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ABSTRACT: The solubility of gases in semicrystalline polymers is a significant property with numerous applications, such as gas-
phase polymerization. Although thermodynamic modeling has successfully determined gas solubility in glassy polymers or polymer
melts without crystallites, predicting gas solubility in polymers with a semicrystalline morphology remains challenging. This study
presents a novel multiscale modeling approach based on thermomechanics to predict gas solubility in semicrystalline polymers across
different temperatures, pressures, and various grades of polyethylene. The thermomechanical framework incorporates the SL-EOS
and continuum mechanics, utilizing a mechanical homogenization method to consider the semicrystalline morphology and obtain
local mechanical material information. Additionally, the temperature dependence of the degree of crystallinity of polyethylene is
considered. By employing this approach, the solubility of ethylene in different polyethylene grades in the semicrystalline state can be
accurately predicted, demonstrating good agreement with experimental data with a relative error below 3%.

1. INTRODUCTION
The investigation of gas solubility behavior is a significant topic
in several application fields like biological drug engineering,
chemical engineering, and material science.1−5

Especially the thermodynamic modeling of gas solubility in
polymers plays an essential role in many different applications
such as gas phase polymerization, development of gas
separation membranes, recycling by supercritical extraction
for purification of contaminated polymers, production of foam
materials for insulation and packaging, or optimization of fuel
cells with durable membranes.6−10

The phenomenon of gas solubility in a semicrystalline
polymer is complex, and influenced by a broad spectrum of
variables. These include ambient conditions such as pressure
and temperature. However, the gas sorption ability of a
polymer relies on various factors including solvent structure, as
well as the polymer type and the specific macromolecular
architecture of the polymer, e.g.. chemical composition,
molecular weight distribution, branching, and further the

semicrystalline morphology, e.g., degree of crystallinity and
crystal geometries. The molecular architecture affects the
overall solubility process due to the unique entanglement of
polymer molecules influenced by the molecule length and their
branching. In semicrystalline polymers, the morphology is built
of coexisting crystalline and amorphous domains varying
significantly in their ability to dissolve gas. It is known that gas
solubility predominantly occurs in the amorphous phase,
leading to a state of heterogeneous solubility.11,12 Con-
sequently, this results in a heterogeneous intrinsic pressure
distribution within the semicrystalline polymer.13 The
crystalline regions, with folded chains and ordered lamella,
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present barriers to gas solubility. They tend to influence the
unrestrained expansion of the amorphous phase induced by gas
sorption. This inherent restriction by crystalline domains
results in a unique interplay of eigenstresses within semi-
crystalline polymers, triggering gas solubility behavior
intricately. Due to the difficulty in providing a comprehensive
description of the morphological and mechanical perturbation
felt by the amorphous phase and the interaction with the
crystalline regions, it is still a challenging task to predict the gas
solubility in semicrystalline polymers.
Generally, one viable approach to model the solubility of gas

is the Perturbed-Chain Statistical Associating Fluid Theory-
EOS (PC-SAFT) developed by Groß and Sadowski.14,15 Many
works utilized this EOS to describe the gas solubility behavior
successfully. For instance, Wiesmet et al.16 modeled the high
pressure-phase-equilibria of polyethylene glycol with various
inert gases.
Vogelpohl et al.17,18 investigated the gas solubility in

multicomponent systems with PC-SAFT14,15 and accom-
plished the prediction of the CO solubility in organic
compounds. Tumakaka et al.19 modeled various complex
systems, containing associating and polar as well as nonpolar
substances with PC-SAFT.14,15 In the work of van Schilt et
al.,20 PC-SAFT14,15 was used to predict the high-pressure
phase behavior of poly(cyclohexene carbonate) and cyclo-
hexane oxide and CO2, where a good agreement between
experimental and modeling results could be shown. Schaf̈er et
al.21 combined the density gradient theory with PCP-SAFT22

to model the interfacial properties in various vapor−liquid- and
liquid−liquid-equilibria. Hassanpouryouzband et al.3 showed
the prediction capability of PC-SAFT by investigating the
solubility of heavy components in hydrocarbons.
As in previous works23−26 already demonstrated, the

Sanchez−Lacombe EOS (SL-EOS)27,28 is, besides PC-
SAFT,14,15 one suitable EOS to describe gas solubility in
molten polymers. Several groups11,29,30 however showed in
their work, that the solubility of gas in polymers changes
significantly below the melting temperature of a semicrystalline
polymer. The reason for this is that in principle solvent can
only penetrate the amorphous phase and the solubility in

crystals is very small and hence negligible12 or even
nonexistent.11 In addition to the mesophase character, it can
be found that the amorphous phase shows itself a reduced
ability to uptake gas in the semicrystalline polymer state.11 The
reason is that the amorphous phase is hindered by the
crystallites present which act as a kind of constraint.11−13

Amorphous molecules with their ends directly linked to the
crystalline lamella, also referred to as tie molecules, seem to
affect the overall amorphous matrix11,31 resulting in a different
density state of the amorphous phase (compared to a
nonrestricted state at equal temperature and pressure)30 as
well as a reduced mobility of the macromolecules. Different
groups incorporated these findings into thermodynamic
modeling. For example, Bonavoglia et al.30 used a Non-
equilibrium Lattice Fluid Model (NELF) and Memari et
al.32−34 and Minelli and De Angelis12 embedded an additional
constraint pressure as an adjustable parameter. Michaels and
Haussleix,35 Sturm et al.,11 and Valsecci et al.31 included an
elastic force, which the tie chains exert onto the amorphous
phase like a spring,36−38 by integrating an energy contribution
into the modeling as an adjustable parameter. These
parameters cannot be experimentally determined or predicted
based on the pure substances, rather they are determined based
on corresponding solubility data of the mixture, where the
polymer is in the semicrystalline state. Following these
procedures the mentioned approaches24,26,31−34,39−43 lead to
good agreement between thermodynamic modeling results and
measured solubility data. An additional approach was recently
developed by Fischlschweiger et al.,13 where the goal was to
predict gas solubility in polymers, without using solubility
information in the semicrystalline state, but rather considering
the mechanics behavior of the pure polymer. To achieve this,
the eigen pressure Peig in the amorphous phase was calculated
by coupling the SL-EOS with a mechanics approach. Based on
this framework the induced eigen pressure by dissolving n-
butane and i-butane in low-density polyethylene at low degrees
of crystallinity was calculated, and the gas solubility could be
predicted in the semicrystalline state for low-temperature
isotherms.13

Figure 1. Schematic description of the multiscale modeling approach to predict the gas solubility in a semicrystalline polymers.
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In this work, we will set up on ref 13 and further develop this
method with a new multiscale approach that incorporates the
geometric shape of crystals and the temperature-dependent
mechanical properties of the amorphous phase of the pure
polymer. Based on this the gas solubility in semicrystalline
polymers showing higher and more complex semicrystalline
morphologies should be predicted. To get access to the
mechanical characteristics of the amorphous domains and for
considering the crystals’ domain geometry, a continuum
mechanical homogenization method will be applied. With
the new framework various semicrystalline polyethylene−
ethylene systems, particularly those with higher levels of
crystallinity, will be investigated. To ensure accuracy and
reliability, this approach will be validated using experimental
data from the literature. Furthermore, the temperature- and
system pressure-dependent development of the amorphous
and crystalline eigen pressure of these higher crystalline
materials is calculated and discussed to get deeper insights into
the morphology-dependent eigen pressure evolution in semi-
crystalline polyethylenes which show a different macro-
molecular architecture.
The structure of this paper is as follows: First, the applied

methods will be outlined and explained, providing a
comprehensive explanation of the thermomechanic framework
and the required material parameters for prediction. Sub-
sequently, a multiscale approach will be applied to predict the
gas solubility of ethylene in different polyethylene grades.
Finally, these predictions will be validated by comparing them
with data from existing literature. Additionally, a further
investigation will be conducted to analyze the distribution of
eigen pressure within both amorphous and crystalline domains.

2. METHODS
In this section, the developed thermomechanic framework and
the therefore needed material parameters as well as the
interaction parameter for the mixtures will be systematically
presented. To enhance clearness, in Figure 1 an overview of
the multiscale modeling approach is presented. This
representation outlines the key aspects and tasks involved in
this study and shows how the scales and the information
between the scales are connected.
To predict the gas solubility in a semicrystalline polymer, a

connection between the macro-scale-property gas solubility
and microscale thermodynamic modeling via an equation of
state needs to be established. In this work on the microscale,
the SL-EOS with consideration of an eigen pressure from
Fischlschweiger et al.13 will be used to model the gas solubility
in semicrystalline polyethylene. This study expands upon the
framework of ref 13 by incorporating a homogenization
method to integrate the crystal geometry and the mechanical
temperature-dependent moduli of the amorphous phase at the
mesoscale. Additionally, this work accounts for the temper-
ature-dependent degree of crystallinity when calculating gas
solubility on the macroscale, which was not previously
addressed in ref 13 but is introduced here in this paper.
For the EOS, the characteristic parameters of the pure

components as well as the binary interaction parameter are
necessary. The characteristic parameters of the pure polymer
will be determined in this work by modeling P-v-T data from
various polymer grades. Moreover, modeling the binary
solubility data of the gas-polymer melt gives access to the
binary interaction parameter of the mixture. The eigen
pressure Peig consists of two parts, the initial formation

pressure Pinitial formation
eig and the elastic mismatch pressure

Pelastic mismatch
eig . The initial formation pressure accounts for
fracture mechanical forces, which are dependent on the
temperature-dependent shear modulus of the amorphous
phase. The elastic mismatch pressure is dependent on the
restricted expansion of the semicrystalline polymer and
therefore on the temperature-dependent compressive modulus
of the amorphous phase, which will be determined by the shear
modulus and the Poisson ratio of the amorphous phase. In this
contribution, a mesoscale bridging via the Halpin−Tsai
equation as homogenization method will be applied.
In the following section, the thermodynamic framework and

the coupling of micromechanics into this approach will be
explained.

2.1. Thermodynamic Framework. To predict the gas
solubility in semicrystalline polymers, a further development of
the thermodynamic framework based on the SL-EOS with
eigen pressure from Fischlschweiger et al.13 will be used.
Herein, we provide the modeling framework and newly
formulated equations, while expressions for equations, which
are already published and used in this work from ref 13 are not
presented again, rather readers are referred to ref 13 to get
further details.
According to the assumptions above, the gas can only solve

into the amorphous parts of the semicrystalline polymer, so
that the chemical potential of the solute in the polymer phase
μ1
P is equal to the chemical potential of the solute in the
amorphous phase μ1

P,am and reads13

=T P w T P w( , , ) ( , , )P P P P
1

overall
1 1

,am am
1

,am
(1)

with w1
P,am as the weight fraction of the gas in the amorphous

phase and Pam as the pressure in the amorphous phase. Under
mechanical equilibrium, the overall system pressure Poverall
equals the pressure of the gas phase PG, so that eq 1 can be
denoted as12,13

= =T P P T P w( , ) ( , , )P P
1
G overall G

1
,am am

1
,am

(II)

To determine the weight fraction of the solute in the polymer
phase w1

P, the weight fraction of the solute in the amorphous
phase can be converted with the degree of crystallinity α, so
that w1

P = (1 − α)·w1
P,am.

It could be shown in ref 13 that the pressure of the
amorphous phase Pam is the sum of the overall pressure of the
system conditions Poverall and the eigen pressure Peig multiplied
by the degree of crystallinity α (eq III).

= + ·P P Pam overall eig (III)

As mentioned above, the eigen pressure Peig consists of two
terms, on the one hand the initial formation pressure
Pinitial formation
eig and on the other hand the elastic mismatch
pressure Pelastic mismatcheig . As the first gas bubbles solve into the
amorphous polymer, they form randomly distributed islands of
penetrant molecules which lead to a microscopic expansion of
the molecular entanglement at very low solute concentrations.
This phenomenon is in accordance with the initial stretching of
the tie chains between the crystalline lamellas when the solvent
is penetrating the system and represents the first term of the
eigen pressure, the initial formation pressure. In a simplified
form under the assumption of highly reduced microscopic
areas of the initial penetrant islands, the initial formation
pressure can be described by equation (IV)13
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=P G T2.5 ( , , )initial formation
eig

a (IV)

where Ga represents now the shear modulus of the amorphous
phase at a certain temperature T, degree of crystallinity α, and
aspect ratio ξ of the crystals, in this work the ratio of the crystal
length to radius.
The second term, the elastic mismatch pressure, accounts for

the interaction of the crystalline phase with the amorphous
phase by inhibiting the volume expansion of the amorphous
polymer. Due to the solute entering the amorphous matrix, the
matrix swells which results in an isotropic and elastic mismatch
between the crystalline and amorphous phases. This
phenomenon can be described by13

=
i
k
jjjj

y
{
zzzzP K T V

V
( , , )elastic mismatch

eig
a

(V)

where now Ka(T,α,ξ) is the bulk modulus of the amorphous
phase at a certain temperature T, degree of crystallinity α. and
aspect ratio ξ of the crystals. The term ( )V

V
accounts for the

relative volume change of the amorphous phase induced by
solvent penetration. It is important to note that the reference
state Ṽ corresponds to the reduced volume of the pure
amorphous polymer under the same state conditions (temper-
ature and pressure Pam) as the amorphous phase of the
semicrystalline polymer.
The theory, as stated in Fischlschweiger et al.13 and applied

in this work, considers uniform pressure fields, where crystallite
geometry is not considered.
To predict the eigen pressure and thereby the solubility of

gas in the semicrystalline polymer, several material parameters
need to be determined through experimental methods of the
pure polymer. In the following sections, we will provide an
overview of the approach to determine the polymer parameters
from various experiments.

2.2. Temperature Dependent Degree of Crystallinity.
The pressure in the amorphous phase is directly affected by the
crystalline domains and therefore the degree of crystallinity
through the eigen pressure contribution. This can be observed
in semicrystalline polymers, where the presence of crystalline
regions restricts the solubility of gas, leading to lower
solubilities at higher degrees of crystallinity.42 With increasing
temperature, the degree of crystallinity decreases until the
polymer reaches a fully amorphous state once it surpasses its
melting temperature. Consequently, while fewer crystals are
present, the decrease in constraint pressure leads to enhanced
gas sorption. However, at elevated temperatures, gas sorption
is hindered due to the increased kinetic energy of the gas
molecules resulting in greater intermolecular forces, which
need to be overcome. These conflicting effects make it
challenging to predict the gas solubility in semicrystalline
polymers accurately. Therefore, it is crucial to determine the
degree of crystallinity at each sample temperature; otherwise,
there may be an underestimation of solubility levels.
The temperature-dependent degree of crystallinity has been

studied in previous works.44,45 By using mathematical
correlations of experimental results, it is possible to determine
both the degree of crystallinity at each sample temperature and
the melting point of the polymer. The correlations are
presented in the results section.

2.3. Shear Modulus of the Amorphous Phase:
Halpin−Tsai Equation. Experimental data on the temper-
ature- and crystallinity-dependent effective shear modulus of

the bulk can be found in previous literature.46 However, these
data only refer to the property of the bulk and do not describe
the amorphous phase, which is considered in the determi-
nation of the eigen pressure. Therefore, a mechanical
homogenization method is one solution to get access to the
shear modulus of the amorphous phase. The Halpin−Tsai
equation47,48 can serve as a simple method for this purpose.
This equation is most often used to describe properties of a
composite matrix reinforced with short inclusions with lower
bound as the series model and upper bound as the parallel
model. In this case, the composite matrix is represented by the
amorphous phase and the inclusions with the crystal phase of
the polymer. In general, predictions with the Halpin−Tsai
model show accurate results for moderate inclusion volume
fractions, which is appropriate for the investigated polymer
grades in this work.49,50 Deviations become more prevalent at
greater inclusion volume fractions.
Equation VI shows the calculation of the shear modulus of a

bulk by considering the crystalline volume fraction ω, the shear
modulus of the amorphous phase Ga, respectively, of the
crystalline phase Gc and the reinforcement factor, also referred
to as aspect ratio or geometric factor ξ which depends on the
geometry of the inclusion, based on the Halpin−Tsai
equation.47,48

= [ + + ]
+ +

G
G G G G

G G G
( (1 ) )
(1 )eff

a c c a

a c a (VI)

The aspect ratio ξ in the Halpin−Tsai equation is defined as
ξ = 2 l/d, where l and d refer to the largest diameter in
longitudinal and transverse directions, respectively.
As the effective modulus of the bulk is known through

experimental data, the amorphous modulus can be determined
inversely under the use of the volume fraction of crystallinity,
the shear modulus of the crystalline phase, and the aspect ratio.
To determine the volume fraction of crystallinity, the degree

of crystallinity α(T,Tmelt) needs to be converted with the
density of the crystal (ρc = 1.003 g/cm3)51 and the density of
the sample. The shear modulus of the crystalline phase can be
found in the literature52 under the assumption of temperature-
independent mechanical properties of the crystalline phase.
The relationship between the aspect ratio and the temper-

ature will be assumed to have a linear correlation. It will be
assumed that the first crystal formed below the melting
temperature has a spherical shape, represented by an aspect
ratio of 2. The second grid point to determine the linear
change in aspect ratio will be obtained under ambient
conditions from the literature for polyethylene according to
refs 53−55.

2.4. Bulk Modulus of the Amorphous Phase. The
compression modulus may be derived via equation VII under
the assumption that the amorphous phase of the polymer has
isotropic behavior.

= +
K

G2 (1 )
3(1 2 )a

a a

a (VII)

The amorphous shear modulus Ga is determined as
described above, and the Poisson ratio of the amorphous
phase va will be assumed as 0.49 according to refs 56 and 57.
To estimate the solubility of a gas in a semicrystalline

polymer using the SL-EOS and taking eigen pressure into
account, it is necessary to determine the characteristic
parameters for both the pure substances involved in the SL-
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EOS model and the interaction parameter for the binary
mixture (gas-polymer). The characteristic parameters of SL-
EOS can be determined by modeling the P-v-T data of pure
substances. In many cases, these characteristic parameters can
be found in the existing literature.27,58 The binary interaction
parameter is determined by using experimental solubility data
of the gas−polymer system, where the polymer is in the fully
molten state at different temperatures.
In order to predict the gas solubility in semicrystalline

polymers the eigen pressure needs to be determined under the
consideration of several material parameters of the pure
polymer, which are summarized in equation VIII.

= + +P P T T P P( , )( )am overall
melt initialformation

eig
elasticmismatch
eig

(VIII)

With this modeling approach, no model parameters need to
be determined based on solubility data, where the polymer is
in the semicrystalline state. Furthermore, in addition to what is
discussed in ref 13 this modeling approach takes into account
temperature-dependent mechanical properties of the amor-
phous phase of the pure polymer.

3. RESULTS AND DISCUSSION
The next section is structured as followed: First, the
mathematical correlation of the temperature-dependent degree
of crystallinity will be presented, following the determination
of the characteristic parameters of polyethylene for the SL-
EOS by modeling the P-v-T data of polyethylene with SL-EOS.
In the next step, the interaction parameter kij of the SL-EOS
will be determined by modeling the binary mixture of ethylene
in polyethylene melts. Afterward, the amorphous shear moduli
of polyethylene via the Halpin−Tsai equation are determined,
based on the framework presented in the methods part. Lastly,
the solubility of ethylene in polyethylene grades at further
temperatures will be fully predicted, and the eigen pressure
distributions will be presented and discussed.

3.1. Temperature Dependent Degree of Crystallinity.
The temperature-dependent degree of crystallinity of various
polyethylene grades was measured by Starck et al.44 and
McKenna,45 and this study subsequently developed a
mathematical correlation to describe the temperature-depend-
ent degree of crystallinity, as illustrated in Figure 2.
The experimental data were modeled analytically with

functions of the following form and are hence correlations
and not physically modeled:

= +T a bT c dT( ) exp( ) exp( ) (IX)

The parameters of the mathematical correlation are presented
in Table 1 for certain degrees of crystallinities.
By utilizing this mathematical model, it is possible to

determine the degree of crystallinity at various temperatures, if
either the melting temperature or the degree of crystallinity at
room temperature is known. As the coefficient of determi-
nation R2 indicates by values close to 1, the mathematical
correlation does represent the temperature-dependent degree
of crystallinity of a polyethylene sample very well. For
polyethylenes that have a different yet intermediate degree of
crystallinity at ambient conditions as the measured data by
Starck et al.44 and McKenna,45 at first approximation linear
interpolation will be used to estimate their degree of
crystallinity based on those polymers with the closest values
to the desired extent. In the following, the degree of
crystallinity at room temperature will be used to model the

temperature-dependent crystallinity just as the melting
temperature of the polyethylene, which will be used to
describe the geometry of the crystalline phase in the Halpin−
Tsai equation.

3.2. Characteristic Parameters for SL-EOS. Pure
pressure−volume−temperature data for polyethylene melts
were given by Zoller et al.59 and Olabisi et al.60 and will be
used to determine the characteristic parameters of SL-EOS in
this work for the polyethylene grades. For two linear high-
density polyethylenes and two branched low-density poly-
ethylenes, the specific volume is presented in the following
figures at different pressures. The values account indirectly for
the molecular structure of the polymers and are given in Table
2.
Table 2 presents data on the molecular architecture, in terms

of molecular number and mass average, and the structure, in
terms of density and degree of crystallinity, of the four different
polyethylene grades investigated.59,60 The molecular number
and mass averages for these different grades vary between 18 to
28 kg mol−1 and 52 to 126 kg mol−1, respectively. HDPE 1 has
the highest molecular averages and a moderate degree of
crystallinity at 62%, while HDPE 2 has the lowest molecular
averages but the highest degree of crystallinity at 83%. The
crystallinity range for LDPE grades falls between 42 to 50%.
The pressure−volume−temperature data of these polyethylene
grades at 0.1 MPa, 200 and 1000 bar can be seen in Figure 3
and are modeled by the SL-EOS with the characteristic
parameters presented in this work (refer to Table 3).
The variation in specific volume among different grades of

polyethylene is significant when they are in the semicrystalline
state. This can be attributed to the different degrees of
crystallinity, because of the difference in specific volume
between fully amorphous and perfectly crystalline poly-
ethylene. The experimental data of these polyethylene grades
cover the whole spectrum from linear with high density to

Figure 2. Temperature dependent degree of crystallinity of different
polyethylene grades with a certain degree of crystallinity at room
temperature against sample temperature. Experimental data from
Starck et al.44 and McKenna45 with a certain degree of crystallinity at
room temperature (points) and mathematical function (lines): 82%
(black squares/solid line), 65% (red circles/dashed line), 49% (green
triangles/dotted line), 39% (blue stars/dash dotted line), 32%
(orange diamonds/dash dot dotted line), 24% (violet left triangles/
short dashed line), 15% (light blue right triangles/short dotted line)
and 2% (green hexagon/short dash dotted line). Uncertainty of
measurements is not reported with data in the source.
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branched with low density. The polyethylene melt however
does not indicate substantial differences in the P-v-T behavior
with regard to the molecular architecture or branching. Hence,
in this work, it will be assumed that for all grades, only one set
of characteristic parameters will be used to describe the density
of amorphous polyethylene melt neglecting any specific
influence of its molecular architecture. The characteristic
parameters of polyethylene can be found in Table 3. The
characteristic parameters for ethylene were given by Alizadeh
et al.56 and are summarized in Table 3 as well.

3.3. Determination of the Binary Interaction Param-
eter kij. Various research groups42,61−64 have conducted
measurements to determine the solubility of ethylene in
polyethylene. Maloney et al.63 studied the solubility of ethylene
in LDPE (low-density polyethylene) melt, which will be the
basis for the interaction parameter identification in this work.
By using these data and considering binary solubility data from
other sources such as Chmelar ̌ et al.42 and Novak et al.,64

which investigated LLDPE (linear low-density polyethylene),

MDPE (medium-density polyethylene), and HDPE (high-
density polyethylene), respectively, the results are validated.
Figure 4 presents both literature data and results obtained
through modeling with SL-EOS in the fully molten state of the
polymer.
The SL-EOS can describe the solubility of ethylene in

molten polyethylene well. A linear correlation of the
interaction parameter with the temperature could be observed,
leading to eq X with a correlation coefficient R2 = 0.9834.

= +k T0.000208 0.945280ij (X)

As shown in Figure 4, the solubility of ethylene does not
change significantly with the molecular architecture and
density of the polymer when it is in a molten state. This
underpins why in this study it is assumed that the impact of
molecular structure on ethylene solubility can be disregarded
in the molten state. Consequently, only one correlation of the
interaction parameter (eq X) will be used to forecast ethylene
solubility in various grades of semicrystalline polymers.

3.4. Shear Modulus of the Amorphous Phase:
Halpin−Tsai Model. To determine the amorphous shear
modulus of polyethylene at different temperatures for different
grades, experimental data from Illers46 will be modeled with
the Halpin−Tsai equation.47,48 Kurita et al.52 calculated the
mechanical properties of various polymer crystals and
proposed the value of 3406 MPa for the shear modulus of

Table 1. Parameters of the Mathematical Correlation (eq IX) of the Temperature-Dependent Degree of Crystallinity of
Semicrystalline Polyethylene

α (20 °C) a [-] b [K−1] c [-] d [K−1] R2 [-]

82% 0.8408569 −0.0006335 0.0000000 0.2266211 0.9853
65% −0.0000201 0.0789747 0.6742865 −0.0010358 0.9985
49% −0.0014219 0.0447737 0.4998163 −0.0014802 0.9975
39% −0.0165906 0.0315674 0.4269191 0.0003523 0.9989
32% −0.1409568 0.0164774 0.4946908 0.0032106 0.9995
24% −0.3851479 0.0119351 0.6761756 0.0047589 0.9995
15% −0.9214604 0.0102140 1.1060609 0.0075400 0.9993
2% −0.0198305 0.0067123 0.0602073 −0.0123969 0.9912

Table 2. Molecular Architecture of the Pure Polyethylene Grades for P-v-T Dataa

Mn [kg mol−1] Mw [kg mol−1] v (20 °C) [cm3 g−1] α [%] source

LDPE 1 branched n.a. n.a. 1.0881 42 59
LDPE 2 branched 25 100 1.0739 50 60
HDPE 1 linear 28 126 1.0537 62 59
HDPE 2 linear 18 52 1.0220 83 60

aUncertainty of measurements is not reported with data in the source.

Figure 3. Specific volume of LDPE 1 (empty square), LDPE 2 (empty circles), HDPE 1 (full squares), HDPE 2 (full circle) against the
temperature at (a) ambient pressure, (b) 200 MPa and (c) 1000 MPa measured by Zoller et al.59 and Olabisi et al.60 Modeled with SL-EOS in this
work. Uncertainty of measurements is not reported with data in the source.

Table 3. Characteristic Parameters for the SL-EOS

T* P* ρ*

[K] [MPa] [kg m−3] source

ethylene 283 339.5 680 56
polyethylene 633 473.3 913 this work
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the crystalline phase. In this work, the shear modulus of the
crystal will be assumed temperature-independent. In the
Halpin−Tsai equation, the aspect ratio is defined as ξ = 2 l/
d. To account for changes in the geometry of the crystals in
this work, the aspect ratio will be varied, assuming a linear
correlation with the temperature. It will be assumed that after
dropping below the crystallization temperature, initial crystals
will take on spherical shapes, expressed by a geometric factor of
2. Each polyethylene grade’s respective crystallization temper-
ature will be calculated by utilizing the correlation of the
temperature-dependent degree of crystallinity, presented in
Figure 2. The second reference point used to determine the
linear change in aspect ratio is set under ambient conditions.
Gedde et al.53 conducted Monte Carlo simulations to model
the diffusion of n-hexane in polyethylene with degrees of
crystallinity between 0 and 55%. Recently, Gedde et al.53

proposed 5−25 as a realistic value range for the ratio of crystal
diameter to length for polyethylene crystals. In the Halpin−
Tsai equation this leads to geometric factors ξ from 10 to 50.
In this work, no further overlay or orientation effects will be
considered, so that the lowest aspect ratio will be applied for
LLDPE and MDPE. The values from Gedde et al.53 do not
account for HDPE with a higher degrees of crystallinity, so the
aspect ratio will be initially assessed on the basis of the
orthorhombic lattice cell that Bunn54 and Kim and Levon55

stated for HDPE crystals with a diameter of 4.93 Å and a
length of 7.39 Å, leading to an geometric factor ξ of 1.33.
Hereafter, the Halpin−Tsai equation (eq VI) can be solved

inversely to determine the amorphous modulus of the different
polyethylene grades with dependence on the geometric factor
and their degree of crystallinity at room temperature. In this
work, the described multiscale approach based on Fischlsch-
weiger et al.13 will be applied to various polyethylene−ethylene

systems, whereby the polyethylene corresponds to different
grades, varying from linear low-density polyethylene to high-
density polyethylene from Chmelar ̌ et al.42 The molecular
architecture and morphology, especially the number-average
molecular weight, the density, and the degree of crystallinity at
ambient conditions of the polyethylene grades can be found in
Table 4. There is no specific information on the branching of

the polyethylene grades, but the architecture information in
terms of branching is indirectly covered by morphological
properties, i.e., degree of crystallinity.
By application of the Halpin−Tsai equation values for the

amorphous shear modulus of these polyethylene grades are
obtained and summarized in Table 5.

3.5. Prediction of the Solubility in the Semicrystalline
State. This section will discuss the prediction of ethylene
solubility in various semicrystalline grades of polyethylene. The
prediction considers various factors, such as the molecular
average weight number, the degree of crystallinity at ambient
conditions, and the shear modulus of the amorphous phase at
higher sample temperatures. All material parameters which are
needed are determined in the sections above.
The prediction of the solubility of ethylene in two

semicrystalline LLDPE grades is shown in Figure 5.
The SL-EOS under consideration of eigen pressure can

predict the solubility of ethylene in LLDPE very well at
temperatures from 60 to 100 °C. Especially in Figure 5b, where
the solubility of the LLDPE 2 does show significant changes
with the temperature, the model can describe the solubility
very well. The shear modulus of the amorphous phase
decreases with increasing temperature, resulting in a lower
eigen pressure, which will be discussed later on in detail.
Furthermore, solubility data from the amorphous melt at 150
°C of the LLDPE 2, which were already displayed in Figure 4,
are presented in Figure 5b again for comparability. With only
small deviations the SL-EOS predicts the solubility in the melt,
thus verifying the usage of only one temperature-dependent
interaction parameter for all grades.
In Figure 6 the solubility of ethylene in two semicrystalline

MDPE grades is presented. The predicted solubility at lower
temperatures, such as 60 and 80 °C, aligns well with data
obtained from previous studies. At the highest measured
temperature, 100 °C, slight deviations are noticeable (blue
dash dotted line). This may be due to the reduced accuracy of
the Halpin−Tsai equation at higher temperatures, resulting in
an underprediction of the amorphous shear modulus and
therefore an overprediction of the solubility.
Figure 7 presents the anticipated solubility isotherms for two

different HDPE grades. The SL-EOS framework with the
incorporation of eigen pressure leads to highly accurate and

Figure 4. Solubility of ethylene in molten polyethylene against the
pressure to determine interaction parameter kij as stated in eq X.
Experimental data from Maloney et al.63 at temperatures of 124 °C
(black squares), 150 °C (red circles), 200 °C (green triangles), 250
°C (blue diamonds), and 300 °C (orange stars) with measurement
uncertainty of 4%, 5%, 6%, 9%, and 10% at 124 °C, 150 °C, 200 °C,
250 °C, and 300 °C, respectively. Experimental data from Novak et
al.64 (red empty circles), relative measurement uncertainty of 1% and
Chmelar ̌ et al.42 (red crosses circles) at 150 °C, relative measurement
uncertainty below 2%, respectively. Solid lines modeling with SL-EOS
and kij in eq X in this work at 124 °C (black solid line), 150 °C (red
dashed line), 200 °C (green dotted line), 250 °C (blue dash dotted
line) and 300 °C (orange dash dot dotted line).

Table 4. Molecular and Morphological Material Parameters
of the Polyethylene Gradesa

Mn ρ α(RT)

[kg mol−1] [g cm−3] [%] source

LLDPE 1 35.4 0.915 45 42
LLDPE 2 34.3 0.923 51 42
MDPE 1 15.8 0.936 60 42
MDPE 2 17.3 0.938 61 42
HDPE 1 10.3 0.941 63 42
HDPE 2 N/A 0.950 69 42

aUncertainty of measurements is not reported with data in the source.
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reliable prediction results. Similar to that for LLDPE 1, there
are minimal variations in the solubility data for HDPE 1,
making it challenging to assess the predictions accurately. In
contrast, Figure 7b, shows slight changes in solubility with
temperature for the second HDPE grade, which can be
effectively represented by the model prediction. At a
temperature of 100 °C, subtle divergences at higher pressures
become apparent and can be attributed to the Halpin−Tsai
equation, as discussed previously. The applicability of this

model to other polymer gas systems however relies on having
access to pure material parameters of the polymer in
combination with solubility data in the polymer’s molten state.
The evolution of the eigen pressure distribution for all

investigated polymers can be seen in Figure 8. The data show
how the eigen pressure, which represents the local mesophase
stress within the different domains, changes concerning the
overall pressure. It should be noted that the eigen pressure is
ten times higher than the overall pressure. Furthermore, the

Table 5. Amorphous Modulus of Different Polyethylene Grades against the Temperature of Solubility Isothermsa

G(T) [MPa]

LLDPE 1 LLDPE 2 MDPE 1 MDPE 2 HDPE 1 HDPE 2

60 °C 26 19 20 22 - -
80 °C 24 16 16 20 28 21
90 °C 21 - - - 19 -
100 °C 14 15 15 16 18 17
110 °C - - - - 16 -

aUncertainty of calculations of ±6 MPa.

Figure 5. Solubility of ethylene against pressure in semicrystalline (a) LLDPE 1 (α(RT) = 45%, Mn = 35.4 kg mol−1) at 60 °C (black squares), 80
°C (red circles), 90 °C (green triangles), and 100 °C (blue diamonds). (b) LLDPE 2 (α(RT) = 51%, Mn = 34.3 kg mol−1) at 60 °C (black
squares), 80 °C (red circles), and 100 °C (blue diamonds) and amorphous LLDPE 2 at 150 °C (orange stars). Experimental data from Chmelar ̌ et
al.42 and modeling this work with SL-EOS with Peig. The relative standard uncertainty of the solubility u(r)(s1) = 0.02.

Figure 6. Solubility of ethylene against pressure in semicrystalline (a) MDPE 1 (α(RT) = 60%, Mn = 15.8 kg mol−1) at 60 °C (black squares), 80
°C (red circles), and 100 °C (blue diamonds). (b) MDPE 2 (α(RT) = 61%, Mn = 17.3 kg mol−1) at 60 °C (black squares), 80 °C (red circles), and
100 °C (blue diamonds). Experimental data from Chmelar ̌ et al.42 and modeling this work with SL-EOS with Peig at 60 °C (black solid line), 80 °C
(red dashed line), and 100 °C (blue dash dotted line). The relative standard uncertainty of the solubility u(r)(s1) = 0.02.
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eigen pressure follows a linear course over the overall pressure,
resulting in higher eigen pressures when higher system
pressures occur. This is based on the linear elastic material
and spherical mechanical framework in this work. The eigen
pressure decreases with increasing temperature, due to the
decreasing amorphous shear modulus, the decreasing degree of
crystallinity. This thermomechanic approach gives further
access to the range of the internal eigen pressure of different
polymer grades with varying degrees of crystallinity.
For the sake of comparison, we would like to mention, that

Atiq et al.65 fitted a constraint pressure in a semicrystalline

HDPE-ethylene system based on solubility data in the
semicrystalline polymer state and showed that the constraint
pressure was around 32 MPa at 88 °C for the HDPE with a
degree of crystallinity at room temperature between 67% to
70%. This corresponds closely to the predicted eigen pressure
within this work of 30−34 MPa at 88 °C of the HDPE 2,
which has a 70% degree of crystallinity, at the same overall
pressure range from around 1 to 35 bar.
For a better understanding of the eigen pressure distribution,

Figure 9 presents the eigen pressure in the amorphous and the

Figure 7. Solubility of ethylene against pressure in semicrystalline (a) HDPE 1 (α(RT) = 63%, Mn = 10.3 kg mol−1) at 80 °C (red circles), 90 °C
(green triangles), and 100 °C (blue diamonds) and 110 °C (violet left triangles). (b) HDPE 2 (α(RT) = 69%, Mn = N/A) at 80 °C (red circles)
and 100 °C (blue diamonds). Experimental data from Chmelar ̌ et al.42 and modeling this work with SL-EOS with Peig at 80 °C (red dashed line),
90 °C (green dotted line), 100 °C (blue dash dotted line), and 110 °C (violet small dotted line). The relative standard uncertainty of the solubility
u(r)(s1) = 0.02.

Figure 8. Eigen pressure distribution against the overall pressure in (a) LLDPE 1 (squares) and LLDPE 2 (circles), (b) MDPE 1 (squares) and
MDPE 2 (circles), (c) HDPE 1 (squares) and HDPE 2 (circles) at 60 °C (black solid line), 80 °C (red dashed line), 90 °C (green dash dotted
line), 100 °C (blue dotted line), 110 °C (orange short dotted line).

Figure 9. Comparison of amount of eigen pressure in the amorphous (squares) and crystalline (circles) phase against overall pressure in (a)
LLDPE 1, (b) MDPE 1, and (c) HDPE 1 at temperatures of 60 °C (black solid line), 80 °C (red dashed line), 90 °C (green dotted line), 100 °C
(blue short dotted line), and 110 °C (orange short dashed line).
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crystalline phase for LLDPE 1, MDPE 1, and HDPE 1 against
the overall pressure, respectively.
As illustrated in Figure 8, the eigen pressure is predicted to

decrease at higher temperatures due to the reduced degree of
crystallinity and lower amorphous shear modulus. A similar
trend can be observed in Figure 9 for the amount of pressure in
the amorphous and crystalline phases. Furthermore, when
considering degrees of crystallinity below 50%, such as that
seen in LDPE 1, it is noted that at low overall pressures, the
phase pressure within the crystalline phase exceeds that within
the amorphous domains. This suggests that for low degrees of
crystallinity, there is greater tension present within the crystals
compared to the pressure experienced by the amorphous
phase. In contrast, when the degree of crystallinity exceeds
50%, such as in HDPE 1, low system pressures result in higher
pressure in the amorphous phase compared to the crystal
domain. However, as overall pressure increases, there is a shift
and the described effect reverses. This leads to higher tension
in the crystal domain than compression in the amorphous
phase. The reversal point is shifted further toward higher
overall pressures with increasing temperature. For MDPE,
shown in Figure 9b, the sorption temperatures range from 60
°C, over 80 to 100 °C, resulting in a degree of crystallinity
decreased from 56.5% to 52.7% and then further down to
44.4%. At lower temperatures and therefore higher degrees of
crystallinities, the pressure in the amorphous phase always
exceeded that within the crystalline phase; however, this
changed for an isotherm at 100 °C, where the pressure of the
crystalline domain is around 2 MPa greater than in the
amorphous phase.

4. CONCLUSIONS
The prediction of gas solubility in semicrystalline polymers
plays an important role in many different applications, e.g., gas
phase polymerization or the development of fuel cell
membranes. To determine optimized process conditions, a
prediction of the solubility at various pressures and temper-
atures below the melting temperature is necessary. Although
the prediction for glassy polymers or polymer melts has been
successfully shown, it is currently still a challenge to predict the
solubility in the semicrystalline domains.
This contribution presents a new multiscale modeling

approach to predict the solubility of gas in semicrystalline
polymers at various temperatures and pressures for different
polyethylene grades. The thermodynamic framework is based
on the coupling of the SL-EOS with continuum mechanics
developed by Fischlschweiger et al.13 and complemented with
a temperature-dependent degree of crystallinity as well as a
mechanical homogenization method to account for changes in
the crystalline geometry and local material properties in the
amorphous and crystalline phases, respectively.
With this approach, a full prediction of the gas solubility in

semicrystalline polymers becomes available, as the only
parameter, which has to be determined based on experimental
solubility data in the melt state, is the binary interaction
parameter of the SL-EOS.
In this work, multiscale modeling is applied to predict the

solubility of ethylene in various polyethylene grades. The
solubility of ethylene could be predicted at temperatures from
60 to 110 °C and pressures from 1 to 30 bar. At very high
degrees of crystallinity as well as high temperatures, the
mechanical homogenization method with Halpin−Tsai equa-
tion results in slight deviations of the amorphous shear

modulus and therefore of the solubility as well. In future work,
different homogenization methods to account for the
amorphous shear and compressive modulus should be tested
to predict the solubility at high temperatures, and high degrees
of crystallinities with even greater accuracy. In the future,
numerical homogenization methods would be also of high
interest to account for more complex crystal topologies on the
mesoscale.
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Pressure on the Behavior of Poly(ε-Caprolactone) in the Presence of
Supercritical Carbon Dioxide. Ind. Eng. Chem. Res. 2013, 52 (44),
15594−15601.
(41) Becker, F.; Buback, M.; Latz, H.; Sadowski, G.; Tumakaka, F.
Cloud-Point Curves of Ethylene-(Meth)Acrylate Copolymers in Fluid
Ethene up to High Pressures and Temperatures�Experimental Study
and PC-SAFT Modeling. Fluid Phase Equilib. 2004, 215 (2), 263−
282.
(42) Chmelar,̌ J.; Smolná, K.; Hasǩovcová, K.; Podivinská, M.;
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