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1 | INTRODUCTION

Due to its well-known beneficial properties [1], the port-Hamiltonian (PH) framework has gained large popularity also
when modeling elastodynamical systems (which might occur in structural mechanics [2] or multibody system dynamics
[3]). The developed models are able to describe multiphysical coupling as well as the interconnection to other subsystems,
whilst achieving a systematic and power-preserving formulation. However, in the field of elastodynamics, quite often
the focus has been on linear descriptions (either due to some kinematic assumptions or by considering purely linear-
elastic material only). In the present work, we show a PH formulation for elastodynamics that can capture both geometric
and material nonlinearities. While we restrict ourselves to finite-dimensional systems in this contribution, also infinite-
dimensional problems fit into this model class after a suitable mixed finite element discretization [4, 5].

This work starts by modeling spatially discrete mechanical systems with hyperelastic elements and introduces a PH
model for these problems in Section 2. Subsequently, a time discretization by means of the midpoint discrete gradient
[6] is performed in Section 3 that inherits conservation properties of the underlying time-continuous model. Numerical
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results using the example of a fully nonlinear spring pendulum are shown in Section 4. Section 5 concludes the findings
and gives a brief outlook.

2 | FINITE-DIMENSIONAL NONLINEAR ELASTODYNAMICS

In this section, the fundamental governing equations for finite-dimensional (i.e., spatially discrete) elastodynamical sys-
tems are outlined. Furthermore, we perform an index reduction of the index-1 differential-algebraic equations (DAEs) in
order to provide a new PH formulation for the problem class at hand.

2.1 | Governing equations

Consider the motion of a finite-dimensional elastodynamical system consisting of N point masses in three dimensions
with the configuration space @ C R3 such that g € Q denotes the position and v € T,QC R3N the velocity, respectively.
Moreover, we introduce strain measures C € R"! corresponding to n.; hyperelastic elements in the system and analyze
the motion over some time interval T = [tg, tenq] € R5o. We derive the equations of motion of the system by means of the
Lagrange—d’Alembert principle (see, e.g., [7]) such that

ten [en
5 ft0 * Laug(q,v, p,C,S)dt + jto * fap(q,v) - 8qdt =0, D

where f,, are non-potential forces and the augmented Lagrangian L,,, : Q X T;Q X T;‘ Q X Rl x R"! — R is given by
. 1
Laug(q,0,p,C,85) =T(L) =V(q,C) + p - (¢ = v) + 55 - 8(q, C). ()

Therein, the kinetic (co-)energy T : T,Q — R,v 10 - Mv, where M € R3N>3N represents the constant, positive definite
and symmetric mass matrix, and the potential energy V(q, C) = Vi,(C) + V(q) are introduced. The potential energy
is split up into an internal part Vj,; : R"! — R and an external part V¢ : Q@ — R. The variational principle introduces
Lagrange multipliers p € T4Q C R3N in the spirit of Livens principle [8] in order to enforce the kinematic relation § = v
and stress-like multipliers S € R" to realize the kinematic side condition

81 G C~'1(‘1)

8 G | |G@

gg0)=C-Cl@=0 & 2= =0, ©

gnel Cl’lel C'nd (Q)

which can be regarded as an operation of column vectors comprising the information of all n,; elastic elements. Note that
C denotes the strain computed by means of the position. Computing individual stationary conditions pertaining to (1)
gives rise to the index-1 DAEs

g=uv, (4a)
b= ~DVeu(@) ~ 3DC@TS + (@, 0), (4b)
p = Mo, (40)
%s = DV (C), (4d)
c = C(), (4e)

85UB017 SUOWIWIOD 8A11e81D) 8edl|dde 3y Aq pauAob a8 SSo1Le YO 8SN JO'S3IN1 10} A% 3UIUQ AB|IA UO (SUONIPUOD-PUR-SWSIW0D A8 | 1M AteIq | Bu UO//:SANY) SUOIPUOD pue swie | 81 88S *[£20z/0T/0T] Uo A%iqiauluo A8|im ‘@1Bojouyos | *4 uonninsu euynsie Aq v T00EZ02 Wured/Z00T 0T/I0p/W0d A8 | im AIq Ul uo//sdny Wwolj papeojumod ‘0 ‘T90LLTIT



KINON ET AL. 30f9

FIGURE 1 Spring pendulum system with orthonormal basis {e;}.

which are the Euler-Lagrange equations of the problem at hand. Note that D(+) represents the gradient operator. From
relation (4c), it becomes visible that the Lagrange multipliers p emerge as the conjugate momenta. For further details
on Livens principle and an extension to constraint mechanical systems, see [9, 10]. Furthermore, (4d) exposes that S
can be viewed as the work-conjugated stresses corresponding to the strains, which are computed as the gradient of the
internal energy.

2.2 | Constitutive modeling

In analogy to the stored energy density function for geometrically exact strings with hyperelastic material [5, 11], we assume
the internal energy as the sum of contributions by all elastic element such that

Nel el

Vint(c) = Z Vint,i(ci) =

i=1 i=1

kilo,;
T(Ci —In(C;) - 1), 6)
where k; denotes a spring stiffness parameter and [ ; is the natural length of the ith spring element. It can be verified that
the stress-free configuration of the elements is indeed given by C; = 1. Thus, the global minimum of the internal potential

is given by min(V;;) = Zl.njl Vinti(C; = 1) = 0. Without loss of generality, we consider Cauchy-Green strains

di - 9gi
2
lO,i

Cilg) = ; (6)

where g; denotes the relative vector between the two ends of the elastic element. It can be stated that the relative vector
between the ends of an elastic element can be obtained from a linear combination of the N positions q; € R3 such that

q =(q1,9,...,qn) and
N
G = 2, aijq; 7)
=1

with constant a;; € R.
Example 2.1. As an example, consider the nonlinear spring pendulum with mass m in three dimensions (see, e.g., [12])
as depicted in Figure 1. Correspondingly, this yields N = 1 such that Q C R, T,Q C R’ and T, 2QC R3. Moreover, M =

mI € R, There is one hyperelastic spring element yielding the internal potential governed by (5) (with ne; = 1) along
with (5) and §; = q. The external potential

Vext(‘]) =—mb - q (8)

due to constant gravitational forces b = —9.81e; is considered.
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2.3 | Port-Hamiltonian formulation

The total energy of the system is formulated in its state variables x = (g, v, C) such that
H(x) = H(q,v,C) = T(V) + Vini(C) + Vexi (). 9)

The co-state variables (efforts) emerge as the partial derivatives

0H 0H d 1
3 DVexi(q), 5y ~Mv=p, 5= DVin(C) = 5S. (10)

The strain relation (4¢) induces the hidden kinematic relation
C =DC(g)g = DC(g)v. 1)

Next, we perform an index reduction by replacing (4e) with its kinematic counterpart (11). Moreover, by eliminating the
conjugate momenta using (4c), one eventually obtains the state equations governing the finite-dimensional PH system,
which can be written as ordinary differential equations of first order in time

I 0o ol[g 0 I 0 DVe(@) | [o
0 M oflv|=]|-I 0 -DC(gq)" v + (1| fup(q.v) (12)
o o I|lc 0  DC(q) 0 %S 0

with éS = DV;,((C). These equations can be recast in the compact form
Ex =J(x)z+Bu, where ETz=DH(x), (132)

y =B'z, (13b)

where u and y denote collocated input and outputs, respectively (cf. [13] for the initial introduction for linear systems,
[14] for the extension to arbitrary nonlinear Hamiltonians, and [3] for the application in the multibody system context).
Note that ET = E and J(x) = —J(x)T. While the state-dependence of J reflects the geometric nonlinearity, the material
nonlinearity due to hyperelastic material behavior is covered in the nonlinear effort law.

Remark 2.2. Alternatively, a canonical PH representation of the problem at hand can be obtained with a state transforma-
tion X = Ex, with E = DX(x), such that the momenta p appear in the state vector X = (q, p, C) instead of the velocities.
Moreover, the energy function is given by H = H(x) and DH(%) = E""DH(x) = (DV(q), v, %S). Correspondingly, (13a)
would boil down to the canonical representation X = J(£)DH (%) + Bu with the same matrices J and B as in (12).

In order to close the PH system representation, initial conditions
q(t =0)=qp, v(t=0)=vy, C(t=0)=Co=C(q) (14)
are required. We can write the energy balance as
H =DH(x)"% = z'Ex = z'(J(x)z + Bu) = yTu, 15)

which demonstrates the passivity and losslessness of the system, due to the skew-symmetry of the structure matrix. In the
case of vanishing nonpotential forces (i.e., no inputs), the system is energy-preserving such that H = 0. In the absence of
system inputs, we can moreover analyze the preservation of total angular momentum

N
L(g,v) = ), qi X Mg (16)
=1
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where we decompose positions and corresponding velocities into N three-dimensional contributions such that M, =
myI3y3. The balance of linear momentum for this k-contribution derived from the second line of (12) is given by

Ne|

. S;
myvx = —DV(q) - ), > DCi(qu)- a7)
i=1
In view of (6) and (7), one obtains
~ 2
DCi(qr) = aile 2 a;;q;- (18)
0,i j=1

Eventually, the time derivative of the total angular momentum can be computed such that

N N N N
d
k= Z(Qk X M) + i X M) = ) (O X Mo + gic X (=DVEqe) — ) Siaye—- P Z a;;jq;))
k=1 i=1 0,i J=1
N Nl
==Y qx DV (g) — Z P Z ik Gie X Z a;jq; = 2 i X DV X (gp), 19)
k=1 =l =3

where (17)-(18) have been taken into account along with ¢, = v,. Consequently, the angular momentum about the axis
of constant external potential forces b = —DV(qy) is preserved, such that

%(L -b)=0. (20)

3 | STRUCTURE-PRESERVING TIME DISCRETIZATION

We aim at a structure-preserving time discretization of the PH system (12) To this end, the time interval is discretized
with n, time steps of constant size h = t"*! — (" such that T = [t, tepq] = U o[, t"*1], and we apply a one-step scheme
which is closely related to the implicit midpoint rule. Let x" be the approx1mat10n of the state x(t") at time t". The time
stepping scheme can now be written in the form

E(xn+1 _ xn) = W (x"*1/2)zn+1/2 4 gyn+1/2), (21a)
where x"+1/2 = %(x'“rl + x") and the collocated outputs in discrete time are

yn+1/2 — BTZn+1/2. (21b)

n+1/2

Moreover, z is defined through

ETzn+1/2 = DH(x xn+1) (21c)

where DH(x", x"*1) is the midpoint discrete gradient in the sense of Gonzalez [6]. Among other properties (see [6, 15] for
more details), DH(x", x"*!) satisfies the crucial directionality property

DH(X",X"+1)T()C”+1 _ xn) — Hn+1 _Hn, (22)

where we have introduced the discrete energy function H" = H(x") = T(v") + V(q",C™) = T" + V". In particular, for
the discrete derivatives, we consider

o,H| [DVexu(q", g™
DH(x",x") =|0,H | = Muy"t1/2 , (23)
ocH DVin(C", C"*1)
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TABLE 1 Spring pendulum example: Simulation parameters.

Iy [m] k[N] m[kg] h(s] T [s] ENewton [—] qo [m] Uy [m/s] Co[-]
1 10* 1 102 [0,4] 107° (1.1,0,0) (0,1,1) C(qy) = 1.21

where the classical Greenspan’s formula [16] can be applied componentwise in the third block entry. In the limit C"*! —
C", the midpoint evaluation of the analytical gradient is used. It can be easily checked by a straightforward calculation
that (23) does indeed satisfy the directionality property (22). We can now analyze the scheme with respect to conservation
principles. First, making use of (21) and directionality property (22), we obtain

g gn = Zn+1/2 . E(xn+1 _ xn) — Zn+l/2 . hBun+1/2 — hyn+1/2 . un+1/2’

which is a discrete counterpart of (15). This proves that the present time-stepping scheme exhibits passivity, losslessness,
and for u = 0 also energy-conservation. Note that these properties are a direct consequence of the skew symmetry of J(x)
and hold regardless of the evaluation point of J(x) in time. However, a midpoint evaluation is crucial for the scheme to
be symmetric that is said to enhance robustness (see [15]). Moreover, the conservation of further discrete quantities relies
on this discretization choice. For example, consider the discrete, total angular momentum

N
L" = Z qp X myvy. (24)
k=1
Using the first and second equations in (21), one obtains

N
Ll = Z <(q;;l+1 _ q;{z) x mkUZ+1/2 n qZ+1/2 v mk(UZ+1 _ Ul}:))
k=1

M|

N
=-h) (DVZ"%qZ,qZ“) + Déi(qzﬂ/z)T%Si) x gy, (25)
k=1 i=1

where %S‘i = DVl?m(Cl?“, Ci”“) and collinear velocities have been taken into account. Moreover, the second term on the
right-hand side vanishes due to (18) evaluated in the midpoint. Note that the midpoint evaluation of the skew-symmetric
matrix J in (21) is crucial here. Eventually, the angular momentum component about the axis of external potential forces
b = —-DV*(q},q;*") for all k is a conserved quantity also in discrete time, such that

(L™ —L"-b=0. (26)
Remark 3.1. The present method (21) also covers the kinematic condition (3) exactly on the discrete level, that is,
gl@".cM=C"-C(@) =0 27

for all n = 1,..., n, if starting with consistent initial conditions satisfying C, = C(qy). This property can be shown using
the first and third equation in (21a) and the fact that C is a quadratic function of its argument in each component.

4 | NUMERICAL RESULTS

We investigate the motion of a spring pendulum as introduced in Example 2.1 governed by the equations of motion in
PH form (12). We use the time-stepping method given by (21), which has been solved using Newton’s method down to a
residual norm error of eyeyon in €ach time step. The chosen physical and numerical parameters as well as initial conditions
are comprised in Table 1 and the computer implementation can be found at [17].

Initial and final configurations are displayed in Figure 2 together with the computed trajectory of the mass. Moreover,
Figure 3 highlights the numerically exact satisfaction of the kinematic condition (27). During the motion energy is heavily
exchanged between kinetic and potential parts leading to the evolution, which can be observed in Figure 4. As proven in
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—0.5

q3 [m]

q2 [m] q1 [m]

FIGURE 2 [Initial and final configuration with trajectory during the motion.

.10714

FIGURE 3 Discrete kinematic condition (27).

FIGURE 4 Energy quantities.

(24), the total energy is preserved numerically, which is verified by means of time increments on the level of computer
precision (see Figure 5). Due to the chosen external potential forces, the angular momentum about the vertical axis is
also a conserved quantity (cf. relation (20)). The corresponding angular momentum conservation in discrete time (26) is
verified in Figure 6 together with the incremental changes displayed in Figure 7.

5 | CONCLUSION

We have presented a PH formulation for the analysis of nonlinear elastodynamical systems with an independent strain
quantity in the state vector. This formulation features a nonquadratic energy function in order to account for hyperelastic
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FIGURE 5 Increments H™! — H".

FIGURE 6 Angular momentum components.

FIGURE 7 Increments (L;)"*! — (L;)".

material behavior. The geometric nonlinearities are completely reflected in the state-dependence of the skew-symmetric
matrix operator, whereas hyperelastic material behavior is contained in the nonlinear constitutive law. We have also
shown the passivity of the system (which includes losslessness and energy-conservation). The structure-preserving tem-
poral discretization using midpoint discrete gradients leads to a simulation scheme with discrete time passivity (including
losslessness and energy-conservation) and preservation of the angular momentum map.

In the future, the model should be extended to viscous damping and systems with holonomic constraints. Moreover,
the feedforward and feedback control design of this model can offer further challenges. Interesting questions might also

10712
2 3
ts]
(L1)"
(L2)"
(L3)"
2 3
t[s]
107
0 2 3
t[s]

arise when investigating the model order reduction of this type of nonlinear systems.
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