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The Ferrell-Glover-Tinkham (FGT) sum rule in superconductors defines the superfluid density, ρs, as the
optical conductivity spectral weight (SW) that transfers into a δ function at ω = 0 due to the opening of
the energy gap below Tc. In high-Tc superconductors, strong electron-boson coupling, self-energy effects, and
intertwining of energy scales can link ρs to various high-energy processes, making the question of whether
or not the FGT sum rule is valid in cuprates, and at what energy scale, central to a full understanding of the
pairing mechanism. Here, we report high-precision measurements of the FGT sum rule in near-optimally doped
DyBa2Cu3O7−δ thin films. We resolve the low-energy balance of SW by combining submillimeter-microwave
interferometry, terahertz time-domain spectroscopy, and infrared ellipsometry to independently obtain the real
and imaginary parts of the complex dielectric function between 0.8 meV and 1.1 eV (6–9000 cm−1). By applying
a Kramers-Kronig consistency analysis to the measured spectra we find that the FGT sum rule is obeyed, and
the total intraband SW is conserved to within ±0.2% below an energy scale ∼0.6 eV. We attribute specific
anomalies observed in the conductivity spectra below ∼0.6 eV to coupling of charge carriers to the spectrum
of collective antiferromagnetic spin fluctuations. The procedure presented here, applied to near-optimally doped
DyBa2Cu3O7−δ , lays out a protocol for how the FGT sum rule should be studied in other doping levels and
compounds.
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I. INTRODUCTION

On very general grounds, any microscopic theory that
successfully describes superconductivity must allow for sum
rules that link the energy gap function, �(ω, k), to changes
in the electrodynamic response across the transition tempera-
ture, Tc [1–3]. These sum rules encode information about the
relationship between the superconducting order parameter, the
magnetic penetration depth, and the electronic behavior in the
normal state. By assessing their conditions of validity, as well
as their frequency and temperature dependence, the sum rules
provide insight into the nature of the superconductivity and
the energy scale of the electron-electron pairing interaction
[4].

The optical conductivity of a material in the supercon-
ducting state is defined by a δ-function component at ω = 0,
which describes the contribution from the superconducting
charge carrier condensate, and a response at finite frequencies
from charge carriers remaining in the normal, or uncondensed,
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state. Optical conductivity spectral weight (SW) shifts away
from low frequencies (typically in the terahertz to far-infrared
spectral range) as temperature is lowered below Tc and the
energy gap �(ω, k) opens. Following the development of
BCS theory, Ferrell, Glover, and Tinkham (FGT) proposed a
sum rule [5,6] that equates the SW lost from finite frequencies
below Tc to the strength of the condensate δ function at the
origin in terms of the superfluid density ρs,

ρs =
∫ �c

0+
[σ1,n(ω) − σ1,s(ω)]dω = c2

8λ2
L

, (1)

where σ1,n(ω) is the real part of the optical conductivity in
the normal state, σ1,s(ω) is the same in the superconducting
state, and λL is the London penetration depth. Eliashberg
theory, a many-body Green’s function approach that provides
a quantitative description of the electrodynamics of supercon-
ductors, gives the electron-boson self-energy and defines the
upper integration bound �c through the cutoff of the boson
spectral function [7–10]. The validity of the FGT sum rule in
a wide range of materials [2] and its connection to specific
features in the optical conductivity related to the electron-
phonon spectral density [11–13], α2F (ω), provided strong
quantitative support to the BCS theory and energy gap model
of superconductivity.

Having been successful in accounting for the optical
properties of conventional superconductors, this approach
remains much more challenging in the cuprate high-
temperature superconductors (HTSCs) due to the presence
of various competing orders and strong correlations [14,15].
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In particular, the possible spin-fluctuation pairing mechanism
suggests much higher energy scales for the electron-boson
spectral function and �c compared to phonon-mediated super-
conductivity [16]. Moreover, any superconductivity-induced
optical response observed beyond �c provides possible ev-
idence for the violation of the FGT sum rule, which has
been interpreted as an argument in support of unconventional
(e.g., kinetic energy driven) pairing scenarios [17–26]. It is
difficult to establish, however, that high-energy anomalies
below Tc are related to the superfluid density rather than to
superconductivity-induced changes in the scattering rate of
unpaired quasiparticles [27,28] or multiband effects [29–31].
The validity of the FGT sum rule therefore cannot be estab-
lished solely on the basis of spectra measured at or above
the plasma edge [19,21,22,24,32–37]. Direct measurements
of the complex electrodynamic response reaching to very low
energies are needed to accurately determine the proper dis-
tribution of SW between the superconducting δ function and
the quasiparticle response. Such experiments are challenging,
however, because typical low-energy measurements are frag-
mentary and require extrapolation between experimentally
accessible spectral ranges. The low-energy extrapolation of
the dynamic response in the superconducting state of d-wave
cuprate HTSCs is not straightforward due to the presence of
competing orders and quantum criticality [15]. Moreover, at
finite temperatures the narrow quasiparticle absorption peak
remains, as evident from gigahertz surface impedance mea-
surements down to 1.3 K [28]. This uncertainty becomes even
more critical if only the amplitude and not the phase of the
reflected or transmitted electromagnetic wave is measured and
the Kramers-Kronig (KK) relations are used to derive the
complex conjugate quantities.

To properly address the question of the validity of the
FGT sum rule in the cuprates, fully phase-sensitive techniques
spanning the complete intraband response from 1 eV down to
less than 1 meV are required to remove the dependence of the
analysis on the details of the low-energy extrapolation. Such
techniques allow the real and imaginary parts of the complex
dielectric function to be extracted independently while the
causality implicit in the KK relations strongly bounds the
accumulation of quasiparticle SW as ω → 0. By combining
several phase-sensitive spectroscopic techniques in a unique
way, we directly obtained broadband measurements of the
complex dielectric function from the microwave to the near-
infrared portion of the electromagnetic spectrum. These mea-
surements have recently become available due to advances in
terahertz generation and detection, which allow the terahertz
spectral gap to be bridged by high-resolution time-domain
spectroscopy. We find the FGT sum rule to be valid to within
an unprecedented accuracy of 2%, leaving the total intraband
SW unchanged in the superconducting state with an accuracy
of 0.2% or 0.01 eV2. This rules out unusual kinetic energy
saving pairing mechanisms in optimally doped RBa2Cu3O7−δ

cuprates (RBCO, where R = rare earth), in agreement with
Ref. [38]. We also find the cutoff of the FGT sum rule, �c ∼
0.6 eV, and observe specific features in the optical conductiv-
ity consistent with the known resonance energy and spectrum
of spin excitations. The procedure and results presented here
lay out a protocol for how the FGT sum rule should be accu-
rately studied in other doping levels and compounds.

FIG. 1. A schematic of the spectral range used in this experi-
ment. Broadband conductivity spectra between 0.8 meV and 1.1 eV
were obtained by combining submillimeter-microwave interferome-
try, terahertz time-domain spectroscopy, and infrared spectroscopic
ellipsometry. Spectra from each instrument were merged as de-
scribed in Sec. II.

II. EXPERIMENTAL DETAILS

Thin films of c-axis-oriented, near-optimally doped
DyBa2Cu3O7−δ (DyBCO) 20 u.c. (23 nm, Tc = 82 K) and
60 u.c. (70 nm, Tc = 90 K) thick were grown on (100)-
oriented (LaAlO3)0.3(Sr2AlTaO6)0.7 (LSAT) substrates with
dimensions 10 × 10 mm2 by ozone-assisted atomic-layer-
by-layer oxide molecular beam epitaxy. The high structural
quality of the films was confirmed by x-ray diffraction, trans-
mission electron microscopy, and transport measurements, as
described elsewhere [39,40]. Broadband conductivity spectra
between 0.8 meV and 1.1 eV (6–9000 cm−1) were acquired
by combining quasioptical submillimeter-microwave inter-
ferometry, terahertz time-domain spectroscopy (THz-TDS),
and infrared spectroscopic ellipsometry as shown in Fig. 1.
All optical measurements directly obtained both the real and
imaginary parts of the complex dielectric function, ε̃(ω) =
ε1(ω) + iε2(ω) = 1 + 4π i[σ1(ω) + iσ2(ω)]/ω, in a tempera-
ture range from 7 to 300 K.

Infrared ellipsometry measurements were made in the
range 8 meV to 1.1 eV (60–9000 cm−1) with home-built
ellipsometers at the MPI in Stuttgart and at the IR-1 beam-
line of the Karlsruhe Research Accelerator (KARA) at the
Karlsruhe Institute of Technology, in conjunction with Bruker
Vertex 80v and IFS 66v/s Fourier transform IR spectrometers,
respectively. This method is very sensitive to the properties of
thin films because of the oblique angle of incidence of the light
[41]. The real and imaginary parts of ε̃(ω) in the ab plane were
derived by numerical inversion of the ellipsometric angles
� and �, which were measured at an angle of incidence
of 80◦ relative to the c axis, using a best-match single-film
model calculation procedure as implemented in the Woollam
WVASE data acquisition and analysis software [42].

High-resolution THz-TDS transmission spectra were mea-
sured in the spectral range 1–10 meV (8–80 cm−1)
with a LaserQuantum HASSP spectrometer utilizing the
high-speed asynchronous optical sampling technique at a
1 GHz repetition rate. This system enabled effective scan
rates of up to 5 kHz across a 1 ns measurement window with
a corresponding spectral resolution of 1 GHz [43,44]. The
complex dielectric function was calculated from the complex
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FIG. 2. The real part of the measured ab-plane optical conductivity (a), (b) and dielectric permittivity (c), (d) across the entire spectral
range from 0.6 to 1.1 meV for a 60 u.c. thick DyBCO film, derived for a range of temperatures above and below Tc = 90 K. The spectra were
measured using quasioptical submillimeter-microwave interferometry, THz-TDS, and infrared spectroscopic ellipsometry and merged together
as described in Sec. II.

transmission, ln T̃ (ω) = ln A(ω) + iφ(ω), via inversion of the
Fresnel coefficients for an electric field polarized parallel to
the ab plane with a bare LSAT substrate used as a reference.
A substrate thickness mismatch parameter �L was introduced
as a free parameter to account for phase accumulation due
to uncertainty in thickness between the sample and reference
substrates. �L was adjusted until both ε1(ω) and ε2(ω) were
simultaneously anchored to the infrared ellipsometry spectra.
The value of �L was typically within ±3 μm, confirmed by
Nikon MH-15 digital micrometer measurements and consis-
tent with the substrate miscut error.

Quasioptical submillimeter-microwave transmission mea-
surements were performed by means of a Mach-Zehnder
interferometer in the energy range 0.8–1.6 meV (6–13 cm−1)
with a backward wave oscillator as the radiation source
[45,46]. Both ε1(ω) and ε2(ω) were extracted by simulta-
neously fitting the amplitude and phase of the interference
pattern with the Fresnel transmission equations for a two-layer
system. Finally, all spectroscopic data were merged in a self-
consistent way by enforcing the requirement that ε1(ω) and
ε2(ω) are smooth and continuous across the entire measured
spectrum with a single set of temperature independent analy-
sis parameters for each measurement. The resulting data were
analyzed by considering the difference spectra �ε1(ω) and
�σ1(ω), which give the changes in the spectra at a temper-
ature T compared with Tc. The systematic error bar does not
exceed the noise level of the difference spectra, ∼1 �−1 cm−1,
as seen, for example, in �σ1(ω) above 0.5 eV.

III. SUPERCONDUCTIVITY-INDUCED SW TRANSFER

The real parts of the ab-plane optical conductivity, σ1(ω),
and dielectric permittivity, ε1(ω), across the entire measured

spectral range for the 60 u.c. thick DyBCO film are shown
in Fig. 2. A large amount of optical SW is observed to shift
from terahertz and far-infrared energies below Tc, marking the
opening of the superconducting gap in σ1(ω). This SW shift is
accompanied by a dramatic downturn in ε1(ω) that is propor-
tional to −1/ω2, which is indicative of the accumulation of
SW into a δ function in σ1(ω) at the origin and the formation
of the superconducting condensate. However, σ1(ω) remains
finite down to the lowest frequencies and temperatures T �
Tc, which is not easily explained by a simple d-wave picture
[3]. The measured residual conductivity of our films in the
superconducting state is in very good quantitative agreement
with prior results for YBa2Cu3O6.9 single crystals, where
the residual in-gap absorption exhibits strong anisotropy and
an oxygen isotope effect [47]. The nature of the residual
electronic background can be attributed to competing orders
due to density wave correlations and fluctuations [15], and
possibly a charge density wave within the CuO chains pinned
by structural defects like oxygen vacancies [47].

The relationship between the in-gap electronic modes
and superconductivity remains unclear and requires fur-
ther research efforts outside the scope of the present
study. In the following, we focus on the superconductivity-
induced changes and examine the difference conductivity,
�σ1(ω) = σ1(ω, Tlow) − σ1(ω, Thigh ), and difference permit-
tivity, �ε1 (ω) = ε1(ω, Tlow) − ε1 (ω, Thigh ). Figure 3(a)
shows the difference spectra for the 60 u.c. thick DyBCO
film measured at Tlow = 7 K compared to Thigh = Tc. The
majority of the changes occur below ∼110 meV, indicated by
the red arrow, consistent with results for near-optimally doped
single crystal YBa2Cu3O6.95 [48–51]. However, our accurate
measurements also reveal a tail in the difference spectra that
extends to energies as high as 0.6 eV [see the blue arrow in
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FIG. 3. The KK consistency analysis of the concomitant superconductivity-induced changes in the real parts of the optical conductivity
and dielectric permittivity for a 60 u.c. thick DyBCO film with Tc = 90 K. The difference spectra, �σ1(ω) = σ1(ω, Tlow) − σ1(ω, Thigh ) and
�ε1(ω) = ε1(ω, Tlow) − ε1(ω, Thigh ), account for the change in SW between (a), (b) 7 K and Tc and (c), (d) 70 K and Tc (black lines). The inset
in panel (a) depicts the changes in the optical conductivity at higher energies extending up to 1 eV. Red, green, and blue arrows identify specific
superconductivity-induced anomalies near 110 meV, 150 meV, and 0.6 eV, respectively. KK transformations of the �σ1(ω) extrapolations, as
described in the main text, are plotted as red �εKK

1 (ω) lines in (b) and (d), respectively, and agree with the experimentally measured black
�ε1(ω) lines, indicating that the loss of intraband SW below Tc is equal to the weight of the superconducting δ function.

Fig. 3(a) inset]. While the superconductivity-induced changes
in �σ1(ω) become two orders of magnitude smaller in this
range, the integrated SW contained in the tail contributes
∼5% of the total SW transfer in the superconducting state.
Remarkably, we find a weak but well-defined and repro-
ducible feature at ∼150 meV, indicated by the green arrow
in the Fig. 3(a) inset, which has also been observed in the
superconductivity-induced response of YBa2Cu3O6.9 single
crystals [38]. The appearance of these three features below Tc

is closely connected to the opening of the superconducting gap
and boson-mediated coherence of Cooper pairs. Their charac-
teristic energy scales are defined by the value and symmetry
of the superconducting gap and specific features of the boson
spectral function, providing a pathway to identify the pairing
mechanism [8,12,52,53], as we discuss below in Sec. V B. To
confirm that these energy scales are the only ones relevant to
the pairing mechanism of superconductivity in DyBCO, it is
necessary to compare the integrated SW loss below �c to the
strength of the δ function in the superconducting state.

The difference spectra �σ1(ω) and �ε1(ω) are directly
connected through the KK relation,

�ε1(ω) = 8P
∫ ∞

0

�σ1(ω′)
ω′2 − ω2

dω′, (2)

where P denotes the principal part. In our experimental ap-
proach both the real and imaginary parts of the dielectric
function have been obtained independently, enabling us to

use the KK relations to test for consistency of the measured
data set. Since the FGT integral in Eq. (1) does not include
the origin, Eq. (2) can be modified to explicitly include the
contribution from the superconducting δ function:

SW1 = 8
∫ ∞

0+
�σ1(ω)dω, (3)

�εKK
1 (ω) = 8P

∫ ∞

0+

�σ1(ω′)
ω′2 − ω2

dω′ − SW2

ω2
. (4)

Here, the SW loss SW1 corresponds to the integrated differ-
ence conductivity spectra, while SW2 is equivalent to ρs in
Eq. (1). It is not possible to carry out experiments to truly
zero or infinite frequency, so to perform the KK consistency
analysis the measured �σ1(ω) data are extrapolated both to
zero and infinity. One of the key strengths of our experimental
approach is that it minimizes the extrapolation by measuring
to energies as low as 0.8 meV and as high as 1.1 eV, where
no changes in �σ1(ω) are detected within the noise level.
Accordingly, the measured spectra are extrapolated above
1.1 eV with �σ1(ω) = 0. We find that �εKK

1 (ω), shown by
the red curve in Fig. 3(b), agrees with the measured �ε1(ω)
over a very broad energy range down to the lowest measured
frequencies when SW2 = −SW1, implying that the total in-
traband SW is conserved and the FGT sum rule is obeyed.
This agreement is strongly controlled by the amount of SW
located at nonzero energies below ∼0.8 meV and not by the
exact shape of the extrapolation.

104501-4



HIGH-PRECISION MEASUREMENT OF THE … PHYSICAL REVIEW B 108, 104501 (2023)

Our approach also accounts for the low-energy response of
thermally excited quasiparticles. To illustrate this, we apply
the same numerical procedure to our data measured at inter-
mediate temperatures, T ≈ 3

4 Tc, where the order parameter
changes rapidly and the normal fluid and superfluid terms give
similar contributions to the optical conductivity σ̃ (ω, T ) =
iρn(T )/(ω + iγ ) + iρs(T )/ω, with ρn + ρs remaining con-
stant. The experimental difference spectra and calculated
�εKK

1 (ω) for the 60 u.c. thick DyBCO film are displayed
in Figs. 3(c) and 3(d) for spectra measured at Tlow = 70 K
compared to Thigh = Tc. Steep positive changes in �σ1(ω)
occur below ∼10−20 meV due to the temperature evolution
of the low-energy quasiparticle peak [40]. This peak occurs as
a result of competition between the decreasing quasiparticle
scattering rate and decreasing normal charge carrier density as
temperature is reduced in the superconducting state [54–56].
Comparing �εKK

1 (ω) to the measured �ε1(ω), we find that the
strength of the δ function, ρs, is equivalent to SW1, confirming
the FGT sum rule and two-fluid model are obeyed at interme-
diate temperatures. Equivalent results are obtained from the
KK consistency analysis for the 20 u.c. thick DyBCO film, as
shown in Figs. 9(a)–9(d) in the Appendix.

To quantify the degree of agreement between �εKK
1 (ω)

and �ε1(ω), we consider the dependence of the super-
fluid stiffness, −ω2�εKK

1 (ω), on the amount of SW located
in the low-energy extrapolation of �σ1(ω), as shown in
Figs. 4(a) and 4(b). Here, we consider the full dependence
of −ω2�εKK

1 (ω) from the lowest measured energies up to
the characteristic phonon frequencies, rather than simply the
estimated value of the superfluid stiffness in the limit ω → 0
[51]. The accurate fit of −ω2�ε1(ω) requires a significant
positive SW component below ∼0.5 meV, corresponding to a
low-energy quasiparticle peak that survives at 7 K with a very
small scattering rate on the order of 0.1 meV. The presence
of this peak is confirmed by manually unbalancing SW1 and
SW2 by ±2% of the weight of the superconducting δ function,
which produces a shift of −ω2�εKK

1 (ω) by an amount con-
sistent with the magnitude of the low-energy error bar in the
spectra merging procedure. This unbalancing strongly bounds
the extrapolation of �σ1(ω) to within the gray shaded area in
Fig. 4(a). Such a narrow conductivity response is consistent
with the low-energy, cusp-like quasiparticle peak observed in
gigahertz surface impedance measurements down to 1 K that
arises from weak scattering of nodal quasiparticles [28,57].
Our approach allows us to account for this peak with high
precision, in contrast to conventional infrared spectroscopy
techniques where the KK relations cannot be used to indepen-
dently check the consistency of the measured data. We find
that the SW of the narrow quasiparticle peak constitutes as
much as 6% of the SW of the δ function, which exceeds the
accuracy of conventional spectroscopic methods [51].

The precision of our experimental technique can be fur-
ther highlighted by placing the size of the error bar in
terms of the total intraband charge carrier density, SW(Tc) =
8
∫ 1.1 eV

0+ σ1(ω, Tc)dω. By comparing the 2% uncertainty in
the balance of SW between the superconducting δ function
and the narrow quasiparticle peak to the absolute (undif-

FIG. 4. (a), (b) An analysis of the accuracy of the KK consis-
tency procedure, focusing on the extreme low-frequency portion of
the measured spectrum. The solid red lines represent (a) the low-
energy extrapolation of �σ1(ω) and (b) its associated KK transform
in terms of the superfluid stiffness −ω2�εKK

1 (ω), which best matches
the measured −ω2�ε1(ω) data (black circles). The two blue dash-
dotted curves represent the same KK analysis with the SW contained
in the superconducting δ function unbalanced (increased and de-
creased) by 2%. (c) The integrated gain of intraband SW between
7 K and Tc, defined by Eq. (5), as a function of the upper integration
bound �. Within the experimental error bar (shown by the gray
shaded area and blue dash-dotted curves), the shift of SW between
superconducting and quasiparticle components is fully balanced by
integrating up to � ≈ 0.6 eV. The red, green, and blue arrows indi-
cate the positions of the specific spectral anomalies highlighted in
Fig. 3(a).
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ferenced) SW in the normal state, we find that (SW1 +
SW2)/SW(Tc) ≈ ±0.2%. From SW(Tc) = 4.16 eV2, this im-
plies the FGT sum rule is valid to within ±0.01 eV2.

With the accurate frequency dependence of �σ1(ω) from
zero to 1.1 eV determined, we obtain the energy bound �c

required to fully recover the SW that has shifted into the
δ function in the superconducting state. Figure 4(c) depicts
the recovery of the total intraband SW as a function of the
integration cutoff �,

�SW(�) = 8
∫ �

0+
�σ1(ω)dω + SW2. (5)

Within the error bar, the total intraband SW is recovered
up to �c ≈ 0.6 eV, and the uncertainty in the low-energy
extrapolation produces only a very small vertical shift in
the recovered SW. A large range of frequencies where
�SW(�) = 0 extends from � ≈ 0.6 eV to beyond 1 eV,
above the measured spectral range, demonstrating that the
SW shift responsible for the formation of the superconducting
condensate is well separated from interband contributions to
the optical conductivity. In comparison, previously reported
results based on infrared reflectivity measurements [51]
indicated that the superfluid density ρs in optimally doped
YBa2Cu3O6.95 single crystals is recovered to within ∼5% of
its SW up to ∼0.1 eV, in good agreement with our observation
that the majority (∼95%) of the changes in �σ1(ω) occur
below ∼110 meV [red arrow in Fig. 4(c)]. The improved
accuracy of our measurements allowed us to resolve the tail
in �σ1(ω) that extends up to ∼0.6 eV.

IV. NORMAL STATE CHARGE CARRIER SW

While the total intraband SW remains constant for tem-
peratures T < Tc, different behavior is observed above Tc. To
follow the temperature dependence of the intraband SW in our
DyBCO films, we perform KK consistency analyses above Tc

for difference spectra �σ1(ω) and �ε1(ω) with Tlow = Tc. The
measured difference spectra are found to be KK consistent
within the error bar of the experiment without any contribu-
tion from a δ-function component or sharp accumulation of
SW below ∼1 meV, as illustrated in Fig. 5 for the 60 u.c.
thick film and Figs. 9(e) and 9(f) for the 20 u.c. thick film
(see the Appendix). The result depends only on the narrowing
of the broad Drude-like component below ∼30−40 meV. For
both films we find that the value of the integrated difference
SW is positive, with �SW/SW(Tc) ≈ 2% between 200 K and
Tc, in agreement with the prior reported experimental data
for cuprates [21,22,51]. Indeed, for several families of un-
derdoped, optimally doped, and overdoped cuprates the total
intraband SW has been observed to follow a T 2 dependence
with an increase on the order of �SW/SW(Tc) ≈ 3–5% be-
tween 300 K and the superconducting state when the integral
in Eq. (5) is taken to � ≈ 1 eV [4,58]. Over a broad temper-
ature range the total intraband SW changes due to smearing
of the Fermi occupation function around the Fermi level with
increasing temperature. In a tight-binding picture, SW(T ) =
SW0 − kT 2 so that the total intraband SW increases with
decreasing temperature as less of the Fermi function tail lies at
high energies corresponding to interband transitions [59]. This

FIG. 5. The KK consistency analysis of the concomitant changes
in �σ1(ω) and �ε1(ω) (black lines) for a 60 u.c. thick DyBCO
film above Tc = 90 K. The extrapolated �σ1(ω) curve and its cal-
culated KK transformation are given by the red lines in (a) and (b),
respectively. SW accumulated at low frequencies between Tc and
200 K in (a) accounts for an increase of the total quasiparticle SW by
[SW(Tc ) − SW(200 K)]/SW(Tc ) = 2.1%.

increase is consistent with plaquette dynamical mean-field
theory calculations [60] in the framework of the t-J model
where the increase in total intraband SW of 3–5% between
300 K and Tc was found to be doping independent.

V. DISCUSSION

A. Temperature evolution of quasiparticle SW

Figure 6 depicts the temperature dependence of the total
intraband SW in the 60 u.c. thick DyBCO film, SW(T ) =
8
∫ 1.1 eV

0+ σ1(ω, T )dω, normalized to its value at Tc. SW(T )
remains constant within the 0.2% error bar at T < Tc

while SW(T ) ∝ T 2 is observed above the superconducting
transition. For a layered system such as the cuprates, the
coefficient on T 2 can be expressed as k = 2EcB in the
nearest-neighbor tight-binding approximation [4,59], where
the charging energy Ec = 2πe2/d , B is a factor inversely
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FIG. 6. The total intraband SW of the 60 u.c. thick DyBCO film
as a function of reduced temperature, normalized to its value at Tc.
Above Tc the quasiparticle SW follows the quadratic dependence
SW(T ) = SW0 − kT 2 (red shaded line). Below Tc the total intraband
SW remains constant to within the error bar. At the lowest measured
temperature of 7 K this constitutes a superconductivity-induced re-
duction of intraband SW of ∼0.5% compared to the normal state
single-band value.

proportional to the bandwidth, and d is the spacing between
adjacent CuO2 planes (≈6 Å for DyBCO). From a fit of
the above-Tc data, shown by the thick red shaded line in
Fig. 6, we obtain a value of B = 9.3 eV−1. Extrapolation
of the red shaded line to T → 0 indicates an overshoot of
SW(T )/SW(Tc) by ∼0.5% above its measured value in the
superconducting state, corresponding to a superconductivity-
induced SW supression of −0.02 eV2 at 7 K. Since the total
intraband SW in the tight-binding approximation may also be
identified with the negative expectation value of the kinetic
energy K per in-plane Cu atom,

∫ 1.1 eV
0+ σ1(ω)dω ∼ Ec〈−K〉

[61], we equate the plasma frequency ωp ≡ √
SW(Tc) =

2.04 eV to 〈K〉 = 277 meV/Cu and the superconductivity-
induced reduction of intraband SW to a small kinetic energy
increase of �〈−K〉 = 1.5 ± 0.6 meV/Cu. The precise valid-
ity of the FGT sum rule and slight increase of in-plane kinetic
energy in the superconducting state of our DyBCO films rules
out unusual kinetic energy saving pairing mechanisms [17,18]
as the primary driver of superconductivity in optimally doped
RBCO cuprates. These results are in agreement with previ-
ously reported measurements on YBa2Cu3O6.9 single crystals
[38]. The measured increase in 〈K〉 is comparable to but
smaller than the gain in magnetic exchange energy of ∼2
meV/Cu that is available to the superconducting condensation
energy, which is in fact an order of magnitude smaller [62].

B. Signatures of spin fluctuations

By applying a KK consistency analysis to the mea-
sured spectra, we find that the FGT sum rule is obeyed
over energies extending up to �c ≈ 0.6 eV, which lies
beyond the energy scale expected for conventional phonon-

mediated superconductivity [8,12]. The development of
the theory of phonon-mediated superconductivity within
the regime of strong electron-phonon coupling holds the
potential to broaden the range of involved energies to
include the characteristic polaron binding energies [63].
However, despite recent theoretical advancements [64,65],
very little experimental evidence currently supports the
idea that strong electron-phonon coupling governs the
physics of cuprates beyond the undoped and weakly doped
regimes.

Antiferromagnetic spin fluctuations have been established
to play an essential role in the pairing physics of the cuprate
HTSCs [15], where a clear correlation is observed between
the spin-fluctuation spectrum measured by inelastic neutron
scattering and the self-energy effects seen in angle-resolved
photoemission spectroscopy [66]. In analogy to the case of
phonon-mediated superconductors, this spin-fluctuation spec-
trum would form the basis for the electron-boson spectral
function, I2〈χ2(ω)〉, where I2 is the coupling strength to the
charge carriers. In the normal state, the spin-fluctuation spec-
trum is composed of paramagnon excitations that emanate
from the wave vector �q = (π, π ), which characterizes anti-
ferromagnetic order in undoped cuprates, and disperse up to
∼300 meV. The paramagnons are heavily damped such that
the corresponding spectral features acquire a half-width-at-
half-maximum of ∼200 meV. The full paramagnon spectrum
thus extends up to �para ∼ 600 meV [16]. Less pronounced
feedback effects of Cooper pairing on the magnetic fluctuation
spectrum are also observed at energies far above the super-
conducting gap up to the magnetic zone boundary [67]. The
broad continuum in the difference conductivity extending up
to �c ≈ 0.6 eV can therefore be attributed to scattering from
damped spin excitations, where �c ∼ 2�max + �para (here
�max is the maximum of the d-wave superconducting gap)
[68–70].

The concept of spin-fluctuation mediated pairing is further
supported by the presence of two additional anomalies in the
difference conductivity at lower energies, as indicated by the
red and green colored arrows in Figs. 3(a) and 4(c). In the
superconducting state, an intense resonant mode develops at
�s = 41 meV at �q = (π, π ) [71]. The specific form and man-
ifestation of the superconductivity-induced anomalies in the
optical conductivity, within the framework of the spin-fermion
model, strongly rely on assumptions about the collective bo-
son momentum dispersion, the d-wave superconducting gap
structure, and the degree of impurity scattering. The feature
in the difference conductivity near 150 meV, marked by the
green arrow in Fig. 3(a), is in excellent agreement with the
weak singularity expected in σ1(ω) at 2�max + 2�s [53,70],
with the maximum of the d-wave superconducting gap at
2�max ≈ 65 meV deduced by electronic Raman scattering in
YBa2Cu3O6.95 and the sharp resonance mode at �s < 2�max

[71]. Under the conditions of strong impurity scattering in
the dirty limit, the major superconductivity-induced changes
are found to primarily occur within the 2� region and do
not exhibit prominent manifestations at 4�. Within this ap-
proach, the characteristic frequency near 110 meV for the
main changes in �σ1(ω) [red arrow in Fig. 3(a)] can be
reasonably assigned as 2�max + �s [53,70] due to the onset
of scattering from the boson mode.
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Notably, the functional form of theoretical calculations for
�SW(�)/SW(Tc) in Figs. 10 and 11 in Ref. [70], based
on a spin-fluctuation collective-boson model taking into ac-
count lattice interactions, agrees well with our experimental
result in Fig. 4(c). This scenario is also consistent with recent
scanning tunneling experiments showing that superexchange
interactions, which set the exchange coupling J , control the
strength of the superconducting condensate density [72]. In-
deed, cluster dynamical mean field theory calculations derived
from a fluctuation-diagnostics approach extended to the d-
wave superconducting state of the two-dimensional Hubbard
model have identified antiferromagnetic spin fluctuations as
the dominant source of pairing in cuprates, albeit with a more
complex structure than those typically considered in standard
spin fluctuation theories [73].

Central to the issue of the FGT sum rule and spin
fluctuations in cuprate HTSCs is the dependence of these
properties on hole doping. Our results for near-optimally
doped DyBCO films agree with prior reported measure-
ments of the SW transfer in optimally doped YBCO single
crystals [38]. However, previously reported results for dif-
ferent doping levels and other cuprate families are widely
divergent [21,35,51]. In particular, far-infrared reflectivity
measurements in Bi2Sr2CaCu2O8+δ [34,36] have suggested
that integrated SW increases below Tc on the underdoped
side of the phase diagram and decreases in the overdoped
regime, with a crossover near optimal doping. In con-
trast, other infrared reflectivity measurements in underdoped
YBa2Cu3O6.60 [51] found that the FGT sum rule is satisfied
at �c ∼ 0.6 eV, in full agreement with our data on near-
optimally doped DyBCO. It is expected within the framework
of the collective spin-fluctuation theory that the relative
changes in �σ1(ω) above 2�max + �s are more pronounced
in the underdoped regime due to the reduced charge carrier
density and decreased damping of the paramagnon by a larger
value of 2�max [16,71]. This makes an experimental approach
based on the reflectivity technique sufficient to uncover the
superconductivity-induced optical anomalies in underdoped
single crystals, whereas our measurements require thin films.
We find that underdoped DyBCO thin films do not maintain
a stable doping level on the timescale of this experiment.
Resonant inelastic x-ray scattering experiments show that the
cutoff of the collective spin-fluctuation spectrum is largely
independent of doping [74,75], but that it increases from one
cuprate family to the next in proportion to the number of
CuO2 layers per unit cell and maximum Tc [76]. Beyond
optimal doping the paramagnon spectrum exhibits a sharp
crossover from a regime defined by collective spin excitations
to one dominated by incoherent particle-hole excitations [77].
It is possible that these findings may elucidate the similar-
ity between the observations reported for optimally doped
and underdoped RBCO [38,51], and the differences between
RBCO and Bi2Sr2CaCu2O8+δ [34,36].

It cannot yet be ruled out that the differences in the
published optical data arise from differences in analysis, es-
pecially those arising from systematic offsets in the recovered
SW due to the specific treatment of low-frequency data in far-
infrared reflectivity experiments. The experimental method
we have presented here, based on fully phase-sensitive mea-
surements of the complex dielectric function from less than

FIG. 7. The superconducting-to-normal state reflectance ratio,
Rs/Rn, for a c-axis-oriented (BiPb)2Ba2Ca2Cu3O10 thin film (gray
line) [19]. The structure in the vicinity of the plasma edge can
be captured by considering an extended Drude model, ε̃(ω, T ) =
ε∞ − ω2

p/[ω2 − iωγ (ω, T )], where the quasiparticle scattering rate
γ (ω, T ) = A(kBT )2 + Bω. The red line represents an extended
Drude model fit using the parameters given in Ref. [19], with ωp

remaining constant across the transition. The structure in Rs/Rn near
the plasma edge reflects a small narrowing of the quasiparticle peak
below Tc by �γ/γn ≈ 0.2%.

1 meV to above 1 eV, provides a robust way to control the
balance of SW between the superconducting and quasiparticle
contributions to the optical conductivity. Measurements fol-
lowing the procedure we have outlined here will need to be
carried out at other doping levels and in other cuprate families
to clarify this issue, with the results compared to doping- and
material-dependent studies of various collective excitations.

C. SW redistribution beyond �c

Our observation that the total intraband SW is recovered up
to �c ≈ 0.6 eV within ±0.2% implies that superconductivity-
induced anomalies observed beyond �c reflect either minor
(within 0.2%) or no effect on the quasiparticle SW. The trend
below Tc shown in Fig. 6, therefore, remains unaffected by
any redistribution of SW at high energies. Nonetheless, we
comment on prior observations and possible mechanisms for
such anomalies for completeness.

To date, the reported optical anomalies at high energies
primarily occur at or near the plasma edge [19,21,22,24,32–
38]. In cuprate HTSCs the scattering rate is quite large, and its
change across Tc causes variations in the optical conductivity
up to the plasma edge at about 1.5 eV, corresponding to the
peak in the loss function. SW removed from the high-energy
Drude tail is transferred to the “head” of the Drude peak near
the origin, leaving the total intraband SW unaffected. The
changes in the optical conductivity in the Drude tail above
0.6 eV are within the noise level of Fig. 3, but may never-
theless be detected in the corresponding shift of the plasma
edge. In particular, as illustrated in Fig. 7, the blue shift of
the superconductivity-induced thermal-modulation reflectiv-
ity near the plasma edge [19] can be captured by considering a

104501-8



HIGH-PRECISION MEASUREMENT OF THE … PHYSICAL REVIEW B 108, 104501 (2023)

minor narrowing of the quasiparticle peak below Tc while the
plasma frequency remains constant. The drop in the inelastic
scattering rate below Tc is also evident from a peak in σ1 ver-
sus temperature that is observed in the microwave-to-terahertz
conductivity upon the opening of the superconducting gap
[28,40,54–57]. The observed changes in γ (ω) have been
addressed by the contribution of spin-fluctuation scattering
processes to the quasiparticle lifetime [27].

Superconductivity-induced anomalies in the optical con-
ductivity may even occur above the plasma edge at energies
corresponding to interband transitions, as detected in the
multiband pnictide superconductor Ba0.68K0.32Fe2As2 [78].
In multiband HTSCs, redistribution of the occupation of the
bands below Tc can be generated by imbalanced lowering of
the chemical potential in bands with different superconducting
gap energies,

�μ j

μ0
= 1

4

(
� j

μ0

)2(
ln

2�D

� j
− 1

)
, (6)

with �D an energy of order several times the Debye energy in
phonon-mediated superconductors [79,80]. This effect, albeit
quite small in conventional superconductors, may become
essential in the presence of a high density of states near the
Fermi level caused by a van Hove singularity [81]. In this
scenario, depicted in Fig. 8, the total quasiparticle SW is not
necessarily affected. A similar effect was also considered for
cuprate superconductors by taking into account their mul-
tiorbital character [82]. The high-energy optical anomalies
in multiorbital systems have also recently been discussed in
terms of the nontrivial quantum geometry of the conduction
band [29–31], but the detailed relationship between quantum
geometry and SW is complicated by orbital-dependent pairing
and it remains difficult to quantify how changes in the spec-
trum at high energies are related to the superfluid density.

VI. CONCLUSION

In summary, we report high-precision measurements of the
FGT sum rule and optical conductivity SW transfer across
Tc in near-optimally doped DyBa2Cu3O7−δ thin films. In
our approach, we combine submillimeter-microwave interfer-
ometry, high-resolution terahertz time-domain spectroscopy,
and infrared spectroscopic ellipsometry to obtain fully phase-
sensitive measurements of the real and imaginary parts of the
complex dielectric function between 0.8 meV and 1.1 eV.
The FGT sum rule is then examined by performing a KK
consistency analysis on the independently measured �σ1(ω)
and �ε1(ω) data. We find that the FGT sum rule is satisfied
with an unprecedented accuracy of ±2%, leaving the total
intraband SW unchanged in the superconducting state with an
accuracy of ±0.2%, with a cutoff of �c ≈ 0.6 eV. Tracking
the balance of SW from 7 to 200 K suggests that the in-plane
kinetic energy 〈K〉 increases by 1.5 ± 0.6 meV/Cu in the su-
perconducting state, ruling out possible kinetic energy saving
pairing mechanisms in near-optimally doped RBCO cuprates.

Additionally, we observe specific anomalies in the mea-
sured �σ1(ω) spectra below Tc near 110 and 150 meV, which
we assign as 2�max + �s and 2�max + 2�s, respectively. In
the framework of antiferromagnetic spin-fluctuation theory
[52,53], 2�max corresponds to twice the maximum of the

(a
rb

. u
ni

ts
)

FIG. 8. (a) A schematic representation of the band structure of a
two-band superconductor in the normal (thin solid parabolas) and su-
perconducting (thick black and gray Bogoliubov dispersions) states,
after Ref. [78]. Redistribution of the occupation of the different
bands below Tc is caused by imbalanced lowering of the chemi-
cal potential in bands with different superconducting gap energies,
�μ1,2/μ0 ≈ (�1,2/2μ0 )2, as shown by the orange and blue arrows
for holes and electrons, respectively. This redistribution causes the
depletion (increase) of unoccupied states in the narrow (broad)
parabola. (b) The resulting difference of the real part of the opti-
cal conductivity between the superconducting and normal regimes
for representative interband transitions shown by the red vertical
arrows in panel (a). The total optical conductivity SW remains
conserved.

d-wave superconducting gap, 2�max ≈ 65 meV, and �s =
41 meV is identified as the sharp resonance mode observed
in inelastic neutron scattering [71]. Furthermore, the cutoff
of the FGT sum rule, �c ≈ 0.6 eV, aligns with an absorp-
tion threshold in �σ1(ω) that is consistent with the cutoff of
scattering from the spectrum of damped paramagnons [16].
The coupling of characteristic spin-fluctuation energy scales
appearing in �σ1(ω) to the FGT sum rule is compatible
with a picture of antiferromagnetic spin fluctuations as the
dominant pairing mechanism in the RBCO family of cuprates.
Further studies across different doping levels and compounds
are imperative to draw general conclusions about the pair-
ing mechanism in cuprate HTSCs. Taking advantage of the
method outlined in this study will help to clarify the behavior
of the FGT sum rule throughout the phase diagram.
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FIG. 9. The KK consistency analysis of the measured real parts of the optical conductivity and dielectric function for a 20 u.c. thick
DyBCO film with Tc = 82 K. As in Fig. 3, the difference of the response functions, �σ1(ω) and �ε1(ω), were measured between (a), (b) 7 K
and Tc, (c), (d) 60 K and Tc, and (e), (f) Tc and 200 K (black lines). The KK transformations of these extrapolations are plotted as the red
lines in panels (b), (d), and (f), respectively. The calculated transforms agree with the measured data deep in the superconducting state (b), at
intermediate temperatures closer to Tc (d) where a narrow quasiparticle peak is observed, and above Tc (f). Additionally, the SW accumulated
below ∼40 meV in panel (e) accounts for an increase of the intraband SW by 2.2% compared to its value at Tc, while, as in the case of the
60 u.c. thick DyBCO film, the total intraband SW remains constant below Tc.
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APPENDIX

We performed a KK consistency analysis on spectra mea-
sured both below and above Tc = 82 K in a near-optimally
doped 20 u.c. thick DyBCO film, selected from the set used in
Ref. [40]. Compared to the near-optimally doped 60 u.c. thick

film, this thinner sample is characterized by larger tetragonal
distortions due to the LSAT substrate and less quasiparticle
scattering [39,40]. As can be seen in Figs. 9(a)–9(d), the FGT
sum rule is found to be satisfied both deep in the supercon-
ducting state, at T = 7 K, and at intermediate temperatures,
where the superconducting order parameter changes rapidly,
exhibiting the same characteristic energy scales. Figures 9(e)
and 9(f) depict the KK consistency analysis for the 20 u.c.
thick DyBCO film in the normal state, as in Fig. 5. The to-
tal intraband SW increases by �SW/SW(Tc) ≈ 2% between
200 K and Tc.
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L. Ji, M. K. Chan, N. Barišić, X. Zhao, M. Greven, and B.
Keimer, Phys. Rev. Lett. 108, 227003 (2012).

[68] M. R. Norman and A. V. Chubukov, Phys. Rev. B 73, 140501(R)
(2006).

[69] J. Fink, A. Koitzsch, J. Geck, V. Zabolotnyy, M. Knupfer, B.
Büchner, A. Chubukov, and H. Berger, Phys. Rev. B 74, 165102
(2006).

[70] S. Maiti and A. V. Chubukov, Phys. Rev. B 81, 245111 (2010).
[71] S. Pailhès, C. Ulrich, B. Fauqué, V. Hinkov, Y. Sidis, A. Ivanov,

C. T. Lin, B. Keimer, and P. Bourges, Phys. Rev. Lett. 96,
257001 (2006).

[72] S. M. O’Mahony, W. Ren, W. Chen, Y. X. Chong, X. Liu, H.
Eisaki, S. Uchida, M. H. Hamidian, and J. C. Davis, Proc. Natl.
Acad. Sci. USA 119, e2207449119 (2022).

[73] X. Dong, L. Del Re, A. Toschi, and E. Gull, Proc. Natl. Acad.
Sci. USA 119, e2205048119 (2022).

[74] M. Le Tacon, M. Minola, D. C. Peets, M. M. Sala, S. Blanco-
Canosa, V. Hinkov, R. Liang, D. A. Bonn, W. N. Hardy, C. T.

Lin, T. Schmitt, L. Braicovich, G. Ghiringhelli, and B. Keimer,
Phys. Rev. B 88, 020501(R) (2013).

[75] M. Minola, G. Dellea, H. Gretarsson, Y. Y. Peng, Y. Lu, J.
Porras, T. Loew, F. Yakhou, N. B. Brookes, Y. B. Huang, J.
Pelliciari, T. Schmitt, G. Ghiringhelli, B. Keimer, L. Braicovich,
and M. Le Tacon, Phys. Rev. Lett. 114, 217003 (2015).

[76] L. Wang, G. He, Z. Yang, M. Garcia-Fernandez, A. Nag, K.
Zhou, M. Minola, M. L. Tacon, B. Keimer, Y. Peng, and Y. Li,
Nat. Commun. 13, 3163 (2022).

[77] M. Minola, Y. Lu, Y. Y. Peng, G. Dellea, H. Gretarsson,
M. W. Haverkort, Y. Ding, X. Sun, X. J. Zhou, D. C. Peets, L.
Chauviere, P. Dosanjh, D. A. Bonn, R. Liang, A. Damascelli,
M. Dantz, X. Lu, T. Schmitt, L. Braicovich, G. Ghiringhelli
et al., Phys. Rev. Lett. 119, 097001 (2017).

[78] A. Charnukha, P. Popovich, Y. Matiks, D. L. Sun, C. T. Lin,
A. N. Yaresko, B. Keimer, and A. V. Boris, Nat. Commun. 2,
219 (2011).

[79] D. J. Scalapino, J. R. Schrieffer, and J. W. Wilkins, Phys. Rev.
148, 263 (1966).

[80] D. J. Scalapino, in Superconductivity: In Two Volumes, Vol. 1,
edited by R. D. Parks (Dekker, New York, NY, 1969).

[81] S. V. Borisenko, V. B. Zabolotnyy, D. V. Evtushinsky, T. K.
Kim, I. V. Morozov, A. N. Yaresko, A. A. Kordyuk, G. Behr,
A. Vasiliev, R. Follath, and B. Büchner, Phys. Rev. Lett. 105,
067002 (2010).

[82] D. I. Khomskii and F. V. Kusmartsev, Phys. Rev. B 46, 14245
(1992).

104501-12

https://doi.org/10.1103/PhysRevX.13.011010
https://doi.org/10.1038/s41598-021-89059-w
https://doi.org/10.1038/nphys1180
https://doi.org/10.1103/PhysRevLett.108.227003
https://doi.org/10.1103/PhysRevB.73.140501
https://doi.org/10.1103/PhysRevB.74.165102
https://doi.org/10.1103/PhysRevB.81.245111
https://doi.org/10.1103/PhysRevLett.96.257001
https://doi.org/10.1073/pnas.2207449119
https://doi.org/10.1073/pnas.2205048119
https://doi.org/10.1103/PhysRevB.88.020501
https://doi.org/10.1103/PhysRevLett.114.217003
https://doi.org/10.1038/s41467-022-30918-z
https://doi.org/10.1103/PhysRevLett.119.097001
https://doi.org/10.1038/ncomms1223
https://doi.org/10.1103/PhysRev.148.263
https://doi.org/10.1103/PhysRevLett.105.067002
https://doi.org/10.1103/PhysRevB.46.14245

