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Distributed quantum information processing and communication protocols demand the ability to
generate entanglement among propagating modes. However, thermal fluctuations can severely limit
the fidelity and purity of propagating entangled states, especially for low-frequency modes relevant
for radio-frequency (RF) signals. Here we propose nonreciprocity as a resource to render continuous-
variable entanglement of propagating modes robust against thermal fluctuations. By utilising a
cold-engineered reservoir we break the symmetry of reciprocity in a standard two-mode squeezing
interaction between a low- and a high-frequency mode, and show that the rerouting of thermal
fluctuations allows the generation of flying entangled states with high purity. Our approach requires
only pairwise Gaussian interactions and is thus ideal for parametric circuit QED implementations.

PACS numbers: 84.30.Le 03.65.Ta, 42.50.Pq 42.50.Lc

I. INTRODUCTION

Entanglement of propagating photons [1] is a crucial
resource for quantum information processing and com-
munication protocols [2] and is useful for distributing
entanglement amongst components of a quantum net-
work [3, 4]. However, as with other coherent quantum
effects, it is remarkably sensitive to decoherence chan-
nels, such as thermal fluctuations. Operating at cryo-
genic temperatures allows for the effects of thermal fluc-
tuations to be overcome by ensuring that k7T < hw,
which is possible for mode frequencies w as low as the
microwave domain [5]. For even lower frequency bands,
such as the radio-frequency (RF) domain that is ubiq-
uitous in modern communication, thermal fluctuations
remain appreciable even at the lowest operating tem-
peratures [6—8], presenting challenges for RF quantum
communication and sensing. With these cryogenic tem-
perature limitations, alternative approaches to generate
entanglement in systems of hot modes must be consid-
ered.

In this paper, we present an approach utilising engi-
neered nonreciprocity to generate steady-state entangled
output fields from a system of interacting hot modes
coupled to a single cold mode. While several proposals
and recent experiments consider the entanglement of the
output fields of cold modes coupled via an intermediate
hot (for example, mechanical) mode [9-15], we consider
situations where the fields to be entangled themselves
are effectively coupled to high temperature baths. Con-
tinuous ambient thermal excitations can severely limit
the entanglement fidelity of steady-state emission from
such “hot” modes at a given pump power. Furthermore,
these excitations limit the purity of the generated flying
states, demanding the use of complex state purification

protocols [16—18]. We show that nonreciprocity provides
a crucial ingredient to alleviate these effects: the abil-
ity to continuously reroute thermal excitations toward a
cold output. This enables the entanglement of propagat-
ing photons with increased robustness to thermal excita-
tions, and with much higher purity than is possible using
a completely reciprocal two-mode entangling interaction
between the hot modes of interest.

The importance of nonreciprocity has already been
firmly established in quantum information processing,
enabling the routing of signals in a quantum network by
realising asymmetric scattering matrices, across diverse
architectures from superconducting circuits [19-22, 24—

, 1] to optomechanics [28-32] and beyond [33, 31].
Our work analyses an aspect of nonreciprocal interactions
which is much less explored: the role of nonreciprocity in
manipulating fluctuations in a quantum system, to route
thermal noise while generating entanglement of the scat-
tered fields. Building on recent progress in the theory
of engineered nonreciprocity [19, ], we consider a
system of three dissipative quantum modes undergoing
configurable coherent interactions, and identify the con-
ditions required for nonreciprocal scattering and direc-
tional transmission. Interestingly, by analysing the com-
plete output state we find that entanglement can be en-
hanced at points of “perfect nonreciprocity”, where scat-
tering in one direction is forbidden. Perhaps equally as
importantly, it is also possible to engineer nonreciprocal
scattering between a pair of modes without entangling
their outputs, highlighting the need for a deeper under-
standing of the connections between nonreciprocity and
entanglement. To this end, we develop a heuristic pic-
ture drawing connections between steady-state entangle-
ment in nonreciprocal systems and sequential Gaussian
circuit operations, as well as dissipative entanglement



schemes [12, 38], and ideal two-mode squeezing.

With these foundations, our work finally addresses the
impact of nonreciprocity on entanglement in quantum
systems experiencing thermal noise. The control of ther-
mal noise flow [39] has recently garnered renewed interest
even in classical devices, due to its importance in energy
harvesting, heat management, and information transfer
using thermal currents [40, 41]. For quantum systems,
which are our specific focus, the control of thermal noise
flow becomes particularly important [12-14] in order to
protect fragile quantum properties from thermal decoher-
ence. To this end we show how nonreciprocal scattering
can be engineered to continuously reroute incident ther-
mal excitations away from hot modes, toward the out-
put of the cold auxiliary mode introduced to break reci-
procity. We then show that nonreciprocity can increase
the entanglement fidelity and state purity of output fields
scattered off the hot modes, above values that are possi-
ble using a reciprocal two-mode squeezing interaction at
the same strength. Our heuristic picture shows that this
increased robustness is due to a controlled swap of the
input noise incident on the quantum modes at different
temperatures.

The proposed three-mode system can be efficiently re-
alised in parametric circuit QED (cQED), where time-
dependent pump fields enable tunable interactions to
break reciprocity [45]. Furthermore, we demand only
pairwise squeezing and beam-splitter interactions, capa-
bilities for which have been suitably demonstrated in
recent ¢cQED experiments [20, 22], and which can be
achieved using even a single nonlinear element based on
a Josephson junction. Our model can therefore serve as a
practical platform for the detailed study of quantum en-
tanglement in the presence of nonreciprocal interactions
and thermal noise.

The rest of this paper is organised as follows. In Sec. II,
starting with a two-mode squeezing interaction, we in-
troduce the minimal three-mode system required to ren-
der this interaction nonreciprocal, within the context of
standard approaches to nonreciprocity. In Secs. IIT and
IV, we proceed to analyse the scattering and entangling
properties of the three-mode system, finding conditions
for nonreciprocal scattering, and clarifying the connec-
tion between nonreciprocity and entanglement genera-
tion. We find that at the specific points of “perfect non-
reciprocity,” the scattering and entangling properties of
the system can be very efficiently explained as a sequence
of simple pairwise linear operations. Finally, in Sec. V
we combine this understanding to explore the impact of
thermal fluctuations on entanglement in nonreciprocal
systems and demonstrate how thermal inputs to a hot
mode can be efficiently routed via nonreciprocity to pro-
tect the entanglement of scattered output fields.
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FIG. 1. (a) A diagram of an open two-mode squeezer where
both modes are coupled to the common nonlocal dissipator
I'D[Z]. (b) A diagram of a minimal loop system consisting of
three open modes. Modes a1 and a2 are coupled via a two-
mode squeezing interaction, as are modes a2 and as. Modes
a1 and a3 are coupled via a beam-splitter interaction. The
tunable loop phase is placed on the interaction between modes
az and asz. If mode as is adiabatically eliminated this loop
is equivalent to the system depicted in (a) with the jump
operator given by 2 = a1 + nei¢d$.

I'D [2]

II. SETUP

We begin with the standard description of a nonde-
generate two-mode squeezing (TMS) interaction between
two harmonic modes (setting i = 1),

Hryms = gia (Cﬂ&; + &1&2> , (1)

where a; is the bosonic annihilation operator for mode j,

satisfying the standard commutation relations [a;, dL] =
0jk. In the cQED architecture such an interaction is
typically realised by appropriately pumping nonlinear
Josephson-junction based superconducting elements [46,

]. Additionally, this interaction can be used to gen-
erate entangled photon pairs [18] and hence two-mode
squeezed light for quantum information processing ap-
plications [19, 50]. Nevertheless, the interaction defined
by Eq. (1) is reciprocal.

The conditions required to render interactions of the
form of Eq. (1) nonreciprocal have been clarified in re-
cent years [36, 37]. An arbitrary bidirectional interac-
tion between two systems, Hipe o< (AB + h.c.) governed
by operators, A and B, must be balanced with a cor-
responding nonlocal dissipative interaction I'D[Z] as de-
picted in Fig. 1, where D[2]p = £p2T — 1{272 p} is the
standard d15$1pat1ve superoperator, with collapse oper-
ator 2 = A + ne’¢B An appropriately chosen interac-
tion strength I', asymmetry 7, and, most crucially, phase
¢ [37], can then be used to render the desired interaction
nonreciprocal.

Applying this approach to the interaction defined by
Eq. (1), it is clear that dissipators with either the collapse
operator Z = a —&—new&; or z = d‘; +mne~"®ay both satisfy
the aforementioned form, and thus can be employed to
attain the desired nonreciprocal scattering matrix. Im-
portantly, it has been shown that either dissipative in-
teraction alone can generate steady-state entanglement



[12, 38]. Hence, by combining either dissipator with the
coherent two-mode squeezing interaction in Eq. (1), one
can also take the point of view that we are analysing the
effects of introducing nonreciprocity in such dissipative
entanglement schemes.

A hint as to what may be expected can be found in
the fact that the required operators Z are non-Hermitian
nonlocal collapse operators. Nonreciprocal interactions
mediated by dissipators with Hermitian collapse opera-
tors have been shown to be equivalent to measurement-
based feedforward schemes [37]: a classical observer
makes a measurement on system A, and uses the result to
evolve system B, breaking the reciprocity of interaction
between the systems. As such, this evolution is equiva-
lent to performing local operations and classical commu-
nication, and hence cannot generate any entanglement
between the two quantum systems. In contrast, the non-
Hermitian collapse operators required here have no such
mapping, and can in principle generate entanglement.

To realise either nonlocal dissipator and hence render
the TMS interaction nonreciprocal, we must introduce
an auxiliary mode as, as depicted in Fig. 1(b). The open
quantum system comprising this loop and the environ-
ment with which it interacts are described by the quan-
tum optical master equation,

Z r;Dla;]p (2)

Jj=1,2,3

= Lp = —i[Hxgr, f)

-

and its dynamics are governed by the Hamiltonian
IA{NRL = (gmd{d; + 913&; {&1 + ﬁew T}) + h.c., (3)

where n = g23/¢13 accounts for an asymmetric coupling
to the auxiliary mode, written in the interaction frame
with respect to the three modes. Eq. (3) simply de-
scribes the original two-mode squeezing interaction be-
tween modes a; and a9, but now with an auxiliary third
mode that couples to mode a; via a beam-splitter in-
teraction, and to mode ay via a two-mode squeezing in-
teraction. When the auxiliary mode as can be adiabati-
cally eliminated (namely, when its damping rate k3 is the
largest system parameter), this conﬁguration realises the

nonlocal dissipator Z2 = a; + ne“i’a Engineering of the
alternative nonlocal dissipator introduced earlier leads to
equivalent results. The resulting three-mode system can
thus render the interaction of Eq. (1) unidirectional and
can realise a nonreciprocal loop (NRL) via the general
scheme described above. By explicitly including the dy-
namics of the auxiliary mode, we are able to explore the
routing of both scattered fields and - importantly - their
correlations around the loop.

We now take a moment to discuss quantum optics
platforms that can be used to realise our proposed sys-
tem, and its practical implications. Eq. (3) requires only
two-mode squeezing and beam-splitter interactions be-
tween pairs of modes; systems where such interactions
can be controllably realised in a three-mode configura-
tion to enable nonreciprocity have already been demon-
strated in parametric cQED [20, 22]. For concreteness, in

Appendix A, we detail how a simple three-mode circuit
with a single nonlinear mixing element can realise the
NRL. The required pairwise interactions have also been
realised across other platforms such as optomechanical
circuits [23, 52, 53]. Importantly, the three modes con-
stituting the NRL can have widely distinct frequencies,
and thus experience thermal effects to varying degrees
(see Appendix A). The coupling of modes with such dis-
parate frequencies has been realised in very recent ex-
periments [54, 55], and is highly relevant to RF-domain
quantum optics. In precisely these cases, the NRL pro-
vides a way of enhancing the entanglement and purity of
hot propagating modes using auxiliary cold modes, which
is a key result of our work.

III. SCATTERING PROPERTIES AND
NONRECIPROCITY

When analysing the three-mode loop, we restrict the
initial state py, of the system to Gaussian states. Each
mode is equipped with a pair of quadrature operators,
X; = (a + )/V2 and P; = z(a] — a;)/v/2 where
je{1,2 3} We can also deﬁne quadrature modes for the
input or output states by replacing j with (4, {in, out}),
respectively. By declaring the initial state py, to be
Gaussian, we mean that it is completely characterised
by the first and second moments of these quadrature op-
erators. Since the dynamics induced by the Hamiltonian
in Eq. (3) are entirely linear, the state of the system at
any time will remain Gaussian, including the output state
ﬁout [ ]

Our approach to analysing the steady-state scattering
properties of the system is standard: we solve the linear
Heisenberg-Langevin equations in frequency space, and
use quantum input-output theory [57] (see Appendix B).
From this, we obtain the scattering matrix S{w| relating
output-field operators to the input fields,

Routlw] = S[w] Rin[w], (4)

where E{in7out} [w] is a vector of quadrature operators for
the input and output modes, respectively.

We are interested in the scattering behaviour on reso-
nance, that is, when w = 0 in this frame, which describes
the response of fields resonant with the individual modes
comprising the system. The scattering matrix in this
simpler case, S[0] = S, can be expressed purely in terms
of the cooperativities Cj;, = 49]2'1@/’%‘ ki, parameterising in-
teractions between modes a; and aj in relation to their
individual decay rates. By balancing the cooperativi-
ties and adjusting the loop phase ¢, scattering between
any pair of modes in the system can be rendered non-
reciprocal. The full form of the scattering matrix is still
unwieldy (see Appendix C). We therefore introduce mea-
sures that allow us to quantify the scattering properties
of the system more compactly.

For nonreciprocal systems, we are primarily interested
in the asymmetry of scattering between modes j and k.



To more precisely quantify this asymmetry, we introduce
the normalised degree of nonreciprocity N'U*) as

Gok) _ [labs S;i — abs Sg;]|
1Skl + |[Sk;l|

where Sy, is the two-mode block of the scattering matrix
corresponding to modes j and k, abs O is an element-wise
absolute value operation, and ||-|| is the Frobenius norm.
NU#) is a quantity that remains bounded within [0, 1],
and measures the difference in amplitude (and not phase)
of scattering between a pair of modes. As a result, it
vanishes for scattering that is reciprocal in amplitude but
that may differ in phase. As discussed in Appendix C, it
can be shown that NU*) =0V j # k only when ¢ = 0.
For all other values of ¢, the three-mode system ex-
hibits nonreciprocal scattering properties to varying de-
grees. To understand how this nonreciprocity influences
the quantum properties of scattered input fields, we can
analyse the covariance matrix of the output fields. How-
ever, before analysing the general case, we find that sev-
eral key ideas can be understood via a simple heuristic
picture that is valid when N'U*) = 1. From Eq. (5), this
corresponds to perfectly asymmetric scattering, where ei-
ther ||S;x|| or ||Sk;|| vanishes. We refer to these as points
of perfect nonreciprocity and the required conditions are
summarised below. The arrows denote the direction in
which signal transmission is allowed; scattering matrix
elements in the reverse direction vanish exactly:

N

()

l¢=—n/2]¢=+n/2]
Ci2 =C13C23 | a1 — az | a1 < a2 ' (6)
Co3 =C12C13 || az — a3 | az < az
C13 =C12C23 || a1 — a3 | a1 < a3

In this work, we pay particular attention to scattering
between modes a; and as, and hence set Ci5 = C13Ca3.
Plotting N (2) in Fig. 2(a), we see that scattering be-
tween modes a1 and as can be rendered perfectly nonre-
ciprocal, N12) = 1, when ¢ = +7/2.

A. Circuit decomposition at points of perfect
nonreciprocal scattering

The scattering matrix describes a potentially compli-
cated set of linear operations on Gaussian states. In or-
der to more easily understand the scattering behaviour
of the system, a variety of decomposition schemes can be
used to represent this set of operations more efficiently.
One such prominent example is the Bloch-Messiah de-
composition [58], a special case of the singular value de-
composition for the group of real symplectic matrices, of
which the steady-state scattering matrix S is an element,
S € Sp(2n, R).

We find that for the perfectly nonreciprocal system
under consideration, the less commonly used polar de-
composition [59] proves to be simpler. This decomposi-
tion allows us to write a symplectic matrix in the form

RU, referred to as its left polar decomposition, where
U € Sp(2n,R)NO(2n,R) is a real symplectic orthogonal
matrix, and R € Sp(2n,R) N Sym™(2n) is a real sym-
plectic symmetric positive definite matrix. Physically,
the matrix U represents passive optical transformations,
namely beam-splitters and phase shifters. The matrix R
then includes any single and two-mode squeezing interac-
tions. An equivalent form UR of the scattering matrix is
provided by the right polar decomposition, where R and
U are in general distinct from the left polar decomposi-
tion.

In general, the polar decomposition leads to dense and
complicated matrices R and U. Remarkably, we find that
the scattering matrix describing our three-mode system
has extremely simple forms for the left and/or right polar
decomposition at points of perfect nonreciprocal scatter-
ing, N:2) = 1, up to a global change in phase on the
scattering matrix, —S. Due to the structure of the covari-
ance matrix [see Eq. (10)] this change of phase will not
affect the resulting covariances. In these simple cases, the
R and U matrices involve only a single interaction be-
tween one pair of modes. The polar decomposition when
N2 =1 is then comprised of symplectic matrices cor-
responding to the following two unitary operations:

U3 o exp [22’ arctan <\/013) (d{dg, + &160;)}

R(Z3 < exp [—2 artanh (@) (d;&; - &2&3):| . (7

Crucially, we find that both left and right polar decom-
positions can provide useful complementary insights into
the action of the three-mode system at points of perfect
nonreciprocal scattering.

For the loop phase ¢ = —7 /2, it is the left polar de-
composition that takes on a simple form:

—S=REZY UL when ¢ = —%. (8)
As illustrated in Fig. 2, modes a; and ag interact first
via a beam-splitter U1:3) which acts to exchange input
from a; to az, and vice versa. This operation is followed
by a two-mode squeezer R(23) between modes as and as,
where the output of mode as then becomes dependent on
the input of mode a1, thus realising directional transmis-
sion from a; — as. The output of mode a; cannot have
any dependence on the input of as because it can only
arrive at the output of mode a3 via the same two-mode
squeezer.
For the opposite sign of the loop phase, ¢ = +7/2, the
right polar decomposition yields

—8 = UM R when ¢ = g (9)

which describes the same component operations as
Eq. (8) but applied in reverse order. As a result, the
scattering behaviour is reversed and still nonreciprocal,
allowing transmission from a; < as.

The relatively simple form of these circuits provides a
heuristic picture of nonreciprocal scattering in this sys-
tem, where changing the direction of the nonreciprocal
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FIG. 2. (a) The scattering properties of the nonreciprocal
loop as a function of the loop phase ¢. N2 is plotted in
blue for the impedance-matched case only; the general case is
qualitatively similar and is omitted for clarity. ||S11|| is plot-
ted in orange for the impedance-matched (solid) and general
(dashed) cases. (b) Circuit descriptions of the nonreciprocal
system at points of perfect nonreciprocal scattering, where
N2 = 1. The form of these circuits holds regardless of the
value of ||S11]|. The left diagram corresponds to ¢ = —m/2
which yields perfect nonreciprocal scattering in the a1 — a2
direction, while the right diagram corresponds to ¢ = /2
where scattering is only allowed in the a1 < a2 direction.
The input is initially uncorrelated and moves from bottom to
top.

scattering is equivalent to changing the order of opera-
tions in the circuit. However, note that the nonreciprocal
behaviour is not explained just by the sequential beam-
splitters, but also involves two-mode squeezing interac-
tions. This already hints at the possibility of generating
nontrivial quantum correlations in scattered output fields
and thus connects to entangling properties of the three-
mode system, as we will see in Sec. IV.

IV. OUTPUT ENTANGLEMENT AND PURITY

The output state of the three-mode system, and all of
its entangling capabilities, is completely characterised by
the generally frequency-dependent covariance matrix of
the output-field quadrature operators, V{w|, which can
be calculated using Eq. (4) and the known correlation
relations of the input-field operators. The output covari-
ance matrix can then be written in terms of the scattering

matrix

Viw] = (S[w]VinST[—w] + S[—w]VinST[w]) , (10)

DN =

where Vj, is the matrix of correlations of the input fields.
Assuming that the input noise for different modes is
uncorrelated, Vi, contains variances determined by the

thermal occupation number nt" and vacuum fluctuations
(see Appendix B),

J
X 1
Vin =P (n;.h + 2) I (11)

j=1

where n = 3 is the number of modes and I is the 2 x 2
identity matrix. Once again considering the response on
resonance, we set w = 0 in Eq. (10) so that the covariance
matrix of interest, V[0] = V, takes the simple form

V =8SV,;,87. (12)

From this covariance matrix, we aim to calculate useful
entanglement metrics for different bipartitions of the out-
put fields in order to investigate the effects of nonrecipro-
cal scattering. These include the Simon-Peres-Horodecki
criterion for the separability of Gaussian states [60], as
well as the logarithmic negativity E%’k), an entanglement
monotone for the shared output state of modes a; and
ar [56, 61, 62] for the shared output state of modes a;
and ag. The latter may be calculated from the minimum

symplectic eigenvalue IR of the partial transpose of

the corresponding two-mode block V) from the total
covariance matrix V via

for 2V(j’k) >1

, 0
EQM = ; : 13
N —log (QV(E’]C)) for QVSJ’k) < 1. (13)

Similarly, we can define the marginal purity p@*) of a
given bipartition of the output field of modes using

. 1
plP) = — o —. (14)
4v/det VGF)

This measure has a maximum value of p(%) = 1 only for
pure states; for mixed states the purity will be pU-*) < 1.

A. Entanglement and purity in a nonreciprocal
system

We begin by examining the entanglement properties
and purity of output fields under vacuum input, n}h =0,
for all modes. In this instance the initial matrix of cor-
relations is comprised of vacuum noise and is therefore
the identity matrix, Vi, = Is/2, so the output covari-
ance matrix is V = %SST. Balancing the cooperativities
C12 = C13Ca3, we plot the logarithmic negativity between

) (2,3)

the output of modes a; and as, E](\}’Z , as well as By,



in Fig. 3(a), where we note the strong dependence on the
value of the loop phase. The simple form for the circuit
decomposition means that the behaviour of the entan-
glement at the points of perfect nonreciprocal scattering
between modes a; and ag, corresponding to the points
where ¢ = +m/2 in Fig. 3, can be explained simply as
follows.

The covariance matrix for the a; — ao direction of
perfect nonreciprocal scattering (where ¢ = —m/2) may
be written using the form of the scattering matrix from
Eq. (8):

1
V= SRCY (RE3)T (15)

where the beam-splitter component does not appear be-
cause it is an orthogonal transformation. The entangling
behaviour for this direction of the nonreciprocal scatter-
ing is therefore equivalent to a two-mode squeezer be-
tween modes as and as; hence we must have EJ(\?’B) > 0.
Since modes a; and as do not share any squeezing in this
representation, there will be no entanglement generated
between these two modes, which is evident in Fig. 3.
We can then ask whether there are other operating
points where the entanglement between the output of
modes a; and ao vanishes. It is possible to determine
this for all system parameters, and not just at the points
of perfect nonreciprocity, by examining the Simon-Peres-
Horodecki criterion for the output of modes a; and as:

Ci2 \/C13C23 :
< — .
\/013023 + Cia — 2sing (16)

The output fields of modes a; and ay are separable so long
as the above inequality is satisfied, which only occurs for
one set of parameters: C1o = C13C23 and ¢ = —7/2,
which is the point of perfect nonreciprocal scattering
where a3 — as. This is, then, the only point of oper-
ation where the entanglement of the output of modes a;

and as vanishes: E](\}J) = 0. Away from this point, the
output for these two modes will always be entangled.

For the reverse direction, a; < ag (where ¢ = +7/2),
we can use Eq. (9) to write the covariance matrix as

1 T T
— Uu3RE23) (R(23) (1,3)
Vv 2U R (R ) (U ) . (17)

Importantly, the beam-splitter between modes a; and ag
appears and therefore plays an important role in the en-
tanglement generation here. The two-mode squeezer acts
first to entangle modes as and ag, while the later action
of the beam-splitter swaps some of these squeezed cor-
relations from mode a3 to a1, generating entanglement
between the output of modes a; and as. This resembles
the dissipative entanglement protocol [12, 38], where the
entanglement of two modes is mediated by a strongly
damped auxiliary mode.

Moreover, at ¢ = m/2, there exists only one specific
mode of operation where the additional entanglement be-
tween mode as and az vanishes: when Cy3 = 1, the beam-
splitter in Eq. (7) acts to perfectly swap all squeezing
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FIG. 3. (a) The logarithmic negativity Ej(\?’k) and (b) the pu-
rity p9®) of the stationary output states when Cio = C13Cas
as a function of the loop phase. The results for the joint
states of the outputs of modes a1 and az (blue) and a> and
as (orange) are shown, for two parameter choices: “symmet-
ric,” Cas = Ci12,C13 = 1 (solid) and “asymmetric,” Caz =
C12/2,C13 = 2 (dashed), with Ci2 = 0.5 in both cases. All
baths are in the vacuum state. The dashed black lines at the
top of each plot give results for the output state of a recipro-
cal two-mode squeezed system with vacuum input (TMSV),
Ci3 = Ca3 = 0.

from mode a3 to a; and swap all the uncorrelated vacuum
noise from mode ay to az. The result of this perfect swap
is that aq and as now form a two-mode squeezed vacuum
state, so the value of EJ(\}’Q) will be equivalent to the value
achieved by a TMS, as seen in Fig. 3. Since modes as
and a3 no longer share any squeezed correlations their
measure of entanglement must vanish: EI(\?’?’) =0.

In order to discuss the behaviour of E](\?’B) in more
detail we again use the Simon-Peres-Horodecki criterion;
the output of as and as will be separable so long as the
following inequality is satisfied:

Co3 \/C12C13 .
+ < 2sin ¢. 18
\/612613 Cos — ¢ (18)

Referring to Eq. (6), it is evident that this is only satis-
fied when there is nonreciprocal scattering with direction
ag + a3. The required phase here is ¢ = +m/2 which is
the opposite phase requirement from Eq. (16).

It is evident that the degree and direction of nonre-
ciprocal scattering, and therefore the value of the phase
¢, plays a crucial role in the behaviour of the output-




field entanglement, as depicted in Fig. 3. In particular,
when 612 = 623 and C13 = 1, N(1,2) =1 and N(Z,S) = 1,
so the scattering processes for both pairs of modes are
perfectly nonreciprocal. E](\}"Q) and E](\?’g) reach maxi-
mum values for this parameter regime, where they can
both realise the same entangling power of a reciprocal
two-mode squeezer; however, the maxima are achieved
at different values of the phase. In addition this is also
the only operating regime where both EI(\}’2) and E](\?’g’)
reach the absolute minimum value of 0.

Furthermore, in this parameter regime, where perfect
swapping is also observed, the scattering of modes a; and
as is impedance matched in both cases (see Appendix C),
so the input noise is not reflected in the output fields. For
later convenience, we refer to the regime where C13 = 1 as
the “symmetric” case, since C1o = Ca3. We therefore label
the regime where C13 # 1 the “asymmetric” case. The
degree of impedance on mode a; is presented in Fig. 2(a),
where we see that the reflection of mode a; vanishes, i.e.,
[|S11]| = 0, only in the symmetric case.

The circuit decomposition also allows for a heuristic
explanation of the behaviour of the marginal purities,
seen in Fig. 3(b). Since the initial covariance matrix is
Vin = I5/2 for vacuum inputs, the marginal purities for
the input states will be (% =1 and p(3>3) = 1. These
purities will remain unchanged in the output state pro-
vided that the corresponding two-mode block of the out-
put covariance matrix can be reached by a symplectic
transformation. This follows since the determinant of a

symplectic transformation is det(S) = 1 and therefore
det(SOST) = det(O) for any matrix O.
Since the covariance matrix for ¢ = —m /2 [see Eq. (15)]

simply describes a two-mode squeezing interaction be-
tween modes ao and a3, the marginal purity for their
outputs will always remain the same, p(>3) = 1.. On
the other hand, the marginal purity of the output state
between modes a; and as is below one, ,u(l’z) < 1, in this
case, as the two-mode block V(1:2) cannot be reached by
any combination of symplectic transformations. For the
opposite phase ¢ = +m/2, this same reasoning applies
to the two-mode block V(23) so that now u>3 < 1.
However, (12 is still generally less than one, with a
notable exception: the symmetric case, where V(1:2) be-
comes equivalent to the covariance matrix for a two-mode
squeezed vacuum state. In fact, the condition that satu-
rates the marginal purity (12 = 1 is the same condition
for which only the output of modes a; and as are entan-
gled, as Eﬁ’g) =0 [see Eq. (18)].

We have therefore observed and explained how entan-
glement arises in a nonreciprocal system. Crucially, we
find that the points of perfect nonreciprocity play a spe-
cial role in maximising the achievable output entangle-
ment. We also note how the special symmetric case al-
lows for the purity of the output states to be maximised.
We are now in a position to analyse the role of nonre-
ciprocity in entanglement generation in the presence of
thermal fluctuations.
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FIG. 4. The logarithmic negativity (solid) and purity
(dashed) of NRL output states as a function of the loop
phase in the presence of thermal noise. Here, ni® = 10 and
8 = ni® = 0. The results shown are for the symmetric case
where C12 = C23 = 0.5 and C13 = 1, describing the joint out-
put states of modes a1 and a2 (blue), and modes a2 and ag
(orange). We also show the results for a two-mode squeezed
state where ni® = 10 and n%* = 0 (green). The dashed black
line indicates both the logarithmic negativity and purity for
a two-mode squeezed vacuum state (TMSV).

V. OUTPUT ENTANGLEMENT IN THE
PRESENCE OF THERMAL NOISE

Thermal noise is an unwanted feature when attempt-
ing to generate entanglement. In the case of a re-
ciprocal two-mode squeezer, thermal noise incident on
one or both modes will only serve to degrade the loga-
rithmic negativity. While this can be overcome by in-
creasing the strength of the two-mode squeezing inter-
action (e.g., in parametric cQED, using stronger pump
strengths), the same is not true for the purity of the
generated output state. More precisely, the purity for a
two-mode squeezed system where the thermal noise at
the inputs for both modes is ni" and ni" is given by
p12) = 1/(2nth 4 1)(2nt" 4 1), which is independent, of
the degree of squeezing.

One might expect that reciprocally coupling an auxil-
iary cold mode to the hot modes of interest would help in
mitigating this impact. However, while such a coupling
can reduce the internal occupation of the hot modes, it
is unable to continuously route thermal inputs in a spec-
ified direction: away from the propagating output fields.
Combining this cold auxiliary mode with nonreciprocity
enables unidirectional scattering of coherent input sig-
nals which extends to the routing of thermal fluctuations,
while also allowing for the output of the target modes to
be entangled. While it is also possible for a three-mode
reciprocal system to route thermal fluctuations in a sim-
ilar manner, no entanglement can be generated between
the outputs of the target modes (see Appendix F).
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FIG. 5. The entanglement between the stationary output of
the modes a; and a2 as measured by the logarithmic negativ-
ity, as a function of the strength of the thermal noise input n{®
on mode a1. We compare the results from an open two-mode
squeezed system (TMS, grey) with our nonreciprocal three-
mode loop (NRL, blue). In both cases, the squeezing inter-
action between modes a1 and a2 has cooperativity C12 = 0.5.
The symmetric case is shown for the nonreciprocal loop, so
Ca3 = 0.5, C13 = 1, and ¢ = +/2. The thermal occupation of
mode ay is taken to be n¥ = 0 (solid) and ni" = 1 (dashed).
Mode ags is always taken to have vacuum input. The dashed
black lines correspond to the logarithmic negativity for a TMS
where nt' — co,nt® =0 and ni® — oo, ni" = 1.

A. Rerouting thermal fluctuations using
nonreciprocity

The nonreciprocal loop provides a way for us to avoid
these effects on the state shared between the output of
modes a1 and as by setting the parameters to the sym-
metric case, where the scattering of modes a; and a3 are
both impedance matched. Provided that the input of
mode ag is vacuum noise, if we set ¢ = +n/2, thermal
noise in the input of mode a; can be rerouted to the out-
put of mode az. Due to the presence of thermal noise,
the initial covariance matrix is no longer proportional to
the identity matrix and so the output covariance matrix
has the following form:

V = ULHREIV,, (R®D)(ULH)", (19)
where USV;?I), is the beam-splitter operation from Eq. (7)
when C13 = 1, which describes a perfect swap. However,
the circuit description shown in Fig. 2 still holds: modes
as and agz are entangled and the subsequent beam-splitter
acts as a perfect swap between modes a; and as. Since
nit £ 0, the output of mode a3 will receive the unwanted
thermal noise while the output of mode a; forms a two-
mode squeezed state with mode as. Provided that the
input for mode as is also vacuum noise, then the shared
state for the output of modes a; and as will be a two-
mode squeezed vacuum state with maximum purity and
entanglement, unaffected by the value of n{?, as seen in
Fig. 4 (for details of the scatttering behaviour, see Ap-
pendix D).

At this point of operation, a complementary circuit

description can be obtained using the right polar decom-
position of the scattering matrix instead, which also takes
on a simple form,
m
2
where R(2) is a two-mode squeezing operation between
modes a1 and as:

R & exp {2@' artanh(\/@) (didg + dldg)} . (21)

Then, we can write the covariance matrix described by
Eq. (19) in an equivalent form:

-S =R ULS) when ¢ = + (20)

T T
V = ROIULI VL, (UL (ROGD)T. (22)

Here, the action of the beam-splitter on Vj, can be seen
explicitly: it swaps the thermal noise from mode a; with
the input from mode a3, which is vacuum noise. This is
followed by a two-mode squeezer acting directly to en-
tangle modes a; and as, creating a state with maximum
purity and entanglement. It is important to note that
mode a; is not cooled using this scheme, and that the
nonreciprocal loop only allows for the thermal noise to
be rerouted so as to not appear in the output field.

If we tune ¢ away from operating points of perfect
nonreciprocity and impedance matching, the entangle-
ment and purity of modes a; and as degrade as before.
However, comparing Fig. 4 and the previous results when
only considering vacuum inputs (see Fig. 3) we note that
the degradation is more pronounced when the input to
mode a; is thermal. This observation further highlights
the importance of nonreciprocity in implementing perfect
swaps of thermal inputs.

Finally, while thermal noise in one mode is detrimen-
tal to both entanglement and purity, the effects are com-
pounded when both modes contain some thermal noise
input. Fig. 5 demonstrates the effects of incident thermal
noise on both modes of an entangled pair. The nonrecip-
rocal loop has the benefit that regardless of the amount
of thermal noise incident on mode as, the thermal noise
incident on mode a; is always swapped away in the out-
put. The usual two-mode squeezed state, on the other
hand, will experience extra degradation of the entangle-
ment and purity as ni{® increases for even relatively small
values of nfP. In addition, provided that the noise in-
cident on mode a; is at a higher temperature than the
noise incident on mode az, ni" > nf then the NRL will
always improve the fidelity of the entangled output state
for modes a; and as when compared to the usual TMS
at the same interaction strength. This is true even when
other internal (unmonitored) loss channels are present
(see Appendix G).

B. Entangling the output fields of two hot modes

The nonreciprocal loop allows for the output fields of
one hot mode and one cold mode to be entangled with
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FIG. 6. The schematic for a potential entanglement-swapping
scheme to entangle the output fields of two hot modes. The
scheme begins with two nonreciprocal loops, each comprising
a hot primary mode (red), a secondary mode (green) that we
wish to optimally entangle with the hot mode, and a cold aux-
iliary mode (blue). As with the setup covered in this paper,
the hot and cold auxiliary modes are coupled via a beam-
splitter interaction. The other interactions must then be two-
mode squeezers. To entangle the output of both hot modes,
the output state of the secondary modes is passed through
a 50/50 beam-splitter and then measured. The displacement
of the output for the hot modes is then conditioned on the
measurements; their outputs will then be entangled.

maximum purity. As seen in Fig. 5, when using this
system to realise such an entangled state between the
output fields of two hot modes, the logarithmic negativity
is reduced, since it is only possible to reroute the thermal
noise from one of the input modes.

However, it is possible to entangle the outputs of two
hot modes if we use two nonreciprocal loops and employ
the entanglement-swapping protocol [63, 64]. A possi-
ble setup is shown in Fig. 6, with two realizations of the
NRL (A and B, respectively). Two hot modes, a; and
b1, are coupled to cold auxiliary modes, as and b3, re-
spectively, with secondary modes, as and by, completing
the corresponding loops. Both loops are operated under
symmetric configurations and are thus parameterised by
a single two-mode squeezing cooperativity each (C4 and
Cp respectively). In light of our previous results, we also
operate at points of perfect nonreciprocal scattering and
impedance matching. The loop phase is assumed to be
tuned such that the thermal noise incident on the hot
mode is routed to the output of the cold auxiliary mode.
Provided that the input for each secondary mode is also
in the vacuum state, the output for the hot and secondary
modes from each loop will be optimally entangled as a
two-mode squeezed vacuum state with maximum purity.

In the swapping protocol, the outputs from the sec-
ondary modes are mixed via a beam-splitter and then
measured. The outputs for the hot modes are then dis-
placed, conditioned on the result of these measurements.
Perfect application of this entanglement-swapping proto-
col would allow for the output fields of the two hot modes
to be combined to produce another two-mode squeezed

vacuum state with purity 4 = 1. The entanglement for
the resulting state is then [64]

44/CACp
Ex = 2r where tanh(r) (15 Ca)(1+Cp) (23)
which is independent of the thermal noise incident on
both hot modes. We therefore see that the entanglement
of the propagating fields from hot modes a; and b, and
the purity of the generated flying states, can be rendered
robust against their thermal inputs using nonreciprocity.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we analyse how engineered nonreciproc-
ity in quantum systems influences their ability to entan-
gle propagating fields incident on their constituent quan-
tum modes. This requires analysing the role of nonre-
ciprocity beyond asymmetric scattering for signal rout-
ing - a notion that can be defined completely classically
- and, in particular, exploring its influence on quantum
correlations and steady-state entanglement of fields. Us-
ing a minimal system consisting of a two-mode squeezer
where each mode is coupled to a third auxiliary mode in
a closed-loop configuration, we show that the generated
entanglement of output fields depends strongly on the
direction of nonreciprocal scattering. It is not a priori
obvious that it should be possible to entangle outputs
from two modes for which signal flow is only unidirec-
tional. However, we show that this is indeed possible,
given the right configuration of the system.

To explain this somewhat surprising entanglement be-
haviour, we develop a heuristic picture that is based on
a polar decomposition of the scattering matrix. This
description maps nonreciprocal scattering to sequential
Gaussian circuit operations, including pairwise beam
splitters and, more importantly, two-mode squeezers
which are necessary for generating entanglement. This
picture helps us to explain a second key result: that
engineered nonreciprocity can be used to reroute ther-
mal fluctuations from a hot propagating mode toward
the output of the cold auxiliary mode (via the beam-
splitter component), while simultaneously allowing the
entanglement of propagating output fields (via the two-
mode squeezer component). This renders output-field
entanglement much more robust to thermal fluctuations
when compared to a reciprocal two-mode squeezing in-
teraction.

Our work is relevant to the generation of stationary
entanglement of itinerant low-frequency modes, where
thermal occupations can be appreciable even at cryo-
genic temperatures. Our analysis also brings to light the
possible uses of nonreciprocity in entanglement genera-
tion. With recent interest in multipartite entanglement
in quantum systems of increasing scale, our work invites
the exploration of whether engineered nonreciprocity can
be a useful resource in improving robustness of multipar-
tite entanglement in low-frequency modes.
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Appendix A: Experimental implementation in
parametric cQED

In this appendix section we detail how the model we
consider in this work, Eq. (3), can be realised with stan-
dard techniques in parametric cQED.

1. Circuit Lagrangian

The minimal system we require consists of three modes
coupled via a single nonlinear mixing element. The cir-
cuit Lagrangian for such a system is given by:

L= ) (;Omcifn—f;> Us({®n}) (A1)

m=1,2,3

where U;({®,,}) describes the energy due to the induc-
tance of superconducting circuit elements incorporating
Josephson junctions. Expressing U;({®,,}) using a Tay-
lor expansion around an equilbrium point, {(im} =0,
gives the following form:

Zc2>q> O+ Y HD 2,0, P, + ... (A2)
where
2
LA (A3a)
109,0%n | 4
3
&, = 2 (A3b)
3109,00,0, | ; |

The Josephson term provides quadratic contributions
that serve to renormalise the bare linear modes, as we
will soon show. Earlier work [22] has considered the
time-modulation of these quadratic terms as a means of
generating tunable Gaussian interactions.

While this is a viable approach, in this appendix sec-
tion we will instead explore means of realising the NRL
by coherent pumping of nonlinear mixing terms, demon-
strated in several recent works [65, 66]. The lowest-order
nonlinear contribution is defined as

UL =Y &3 &,0,0,.

mnr

(A4)
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Note that higher-order nonlinear contributions cannot al-
ways be neglected, as they can contribute non-rotating
terms, such as Kerr terms. However, recent work [46, 47]
has shown methods to engineer Kerr-free nonlinear po-
tentials which can substantially suppress such contribu-
tions. _

_Now, by introducing the vector of mode fluxes ® =
(®1, Py, P3), the circuit Lagrangian of Eq. (A1) can be
written in the compact matrix form

L= %iﬂ“ci - %@Tr@ ~Uni({®n})  (A5)

where we have introduced the capacitance matrix C and
inductance matrix L, whose matrix elements are defined
as:

Crm = Cpbpm, Lt =L 0 + &2 (A6)

where §,,, is the Kronecker § function. It now proves
useful to diagonalise the quadratic part of the circuit La-
grangian. To do this, we first write the Euler-Lagrange
equations for the quadratic part of the Lagrangian,

Cd=-L'd. (A7)

The Euler-Lagrange equations allow us to introduce di-
mensionless circuit eigenmodes {¢/)} with eigenfrequen-
cies {w; }, which satisfy the generalised eigenproblem

w?Cgo(j) =L 1l (A8)
and obey the orthogonality relations
go(j)TCgo(k) = Cs So(j)TLflso(k) =Cg wi(gjk (A9)

where Cg is a scaling capacitance introduced to ensure
that the circuit eigenmodes are dimensionless. Note that
Cg o.)]z has units of inverse inductance, as required by the
above expression.

The eigenmodes form a complete basis, which allows
us to expand the circuit flux variables in terms of flux
variables corresponding to the eigenmodes,

&= a0, $— S b0,
J J

Substituting the above into Eq. (A5) and making use of
the orthogonality of the circuit eigenmodes, we immedi-
ately arrive at the Lagrangian,

(A10)

1 . 1
L= Cs®}— 5 Cswi®] —Unn({®;}) (AlL)
J J

where, using Eq. (A4), the nonlinear contribution in
terms of eigenmode fluxes takes the form:

OUnu({®) = D e S 00,0,
mnr gkl
Z[Z ~73nr90%)§057) o (I) (I)k(pl Z jqu) @kfbl
jkl Lmnr jkl

(A12)



In this dlagonahsed form, the conjugate momenta are
simply given by 2 8@ = @; = Cs®;, so that the Leg—
endre transformatlon defining the Hamiltonian, H =
Z Q;®; — L, may be carried out 5tra1ghtforwardly We
ﬁnally obtam the circuit Hamiltonian,

1 21
=3 > C—; +5 D Cswid? + UnL({Q;}).  (A13)
J J

We can now obtain the quantum Hamiltonian by pro-
moting the canonical position and momenta ®;,Q; to
operators, then writing them in the basis of creation and
annihilation operators satisfying the usual commutation
relations [d;, d}] = 1,

= ai; () =T 0
0=/ 52 (3 -4) =435 (4-)

(A14b)
where Z; defines the effective impedance of the jth circuit
eigenmode.

In terms of mode creation and annihilation operators,
the system Hamiltonian then takes the form

H/h = ijd dj+ > cin(d;

gkl

+ d}) (Alda)

db)(di + d})(dy + df)

(A15)

where cjp = \/hZ; Z1Z,/8 ¢, Tkl

Note that throughout this’ derlvatlon we have made no
assumptions regarding the frequencies {w;} of the modes.
In particular, Eq. (A15) can describe a system with a
single “hot” low-frequency (RF) mode coupled to two
cooler higher frequency (microwave) modes, as analysed
in the main text for rerouting of thermal fluctuations.

2. NRL Hamiltonian using parametric drives

We now introduce parametric drives to Eq. (A15) that
allow us to realise the NRL proposed in the main text.
In what follows, we set i = 1 and consider three coherent
pump tones at frequencies {v;} with generally complex
pump amplitudes |a;|e ~*%#, applied to the jth mode. In
the steady-state, the pump tones lead to a coherent dis-
placement of the system modes which can be accounted
for via a standard (and exact) displacement transforma-
tion

dAj = |ajle" e it 4 G e (A16)
where ¢; defines an arbitrary phase for the jth mode
operator that leaves commutation relations unchanged.
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We simultaneously move to an interaction picture via the
following unitary transformation:

Hexp { zwja } ,

to remove trivial evolution due to the bare mode Hamil-
tonians. The transformed Hamiltonian is then given by:

(A7)

Hygy = UHUY — ittt (A18)
We are interested in the quadratic terms in the trans-
formed Hamiltonian (linear terms only lead to displace-
ments while higher-order nonlinear terms are suppressed
for strong enough pump amplitudes). These take the
form:

Hygy, = E 3Cjkl(|aj‘€_i¢”j6_iyjt + h.C.)X
jkl
(&keficf)ke*iwkt 4 &Ize’bd)k eiwkt)(dlefi¢167iwlt + d;ei(’bl eiwlt)

(A19)

Through an appropriate choices of pump frequencies, we
can now make specific interactions in Eq. (A19) resonant
in the interaction picture. To realise the NRL, we choose
the following pump frequencies:

V] =W +Wws, Vo =wW3 — Wi, V3 =W + Wy (AQO)

It is straightforward to see from Eq. (A19) that 14 now
resonantly pumps a two-mode squeezing interaction be-
tween modes as and agz, while v3 pumps a two-mode
squeezing interaction between the modes as and az. In
contrast, vo pumps a beam-splitter interaction between
modes a; and as. All other interaction terms will be
rapidly oscillating in this frame and can be neglected
within the rotating wave approximation (RWA), which
will be discussed later in this section.

Under this choice of pump frequencies, the system
Hamiltonian takes the form:

Hxre = 3c123 <|a3 |€_i(¢p3_¢1_¢2)&1d§+

i(Pp2— ¢3+¢>1) +|a1|€ i(pp1—d2—¢3) 5 T TJrhC)

(A21)

lagle™

where we have retained only the resonant terms.

We can finally address the question of the phases. The
gauge phases {¢;} can be freely chosen to absorb de-
pendencies on pump phases. In particular, requiring
Op3 = 1 + P2, Pp2 = P3 — p1 removes the phase de-
pendence of the first two terms above, and yields the
final system Hamiltonian

g )-l—hc

(A22)

Hyri, = (912&1&5 + 9136%&1 + goze’ agag

where:

g12 = 3ciaslas|, g13 = 3ciaslaz|, goz = 3ciaslai| (A23)



and the remaining loop phase is given by ¢ = ¢,3 +¢p2 —
¢p1. In particular, the loop phase is independent of {¢,}
and hence cannot be “gauged away.” Furthermore, ¢
can be tuned by rotating the phase of any of the incident
pump fields. We have thus obtained Eq. (3) of the main
text, with interaction strengths tunable via pump ampli-
tudes, having started from a very general but minimal
three-mode circuit Lagrangian with a single three-wave
nonlinear mixing element.

From the above derivation, it is clear that the valid-
ity of Eq. (3) hinges on the RWA. To verify that the
RWA is valid, we consider a concrete three-mode system
with frequencies w;/(2m) € {0.5,7.5,10.5} GHz; these
are representative of modes realised in very recent RF
quantum optics experiments, such as Ref. [54]. Then,
the desired pump frequencies are given by v;/(2m) €
{18,10,8} GHz. Terms we have dropped in arriving
at Eq. (3) include undesired beam splitter interactions
pumped by difference frequencies f_/(27) € {ws —
w1, ws — wo}/(2m) = {7,3} GHz, and undesired ampli-
fying interactions pumped by sum frequencies fy /(27) €
{w1 + w3, 2wy, 2wy, 2ws}/(2m) = {11,1,15,21} GHz. For
this particular choice of {w;}, the desired pump frequen-
cies are hence at least 500 Mhz (and typically further)
away from all undesired pumping frequencies and indi-
vidual mode frequencies. As a result, all non-resonant
interaction terms will be oscillating with a frequency of
at least 500 MHz. The RWA is valid provided this os-
cillation frequency is much larger than the interaction
strengths g;,. Cooperativities C;p ~ O(1) considered
in the main text imply g;r ~ Kj, ki, where x; is the jth
mode decay rate. For typical decay rates x; ~ O(1) MHz
in cQED, this means the fast rotating frequency is at
least O(100) times larger than the required interaction
strengths. Hence the RWA can be expected to hold.

Appendix B: Heisenberg-Langevin equations of
motion

We work in the quadrature basis, which consists
of the position and momentum quadrature operators,
X; = (&; + d;)/V2 and P; = z(&; — Ga;)/V/2, respec-
tively. The canonical commutation relations have the
usual form [X;, P;] = id;,. Defining the vector of
quadrature operators for the three-mode system R =
(X1, P, X5, Py, X3, P3), we can write the Heisenberg-
Langevin equations as the follows

—R(t) = ME(t) — VKR (1) (B1)

where M is a time independent dynamical matrix, k =
diag(k1, k1, Ko, Ko, K3, k3) is a diagonal matrix of the
mode damping rates, and Ry, is the vector of input noise
operators in the quadrature basis. The correlators of the

12
elements of the matrix ﬁin have the following form:
b be n\ _ th, 1 5 /
< 4,in (8) X in (¢ )> =0jk | n; + 5 (t—1")
P B ! th 1 !
<Pj,in(t)Pk,in(t )> = Oj (”j + 2) 6t —t)

<§Qm¢wi¢mxﬂ)>::jk%5u-ﬂy

These are Gaussian white noise processes, and so have a
mean of zero. The dynamical matrix for the system can
be written as follows:

(B2)

K
*511 —g12X g13J
Ko g23(sin ¢pZ
— | —g12 X ——=I
M = 12 2 — cos ¢pX) (B3)
gos(singZ ks,
9B os »X) 2

where we have written the matrix in block form using the
following 2 x 2 matrices

<_(01) L_(10 j_ (o1 (B4)
~\10 o -1 S \-10

while I is the 2 x 2 identity matrix and 0 the 2 X 2 zero
matrix. The linear Heisenberg-Langevin equations of mo-
tion, Eq. (B1), can be transformed to frequency space
and written in the compact form

—iwRw] = MR[w] — VK Rin[w]. (B5)

This linear algebraic system can be straightforwardly
solved,

Rlw] = —(iw + M) Ve R [w]. (B6)

Quantum input-output theory [57] relates the output
field quadratures to the input and system fields:

—

Rout [w] = éin [w] + \/ER,[W]

Using Eq. (B6) then allows us to express the output fields
entirely in terms of the input fields, which defines the
scattering matrix S[w], as introduced in Eq. (4) of the
main text. The covariance matrix for the output modes
in frequency space may be written as

(B7)

Viw] =
1 - _,

) /OOOO<Rout [w]ﬁout [w/}T + Rout [w/]ﬁout [w]T> do’ (B8)

where we take the outer product of the éout vectors. The
above can be rewritten in terms of the input fields and
the scattering matrix using Eq. (4), and the correlators
of the input fields may be calculated using the frequency
space version of the correlators from Eq. (B2), where the
Fourier transform replaces §(t —t') with §(w +w’). Eval-
uating the integral in Eq. (B8) will then yield Eq. (10)
from the main text.



Appendix C: Block form of full scattering matrix

Using Eq. (B6) in conjunction with Eq. (B7) allows us
to obtain the full, frequency-dependent scattering matrix
of the three-mode system. However, as discussed in the
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main text, we are typically interested in scattering prop-
erties at w = 0. Furthermore, we have also discussed how
the simplest intuitive scattering behaviour can be anal-
ysed in the symmetric, impedance-matched case defined
by Ci2,Ca3 = C, and C;3 = 1. In this case, S[0] = S is
determined entirely by C and the loop phase ¢, and takes
the form:

Su 812 Sl3 F(¢5)COS¢ B((Z))(l—Fbln(b) A(¢)
S= |82 Sy Sus | =D(@) | B(¢—7)(1 —sing) —(1-C)I+F(¢p)cosp C(o) (C1)
S31 Ssz2 Ss3 A(—9) C(9) F(¢)cos¢

Here D(¢) = (1—C)? +C? cos? ¢ is an overall multiplica-
tive factor that does not influence the nonreciprocity of
scattering. The diagonal terms describing reflections take
the form:

F(¢) = C?cos(¢p)I — (1 -C)CJI

F(¢) = C?cos(¢)I+2CJ. (C2)

The off-diagonal terms that describe transmission be-
tween modes a; and ao take the form:

_ 5cos ¢(1 + Csin ¢)
B(¢) =vC 1+ sin¢ z

—VC(2C - Csing —1) X.

(C3)

The interaction between modes a; and a3 is a beam-
splitter and is compactly described by a single ¢-
dependent matrix A(¢):

A(¢) = C*cos (1 +sin @)1

+ [-C?cos’p— (1= C)(1+Csing)] J. (C4)
Finally, the interaction between modes as and ag is de-
scribed by:

C(¢) = —VC(1 +sin¢)(1 — Csin¢)Z
+/Ccos (1 —2C — Csin ¢)X
C(¢) = +VC(1 —sin¢)(1 + Csin¢)Z

+VCcos (1 — 2C + Csin ¢)X. (C5)

From Eq. (Cl), it is now straightforward to read
off conditions for specific desired scattering properties.
For example, impedance matching of mode a; demands
[|S11]|] = 0, which clearly requires that cos¢ = 0, and
hence ¢ = +7/2. Similarly, perfect nonreciprocal scat-
tering between modes a; and ay as defined in Eq. (5)
of the main text, N(12) = 1, clearly requires that
(1 £sing) = 0, which again implies that ¢ = +x/2.
These are the conditions shown in Fig. 2.

Appendix D: Comparison of the scattering
properties of the NRL and TMS

When the NRL is optimised to allow swapping of
thermal noise from mode a; to mode az, we use the
impedance-matched case from the previous section, addi-
tionally setting the phase to ¢ = 7/2. In the quadrature
basis the steady-state scattering matrix will have the fol-
lowing form:

24/C 1+C
0 7=¢X —1=¢’
SNRL = 1+C. 2/C (D1)
0 —3=¢t —1=¢%
-J 0 0

Replacing the cooperativity with the following squeezing
parameter r = artanh[2v/C/(1 + C)] we can rewrite the
above scattering matrix as follows:

0 sinh(r)X —cosh(r)J
SNRL = | 0 —cosh(r)I —sinh(r)Z (D2)
—-J 0 0

This makes clear the behaviour of the system at this point
of nonreciprocity. Modes a; and as are independent of
the input noise on mode a;, which only appears in mode
as showing how the noise is rerouted there. Meanwhile,
modes as and as share some squeezed correlations.

We can also calculate the steady-state scattering ma-
trix for an open system with a TMS Hamiltonian given
by ig(dJ{&; — a1a2) (choosing the TMS phase to be zero
as in Eq. (1) is not appropriate here; this comes from the
polar decomposition):

o

Sras = - - D3

™S _2/C l+c (D3)
1-C 1-C

Defining the squeezing in the same way we arrive at the



following scattering matrix:

Srags = <— cosh(r)I —sinh(r)Z) . (D4)

—sinh(r)Z — cosh(r)I

While the covariance matrix of the TMS and modes a;
and a9 in the NRL will be identical, the scattering be-
haviour is markedly different. This is expected given the
circuit decomposition for the NRL; since the squeezing is
swapped from mode a3 to mode a; by a beam-splitter,
the quadratures are rotated during this swap in a manner
that cannot be replicated in a TMS alone.

Appendix E: Stability conditions

We provide below the Routh-Hurwitz stability crite-
rion for the three-mode loop at the phases ¢ = £7/2:

0 < K1+ ke + K3
0<1—C12+Cl3—623

0<1— Ci2 n Ci3
(1+I€3/K1)(1+I€3//€2) (1+I€2/I€1)(1+I€2//€3)
Co3

(L4 k1 /k2)(1 + k1 /k3) (E1)

Away from these phases there are more conditions which
must be met, and the conditions in general take on a
much more complicated form. Provided the cooperativ-
ities and dissipation rates are chosen appropriately the
system can be stable for all values of the loop phase.

In case we also apply the condition C12 = C13Ca3 to
make the system nonreciprocal, the second listed condi-
tion takes on a much simpler form

0 < (1 —Ca3)(1+Ci3). (E2)
The system is naturally stable for all choices of the beam-
splitter cooperativity, and is therefore limited by the
free two-mode squeezing cooperativity Co3 < 1 which is
identical to the stability criterion for an open two-mode
squeezer. The two-mode squeezing cooperativity fixed
by the nonreciprocity condition, C;2, can therefore grow
quite large with the system remaining stable. Again, pro-
vided the dissipation rates are chosen correctly, the other
stability conditions can be satisfied as well.

Appendix F: Thermal rerouting prevents
entanglement in a reciprocal system

In order to reroute thermal noise away from the output
of mode a; in a three-mode system while still realising
entanglement between the outputs of modes a; and as, it
is required that the scattering of mode a; be impedance
matched and that the scattering between modes a; and
as be nonreciprocal. It is simple to demonstrate that it
is not possible to do both in a three-mode system where
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the scattering between modes a; and ao is reciprocal.
We begin with a scattering matrix which can reroute the
thermal excitations away from the output of mode a;:

0 0 Si3
S=| 0 Sy So; (F1)
S31 S3z2 Saz

Writing the initial covariance matrix as Vi, =
diag(V1,in, Va,in, V3,in), the covariance matrix for the
output of modes a; and as is then

vi2) —

S13V3,inST; S13V3,inS%; (F2)
S23V3inSTy S20V2inSL, + S23V3:nST;

which is independent of V1 i, as desired. Assuming that
Eq. (F1) is a valid scattering matrix, it must be sym-
plectic and hence satisfy the condition SQS” = € where
Q = diag(J,J,J) is the symplectic form. Using this it
is possible to come up with conditions for the block ele-
ments of Eq. (F1).

First, it may be determined that S;3JST; = J which
indicates that S13 € Sp(2,R). We also have to satisfy
S13JSZ; = 0; since S13J € Sp(2,R) must be invertible
it follows that SZ; = (S13J)7!0 and so Sa3 = 0. As a
consequence, the off-diagional blocks in Eq. (F2) vanish,
indicating that the output of modes a; and ay are never
entangled. It is therefore not possible to realise thermal
noise rerouting and entanglement in a reciprocal three-
mode loop.

Appendix G: Internal losses

In this appendix section we analyse the role of “inter-
nal” loss channels that are not used to direct inputs to,
or measure outputs from, the NRL, but still contribute
added noise. These channels can describe unmonitored
ports of the system (for example the undercoupled port
of a two-sided cavity) as well as material losses. To ac-
count for these effects, we rewrite the total loss rates for
the system modes as

Kj = Kj + /fijnt (G1)
where k¢ defines the loss rate via the monitored or ex-
ternal loss channel, while internal losses are described by
/{ij’“t. In this way, the total loss rates are the same as those
used in our analysis in the main text. Thus far, our anal-
ysis has considered /4:;-‘“ = 0. Accounting for couplings to
additional loss channels in the case of non-zero I{ijnt, the
Heisenberg-Langevin equations can be written as:

d - . . .
£R = MR(t) — VK®Rin(t) — VK Rint (t) (G2)
where k¢, k'™ are matrices of external and internal losses

respectively, analogous to & introduced earlier. The term
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FIG. 7. (a) The entanglement between the stationary output
of modes a1 and a2 and (b) the purity of their joint quantum
state as a function of the ratio of internal losses experienced by
each NRL mode. We consider the symmetric configuration,
with C = 0.5, and n{® = 10, ni® = nf" = 0.

éim (t) defines additional noise introduced due to internal
or generally unmonitored loss channels, which we again
take to be Gaussian white noise processes with tempera-
ture n;-h for mode aj;.

Transforming to frequency space as before and rear-
ranging, we find:

quw+Mr%wa%M+%@%mm)
(G3)

Then, using the modified input-output relations for the
monitored modes,

Rouw] = Rinlw] + VK R[], (G4)
we arrive at
Fowlw] = [T+ Vi (i + M) 7 Ve | Rinlo]
+ VEE (iw + M) VRN Ry [w]
= Se[w] Rin[w] + Tine[w] Rin[w]. (G5)

The scattering matrix for monitored channels S.[w] is in
general distinct from S[w] in Eq. (4) due to some signal
being lost to unmonitored channels. Furthermore, ad-
ditional noise contributions appear at monitored output
ports via Tj,; due to noise incident from these unmoni-
tored channels. The output covariance matrix can then
be calculated (once again on resonance) using Eq. (B8),

V =8, ViuS! + Tine Vin T, (G6)

int
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FIG. 8. (a) The entanglement between the stationary out-
put of the modes a1 and a2 and (b) the purity of their joint
quantum state, as a function of the strength of the ther-

mal input noise nt" on mode a;. We compare outputs of

the NRL to the TMS, both for the case of no internal losses
(k™ /k; =0V j), and for the case of a nonzero fixed internal
loss ratio (k™ /k1 = 1072, k5 /ke = 0). The value of kK3 /k3
does not influence performance.

which follows since ﬁin(t) and ﬁint(t) have no cross-
correlations.

The effect of internal losses is therefore encapsulated
in the structure of the matrix Ti,;. With all pairwise
interactions turned off, C;p, = 0V j,k, Tiy is a block

diagonal matrix with TV = —2, /KRS /K3 T, where T

is the 2 x 2 identity matrix. Once interactions between
modes are turned on to realise the NRL, the precise form
of Tyt may be modified, but these diagonal blocks will
remain non-zero. As a result, noise from unmonitored
channels on mode a; will appear at the monitored port
of the same mode, and can therefore effect the quantum
properties of the monitored modes.

We now analyse the effect of internal losses on the NRL
numerically. We will focus on modes a; and as, and
therefore operate at the point of perfect nonreciprocal
scattering (M2 = 1) that maximises entanglement of
the output fields of these modes, by choosing ¢ = 47 /2.
We also consider the symmetric NRL configuration with
C = 0.5. The resulting parameters are therefore the same
as analysed in Fig. 5.

Fig. 7 shows the output field entanglement E](\}’Z) and
purity p2) for modes a; and as as a function of the
ratio of internal losses /s;m /k; for each mode. Here,

niP = 10,n8* = nth = 0. Note that internal losses in



modes a; and as, whose entanglement is being consid-
ered, have a detrimental impact on performance. This
is to be expected: noise incident on unmonitored chan-
nels for modes a; and as appears directly, and without
any quantum correlations, at the monitored ports via
Ti(it’l) and Ti(it’z) respectively, which are nonzero. This
uncorrelated noise reduces the fidelity and purity of the
entangled state for the output of modes a; and as. Also,
noise incident at a higher temperature (for the internal
loss channel of mode a;) is more detrimental.

However, we note that E](\}Q) and £(1?) do not depend
on the internal losses of the auxiliary mode ag, introduced
in the NRL to enable nonreciprocal routing. There are
two reasons for this effect. First, any noise from the
internal loss channels of mode a3 appears uncorrelated
only at the monitored port of ag via Ti(jég); this does not
influence the output of modes a; and as. Therefore, for
this noise to appear at the output of modes a; and as, it
must undergo the entangling and swapping interactions
of the NRL. In this process, this noise in fact seeds output
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field entanglement of modes a; and a9, and is evidently
not detrimental to the performance of the NRL.

This observation has an important implication: since
only the internal losses of modes a; and as are impor-
tant, the NRL can outperform a TMS given the same
internal losses and at the same interaction strength. To
demonstrate this, in Fig. 8 we plot EJ(\}’Q) and p(12?) for
the NRL and TMS when C = 0.5, as a function of thermal
input noise ni® with n{® = 1,n{* = 0. For simplicity, we
choose only the dominant internal loss rate to be nonzero,
k" k1 = 0.01,K%/ky = 0. The plotted curves have
no dependence on the value of xi'*/k3. For complete-
ness, we also show the case of zero internal losses that
was analysed in the main text. Clearly, while internal
losses on the system modes are always detrimental, and
have greater impact at higher thermal noise inputs, the
NRL always provides higher entanglement fidelity and
increased purity than the TMS. The only constraint on
the NRL, then, is one we have already identified as nec-
essary in the main text: the thermal bath fluctuations of
the auxiliary mode must be cooler than those of the hot
mode in the NRL, n§ < nfh.
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