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Abstract

We prove new well-posedness results for dispersion-generalized Kadomtsev—
Petviashvili I equations in R?, which family links the classical KP-I equation
with the fifth order KP-1 equation. For strong enough dispersion, we show
global well-posedness in L?(IR?). To this end, we combine resonance and
transversality considerations with Strichartz estimates and a nonlinear Loomis—
Whitney inequality. Moreover, we prove that for small dispersion, the equations
cannot be solved via Picard iteration. In this case, we use an additional fre-
quency dependent time localization.

Keywords: KP-I equation, nonlinear Loomis—Whitney inequality,
local well-posedness, short-time Fourier restriction norm method

Mathematics Subject Classification numbers: 35Q53, 42B37

1. Introduction and main results

We consider the Cauchy problem for the fractional Kadomtsev—Petviashvili I (fKP-I) equation

{&u—Dfaxu—ax_layzu =udu, (t,x,y) ERxRxR, 0

u(0) =uy € H(R?),
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where 2 < o < 4, and the operator D is given by (D2f)" (&) = |€|*f(€). For2 < o < 2, we
only consider real-valued solutions; for a > % we also treat complex-valued solutions. Note
that the solution stays real-valued provided that the initial data is real-valued. In this paper, we
consider initial data from anisotropic Sobolev spaces H*'**2(R?), which are defined by
Hv],Sz(RZ) — {¢ c LZ(RZ) . ||¢)| H1%2 (R?) < OO},

16l 2y = l6(Em(1+ 1€ F (14 nP)

The following quantities are conserved for real-valued solutions:

M0 = | uteyyasdy @

2
1‘£,n

1« 1 1
Eq(u)(r) = / (|D,3 ul> + = |0, opu)* + u3> dxdy. 3)
Rz \ 2 2 6
Hence, the natural energy space is given by

E*(R?) = {6 € LA(R?): [0l ) i= IP(€m)(E,1)

|L2£)" < OO} 9

where

o [nl
=1 5
p(&m) + €17 + €|

We prefer to study the solutions in the scale of anisotropic Sobolev spaces. We believe that
adapting the present analysis will yield global well-posedness in the energy space, which is
a smaller space, as well. Here we focus on the much larger anisotropic Sobolev spaces. For
further remarks on the connection between Sobolev spaces and the energy spaces, we refer
to [22].

Moreover, if u solves the problem (1) with initial data ¢, then u) given by

A (1,x,y) = AU\ DL AT A5 y)
also solves the same with scaled initial data
By =A%\ zr, AT y). “)

We have
[N TEHmn (g
This shows that for o = %, (1) is L?-critical. For o > 2, which is considered presently, (1) is
L?-subcritical.
By local well-posedness, we refer to existence, uniqueness, and continuity of the data-to-
solution mapping locally in time.
The range of dispersion considered in this paper starts with the classical KP-I equation

Ou—D0u— 07 '0lu =udu, (1,x,y) ERXR xR,
u(0) =uy € H*(R?),

Hv52 (R2) — A H1%2 (R2) &)

(6)

which has been extensively studied (see [6, 9, 15] and references therein). Ionescu—Kenig—
Tataru [9] proved global well-posedness in the energy space, and Guo et al [6] showed
improved local well-posedness in the anisotropic Sobolev space H'*(IR?). The derivative loss
in case of unfavourable resonance makes the equation qguasilinear. This means it is not amen-
able to Picard iteration in standard Sobolev spaces as observed by Molinet—Saut-Tzvetkov
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[15]. In the works [6, 9], short-time Fourier restriction was used to overcome the derivative
loss in the nonlinearity. We refer to the PhD thesis of the second author for an overview of
short-time Fourier restriction [20]. Since short-time Fourier restriction also involves energy
estimates, the results in [6, 9] require real-valued solutions. Likewise, the results we prove for
small dispersion require real-valued initial data:

Theorem 1.1. Let2 < a < % Then, (1) is locally well-posed in H*°(R?) for s > 5 — 2« and
real-valued initial data.

We give a technically more detailed version of the above theorem in section 5.

However, the data-to-solution mapping constructed in the proof of theorem 1.1 is not ana-
lytic. Indeed, we show that for o < %, the data-to-solution mapping cannot be of class C.
Previously, Molinet—Saut-Tzvetkov [15] showed that the data-to-solution mapping cannot be
C? for the KP-I equation (see also [12]). This result was generalized by Linares—Pilod—Saut

[14] for av < 2. It turns out that the argument extends to o < %:

Theorem 1.2. Let o < % (s1,52) € R2. Then, there exists no T > 0 such that there is a function
space Xp — C([—T,T]; H**(R?)), in which (1) admits a unique local solution such that the
flow-map for (1) given by

Tyiug—u(t), te[-T,T],
is C2-differentiable at zero from H*'**(R?) to H**2(R?).

The problematic nonlinear interaction is a resonant High x Low-interaction in which a free
solution with high x frequencies interacts with a solution at low x frequencies. With the dis-
persion relation for the fractional KP-I equation given by

2
T
é— )

we find the resonance function to be

Qa(1,m,82,m) = [&1 + 6] (61 + &) — &% — 6] 6 —

wa(&,m) = [€]7€ + £ eR\{0}, neR, @)

(m& —mé&)?
&6 +&)
Due to opposite signs of the terms |£; + &|* (&1 + &) — [€1]%&1 — [€]“& and %, the
resonance function can become much smaller than the first term, which we refer to as res-
onant case. However, we shall see that in the resonant case, we can argue that the interac-
tion between the two nonlinear waves and the dual factor with low modulation is strongly
transverse, which we quantify via a nonlinear Loomis—Whitney inequality. This transversality
was already observed in [9], while in the proof in [9] this is not related to nonlinear Loomis—
Whitney. We believe that pointing out the connection with nonlinear Loomis—Whitney inequal-
ities makes the proof more systematic.

Nonlinear Loomis—Whitney inequalities were first investigated by Bennett—Carbery—
Wright [3] and quantitative versions suitable for application to partial differential equations
were proved by Bejenaru—Herr—Tataru [1, 2]. These were all local though. We use a global
version to simplify the argument, which is a result of Kinoshita and Schippa [11]. We also
refer to references in [11] for further discussion of nonlinear Loomis—Whitney inequalities.

The crucial ingredient in the resonant case of low modulation is to use the nonlinear
Loomis—Whitney inequality to show a genuinely trilinear estimate, which improves on the
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bilinear estimate. Let f; € L*(R* R ) denote functions dyadically localized in spatial fre-
quency in the x direction around N; € 2% and in modulation L; € 2% with N; ~ N, > Nj.
With notations explained below, we have supp(f;) C INDN[,L[. Moreover, let L; < N{*N,. Then,
we show the estimate

3
a1l 1 1
/ hish)-fs SNT ENT LU e

i=1

Clearly, for o > 2 and N3 2 1, this ameliorates the derivative loss. The observation is that for

N3 2 Nf” for some x > 0, this estimate still suffices to overcome the derivative loss, whereas

for N3 < N{ ", the bilinear Strichartz estimate gains additional powers of Nfl. The bilinear

Strichartz estimate is another consequence of transversality in case of resonance. It reads for
free solutions in the resonant case with Ny > N;:
1

<M

[Py, Ua(D)uoPn, Ua(t)voll 2, < N

1

uol|z2 | voll 2

with (U (1)f)" (€,) = ™=~ Em f(&,7).

By combining the nonlinear Loomis—Whitney inequality and the bilinear Strichartz estim-
ate, we note that the fractional KP-I equations are semilinearly well-posed for o > % In
this range we solve the equations by applying the contraction mapping principle in suit-
able function spaces. This suggests the choice for frequency dependent time localization
obtained by interpolating between (o, T(N)) = (2,N~') and (a, T(N)) = (34, 1), which sug-
gests T(N) = N~ (22=9)=¢_We shall choose ¢ = ().

Theorem 1.3. Let 3 < a < 4. Then, (1) is analytically locally well-posed in H**(R?) for s >

5 e}

4 2°

The analyticity of the data-to-solution mapping is a consequence of applying the contrac-
tion mapping principle and the analyticity of the nonlinearity. By conservation of mass and
persistence of regularity, we have the following:

Corollary 1.4. Lets > 0, and % < a < 4. Then, (1) is globally well-posed in H*°(R?) for real-
valued initial data.

We remark that it was well-known that the fifth order KP-I equation

Ou—D}0wu—0;'0tu =udu, (1,x,y) ERXR xR,
J— 514552 2 (8)
u(0) =uy € H""2(R?)

can be solved via Picard iteration as pointed out by Saut-Tzvetkov [18, 19]. Their result was
improved by Guo et al [5] using short-time Fourier restriction and Yan ef al [23] (see also [13]
for an earlier result) recovered the same local well-posedness result without using frequency
dependent time localization.

In the limiting cases of « presently considered, we recover the currently best local well-
posedness results in anisotropic Sobolev spaces. For a | 2 we recover the result from [6] and
for oo T4 we arrive at the result from [23]. We note that there is still a mismatch between
the range of dispersion, for which we can show failure of Picard iteration and for which we
actually use frequency-dependent time localization. It is unclear whether one has to improve
the counterexample or the argument to show semilinear local well-posedness.

Moreover, in the companion paper [8], we consider the dispersion-generalized KP-I
equation (2 < o < 4) in three dimensions in non-periodic, periodic, and mixed settings.
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1.1. Organization

In section 2, we introduce the notation and function spaces. For the proof of theorem 1.1, we
use short-time Fourier restriction spaces introduced by Ionescu—Kenig—Tataru [9] and for the
proof of theorem 1.3, we use standard Fourier restriction spaces (see [4]). We also recall linear
Strichartz estimates. In section 3, we show that the data-to-solution mapping fails to be C?
for a < 7/3 as stated in theorem 1.2. In section 4, we quantify the transversality in case of
resonant interaction. This allows for the proof of bilinear Strichartz estimates and a trilinear
estimate based on the nonlinear Loomis—Whitney inequality. In section 5, we prove theorem
1.1 by showing short-time nonlinear estimates and energy estimates in short-time function
spaces. In section 6, we show theorem 1.3. In the appendix, we provide details of the proof of
the trilinear estimate as a consequence of the nonlinear Loomis—Whitney inequality.

2. Notation and function spaces

We use a+ todenote a + € for e > 0 sufficiently small. Also, we use notation A < BforA < CB
with C a harmless constant, which is allowed to change from line to line. Dyadic numbers are
denoted by capital letters N, L, ... € 2%,

2.1. Fourier transform

Spatial variables are denoted by (x,y) € R?, and the time variable by ¢ € R. The correspond-
ing Fourier variables are denoted by (&,7) € R? and T, respectively. We use the following
convention for the space-time Fourier transform:

(€)= (Freytt)(7,6,1) = / ¢ HER) (1 ¢ ) drdady.
R3

We shall also use notation it = F, ,u for the purely spatial Fourier transform, which should be
clear from context. The Fourier transform is inverted by

1 i(tT+x ~
u(t,x,y) = W/n@e (r xS gy (7,€,m)drde dn.

2.2. Function spaces

We introduce the short-time X** spaces now and state their properties. The proofs of the forth-
coming results can be found in [9], and we refer to [20, section 2.5] for an overview of the
properties.

Let ¢; € C2°(—2,2) be symmetric and decreasing on [0, 00) with ¢; (§) = 1 for € € [—1,1].
For N € 2V, let ¢y (&) = ¢1(£/N) — ¢1(2¢/N). We have

$1(E)+Y en(€) =1.

N>2
Let Ny := N U {0}. We define Littlewood—Paley projections: For f € S’(RY) and N € 2™, let

(Pnf) (&) = dn()F(E:m).
For N € 2N, let

Ay = {(&n) eR’:

| Z

< <8N},
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with the obvious modification for A;. Moreover, for N € 2%, we let
- , N
Av=1{(€m eR?: 3 <[ <8N .

Additionally, for N € 2No 1 € 2N we define

L
DN,L: {(Tﬁgan) ERXRxR: (5?77) EAN? Z < |T_wa(£777)| <4L}7

L
Dy <L = U Dy,
=1

DN,I = {(T7§an) € R X R X R : (fﬂ?) 614N7 |T _Wa(fﬂm < 2}

For N € 2%, L € 2N, we define

Dy = {(T,f,n) ERXRxR:(61) € Ay, = < |1 —wal€m)] <4L}

4

with the obvious modification for L = 1.

In the following we write for notational convenience, in order to distinguish modulation and
spatial frequencies, 7;.(7) = ¢1(7) for L € 2N, and n<y (1) = 2orredtonyr,y ML (7). We let

Xy = {f € L*(R x R?) : f is supported in R x Ay, ||f]x, < oo},

and

Ifllxe = D" L2l (r — wa (€M)l 2

THEm
Le2No

Note that

S Il

| [ nremiar

and we record the estimate

3 24—l [ it (141 7

L'>L

2
L&m

2
Lﬂ&m

+L? )_4d7'/

2
LT,&JI

ngL(T—wa(E,n))/V(T’,f,n)\L‘l(l +L7 =7’

We find for Schwartz functions v € S(R), M,N € 2MNo 15 € R, f € Xy, the estimate

1 F ey [y M (e = 10)) F oy ()] e S 1l
We define
Ey=1{¢ :R> =R : ¢issupported in Ay, ||¢]|g, = [|¢ ;2 < o0}

S ||fHXN

€))

For « €(2,5/2] and dyadic frequency N €2Y, we choose the time localization as

N~ (5-20)—e(@) Next, define
Fy= {MN € C(R,EN) :

luawlley = sup | ey Ty - o(NC=29%2 (1 — 13)] |y < 00}
N
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The dependence on « is suppressed. We place the solution into these short-time function spaces
after dyadic frequency localization. For the nonlinearity, we consider correspondingly

Ny = (i € C(RIEN) © g, = sup (7 = (6,1) +iNC—2249) )
INE

X Fryelin - o (NO720F (1 — 1y))] [, < 00}
We localize the spaces in time by the usual means: for 7' € (0, 1], let

Fn(T) = {uy € C([=T,T];EN) : llunllryrn =

inf. ||ﬁN||FN < OO},
uy 1m

[—T,T] xR?
Nu(T) = {uy € C([=T, THEN) = llunllnsery = Inf - lay]ag, < oo}

=uy in

[—T,7T] xR?

Let H>O(R?) = (5, H**(R?). We assemble the spaces F*°(T), N**(T), and E*(T) via
Littlewood—Paley decomposition:

FOT) = {u € C(-TTEH @) « lullfoiry = Y NI Puull7 ) < 00},

Ne2No
NT) = {u € C([=T, T HO(R?)) = [lullRrooimy = Y N*IIPxullig ) < o0},
Ne2MNo

EST) = {u € C([-T,T]; H'(R?)) :

Loy = SN sup [[Pu(t)[, < o).
Ne2MNo €[-1.1]

e

We state the multiplier properties of admissible time-multiplication. For N € 20, we define
the set Sy of N-acceptable time multiplication factors:

10
SN = my : R—R: ||mN||SN = ZN_((S_ZQ)+€)j||8ij||Loo < o0

i=0
We have, for any s > 0 and T € (0, 1]
I neao mv(OPy () [ ogry S (supyeao llmwllsy) el mocry.
I nearo myv(OPw () [ arsory < (SuPnearo lmnllsy) llull asocry. (10)

1> veato mv() P ()l ory S (Supyeao [lmullsy) llull gy

Next, recall the embedding F*°(T) — C([—T,T]; H*") and the linear energy estimate for
short-time X** spaces. The following statements were proved for the KP-I equation in [9] with
the proofs carrying over to the present setting.

Lemma 2.1 (see [9, lemma 3.1]). Let T € (0,1]. If u € F*°(T), then

sup |[u(t)[| g0 S el pro(ry- (11)
te[—-T,T)

Lemma 2.2 (see [9, proposition 3.2]). Let T € (0,1], u € C([-T,T); H*°) and
Ou — DY Owu — 8;](’“)}2,u =f (x,y) €R? te(-T,T).
Then, the following estimate holds:
lullrocry S Nullgsocry + 1 f o - 12)
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2.3. Linear Strichartz estimates

We define the linear propagator U, (¢) as a Fourier multiplier acting on functions ¢ € S(R?)
whose Fourier transform is supported away from the origin

n

(Ua(0)6)(€1) = €= ED (g, ) = & EE+E) e ). (13)

Since U, (?) is a linear isometric mapping on H*'*2, the above extends by density. We state
the linear Strichartz estimates. These enable us to handle the non-resonant interactions.
Furthermore, we observe the smoothing effect pertaining to the higher dispersion for o > 2.
The following Strichartz estimates are due to Hadac [7] for dispersion-generalized KP-II
equations, but it is easy to see that the argument transfers to KP-I equations, as pointed out for
a =2 by Saut [17].

Theorem 2.3 (Linear Strichartz estimate, see [7, theorem 3.1]). Lera > 2,2 < g < oo, and

Then, we have

1Dy Ua(t)uollpor: - < o

tx,y

2, (14)

with (D 7f)"(&,1) = |6 1F(€.n) for y € R.
We record a second linear Strichartz estimate for low x frequencies whose proof is simpler:

Lemma 2.4 (Strichartz estimates for low frequencies). Let N,K € 22, I CR be an inter-
val of length |I| ~ K, and || ~ N for any £ € I. Suppose that ig(£,m) =0, if € ¢ I Then, the
following estimate holds:

[Ua(@uoll (o152 (m2)) S KN [|ug)| - (15)

Proof. We use Bernstein’s inequality in x, Plancherel’s theorem, and Minkowski’s inequality
to find

. « "I2
H/el(xgmw(mﬂ D ig(€,m)dedn

LH([0,1)5L8 ,(R?))

<K

/ M) g (¢,m)d

LH([01):4L2)

1 iyt Y o 2 3
51{;(/(15“/61(%’5)“‘)(5’”)d"HLﬂ[o,u;L«R)) '
1 7

Hence, it suffices to prove

) 2
H /el(ynﬂ%)%(f,n)dn

< N¥ i (€, )12 y
LH([0,1];L4(R)) ||”0(f»)HL§] (16)
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By a change of variables supposing £ > 0 without loss of generality and Holder in time, we
find

oty
H/e(ﬂﬁ" € )uo(f»77)d77HL?([0,1];L3(R))

SN / O g (€, 7)dn

LH([0,67 1LY (R))

SN

/ SO o (€,m)dn

SENTON
SN io(€,-) Iz -

LE([0,6 7L (R))

The ultimate estimate is an application of the L?L;?-Strichartz estimate for the one-dimensional
Schrodinger equation (see [21, section 2.3]). O
As a consequence of the transfer principle (see [21, lemma 2.9]), we have the following:

Corollary 2.5. Let u € Xy be supported in DN’L. Then

1F = @)l < Tmax(1,N)]# =5 LA a2 a7

3. C?ill-posedness

In this section, we prove that (1) cannot be solved via Picard iteration for « close to 2 as stated
in theorem 1.2. This is a consequence of the derivative nonlinearity in case of resonance.
Recall that the resonance function is given by

(m& —mé)?
&&(E+ &)

This will quantify the time oscillation in the Duhamel integral. To estimate the size of the
resonance function, we separate 2, as Q, = Qg - Qi where

QL& m,m) =& + & (& + &) — 1G] — &7,

2 _ (m&—m&)?
Qa(flag%nh’rh)_ 5152(51_'_52) .

In the following we denote H* = H*'»%2,

Qa(61,62,m,m) = [&1 + 6] (61 + &) — [&]%6 — 6] —

Proof of theorem 1.2. We define the functions ¢; and ¢, via their Fourier transform

d1(Er,m) = ’)’_%11)1 (&,m),

n — 3 ar—s1—(14+2)s (18)
$2(&,m2) =7 2N 1p,(§2,1m2),

where D; = D; U (—ﬁi) and D; are defined as follows:
Dl = [/7/277]X[_V1+a727\/1+a72]7 (19)

Dy :=[N,N+7] x [VT+a N VI+aNT +7.
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Here N,~v > 0 are real numbers such that N>> 1,7 < 1 and will be chosen later. A simple
computation gives ||¢;||ys(r2) ~ 1,i = 1,2. We consider the initial data up = ¢1 + ¢, and to
disprove that I'; is C? at the origin, it suffices to show that

— OO
H1:%2

H /Ot Ua(1 = 5)0:(Ua(s)uoUq (S)uo)ds‘

as N — oo. We show the above for the contribution, which comes from the interaction of a high
with a low frequency. This is denoted by u, below. Here we are using that the Fourier support
is disjoint from the Fourier support of other possible interactions like low-low- or high-high-
interaction. For more details, we refer to the proof of [14, theorem 3.2] for fractional KP-I
equations with weaker dispersion (see also [15] for KP-I). We can write the Fourier transform
of

us(t) = /0 Un(t — 5)0(Ua(5)61 Un(s)2)ds

as
2
R c eit(|§|a§+%) efitQa(gl,gz,m,nz) -1
uz(t,§,n) = ID |f|.D ‘%Ns1+(l+%)sz %ﬁl:ﬁl)EDla Qa(fl,fz,’m,nz) d&dn].
1 2 (&2,m)€Ds
We estimate the size of the resonance function as follows. O

Lemma 3.1 (Size of the resonance function). Let (&;,7;) € Dy, i = 1,2, then
194,(€1,6,m,m)| ~ N*.

Proof. We carry out a case-by-case analysis:

(i) & > 0,& > 0: using the mean value theorem,

(E+&) T T =(a+1)6€2, & e(&.&+4).

This gives

Q0] ~ €1 ((a+ 1)(EX = €M) ~ N

(i) &) < |&],& > 0,& < 0: define new variables by &, = —&, £, > 0. We have £, = £, —
(&1 —&,). Hence,
QL& &.mm) =6+ &% (& + &) — G]76 — &%
_ _(§é _ gl)a-i-l _ ilJrl + (gé)oc—i-l
= (&) — (G- &) — gt

This is the same form as obtained in case (i). Hence, we can conclude the same for this
case.

O

Remark 3.2. The above argument can be used to determine the size of the resonance function
in other cases.
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Proof of theorem 1.2 (ctd). Using Taylor’s theorem, we have
QL& 8,m,m)| =Ny + O(N*~'%),
and |, (&1,&,m1,m)| = N*y + O(NZ 7).
Since Q, = Q, — Q2 for a > 2, we obtain,
Q0 (&1,62,m,m)| ~ N* 712

We choose y = N~ “=" =%, 6 > 0, which makes the resonance function small. The H*(R2) norm
of uy(t,-,-) is given by

3a _ 36

3 7_
lua(t,-, ) | (rey ~ Ny2 =N+~ 472,

For T, to be C?, we require

3 _ 360

7_3a_ 36
L~ |o sy |2l srey Z N3~ 472,

ie.a> % This completes the proof. g

4. Resonance, transversality, and the nonlinear Loomis—Whitney inequality

In this section, we analyse the resonance function and use it to obtain trilinear estimates via
the nonlinear Loomis—Whitney inequality. Moreover, we employ transversality in the resonant
case to obtain genuinely bilinear estimates. We recall that the dispersion relation for the fKP-I
equation is given by

7
wa(fan) = |£|a§ + z
We also recall that the resonance function is given by

_ o L elog — (e log, — mé —m&)?
Qa(&1,8,m,m) = &1+ &6 + &) — [61]%6 — €76 S 6)

We say that we are in the resonant case, if

Q0] < |61+ &I (61 + &) — 161]%6 — [&]7E.

Suppose that we have Nyax ~ |€1 + & ~ |€1] 2 1€2] ~ Niin, then from the computation done
in lemma 3.1, we get that the right-hand side in the above equation has size N, Nmin. We find
in the resonant case

v [m& —m&)?
NovaxNnin §16(6+ &)

This can be further simplified to
24
111&2 — 1m2€1| ~ Ninax Ninin- (20)

We consider the gradient of the dispersion relation next:

Vaa(en = (16 - 5. 20).

Using (20), we have

Vs E1,m) = V(€2 2| = [~ N @
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The above relation we shall employ to obtain precise multilinear estimates via the nonlinear
Loomis—Whitney inequality and bilinear Strichartz estimates.

4.1. Nonlinear Loomis-Whitney inequality

In this section, we state the setting and prove the trilinear estimate in the resonant case
via the nonlinear Loomis—Whitney inequality from [11]. We recall the assumptions on the
parametrizations.

4.11 Assumption. Fori =1,2,3, thereexist0 <3< 1,b>0,A > 1,F; € C'"A(U;), where
U; denote open and convex sets in R? and G; € O(3) such that

(1) The oriented surfaces S; are given by
Si = Gigr(Fi)a gr(Fl) = {(x,y,z) € IR3| = Fi(xvy)v (x?y) € Z/[l}
(2) The unit normal vector field n; on S; satisfies the Holder condition

p () 06| | (o) (o 5|
SN TN

< b

(3) The matrix N(o1,02,03) = (n1(07),n2(02),n3(03)) satisfies the transversality condition
A~ < det N(oy1,072,03) < 1,
for all (0’1,0’2,0’3) €8 xS x S3.

For € > 0, by S;(¢) we denote
Si(e) = Gi{(x,y,2) €U xR :|z— Fi(x,y)| < €}.

Theorem 4.1 ([11, theorem 4.3]). Let A be dyadic and f; € L*(Si(¢)), i = 1,2. Suppose that
(Si)?: | satisfies Assumption 4.1.1. Then, for € >0, we find the following estimate to hold:

E
Ifi xfallzss (o)) S A2 fill s o 12Nl (s: (e (22)
where the implicit constant is independent of 3 and b.
In the following, we apply theorem 4.1 in the resonant case to obtain a trilinear estimate:

Lemma 4.2. Let a>0, and Ny,N»,N3 €2” be such that Ny <N;~Ns;, Ny > 1 and
Ly, Ly, L3 € 2No such that Ly, Ly, L3 < N{'N>. Let f,g,h : R X R? — R, be L? functions sup-
ported in Dy, <1,,Dn,.<1, and Dy, <, respectively. Then

_3a L1
!/ (F8)-h| SN TN (LiLaLa) el lgloa - (23)

Proof. Taking into account the localization of the functions, for N, < N| ~ N3, we write the
left-hand side of (23) as

’/(fNqu *gNz,Lz) 'thyLs
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We shall estimate the above in the resonant case, where Ly, L,,L3; < CN{'N,. Furthermore, we
can decompose f, g, and h into Ly, L,, L3 number of pieces, respectively. This means f = ). f;,
where f; is supported on

a; <T—wa(&m) <a +1

for some a; € Z, similarly for g and 4. To lighten the notation, we still denote the decomposed
pieces by f, .1, &n,,1, and hy, 1,. After a harmless translation, we can suppose that these are
supported in the unit neighbourhood of the characteristic surface. Then it suffices to prove (23)
with L;, i =1,2,3 replaced by 1 because the sum over the additional decomposition is
handled by the Cauchy—Schwarz inequality. We consider the characteristic surface S;,i = 1,2
given by

2
Si = {(Tﬁﬁi’m) ERXRxR:7 =&[&[" + Z‘l}
with surface normals (not necessarily of unit length)
2
n; 2
n; = ( O[+1 Eia_il777l)-
(et 1)l & &
A lengthy, but straight-forward computation for which details are provided in the appendix

yields

3o
B = |det(n;,nz,n3)| ~ N 1N2'

We make an additional inhomogeneous decomposition in the n-support with |n;| < N; or |n;| ~
K; € 2% for K; > N;:

/(fN17L1 *gNz,Lz)th,Ls < Z /(le,Kl,Ll *gNzsz,Lz)th,Ks,Ls'
Ki >N

Let K* = K} 2 K5 > Kj denote a decreasing rearrangement of K, K», K3. By convolution
constraint, we have

Z /(le-,Kl,Ll *gNz,szLz)thszyh = Z /(hoKhLl *gNz,Kz,Lz)th,KsyLz'

Ki 2N; K} ~K3 2K

Let e.g. K = K|, K5 = K;. The argument below works likewise for K7 = K and K5 = K;.
We summarize the contribution K3 < K by carrying out the sum:

Z /(le,Kl L *gN27K2,L2)hN3,K3,L3

K3 <K ~K7,
(KT aK;):(Kl K2)

= § /(le,Kl,Ll * 8Ny Ko Lo )Ny <Ky s
Ki~K>
Now, it suffices to prove
» ‘ / (fvi Ko Ly * 8N Ko L ) PNy <Ko s
K\ ~K,

S > CINGNaNS) I ko

Klezle

2 ll&ns k.o |l 2 1oy, <k, 15 |l 22 (24)
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because the sum over K| ~ K> is estimated by the Cauchy—Schwarz inequality. Henceforth,
we suppose that |(&;,7;)| ~ K;. We define to normalize the surface normals to unit length

= — T:

’r &i / Ni ’_ Ti
5[" % 7 ;i a1 i % 1°
K (k) 5+ (K*)o+

Let B’ = det(n{,n},n}), where n/, i =1,2,3 are computed for the normalized variables. For
these we have |n/| ~ 1. By rescaling, we find for A as in theorem 4.1

a5 __p
(K*)%
To ease the notation, we denote the decomposed functions in (24) by f, g and & and define

d'(r.&m) =a((K)* K¢ (K )3 y), ae{fg.h}.

Then £, g, h are supported in a ¢ = (K*)~(®*1) neighbourhood of the characteristic surface.
Using theorem 4.1, we obtain

| [reo-n| =] [irgn v

S(KH)HERIB =2 (K) 73D 1) 2 g HL2||h’|IL°
(324 _1 K* —¥a wy—3 (34
S (K)HEH B’ (K3 (K3 ED Az gz k2
_lg 1
SN PN Al gl Ao

(25)

This suffices to establish (23) by the almost orthogonality argued above. The proof is complete.
O

4.2. Bilinear Strichartz estimates

We employ transversality in the resonant case to derive bilinear estimates. We first note a trivial
result.

Lemma 4.3. Let I,J be intervals and f: J — R be a smooth function. Then,
frof) e < —__
infy [f7 ()|
Proof. The estimate is a consequence of the mean value theorem. Let x;,x, € J be such that
J(x1),f(x2) € I. Then, for £ € (x1,x2),

) S _
FOr S o)

X1 —x2| =

O

Proposition 4.4. Let o> 0, suppose that u,v € L*(R x R?) have their Fourier supports in
DNl L, and DN2 L,» respectively, and that for (11,&1,m) € supp(it) and (72,&2,1m) € supp(D),
the resonance condition holds. Then,

nnin(PJI,IVQ)

< (LiLy)? . 26
luvllz, | < (LiL2) max (N, Ny) (Juel | 2 [V]] 2 (26)

slp| w—
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Proof. Let L =max(L;,L;), L=min(L;,L;). Using Plancherel’s identity and Cauchy—
Schwarz inequality, we have

[|uv]| 2 = H/ (1, &, n) V(T —11,€ = &,n —m)drd&dn ||
RxR? Len  (27)

1 1
S LAEE )| [|ull 2]Vl

where the set E is given by

E(é-vn) = {(517771) GANI : |T _wa(é-laTh) —wa(f _517"7 - 771)' S Z‘v
(€—=&,n—m) €An,}.
The measure of this set can be estimated by Fubini’s theorem. From (21), lemma 4.3 and almost
orthogonality, we have
L

Egnl=| [ d& [ a1 )| S min(Ng,No) e
el =| [ [antiic@om| S minti v o

Substituting this in (27), we obtain

1 rnin(Nth)

wl|2 < (LiLy)? u
vl 5 (L)t T

2|Vl

HRf W=

O

Remark 4.5. The estimate (26) remains true if we replace the functions on the left-hand side
of (26) by their complex conjugates.

The next lemma allows us to handle the non-resonant case when the smallest frequency has
size < 1.

Lemma 4.6. Let a >0, Ni,N2,N3 € 27 be such that Ny < Ny ~ N, and Ly, Ly, L3 € 2. If
fi:R3 = Ry,i =1,2,3 have their Fourier supports in Dy, r,, and max(Ly,L,,L3) 2 NN,
we have

(LiLoLs)'? g

1
max(L1 L L2)1/4N2 N?||flHL2||f2||L2||f3HL2' (28)

/ (ixf) S
R3

Proof. The proof is a generalization of the proof of [6, lemma 3.1] to the case o >2. We
provide the details for the sake of completeness. Define

FH(rem) = (T +wal&,m),Em)i = 1,2,3.

Then, for i =1,2,3, ||fz#HL2 = |Ifill 2 andf,-# are functions supported in {(7,&,n;) : || ~
L;, (&,m) € Ay, }. The left-hand side of (28) can be bounded by

/Rﬁf#(m&,m)ff(mifz,nz)

2
X (1 + 12— Qa(E1,62,m1,m), 6 + &, +772)Hd7id§id775~

i=1
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By using Cauchy—Schwarz inequality, it is sufficient to prove

/R 1€, 72)8(~Qa(€1,6071,2), 61+ 2y 12 ) A6y i i

e
2

1 1
S LinaxNy N llg1 |2 [l g2l 2 [l 2z (29)

where g; : R — R are L* functions supported in AN,., i=1,2and g:R* — R, isan L? func-
tion supported in [—Lmax, Lmax] X An,. After a change of variables,

L= =&, m—om—n,
and using the Cauchy—Schwarz inequality, we find that the left-hand side of (29) is dominated

by

2
/R4g1(§1,771)gz(€2 — &1 —n)g(—Qa (&6 — &mum —m),&,m) | [ déidn

i=1

5/ (/ |g1(§17771)82(52*517772*771)‘2(151(1771)5
R2 \JR2
X </Rz 18(=Q0a(&1,6 = &um,m —771)7527772)|2d51d771)§d§2d772~

Define

Bi(m) = —Qa (&1, —&,mi,m —m)
e £ O e e o (m& —mé1)?
=L - &["(&— &) — & &+ & £1+7€1€2(€2—§1)’
Ba(&1) = —(1& = &% (& — &) — &L + 14 6)-

We have 81| < Lmaxs |82] < Linax» | 82| < N§'Ny and using

(m& — mé&r)?

+ = )
it b §162(6& —&1)
we have
36 —6))}
dgidm = S (521 fl) dpidp,.
2+ 1B+ 52)265 [(&2 — &)™ — &7
Using |&]| ~ |& — &1 and Fubini, we get
b N L
(/ |g(Qa(§1,fz—§1,771,772—771),527772)|2d€1d771) S INQ lg(-s &2 m2) 2
R? ;
This completes the proof. O
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5. Quasilinear well-posedness

This section is devoted to the proof of the theorem below, which yields theorem 1.1.

Theorem 5.1. Let o € (2,3], ug € H°(R?), and s > 5 — 2cv. Then, there exists continuous
T = T(||uo| g0 (r2y) > O such that there is a unique solution

u =7 (up) € C([-T,T; H**(R?)) (30)
of (1). In addition for s’ > s
sup [|S7° (uo) (1)

<T

H O(R?) 5 C(T’ sla HMO

HJ”U(RZ))'

Moreover, the mapping given by (30) extends uniquely to a continuous mapping
Sy H'O(R?) = C([-T.T): B (R?)).

Existence of local-in-time solutions for initial data in H*° to the KP-I equation was proved
by Molinet—Saut-Tzvetkov [16]. The proof is a non-trivial variant of the energy method, which
relies on commutator estimates. Also, persistence of regularity is discussed in [16]. These
arguments transpire to the fKP-I case and show the existence of a mapping S7°.

5.1. Short-time bilinear estimates

In this subsection, we prove short-time bilinear estimates which we need to control the non-
linearity.

Proposition 5.2. Let 2 < a < 3, T € (0,1]. There is € = e(c) such that for the time local-

ization T(N) = N—G=20=¢ sych that for s’ >0, and u,v € FS/’O(T), the following estimate
holds:

|F»""0(T)' (3D

Remark 5.3. As a particular case of the above proposition, we obtain

||ax(uv)||N*"’0(T) S ||u||F0*0(T)Hv||F»“’vO(T) + [Vl 0y [lu

10 (uv)[|aoocry S llullpoocry VIl ooeay-

Proposition 5.2 will be proved by means of dyadic estimates which we prove in the fol-
lowing. We first consider the High X Low — High interaction. In this case, we can choose the
time localization T(N) = N~(=2%)=¢ for any ¢ > 0 to prove a favourable estimate.

Lemma 5.4. Let ¢ >0 and the time localization be given by T(N)=N-072%=¢ Let
Ni,Ny,N € 2% pe such that N, < Ny ~ N and uy, € Fy,, vn, € Fy,. Then, the following estim-
ate holds for some c¢(g) > 0:

1220 v )i < N7 w11y, [, - (32)
Proof. Using the definition of the Ay norm, we can bound the left-hand side of (32) by

Su%“(T —wa(&m) +iNCT2FE) TINL, (€) Fluw, - 1o(NCT290F= (1 - 1y))]
INE

5 Flow, - 1o (NCT29F (2 — 1y))]||xy -
Let
fw o= Fluw, -mo(NO29T(r—1y))]  and g, := Flvn, - no(NC 2T (1 —1y))].
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Using the properties (9) and (10), it suffices to prove that if L;,L, > N®O~2%)+¢ and
JviL,8NayL, T R X R?> - R,

are functions supported in Dy, 7, and Dy, 1, and for L; = NG—2a)+e i Dy, <1, respectively,
then

1 (o), 1 L
N Z L2 ||IDN,<L(fN1,L1 *gNqu)”L2 SNl ( )le ||fN1»L1 HL2 L, HgNz’LGLz' (33)

L2N(5—2a)+s

We also note that by duality, it suffices to prove:

—l—c 1 1 1_
| [ i) e SN OL vl Lol L2 Wil (34)

where hy ; is supported in Dy ;..

Let Ly.x = max(Ly,L,,L). In case N, = 1, we make an additional dyadic decomposition in
the low frequencies. Now we abuse notation, and let N, € 2% denote the dyadic frequency. We
consider two cases:

_3a
® Ly < NoN{: For the case N, ZNE3 2 )+€2, using the estimate (23), the left-hand side

of (34) can be bounded by

R % ;
N, N, 2L | fvy ol L5 Nl 8w, 1o 12 L2 (| | 12

—1—e/241% 1 1
SN 2L | fv e L3 |l h o |2 L2 (1w -

To decrease the power of L by €3, we use that L < Nla'H , which yields

—1—e5/2 i 1 1_
SNy RS e e L lew s L% -

This is acceptable choosing €3 = £3(e2).

3-32Y)4e . . . .
In the case N, < Ng 2 HE‘, using the bilinear Strichartz estimate (26), we have

NL

e N? 1 1

LHS of (33) S NN™D78 L i l12L3 e a2
1

‘We obtain

€

2 e % L
LHS of (33) 5 Nz~ 2Lf ”le Lt HLZLZ2 ||gN2,L2 HL27

which is acceptable for N, 2 1 choosing ¢, < €. If N, < 1, we interpolate with the estimate
(note that the power of N, is positive, whereas the power of N is negative)

Sa_3_ e 4 1
£ leHfN17L1||L2L2HgNLLz”LZ'

LHS of (33) < NIN
to find

e 1 1
LHS of (33) £ N5 ONy 2O Ly | f 1 12 L3 1 gvacra 12
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for ¢, ¢, > 0, which is acceptable for N; < 1 because the additional factor N5’ ©) can be used
to carry out the summation in N5.

® Ly = N{'N,: In the case N, 2 1, we assume that L > N'N, (other cases give improved
estimates). We use (17) as follows:

_a 1
LHSOf(33)<NN N, 2Hf_l(le,Ll)”L“H}—_l(gNzLz)”U
SN N N NG L v L g

= NIZ_TNZ_Z_§L1§ Il fivi L, ||L2Lz§ llgn, .z |l 22-

In case N, < 1, we assume Lp,x = L (the other cases are similar). We use the estimate (28):

‘/(le,Ll *gN27L2) 'hN’L

- 11
SNIN, 2 (L1L2)2L4 Hle Lllzlgn., LzHLZHhNL”LZ
1 _a
<NIN,EN; PN

Ll L g zalliz L2 ||l 2

— 3y 1 1_
SN TTMTL HLZ L lgwasalle L3 izl
which is sufficient to obtain (32) after summing up.

O

Next, we consider the High x High — Low interaction. In this case we have to increase time
localization to match the localization of the input frequencies. This will give a constraint on €
because the larger € becomes, the more we lose when adding time localization.

Lemma 5.5. For any o € (2,3] there is (c) > 0 such that for the time localization T =
T(N) = N~0=29=¢ ywe have the following: Let Ny,N,,N € 2% be such that N, > 2'°, N <
Ny ~ Ny, and uy, € Fy,,vy, € Fy,. Then, the following estimate holds for some c(g) > 0:

1Px (D (1t vw) e S Nyl Ly, 1o, L, - (35)

Proof. Let~y: R — [0, 1] be a smooth function supported in [—1, 1] such that

Y At-n)=1, teR

nes
We need to further localize the nonlinearity to intervals of size N Eza—s)—. Moreover, we carry
out an additional decomposition in case N = 1 into very low frequencies. By abuse of notation,
let now N € 2% and N, = max(N, 1). Using the definition of the Ay norm, the left-hand side
of (35) is dominated by

sup ||(7 — wa (&) +iNC V)TN (€,m)
weR
ST Fluw oS = )y (VT (e~ 1) — m)]

<(NM yG5-20)+¢
I Sk

« Flvy, - 770( (5 2a)+e N(S 2a)+e tN)_m)}HXN' (36)
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Hence, it suffices to prove thatif fy, 1,,&n, 1, : R x R? — R are functions supported in Dy, r,
and Dy, ;,, respectively, then

N, (5—2a)+e N
N(M) Z L 2||1DN,L(fN1,L1 *gNz-,Lz)”L2

L2N(j—2a)+5

o : (e % 1
S/Nl a(®) [mln(Nv 1)] 2( )Lf ”fN] L ”L2 L22 ||gN2,L2||L2~ 37

By duality, it suffices to show:

(5—2a)+
N(ﬂ) :
Ny

[ i) | 67O min D) (Lo )

||fN17L1||L2HgNzyLGLz”hN,LHsz (38)

where hy , is supported in Dy, ;. For Ln,x = max(L,L;, L), we again consider two cases:

® Lnax < N{'N: We consider two subcases:

3a

*N< N? * : Note that since o > 2, we have N < 1. We assume Lyax = Ly (if Lyax = L,
we obtain the same estimate without using the dual term). Using the bilinear Strichartz
estimate (26), we find €, €3 > 0 for any € > 0 such that

‘ / (w1 *gNz,Lz) “hyp

N3 |
S —= (LL) Nz el 2 llgw, s 2
1

3a

1 —32_g _ 1
SNING 2T (LLL )2 f o N2 8.t 2 e | 2
This gives

NN§5—204)+6

/(fM L ¥ gNg,Lz) “hn

Sa

5_
SNING T T (L L L o) 2 fy 2 gt L2 v L2

which is sufficient since o > 2, which leads to a negative power of N1 and summation over
N is possible because N < 1.

3a

*N2> NT_T: For N < 1, we use (23) to bound (38) to obtain

3a 4 1
ralat

NN§5720¢+5)N

— _ 1 1
| N2 (LiLo L) || fvy o Nl 2 M| 8w, o 2 || .
1l

1 ﬂ_i-i,- 1
SNIN? ™ T T (LLL)? || 2 18, Nl 22 1 e

5 N%N:%*%Jrer(aJrl)a (

12

_ 1
LiLL' %) fv o ez llgn. o ll a2 Vw22

This is acceptable if we choose 0 < e < 12 — Ll and g5 = &3 (¢).

e If N> 1, we use (23) to bound the left-hand side of (38) by
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3a

Nl (5—2a)+e E 1 ]
N(N> Ny P UINT (DL L) 2 | fyy o Ml 8w, o 2 (v

—4g) e+ 1
SN ONE T (L L) | vy 2 g L v
3a

33 eyt
SN; T T (LLL %) | fw 2 18 o2 B,

332 (a+tl)e; —en 4
SNETETOTOS L e e 2 o s

The above is sufficient for « > 2 by choosing €3 small enough.
® Lyx = N{N: First, we consider the case N 2 1.
If L > N{N, we can apply two linear Strichartz estimates to find for the left-hand side

of (37):

5-20) e rr(—di2a)—e faram — b i e _
< NP POTENCAR2O=E (NaN) 3 F Y () o I F (820

) _ 1o 2za 1 1
SNPOFENCAR2O =N INTINTT L | e L3 lgwo s |12

_9 e (Ml 1
S NI NG T i e gl

For—%—|—2a<0, we have to choose 0 < ¢ < 1% - % to find

_ —c(e 1
SNEN O LL) 2 (| f N2l gns 2

which is sufficient. For o > %, we find

e (1=32)4 1
SNN I LL) g a1

ARt 1
SNTEN, BTN (L) 2 | f o 2 M8 25

which is acceptable for e < 1.
For L < N{'N, we suppose that L., = L, (note the symmetry between Lyx = L; and
this case) and bound the left-hand side of (38) by

Nl (5—2a)+e
N(N) |/(fN17L1 *gNz,Lz)hN,L|

SN TN E T () s 17 ) e g a2
2—a

4 2—a _ 2o« 1 1
SNOTHENTT NYTOTENS N PN (LILLL)? | fv, o 28 o 2 1w 2

21T‘1+a 1
(LiLaL)? || fvy a2l g o2l o ]2

S

<N -FoeniT
For ISTC“ — 14—7 < 0, this gives
— =& +te 1

(LiLoL)? ||, i ll2ll g o N2l v, |2

4

1

d_2etet(atl ey L
PSS L2 s s

which is acceptable if we choose 0 < & < 21 — 2 and 3 = &3(¢).
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If 15T04 _ 14l > 0, which means o > %, we find

N 1

SNEN, ¥ (LD ? | fv o 2|8,z 2 v, 2
et 1

SN N, T (LLL)? | |2 )18 2B 2

e et (atl ey b
SNEN, OIS (L8 g, 2

2.
This is acceptable for € < 7/10 and choosing €3 = €3(¢) small enough.
In case N < 1, we use the estimate (28):

1
|12 L2 || A ]2

_e 1 1 1
’/(fNI,Ll * 8Ny Ly N L) | SNy 7 N¥ Lk L || fvy 1 12 L3 1| &, 1,

3a
 +

_ 1 1 1_
SNy N L e Ls gwazallee L2 [l iz,

which is sufficient to prove the required estimate. O
The case of three comparable frequencies is treated in the following lemma:

Lemma 5.6. Let € >0 and the time localization given by T = T(N) =N-0G-20)=¢ Lo
Ni,Ny, N € 2% pe such that Ny ~ Ny ~ N> 1. Let un, € Fn,, vn, € Fy,. Then, we have, for
any § >0

Py (0 < NI 39
” N( x(uvaNZ))HNNN 1 HMN]HFNIHVNZHFNZ' (39

Proof. Using the same reductions as in the previous lemmata, we require to show

1 (1_3&)_’_ 1 1
N > Ly, (gl SN L e L3 g - (40)

L>NG—2a)+

For L.« as before, we consider:

@ Luyax < NOH!: We invoke duality and use (23):
_ 3o 1
‘ /(le,Ll *8Ny,1) v SNy (LiLaL) 2 || fivy 2 22 18ms o 22 1w, 2
o Lo = N‘llJrl :For L > N?H, using the [* Strichartz estimate and the size of L, we have

a4l 2o 2oa 1 1
LHS of (40) SJNN : Nl * N2 * le Hle Ly HL2 L22 ”gNz,Lz HL2

< N-¥ }
SN Ll Ly llgw o |

L2

For NES_MHE <LK N‘ll'H , we find the above estimate up to N‘f by two L* Strichartz estim-
ates involving the dual function and a logarithmic summation loss.
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Finally, we consider the very low frequency case:

Lemma 5.7. Let ¢ >0 and the time localization given by T=T(N)=N-0"2¥=¢ Let
Ni,Ny,N € 2% be such that Ni,N2,N < 1. Let un, € Fy, and vy, € Fy,. Then, we have

(| Pn (O (un, v ) v S Nty Nl ey, (v, [l e, - (41

Proof. This estimate is a direct application of (17). Using the definitions of the function
spaces, it is sufficient to prove that for Li,L, > 1 and fy, r,,8n,,1, : R X R? — R, suppor-
ted in Dy, 1,,Dn, 1, respectively, we have

_1 1 1
NY L2 1, (o * 8l S LE fv e L llgws a2 42)
L>1
Using (17), we have
1 1
LHS of (42) 5 Nle Hle Ly HL2 LZ2 HgN2~,L2||L27
which is sufficient. O

Proof of proposition 5.2. Given a € (2, 3], we choose € = () such that the estimate from
lemma 5.5 is valid. Note that the High x High — Low interaction is the only interaction, which
imposes a constraint on time localization. We decompose the nonlinearity O, (uv) as follows:

ORI GRS DR SRR SIS Sl

NiKNy~N - NpKNi~N NKNi~N; - Ni~Na~N>1 - NN N, <L

X PNaX(PNlM . PNZV)-

Of the first two summands above, it is sufficient to consider the first by making the assumption
that the derivative hits the high frequency. Each of the terms can be then separately handled by
lemmas 5.4-5.7, respectively. We multiply each of the estimates in the lemmata by N> and
sum up dyadically over the spatial frequencies to obtain the required estimates. O

5.2. Energy estimates

We prove the energy estimates for the solution and the difference of the solutions in this section.
The former is crucial to conclude an a priori estimate for the solution while the latter is required
to prove the continuity of the data-to-solution map.

To begin, we assume that T € (0, 1], Ni, Ny, N3 € 2% with max(N;) > 1, u;, € Fy,(T), i =
1,2,3. Without any loss of generality, we assume that N; < N, < N3. Lety : R — [0, 1] denote
a smooth function supported in [—1, 1] with the property that

d At-n)=1, teR
nez

We fix extensions #; of u; such that ||i;||r, < 2||uil|F,, (r)- Then, we use the function 7 to divide

the time interval to sub-intervals of size N3* <

4364



Nonlinearity 36 (2023) 4342 A Sanwal and R Schippa

’/[ ] 2u1u2u3 dxdydt‘
0,7] xR

S OX | a0 e i) (8 ()
X

|n‘<CN§572(¥)+E
X (Y(NS 2 — )1 1y (1)13) ddydr
= > ‘ / (F((y (NS 7751 = n) 1o 1y (D))
RxR?

5—2,
n| KNG T2+

« F((y(- oy (0722)) (€0, T)F ((4(-.)jo,1y (1)ia3)) (€, 7) dE dndr
= X | i) deanar] 3)
<ongreree R
with
fir= F((y NS =)l (0@), i =1,2,3. (44)
In the above summation over n € Z, we consider the two sets:
A={neZn| < CNSVH (N2 — )1 (1) = v (NS> —n)},
A= {n e Z,|n| < CNS*F° 0 € supp(y (NS 7% - —n))
VT € supp(y(NS2FE - —n))}.

Since T € (0, 1] and ~y is supported in [—1, 1], we have that |A| < NgS_ZO‘HE while |A°| < 4.0n

the physical side, the temporal support of f;, i = 1,2, 3 is of size ~ N:(320¢—5)—£. We can further
decompose

fi= Z filLis s)
Li>N§5720¢)+5
with?
~N' <L, L= maX{L c 2N0 . L < N§72a+5}’
su 1) C “NLS i
Pplfie) € { Dy, 1, else. (46)

In the following computations, we shall assume that we have already made the above reduc-
tion. For n € A¢, we use the following estimate to substitute for (9) (see [9, p 291]),

1
supL? (7 = (&,m)) Sl < Il

where f, = F(1;(t)fy - F~'(fy)) for an interval I C R (in our case  is an interval of length

min(l,NI(ri&_S)_E). Since in the estimates below, we can spare a small power of L, and gain

31n (45) we abuse notation: L; is a dyadic number, when we write L; = N this refers to the largest dyadic number
smaller than N%', as defined in (46).
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afactor N compared to Ny 2%

focus on n € A in the following.

= |A[, we can also handle the contribution of A°. We shall

5.2.1. Energy estimate for the solution.  In this section we shall prove energy estimates
?:A 4 0(T)? (47)

for solutions to (1) for some s > s > 0 with s = s(«). If a is large enough, we can reach s’ = 0.
Also, the time localization will depend on a.

[|u Izqs',o + llul| oy ||

é’,U(T) S HMO

Proposition 5.8. Ler2 <o < 3 andT€ (0,1]. Let 0 <e < 32 — 2L,

e2<a< %.‘ Then, for the time localization T(N) = N-(G-20)—¢ o/ > 5> 6— “Ta +¢, and
ue FS”O(T), the estimate (47) holds for smooth solutions u to (1).

o F<axg % Additionally, we suppose € < I{Ta — 6. Then, for the time localization T(N) =

N-G=20)=¢ o/ > ¢ >0, the estimate (47) holds for smooth solutions u to (1).

Proof. We consider equation (1) on (—T,T) x R?> for Littlewood—Paley pieces Pyu.
Multiplying this equation with Pyu and integrating, we obtain

sup  [[Pyu(tn)||7> < [|Pyuol7>
ive[-T,T]

(48)

+ sup ‘/ PyuPy(udu) derdxdy|.
INE[fT,T] [O,IN]X]RZ

After proving suitable bounds for the last term, (47) follows from multiplying (48) with N
and summation in N.
We consider the integrand:

PNMPN(PNIM . PNzaxu).

Using the notation from (43) and (44), we define
fi = F(y(N§R2 =1 — n) 1o 71(¢)Pw,u),
}‘2 = *F(’Y(Nr(r?azza)+€t7 n)l[(),T] (I)PNzaxu)a (49)
fs = F(y (NG ¥t = n)1 g 1y (1) Pau),

and consider following cases:

(1) NN ~Ns,
(i) N, < Ny ~ N,

(iii) Ny < N ~ N,
(lV) NNNl NNQ.

As is the case with the bilinear estimates, at first, we have N € 2N to take into account the
definition of the function spaces. For N = 1, we carry out an additional dyadic decomposition
into very low frequencies N € 27 to take advantage of the derivative, which is smoothing for
N < 1. Note that in the estimates proved below, we always have summability for N < 1.

4366



Nonlinearity 36 (2023) 4342 A Sanwal and R Schippa

In case (i), the resultant frequency N is low. We divide the time interval of integration into

sub-intervals of size max(Ny, N, N)2*=3)=¢ ~ N! 5205—5)—5 via the technique elucidated above.

With N < N; and Ly,.x = max(Ly,L,, L), we consider the following:

® L. < NT'N: Using notation from (44) and (49), we have

Z‘/]RXR (fixh)-f3 dEden‘

neA

S/ NN?7204+€ Sup Z ‘/ (fl L *fz Lz) f3’L3df d’l]dT s (50)
RxR

neA fozows <L SNON
where
o= F(y(NT 20— m) 1 1y (1) Py, )

and we use the notation from (45) for the decomposition in modulation of f;. Using the
nonlinear Loomis—Whitney inequality (23), we obtain that (50) can be bounded by

3
7<!+L 1 %
NNS 2a+€N 4+ TINTs Il E L ||fini 2

i=1p, pNE-2e0+

1 Ha

1 = 4e
SNINY  uwy [y o s |, o | - (51)

|

Note that for € < 21“ Q the exponent of N is negative. For N < 1, we have easy summa-
tion in N for any s’ > s > 0. For 2 ﬁ <a< % and e according to the assumptions, we have

_la
SN e [Jun, HFNI (1l ||FN2(T) [uwl| ()

Since 6 — “0‘ + e < 0, we have easy summation for s’ > s >0and N> 1. For2 < a <

we estimate with easy summation:

ll’

_117&_’_
<My, [, (1) 1 [y () [l | )

Remark 5.9. We note the bilinear Strichartz estimate (26) gives the same result if N < Ni T

® Lyax = N*N: We assume that L, = Ly (since the estimate below becomes better if Liy,x =
L). Using the same notation as in the previous case and the linear Strichartz estimate (17),
we obtain
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‘/ PNMPN(PNIM'PNZaXM)‘
[0,v] X R?

SNNjPote / (fi.L, *f.1,)  fo,1, dTdEdn
RxR2

L ,L>N(§ 2a) 4
L2>N“N

SNy F )l Il F T ) s I e 2

L 71121\1557204)4»5
Ly=NN

3
fe% 1
SN2 NN NIV Ll
i=1 Li>N](S—Z(X)+E

2 tp e
N w1, ||y, o s N[, (1) -

3
8

SN

Note that for € < 21—“ - = the exponent of N is negative. For N < 1, we have easy summa-

tion in N for any s’ > s > 0. In the following let N 2 1. For < o < 4 and € according to
the assumptions, we have

11
SN a+6||”N1 HFNI (1) ||”Nz||FN2(T) ([uwll ()

lla

Since 6 — + e < 0, we have easy summation for s’ > s >0and N> 1. For2 < a <

we estimate

ll’

,”7&4,5
SN a0 Nt e, o i
with easy summation.

Case (ii) can be handled in a similar way as case (i) as the derivative hits the low frequency.
For case (iii), we use a commutator argument, see [9, lemma 6.1] and [10, remark 5.9] to
transfer the derivative to the low frequency. We can then use the same argument as in case (i)
to obtain the required estimate. Case (iv) can be handled similarly.

5.2.2. Energy estimate for the difference equation.  Let uy,u, solve (1) with initial data ¢,
and ¢, respectively. The difference of the solutions, v = u; — u, satisfies the following:

{ Oy —DOwv—0'0v =0(v(u1 +u2))/2, (t,x,y) ERxRXR, (52)
V(O) = (]S] — ¢2 =: QZS

Proposition 5.10. Let 2 < o < 5 , T€(0,1] and uy,uy be solutions to (1) with initial data

¢; and ¢2, respectively. Then, for O<e< 21—“ — %, e’ > ¢, the time localization T(N) =

N-(5-2a)—¢ ¢ >5—2a+¢e" andv = uy; — uy a solution to (52), the following estimates hold:
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W Zo0ry S N01Z: + V11700 (lallrocry + liallpeocry ), (53)

V& ocry < ll¢l

+ (HVH%‘S:O(T)||M2HFSv0(T) + HVHF‘W(T)||VHF¥0(T)||u2||F25»°(T))'

0+ Vo) 54

Proof. We use the fundamental theorem of calculus to obtain from (52):

2 SlPwol

sup [|Pyv(ty)
tNG[fT,T]

+ sup / PyvP(Oy(v(u1 +u2))) dxdydr|. (55)
INE[—T,T] [O,IN]X]RZ

We are required to handle the last term in the above display. For the proof of (53), we treat
the term PyvPy(0y(vu;)) since the second term, namely PyvPy(0y(vuz)) can be estimated
similarly. We have

Py(vur) = Py(P<nv - u1) + Py(P>yv - u1)

(56)
NPN(P<<NV 'PNM1) +PN(P2NV'P2NM1).

Corresponding to the integrand in the last term of (55), we need to consider
PNV . 8XPN(P<<NV ~PNu1) = PNV . 8XP<<NV . PNM1 +PNV . P<<Nv . &CPNu] (57)
and

Py OPy(Poyv-Poyur) = Y Pyv-O:Py(Py,v- Py,ur). (58)
Na~N; >N

The first term on the right-hand side of (57) and (58) can be estimated like in proposition 5.8
because the derivative hits the low frequency term. However, for the second term, the derivative
hits the high frequency term and the resulting term is not amenable to an integration by parts
argument to transfer the derivative to the low frequency term. We treat (58) as follows: Fix
extensions of Pyv, Py,v and Py,u; and still denote them by Pyv, Py,v and Py,u; to lighten the
notation. Then, using Parseval’s identity and using the reductions explained before, we have

’/ PNV~6XPN(PN1V'PN2M])dxdydl“
[0,z5] x R2

<N

/ Py (Py, v+ ) d dndr |
RxR2
SN[ e n dganer]|
njgoni-2erte RXE

where, now,

fi = F Y72 = )1 11 (1) Py ),

b= FO(NC> )1 (1) Py,

f=FOy(NST2% 0 — )1 1y (1) Pa).
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After summing up in n, we need to control the following term:

NN55720¢)+5

/ 2(f1 xf2) - f3 d€dndr|, where N SNy ~ N,. 59)
RxR

For the decomposition in modulation for functions f;, i = 1,2,3, we use the notation (45) and
consider the following cases:

® Ly < NN{ : We further consider two subcases depending on the size of the high and low
x frequencies:

3_3a
* N: <N 1 ' : After decomposing the functions in modulation, an application of the bilin-
ear Strichartz estimate (26) to a high-low interaction gives

(59) < NNP2F Z / (fi,L *fo,1,) - f3,1,dE dndT
RxR?

L NN
(60)

Zai

<SNNG™ 2“”5N H S L

1 l_1L>N(5 2a)+e

If N = 1, we find

N\g

N

+§f[ Z

SNG2+e

This suffices for € < 7a — 14, which is ensured by hypothesis. For N < 1, we interpol-
ate (60) with the estimate in the above display, to find

S NL'[ NI—CZ ﬁ Z

izlL,-;Nfs_z“H'E

i,Li ||L2a

which allows for summation in N < 1.
3 _3a
*N; ot < N?: In this case, an application of (23) gives

3
a1 1
(59) SNNYPOHNT RN S
i=1 L >N$5—2m)+

If N2 1, we find
BN IDY
l—lL >N(s 2a0)te
which yields (53) for s > 6 — “a + . This suffices. If N < 1, we have straight-forward

summation if € < ”—a — %
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® Ly = NN{': For Ly, = L3, using the [* Strichartz estimate, we obtain

G SN S|[ (f) drdsd
Li=NNg* xR
L27L3>N(5712a)+a

3
l_ao 1 _a
<NN(5 2a)+€(NNa) i1 SN 3 3 H E

1y, >N(i 2a)+e

_lla
ry

. +
SNING NP3V ) [P |y (1) 1Py VL -

This suffices for N < 1 because the exponent of N, is negative. If N 2 1, we can estimate

A,LB£4F
SN NPy 1P |, ) 1Pay Ve, (1)

~ ']

If Linax = Ly, we apply the L* Strichartz estimate to fi,, and f3 1, and utilize the modulation
gain from f; ;, as follows:

3
« l_a _«a 1
(59) SN TYHNTENTTIN NI YD Lt

i=1p, >N5572a)+5

21 _ 2la

3_a T —=F+€
SNTENE P ey 1Pyt || ey, (| Phv (1)

If N <1, we have straight-forward summation for 2 < o < 4 because % — ¢ >0, and the
exponent of N is negative. If N 2 1, we obtain

SN P 1Pt sy (0 1PV -
which suffices. The case Ly.x = L can be treated similarly.

The proof of (53) is concluded by summing up in the x frequencies. Note that for these terms
we cover the same regularity as in proposition 5.8. The term which leads to worse estimates
is the following:

PNv-PN]v~8xPN2u1, 1\/1<<]\/2fvl\/7

which corresponds to the second term in (57). Using the notation and reductions explained in
the beginning of this section, we define

fi = F(y(NO2F<t —n) 1o 11 (£)Py,v),
fr=F(y(NO2)Fe - n)1jo 71 (t) 0Py, 1),
fs = F(y (N2 — )1 g 19 (1) Pyv).

After considering the derivative in fz, carrying out summation in n, we require to handle the
following term:

NN(S*ZQ)*‘FE

/ (h #f3) -fadrdedy |,
RxR2
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where
fo=F(y(NCT2F=t —n) 1o 1 (1) Py,ur).

Furthermore, decomposing f; in modulation L;, i = 1,2,3, we reduce to estimating a term of
the form

NNG—2a)+e Z ‘/ (fiL, *fory) o1, dTdédn|. (61)
RxR?2

NES*ZQ)‘FS <L gN‘llN
Depending on the size of Ly, we consider the following cases:

® Lo < NYNy: We further consider two subcases:
3a

T I_da
* N; <N; *:Anapplication of the bilinear Strichartz estimate (26) gives

(61) N(S 2@)+sN N 27 H Z
Ny

2 ’_IL,>N§5 2a)+e

Summation in N gives
SNCZ2OHE Py vy (o IPxs [ 5y, (1) |1 PV, (1)
3a

3o 1
* < Nj: Weuse (23) to obtain

3
o 1 1
(61) < N(S—Za)-‘reNN—%-Q—%Nl 2 H Z L’ ||fi,L

i=ly, >N§572a)+5

[N

*N

i |L2

SNC2TE Py | Pt |, (1) [P, VI 5y, (-
Now we handle the non-resonant case.
® Lax = N*N;i: We apply the estimate (28) by assuming that L;,,,x = L3. Note that in this case
the small frequency N, can have size < 1.

3
1 o —1
(61) SNNC2OP NN LA T D
i=1 L 2N(j_20‘)+€,
Linax 2N N*

lla
SN P ey | Py, 1PVl

This suffices if Ny 2 1. If Ny < 1, we can interpolate with the prior estimate to find
< NINC= 52 Py o || Pyt [, () | PV 4, ()

with straight-forward summation. The other assumptions, namely Ly,x = L; or Lyx = L»
lead to the same conclusion.

The proof of (53) follows by substituting the obtained estimates in (55) and carrying out a
summation in the x frequencies. For (54), we multiply the same by N?* and sum up. Noting
that u; = v+ u, leads to (54).

O

4372



Nonlinearity 36 (2023) 4342 A Sanwal and R Schippa

5.3. Proof of theorem 5.1

We conclude the proof of theorem 1.1 in this section. In the first step, we show a priori
estimates.
A priori estimates: Let a € (2,3],&' >0, e =¢(a,e’), and

)

6— o t¢, ae (2,3
s 2 24 5
0, aé(ﬁ,f],

5]

and up € H>"*. We can suppose by rescaling and subcriticality that ||ug||z0 < g0 < 1 with €g
determined later. By the local well-posedness in H>, we have existence of solutions in H>°
for Tiyax = Tmax(HMOHHz«O)'

By lemma 2.2, propositions 5.2, and 5.8, we have the following set of estimates for T <
min(Tax, 1) and time localization T(N) = N~ (~2%)=¢ provided that ¢ is chosen small enough:

lllpeocry S lllloer + [10:(?) | arso 7y
I 1
llullZe ¢z S Mol g + lullFo -

This yields

el B0y < NutollZgmo + ety + Nl - (62)

Secondly, we have (see [9, lemma 4.2, p 279] )

tim a0y < oo 1916 oy = .
Hence, by choosing ¢y small enough, we find by (62) and a continuity argument that

lall .oy < Nlutol|s.o (63)
for T = min(1, Tiyax ). Another application of lemma 2.2, propositions 5.2 and 5.8 yields

IIMQW(T) < lullg2o(ry + 100 | Ar20ry
) Ixocry S llzocnllllacr,
||”HE'2,0(T) S H”O||Hz,0 + ||”HF2.,0(T)||”

FA,O(T) .

This set of estimates yields

leel72.07) < ltollzeo =+ lutll oy lutll ooy + leelzo.ocy lalloay

and therefore, for ||u|| ) <ep we have |u| o) S [Juoll H20- Consequently, we have exist-
ence up to T'=1 choosing € sufficiently small only depending on ||ug|| g0 < €o.

Since s =0 for o > %, by the above a priori estimates and the conservation of mass (2),
we can show global existence of solutions.

Theorem 5.11 (Global existence for smooth solutions). Let € (31,3], and uy €

H>®%(R?). For any s >0 we have a solution u € C(R;H*°) to (1), and there exist
C](”uo”Lz),Cz(Hu()HLz) > 0 such that

[lu(2)]

0 < CreCM|ug]| oo (64)
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Proof. It is enough to consider ¢ > 0 by time-reversal. Firstly, we can rescale the initial data
Uo to upy, which satisfies ||ugy||;2 = € < 1. By the local well-posedness result in H>° due to
Molinet-Saut-Tzvetkov [16] we have for the corresponding solution uy € C([0, 7], H*?) with
T = T(||uox|| o). Let T' < 1 A T. We have the following set of estimates:

luxllpocry — Sllullgracr) +110:wx)* L),
100wy < laoag
||”>\H1250,0(T/) S H“O/\Hiz + ||M>\||13m,0(p)-

By |Juox ||z < 1, a continuity argument like above gives for 7/ < 1A T:
llunllpoocrry S lluoxllez- (65)
Secondly, we have

HMAZHN(T/) S luallgo gy + 10 (u3) | Aoy
[[0x () Iasorry < llua F;U(T’)H”A“F;’U(T’)a
HMA”EJ,O(T/) 5 HMOAHHY,O + ||”>\ Ff-,O(T/)HM”F’v“(T’)-

By (65) we obtain

Nullpsorry S lluox || gso- (66)

Consequently, ||ux(?)||z20 remains bounded for < 1 A T and by the local well-posedness res-
ult uy exists until # = 1: We have uy, € C([0, 1], H*°) with |Jux (1)]|g0 < ||uox]| 0. However,
ltox |22 = |luox ]|z = € < 1. For this reason, the argument can be iterated and we find u) €
C(R; H*%) with

[[ux (£) |0 < C1e||uox | oo,

which follows from iterating (66). Hence,

et ()0 < Cr(N)= N g s
with A = A(||uo||;2). The proof is complete. O

Now we prove the continuity of the data-to-solution map. In the first step, we show Lipschitz
continuous dependence of the solutions in L? for small initial data of higher regularity.
Lipschitz continuous dependence in L: Let s > 5 — 2« and u;,u, denote two local-in-time
solutions with initial data ||u;(0)]| .0 < £9. By the above argument, we have for s’ > s

o (67)
Let v = u; — u denote the solution to the difference equation
O — DOy — 8;18311 =0, (v(uy +u2))/2.

From lemma 2.2, propositions 5.2 and 5.10, we have

(| F'0(1) S ol

V[ o0 (1 S Vlleoory + [10:(v(ur +u2)) || o1y,
[0 (v(uy +2M2))HN0,0(1) 5 HV||F0031) ||M1|\Fw(1 + luall0c1)), (68)
[Vlzo.0(1) Sl 2+ Voo (lutllmoqy + luallsoqy)-

This enables us to conclude

V[l ooy S [v(0)]l 2, (69)

since [|u; || 0(1) < €0 are chosen sufficiently small.
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Continuity of the data-to-solution mapping: Also, from lemma 2.2, propositions 5.2, and
5.10, we have

[VllFsory S Vlleory + 10:(v(ur 4+ u2)) (| arso ()
[0 (v(uy +2uz))\|mo<r> S IIVIIF.r,o(Zn(lIun IIFs,So(r) + luzl[ o (1)) (70)
HV”ET,O(T) < [v(0)] o T ||V||Fs,0(r)
FVllror [Vl oy [zl 2oy
From the above set of estimates, we can conclude a priori estimates for ||v FoO(T)"
[[v] 12mv~0(r) S Av(0) 70 + ||V||;Sv0(T) + vllpoy VI o 1wzl psory- (71)

We use the smallness of ||u; || 0 to absorb the term from the nonlinear estimate into the left-
hand side.
For s >5—2a, let ¢ € H*" be fixed and {¢, }2°, € H>¥ be such that

lim ¢, = ¢. (72)

0 S

By rescaling and subcriticality, we can again assume that ||@|| g0 < g0 < 1 and ||,
2e9 < 1 for all n € N. Let u; be the solution corresponding to initial data ¢,, and u; be the
solution corresponding to initial data P<y¢,. We construct the data-to-solution mapping as an
extension of the data-to-solution mapping for smooth initial data. Let

S7°(¢n) € C(I=1,1];H>?)

denote the solution corresponding to smooth initial data. We can take the existence time as 1
by the a priori estimates and persistence property argued above.
To prove the continuity of the data-to-solution map, we need to show that the sequence
52°(¢,) € C([—1,1];H>) is a Cauchy sequence in the space C([—1,1]; H*?), s > 5 — 2.
Hence, it suffices to show that for any d > 0, there exists Ms € N such that

157 (#n) — ST°(bm) le((=1,17;50) < 0 for all m,n > M.
For K € 2™, let ¢X := P<x¢,. We have
182° (&) = S7°(m) lei—1,1351:0) < IS (D) = S22 (BNl c((1,1]3t00)
+ (157 (dm) = S7°(Dp) le(1, 1m0y (73)
+ 187 (0h) = ST (I le(=1, 1758009

The third term can be handled by using the continuity of the data-to-solution map for smooth
data in H>°:

157 (&) = S (D) (1,150 < IS7 () — S7° () 20 — 0 (74)

for m,n — oo because ||¢pX — ¢K|| 20 — 0. Let v = 53°(¢,) — S3°(¢X). We observe that v is
the solution corresponding to initial data P~ g¢,. From (69), we have

Vllpocry S on—dnlle S K I1P>kn

From (67), we have for u,:

2|l peo(ry S 10K N0 S Kl Gl (75)

Combining the above with (71), we conclude an a priori estimate for v which now depends on
the profile of the initial data, namely on P~ x¢,. We have

17 (fn) = ST (dm)llc(—1,1331:0) S 1P>k Pl
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By the convergence of ¢, and choosing K large enough so that

||P>K¢11HHY=° + ||P>K¢m||1—1~‘v0 <g,

we conclude that {S3°(¢,) }aen is a Cauchy sequence in C([—1,1]; H*?). This shows that S3°
extends to a continuous map Sy : H* — C([—1, 1]; H*°). O

6. Semilinear well-posedness

For o > %, we observe via estimates (23) and (26) that we can remedy the derivative loss
completely without having to use frequency-dependent time localization. We show local well-
posedness through a fixed point argument. This we carry out within the standard Fourier restric-

tion spaces as our auxiliary spaces. Let s,b € R and w, (€,7) = |£]*€ + %? The space X** cor-
responding to the fractional KP-I equation (1) is defined as the closure of Schwartz functions
with respect to the norm

||”HXW(RxR2) = ||<§>S<T_Wa(§777)>bﬁ(775)||L2 (RXR2) = HUa(_t)”HH,bH;y(Rsz)a

T6:m

where U, (t) denotes the solution operator corresponding to the linear equation. We localize
in time as usual by setting

X" ={f:[0,7] x R*> - C| Ife X :ﬁ[o,n =f}
endowed with norm

1f

XAT,[J :~ 1nf Hﬂ
o=

Xsb .

With the function spaces introduced, we give a precise version of theorem 1.3.

Theorem 6.1. Let v > 3 and s > 2 — %. Then, there is b > 1/2 such that for T = T(||uo|| g0 ),
(1) is analytically locally well-posed in H*° with the solution lying in X?b — C([0, T]; H*).

The section is devoted to the proof of theorem 6.1. We begin with a reminder on the basic
properties of X** spaces, which show that for the proof of the theorem, it suffices to show the
bilinear estimate

[10x (uv) 1 S Jul

xo [Vl

for some b > 1/2. The bilinear estimate is proved in section 6.2.

6.1. Properties of X** spaces

Proofs of the following basic properties can be found in [21, section 2.5]. First, recall that free
solutions are in X* locally in time. Recall the linear propagator of (1) from (13).

Lemma 6.2 (see [21, lemma 2.8]). Lets € R, ug € H*°(R?) and n € S(R). Then, the follow-
ing estimate holds:
[[n(t)Ua(t)uo

This yields the following transfer principle for b > 1/2, stating that properties of free solu-
tions are inherited by X***-functions:

x00 So [[to|| g0 g2y
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Lemma 6.3 (see [21,lemma2.9]). Letb > 1/2 and s € R. Let Y be a Banach space comprised
of functions in R x R? with the property that

" U (0)f 1y < a0
forall 7o € R and f € H*°. Then, we have the embedding

llully e [lellxe-
By Duhamel’s formula for solutions to
O — DOu— 07 ' Ou = F(u),
M(O) = U,

we can write
u(t) = Uy (t)ug + / Uy (t—5)F(u(s))ds. (76)
0

The following energy inequality for X** spaces becomes evident:

Lemma 6.4. Let u be like in (76) and n € C°(R), s € R, and b > 1/2. Then, the following
estimate holds:

In(@ullxs < [luollmorey + [[F () [[xeo-1-

For the frequency and modulation localization operators we use same notations like in
section 2.

6.2. Bilinear estimate

To prove theorem 1.3 via the fixed point theorem, we require to control the nonlinearity in
the X**~! norm which we do in the following. We prove the estimate in a fixed time interval
[0, 1] so that we do not have to keep track of additional decomposition in modulation or gain of
small powers in T. For brevity, we also omit the subscript 1 for the length of the time interval
in the X*** norms.

Proposition 6.5. Let % < a < 4. Then, for s > % — %, there is some b > % such that the fol-
lowing estimate holds:

Xs,b—1 ,S ||u| X.\',hHV

[0 (uv) Xob
For s > 0, there is some b > % such that the following holds:
||6X(MV) Xs,b—1 ,S ||L£HX0b||V Xs.b e

Proof. By duality and Plancherel’s theorem, we can reduce the above to proving

Xs:b |V Xs:b ‘W”X*A,lfb. (77)

[ €w)-Fdracan] <

_ LetN; € 2%, L; € 2. For functions fy, 1,,8n,.1, and hy 1 supported in Dy, L vDNz,Lz and
Dy 1, respectively, we focus on dyadic estimates

Lol
’/(hoLl *gNz,Lz) 'hN7L’ szlzl‘ZzL2 C(NhNZaN)”fN],L] ||L2||gN2,L2HL2||hN,L |L2' (78)

We turn to a case-by-case analysis depending on the size of the x frequencies.
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High-High-Low (N, < N; ~ N): We first treat the High x Low — High interaction and
1_ o

prove (78) with C(Ny,N>) =N\*~ #/" N0 Summing up the above in L,L;,L,,N,N;, and

N, proves (77) for s > % — 5 after taking into account the additional derivative loss. For

Linax = max(Ly, Ly, L), two cases arise:

l-a
® Ly <N{N,: For N SN,? , we use Cauchy—Schwarz inequality and the bilinear
Strichartz estimate (26). Note that since o > %, we have N, < 1 necessarily,

1
1 N3
’/(le.,L] >ngz,Lz) 'hN,L ,S (LILZ)Z 7(21HfN1,L1 HLZHgNz,Lz||L2HhN7L||L2
N} (79)

1 —_a
2 2

1
1
< (Lle)ZNE4

NG vl g o 2 e 2

l1—a
For N, 2 N, * , we use the nonlinear Loomis—Whitney inequality (23):

w

3a 1
—F 2

LHS of (78) < (LLLy) N, N, 2| fwn el llgws .o ez 1w 2

o1 (loayy
S@L)ILE NG TN i e s o e Do 2

® Ly = Ni'Ny:For N, 2 1, we use the embedding (17). Without loss of generality, we assume
that Li,.x = L (other assumptions give same or improved estimates). Using Plancherel’s iden-
tity and Cauchy—Schwarz inequality, we have

LHS of (78) < 17~ (fwi,e) s 17 =" (o) 125 1w, 22
1 _a 1_a R _l+ 11
SN PN, SN CUN, (L) L |y 2 Nl g, o Ml [V ] 12

—a
8

1)+ (-4 + 11
= NN TN ) L e g 2

For N, < 1, we use the estimate (28):

1 _a 1
LHS of (78) < (LiL2) *LEN; * N || fiv 12 e sl 2 w2

11 3y
(LiL2)2 L2~ Ny N v ez Nl g ez Vel 2

A

which is sufficient since 1 — %+ < 0 for o > %

The High x High — Low interaction (N < N| ~ N,) is treated as follows: We can argue
dually to the previous case, but arguing like in (79) we find

1 1_ay_
S LL)INO NG D7 e s o 2 e -

’/(hoLl *gN27L2) 'hN’L

To lower the modulation of &, we interpolate with the following estimate, which we find from
two L* Strichartz estimates:

a

1 2=
S (LiL2) Ny * vl 18w, o ll ez ([l 2

’ / (fNy.Ly % 8No L) BN L
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Very low frequencies (N; ~ N, ~ N < 1): After using Plancherel’s identity and Cauchy-
Schwarz inequality, we use the linear [* Strichartz estimate via (17):

’/(le,Ll * 8Ny Ly ) 'hN,L’ = ’/fﬁl(le,Ll )F (gnpin) F ' (hy,e)

5 ”‘F_l(le,Ll)”L“||f_1(gN2,L2)HL4||hN,L||L2
1 1_
S (LL2)2 L2 | fav w2 M| 8w o Nl 22 Vv 2

|L2a

which is sufficient for (78).

Three comparable frequencies (N; ~ N, ~ N 2 1): We shall prove the estimate (78) with
C(Ni,N,,N) = N~ % by considering two cases:

o Lo < N‘l”l: We use the estimate (23):

3a
—3d

11
LHS of (78) SN, * " (LiL2)2 L2~ || fwv, 1 2 | 8w .o Nl 22 Vv ]| 2

o Lax = N’f‘“: We assume Ly,,x = L and employ the linear Strichartz estimate via (17)

LHS of (78) < 177" (fiw o) e+ l17 " (gn.zo) s w2

2—a
8

o 1
SN N, (Lila)? || fwvy o e 18w, o [l 2 v 22

~3a 11
S;Nl * (L1L2)2L2 ||fN1,L1||L2HgN2,L2||L2||hN,L||L2~

In all the cases considered above, we can sum up the dyadic estimates in frequency and
modulation for o > % owing to C(Ny,N,,N). This proves the estimate (77).

6.3. Proof of theorem 6.1 and corollary 1.4

We give a short proof of theorem 6.1 by using lemma 6.4 and proposition 6.5. We first prove the
result on a fixed time interval [0, 1] for small initial data. Thereafter, we argue by scaling and
subcriticality that the solution also exists for large initial data on a time interval [0, 7] where
T =T(||ug|| 0 )- With 1y as before, we define I" as follows:

P () (t) = n(6)Ua ()0 + (1 / Ua (¢ — 5)(uyr) (5)ds.

We shall prove that u is a fixed point of the map I in a closed ball Bg C X‘i’b of radius R for
initial data with sufficiently small norm. We first show that I is well-defined. For u € Bg, using
lemmas 6.2, 6.4 and proposition 6.5, we obtain

T s < I0Un Ol + o) [ ’ Ualt =) (udan)()0s |,

5,0 1+ ”u&‘uHXT’UFU

S luol

< C((luo

o+ )
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If we choose the radius R of the ball such that Cllug|| -0 = %, then

R 1
()l < 5 + CR? < R, if CQCJuo | -0) < 5, (80)

2

which shows that I' is well-defined. To show that I is a contraction, for u,v € Bg, we have,
using lemma 6.4 and proposition 6.5

I0Gn) = D)l S n() / 1= 5)(00h — 12002) ()ds

Xy
S |0y 4 ua2) (uy — uz) X0
5 ||u1 —+ uy X_)l,b |u1 — Uy X;l,b
SZ 2(?11?Hu1 — Uy )ﬁﬁ.
Hence, T becomes a contraction on X} if [|ug|| 0 is such that
2C, (2C||MOHHS,0) < 1. (81)

Using Banach’s fixed point theorem, we conclude the existence of a unique solution to (1) in
X i’b where the norm of the initial data is chosen as the minimum of that given by (80) and (81).

Now suppose that ||uo]|s0 < € for € < 1 and we have obtained a solution corresponding
to this small initial data on the time interval [0, 1]. For « > % and s > % — 5, from (5), we
observe that the anisotropic Sobolev regularity (s,0) is subcritical. Thus any large initial data,
say |[uo||zs.0 = €, can be scaled to small data via (4). We then invoke the above argument to
obtain a unique solution to (1) on a time interval [0, 7] where T depends only on the norm of
the large initial data, s, and .. The proof is complete. U

Finally, we turn to the proof of corollary 1.4.

Proof of corollary 1.4. In the following let s > 0. We consider two real-valued initial data
u(()l) € H*9(R?). We rescale to Hué’i |l < e < 1. By the above this ensures local solutions uE\l) €
X% to (1) and ||uf\’) xor Se< 1. Weletvy = uE\I) — uf\z). We obtain by the bilinear estimate:

1 2
[vallgs < [[va(0) S50 + (48 130 (82)

o0+ [[vallxes (
This implies

[WAllxr < Cllva(0)]

H.r,O.

However, by conservation of mass, Huf\l) (D2 + ||uf\2)(1) Iz < 2¢ <« 1. So we can solve (1)
for ¢t € [1,2] with ug\l) € Xg’b for i = 1,2, and moreover we can iterate (82). This gives

[va(2) [0 < C?[lva(0))]

Hs:0,
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and iterating the argument yields

VA () || gs0 < C1e<[|[vA(0) | oo

Hence, for [[vx(0)||g0 — 0, we have sup,c(y 71 [[VA(?) ([0 — 0. By reversing the scaling, we

obtain global well-posedness.
O
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Appendix. Calculation of the determinant

Let S;, i = 1,2 be the hypersurface given by

2
Si= {(Tiyfi,ﬁi) ERXRxR:7 :@fia-i-zi}

1

The normal to the hypersurface S; is given by

= (s i~ 5.2 1),

Due to the convolution constraints, the third hypersurface will have a normal vector given by

(m +m)* 2(m +mn) 1)
G +&)?F &+&

We compute the determinant of these normals. Let

m = ((a+ 1l +&l" -

2 2 2
(DGl =& (@t DIel"—F (a+D(&+&) — EIE

B:= 2m1 21 2(m+m)
& & &i+6
1 1 1
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B ; p_ §i&(&+8)B.
We compute by multilinearity for B = >=255—=2=:

e nal =% @Dlel -5 (a+ (e +eh - Pink
B=| n&+&) m& (& +&) (m +m)&1&
1 1 1
(D&% @+Del-% (a+1)(&+&l—lal®) - Lrek + 4
= mé&&+&) mé&i (& +&) &(mé& —mé&)
1 1 0
(a+D(al® - lal) - B+% @+Dial -5 (a+D(a+&l - ol - ek + 4
= (mé& —mé&) (&1 + &) mé1(§1 +&2) &(m& —mé)
0 1 0
o « % f « « ( 1 Z)Z
sty [@F DG G B E (kD &I~ 1) + (T
Si1+& -&
a a @ ("7162 - "7261)2
=— - 1 - — sz s ),
(& —méen) (e + D616+l e o+ &I @ +&) — Lo )
This gives
2(m& —mér) (m& —mér)?
=-———((a+1)(&]*G + &G - o+ &% (G + &) — T 5 )
ey (@t Dlala +lale - la+el @ +e) - o =)

From (20), we have that the first factor is

oy
mé — méi ‘ N Niax Ninin NI
&6+ &) N2« Nrin e

By the resonance condition, we find for the second factor

|16 +1&]%6 — 61 + &% (& +&2))

o e} _ o _,(n1§2__7h€1)2)‘
+(lale +lala -l + a6 +e) - L2 R

~1&61%6 + 18] — 161+ &]* (&1 + &) | ~ NoaxNmin-

Hence, the size of this determinant becomes
3o

3o
EL
B ~ Npax  Niin

in the resonant case.
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