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A proper generalization of the extended boundary condition method to calculate the transition matrix, T , for 
electromagnetic scattering from a homogeneous and isotropic body of arbitrary shape, characterized by a peri-
odically time-varying electric permittivity, is presented. The application of the method on a specific example of 
a spheroidal dielectric particle confirms that time modulation induces strong inelastic scattering, accompanied 
by energy transfer between the scatterer and the light field, when the difference of the incident wave frequency to 
a particle optical resonance matches an integer multiple of the modulation frequency. Moreover, it is shown that, 
for nonspherical scatterers, these effects can be selectively tuned by external means such as the polarization and 
the propagation direction of the incident light beam. The method is readily implementable in available dynamic 
multiple-scattering computer codes, and, because of its versatility and computational efficiency, it can offer new 
opportunities for studying more complex time-varying photonic structures. 

1. INTRODUCTION

The extended boundary condition method (EBCM), formu-
lated originally by Waterman [1,2] and later by Barber and Yeh
[3], has gained considerable popularity as a versatile tool to cal-
culate the on-shell transition matrix, T, in various applications
involving electromagnetic (EM) scattering by nonspherical
objects [4–9]. The approach proves efficient, particularly when
dealing with size parameters and deviations from spherical shape
that are not excessively large [10,11]. In particular, the EBCM
algorithm was successfully implemented into the layer multiple
scattering (LMS) method [12] and subsequently applied in the
study and analysis of various photonic structures [13–19].

The EBCM assumes monochromatic waves of angular
frequency ω and employs an expansion of the scattered and
the incident fields into transverse vector spherical partial
waves [20]—outgoing: HHlm(qh, r)= h+l (qhr )Xlm(r),
HElm(qh, r)= i

qh
∇×HHlm(qh, r) and regular ones:

JHlm(qh, r)= jl (qhr )Xlm(r), JElm(qh, r)= i
qh

∇× JHlm(qh, r),

light in vacuum, is the wavenumber in the host region (out-
side the object), which is characterized by a relative electric
permittivity εh and magnetic permeability µh; and Xlm(r)
are the vector spherical harmonics, with l = 1, 2, . . . and
m =−l ,−l + 1, . . . , l . Similar expansions into regular vector
spherical partial waves are also employed for the field inside
the object at the given frequency. The polarization mode,
P = H, E , characterizes multipoles of magnetic and elec-
tric type, which are also termed transverse electric (TE) and
transverse magnetic (TM), respectively [20].

In recent years, EM propagation and scattering in time-
varying media [21] and, in particular, in media subject to a
periodic time modulation have been receiving increasing atten-
tion in the general context of periodically driven Floquet time
crystals [22–26] and attract considerable interest for novel
applications in nonreciprocal photonic devices (see, e.g., [27]
and references therein), as well as in the design of active optical
metamaterials [28–30], dynamically controlled metasurfaces
[31–35], and spatiotemporal diffraction gratings [36]. The
intense research activity in this field motivated, also, theoretical
work on EM scattering by time-modulated isolated objects,

respectively, where h l
+ ( jl ) are the spherical Hankel (Bessel) 

functions; qh = ω√εhµh/c , with c being the velocity of
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revealing intriguing phenomena such as strong inelastic scatter-
ing, energy transfer, parametric Mie resonances, and directional
amplification [37–42]. What is more, the single-particle T
matrix, evaluated in these studies, can be easily implemented
in available multiple-scattering methods, opening up new
opportunities for studying more complex dynamic photonic
configurations with temporally modulated building units
[43,44]. However, T matrix codes have been developed so far
only for spherical time-modulated bodies, which, in some sense,
limits the possibilities of exploring wider classes of dynamic
photonic structures, with more degrees of freedom to manipu-
late EM waves. The purpose of the present paper is, following
a rigorous full electrodynamic Floquet approach, to present an
extention of the EBCM to homogeneous and isotropic scatterers
of arbitrary shape, characterized by an electric permittivity that
varies periodically in time. The associated T matrix is similar
to, but of greater dimension than, that in the static case and can
be readily implemented into the recently developed dynamic
versions of the LMS computational methodology [43,44].

The remainder of the paper is organized as follows. Section 2
is devoted to the development of our theoretical method. We
derive a system of linear algebraic equations, which yields the
T matrix of a nonspherical scatterer subject to a periodic time
modulation. Our formulation reduces to the well-known results
for the unmodulated nonspherical scatterer [12] and the modu-
lated sphere [37] in the appropriate limits. Moreover, we discuss
certain aspects related to the numerical implementation and the
convergence of the method. In Section 3, we demonstrate the
applicability of our dynamic EBCM to the particular case of a
periodically driven spheroidal germanium particle and analyze
some remarkable effects, in particular strong, resonant inelastic
light scattering and energy transfer from (to) the modulated
particle to (from) the EM field. It is worth noting that these
effects can be selectively tuned by external means, such as the
polarization and the propagation direction of the incident light
beam, which is not the case for spherical scatterers. We provide
a consistent interpretation of the underlying physics and high-
light the role of symmetry invoking group theory. Our main
findings are summarized in Section 4.

2. FORMULATION AND METHOD

We assume a single homogeneous body, occupying a region
Vin bounded by a closed surface S and embedded in an oth-
erwise homogeneous, isotropic, and nonabsorbing medium,
characterized by a relative electric permittivity εh and magnetic
permeability µh. The body is centered at the origin of coordi-
nates and has a nondispersive permeabilityµ and a permittivity
that varies periodically in time, ε(t)= ε(t + T).

The electric component of the EM field inside the body (r ∈
Vin) has the general form of

Ein(r, t)= Re

[
N∑

n=−N

E(n)in (r) exp(−iωnt)

]
, (1)

withωn =ω− n� (�≡ 2π/T) and

E(n)in (r)=
N∑

ν=−N

∑
L

aLνvn;νJL(qν, r), (2)

where vn;ν and qν are the components of the νth eigenvector
and the eigenvalue, respectively, of the product matrix DE, with
D= diag(µω2

−N/c
2, µω2

−N+1/c
2, . . . , µω2

N/c
2) and E being

the Toeplitz matrix of the Fourier coefficients of ε(t), with ele-
ments Enn′ = 1/T

∫ T
0 dtε(t) exp[−i(n − n′)�t] [37], which

determine the νth polychromatic eigenmode of the EM field in
the (infinite) time-modulated medium. aLν are amplitudes of
the corresponding spherical wave components to be determined
from imposing interface conditions. The latter are characterized
by a collective index L ≡ P lm, with P = H, E denoting the
polarization.

We consider an incident field consisting of a sum of
monochromatic waves of angular frequencies ωn and
corresponding partial spherical wave amplitudes a0(n)

L ,

Einc(r, t)= Re

[
N∑

n=−N

E(n)inc (r) exp(−iωnt)

]
, (3)

with

E(n)inc (r)=
∑

L

a0(n)
L JL(qhn, r), (4)

where qhn =ωn
√
εhµh/c , which, scattered by the object, gener-

ates a series of monochromatic outgoing waves so that the scat-
tered field has the following form:

Esc(r, t)= Re

[
N∑

n=−N

E(n)sc (r) exp(−iωnt)

]
, (5)

with

E(n)sc (r)=
∑

L

a+(n)L HL(qhn, r), (6)

where a+(n)L represents the corresponding partial spherical wave
amplitudes. Therefore, in the infinite region exterior to the
object (r ∈ Vout), the total field is the sum of the incident plus the
scattered fields, i.e.,

Eout(r, t)= Re

[
N∑

n=−N

E(n)out(r) exp(−iωnt)

]
, (7)

with

E(n)out(r)= E(n)inc (r)+ E(n)sc (r). (8)

It follows from Maxwell’s equations that, for r ∈ Vout,

∇×∇× E(n)out(r)= q 2
hnE(n)out(r). (9)

The associated Green’s dyadic, which satisfies the equation[
∇×∇×−q 2

hn

] ↔
G(r, r′;ωn)=

↔

I δ(r− r′), (10)

can be expanded into vector spherical waves as follows:

↔

G(r, r′;ωn)= iqhn

∑
L

[
H̄L(qhn, r)JL(qhn, r′)2(r − r ′)

+J̄L(qhn, r)HL(qhn, r′)2(r ′ − r )
]
, for r 6= r′,

(11)



where 2 is the unit step function and the overbar denotes
complex conjugation of the vector spherical wave func-
tions, without taking the complex conjugate of their radial
parts, i.e., F̄Hlm(q , r)= fl (qr )X?lm(r), F̄Elm(q , r)=
−

i
q ∇× fl (qr )X?lm(r), for any kind of vector spherical wave

functions F= J or H (correspondingly fl = jl or h+l ).
We now apply the vector Green’s theorem for a regular surface

S1 bounding a volume V1,∫
V1

d3r
[
a · (∇×∇× b)− (∇×∇× a) · b

]
=−

∫
S1

d2r
[
n̂× (∇× a) · b+ (n̂× a) · (∇× b)

]
, (12)

where n̂ is the unit vector along the local outward normal to
the surface, to the exterior region, inserting a= E(n)out(r) and

b=
↔

G(r, r′;ωn) · c, where c is an arbitrary constant vector.
The surface integral on the r.h.s. of Eq. (12) is the sum of two
integrals: an integral over the spherical surface S∞ bounding the
exterior region at infinity and an integral over the surface of the
object. With the help of Eqs. (9) and (10), Eq. (12) yields[
−

∫
S∞

d2r +
∫

S
d2r
] [ [

n̂×
[
∇× E(n)out(r)

]]
·

[
↔

G(r, r′;ωn) · c
]

+
[
n̂× E(n)out(r)

]
·

[
∇×

↔

G(r, r′;ωn) · c
] ]

=

{
E(n)out(r

′) · c, if r′ ∈ Vout

0, if r′ ∈ Vin,

(13)

where n̂ is the local normal at either S∞ or S and is directed away
from the object. Since c is arbitrary, it can be canceled out on
both sides of Eq. (13). Because the scattered field vanishes at
infinity, in the integral over S∞, we can substitute E(n)out(r) by
E(n)inc (r). Then, applying Eq. (12) in all space for a= E(n)inc (r) and

b=
↔

G(r, r′;ωn), we obtain

E(n)inc (r
′)=−

∫
S∞

d2r
[[

n̂×
[
∇× E(n)inc (r)

]]
·
↔

G(r, r′;ωn)

+

[
n̂× E(n)inc (r)

]
·

[
∇×

↔

G(r, r′;ωn)
]]

.

(14)

Thus, Eq. (13) leads to

E(n)inc (r
′)+

∫
S

d2r
[

iωnµ0µ
[
n̂×H(n)

out(r)
]
·
↔

G(r, r′;ωn)

+
[
n̂× E(n)out(r)

]
·

[
∇×

↔

G(r, r′;ωn)
] ]

=

{
E(n)out(r

′), if r′ ∈ Vout

0, if r′ ∈ Vin .
(15)

From the continuity of the tangential components of
the EM field at the surface of the object at any moment

in time, we obtain n̂×H(n)
out(r)= n̂×H(n)

in (r) and
n̂× E(n)out(r)= n̂× E(n)in (r). Using Eq. (11) and the vector
identity (a× b) · c= a · (b× c), Eq. (15) yields

E(n)sc (r
′)= iqhn

∑
L

HL(qhn, r′)
∫

S
d2r n̂ ·

[
µh

µ

[
∇× E(n)in (r)

]

× J̄L(qhn, r)+ E(n)in (r)×
[
∇× J̄L(qhn, r)

]]
, r′ ∈ Vout

(16)

and

E(n)inc (r
′)=−iqhn

∑
L

JL(qhn, r′)
∫

S
d2r n̂ ·

[
µh

µ

[
∇× E(n)in (r)

]

×H̄L(qhn, r)+ E(n)in (r)×
[
∇× H̄L(qhn, r)

] ]
, r′ ∈ Vin.

(17)

Comparing Eqs. (16) and (17) with Eqs. (6) and (4), respec-
tively, we obtain

a+(n)L =

∑
L ′ν

Q+Ln;L ′νaL ′ν,

a0(n)
L =−

∑
L ′ν

Q0
Ln;L ′νaL ′ν, (18)

where

Q+Ln;L ′ν = iqhnvn;ν

∫
S

d2r n̂ ·
[

JL ′(qν, r)×
[
∇× J̄L(qhn, r)

]
−
µh

µ
J̄L(qhn, r)×

[
∇× JL ′(qν, r)

]]
(19)

and

Q0
Ln;L ′ν = iqhnvn;ν

∫
S

d2r n̂ ·
[

JL ′(qν, r)×
[
∇× H̄L(qhn, r)

]
−
µh

µ
H̄L(qhn, r)×

[
∇× JL ′(qν, r)

]]
.

(20)

From Eq. (18) and the general definition of the T matrix,

a+(n)L =
∑

L ′n′ TLn;L ′n′a
0(n′)
L ′ , we obtain∑

L ′′n′′

TLn;L ′′n′′Q0
L ′′n′′;L ′ν =−Q+Ln;L ′ν . (21)

Obviously, in the absence of any modulation, the Q+(0)

matrices become diagonal in nν because vn;ν is diagonal, and we
recover the result of the unmodulated case [12].

Although the spherical-wave expansions of the EM field are
infinite series, it turns out that, if the size of the scatterer is not
much larger than the wavelength, a limited number of partial
waves, up to a maximum angular momentum lmax, is sufficient
to describe the scattered field using the T matrix. However,



to accurately evaluate the elements of the T matrix of given
dimensions, matrices of larger size must be considered in the
linear system of Eq. (21), which is solved, e.g., by Gaussian
elimination. This implies that we keep matrix elements up to
cutoff values lcut ≥ lmax and Ncut ≥ N. Obviously, for spherical
particles, lcut = lmax, but lcut should be increased as the shape
of the scatterer deviates from the sphere while N and Ncut

depend on the characteristics of the periodic modulation. While
there are no established guidelines for determining the suitable
parameters to ensure the convergence of the series expansions, a
comprehensive examination of the convergence characteristics
of the EBCM is available in [4]. In the applications presented
in the next section, choosing lmax = 8, lcut = 12 and N = 3,
Ncut = 6, we obtained convergence within seven digits in all
results.

Taking advantage of the general relations ∇× FHlm(q , r)=
−iqFElm(q , r), ∇× FElm(q , r)= iqFHlm(q , r) and
∇× F̄Hlm(q , r)= iq F̄Elm(q , r), ∇× F̄Elm(q , r)=
−iq F̄Hlm(q , r) between any kind (F= J or H) of vector
spherical wave functions, Eqs. (19) and (20) can be written in
the following form:

Q+(0)Hlmn;Hl ′m′ν =−
qhn

qν
J +(0)Elmn;Hl ′m′ν +

µh

µ
J +(0)Hlmn;El ′m′ν ,

Q+(0)Hlmn;El ′m′ν =−
qhn

qν
J +(0)Elmn;El ′m′ν −

µh

µ
J +(0)Hlmn;Hl ′m′ν ,

Q+(0)Elmn;El ′m′ν =
qhn

qν
J +(0)Hlmn;El ′m′ν −

µh

µ
J +(0)Elmn;Hl ′m′ν ,

Q+(0)Elmn;Hl ′m′ν =
qhn

qν
J +(0)Hlmn;Hl ′m′ν +

µh

µ
J +(0)Elmn;El ′m′ν,

(22)

with the help of the following simple surface integrals of cross
products of vector spherical wave functions,

J +Ln;L ′ν = qhnqνvn;ν

∫
S

d2r n̂ ·
[
JL ′(qν, r)× J̄L(qhn, r)

]
,

J 0
Ln;L ′ν = qhnqνvn;ν

∫
S

d2r n̂ ·
[
JL ′(qν, r)× H̄L(qhn, r)

]
.

(23)

In spherical coordinates, the points at the surface of the object
are defined by a position vector r(θ, φ)= r (θ, φ)r̂, which
depends on the polar and azimuthal angles, θ and φ, respec-
tively, and the surface integrals in Eqs. (23) can be evaluated by
substituting

d2r n̂=
(

r 2 sin θ r̂− r sin θ
∂r
∂θ

θ̂ − r
∂r
∂φ

φ̂

)
dθdφ (24)

and using numerical quadrature integration [4]. For bod-
ies of revolution—which possess azimuthal symmetry,
r(θ, φ)= r (θ)r̂, and/or, in addition, cylindrical symmetry,
r (π − θ)= r (θ)—the φ-integration can be carried out ana-
lytically, and closed-form expressions for the remaining polar
integrals can be found elsewhere [4,12]. These integrals must be
evaluated numerically. In the applications presented in the next
section for spheroidal particles, using a Gaussian quadrature

integration formula with 64 points, we obtained converged
results within seven digits.

In the special case of a spherical body, r(θ, φ)= R r̂, and
Eqs. (23) yield

J +(0)Hlmn;Hl ′m′ν = 0,J +(0)Elmn;El ′m′ν = 0 ,

J +Elmn;Hl ′m′ν =−i xn xνvn;ν jl (xν)
[xn jl (xn)]

′

xn
δl l ′δmm′ ,

J +Hlmn;El ′m′ν =−i xn xνvn;ν jl (xn)
[xν jl (xν)]′

xν
δl l ′δmm′ ,

J 0
Elmn;Hl ′m′ν =−i xn xνvn;ν jl (xν)

[xnh+l (xn)]
′

xn
δl l ′δmm′ ,

J 0
Hlmn;El ′m′ν =−i xn xνvn;νh

+

l (xn)
[xν jl (xν)]′

xν
δl l ′δmm′ ,

(25)

where xn ≡ qhn R , xν ≡ qν R and the prime denotes the deriva-
tive of a function with respect to the only variable upon which
it depends. Using Eqs. (25), it can be shown that Eq. (21) yields
a T matrix diagonal in P lm, and independent of m, and the
linear system of Eq. (21) becomes equivalent to that obtained
by directly imposing the boundary conditions at the surface
of the sphere [37,40,41]. This validates the correctness of the
generalized EBCM for periodically time-modulated scatterers
of arbitrary shape, presented here.

3. RESULTS AND DISCUSSION

We shall now demonstrate the applicability of the method
developed in the previous section on plane wave scattering
by a periodically driven dielectric body of revolution with its
symmetry axis, say, along the z direction.

The electric field associated with a single monochro-
matic plane EM wave, of angular frequency ω, E0(r, t)=
Re[E0(r) exp(−iωt)], propagating in the host medium
with wave vector qh = q̂hω

√
εhµh/c , has the form

E0(r)= p̂E0 exp(iqh · r), where E0 is the magnitude and
p̂, a unit vector, denotes the polarization of the wave. Writing
the amplitudes in an expansion into partial spherical waves,
similar to that of Eq. (4), as

a0
P lm = A0

P lm(q̂h) · p̂E0 , (26)

one can derive explicit expressions for the vector coefficients
A0

P lm in terms of the usual spherical harmonics Y m
l , which are

functions of the angular variables (θ, φ) of q̂h in the chosen
system of spherical coordinates. We obtain

A0
Elm(q̂h)=Clm

[
i
[
αm

l e iφY−m−1
l (θ, φ)− α−m

l e−iφY−m+1
l (θ, φ)

]
êθ

−
[
αm

l cos θe iφY−m−1
l (θ, φ)+m sin θY−m

l (θ, φ)

+ α−m
l cos θe−iφY−m+1

l (θ, φ)
]

êφ
]

(27)

and



A0
Hlm(q̂h)=Clm

[ [
αm

l cos θe iφY−m−1
l (θ, φ)

+ m sin θY−m
l (θ, φ)+ α−m

l cos θe−iφY−m+1
l (θ, φ)

]
êθ + i

[
αm

l e iφY−m−1
l (θ, φ)− α−m

l e−iφY−m+1
l (θ, φ)

]
êφ
]
,

(28)

where Clm = 4π i l (−1)m+1/
√

l(l + 1), αm
l =√

(l −m)(l +m + 1)/2, and êθ , êφ are the polar and azimuthal
unit vectors, respectively, which are perpendicular to q̂h.

We define the (normalized) scattering cross section as the
ratio of the energy flux scattered by the body to the incident
energy flux through the maximum geometric cross section of a
sphere of equal volume, i.e., a circle of area π R2, where R is the
sphere radius. After some straightforward algebra, we obtain

σsc =
∑

n

1

π(qhn R)2
∑

L

∣∣∣∣∣∑
L ′

TLn;L ′0A0
L ′(q̂h) · p̂

∣∣∣∣∣
2

≡

∑
n

σ (n)sc ,

(29)
where σ (n)sc should be interpreted as the cross section asso-
ciated with the nth order inelastic scattering, which yields
beams with angular frequency ω− n�. In the particular
case of a spherical scatterer, the T matrix becomes diagonal,
TP lmn;P ′l ′m′0 = Tn0

P l δP P ′δl l ′δmm′ . By taking advantage of the
identity

∑
m |A

0
P lm(q̂h) · p̂|

2
= 2π(2l + 1), we recover the

result for the scattering cross section of a periodically driven
sphere [37]. It is clear from Eq. (29) that, contrary to a spherical
scatterer, the cross section depends, in general, on the polari-
zation, p̂, and the propagation direction, q̂h, of the incident
wave. It is also worth noting that, for an unmodulated scatterer,
the sum over n in Eq. (29) reduces to the single term for n = 0,
and we recover the result for the (elastic) scattering cross section
of a static object of arbitrary shape [12]. Correspondingly, the
extinction cross section takes the following form:

σext =−
1

π(qh R)2
Re
∑

L

[
A0

L

(
q̂h

)
· p̂
]?∑

L ′

TL0;L ′0A0
L ′
(
q̂h

)
· p̂,

(30)
and the absorption cross section is defined byσabs = σext − σsc.

In dielectric particles of cylindrical symmetry, the (2l + 1)
degeneracy of a Mie mode, implied by spherical geometry,
is (partially) lifted because the symmetry is reduced from
O(3) to D∞h [45]. Projecting onto the irreducible representa-
tions of the D∞h point group, as listed in Table 1, one obtains
|m| = 0, 1, . . . , l distinct modes. For m = 0, these modes are
nondegenerate and have the symmetry of the one-dimensional
irreducible representations A1g for a TM (electric) multipole

Table 1. Character Table of the D∞h Point Group
a

D∞h E 2Cφ C2′ I 2I Cφ I C2′

A1g 1 1 1 1 1 1
A1u 1 1 1 −1 −1 −1
A2g 1 1 −1 1 1 −1
A2u 1 1 −1 −1 −1 1
E |m|g 2 2 cos(|m|φ) 0 2 2 cos(|m|φ) 0
E |m|u 2 2 cos(|m|φ) 0 −2 −2 cos(|m|φ) 0

a
|m| = 1, 2, 3, .... Here, Cφ represents rotation operations through an angle

φ (0<φ ≤ π and−π < φ < 0) about the symmetry axis (z), C2′ are rotations
through π about axes lying in the x–y plane, and I is the inversion operation.

of even order, A1u for a TE (magnetic) multipole of even order,
A2g for a TE (magnetic) multipole of odd order, and A2u for
a TM (electric) multipole of odd order. For m 6= 0, the modes
are doubly degenerate and have the E |m|g symmetry for a TM
multipole of even order or a TE multipole of odd order, and
the E |m|u symmetry for a TM multipole of odd order or a TE
multipole of even order [46]. This means that each |m|-split
mode is characterized by a well-defined value of |m| and parity
(namely that of its degenerate parent Mie mode of the sphere). It
has neither a specific polarization nor a specific multipole order
in the strict sense though its dominant character is that of the
parent Mie mode.

In general, the change of the number of states of the EM field
up to angular frequencyω, induced by a single particle in a host
medium, can be evaluated with the help of the corersponding T
matrix from

1N(ω)=
1

π
Im ln det[I+ T], (31)

where I is the unit matrix [47]. Of more interest is the associated
change of the density of states,1n(ω)= d1N(ω)/dω.

To discuss such properties at an actual example, let us begin
with the static case, i.e., without time modulation, and con-
sider a spheroidal germanium particle with semiaxes a and
b, in air; a is the equatorial radius, and b is the distance from
center to pole along the axis of revolution, z, of the spheroid.
Figure 1 depicts the change of the density of states of the EM
field, induced by the particle, in a frequency region about the
corresponding TMl=3 (electric octupole) and TEl=4 (magnetic
hexadecapole) Mie modes, by varying the aspect ratio β = b/a .
The degeneracy lifting (|m|-mode splitting) due to deviation
from sphericity is clearly visible in the figure. Since we shall be
interested in a relatively restricted spectral range at the infrared

Fig. 1. Change of the density of states of the EM field, due to a sphe-
roidal germanium particle (ε = 16,µ= 1) with aspect ratioβ, in air, in
a spectral region about the TMl=3 and TEl=4 Mie modes. The dashed
horizontal line corresponds to the sphere shape. The system is assumed
to be static, i.e., with no time modulation.



Fig. 2. (a) Change of the density of states of the EM field, due to
a prolate spheroidal germanium particle (ε = 16, µ= 1) with aspect
ratio β = 1.2, in air, within a restricted frequency range in the vicinity
of the TMl=3 and TEl=4 Mie modes. (b) and (c) Corresponding scat-
tering cross section, for light incident at an angle θ = 0, π/3, and π/2
with respect to the revolution axis of the particle, polarized along êφ
and êθ , respectivly. Again, the system is assumed to be static, i.e., with
no time modulation.

part of the spectrum where germanium can be assumed dis-
persionless with a constant relative electric permittivity ε = 16
and magnetic permeability µ= 1, our results remain the same
at different frequencies, provided that the size of the particle is
scaled accordingly. For this reason, we represent the results as a
function of the dimensionless frequencyωa/c .

We shall next focus our study on the optical states of a ger-
manium prolate spheroidal particle, with aspect ratio β = 1.2,
which originate from the TMl=3 and TEl=4 Mie modes, within
a restricted frequency range from ωa/c = 1.6 to ωa/c = 1.7
[see Fig. 2(a)]. These states are manifested differently in the scat-
tering cross section of an incident plane EM wave, depending
on the polarization, p̂, and the propagation direction, q̂h, of the
incident wave, according to Eq. (29). More specifically, concern-
ing the odd parity (u) modes that are relevant in the case under
consideration, a plane wave incident along the revolution axis
of the particle (θ = 0, π ), at any polarization, couples only with
the E1u modes while, if incident at any angle θ 6= 0, π/2, π ,
it couples with all E |m|u and with either the A1u or the A2u

modes, if p̂= êφ or p̂= êθ , respectively. In the particular
case of an incidence normal to the revolution axis (θ = π/2),
A1u, E2u, E4u, . . . modes are not excited if p̂= êφ , while
E1u, E3u, . . .modes are not excited if p̂= êθ [46]. This selective
excitation of the particle modes is clearly visible in Figs. 2(b) and
2(c). However, it should be noted that an incident wave couples
to a different degree with a non-symmetry-forbidden particle
mode, depending on its polarization and propagation direction.
For example, a wave incident at an angle θ = π/3 with respect to
the particle’s axis of revolution and polarization direction p̂= êθ
couples very weakly with the E2u mode and the E3u mode at
ωa/c = 1.687 shown in Fig. 2(a), as we can infer from Fig. 2(c),
where the corresponding peaks in the scattering cross section are
not discernible.

Fig. 3. Elastic and first-order inelastic optical scattering cross
sections of a time-modulated prolate sheroidal germanium particle
(µ= 1, ε(t)= 16[1+ 0.004 cos(�t)]) with aspect ratio β = 1.2, in
air, for light of angular frequency ω incident at an angle θ = π/3 with
respect to the revolution axis of the particle and polarized along êφ ,
about the E2u resonant mode of the unmodulated particle (see Fig. 2),
at ω0, by varying the modulation frequency. The straight dashed lines
express the conditionsω−ω0 = n�, n =±1,±2,±3.

We will now investigate the effect of a periodic modulation of
the electric permittivity, of the following form:

ε(t)= ε[1+ η cos(�t)], (32)

where ε = 16 is the static relative electric permittivity of the
germanium particle, while η and � are the relative amplitude
and angular frequency of the modulation, respectively. In terms
of experimental implementation, alongside electro-optical
modulation capable of reaching frequencies on the order of tens
of gigahertz in common semiconductor materials [48], it is pos-
sible to achieve strong, ultrafast periodic modulation through
the optical stimulation of free carriers using femtosecond pump
laser pulses [49,50].

As a rule, strong elastic scattering is encountered when a
resonant mode is excited, while increased inelastic scattering is
also expected when the final photon state is at a resonance mode,
i.e., when the detuning of the incident wave frequency from a
particle resonance equals an integer multiple of�.

We depict in Fig. 3 the cross sections associated with the
elastic (Rayleigh, n = 0) and first-order inelastic (anti-Stokes,
n =−1 and Stokes, n = 1) scattering, about the E2u mode
shown in Fig. 2, versus the modulation frequency, for a rather
moderate amplitude η= 0.004. It can be seen that, when the
modulation is switched on, Rayleigh scattering at resonance
is reduced and the intensity is transferred to the inelastically
scattered beams. Since the inelastic scattering depends, also, on
the final photon state, by increasing � beyond the resonance
width, a gradual reduction of inelastic scattering at resonance is
encountered. In contrast, the corresponding Rayleigh compo-
nent grows back to its value in the unmodulated case. Therefore,
as the modulation frequency becomes higher, time variation
does not affect considerably the scattering cross sections at reso-
nance because the density of optical states drastically decreases
outside the resonance. On the other hand, if the frequency of



Fig. 4. Absorption cross section of a time-modulated prolate
sheroidal germanium particle (µ= 1, ε(t)= 16[1+ 0.004 cos(�t)])
with aspect ratio β = 1.2, in air, for light of angular frequency ω
incident at an angle θ = π/3 with respect to the revolution axis of the
particle and polarized along êφ , about the E2u resonant mode of the
unmodulated particle (see Fig. 2), at ω0, by varying the modulation
frequency. The straight dashed lines express the conditions of resonant
inelastic scattering,ω−ω0 =±�,±2�.

the incident wave is off-resonance, elastic and inelastic scatter-
ing is generally weak, except when detuning from resonance
matches an integer multiple of the modulation frequency. In
this case, inelastic scattering processes involving upconverted
or downconverted photons by the proper number of frequency
quanta � are favored. Figure 3 shows how all relevant states
of the EM field, at ω=ω0 − n�, n = 0,±1,±2, . . ., cou-
pled through the periodic modulation, manifest themselves in
the Rayleigh and first-order anti-Stokes and Stokes scattering
cross-section channels. By increasing the modulation ampli-
tude, higher-order inelastic scattering processes become more
prominent.

It should be pointed out that, in a dynamical system, even in
the absence of intrinsic losses as considered in the present work,
we may have an exchange of energy between the modulation and
the EM field. This is clearly manifested in Fig. 4, especially when
the conditions for resonant inelastic scattering are fulfilled.
Specifically, for the anti-Stokes beams with upconverted fre-
quency ω+ n�, n > 0, where the photons absorb n frequency
quanta �, the EM field gains energy, which is manifested as
a negative absorption cross section. Correspondingly, for the
Stokes beams, where the photons emit n frequency quanta�, we
have energy loss, i.e., a positive absorption cross section. It can
be seen that, at low values of� where the adiabatic description
is valid, the energy of the EM field is conserved. This is also the
case for an incidence about the resonance frequency. In that case,
frequency upconversion and downconversion processes have
more or less equal weight, and the associated energy gain and
loss mechanisms counterbalance each other.

Quite importantly, the effects discussed above, which result
from resonant inelastic scattering by a nonspherical particle,
critically depend on the polarization and the propagation
direction of the incident wave. For example, by switching the
polarization direction from p̂= êφ to p̂= êθ , the E2u mode
is inactivated due to inefficient coupling (see Fig. 2), and we

obtain corresponding featureless, weak scattering patterns, as
opposed to those depicted in Figs. 3 and 4. Therefore, non-
spherical scatterers allow one to tailor spectral resonances at will
and control consequent effects by external means.

4. CONCLUSION

In summary, we extended the EBCM to describe EM scattering
from a homogeneous and isotropic body of arbitrary shape,
characterized by an electric permittivity that varies periodically
in time. The corresponding scattering T matrix is calculated
by numerically solving a linear system of algebraic equations
similar to, but of greater dimensions than, that in the static
case, which reduces analytically to the results obtained in the
literature for the unmodulated nonspherical scatterer and the
modulated sphere in the proper limits, i.e., in the absence of
modulation and for a spherical shape, respectively.

We demonstrated the applicability of the method on a specific
example of a periodically driven spheroidal germanium particle
and revealed the occurrence of strong, resonant inelastic light
scattering accompanied by energy transfer between the scatterer
and the EM field, when the detuning of the incident wave fre-
quency from a particle resonance matches an integer multiple
of the modulation frequency. More importantly, we provided
compelling evidence that nonspherical scatterers allow one to
tailor spectral resonances at will and control consequent effects
by external means, such as the polarization and the propagation
direction of the incident light beam. We provided a consistent
interpretation of the underlying physics and highlighted the role
of symmetry based on a group theory analysis.

The generalized EBCM reported in the present work can
be readily implemented into the recently developed dynamic
versions of multiple-scattering computational methodologies.
Owing to the controllable accuracy, computational efficiency,
and facile implementation of the dynamic EBCM, exploration
of wider classes of dynamic photonic structures, with tempo-
rally modulated building units of various shapes, will become
within reach. Furthermore, the dynamic EBCM outlined in
this paper has the potential for expansion to encompass aniso-
tropic objects, such as gyrotropic bodies of revolution, in a
manner akin to the approach taken by Zouros et al . [7]. It can
also be applied to inhomogeneous objects composed of multi-
ple homogeneous shells through the utilization of a recursive
methodology [51–53].
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