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Abstract. We establish global-in-time well-posedness of the one-dimensional hydrodynamic Gross—Pitaevskii equations in
the absence of vacuum in (1 + H®) x H*~! with s > 1. We achieve this by a reduction via the Madelung transform to
the previous global-in-time well-posedness result for the Gross—Pitaevskii equation in Koch and Liao (Adv Math 377, 2021;
Adv Math 420, 2023). Our core result is a local bilipschitz equivalence of the relevant function spaces, which enables the
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1. Introduction
We consider in one dimension the Gross—Pitaevskii equation
10,4 + 8zeq — 2(lg|* — 1) = 0, (GP)

 Birkhiuser
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where ¢(t,z) : R x R — C represents an unknown wave function, subject to the boundary condition at
infinity lim|,| o [q(t,z)| = 1. In the absence of vacuum, meaning that

lql >0,
the Gross—Pitaevskii equation has a hydrodynamic formulation
Orp + 20, (pv) = 0,

v + 0,(v?) +20,p = 0, (695 (322) + (;‘r’;f)v :

which we call the hydrodynamic Gross—Pitaevskii equations. Here the functions p(t,z) : RxR — Ry
and v(t,z) : R x R — R may be understood as the unknown density and velocity of a quantum fluid.
The system (hGP) belongs to the class of quantum hydrodynamical models, which may be used to model
various physical phenomena such as Bose-Einstein condensation [22,27], superfluidity [21,34,35] and
quantum semiconductors [24]. We refer to [4,17,29] for more information on quantum hydrodynamical
models and their relation to nonlinear Schrodinger equations.

The relation between (GP) and (hGP) is given by the Madelung transform:

M) = (ja1m | %2 ). (L1)

which formally transforms a solution ¢ of (GP) into a solution (p,v) = M(q) of (hGP). Note that p and
v are real-valued. One immediately sees that the Madelung transform M only makes sense when |g| > 0.
In this case, we may recover ¢ from its Madelung transform by the formula

q=/pe'?,

(hGP)

where ¢ is some spatial primitive of v, i.e.
Oy p = .

One furthermore sees that the inverse Madelung transform (p, v) — ¢ is only defined up to multiplication
with S, i.e., a constant rotation in phase [see (1.13) for more details]. We refer the reader to [18] for a
survey of the Madelung transform and the hydrodynamic Gross—Pitaevskii equations.

1.1. Related results for the Gross—Pitaevskii equation

Gross [28] and Pitaevskii [41] introduced the Gross—Pitaevskii equation as a model for a Bose-Einstein
condensate, a type of Boson gas at very low density and temperature. For rigorous justification of the
model, we refer to the mean-field approximation established by Erdds et al. [20], as well as references
therein. As the Gross—Pitaevskii equation is a kind of defocusing cubic nonlinear Schrédinger equation,
its well-posedness has been extensively studied. Due to the nonzero boundary condition, finite-energy
solutions to (GP) can clearly not be in traditional function spaces that require global integrability, such
as LP(R). For integers k£ > 1 and in any dimension n > 1, Zhidkov [47] established local-in-time well-
posedness in the so-called Zhidkov space Z*(R™), which is the closure of {u € CF(R"™) : 9,u € H*"1(R")}
under the norm

llull zx @ny = [JullLoe ®ny + Z 07wl L2 mny- (1.2)
1<]al<k

This led to a first global-in-time well-posedness result in one dimension in Z!(R), as the Ginzburg-Landau
energy

B(o) = 5 [ 10sa + (P - 1Pda (13)
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is conserved. The Gross—Pitaevskii equation (GP) can be interpreted as the Hamiltonian evolutionary
equation associated with this energy. The well-posedness result in Zhidkov spaces was expanded to the
cases n = 2,3 by Gallo [23]. Global-in-time well-posedness in the energy space {q € H]. .(R") : E(q) < oo}
equipped with the metric
d5(q:p) = llg = pllzr @y mr@my + lllal® = ol 22 @m)

was obtained by Gérard [25,26] for n = 1,2,3 and for n = 4 under smallness assumptions. Later, Killip
et al. [31] established global-in-time well-posedness in the energy space for n = 4. More recently, the
problem has been studied by Antonelli et al. [7] in n = 2,3 for general nonlinearities f satisfying a Kato-
type assumption. Local-in-time well-posedness is obtained in the energy space and extended globally in
the defocusing case under some further assumptions. Regarding the case of non-finite energy, Pecher [40]
established global-in-time well-posedness in three dimensions in 1 + H*(R?) for s € (2,1).

We are concerned with the case n = 1. For s € R, we associate with solutions of (GP) the energy
functionals

o 1 2 1 2
E*(q) = 511024l -1 gy + 5 1l = 11 gy (14)

Note that indeed E* = E. Our results are consequences of a pair of papers [32,33] by Koch and Liao,
where for s > 0 they proved the global-in-time well-posedness of (GP) in the complete metric space

X* = {q € Hj,o(R) : B*(q) < 00}/S", (1.5)

equipped with the distance function

N

d*(¢,p) = /Aiggfl [sech(y —)(Ag —p)ll3r=dy | - (1.6)
R

We summarize several of their results, taken from [32, Theorem 1.2, 1.3, Lemma 6.1] and [33, Theorem
1.5], in the following theorem.

Theorem 1.1. (Global-in-time well-posedness of (GP) [32,33]) Let s > 0. The pair (X*,d®) is a complete
metric space, and the energy functional E® : X° — R is continuous. There exists a constant Cy > 0
such that d*(1,q) < Cor/E*(q) for all ¢ € X*.

The Gross—Pitaevskii equation (GP) is globally-in-time well-posed in the metric space (X*,d*®) in the
following sense: For any initial data qo € X°, there exists a unique global-in-time solution q € C(R; X*)
of (GP) (see Definition 3.2). For any t > 0, the Gross—Pitaevskii flow map X* 3 qo — q € C([—t,t]; X*)
is continuous. There exists a constant Cy(s, E*(qo)) such that

sup E*(q(t)) < Co(s, E*(40)) E*(q0), (L.7)

and in the case s > 1 the energy E(q(t)), defined in (1.3), is conserved.

1.2. Related results for the hydrodynamic Gross—Pitaevskii equations

The question of equivalence between Schrédinger equations and quantum hydrodynamical equations is
relevant for the validity of classical approaches to quantum mechanics such as de Broglie-Bohm theory [15]
and stochastic mechanics [39]. It became a topic of controversy when Wallstrom raised some objections
[44-46]. We recommend [42] for a review of these issues. The difficulty arises from possible vacuum regions,
which complicate the definition of the inverse Madelung transform. This can be resolved via an additional
“Takabayasi’s quantization condition” [14,43], which requires the winding numbers of the velocity field
on closed loops to be quantized. Note that this condition trivially holds in one dimension. Wallstrom also
raised objections regarding uniqueness [46]. There are indeed non-uniqueness results for weak solutions to



194 Page 4 of 29 R. Wegner ZAMP

quantum hydrodynamical systems, which are related to a change in the number of non-vacuum connected
components [36].

Nevertheless, Antonelli and Marcati [2,3] constructed weak solutions vanishing at infinity with finite
but arbitrarily large energy, meaning that vacuum may appear, in n = 2,3 for a general quantum
hydrodynamical system. They use a polar decomposition technique in order to define the velocity field in
the vacuum regions. In collaboration with Zheng, they extended this to n = 1 via a purely hydrodynamical
approach [6,8]. An alternative approach to finite-energy weak solutions is explored in [1,5].

The well-posedness of the Euler—-Korteweg system, a generalization of the compressible Euler equations
which includes capillarity effects and contains (hGP) as a special case, was studied in higher dimensions
by Audiard and Haspot [10,11]. Similar to the approach we take is a paper by Audiard [9], in which
global-in-time well-posedness of (hGP) under smallness assumptions is shown in certain spaces for n > 2
by applying the Madelung transform to solutions to (GP). While they used scattering results to bound
the solution away from 0, we use a rather elementary argument that leads us to the aforementioned
energy bound F < %.

A closely related paper is a work by Mohamad [38], which in [38, Proposition 1.1] states similar
relations to our Theorem 1.6, and then uses a well-posedness result for (GP) to obtain a well-posedness
result for (hGP) in (1 + H¥*!) x H* with k € N> up to the appearance of vacuum. We discuss the
similarities and differences in Remark 1.10.

1.3. Functional analytic framework

Our goal is to show a novel global-in-time well-posedness result for (hGP) with (p,v) € (1+ H®) x H*~!
where s > 1 and n = 1. We achieve this under the assumptions s > 1 and FE < % by passing the well-
posedness result for (GP) in Theorem 1.1 through the Madelung transform (1.1). The first assumption
s > 1 ensures sufficient regularity for the energy F to be defined and for (hGP) to be interpretable in
the sense of distributions. As an example, consider that s > 1 implies v € L?(R), and so the problematic
square of a distribution v? appearing in (hGP)y does indeed exist. The second assumption E < % can
also be understood as a “regularity” assumption: solutions below the critical energy of % cannot have
vacuum, that is points or intervals where |¢| = /p = 0 (see Corollary 1.3). As a result, singularities
are avoided in the hydrodynamic formulation. Due to conservation of energy, the absence of vacuum is
guaranteed for all times. Note that this energy assumption is sharp in the sense that the black soliton
solution ¢(¢,z) = tanh(z) to (GP) has a zero tanh(0) = 0, while also having energy E(tanh) = 4.

We collect now some results that ensure the absence of vacuum, given certain energy bounds. We start
with the following lemma.

Lemma 1.2. Consider the function b : [0,1] — [0, 3] defined by

~ 4 2
b(6) = = — 26 + =5°.
This is a strictly decreasing bijection (see Fig. 1) whose inverse we denote by 5(b) : [0, %] — [0,1]. We

'3
have

i06) = min { B(a) . € HL(®). it )] < 6.

5(6) = min { int (0)] s ¢ € HL(R). Bl@) < b}

This lemma is a stronger version of [13, Lemma 1]. The proof of a slightly more general Lemma A.1
is given in appendix. As a consequence of Lemma 1.2, the “energy gap” % — E(q) yields an explicit lower
bound for the distance of |g| to zero. Due to conservation of the energy F(q), we obtain the following
corollary.
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Corollary 1.3. For any solution q € C(R; X') of (GP) (see Definition 3.2), we have

E(q) <b< % = inf |q(t,z)] > 8(b) > 0. (1.8)

(t,x)ER?

We thus consider solutions ¢ of (GP) in X*, s > 1 with energy

E(q) < (1.9)

37
recalling the definitions (1.3)-(1.6) of X*® and E. We look for solutions (p,v) of (hGP) in the function
space

V¢ = (1+ H*(R;R)) x H* ' (R;R), (1.10)
equipped with the metric
0°((p, ), (n,w)) = llp = s + llv = wllgg=-1. (1.11)
We define the analogous energy
1 [ (8.p)?
(o) = BMp.0) = 5 [ 05 4 g 4 - 1P (1.12)
R

Here, the inverse Madelung transform is defined as:

M Y(p,v)(z) = (\/Mewm) st = {A\/@ew) he Sl}, (1.13)

where ¢ is any spatial primitive of v, i.e. d,0 = v. Note that the energy E is indeed well-defined
on equivalence classes under multiplication by S!, and furthermore that the space X* consists of such
equivalence classes, and is hence a suitable domain for the Madelung transform M, given in (1.1).

In order to transform solutions of (GP) into solutions of (hGP) via the Madelung transform, we
establish an equivalence between the relevant function spaces (X*,d®) and (Y*, 6%). Specifically, we prove
a local bilipschitz equivalence between the distance functions d® and 6° for all s > % While our main
result only holds for s > 1, our approach has the potential to be extended to the case % < s < 1if one
finds a way to make sense of (hGP), in such a low regularity setting. For example, this may be possible
via a local smoothing result, as in [30] (see Remark 1.12). When 1 < s < 1, the absence of vacuum can
still be ensured by a smallness assumption of the form

E*(q) <eo(p) <1,

where y > 1 [see (1.16)]. This smallness condition can also replace E <

Specifically, we have the following Lemma 1.4 as a replacement for Lemma

in the case s > 1, p < s.

4
3
1.2.
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Lemma 1.4. For § € [0,1] and 1 > %, define
E¥ = inf {E“(q) tqe Hf ., innfaa lg(x)] < 5} .
zE

Then EY =0, the function § — EY is decreasing, and there exists a constant C'(,u) > 0 so that

El > Oé_(,f)) : (1.14)

This lemma is also a special case of Lemma A.1. By (1.7), there exists for any 4 > 35 a constant
¢(u) > 0 such that

Ef(q) <e = ig}g EF(q(t)) < c(u)e (1.15)

for all € € (0,1) and any solution ¢ € C(R; X*) of (GP). Not attempting to obtain a sharp bound, we
state the analogous of Corollary 1.3.

Corollary 1.5. Let p > % and define
1 1
Eo(u):max{,~}. (1.16)
2 4e(p)C(p)
For any solution g € C(R; X*) of (GP) (see Definition 3.2), we have

Ef(qo) < e <eo(p) = inf |qt,z)| >1— e\ /e(w)C(u) > (1.17)

1
(t,z)€R? 2°

Proof. We prove the contrapositive. Suppose inf ; ,ycp2 |q(t,z)| <0 :=1— VEey/e(p)C(p) and note that
d € (0,1). Using the definition of Eg‘ and (1.14), this implies that for any 6 > & there exists ¢ € R with

2
Br(q(t) > Br > L0
Cp)
In particular,
(1-9)
sup E*(q(t)) > ~— =c(p)e,
sup B (q(1) 2 U = clu)
so (1.15) implies E*(qy) > €. O

As the energies E* still provide a lower bound for the distance of |g| to zero, we can use the smallness
assumption F* < go(u) as a substitute for E < %. We define for 1 > 1 the energies

£ (p,0) = E* (M~ (p,v)). (L18)

1.4. Main results

For both the Gross—Pitaevskii equation (GP) and its hydrodynamic formulation (hGP), there are three
key objects in our function framework: the energy, the space and the metric. We summarize the definitions
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given in Sect. 1.2 in the following diagram:

E*(q) = 50102q[[F.—0 + 3lllal* = 17—
X ={qe H .(R;C): F*(q) < oo} /S!

d*(q,p) = (% infyeg || sech(y —-)(Ag — p)l%sdy>

— /pe®, p=lql?, v =20, (1.19)
M| A=V p=la =000
[ p= e, n=p*, w= 0.9

£ (p,v) = E* (M~ 1(p,v))
Yo ={(p,v) € (1 + H*(R;R)) x H*'(R;R)}
0°((p, ), (n,w)) = llp — nllzzs + [[v = wllgz=—»

Here, the Madelung transform and its inverse

M@ = (1ot |22} M) = (V) 8, drp =0

are given in (1.1) and (1.13), respectively. Recall also the explicit forms of the energies E' and £ in the
most important case s = 1:

1 L [ (9sp)?
Bl@) =5 [10.aP + (a? - 0%ae (o) = 5 [ L4 pi? s - 1P
R R

Our first main result is the following theorem, which is central to our strategy as it establishes a local
bilipschitz equivalence between the metrics d® and 6°. We require s > % to use L*® embeddings and
certain product estimates.

Theorem 1.6. (Local bilipschitz equivalence of d® and 6°) Let s > % and r,6 > 0. Consider measurable
functions p,n, 0,0 : R — R so that ¢,p € S'(R) N H (R) and |q|,|p| > &, where ¢ = /pe'? and
p= \/ﬁeiw. There exist constants C1(s,0,7),Ca(s,r) > 0 so that the following hold:
(i) Ifd*(1,q),d*(1,p) <r, then
os((pa axw)v (777 69#/’)) S Cl (Sa 6a T‘) d’ (Qap)
(ii) If 0°((1,0), (p, 0z¥)), 0°((1,0), (n, Dptb)) < 7, then
dS(Q7p) < 02(87 T) 68((pa 83:@)7 (77, 6L¢))

Corollary 1.7. Let s > 1, 2 < pu < 1. For allb < % and e < go(p), the maps

S S M S S
({g€ X®: E(q) <b},d*) ——— ({(p,v) € Y* : E(p,v) < b},6°)
and
({g€ X*: B"(q) < e}, d) —2— ({(p,v) € V* : E"(p,v) < },67)
are bilipschitz equivalences. Recall that a bilipschitz equivalence is a map which is bijective, Lipschitz
continuous, and has a Lipschitz continuous inverse. Here eo(u) is a constant defined in (1.16).

Our second main result is the global-in-time well-posedness of the hydrodynamic Gross—Pitaevskii
equations.

Definition 1.8. (Solution to (hGP)) Let s > 1 and 0 € I C R be an open time interval or the real line,
and let (po,vo) € Y*® with pg > 0. A solution to (hGP) with initial data (po,vo) is a pair (p,v) € C(I;Y?)
with p > 0, which solves (hGP) in the sense of distributions and fulfills (p,v)(0) = (po, vo).
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Theorem 1.9. (Global-in-time well-posedness of (hGP) for s > 1) Let s > 1. The hydrodynamic Gross—
Pitaevskii equations (hGP) are globally-in-time well-posed in the metric space (V*,0%) for initial data
(po,vo) € V* with E(py,vo) < 4 in the following sense:

There exists a solution (p,v) € Cp(R;V?) to (hGP) (see Definition 1.8). It is the unique solution that

fulfills
E(p(t), v(t)) = E(po, vo) <

for allt € R. For any T > 0 the solution map

(1.20)

[SUN I

{(Po,vo) €Y &(po,vo) < g} — Co([-T,T};7)

(po,vo) = (p,v)

18 continuous.

For all 5 < p < 1 there exist constants c(u),eo(p) > 0, defined in (1.15) and (1.16), so that if we
replace the assumption E(po,vo) < 3 by EM(po,v0) < € < eo(n), then the above statement holds with
(1.20) replaced by EF(p(t),v(t)) < c(p)e.

Remark 1.10. In [38, Theorem 1.2], the well-posedness of (hGP) until the appearance of vacuum is shown
in (14 H*) x H*=! for k € N>;. Furthermore, continuity properties for the Madelung transform between
(Y%, 6%) and the space

E ={q€ L®(R;C) : 1 —|g* € L*(R), 0.q € H*'(R)}
are established. Specifically, a strong metric
d*(g,p) = lla = Pl + lal* = pI*ll 22®) + 1929 — opl v &)
and a weak metric
diye(a,9) = la = pll=-1.1p) + llal® = PPl 2 + 1029 = Oupll s (2

are considered, and the following is shown [38, Proposition 1.1]:

(E* 1 {lg| > 0}, d*) __loc. Lipschitz  notcomt. , (B*n{lg] > 0},d)
Y*n{p>0},0%)
= 1 . . \ = i1
E*n{|q| > 0},dF ) not loc. Lipschitz cont. E*n{|q| > 0},dE
loc loc

There are several ways in which Theorem 1.6 improves upon [38, Theorem 1.2]. The first is that our result
covers the fractional cases as well. The second is that we obtain a full local bilipschitz equivalence

’ , loc. Lipschitz 7 , loc. Lipschitz X ’
(X*N{lgl > 0},d%) V' {p>0},07) (X*n{lgl >0}, a%)

and do so down to s > %, while they have to work with two different metrics on the side of (GP) for

the two directions of estimates. Furthermore, they state well-posedness up to the appearance of vacuum,
while we use energy bounds to ensure this absence of vacuum for all times. Lastly, we find solutions which
are uniformly bounded.

Remark 1.11. Previously, Zhidkov [48, Theorem I11.3.1] studied the stability of solutions in the Zhidkov
space Z!(R) [see (1.2)] near-space homogeneous solutions ®, such as the constant solution ® = 1, with
respect to the distance #'. For the case s = 1 he derived similar estimates as above under smallness
assumptions, although he did not formulate a well-posedness result. Curiously, in [48, Cor. III.3.5] he
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proved furthermore that for any ball B C R, if the initial §!-distance between the perturbed and the
space-homogeneous solution is small, then for all times also the distance

/\lgsfl [Aq — @[lw12(m)

is small. This can be interpreted as a weaker form of the estimate d' < 6! we derive (see Lemma 2.6 and
Remark 2.11).

Remark 1.12. As both Theorems 1.1 and 1.6 work for all s > %, it may be possible to extend Theorem 1.9
to the case % < s < 1. The problem is that for v € H*~! ¢ L? the product of distributions v? = v - v
is not necessarily defined. Nevertheless, it may be possible to find global distributional solutions. For
example, in the paper [30] by Killip and Vigan global-in-time well-posedness of the KdV equation in
H~' is first shown in the sense that the solution map R xS — S extends to a continuous mapping
RxH-! — H~! and some other conditions are fulfilled. In our case, it is similarly true that for any
T > 0 the solution map

{(po,v0) € V' + £(po,w0) < 20(s) } — (=T, T]; V)
has a unique continuous extension to a map
{(p()»'UO) € Y : E%(po,vo) < 50(8)} — Cy([-T,T}; 7).

This extension is given by the conjugation of the corresponding solution map for (GP) at regularity s
with the Madelung transform. Killip and Visan then furthermore show a local smoothing result, which
implies that the solution map produces functions in L, , .. As a result, the equation is indeed solved in
the sense of distributions. We do not know if such a local smoothing result holds in our case.

Organization of the paper In Sect. 2, we prove Theorem 1.6, the local bilipschitz equivalence of (X*, d®)
and (%,6%). In Sect. 3, we prove Theorem 1.9, the global-in-time well-posedness of the hydrodynamic
Gross—Pitaevskii equations.

2. Local bilipschitz equivalence of (X*,d?®) and (Y*, 6°)

The goal of this section is to prove Theorem 1.6. In Sect. 2.1, we introduce the necessary notations,
definitions, and basic results required for the rest of the paper. We split the proof of the two statements
(i) and (ii) of Theorem 1.6 into Sects. 2.2 and 2.3.

2.1. Notations and preliminaries

We use the notations R> = {r e R: 7 >0} and Ry = {r € R: r > 0}. We write C or C(...) for various
constants with possible dependence on other quantities. These may change from one line to the next. We
denote by D' = D'(R) = D'(R; C) the space of distributions and by &’ = §'(R) = §’(R;C) the space of
tempered distributions. In general, if for a family of function spaces, such as the LP-spaces, we write just
“LP” then we mean LP(R;C).

We write ffor the Fourier transform

f —i e ¢ F(z)da
f(E)—mR/ f@)d

for a Schwartz function f € S and extend the definition as usual to the tempered distributions f € S'.
Let s € R. We define the Sobolev space

H* = H*(R) = H*(R;C) = {f € S'(R; C) : || f[| = < o0}



194 Page 10 of 29 R. Wegner ZAMP

with norm
1z = 1 ey = 140" F o

Here (&) = W . We also define the quasinorm of the homogeneous Sobolev space
1A s = N F 1 s my = |||§|5f||L2(R)

Let p € [1,00). For s > 0, let a € [0,1) and m € Z so that s = m + a. Let B C R be a non-empty
open interval. We define the Sobolev—Slobodeckij space

W*P(B) = {f € D'(B) : || fllws»m) < o0}
with norm

am om P
1 lwerce) = lea’“fnm / / | f|a:— |1+£;( D dzay

s.p(

—W B ’ _
We define Wi*(B) = D(B) ) For s < 0 we define WP (B) = (W, *"(B))*, where & + > = 1. We
refer the reader to the book [37] by McLean for a comprehensive exposition. For the convenience of the
reader, let us recall some well-known results on Sobolev spaces that may be used without mention.

2.1.1. Fractional Sobolev spaces on B and R. The only bounded domains we use are balls B, and on
those we use the Sobolev—Slobodeckij spaces W*?2(B). On the whole real line R, we use H® = H*(R).

Lemma 2.1. (W*?2(B) and H*(R)) Let s € R and R > 0. Let B C B CR be concentric balls of radius
g and R. Set By = B+ kR and By = B+ kR for k € Z.
(i) There exists a natural isomorphism H~° = (H?®)* (see [37, p. 76]).
(ii) H® = W*%(R) and
1wz < Crmin{||F|lgs : F|, = f} < Call fllwezp).-

(see [37, p. 77, (3.23) + Theorem 3.18, 3.19]).

(iii) For s > 0, there exists a bounded linear extension operator E : W%2%(B) — H* with Ef’B = f (see
[37, Theorem A.4]).

(iv) For s > 0, there exists a constant C(s, R) so that

> £y 5,y < 117 < C(s, R) > ffve(my <AC(s, R fIl3e
keZ kEZ
and

17— < C(s, B) Y Il

keZ

(v) If s > 5. then || fglln- < C(s)|f]m
we also have || fgllw:25) < C(s)|f]

gllms (see [12, Cor. 2.87]). By use of the extension operator,
we2(B)lgllwe2(B)-

Proof. We only have to prove (iv). We start with the first inequality in the sequence. The case s = 0 is
trivial, so we assume s > 0. Here the statement is trivial for the terms with integer regularity, and for
the fractional terms we estimate

3mf 8mf amf amf 2
> [ [ < 5 //| s

keZ X Js kEZ

By, By,
y o) — 0

|z — y[I 2o

dzdy.
R R
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The third inequality in the sequence follows trivially. We show the second inequality for any s € R. We
can decompose f = ), ., nkf, where 1 is a smooth partition of unity with suppny C By, Y ez ik = 1
and ng(x) = ng(z + kR). Then,
(@)
o yme =D mifmefhue = > (-1 + 1k + ) F e f ) we2(5,)

7,kEZ kEZ

< C(Sa Ra 770) Z ||fH%/V52(Bk)

keZ
O

2.1.2. Estimates in H®. The following lemma states two crucial estimates. Such kinds of product esti-
mates are well-known in the literature, see for example [19, Proposition 2.7].

Lemma 2.2. Let s > % and f,g € S'. There exists a constant C(s) so that

1fgllms < C(s)glers (1flInes + I1F 1) (2.1)

and
1fgllme— < C()glas—1 (1 lnee + 1F e )- (2:2)
Proof. See Appendix B. O

In this section, we often write f’ for the spatial derivative 0, f. Recall the definitions (1.19). For
notational convenience, we sometimes prefer to use the variables

A=p and B= i

These variables are equivalent for the sake of our estimates, by which we mean specifically Lemma 2.4. In
order to prove this, we state two estimates regarding the action of a smooth function on Sobolev spaces.
They are a direct consequence of some results in [12].

Lemma 2.3. [12, Theorem 2.87, Corollary 2.91] Let s > 3 and F € C®(R;R) with F'(0) = F(0) = 0.
Let u,v € H*(R;R) N L™ (R;R). We have the estimates

IF o ullms < C(s, F', |lull o) ull ze (2.3)

and
|Fou—Fouv|gs <C(s, F", |lullgs, ||v|| ) |u — v|| i (2.4)
An analysis of the proof in [12] reveals that, more precisely, the constants depend on ||[F'|crai+1(p,,

)

and ||[F" | crava (s, respectively.

ull o)’

Lemma 2.4. Let s > 5 and p,n € S'(R;R) N HE (R;R) with p,n > 0. Define A= /p and B = /1. We
have the estimates

lp = nlles < Ci(s, A = 1ms, [|B = 1|ms) |A— Bllas
and

|A = Blla= < Cas, llp = 1lu,

= Ulae) llp = nlla--
Proof. We apply Lemma 2.3 with F'(u) = u? and obtain
1A% = Bl g+ < (A = 1)* = (B = 1)*[|zz+ + 2|l A — Bl|n+
< C(s. A= g I1B = 1m:) | A= Blla-.
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Similarly with any function F' € C*°(R;R) that fulfills F(u) = vu+1— Ju — 1 for z > 0, we obtain
1 1
o= vl < | (V=1 - 560-1) - (V@041 50-1)
Hs

+2lp—ul
5o = nlla
< C(s,llp = Ulas n = Ulas) o = nllz-
]

The following lemma is also a consequence of Lemma 2.3 and will be used frequently in the subsequent
section.

Lemma 2.5. Let s,0, R > 0. There exists C(s, 0, R) > 0 such that for any ball By C R of radius R and all
u € W*2(Bg) with |u| > & > 0 we have
lu™ lwe2(me) < C(s,8)[ullwa2(mo)-

Proof. This follows by applying Lemma 2.3 with any function F' € C*°(R;R) so that F(0) = F'(0) =0
and F(z) = 27! for [z| > 2, and using the existence of an extension operator from Lemma 2.1(iii). Note
that Lemma 2.3 requires real-valued functions, so we apply it to the real and imaginary parts of u~!
separately. O

2.2. Proof of Theorem 1.6(i)

Recall the definitions (1.19), in particular ¢ = \/ﬁew and p = \/ﬁew, as well as A = \/p and B = /1.
We assume s > 3, d*(1,q),d*(1,p) < r and |q|, [p| > § > 0. We have to prove that
0°((p, 020), (n, 02)) < C(s,6,7) d*(q,p).
We do this by showing an estimate of the form
0° Sy di, S (2.5)
kez

Let us elaborate on the quantity in the middle before we start the proof. Given a ball B C R, we define
for convenience the following notations:

a3 5(q.p) = Jnf A = pllwezp), (2.6)
1
2
& pla) = | [ it l1sechy = )0 = D)lR-xondy | (27)
R

Lemma 2.6. Let s > % and let By = {x € R : |z] < R} be an open ball of radius R > 0 with center 0.
There exists C(s,R) > 0 so that

&3] o (@.9) < Cls, R) & 5, (0,) (2.8)
for all q,p € "N H} .. As a consequence, for families of balls By, = By + kR with k € Z we have
> d:|, (a,p)* < C(s,R) d*(q,p)*. (2.9)

kEZ
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Proof. As {y —x:x,y € B} C {z € R: |z| < 2R}, there exists a finite constant C(s, R) > 0 such that
sup, e, Isech(y — )73, 2(py) < C(s, R). The first estimate follows:

inf 12 =Pl 2cs,) < Cs, B) inf inf || sech(y =) (A — )lfy-(s,)

< C(s.R) / inf[[sech(y — ) = )y, 4.
R

Using this and Lemma 2.1(iv), we obtain the second estimate:

&y (@p)? <C(s,R)D_d°|, (¢,p)°

kEZ kEZ
/mf Z||sech y—-)(Aq — p)”wﬂ(Bk)dy

<C(s,R) ds(q,p) :

Proof of Theorem 1.6(i). Let By = {x € R: |z| < 1} and observe that
lgl* = oIl w2(z0)
. 2 2
= int Mgl = g w1

nf 1A = uf* = |vp = pf* + 2(Re(Afig) — Re(zvp)) w2 (5,)-

sk

We can estimate

al* = Ipl*llwe2(s,)
< inf

ol || Re (((Aq — ) = (wp— ) ((A\g — ) + (vp — M))) H

+ 2|| Re(Nig — fivp) |l w2 (B,)
< C(S)AiunefS A — vpllws2(B) 1nf (H)\q pllwez(By) + [lvp — wllwe2(By) +2)

WS’Q(BD)

=C(s) inf |BY] —p||Ws,2(BO) mf mf (IIAg = pllw=2(B,) + lvp — ptllw=2(5,) + 2)
<C(s d5|B q, p)(2—|—ds|B 1 ,q) +ds|B (1 p))
< C(s,r) ] (0:1) (2.10)
where in the last line we used (2.8). Now we set By = By + k and see with Lemma 2.1(iv) and (2.9) that

lp = nll7- < Cls) D llal® = o113y 25,
kEZ

C(s,r) Y d3| (a,p)°

kEZ
< C(s,r)d*(g,p)*.
It remains to estimate ||’ — 9’| gs-1. Applying Lemma 2.2 yields
(0 =) [ Fe-s = (") e o= ¥3.
< CENE™) e (Il T + 1™ 7Y 1 Fn)
< O™ DY [ (L4 1Y ).
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It therefore suffices to derive the estimate for the quantity [|(e?®=%))||2,._,. Observe with Lemma 2.1
(7v) that

(=Y |3 < C(s) Y inf [[(€ €7 = N |[femizp,,

Aest

kEZ

_ : i(p—p—0) _ 112

=C(s) Z 52}% [[e**® 1||Ws,2(Bk.)
kez

_ . —ip( i(p40) _ i ||2

=C(s) Y inf [le™ (e e lwe sy
keZ

We now carefully introduce the amplitudes:
é&% le” (e FD — ) [Fe2my
i(p(x)+60 i (x 2
_inf || Be—iv@ g—1 <Ae (p(@)+6) _ Beit(2) B @ <1 B 1))
9ER A A B))llwasn

< CENBe™ ™ [fven ) 1B~ ive2(s,)

2
. 1 1
inf BeW(@) [ — _ —
X(égk +H ¢ A B

As A,B > 6 > 0, we can apply Lemma 2.5. Together with (2.10), we obtain

Aci(@(@)+0) _ Bit()
A

2
WSvZ(Bk)> .

A~ By < €O,y < CCo.0) (i, 1A = My + B4l ) < Clovbor)

Ws:2(Byg)

and similarly | B |ye2(py), la5 wez(my), [P lwe2(s,) < C(s,6,7). We conclude again by reducing
the situation to an application of Lemma 2.6 and the previously shown estimate (2.10):

1) I3 < C(5) D Dl 1B iyea(s,)
kEZ

: 2 —12
< ((inf, 13 = Pl 1A B2,

+ A - BH%/V&?(Bk)||pHI2/VS>2(Bk)||A_1||12/V-“v2(Bk)HB_1H12/V5>2(B;€))
< C(s,6,r)> ds

keZ
< C(s,0,7) d*(q,p)*.

2

5, (@:P)

2.3. Proof of Theorem 1.6(ii)

We assume
98((1’ 0)7 (p7 aﬂ?w))’ 98((1’ 0)’ (n’ 633w)) < T’
and /p, /1 > > 0. We have to prove that

d*(q,p) < C(s,7)0°((p, Oxtp), (0, 02¥))).
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As mentioned above, due to Lemma 2.4 it suffices to prove this with p,n replaced by A = \/p and B = /7.
Recall the definitions (1.19). We define

da.p) = | [ jnf, |Vseehly =0 - By |
R

where we have replaced the sech in the definition of d® with v/sech. Some of the hard work for this
direction has already been done in the proof of Lemma 2.7. This was proven for d® in [32, Lemma 6.1],
but the proof is identical for d® as v/sech is positive and still has sufficiently fast decay.

Lemma 2.7. [32, Lemma 6.1] For all s > 0, the energy E° : X* — R is continuous with respect to d°,
and there exists C(s) > 0 so that

d*(1,q) < C(s)\/E(q) and d*(1,9) < C(s)V/E*(q)
for all g € X°.

Remark 2.8. The appearance of the square root is explained by a clash of notation: the energies F*° as
defined in [32] correspond to v2E* in our notation.

We first prove two Lemmas.

Lemma 2.9. Let s > &. There exists a constant C(s) > 0 so that for all p € S' N H{ . we have
(™) re=r < C()A+ M@ Nare=2) 14"l 121
where vy =2s —2if s> 1 and v = :_‘j if s < 1.
2
Proof. We assume ||¢'|| gs-1 # 0. By Lemma 2.2, there exists a constant C(s) so that
le'e [ mro=1 < C lrre—1 (el + () [ rre-1). (2.11)

For e € (0,1) and f € H_ define f.(x) = f(ex). This has the scaling estimates

min{e*= 4, e Y Pl res < () s < masc{e™ 5 e} e (2.12)

Define Smin < Smax S0 that {Smin, Smax} = {$ — %, %} Then we can rewrite the above as

s | s < () lzes < 5L e, (2.13)
We choose € = (1 + QC(s)Hgo’HHs_l)_ﬁ so that

=
1200l T~ 2005)

SD/HHS*l =

H(‘ps)/”H571 S gSmin

Combining this with (2.11) yields

. 1
1) llare=2 < C8)lI(e) i1 + (™) (a1,
so we obtain
1(e%) Ilzze=1 < 2C () I1(0e) | -1
We conclude with the scaling estimates (2.12) that
1(e™) lre=s < e7™[|(e" ) | ro=1 < 2C(s)e™ " [[(pe) [l pra—1 < 20(s)e* im0 ||| s
Lastly, note that

[s—1]

gtminomes = (1420(5) || o) o = (1420() ¢/l
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Lemma 2.10. Let s > 1 and v > 0. There exists C(s,r) > 0 so that for all ¢ = Ae’? € §' N H}_ with
0°((1,0), (A, ¢")) < r we have

E*(q) < C(s,1)0°((1,0), (4,¢'))*.
Proof. For the amplitudinal part of the energy, we know from Lemma 2.4 that
llgl* = 1l gro=1 < [ 4% = 1l m= < Cs,7) 1A = 1 1.
For the remainder, we use Lemma 2.2:

g lzze-2 < |A'€ gres + | A(e™) |11
< CENA - (el + 1) [l o)
1) e (A = Ll poe + 1+ A ][ ro2).

We now conclude by estimating both appearances of ||(e?¢)’||7s-1 with Lemma 2.9. O
Proof of Theorem 1.6(ii). We split the distance d*(gq,p) into two parts:

@a.)* <2 [ fnt [sech(y — JAEEH - ) .y
R

+ 2/ | sech(y — -)(B — A)e™ ||%.dy
=)+ (II).

We use the algebra property of H® and Lemma 2.7 to estimate

() s) sup H \/sech(y — -) Ae®™

yeR

C’(s,r)(”A — 1”%_] + 1) sgg H\/sech(y — ~)e“¢’
y

’ ds 1,ei¥ w))

ES(etle—¥)y.
[ B

With Lemma 2.10, we can estimate E*(e?®=%)) by ||¢’ — ¢'||%. ., and Lemma 2.2 yields

g VT . 0O |G, 1 16 5 ).

yER yER

It follows that

Note that

(I1) < C(s) / | Vet —3a-B)| (1 + inf ||v/sechly —)(e" ~ A)HZ) dy
R

/ H\/sech(T-)(A . B)H;dy +|[Vseeh|| % 1A = Bl%. d*(1,¢)?
R
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We can deal with the second term as before. For the first one, we use Lemma 2.1(iv) and Young’s
convolution inequality:

[|Veeat=a-p) <> s 3 |veeeniz = -5
R

kEZye[k’k+1]jeZ We2([4,7+3])

2

2
< Z H v SEChHCFsHl([k—j—S,k—j-i-l])) A - B|‘%V5v2([j,j+3]>

k€L
2
< Z v SeChHC’Fs1+1([k—3,k+1])) Z A - B||%/Vb"2([j~,j+3])
ke JEZ

< C(s)| A~ Blf;-.
Therefore,
(IT) < C(s,1) 0°((A, ), (B, ¥))*.
To conclude, we have shown that
&*(q,p)* < (I) + (I1) < C(s,7) 0°((A, ), (B, 1))*.
O

Remark 2.11. Recall the definition of dj
constants such that

(Z &, (q,p>2> < C(s,r) d"(g,p) < C(s,6,7) (Z &, <q,p>2>

kEZL keZ

|B [see (2.6)]. We have shown in particular that there exist

for all ¢,p € X*® with |q|, |p| > § > 0 and d*(1,q),d*(1,p) < r. Here the first estimate is Lemma 2.6, while
the second estimate actually follows from (i) together with the fact that we showed (¢) by proving (2.5).

Let us say a few words on how Corollary 1.7 follows from Theorem 1.6.

Proof of Corollary 1.7. The Madelung transform is well-defined on equivalence classes under multiplica-
tion by S!, as v = ¢’ ignores changes by a constant in the phase (. Note also that s > 1, and so for any
(p,v) € ¥* we have v € L? C L{ . Therefore we can define

loc

p(x) = /v(y)dy-
0
Recall that b < 3 and € < 9(u) [see (1.16)]. Due to (1.17) and (1.8), there exists § > 0 such that |q| > &
for all ¢ € X*® with E(q) < b or E#(q) < . With Lemma 2.7, we find some r = r(s,e,b) > 0 such that
d®(1,q) < r. Then Theorem 1.6 establishes the bilipschitz estimates. O

3. Proof of Theorem 1.9

Given that Theorem 1.6 establishes an equivalence between the relevant function spaces (X°,d®) and
(V#,6%), the proof of Theorem 1.9 is now primarily a matter of carefully carrying over the results of
Theorem 1.1. This is straightforward for the existence and continuity results. Uniqueness requires a
further Lemma.
Lemma 3.1. Let I 3 0 be an open time interval and qo € L= N H'. Suppose

q1,q2 € C(I; L) N L°(I; L° N HY)

are two distributional solutions to (GP) with q1(0) = ¢2(0) = go. Then ¢1 = qa.
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Proof. See Appendix C. g

This result is necessary because Theorem 1.1, in the way it is stated in [32], only yields uniqueness
for the following class of solutions, which for the case s > 1 is a priori smaller.

Definition 3.2. (Solutions to (GP) [32]) Let s > 0. We say that ¢ € C(I; X?) is a solution of the
Gross—Pitaevskii equation (GP) with initial data gy € X*® on the open time interval I 3 0 if there exists
G:1 — Hj  such that the following hold:

(i) ¢ solves (GP) in the sense of distributions on I x R.
(ii) ¢ projects to ¢, which means that ¢S* = q.
(iii) We have

[t = 4(t) = 4(0)] € C(I; L*(R)).

(iv) For all compact intervals [a,b] C I and for some (and hence for all) regularized initial data §G of
G(0) we have

[t — () = @) € L*([a,b] x R).

The uniqueness result in Theorem 1.1 for s > 1 is therefore weaker than the one in Lemma 3.1. The

proofs, however, are almost identical: in [32] uniqueness is shown by a classical argument with an energy
estimate and Gronwall’s inequality. We extend this argument for s > 1 to gain Lemma 3.1.
Remark 3.3. If p € C(I;L2,) N L>(I; L= N H') is a distributional solution to (GP), as in Lemma 3.1,
with initial data p(0)S* € X!, then pS! is also a solution in the sense of Definition 3.2. The reason is
that by Theorem 1.1 there exists a solution ¢ € C'(I; X!) in the sense of Definition 3.2 with initial data
q(0) = $(0)S'. One can see that this has a representative § € C(I; L2 ) N L (I; L>° N H') which solves
(GP) in distribution, so Lemma 3.1 implies ¢ = p.

Theorem 1.9 states that (hGP) is globally-in-time well-posed, meaning that there exist solutions, they
are unique, and the flow map is continuous. The structure of the proof is to transfer the existence and
continuity result for (GP) from Theorem 1.1 via the Madelung transform over to (hGP). This requires
the absence of vacuum, which we obtain by the energy assumptions E < 4 or E* < go(u) [see (1.17) and
(1.8)]. Uniqueness for (hGP) is similarly inferred from the uniqueness result for (GP) in Lemma 3.1.

Recall that by Lemma 2.7 the energy functionals £° : X* — R> are continuous. Recall furthermore
the definitions (1.19).

Proof of Theorem 1.9. Existence. We are given an initial data (pp,vo) € Y*® which fulfills one of the
bounds &(pg,vo) < 3 or E*(po,vo) < €o(p). We define go = M~ (pp,vp) and obtain via Theorem 1.1 a
solution ¢ € Cy(R; X?®) of (GP) in the sense of Definition 3.2. Our solution ¢ has a special representative
¢ € S'(RxR). In both cases E(qo) < 3 and E*(qo) < o(), we obtain either (1.8) or (1.17), so there
exists some 6 > 0 depending on the initial data such that |§] > § > 0. Now Corollary 1.7 implies
(p,v) = M(d) € Cy(R: ).

(bGP)
(90, 00) ~orrrenres (py0)(1)

M1 M

G0~ (1)

(GP)
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We show that (p,v) is a distributional solution of (hGP) in the sense of Definition 1.8. We fix a ball By C R
and a time interval J = (a,b) C R with 0 € J. It suffices to verify that (hGP) holds in distribution, i.e.
when tested against any test function f € D(J x By).

On regularity. Due to Lemmas 2.5 and 2.6 for s > 1, we know that §, G~ € L°>°(J; WY2(By)). From
these considerations 9,,§ € L= (J; W~12(By)) and (|§|* — 1) € L°°(J; W2(By)) directly follow. Then
0:G € L>=(J;W~12(By)) holds because ¢ solves (GP) in the sense of distributions.

As a consequence of duality and the algebra property of H!, one obtains the product estimate
lfgllz-1 < Cllfllarllgllz-1. From this, we obtain some regularity for some of the more difficult terms
appearing in the subsequent calculations, for example 9;4q, 0,,4G € L>(J; W ~12(By)). We now present
approximation arguments that derive (hGP); and (hGP)s from (GP).

Obtaining (hGP)1 from (GP). Set G- = 7. * ¢ for a standard mollifier (1.)c>0, i.e. some n.(z) =
n(e1(e7'z)) where n € C°(R;R>) with [ndz = 1. Note that |§| > § implies |g-| > g for sufficiently
2

small ¢ > 0 as we have sufficient regularity. We define p. = |g.|* and v. = Im [ag—ds]. Note furthermore

the identity % = %% + v, which we use below. Equation (hGP); can be obtained by multiplying
(GP) for g. with g, taking the imaginary part, and then the limit:

= e—0 . ~ = ~ = ~ /1~ =
0=1Im (q (GP)) —— Im ['Latq:;‘QE + OraGeGe — 2QE(|QE|2 - 1)QE]

-~ = ax ~5 ~ = ~ _— ~ ~
= Re [a&ng.e] + 0, Im |:~qq.5LIE:| —Im [aacqgaxq.&‘] —Im [2|QE|2(|QE|2 - 1)]

€

— 1 ~ |12 ~ 12 61@5
= 0P+ 0. (P | %% )

1
= iatpa + aﬂ;(pavé‘)

—0 1
= iﬁtp + 0z (pv).

We have to justify the limits in distribution on both sides. Observe that

//(3#?5!75* 9:4q) f| S 110ede — 0edll Los (5w —12(Bo)) |Ge | oo (w12 (Bo)) L f | oo (w1 2 (B))
J Bpg

+10eq| Lo (rsw—12(BoY) 1de — @l Loo (7;w 1 2B | f | oo (1w 12(Bo))
=0 0.

With the same estimates, we can take the limit of the distribution 0,,d.G.. The convergence of the
nonlinear term follows similarly. We have shown that

e ~ = ~ = ~ ~ =— >0 =/.4 ~ ~ ~r ~

10¢Geqe + 022Geq= — QQE(IQE‘Q - 1)QE B Q(Zatq + Opaq — 2Q(‘Q|2 - 1)) =0

in distribution on J x By. As

//%%—MiﬁMt

7 Bo
S (10l poe (rx o) + Gell oo (g5 Bo) ) Ge = @ll oo (rx Bo) V] oo (7312 (Bo)) 1O f 1 L2 (7 x Bo)
~ ~ ~ e—0
+ (Gl £oe (7% Boy + Gl Lo (1% Bo)) 1Gell Lo (1% Bo) 1V = V][ oo (712 (Bo)) |0a Fl| £2(7x By — O,
and we can similarly show 0;p. 0, O¢p, we have

1 em0 1
§atpe + 0z (peve) =, iatp + 0:(pv)
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in distribution on J x By.

Obtaining (hGP); from (GP). We now repeat these arguments for the second equation (hGP)y. Here
we divide (GP) for g. by §., take a further derivative, the real part, and then the limit:

0=TRed, ((qu)> <% Re {am <Zafq8 4 Gunlle g1 p2 - 1))}

qe qe

4. A i
o, (a( - ) ; ( -4 ) )] —20,(3.)
qe qe
—_ _ _ 2\ lazps }aa:ps ?
= —0ve — 0 (VZ) — 20, pe + Oy (81 (2 . + 3 o

2
20 G — 8,(02) — 20,p + O, (az (18‘””> + (18”“”> ) :
2 p 2 p

Of course, the limits have to be justified again. For the left-hand side, we can proceed just as before
2
since =1 € L>®°(J;W12(By)). On the right-hand side, the difficult terms are v? and (1 8;”) , as here

the square of a distribution in H*~! is taken. The situation would be much more difficult if we did not
assume s > 1. In our case, we indeed have v, 8;” € C(J;L*(By)), which implies that the squares are
trivially defined. Furthermore,

[ [ = )0. 50

J Bog

=—Im[0,0:(Ing.)] + Re

e—0

< Jve = vl (5:22(Boy) (10| oo (1:22(Bo)) + N0l oo (:22(Bo)) ) 102 fll oo (1 By) — O,

10:p
2 p

Uniqueness. Let 0 € I C R be a bounded open interval and let (p1,v1), (p2,v2) € C(I;Y?) be two
solutions to (hGP) in the sense of the theorem, both with initial data (pg,ve) € Y*. In particular, they
satisfy one of the energy bounds £ < b < 3 or £* < c(p)e < c(p)eo(p) (see (1.15) and (1.16)). As before,
this implies that there exists a § > 0 so that \/pr > 0, where k € {0,1,2}. Since v € L? C L] ., we can

2
and the same estimate works for ( ) . The remaining terms are strictly easier to deal with.

define ¢ (x f vi(y)dy and G, = \/pre’*. Note that G having uniformly bounded energy E' implies
gr € L*°(I; L™ ﬁ Hl). We now fix j € {1,2}. Writing ¢; = ¢;S* for the equivalence class, we know from
Corollary 1.7 that ¢; € C(I; X?).

Just as in the existence part of the proof, one can show that (p;,v;) solving (hGP) implies that for
the quantity

Q; = i0:G; + Oary — 24;(|3;1> — 1) (3:1)
we have
— Q| _
Im[Q;G;] =0 and 9,Re 7 =0 (3.2)
j

in the sense of distributions. We sketch the argument that follows with a diagram.



ZAMP Global-in-time Well-posedness of the One-dimensional Page 21 of 29 194

(LGP) (hGP)
(p1,v1)(t) e~ (po, Vo) ~nirs (p2,v2)(t)

M71 M—l M71

Lemma 3.1

Due to (3.2), we have in particular

Im [Q]} — Im {quy} _ ml@ia] _

q 14,17 14,12
and hence for every ¢ € I there exists a g;(t) € R so that
Qj
gi(t) = —.
j i

We see that, in fact, §; does not necessarily solve (GP). The reason is that for each time ¢ € I we had to

make an arbitrary choice of a constant-in-space phase rotation, as this information is lost in the Madelung
t

transform. This choice was the arbitrary lower limit 0 in the integral ¢(t) = [v(s)ds. In order to find
0

solutions to (GP), we would now like to define

t
pi(t) = Mg (t) where Gj(t) = /gj(s)ds.
0

Then,

iatpj + awij - 2pj<‘pj‘2 - 1) = Qj - Gl(t>qj =0.
This argument requires g; : I — R to be locally integrable. We show that g; € C(I;R) by verifying that
Q; € C(I;W~12(By)) for any ball By C R. With the same reasoning as in the existence part of the proof,
pj € C(I; WY2(By)) and v; € C(I; L*(By)) solving (hGP) in distribution implies p; € C'(I; W~12(By))
and v; € CY(I; W=11(By)). In particular, we have d;p; € C(I; L*(By)). Observe that

0P ) - . R
Q) =i +i(000))d; + 0aly — 205 (1351° — 1)

Pj

Verifying the products of distributions, each term can now be seen to be in C(I; W~12(By)). We have
shown that for any bounded interval I > 0, both p; and ps are distributional solutions to (GP) with
initial data p;(0) = p2(0) = Go. At the same time, p; € C(I; L) N L>°(1; L3, N H?'). Therefore, Lemma
3.1 implies p; = pg, from which ¢; = ¢z in C(I; X*) and (p1,v1) = (p2,v2) follow.

Continuity. This is a direct consequence of the continuity result for (GP) from Theorem 1.1, the
continuity of the energy functionals from Lemma 2.7, and the local bilipschitz equivalence from Theorem
1.6. O
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Appendix A: Absence of vacuum for small energies

Lemma A.1. For § € [0,1] and s € (3,1], define
E§ = inf {Es(q) 1q € Hp ., inf |g(z)] < 6} .
z€R

Then EY =0, the function § — EY is decreasing, and there exists a constant C’(s) > 0 so that

< 1—6)?
C(s)
Assume s =1 and write Es = E}. Set qo = tanh, ¢; = 1, and for § € (0,1) define
gs(z) = tanh (|| + tanh_l(é)). (A.2)

We have

4 2
Es; = E(qs5) = 3 20 + 553.

There exists a strictly decreasing inverse function § : [0, 3] — [0,1] with 5(0) =1, 5(%) =0 and

5(0) = int { inf lao)| 4 € b Bla) <0}
xe


http://creativecommons.org/licenses/by/4.0/
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Proof. We see that Ef = 0 by choosing ¢ = 1. Clearly the set over which the infimum is taken increases
with 0, and hence, the infimum is decreasing. Recall that Lemma 2.6 implies

: S

Jnf [lg = Allwezs,) < C(s)d°(1, q),

where By = By + k, k € Z are balls of radius 1. Estimating with Lemma 2.7 on the right and the Sobolev
embedding W12(By) — L on the left, we obtain

1 =48 <sup inf |lg— A|r=~(p,) < C(s)v E5(q)
keZ AES!

for every q € Hj . with inf,cp |g(x)| < ¢. This proves (A.1).
Now we assume s = 1. We first rewrite the problem as Es = inf, ¢[o ) E, with

E, = inf{E(q):q € Hlloc, 1r61ﬂf{|q(x)| =v}, velod].

Of course we expect that E~l, is decreasing in v and hence Fj; = E(;. This will be verified once we
have calculated F,. Using invariance under translations, phase rotations, and mirror symmetry, we can
equivalently consider the minimization problem

s 17
E, = 2inf 3 / 10:q)* + (|g]* — 1)?dz : ¢ € HL.(R>),q(0) = v
0

We now follow the same arguments as in [13, Lemma 1] to find a minimizer. Consider a minimizing
sequence (gn)nen. As E*(g,) is uniformly bounded, so is [|0xqnllz2(r.)- The Banach-Alaoglu theorem
then implies, up to a subsequence, that 9,q, — p/, for some p/, € L? (R>). Furthermore as ¢,(0) = v is
fixed, we have a Poincare inequality |(g,[lw1.2(,) < C(s, B) ||aan||L2(BD)_On any finite interval By C R>.
Then we can use compactness of the Sobolev embedding H' «—— L to find, up to a subsequence, that
¢n — pu in LS (R>) for some p, € HL (R>), with p), indeed being its distributional derivative. Now
we can conclude with Fatou’s lemma that p, is a minimizer for E,,:

/(|po|2 —1)% 4 [pp|?dz = /liminf(|qn|2 — 1)? 4 liminf |¢/,|*dx
0 0
o0
< liminf/(|qn|2 — 1)? 4 liminf |¢/,|*dx
0
=F,.

For the case v = 0, we obtain the Euler-Lagrange equation
Py — 2po(1 — |po|?) = 0.

Then as po(0) = 0 and E(pg) < oo, [13, Theorem 1] implies that py = tanh is the unique solution.
Consequently, it must be the case that for a > 0 the function p,(z) = tanh(z + a) is a minimizer for
the problem with v = tanh(a), as otherwise one could modify py on [r,00) to find an admissible function
with strictly smaller energy for the minimization problem of Eqy. This implies that the g5 defined in (A.2)
are minimizers for F,,.

With @ = tanh™! (), and noting the identities

1 142

COSh(CL) = ﬁ, COSh(Qa) = 7@,

sech?(a) =1 — 12,
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we compute

Blg) =2- % / (tanh(z)))? + (tanh(z)? — 1)2dz

a
oo

= /sech4($) + sech? (z)dz .

a

Evaluating the integral yields

oo

E(q,) = | =(cosh(2z) + 2) tanh(z) sechz(a:)}

2
3

—

r

2 9 1412
:3<2—V(1—V)<2+1_V2)>
4 2 .
*§72V+§I/3.

Appendix B: Littlewood—Paley theory and proof of Lemma 2.2

The proof uses the Bony decomposition

fa=Trg+ R(f,9) +T,f,

which Bony introduced in his 1981 paper [16]. It relies on the Littlewood—Paley theory, for which we refer
the reader to [12, Chp. 2]. We give a brief introduction below, always only considering the one-dimensional
case.

Let o € C°({¢: 3 < [¢] < 5} and x € C°({¢ 1 [€] < 3}) be non-negative functions on R so that

X+ Y p(277) =1
=0

This is called a dyadic partition of unity. We define for j € Z the operators
Aj : S/ — Sl
QD(/?_j')fv ,7 >0
[T 3 A
and Sj = > . _; Aj. These operators have nice properties such as |[S; fllL» < C(®)[[fllzr, p € [1,00]. At

least formally, we have the decomposition

Id= lim S; =Y A;.
J

J—00

The Bony decomposition is given by
f9=> NjfAwg=Tsg+R(f,9) +T,f,
.k
where we define

Trg=_Si1fAjg  R(fi9) =20 Y AjrufAjg.

J J vl
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In the Littlewood—Paley setting, it is easy to define the Besov spaces B, , for 1 < p,r < oo, s € R by
By, =1{f€S®C):|f|

B;,q < OO},
where

11

55, = (271185 fllee) ezl
It is evident that
Biy={f € 8'®;C): [[{§)" Fll =@ < o0} = H*(R;C).
Proof of Lemma 2.2. We only prove (2.2) as the proof of (2.1) is analogous and strictly simpler. Consider

the decomposition fg = gSof + g(1 — Sp)f. Since Sy f is spectrally supported in a fixed ball there exists
a constant N € N so that Ag(SofA;g) = 0 unless |k — j| < N. Consequently,

2
19So fllFre—s = Y257 S~ Aj(SofAj409)
JEL [v|<N L2
< C(N)[SoflI7= D 27| Akgll7a
JEZ

= C(N)[ISof I~ lgllge-1-

It remains to estimate ||g(1—.So) f|| grs—1. To simplify notation, we now write f for (1—.Sp)f and derive
an estimate by || f||z=. Note that S;_1 fA;g is only nonzero if j > 1, and in that case it is a convolution of
a ball with an annulus of much larger radius. As a result, there exists an annulus C so that F[S;_1 fA,g]
is supported in 2/C, and so [12, Lemma 2.69] implies

ITgllmes S 12701817 A gl o -
Since
15i-1f Azl < I1Si-1flle=A;gllz2 < [[fllL=1Az9ll L2,
this implies
1T gl e S Mlgllme-r 1f ]l Lo
For the same reason as before, we have
1o e S (1277185194, fl 2

Here we consider two cases. If s < 1, then we use the Bernstein inequality [12, Lemma 2.1]. It states that

lez-

supp @ C AB = ||u|p~ < C(B)AZ ||u .2
for any fixed ball B. This yields
VU8 1 gA; fllLe < 2CTVS 1l | A e
S 1Sj-19l 128 A, £ 12
< Ngllre-1 2212 £l 2
Here we have used

290D, gllf. = D U2 DAGg)Fe < (1S 1gllFrer < llgllFes-
§1<j—1 <1

We see that
1Tg fll s S Nglas=2 11 £l 5 -
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For the case s > 1, we estimate
27C7DNS; g e < 27C VS5 gl A5 fll 2
S 1277852190 27 A £l e
S llgllz227| A £l 2

and obtain

[Ty fllers=2 < llgllers— |l fllere-

It remains to estimate the remainder terms R(f, g). Here let it be noted that there exists an integer
N > 0, independent of j, so that Z|V|<1 Aj_,fAjg is spectrally supported in a ball of radius 27tV -1,
In this case, we know by [12, Lemma 2.84] that

IR(f. )]s, < Clp.r,5)]

25 > AjugAif|

lv|]=1

B.1
@ (B.1)

for § > 0. This does not work in general if § < 0. Therefore, we use the embedding

IR(f, a)llms-r < CS)IR(F,9)l

1
in order to apply (B.1) with § = s — % > 0 and p,r = 1. Now we can conclude via Holder’s and Young’s
inequalities for sequences:

20213 Ay fAg <N ek

lv|=1 Lo (z) [v|<1

2728 f 2

iy 21815

S lglas— 1, -

Appendix C: Uniqueness for the Gross—Pitaevskii equation

Proof of Lemma 8.1. Recall that q1,q2 € C(I; L2 )N L>®(I; L™= N Hl) are two distributional solutions of

loc

(GP) on an open interval I > 0 with the same initial data qq. It follows that ¢, g2 € L°(I; W2(B)) for
any arbitrary ball B C R. We define b = ¢; — ¢2 and compute that it solves in distribution the following
equation:

i0b + 0p0b = 2q1 (|1 |* — 1) — 2¢2(lg2|* — 1)
=2b(lg1 > = 1) + 2b(|g2* — 1) + 2¢2(J@a[* = 1) — 21 (|g2|* — 1)
= 2b(lg1* + [g2/* = 2+ 1) + 2(q2l1 |* — alq2l?)
=20((b+ @2) (0 + q2) + |a2* = 1) + 2(q2lb + 2|* — (b + @)l a2/*)
= 2b([b* + bz + bga + 2|q2|* — 1)

+ 2(q2|b* + blga|® + b3 + q2lq2* — blgz|* — g2lq2]?)

= 2b(|b|? + bgz + bgz + 2|q2[* — 1) + 2(q2[b]* + bg3)
= 2[b|%b + 4]b|*q2 + 2b°G3 + 2b(2|q2|* — 1) + 2bg3.

We know that 0,,b € L°(I;W~=12(B)). Then b solving the equation implies 9;b € L>(I; W ~12(B)).
Using duality and the algebra property of W12(B), we find that also ba;b, 9;(|b|?) € L>(I; W~12(B)).
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Let on(z) = @(£) where p € C°([-2,2];]0,1]) and ap|[_1 g =L One may choose ¢ in such a way
that there exists K > 0 with [0,¢| < K /¢ and in particular |0,¢,| < Kn™',/p,. We test the above
with by, and take the imaginary part. On the left-hand side, we have

_ _ 1 _
/Im[i(@tb)b@n] + Im[(0z4b) by, |dx = / i%at(w\?) — Im[(0:b)b0,pp]dx.
R R
Therefore for a fixed time t € I,

1d , _
53 [ albds = [ Iml(@.0)80,,)ds
R R
+ / (200" + 4[b[*ban + 2{b[2bgz + 2b2(2lgal* — 1) + 25 4F) pudlz
R
= (I) + (ID).

We estimate
(1) < 110abll2 [0snll 2z < (gl oo 2 + laall e ) K™ [[0v/n]|
and
(I1) < Clbv/nllza [[[[11° + [bllga] + laaf* + 1]

2
< Ollov@nllz, (1 + larli3e, + lleal3z, ).
We have shown that there exists some C' > 0, depending on g1, g2 but independent of time, such that
1d 1
35 (bvelts) < 0 (=lovenlss + ol )

In particular

d 1
— |63/ on < — b\/on .
lovemlzz < € (= + Iovenlez )

Now Gronwall’s inequality implies for any fixed ¢ > 0 that

ed t .
8|22 === [1b()v/@nllzz < | [16(0)v/PnllL2 + C% ct nzx
—
=0
hence ¢; = ¢o for positive times. The argument for negative times is analogous. 0
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