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ARTICLE INFO ABSTRACT

Keywords: In this work, we investigate the fiber orientation dependent viscosity of fiber suspensions using a compu-
Effective viscosity tational homogenization method. To improve computational prediction capabilities for the viscosity of fiber
Fiber-reinforced composites suspensions, we extend an existing, Fast Fourier Transform based computational approach for fiber suspensions

Non-Newtonian with linear viscous, i.e., Newtonian, matrix behavior to nonlinear viscous matrix behavior. Specifically, a

Efz;:ﬁjsimemmi Cross-type shear-thinning rheology is assumed for the matrix fluid. We employ composite voxels to lower
resolution requirements and find through resolution studies that the resolution error decreases for certain shear
rates. Furthermore, we conduct a volume element study and find that the representative volume element sizes
for engineering considerations in a specific Newtonian case and the investigated Cross-type case are highly
similar. For shear rates of engineering process interest we visualize the effective suspension viscosity in three
dimensions and study the effects of the fiber volume fraction and the imposed macroscopic shear rate tensor on
the suspension viscosity. We find that the elongational viscosity and the degree of anisotropy of the suspension
viscosity vary stronger with the shear rate for higher fiber volume fractions. In a comparison with an analytical
mean-field model for the suspension viscosity, the deviations between the computational and analytical results
turn out to be substantial.

1. Introduction the suspension viscosity on shear rate and temperature [7] further

complicates matters. As a result, tensorial and scalar analytical ho-

1.1. State of the art mogenization methods are commonly used in conjunction with scalar

experiments to understand and predict the local suspension viscosity.
In engineering manufacturing processes of composite parts, such as Since Sutherland’s [8] and Einstein’s [9] work on the effective
injection and compression molding, the anisotropic viscosity of fiber scalar viscosity of dilute suspensions of spherical particles in Newtonian
polymer suspensions has profound influence on the manufacturing fluids, a variety of analytical approaches to model the complete tenso-
process and the material properties of the final part [1]. The effective rial viscosity of suspensions were suggested. For dilute and semidilute

suspension viscosity influences the appropriate choice of various pro-
cess parameters, such as screw speed and back pressure in injection
molding [2], as well as press force and mold temperature in com-
pression molding [3]. In addition, the flow field, and thus the final
material properties of the finished part also depend on the suspension
viscosity [4].

Even though the suspension viscosity is a quantity of direct engi-
neering interest, it is difficult to determine the full viscosity tensor by
experimental methods. This is partly because it is challenging to ensure
a specific fiber orientation state during rheology experiments [5], and

suspensions of slender rods in Newtonian fluids, models were proposed
among others by Batchelor [10,11], Dinh and Armstrong [12], as well
as Shaqfeh and Frederickson [13]. For an overview of anisotropic mean-
field homogenization models of particle suspensions in Newtonian
fluids we refer the reader to Karl and Bohlke [14]. Various other models
are detailed in Petrie [15].

In the case of suspensions with non-Newtonian matrix behavior,
multiple models [16-19] were developed based on second order fluid
theory. However, these models are restricted to a single suspended

the suspension viscosity depends strongly on the fiber orientation [6]. particle.. Brunn [19] also applied his single particle model to diluFe
Furthermore, fibers break during rheometer studies, which also affects suspensions and found that the model could not capture hydrodynamic

the suspension viscosity [5]. Last but not least, the dependence of particle—particle interactions. In a shear-thinning power law setting,
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Goddard [20,21] developed a model for dilute suspensions, which
was found to be qualitatively promising but quantitatively inaccurate
by himself [22] and Mobuchon et al. [23]. Later, Pipes et al. [24,
25] proposed a model for the concentrated and hyperconcentrated
regime in a power law setting. Even though the results agree well
with experimental data by Binding [5], the model is limited by its
assumption of unidirectional and fixed fiber arrays. The prediction
accuracy of another power-law model by Souloumiac and Vincent [26]
varies strongly with the shear rate and fiber volume fraction, making it
difficult to apply appropriately. Also, more recent models [27-30] have
yet to be established as valid over a wide range of temperatures, shear
rates, fiber-orientation states and fiber aspect ratios. Overall, holistic
theoretical treatment of all physical effects in fiber suspensions proves
to be a difficult task.

As a result, computational methods offer unique insights into the
physics of fiber suspensions. As fiber suspension problems often in-
volve Stokes flow, computational techniques focused on problems in
the Stokes flow regime are of particular interest. Marin et al. [31]
introduced a highly accurate Boundary Element Method (BEM) to treat
confined Stokes flow and successfully applied it to a problem with a
single sphere suspended in a Newtonian fluid. Subsequently, the BEM
based approach used by Marin et al. [31] could also be extended to
different geometries and multiple suspended bodies. To treat complex
particle geometries suspended in Newtonian fluids, Balboa et al. [32]
employed a method where particles are modeled via a rigid collection
of connected spheres called “multiblob”. Balboa et al. [32] successfully
applied their multiblob approach to Stokes flow problems near walls
and in channels, involving multiblobs of different geometries such as
spheres and cylinders. Furthermore, Fast Fourier Transform (FFT) based
computational techniques, that were first popularized in solid mechan-
ics [33,34], were also successfully applied to Stokes flow problems
involving Newtonian fluids. In combination with the RVE method [35],
the FFT-based computational approach was used to solve problems in
porous media [36-38], and to compute the effective viscosity of fiber
suspensions with Newtonian matrix behavior [39]. More details regard-
ing FFT-based techniques can be found in recent review articles [40—
42].

Computational methods were also employed to treat suspensions
with non-Newtonian matrix fluids. Domurath et al. [43] used the
Finite Element Method (FEM) to study the effective viscosity of a
dilute suspension with a single spherical particle suspended in a Bird-
Carreau fluid. For non-dilute suspensions, Traxl et al. [44] used a
FEM-based approach to investigate the effective viscosity of suspen-
sions with noncolloidal angular, as well as spherical pores and particles
in generalized-Newtonian fluids. The investigations of Traxl et al. [44]
consider suspensions with spherical, hexahedral, and tetrahedral parti-
cles, as well as matrix fluids with Newtonian, Power-law, Cross-type,
and von Mises-type behavior. Svec et al. [45] studied rheological
properties of suspensions with rigid spherical particles and fibers sus-
pended in Newtonian and non-Newtonian matrix fluids. To do so,
Svec et al. [45] used a computational framework combining the lattice
Boltzmann method for fluid flow, a mass tracking algorithm for free sur-
face representation, and an immersed boundary approach to consider
interactions between the fluid and the particles.

1.2. Contributions

In this article, with regard to the difficult experimental and theoreti-
cal treatment of fiber suspensions with non-Newtonian matrix behavior,
we apply FFT-based computational methods to study the viscosity
of such suspensions. Using FFT-based computational methods allows
us to leverage highly efficient implementations of the Fast Fourier
Transform, powerful non-linear equation solvers, and discretizations
with regular grids. This enables the study of fiber suspensions with
microstructures that are otherwise difficult to discretize and inves-
tigate using interface-conforming mesh based approaches. Thus, we
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extend the approach for suspensions with Newtonian matrix behavior
detailed by Bert6ti et al. [39] to suspensions with non-Newtonian,
Cross-type [46,47] shear-thinning fluids. In Section 2, we approach the
effective suspension viscosity from a theoretical and a computational
perspective, and make use of an interpolation based matrix equation
to estimate the anisotropic, non-Newtonian suspension viscosity from
a limited number of computational experiments. As the physical basis
for our investigations, we use a Cross-type material law to model the
viscosity behavior of a commercially available PA6, and study sus-
pension microstructures with fibers of aspect ratio ten. In preliminary
investigations to identify the resolution of the discretized suspension
microstructure, we find that the resolution error of the effective stresses
can depend favorably on the shear rate, see Section 3.2. Through a
volume element size study, we find that the necessary volume element
size for engineering considerations are highly similar in a specific New-
tonian case and the investigated non-Newtonian case, see Section 3.3.
As our main contribution, we visualize and discuss in Section 4 how
the shear rate and fiber volume fraction influence the magnitude and
degree of anisotropy of the suspension viscosity. We observe that the
viscosity magnitude decreases with the shear rate until a Cross-type
model intrinsic, minimum viscosity is reached. In contrast, the degree
of anisotropy depends on the degree to which the matrix behaves
nonlinearly. Additionally, we find that the dependence of both the
magnitude and the degree of anisotropy on the shear rate is increased
for higher fiber volume fractions. In a comparison between an analyti-
cal mean-field model and our computational results, we observe large
discrepancies in the predicted viscosities.

2. Computing the effective viscosity of particles suspended in a
nonlinear viscous medium

2.1. The nonlinear viscosity tensor

For an incompressible Newtonian fluid, the strain rate tensor D €
Sym, and the non-equilibrium viscous stress tensor r € Sym,, are related
by the constitutive law

©=2D, @1

involving a shear viscosity n. Here, Sym,(3) denotes the vector space
of symmetric and traceless second-order tensors. More generally, non-
Newtonian models [7] may be considered where the viscosity depends
on the scalar shear rate y = \/§||D|| with the norm ||D|| = v/ D - D.
Cross-type [46,47] material models are able to predict the shear-
thinning rheology of polymers accurately [7]. Their viscosity is gov-
erned by an expression of the form
Mo — Mo
L+ (kpym”
with positive material parameters #, > 5, k, and m.
For the shear rate limits y — 0 and y — oo, the scalar viscosity 7(y)
approaches the initial viscosity 5, and the asymptotic viscosity 7, re-
spectively. The two material parameters k£ and m control the transition
region between the viscosities 7, and 7.
To describe suspensions of non-spherical particles, it is convenient
to consider more general, anisotropic viscosity tensors V € L(Sym(3))
and constitutive relations of the form [48,49]

ny) =ne + (2.2)

7 = V[D], (2.3)

where L refers to the linear transformations on a given vector space,
and the viscosity tensor V depends on the fiber arrangement and
the fiber orientation distribution. If the suspending fluid is itself non-
Newtonian, the suspension will, in general, be governed by a constitu-
tive relation of the form

T =V(D)[D] (2.4)

with a viscosity tensor V that additionally depends on the shear-rate
tensor D. By the dissipation inequality, the viscosity tensor V(D) must
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be positive semidefinite for all shear rates D, while the major symmetry
of the viscosity tensor V(D) is required in the linear case for Onsager’s
relations to be satisfied [50]. Existence of a dissipation potential is
sufficient for the major symmetry of the viscosity tensor V(D) in the
nonlinear case, see §ilhav§/ [50, Sec. 12.3.1]. For the general formu-
lation of a dissipation potential with temperature and mass density
dependence, also see Silhavjf [50, Sec. 12.3.1].

For the subsequent derivations, we will look at a special case that
is sufficient for our purposes. Assume that for constant temperature
and density a twice continuously differentiable dissipation potential
¥ : Symy(3) — R is given, which furthermore satisfies the condition

%(0) —0. 2.5)

Then, the non-equilibrium viscous stress = is governed by the relation-
ship

_ o
T= D (D), (2.6)

and by the fundamental theorem of calculus, we may write

ow  [ldrew oy _
E(D)_/O a[ﬁ(sD)]ds—/o S 3(sD)s (D] = V(D)D]. (27)

Thus, the viscosity tensor

[IY)
V(D) = / ¥ (sD)ds 2.8)
0o oD

has major symmetries, as a consequence of Schwarz’ theorem on the
commutativity of the second partial derivatives of a twice continuously
differentiable function. Thus, for any given dissipation potential, the
associated viscosity tensor (2.8) automatically has the major symmetry.

It is not difficult to construct dissipation potentials both for the
Newtonian (2.1) and the Cross model (2.2), i.e.,

(D) = (11 + 0 — 1) 2 1 (1. % “T’”,—(km'") ) § 2.9)

involving the hypergeometric function , F,. In the Newtonian case, it
holds that # = 5, = 5,,, and thus

Y(D)=nD-D (2.10)

The advantage of using the representation by a dissipation potential
is that this potential form is preserved under a change of scales,
i.e., by homogenization [51,52]. Subsequently, the viscosity tensor is
accessible via a postprocessing step, see Eq. (2.8).

Actually, due to the presence of infinitely viscous inclusions, it is
more convenient to work with the complementary potential @ which
arises as the Legendre-Fenchel dual

&(t) :=sup{r- D —¥(D)| D € Symy(3)} (2.11)

of the dissipation potential ¥. The potential ¥ must grow superlinearly
and be non-negative for @ to be a proper function, i.e., not infinite ev-
erywhere. Then, as a consequence of the Fenchel-Moreau identity [53,
Eq. (3.8)], the constitutive law (2.6) may be written in dual form

D=2 (2.12)
ot

From this, similar to the viscosity V, the fluidity tensor F follows as

_ oo
F(r):/o ﬁ(sr)ds.

In the Newtonian case, the viscosity V and the fluidity F constitute
the kinetic coefficients [50]. In addition to the presented context, the
aforementioned potential framework can also be applied in the context
of the rigid-viscoplastic modeling of polycrystals. See, e.g., Bohlke and
Bertram [54] and Bohlke [55], where the viscoplastic behavior of single
crystals and polycrystals is modeled via a nonlinear viscous approach.

(2.13)
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2.2. Scale transition in nonlinear viscosity

Locally, the balance of linear momentum

divt-Vp=0 (2.14)

results from a split of the stress ¢ inside the material into an unknown,
periodic pressure field p : Y — R and the local viscous stress field

t=7(,D+ V), (2.15)

and needs to be satisfied. Here, the pressure p acts as a reaction
stress due to incompressibility. We consider a rectangular volume Y C
R3, and suppose that a heterogeneous dissipation potential density
¥ : Y xSymy(3) = R is given which satisfies the conditions discussed
in the previous section pointwise. The associated stress operator reads

T : Y X Symy(3) = Sym(3), (2.16)
b4
(x,D) — a—D(x, D). (2.17)
The effective dissipation potential is defined as
¥(D) = inf (P(-.D +V°v)), for D e Symy(3), (2.18)

where the infimum is taken over all periodic velocity fields v : ¥ — R?
with vanishing divergence and the operator (-), denotes the spatial
average

1 .
)y = m/y(-)dx with |Y|E/de.

The effective shear stress T € Sym(3) then arises from the relationship

(2.19)

- 0¥ -
(D) = — (D), (2.20)
(D) 3 D( )
which is similar to Eq. (2.6). Equivalently, the effective stress may be
computed by averaging the local shear stress

#D)=(T(.D+V°vn)),, (2.21)

where the periodic velocity field v solves the Euler-Lagrange equation
of the variational problem (2.18)

divt—-Vp=0, (2.22)

which equals the balance of linear momentum (2.14). The described
procedure permits to compute the effective viscosity of a mixture of
viscous materials. However, we are interested in the effective vis-
cosity of a suspension, i.e., of a mixture involving rigid inclusions.
Because the viscosity inside these inclusions is infinite, the differential
Eq. (2.14) is not well defined. To handle this issue, we transfer to a
dual formulation. Inside the infinitely viscous inclusions, the fluidity,
i.e., the inverse of the viscosity, vanishes identically. Consequently, the
associated equations are well defined.

Instead of the effective dissipation potential (2.18) one may con-
sider the effective complementary potential @, a function of the effec-
tive shear stress 7, from which the constitutive law
p@ =22, (2.23)

ot
arises dual to the primal relationship (2.20). To obtain the effective
viscosity, a strategy based on the effective complementary potential
requires to invert the effective law (2.23). To avoid this difficulty,
we use mixed “boundary conditions” [56], i.e., we consider the dual
variational principle, but prescribe the effective shear rate tensor D.
The convex dual of the variational problem (2.18) reads

(@(¢.v)—7-D), —> inf, (2.24)

where the infimum is taken over all stress fields = : Y — Sym(3) which
satisfy the equilibrium Eq. (2.14) for a suitable pressure field, see Wicht
et al. [57, §4 and Appendix B].
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2.3. Computational aspects and setup

After discussing theoretical aspects in the previous section, this
section is dedicated to selected computational aspects concerning the
fiber suspension microstructure and FFT-based procedure, starting with
a solution scheme for the convex dual variational problem (2.24). The
Euler-Lagrange equation of the convex dual variational problem (2.24)
reads

0D =
P, [a—r(‘rk) - D] =0, (2.25)
where P, denotes the L?-projector onto the shear stresses satisfying the
equilibrium Eq. (2.14). In terms of an arbitrary stepsize «, minimizers
of the Euler-Lagrange equation (2.25) are fixed points of the gradient
descent scheme

od -
Ty =T —aPe [E(Tk) - D] , (2.26)

which has a unique fixed point, provided the optimization prob-
lem (2.24) is convex. For a closed form expression of the action of P,
in Fourier space, and an analogous derivation of a fixed point scheme
in the linear case, we refer to Bertéti et al. [39, §2]. Numerical schemes
based on the gradient descent iteration (2.26) require computing a
strain rate D resulting from a shear stress = at every continuum point x
and for every iteration. Treating fibers is particularly simple: the strain
rate D vanishes since the inclusions are rigid.

To solve the equation
T=24(7) D 2.27)

for the strain rate D, compare Eq. (2.1), we first take norms on both
sides to arrive at the equation

lll = 20 1Dl = V2n()y. (2.28)
We use Newton’s method to find a root of the function
@) = llzl = Van@r. (2.29)
and thus compute iteratively

8(7n)
Vot =Vn = S0 75~ (2.30)
n+1 n n g/(}'n)

Using backtracking for the step size s, to ensure that the Armijo-
Goldstein inequality [58,59] holds. For the Cross fluid (2.2), the deriva-
tive of the function g computes as

» o m(ng — N ) (k)"

@) = —ﬁ( N
o T T A e
Once the scalar shear rate y is identified, we compute the strain rate
tensor D via

(2.31)

I
2n(7)
The fiber suspension microstructures were generated with the se-
quential addition and migration method [60], and discretized on a
staggered grid [61] to ensure stability for incompressible material
models. The resulting equation system was solved with the Barzilai—
Borwein method [39,62] in the Newtonian case, while a nonlinear
Newton-CG approach [63,64] was used in the Cross-type case. For val-
idation purposes, we compared computational results of the presented
FFT-based approach with computational results from literature [44],
see Section 3.1. For a detailed overview on solvers for the nonlinear
Lippmann-Schwinger equation in the closely related case of solid me-
chanics (2.26), see Schneider [65]. For proofs on the existence and
uniqueness of solutions to the considered nonlinear homogenization
problem (2.24), we refer to Schneider [66]. Further details on the
employed FFT-based homogenization approach including solvers and
discretization, we refer to Bertéti et al. [39] and Schneider [64].
To numerically obtain an effective viscosity or fluidity with the
integral Egs. (2.8) and (2.13), the respective integral, and the deriva-
tives occurring in the integrand need to be discretized. In combination

(2.32)
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with the costly computation of the effective stresses or strains this
renders the required computational effort to obtain an effective viscos-
ity prohibitively large. Instead, we employ equation (2.7) to estimate
an effective, viscosity-like quantity solely from computationally ob-
tained effective stresses 7, by using the following equation in Mandel’s
notation [39]

=
>

, le, (2.33)

I
(IS]

e
(N

Here, (-)' denotes the Moore—Penrose pseudoinverse which is equal to
an inversion on Sym,(3), 7 collects the computed effective stresses

=(1) @ -(3) Sl -(5) -(6)

1 11 1 11 1 T
A S N
I T L S S RN

LR AR VER VAR VA VR
VERD VR VA VERD VA VARG
| VD VER VR VR VAR VA |
and 2 collects the investigated load cases
e 0 0 0
-5 1 - 0 0 0
) . -3 -5 1 0 0 0
B=13l o 0 0 2 0 o (2:35)
0 0 0 0 \/g 0
0 0 0 0 0 \/g

The ith column in the matrix Z contains the effective shear stress
corresponding to the particular applied shear rate that is listed in the ith
column of the matrix Q In the Newtonian case, the matrix Z encodes
the components of the viscosity tensor because of superposition. Since
superposition is not generally valid in the non-Newtonian case, the
matrix K acts as an interpolation between the six calculated effective

stresses 7. Additionally, the load cases D are not uniquely defined and
interpolation between the effective stresses 7 is qualitative in nature.
However, the matrix Z provides quantitatively robust information in
the load cases collected in D, and its interpolating property allows us
to draw intuition for the results in between. Thus, even in the non-
Newtonian case, the matrix ¥ may be used to investigate the viscous

suspension behavior. We will refer to V as the suspension viscosity
throughout the article.

2.4. A model for the fiber suspension viscosity

To model the fiber suspension viscosity with analytical means, a
few preliminary considerations regarding fiber orientation statistics are
in order. We consider fiber suspensions with fiber volume fraction cf,
where all fibers are of the same length #, and diameter d. To describe
the orientation state of such a suspension, we use a fiber orientation
distribution function [1]

p1S25 R, ne pn). (2.36)

Per definition, the function is non-negative, integrates to unity, and is
symmetric with respect to the origin such that p(n) = p(—n). Typically,
it is not feasible to take the large amount of information contained in
the fiber orientation distribution function into account at every spatial
element of component-scale simulations. To reduce the necessary com-
putational effort in treating fiber orientation states, it is common to use
the fiber orientation tensors of second and fourth order [67,68]

N = / n ® np(n)dS(n), (2.37)
52
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N:/ n®n®n@ np(n)dS(n). (2.38)
S2

Both tensors N and N are completely symmetric, positive semidefinite,
and contract with the second-order unity tensor 1 such that

N-1=1, (2.39)

N[1]=N. (2.40)

With these two descriptors at hand, a large variety of anisotropic mean-
field models has been built to model material behavior [14]. In the
case of a transversely isotropic fluid with constant viscosity, a conve-
nient approximation of the popular Mori-Tanaka model is available
with [69]

Ve = 21ue (IPZ + NV P, NIPQ) .

NvF = n, (2.41)

MF _ _CF a
p 1+cg 2(n(2r) —3/2)°

Here, nye is the effective scalar viscosity, and N;"'F is the particle
number. This model is derived by decomposing the microstructure
into m transversely isotropic pseudo domains containing a single fiber
and the matrix material. In a first step, the unidirectional effective
viscosities V|, of these m pseudodomains are approximated with the
Mori-Tanaka method by

(2.42)

Vi =21 Py + TP,

F
where P, is the polarization tensor depending on the matrix material
properties and the fiber geometry. The expression (2.42) equals the
lower Hashin-Shtrikman bound [70]. In a second step, the effective
viscosity of the volume element is calculated by orientation averaging
the unidirectional effective viscosities V{], via

M
Vi = % 3 v (2.43)
m=1

The Voigt-type average (2.43) yields an upper bound on the dissi-
pation [71]. However, this model is only applicable for fluids with
constant viscosity, since it does not depend on the shear rate y. One
possible extension to incorporate shear rate dependency in the case of
rigid fibers is [14]

R 4
=1 "\ )

which recovers the Newtonian case for the shear rate limits y — 0
and y — oo in the considered Cross-type case. In Section 4.3, results
obtained with both the Newtonian (2.41) and Cross-type (2.44) Mori—
Tanaka model are compared to results of the FFT-based computational
approach presented in Section 2.3.

(2.44)

2.5. Material parameters

In the previous sections 2.2 and 2.4, we discussed some aspects
of FFT-based homogenization and analytical modeling of fiber sus-
pensions. In this section, we describe the material and microstructure
properties considered in the article. In the following, we are concerned
with microstructures of fiber polymer suspensions, and we consider
a commercially available polyamide 6 (PA6) [72] as matrix mate-
rial in all computational studies. A Cross-type material law (2.2) was
fitted to PA6 material data available for shear rates y in the inter-
val [1.7,16300]s~! for a temperature of 250°C. The available material
data as well as the fit are visualized in Fig. 1, and the resulting
model parameters are 5, = 288.9 Pas, #,, = 15.0 Pas, k=10.9-107%,
and m = 1.1. For all studied cases with Newtonian matrix behavior,
the shear rate dependent matrix viscosity # was chosen as 5 = 7.
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Fig. 1. Material data and Cross-type fit for Ultramid®B3K.

Typical shear rates y in compression molding processes are be-
low 5-10' s~!, while shear rates in injection molding processes are
typically kept below 1-10° s~! for most materials [73, Sec. 21.6.8], but
can go above 1-10° s~! in thin-wall and micro molding [74]. To cover
some of- the process-relevant shear rate intervals for both compression
and injection molding processes, computational investigations were
conducted for the macroscopic scalar shear rates

€S, ={a-10" s a=1,2,5; b=1,2,3,4} U {10°}. (2.45)

Because the Cross-type matrix viscosity changes only slightly for shear
rates y larger than 1 - 10° s~!, shear rates above 1 - 10° s~!
investigated.

were not

Overall, a thorough orientation state dependent investigation of
the suspension viscosity takes a large amount of computational re-
sources. Since the focus of this article lies in identifying the underlying
effects of shear-thinning rheology on the fiber suspension viscosity,
one particular orientation state was considered for our investigations.
Because strongly oriented fiber orientation states are very common
in injection and compression molding [75,76], the second order fiber
orientation tensor N of the considered microstructure was chosen to be
transversely isotropic such that

0.8 0 0
N = 0 0.1 0 |e®e;. (2.46)
0 0 0.1

While this particular choice of fiber orientation state is strongly ori-
ented, other fiber orientation states are of research and engineering
interest as well. However, to focus on the particularities and influ-
ence of the Cross-type matrix material on the non-Newtonian fiber
suspension viscosity, we restrict the scope of this article to the given
orientation state. The symmetry of the underlying microstructure is
also reflected in the suspension viscosity l/; Hence, if the computational
volume element was chosen sufficiently large, we expect the computed
suspension viscosity z to be transversely isotropic as well. We use this
fact in Section 4 to complement the volume element study detailed in
Section 3.3.
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Fig. 2. Five microstructures with a sphere volume fraction of ¢ = 10%.

3. Preliminary studies
3.1. Validation against computational results from literature

Traxl et al. [44] investigated the suspension viscosity of rigid
spheres suspended in a non-Newtonian matrix fluid using the finite
element method. For validation purposes, we compare results obtained
with the presented FFT-based homogenization approach to results from
Traxl et al. [44]. The microstructures of interest include twenty spheres,
contain a sphere volume fraction of ¢g = 10%, and were generated based
on the mechanical contraction method of Williams-Philipse [77]. The
spheres are suspended in a Cross-type (2.2) matrix fluid with the same
parameters as in Traxl et al. [44]: n, = 1.5 Pas, 5, = 0.5 Pas, k=2,
n = 0.8. To replicate the procedure detailed in Traxl et al. [44], five
different realizations of the microstructure were generated and resolved
with 256% voxels, see Fig. 2. As effective loads, twenty-one effective
stresses T of the form Z =10, 0,0, 0, 0, 7] were applied to each
microstructure, with the effective stress components 7;, being linearly
spaced on the interval [0.089,0.914] Pa. Here, the interval bounds of the
effective stress components 7;, were extracted from the results of Traxl
et al. [44]. For each microstructure m, the resulting effective shear rate
j/;"—r(z‘-]z) in response to the loads T was measured, and then used to

calculate an average effective shear rate 75" ' (;,) via

5
. - 1 . -
@) =5 2 @) (63))
i=1

Subsequently, the average effective shear rate ;’/KFT(fm) was compared

to the average effective shear rate 7/'3(?12) given in Traxl et al. [44] via

the deviation d,,,,, which we define as
|}"E\t(‘f12) -7 T @)l

num =

ity = (3.2)
VA (712)

The resulting effective shear rate-stress curves for the FFT-based method
is in very good agreement with the results from Traxl et al. [44],
see Fig. 3(a). This is emphasized by the deviation d,,,, which lies
below 2.3% for all investigated effective loads z, see Fig. 3(b).

3.2. Resolution study

The resolution of the microstructure discretization is limited by
computational resources, namely memory and runtime. To determine

a suitable resolution that accommodates limited resources, and allows
for an appropriately small error, we conducted a resolution study
for the cases of Newtonian and Cross-type (2.2) matrix behavior. We
conducted the study for a fixed fiber aspect ratio r, = 10 and for fiber
volume fractions ¢ € {5%, 10%, 15%,20%,25%}. Since the inter fiber
distance decreases with increasing volume fraction cg, the effective
stress 7 of the suspension is expected to be more sensitive to resolution
effects for higher fiber volume fractions cz. Consequently, we chose the
maximum considered volume fraction ¢ = 25% for all volume elements
in the resolution study. To reduce the amount of necessary voxels,
we investigated two types of voxel discretizations, namely binary and
composite voxels [78]. For the composite voxels, we used the general
dual mixing rule

Ty = ety + (1 —ey)Te (3.3)

where 7y, ¢y, Ty, and 7y are the effective stress, the matrix volume
fraction, the matrix stress, and the fiber stress inside the composite
voxel, respectively. In the special case of rigid fibers, the fiber stress 7
is zero. Hence, the general composite voxel mixing rule (3.3) simplifies
to

Ty = cuTm- 3.4

Like in Bert6ti et al. [39], we increased the number of voxels
per fiber diameter v/d in dyadic steps for the binary voxels, such
that v/d € {5,10,20,40}, see Fig. 4.

Hence, a single microstructure was discretized with the resolu-
tions v/d € {5,10,20,40} for binary voxels and v/d € {5,10,20} for
composite voxels, and the effective stress 7 was calculated for all
considered shear rates and loading directions.

We define the relative error caused by the resolution as
g = L= Fr0ele. 3.5)

I Z¢inel2

where 7 is the effective stress for an arbitrary resolution v/d < 40
and 7, is the binary voxel result for a resolution of v/d = 40. There-
fore, the effective stress 7 for each resolution, voxel type, and load case
is compared to the load specific reference stress 7;;,,. For a particular
voxel type and a given resolution v/d, we define the set S, that collects
the resolution errors e, for all investigated load cases as

S, = {e,es (f(i)(}'/),%(i) (y)) li=1,23.456 7€ si}, (3.6)

fine
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Fig. 3. Comparison of the effective shear rate-stress curves given in Traxl et al. [44] and the effective shear rate-stress curves obtained from FFT-based simulations, as well as

their deviation d,,,, for effective stress components 7;, € [0.089,0.914] Pa.

Fig. 4. Microstructure where four differently colored segments are shown with varying
voxels per fiber diameter v/d. Segments from left to right: grey (v/d = 5), orange (v/d =
10), blue (v/d = 20), green (v/d = 40).

where 7)(y) is the material response to the load case collected in
the ith column of 2(;‘1), see Eq. (2.35), and fi’i)ne(;'/) is the corresponding
reference stress. Additionally, we define the minimum, maximum, and

mean error for a particular voxel type and a particular resolution as

emin = min Se’ emax = max Se’ emean = Z el’es/lsel’ (3'7)

Cres€Se
where |S, | denotes the cardinality of the set .S,. The quantitative values
for the error measures e, €nax, and e, are visualized in Fig. 5 for bi-
nary and composite voxels and for the resolutions v/d € {5,10,20,40}.
For all resolutions, the minimum, maximum and mean errors e,
€max> and e .. decrease with the resolution v/d. In both the Newtonian

and Cross-type case, and for all resolutions v/d, the values of the three
errors (3.7) are lower for the composite voxels than for the binary
voxels. Most notably, the maximum error e,,, falls below 5% at a
resolution v/d = 20 for the binary voxel model, but already does so at
a resolution v/d = 10 when using composite voxels.

Intriguingly, the minimum errors e, are consistently lower in
the Cross-type case than in the Newtonian case, while the maximum
errors e,,, remain on a similar level. We note that the lowest errors e,
occur, independent of the resolution v/d, for the pure shear load
case D=7[000010] at a shear rate y =2-103s~!. The maximum
errors e, occur at the lowest investigated shear rate of 7 = 10s~! for
the elongational load cases which are collected in the 1st, 2nd, and 3rd
column of l=_), see Eq. (2.35). Thus, some of the investigated load cases
lead to a reduced resolution requirement or the reference solution is
less accurate, which is an effect also observed in elastoplastic material
models in solid mechanics [79]. To ensure a resolution error e, below
5% for all load cases, a resolution of v/d =15 was chosen for all
following computations.

3.3. Volume element size

Like the resolution of the microstructure discretization, the size of
the volume element under investigation is limited by computational
resources. Appropriate volume element sizes for fiber suspensions with
Newtonian matrix behavior with aspect ratios r, = 10 and fiber vol-
ume fractions ¢g up to 25% were investigated by Bert6ti et al. [39].
Depending on the fiber orientation, different representative volume
element sizes were identified by Bertéti et al. [39], and in the case
of aligned fibers, a volume element of the form 2.2¢ x 20d x 20d was
identified as sufficiently representative. Adding to these insights, we
conducted a study to determine a suitable size of the volume ele-
ment for the considered transversely isotropic orientation state in the
Cross-type case, with a fiber aspect ratio r, = 10, and fiber volume
fractions ¢¢ € {5%, 10%, 15%,20%,25%}. Because the necessary volume
element size grows with the fiber volume fraction cg, we chose ¢ = 25%
for the volume element study. We investigated volume elements of the
form L x W x W, where L € {1.1£,2.2¢,3.2¢} and W € {5d,10d,20d}
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Fig. 5. Convergence of the relative resolution error (3.5) for the Newtonian case (a) and the Cross-type case (b).

Table 1
Mean, standard deviation, and maximum value of the relative error e, (3.8) in %, computed with ten realizations per combination of length L and width W.
L w Mean + std Max L w Mean + std Max L w Mean + std Max
1.2¢ 5d 37.48 + 19.0 106.21 2.2¢ 5d 29.76 + 15.68 78.97 3.2¢ 5d 9.71 + 5.52 27.73
10d 5.06 + 4.03 23.89 10d 3.75 + 2.5 11.11 10d 3.28 + 1.68 8.55
20d 3.62 + 2.28 10.96 20d 1.75 + 0.82 4.06 20d 1.14 + 0.51 3.05

with fiber length # and the fiber diameter d, see Fig. 6. To discretize the
microstructures, we employed composite voxels and used a resolution
of v/d = 15, as identified in the previous section.

For every combination of length L and width W, ten different
microstructures were generated, and their effective stresses 7 were
calculated for all considered shear rates (2.45) and loading direc-
tions (2.35). We define the relative error caused by the volume element
size as
17 = Zeet 1>

Izl

For each individual load case, the effective stress 7 of the ten largest
microstructures with length L = 3.2¢ and width W = 20d was averaged
and chosen as the reference stress 7. Thus, for each volume element
size, the effective stress 7 of each of the ten realizations is compared to
the average reference stress 7. This allows us to calculate the means
and standard deviations of the relative error ey for each combination
of length L and width W, which are collected in Table 1.

First, we note that the mean and standard deviation of the relative
error ey decrease faster with the width W than with the length L.
The largest decrease in the mean and standard deviation of eyg oc-
curred when the width W was increased from W =5 to W = 10.
Thus, an appropriate choice of the volume width is essential to ob-
tain robust results. Overall, we observe that the maximum value
of the error ey falls below the engineering bound of 5% for the
sizes L =2.2¢, W =20d and L =3.2¢, W = 20d, where the maximum
of the error eyg is 4.06% and 3.05%, respectively. With mean errors

(3.8)

evE =

of 1.75% and 1.14%, and error standard deviations of 0.82% and
0.51%, both sizes L =2.2¢, W =20d and L =3.2¢, W =20d show
similar error characteristics. Consequently, we consider the size of
the volume element L =2.2¢, W =20d as sufficient, which aligns
with the results for aligned fibers in the Newtonian case of Bert6ti
et al. [39]. Accordingly, we choose L =2.2¢, W =20d for all further
investigations.

4. Computational investigations

4.1. Spatial representation of the suspension viscosity through a scalar
elongational viscosity

Bohlke and Briiggemann [80] introduced a simple method to vi-
sualize an anisotropic stiffness tensor. We modify this approach to
calculate the fiber polymer suspension’s resistance to elongational flow
in a particular direction via an elongational viscosity 7,,,. In the general
non-Newtonian case, we define a direction-dependent, elongational
VISCOSity #,p,

Happ (7 ¢ d) = AV (7.cp) a(d) ~ V(o) d@d@d®d).,  (4.1)

where a(d) denotes the components of d®d in Mandel notation, d is the
elongation direction, and the suspension viscosity Z(J‘/, cp) is calculated
via Eq. (2.33) as an approximation of the true suspension viscosity
tensor V(7,cg). Since the true suspension viscosity tensor V has the
minor and major symmetries, it is defined by 21 components. As a con-
sequence, the suspension viscosity ¥ (7, ¢¢) can be completely described
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Fig. 6. Comparison of microstructures with dimensions L x W x W, lengths L € {1.1¢,2.2¢,3.2¢}, and widths W € {5d,10d,20d }.
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Fig. 7. Apparent viscosity 7,,, in the Newtonian case for fiber volume fractions ¢z = 5% (a) and ¢ = 25% (b).
by a scalar elongational viscosity and a scalar dilatational viscosity, However, due to incompressibility, all information contained in the
see He and Curnier [81, Sec. 4.3]. The elongational and dilatational suspension viscosity V(7,cg) is completely and uniquely encoded via
viscosity then contain the information of 15 and 6 components of the the elongational viscosity #,,,(7, cr, d) [81, Sec. 4.3]. This holds in both
suspension viscosity V (7, ¢g), respectively. the Newtonian and Cross-type case. Thus, in the following, we use the
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Fig. 8. Apparent viscosity 7, in the Cross-type case for combinations of fiber volume fractions c; and shear rate 7: ¢ = 5%,7 = 105" (a), ¢ = 5%,7 = 500s7" (b), cg = 25%,7 = 105~

(0), and ¢ = 25%,7 = 500s7" (d).

elongational viscosity 7,,,(7,c) as a tool to completely visualize and
qualitatively understand the suspension viscosity V (7, cg). For the spe-
cial case of an isotropic suspension viscosity, and a uniaxial elongation
direction d, the elongational viscosity #,,,(7,d) is related to the shear
viscosity #(7) (2.2) such that n,,,(7,d) = 4n(7)/3. In the Newtonian
case, the viscosity tensor components V(7.cp) are independent of the
shear rate y. The dependence of the elongational viscosity Napp (7> CF> d)
and the suspension viscosity Z(;'/,CF) on the shear rate y, fiber volume
fraction ¢, and elongation direction d will be omitted for notational
clarity. Note that the colormap limits in Figs. 7 and 8 are chosen to
highlight the respective extrema of the elongational viscosity 7,,,, and
that differences in magnitude are visualized by the size of the viscosity
bodies.

In Figs. 7 and 8, we observe that for both the Newtonian and Cross-
type case, the elongational viscosity #,,, is large when the direction d
is aligned with the principal fiber orientation axis. This is expected,
since flow resistance along the cylindrical fibers is higher than in other

10

flow directions. Furthermore, the elongational viscosity 7,,, for both
cases increases with growing fiber volume fraction ¢ in all directions d.
However, in the Cross-type case, the elongational viscosity 7,,, de-
creases with the shear rate y in all directions d. Depending on the value
of the shear rate y, one effect outweighs the other.

Note that the minimum value of the elongational viscosity ,,, does
not occur perpendicular to the principal fiber orientation axis x in both
cases, because of incompressibility.

4.2. Polar representation and material anisotropy

While spatial representations of the elongational viscosity 1,,, pro-
vide intuition and qualitative understanding of the underlying viscosity
matrix K, cuts through the viscosity bodies shown in the previous
section allow for a more focused discussion of the occurring effects. As
noted in the previous section, the fiber volume fraction cg has a strong
influence on the suspension viscosity z Because the matrix l/; should
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Fig. 9. Apparent viscosity #,,, in the x —y and y - z plane, for fiber volume fractions ¢ € {5, 10,15,20,25}% in the Newtonian case.

Table 2

Apparent viscosities #,,, and Myop in the Newtonian case for fiber volume fractions ¢ € {5, 10, 15,20, 25} %.
¢ in % 5 10 15 20 25
fapp iN Pas 530 726 964 1243 1581
n in Pas 769 1258 1872 2615 3468

app

be transversely isotropic, see Section 2.5, we will discuss the effect of
the fiber volume fraction ¢z and the shear rate y on the suspension
viscosity V by focusing on the elongational viscosities Moo and ,, in x
and y direction.

In Section 4.1 we noted that the elongational viscosity 7,,, increases
with the fiber volume fraction c¢ in all directions d. Additionally, as
shown in Figs. 9 and 10, the changes of the elongational viscosities },,
and Maop with the fiber volume fraction ¢ increase with the fiber volume
fraction ¢ itself. In the Newtonian case, the viscosity naypp increases
from 530 Pas to 1581 Pas as the fiber volume fraction ¢ changes from
5% to 25%, see Table 2. In contrast, the elongational viscosity Maop
increases from 769 Pas to 3468 Pas as the fiber volume fraction ¢ in-
creases from 5% to 25%. Thus, the elongational viscosities nfpp and 7
increase by 198% and 351%, respectively.

In the Cross-type case, the elongational viscosity 7,,, depends on the
shear rate y, as highlighted by Fig. 10 and Table 3. At a fiber volume
fraction ¢ = 5%, the elongational viscosity nfpp decreases from 529 Pas
to 30 Pas as the shear rate 7 changes from 10s~! to 10° s~!. In contrast,
the elongational viscosity Maop decreases from 759 Pas to 43 Pas as the
shear rate y changes from 10s~' to 10°s~'. Hence, both elongational
viscosities naypp and 'lfpp decrease by the same factor of around 94%.
However, for a lower shear rate y = 10° Pas, the elongational viscosi-
ties nfpp and Moo decrease differently by the factors 57% and 62%,
respectively. We observe a similar change for the higher fiber volume
fraction ¢g = 25%. In this case, the elongational viscosities r;,, and Maop
also decrease by around 94% as the shear rate y changes from 10s~!
to 10°s~!. Again, for a lower shear rate y = 10° Pas, the elongational
viscosities rl:pp and - decrease differently by the factors 75% and
78%, respectively. As a result, we conclude that for shear rates y where

X
app

11

the matrix behavior is non-Newtonian the elongational viscosities Maop
and 7}, vary stronger with the shear rate for higher fiber volume
aop change
by different factors in both the Newtonian and Cross-type case for a

fraction c¢. Also, since the elongational viscosities 7, and #

shear rate y = 10®s™!, the material anisotropy changes with varying
fiber volume fraction ¢; and shear rate y, see Fig. 11. We discuss these
changes in the following.

For the transversely isotropic symmetry of the suspension viscos-
ity z, its anisotropy is characterized by the elongational viscosities Maop
and nipp. For further investigation we also use a third elongational
viscosity 7, in z direction. Each parameter represents the value of
the elongational viscosity #,,, for an elongation direction d in x-, y-,
and z-direction, respectively. Thus, the fractions

X X

n n
fi==2 ad f=2 (4.2)
Mapp app

serve as a measure of directional anisotropy. For a theoretical, perfectly
transversely isotropic suspension viscosity, both fractions f, and f,
assume the same value. As described in Section 2.5, we prescribed
a transversely isotropic, second order orientation tensor (2.46) for
all considered microstructures. Hence, we also expect a transversely
isotropic suspension viscosity V if the volume element size for the
computational investigations was chosen sufficiently large.

To test if the volume element size was chosen appropriately, we
define the relative deviation

A=A

dev —

. 4.3
If11 “3
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Fig. 10. x —y and y - z plane cuts of the Cross-type, elongational viscosity bodies for fiber volume fractions ¢ = 25% and shear rates y € {10',10%,10%,10%,10°} s~'.

Table 3
Apparent viscosities ,,, and 1, in the Cross-type case for fiber volume fractions c¢ € {5, 10,15,20,25}% and shear rates j € {10, 10%,10%} 571,
¢ in % 5 15 25
yin 7! 10! 10° 10° 10! 10° 10° 10! 10° 10°
nj'pp in Pas 529 226 30 939 295 52 1515 379 84
Noop in Pas 759 287 43 1818 494 101 3336 729 185
and evaluate the relative deviation ey, for both the Newtonian and Also, the maximum absolute changes
Cross-type case. For all considered shear rates y and volume frac- . )
Af(cg) = flcp, 1087) = f(cps Vmin) 4.4

tions c¢g, the deviation ey, is smaller than 2% in both the Newtonian
and the Cross-type case. Therefore, the values of the fractions f, and
f, differ only slightly from each other, and the expected symmetry
of the material is captured with an error that is sufficiently small for
engineering purposes. The elongational viscosity #,,, in the y-z plane,
as shown in Figs. 9(b) and 10(b), illustrate the material symmetry
further, since the polar plots of the elongational viscosity #,,, are
circular for all fiber volume fractions ¢ and shear rates y. Since we
consider the volume elements as representative, we will discuss the
dependence of both fractions f; and f, on the fiber volume fraction c¢
and the shear rate y as shown in Fig. 11.

In the Newtonian case, both fractions f; and f, grow significantly
from 1.45 at a volume fraction ¢ =5% to 2.19 at a volume frac-
tion ¢g = 25%. Because the matrix behavior in the Cross-type case is ap-
proximately Newtonian for low shear rates y, the values of the fractions
f1 and f, in the Cross-type case for a shear rate y = 10s~! are similar
to those in the Newtonian case. As the shear rate y grows, the values of
the fractions f; and f, decrease up to a shear rate y,,;, ~ 10° s~!, where
they reach their respective minima. Because more fibers are likely to
be packed close to each other for higher volume fractions ¢, higher
velocity gradients occur at lower macroscopic shear rates y. This, in
turn, decreases the local matrix viscosity. Consequently, the minimum
of the fractions f; and f, occurs at lower shear rates as the fiber volume
fraction grows. For a fiber volume fraction ¢ = 25%, the minimum of
the fractions f, and f, is attained at a shear rate y = 10%s~!, whereas,
for a fiber volume fraction ¢ = 5%, the minimum is attained at a shear
rate y =2- 103 s~

12

increase with the fiber volume fraction ¢, e.g., 4f(cg) =17% and
Af(cp) = 28% for fiber volume fractions cg of 5% and 25%, respectively.
In contrast, the maximum relative changes

fep, 1057 = fcr, Frmin)
f(cp,10s7T)
lie between 12% to 14% for all investigated fiber volume fractions.

Af(cp) = (4.5)

4.3. Comparison to mean-field results
In the following, we compare the computational results with mean-

field estimates. In the Newtonian and Cross-type cases, we use the
Mori-Tanaka model (2.41) to calculate the apparent mean-field viscos-

ity ”LVFI:E Then, we compare the apparent mean-field viscosity "LVFI’E with
the apparent computational viscosity n;;r via the deviation
MF _  FFT
Mapp ™ Mapp ‘
e = 20 1 (4.6)
Mapp

To reduce dimensional complexity, and to avoid compromising the
comparison with potential interpolation errors, as discussed in Sec-
tion 4.1, we focus our discussion on the two scalar quantities Maop
and ﬂ:pp- The results for the Newtonian and the Cross-type case are
shown in Figs. 12 and 13, as well as Fig. 14.

In the Newtonian case, the elongational viscosities n;‘pp and nzfpp

obtained via the mean-field method are lower than the ones obtained
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Fig. 12. Apparent viscosities Moo and 7, for the mean-field model and the FFT-based computational method, and deviation ey (4.3) for fiber volume fractions ¢ € (5, 10, 15,20,25}%
in the Newtonian case.

via the FFT-based computational method. Also, for a fiber volume
fraction ¢ = 5%, the mean-field and FFT-based results for Myop and 3,
can still be considered similar for engineering purposes, as the devi-
ation ey is below 5.7%. However, for increasing fiber volume frac-
tions cg, the deviation ey increases monotonically up to 26.8% for the
elongational viscosity #;, and 23.5% for the elongational viscosity Mapp*

In the Cross-type case, for shear rates y ~ 10s™1,7 ~ 10°s~!, we
observe the same results for the deviation ey as in the Newtonian
case. This is a direct result of the two Newtonian regions of the Cross-
type matrix viscosity # at the shear rate limits y — 0s™! and 7 — cos™.
The largest deviation ey occurs for a shear rate y = 103s~!, where
the matrix nonlinearity is highest. As we already observed for the

13



B. Sterr et al.

- - - Meanfield — FFT e 7%, 4%,

Journal of Non-Newtonian Fluid Mechanics 321 (2023) 105101

- - - Meanfield — FFT e 7%, 41,

0.8 rrm——rrm——rr— 4
0.6| 1 s .
& 2
5 S
= 04f {8 2f .
£ £
0.2| ST .
0 | Ll Lol Lol Ll O i Lol Lol Ll
101 102 103 10* 10° 10t 102 103 104 10°
4 in s1 4 in s71
(a) cr = 5% (b) cr = 25%
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and 7, for the mean-field model and the FFT-based computational method for fiber volume fractions ¢ € {5,25}% and shear rates y € [10, 105]s7!
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Fig. 14. Deviation ey (4.3) of the elongational viscosities Maop and n,, for fiber volume fractions ¢ € {5,10,15,20,25}% and shear rates 7 € [10,10°]s™! in the Cross-type case.

anisotropy measures f; and f, in Section 4.1, the fiber volume frac-
tion ¢r influences the shear rate y at which the maximum deviation ey
occurs. In particular, for both elongational viscosities Myp and r/:pp, the
maximum observed deviation for a fiber volume fraction ¢ = 25%
occurs at a lower shear rate y = 103 s~!, whereas it occurs at a shear
rate y =2 - 103 s~! for a fiber volume fraction ¢ = 5%. As an additional
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consequence of the Cross-type material law (2.2), the curves of the
elongational viscosities ”:pp and r/;vpp for the two calculation methods
intersect twice. For the fiber volume fractions ¢ = 5% and ¢ = 25%,
the first intersection occurs at shear rates y ~ 10%s~! while the second
intersection occurs in the shear rate interval [10%,5 - 10*]s~!, depending
on the fiber volume fraction c¢. For higher fiber volume fractions ¢ the
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second intersection occurs at lower macroscopic shear rates y, because
the decreased fiber to fiber distance leads to higher microscopic shear
rates. Consequently we observe an earlier transition into the second
Newtonian regime at the shear rate limit y — cos™!. In between the
intersections of the elongational viscosity curves, the elongational vis-
cosity 1,,, obtained via the mean-field model is higher than for the
computational approach.

5. Conclusion

This work was devoted to study the effect of shear-thinning matrix
behavior on the effective viscosity of fiber suspensions. We focused
our considerations on shear rates of interest for engineering manu-
facturing processes, like injection and compression molding. For our
investigations, we made use of a Cross-type viscosity model and an
FFT-based computational method to determine the effective viscosity
of fiber suspensions over a wide range of shear rates. We found the
resolution error of the microstructure discretization to be dependent on
the shear rate and load direction, with the minimum resolution error
occurring at medium shear rates and pure shear loads. To our surprise,
we found the representative volume element size to be highly similar
in a Newtonian case with aligned microstructure and a Cross-type case
with transversely isotropic microstructure. Over the considered shear
rate interval, we found the Cross-type suspension viscosity to vary
strongly in magnitude and in degree of anisotropy. Finally, we ob-
served substantial deviations between the computational estimates and
Mori-Tanaka type mean-field estimates for the suspension viscosity.

In subsequent work, the presented Cross-type FFT-based homoge-
nization procedure could improve prediction capabilities of engineering
process simulations by providing enhanced estimates for the suspension
viscosity. Also, combined with an efficient upscaling technique such as
Deep Material Networks [82-85], the Cross-type FFT-based procedure
could be employed on an element level in nonlinear, component scale
process simulations. Furthermore, the Cross-type FFT-based procedure
could be used in the validation, improvement and development of
mean-field models for the viscosity of nonlinear suspensions. As the
first article to investigate the effective viscosity of non-Newtonian fiber
suspensions in the context of FFT-based computational homogeniza-
tion, the scope of this article was restricted to fibers of aspect ratio
ten, a selected transversely isotropic fiber orientation state, and Cross-
type shear-thinning rheology. From a physical perspective, effects like
shear-thickening rheology, temperature dependence, and polymer crys-
tallization might also be incorporated into the computational procedure
to increase versatility. Furthermore, investigations of suspensions with
higher fiber aspect ratios and different fiber orientation states are of
engineering interest as well, and could be elements of future research.
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