transverse system, called the suspension of (Z, 6, Z, B).

One checks that the Palm measure of this transverse systemis v := ¢, (5o ®6|p) and
that if pZ : Z — M(Z) denotes the transverse process associated with (Z, 0, Z, B)
and AZ = supp(pZ), then the transverse process associated with (2, P, R, 7) is
given by

p: Q— M(R), Plt.z] = SAZZ—I'
In particular, supp(pys,;]) C Z — ¢, i.e. p is contained in a random translate of Z.

A.3 Auto-correlation and variance of transverse point processes
We now derive a formula for the autocorrelation and variance of a transverse process
in terms of the corresponding Palm measure. Thus let (2, P, G, 7) be a transverse

system with transverse point process p and Palm measure v. Given f € L£2°(G) we
denote by

Prf:T—C, Prf:=)_ f(

g€ho

the restriction of the linear statistic of f to the cross section 7 .

Proposition B.8 (Palm formula for autocorrelation) For any transverse system (2, P, G, T)
with transverse process p and Palm measure v we have

() =v(Prf) and np(f) = v(Prf) —v(TP -ma(f) (f € LE(G)).

Proof Fix f € L£2°(G) and let p be a non-negative normalized Borel function on G
with bounded support. We define

0:GxT—C, ¢(g o) :=pg HYPrf(w).

Since the point process p,, is given by

Po(f) =Y f&),

8€ho
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we deduce that for f,(g1, g2) := f(glgz_l),o(gz) we have

To)= Y p(e)Prf(g;" .

gZEAw
= > pg) Y (818" = (P ® pu)(fp).
826N, 81€A,

and hence, by (2.2) and (B.2),

N5 (f) = El(po ® pu)(fp)] = E[T¢]
= (mg ®v)(@) = mg(p) - v(Pr f) = v(PT f).

This establishes the formula for n?,‘. In order to obtain the formula for 1, it remains
to show, in view of (2.4), that i(p) = v(7). For any Borel set V we have

MYV) =Elpo(MI=E| 3 xv() | = Elxy.r] = PIV.T].

xel,
If we now choose an identity neighbourhood V in G with VV~! c U, then
i(p) -mg(V)=My(V)=P(V.T) =mg(V) - v(T),

and hence i (p) = v(7) as desired. O
As a corollary we derive the following formula for the variance.

Corollary B.9 (Palm formula for the variance) Let pg := xBy * XBg- Then
Var,(Bp) = | D pr(G)-v(T NA~LT) | = (1) - mg (on).-
reAT
Proof We first observe that
Var,(Br) = Cov,(xBg ® XBr) = Np(XBg * XBx) = Np(OR)-
With Proposition B.8 we deduce that
Var,(Bg) = v(Prpr) — v(T)*ma (pr). (B.3)

Now for all w € 7 we have

Pror@)= Y prO)= Y pr() - x7rs-1 7(®),

reAy reAT

hence integrating over v yields the desired formula. O
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