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ABSTRACT

Keywords: This paper presents an adaptive phase field model for simulating fracture due to coupled
Thermal fracture interactions (such as thermal quenching and hot cracking in additive manufacturing). The
Phase-field method proposed model is implemented in an open-source finite element framework, FEniCS. The model
Adaptive mesh refinement considers spatial variations of the fracture toughness and differential coefficients of thermal
Eir:lfrickmg shrinkage. Several paradigmatic case studies are addressed to demonstrate the potential of
the proposed modeling framework. Specifically, we (a) benchmark our crack predictions for
mechanical and thermal boundary condition interactions with the results from alternative nu-
merical methods, (b) accurately reproduce experimentally observed complex crack trajectories
due to thermal quenching and hot cracking in additive manufacturing, and (c) demonstrate the
ease of extending of the proposed framework to thermal cracking problems in three dimensions.
The current implementation provides the basic for an efficient framework for fracture problems
due to multi-physical interactions for practical engineers with less programming expertise.

1. Introduction

Owing to its applicability in various engineering fields such as thermal quenching [1], additive manufacturing (AM) [2], and
casting [3], fracture prediction due to transient thermal load has attracted a lot of interest from both the industry and academic
researchers to reduce the production costs and prevent in-service failures. The AM process introduces several defects including
porosity, inclusion, residual stress, and hot cracking. Among these, hot cracking stands out as one of the most prevalent defects,
impeding the widespread applicability of the AM. The hot cracking is the result of the interplay between the crack driving forces
due to the thermal stresses and the material’s resistance to fracture. Several experimental investigations are reported to explain
hot cracking mechanisms by performing microstructural analysis and hot cracking susceptibility [4-6]. In thermal failure, the
material’s interior is penetrated by several intricate cracks, making it challenging to predict with conventional finite element
simulations. However, the extended finite element method (XFEM), which is used to simulate crack growth problems with multi-
physical interactions such as thermal fracture for orthotropic materials [7], piezoelectric materials [8], and thermal quenching [1,9],
addresses some of the shortcomings of the conventional FEM (e.g., the requiring of a particular type of element at the crack
tip, re-meshing as the crack propagates). Though XFEM can handle complex cracking events due to multi-physical interactions,
it necessitates using an enrichment function for the crack tip, split elements, ad-hoc criteria for the crack nucleation, propagation
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direction, branching, and merging. Different standards result in various crack paths [10]. The phase-field method (PFM), regularized
with the help of a scalar field variable, provides an alternative approach to simulate aforementioned cracking events elegantly [11].
Since its inception, the PFM has been applied to various problems such as the dynamics of brittle fracture [12-14], fracture in
biological tissue [15], failure of composite [16,17]. The PFM is also extended to encompass fatigue crack growth [18]. Furthermore,
Li et al. [19] conducted an extensive review of the recent work on PFM models used to understand fatigue crack growth. Miehe
et al. [20-23] postulated the PFM towards multiphysics problem in which stress-based constitutive driving force is incorporated
for multi-physical interactions. Recently, Ruan et al. [24] applied the PFM model to simulate hot cracking during the additive
manufacturing (AM) process.

However, the conventional PFM is computationally expensive because it requires (a) solving an additional partial differential
equation, i.e., evolution equation, (b) resolving the computational domain with a required extremely refined mesh to accurately
approximate the length scale parameter, ¢, in the fracture process zone. The computational efficiency can be improved by
either local refinement of the mesh [25] or by adaptive time stepping [26-28]. The local mesh refinement within the PFM
framework has received considerable attention [16,29-32]. Nevertheless, adaptive mesh refinement may require efficient solvers
and preconditioners to expedite the solution process, as the number of elements could significantly increase [33,34]. To this
end, several efficient solvers for the PFM have been proposed, e.g., the work by Berger-Vergiat and Waisman [35] and Svolos
et al. [36] elaborating an overlapping domain decomposition approach for the parallel solution of dynamic fracture problems.
Furthermore, matrix-free geometric multigrid solvers in [37], and an accelerated staggered scheme [38] can be found in recent
literature. Hirshikesh et al. [39] implemented PFM without adaptive mesh refinement scheme in an open source finite element
package FEniCS [40]. Tangella et al. [41] extended phase-field FEniCS implementation for thermal fracture. On the other hand,
Freddi and Mingazzi [42,43] implemented the adaptive phase-field in FEniCS to understand fracture due to mechanical forces or
applied displacement. The elements that need to be refined and identified are based on energy criteria and distance, which are within
a distance based on f;7, where f; is a constant and # is the characteristic length scale. The distance between the centroid of finite
elements is evaluated using SciPy cKDTree. It is worth noting that the implementation is limited to addressing the two-dimensional
fracture problem. To this end, the main aim of the manuscript is to implement the adaptive phase-field model in open-source
platforms for fracture due to multi-physical interactions with a particular focus on addressing three-dimensional problems. Therefore,
the objectives of this manuscript are (a) to develop adaptive mesh refinement strategies for solving thermal cracking problems, (b)
to implement the framework in the open-source finite element software, FEniCS, and (c) to propose an approach for solving hot
cracking in AM to reduce the computational costs associated with conventional PFM.

We believe that establishing a process that can use an efficient open-source platform with adaptivity can improve the efficiency of
the solution process of fracture problems, resulting in many potential benefits for practicing engineers. In this work, we use FEniCS
(an open-source finite element package) to implement adaptive PFM based on strain energy density and phase-field variables. FEniCS
is a limited element-based automated solutions framework for the partial differential equations (PDEs) [40]. In FEniCS, the user has
to specify the variational form along with the relevant geometry, boundary conditions, and mesh information through the Python or
C++ interface. FEniCS takes care of the element stiffness matrix calculations and assembles them to obtain the global stiffness matrix.
Another significant advantage of FEniCS is its capability to extend from two-dimensional to three-dimensional analysis seamlessly.
This feature is valuable when solving three-dimensional fracture problems requiring adaptive mesh refinement. By leveraging this
capability, researchers can efficiently tackle complex three-dimensional fracture scenarios while benefiting from the adaptability
and ease of use provided by the FEniCS framework.

The rest of the paper is organized as follows: Section 2 presents a brief overview of the phase field method for fracture. The
adaptive refinement strategies for thermal problems in FEniCS are presented in Section 3. Section 4 presents numerical results for
various test cases in two and three dimensions and a concluding remark with future outlook is shown in the last Section 5.

2. Model formulation

Consider a linear elastic solid body £ c R¢ with an external boundary I' ¢ R¢~! as shown in Fig. 1, where d is the dimension of
the problem. Let I',, I}, I'r, and I, be the displacement, traction, temperature, and heat flux boundaries, respectively. The boundary
I' admit the following decomposition with the outward normal n: I U T, =T, I,n I, =@, I, U Iy = I',and I, n I'y = @. The
phase-field method (PFM) framework utilizes a scalar continuous field variable called the phase-field variable ¢(x,7) € [0,1] to
approximate the sharp crack topology, as depicted in Fig. 1. In this representation, ¢) = 0 corresponds to the intact material, while
¢ = 1 represents the fully damaged state of the material. The coupled governing equations that govern different fracture events due

to thermo-mechanical interactions are expressed as

Veo=0 in 1))

pe,T+V-J=0in (2)

JH + 2 (ia'(qb) - 2f0V2d>> =0 in Q &)
Cq fO

where for the displacement field sub-problem the following notation is applied: ¢ = g(¢)D : (e—™): Cauchy stress tensor, € = symVu:
small strain tensor, ID: elastic stiffness matrix, g(¢) = (1 —¢)>+k,,,): degradation function with k., being a small number introduced
for numerical stability, e = a(T — T,): thermal strain, a: coefficient of thermal expansion. In the thermal field sub-problem: the flux
is denoted as J, and determined as J = —g(¢)KVT. Here the flux is degraded to ensure discontinuity of the thermal field across the
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Fig. 1. (a) Schematic representation of the cracked thermo-elastic domain with the sharp and diffused representation of the crack, and (b) the approximation
of the sharp and diffuse crack along xx’ line. Here ¢ € [0, 1] : phase-field variable, and #, denoted the length scale parameter.

crack surface. The additional parameters in this equation denote K: thermal conductivity, p: density, and c,: specific heat at constant
pressure. In the phase-field evaluation equation, the following terms involve G,: critical energy release rate, H: crack driving force,
and for AT2 model ' (¢) = ¢? and c, = 2. The crack driving force, as currently defined, does not differentiate between the tensile
and compressive components. However, this can be achieved by implementing a tension—compression splitting approach for the
crack driving force [20,44]. In this work, the crack driving force is decomposed as follows:

o I+ = _ 1 2 2 _ h
H* = 12%§1W5 (¢°), and u/S = Ei(tr(e"))t + ptr((°);), and &° =g—¢M 4

where A and u are the Lamé constants.
By exclusively taking into account of tensile component, the evolution equation can be re-written as
g@H" + Ge <%a'(¢) - 2f0V2¢> =0 in @, (5)
¢ 0

a

The coupled governing equations Egs. (3) and (5) with the following boundary conditions are solved using the staggered approach

u=i on I, (6a)
o-n=t on I, (6b)
Vé-n=0 on I. (6c)

The staggered approach first solves the displacement and temperature fields for the fixed phase-field variable. The equilibrium
of the displacement and temperature at time step i + 1 is ensured by convergence criteria as

U, —Uu; T.,-T
e il W Tl
Mot 11l 1T 112
where tol represents the user-defined tolerance, with a specific value of tol = 1x 107> chosen for this work. Once the aforementioned
convergence criteria are satisfied, the phase-field equation is iteratively solved for the frozen displacement and thermal field. These
equations are repeatedly solved within the same step until the equilibrium of all field variables is achieved (refer to Algorithm 1 for
more detailed information). The convergence criteria with three fields i.e., displacement, temperature, and phase-field are defined
as follows:
U —u; T, —-T, 1 —
err = < ” i+1 1“2 , ” i+1 1”2’ “d)H-l ¢l||2> < tol.
lleti 1112 1T 1l lpis1ll2

3. Fenics implementation

7)

€rr = max (

(8)

In this work, we utilize FEniCS [40], an open-source finite element package, to solve coupled differential equations Egs. (1),
(2) and (5). FEniCS provides a convenient framework for efficiently translating scientific models into finite element code. The



Algorithm 1: Staggered solution algorithm for adaptive PFM for thermal fracture.

1 Initialize at step (i): For a given mesh discretization, u;, T;, ¢; and Hf, ii = Au
2 for every time step, i do

3 while [|u;; —u;l|,/|lu; 111, and || T, — T;l1,/11T;41 1|, > tolerance do
4 Compute displacement field (":1+1)
5 Compute temperature field (7}, )
6 Compute q/gli
7 while ||u;; —w;llo/ w11, and 1Ty = Tl /1T 112 and |1y — @511/l 11, do
8 Compute phase-field variable (¢, )
9 if RefineNeeded() then
10 ‘ Update mesh and variational form.
11 end
12 end
13 Update history variable (H™*)
14 end
15 end

computational capabilities of this open-source platform have been extensively investigated in the context of the PFM [39,45].
However, these implementations primarily utilize uniformly refined discretization or pre-defined locally refined discretization. In
this work, we extend the implementation (FEniCS (Dolfin version 2019.1)) with an adaptive refinement strategy to numerically
solve the discretized formulation of the governing equations Egs. (1), (2) and (5) of the PFM that serves as the building block of
the present work. Moreover, we investigate the feasibility of the error indicator in the presence of the thermal field, exploring its
potential applications.

At the beginning of the simulation, the displacement, temperature, and phase-field are computed on the initial coarse mesh,
which is generated using Gmsh [46] and converted to .xml format with “dolfin-convert inputmesh.msh outputmesh.xml” command.
The initial configuration is depicted in Fig. 2a. Additionally, a known length scale parameter, ¢, is set. Then, the error indicator
based on the strain energy and the phase-field variable identifies the areas to be refined further, which is given as

n=P —w) and ¢ > 0.25, 9)

where 7 : elements need to refine further, ll’fle = [4(2¢ — 2)H™: integral of the crack driving force at step i, and 'I’lﬂel: integral of
the crack driving force at step i — 1. The identified region is then locally refined as shown in Fig. 2b, and Fig. 2c. This is simple to
accomplish with the help of the built-in FEniCS key refine (see Appendix Listing 1 for FEniCS implementation details). To restrict
the infinite refinement of an element, we further check if the minimum element size satisfies the constraint 2 < #/2. The element
with satisfying criteria is removed from the list of elements to be refined as illustrated in Fig. 2d (see Appendix Listing 1 for FEniCS
implementation details).

The known solutions and variational forms are updated after the refinement of the mesh. Please refer to Appendix for more
details.

4. Results and discussion

This section presents the results obtained from the adaptive PFM implementation in FEniCS for thermal cracking. Several
boundary value problems are considered to demonstrate different characteristics of the cracking due to thermo-mechanical
interactions, including crack nucleation, propagation, and crack curving. These fracture problems will demonstrate the effectiveness
of the implemented adaptive PFM in handling a wide range of thermal fracture scenarios.

4.1. Cruciform specimen

To validate our FEniCS implementation, we first perform a benchmark by applying the code to a well-established standard
problem: A cruciform specimen with an initial crack of size a. This standard problem is introduced by Prasad et al. [47] and further
investigated by other researchers [48-50]. In this problem, a cruciform domain (initially kept as T, = 0°) with a corner crack
as shown in Fig. 3 is used to solve for various mechanical and thermal boundary conditions. In the cruciform specimen, the left
and right edge of the specimen is restrained to move in x—direction while the bottom edge is constrained to move in y—direction.
The interactions of the thermal and mechanical boundary conditions are investigated through two test cases presented in Table 1,
depending upon the specific boundary conditions applied.

Following the work of Mandal et al. [50], the material properties are chosen as, Young’s modulus, E = 218.4 GPa, Poisson’s ratio,
v = 0.2, critical fracture toughness, G, = 2 x 107*Jm~2, density, p = 2450kgm™3, thermal conductivity, k = 1.0 W m~! K~!, specific
heat at constant pressure, C, = 1.0J kg~! K-, coefficient of thermal expansion, a = 6 x 10~ K~!. The simulation starts with a coarse
mesh with 17100 linear triangular elements, and the length scale parameter is chosen as £, = 0.025 x 1073 mm.
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Fig. 3. Cruciform specimen: Domain and the boundary conditions. Here, the crack is geometry induced and the ratio of a/L = 0.2, and the angle between the
crack and vertical axis is 45°.



Table 1
Cruciform specimen: two cases based on the application of boundary conditions on Edge AB (see,

Fig. 3).
Case Temperature (°C) Displacement (mm)
AB CD EF GH AB (y—direction)
case: I 10 0 -10 0 -
case: II 10 0 -10 0 0.1
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Fig. 4. Cruciform specimen: Crack trajectory for case: I and case: II compared against Prasad et al. [47].

As the simulation progresses, the proposed scheme dynamically identifies and refines the domain’s crucial areas within the
domain. The adaptive refinement process facilitates the accurate tracing of the crack trajectory in an automatic manner. The crack
trajectory for different cases obtained using proposed adaptive PFM and from other methods are shown in Fig. 4. In case I, the crack
propagates slightly vertically and then bends along a curved path towards the right. In case II, the crack propagates horizontally while
following the curve trajectory. These results demonstrate that the proposed adaptive PFM is capable of capturing different cracking
mechanisms arising from thermo-mechanical interactions. However, there is a slight deviation in the crack trajectory compared to
the results obtained using the boundary element method in the literature [47]. This discrepancy may be attributed to the numerical
errors associated with different numerical approaches employed in the literature [50]. The corresponding temperature profile is
shown in Fig. 5, which is consistent with the results reported by Wang [51]. These test cases highlight the intricate interplay
between the thermal and mechanical aspects of the problem of material damage due to thermo-mechanical interactions.

4.2. Quench test

We now examine the quenching behavior of a ceramic slab at three different initial temperatures: 550 K, 680K, and 980 K. The
ceramic slab is cooled by immersing it in a medium at an ambient temperature of 300 K. Considering the symmetry of the slab, only
one-quarter of the entire ceramic slab is simulated, as illustrated in Fig. 6. Specific boundary conditions are applied to account for
the symmetry. The symmetry boundary condition is imposed at the top and the left edges, constraining the right edge to move in
x—direction and restricting the displacement in y—displacement at the top edge. On the other hand, at the bottom and left edges,
the Dirichlet boundary condition for the temperature is imposed, setting T,.; =300 K.

Following the work of Wang et al. [52], the material properties are chosen as Young’s modulus, E = 340 GPa, Poisson’s ratio,
v = 0.22, critical fracture toughness, G, = 42.47Jm~2, density, p = 2450kgm™, thermal conductivity, k = 300 Wm~' K~!, specific
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Fig. 6. Quench test: domain and the boundary conditions.

heat at constant pressure, C, = 0.775] kg~! K1, coefficient of thermal expansion, a = 8.0 x 107° K~!. The characteristic length scale
parameter, 7, = 0.06 mm, and the time step 4t = 1x 1073 s are set for the transient thermal problem.

At the beginning of the simulation, uniform damage is observed at the edges. As the simulation time increases, the uniform
damage is localized to form small cracks. These small cracks further propagate, resulting from the large temperature gradient. It
is worth noting that some cracks stop propagating. This is due to the insufficient supply of the strain energy. These observations
agree well with the experimental [54] and simulation results reported in the literature [50,52]. Moreover, the proposed adaptive
PFM automatically tracks the propagation of crack nucleation, crack arrest, and crack due to multi-physical interactions.

Next, we explore the influence of thermal gradient on crack propagation mechanisms. The thermal gradient is varied by altering
the initial temperature of the ceramic slab. Fig. 7 shows the crack trajectories for the specimen with different initial temperatures.
The crack pattern becomes denser as the thermal gradient AT increases. This phenomenon can be attributed to the elevated strain
energy from the more considerable temperature difference. These findings align with experimental observations reported by Wang
et al. [51] and Chu et al. [55], validating the impact of the thermal gradient on crack propagation behavior.

The simulation commences with 8,000 linear triangular elements. As the simulation time progresses, the adaptive refinement
scheme automatically refines the regions around the crack trajectory, adjusting the number of elements based on the temperature
variations AT. Fig. 8 shows the variation of a number of elements as a function of simulation time. After r = 10 ps, the domain is
discretized with 37588, 43990, and 51863 elements for AT = 250K, 380K and 580K, respectively. However, Li et al. [56] used
113152 Q4 elements for the uniform discretization and 52672, 61322, and 71328 quadtree elements with adaptive refinement for
AT = 250K, 380K and 580K, respectively. Furthermore, mesh discretization closely tracks the trajectories of crack propagation,
dynamically refining the domain as the crack extends. This adaptive refinement approach ensures that the mesh resolution is
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Fig. 7. Effect of temperature difference, AT on the crack growth (a) AT = 250K, (b) AT = 380K, and (c) AT = 580K [53].
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Fig. 8. Quench test: number of elements as a function of time increment. The adaptive PFM refinement results are compared against uniformly refined mesh
reported by Li et al. [56], which requires 113152 Q4 elements.
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optimized to capture the evolving crack geometry accurately. It is important to note that the above examples assume homogeneous
material properties. However, the FEniCS framework can also accommodate heterogeneous material properties or variations in
material properties with temperature. The following section discusses the framework’s effectiveness in handling such scenarios,
specifically by investigating hot cracking during additive manufacturing.

4.3. Hot cracking in additive manufacturing

We extend the proposed framework to simulate the occurrence of hot cracking in additive manufacturing (AM), in which the
fracture toughness and the coefficient of the thermal expansion vary as a function of temperature. In the context of AM, hot cracking
refers to the formation of cracks in and around the melting pool. In this work, an analytical elliptic solution of the temperature in

the vicinity of the melt pool is applied as shown in Fig. 9. A specific point at the ellipse contour is given in the polar coordinate as,
r=V+ 2, 6=t 1222, 10)
X — X

where r is the distance of the point to the ellipse’s center (x,, y,), and 6 is the angle from the top surface to the current position.
The temperature field is calculated as,

r—rp(6)
rs@) —rp(6)’

where r; (0) and r¢(6) represents isolines of T = T; and T = Ty, respectively. The radii for the liquids and solidus are given as [24],

Tx,y)=T(r,0)=T; +c(T; —Tg) a1

B (Ipdp)?

0= \/<des(9)>2 + (U sin@)? (12
_ (Isds)?

rs®= \/(dscos(e))z +(gsin@)? (13)

Here, the length parameters (/;,/¢) and the depth parameters (d;,dg) correspond to liquids and solidus, respectively.

In this work, the solidification shrinkage strain ¢, is simulated using the effective thermal expansion coefficient @(T"). For alloys,
solidification happens once the liquid in the melting pool region reaches the solidus temperature Tg. The subsequent shrinkage of
the solidifying solid is proportional to the change of solid fraction. Here, we assume that the effective thermal expansion coefficient
takes the following form:

ar, T <Tg,
a(T)y=qar+agg, Tg<T<Ty, a4
ar, T, <T,
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Fig. 10. Analytical temperature profile for the different aspect ratio (a) 1, and (b) 3.

&
where agg = % Correspondingly, the thermal strain can be written as,
L—1ls
ar(T - Ty), T < Tg,
er =a(T)T —Ty) =3a7(T = Tp) + ags(T = Tg), Tg<T<Ty, (15)

ap(Ty —Ty) +ass(T, —Ts), Ty <T,

Additionally, the crack onset for the non-isothermal brittle fracture is affected by the temperature dependency of fracture
toughness. Hence in this work, the temperature dependency of fracture toughness is considered as,

T-T, T—Te\°
C.o=Gpol1-0b ( ref>+b ( ref) . (16)
¢ co< ! Tmax 2 Tmax

where b, and b, are the model parameter constants, G, is the effective fracture toughness, G, is the fracture toughness at reference
temperature 7, and T,,,, maximum temperature.

Now, we consider a two-dimensional plane strain domain with a cross-section of 10 mm X 10 mm. The simulation parameters for
AM specimen are set as, Tg = 900K, T; = 890K, I; = 3.5, 13 = 4.0, d; =7.0Xa, and dg = 8.0 X a, where a = 1,3 is the aspect
ratio. Fig. 10 displays the analytical temperature profiles for the different aspect ratios a = 1,3. The melt pool is small for the lower
aspect ratio and deeper for the larger aspect ratio, which is apparent from the analytical temperature contour profile.

To begin, we analyze the problem using a uniform mesh discretization. The simulation results reveal the formation of a
circumferential crack pattern within the temperature ranges of the liquidus and solidus (as depicted in Figs. 11a and 11b). This crack
pattern emerges due to the generation of solidification shrinkage strain resulting from the phase transformation within the liquidus
and solidus regions. Subsequently, we employ a very coarse mesh discretization in combination with an adaptive refinement strategy
to simulate the same phenomena in AM. The crack trajectory and adaptively refined mesh are depicted in Fig. 12. Both the adaptive
approach and the PFM with uniformly refined mesh accurately reproduce the experimental crack trajectory. However, the adaptive
PFM requires a lesser number of elements to capture the length scale characteristic as compared to the uniformly refined mesh. This
clearly demonstrates the significant computational savings achieved when solving the coupled differential equations and storing the
data. As the cracks in additive manufacturing processes tend to nucleate in localized regions, the adaptive approach proves to be
an efficient and practical solution. The adaptive approach is well-suited for simulating hot cracking in additive manufacturing by
reducing computational effort and minimizing data storage requirements.

One of the added advantages of using FEniCS is the simplicity of the extension from the two-dimensional models to the three-
dimensional model. The transition from a two-dimensional model to a three-dimensional model in FEniCS involves a straightforward
modification i.e., adding a third dimension when generating the domain discretization using Gmsh. The code structure and
implementation mostly remain unchanged as illustrated in code Appendix listing 3. In order to demonstrate this advantage, we now
consider a three-dimensional domain (10 mm x 10 mm x 0.1 mm). In the three-dimensional problem, the bottom edge is restricted to
move exclusively in the y— direction, while the bottom end node is constrained to move in both the x— and z— directions. The crack
trajectory in a thin three-dimensional layer for aspect ratios of 1 and 3, which is consistent with the two-dimensional problem, is
depicted in Fig. 13. These results highlight how the crack propagates in three-dimensional space, demonstrating the extension of
the crack trajectory behavior from the two-dimensional problem to the three-dimensional case.

5. Concluding remarks and future outlook

In this work, we have proposed a straightforward concept to enable adaptive numerical solution schemes for PFM to simulate
thermal fracture. The error estimator for the adaptive mesh refinement is based on the combination of strain energy density, y, and
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Fig. 11. Circumferential cracking of the melt pool during AM for aspect ratio (a) a =1 and (b) a =3 [57]
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Fig. 12. Adaptive discretization and crack profile for aspect ratio (a) a=1 and (b) a =



(@ (®)

Fig. 13. Three-dimensional crack trajectory for aspect ratio (a) a =1, and (b) a =3.

phase-field variable, ¢. The proposed framework is implemented in an open-source finite element method, FEniCS [40] for both
two and three dimensions due to its robustness and ease of implementation. The robustness of the framework and the efficacy of
the implementation are demonstrated with complex examples involving fracture due to coupled interaction (thermal quenching and
hot cracking in AM). The results obtained using the proposed adaptive PFM demonstrate a high level of accuracy in reproducing
the findings from the uniform mesh approach as well as the numerical and experimental results reported in the literature. The main
observations are as follows:

+ Adaptive PFM automatically traces the propagating crack trajectories, requiring fewer elements than PFM with uniformly
refined mesh.

» The proposed framework can simulate crack nucleation and crack formation with curve trajectory.

» The crack pattern becomes denser for a higher thermal gradient which is consistent with experimental observations.

+ The shallow and key-hole mode fracture in AM can be simulated with the application of analytical temperature profiles with
different aspect ratios.

The current implementation could be used as an efficient computational tool to model fracture problems with different multi-physical
interactions such as hydrogen embrittlement, fracture in Li-ion battery particles, and stress corrosion cracking. Although the current
implementation has considered only the quadratic degradation function, the proposed approach can easily be extended to other
phase field models, such as the phase field regularized cohesive zone model and other degradation functions.
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Appendix. FEniCS implementation of adaptive refinement strategies

def RefineIfNeeded():
2 global mesh

3 CM = MeshFunction("bool", mesh, mesh.topology().dim())
4 for cell in cells(mesh):
5 mid = cell.midpoint ()

6 if cell.h() > 1c¢/2.0 and phi(mid) > 1/4:
7 CM[cell] = True

8 else:

9 CM[cell] = False

10 mesh = refine(mesh, CM)

11 SetSpaces (True)

Listing 1: Identifying domain to be refined and refinement of the domain.

For the adaptive mesh refinement strategy, the known solution and the variational forms have to be updated after mesh
refinement. The interpolation of the coarse mesh solution on the corresponding refined mesh is achieved using the built-in function
key “project”. Fig. A.14a shows the temperature field on a coarse mesh. The known solution on the coarse mesh is interpolated on
the updated, refined mesh as shown in Fig. A.14b. It is worth noting that this approach works on jobs running in serial as well as
parallel. Listing 2 presents a simple code for updating the evolution equation after mesh refinement. Similarly, all the known fields

and variational forms for the temperature and displacement can be updated.

1| def SetSpaces(Update = False):
2 global mesh, 1, ds
3 global FS_phi, Solver_phi, HistUpdate, phi, PhiNew, PhiOld

4
5 if Update:

6 phi_, PhiNew_, PhiOld_, HistUpdate_ = phi, PhiNew, PhiOld, HistUpdate
8 FS_phi = FunctionSpace(mesh,’CG’,1)

9 facets = MeshFunction("size_t", mesh, 1)
10 facets.set_all(0)
11 Left () .mark (facets, 1)

12 Right () .mark (facets,2)

13 Bottom () .mark (facets,3)

14 Top () .mark(facets,4)

15 bc_phi = []

16 W = FunctionSpace(mesh, ’DG’, 0)

17 HistUpdate = Function (W)

18 ds = Measure(’ds’, subdomain_data=facets)

19 PhiTrial, PhiTest = TrialFunction(FS_phi), TestFunction(FS_phi)

20 phi = Function(FS_phi)

21

22 if Update:

23 phi.assign(project(phi_, FS_phi))

24 PhiOld.assign(PhiOld_), HistUpdate.assign(HistUpdate_)

25

26 E_phi = (Gc*1l*inner (grad(PhiTrial),grad(PhiTest))+((Gc/1)+\

27 2.0*HistUpdate)*inner (PhiTrial ,PhiTest)- 2.0*HistUpdate*PhiTest)*dx
28 problem_phi = LinearVariationalProblem(lhs(E_phi), rhs(E_phi), phi)
29 solver_phi = LinearVariationalSolver (problem_phi)

Listing 2: Update functions, and variational form for current mesh.
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Fig. A.14. Projection of the coarse mesh solution on the updated, refined mesh (a) temperature field on coarse mesh, and (b) temperature field projected on
the refined mesh.

def

def

epsilon(v):

return sym(grad(v))

sigma(u, phi_old):

return (pow((1.0 - phi_o0ld),2) + k)*(2.0*mu*epsilon(u) +lmbdaxtr(epsilon(u))*Identity(ndim))

# Note here ndim is the dimension of the problem.

Listing 3: Python code to compute strain and stress for three dimensions
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