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We formulate a general framework to study the flow of the electron liquid in two dimensions past a random
array of impenetrable obstacles in the presence of a magnetic field. We derive a linear-response formula for
the resistivity tensor p in hydrodynamics with obstacles, which expresses p in terms of the vorticity and its
harmonic conjugate, both on the boundary of obstacles. In the limit of rare obstacles, in which we calculate
0, the contributions of the flow-induced electric field to the dissipative resistivity from the area covered by the
liquid and the area inside obstacles are shown to be equal to each other. We demonstrate that the averaged
electric fields outside and inside obstacles are rotated by Hall viscosity from the direction of flow. For the
diffusive boundary condition on the obstacles, this effect exactly cancels in p. By contrast, for the specular
boundary condition, the total electric field is rotated by Hall viscosity, which means the emergence of a
Hall-viscosity-induced effective—proportional to the obstacle density—magnetic field. Its effect on the Hall
resistivity is particularly notable in that it leads to a deviation of the Hall constant from its universal value.
We show that the applied magnetic field enhances hydrodynamic lubrication, giving rise to a strong negative
magnetoresistance. We combine the hydrodynamic and electrostatic perspectives by discussing the distribution of
charges that create the flow-induced electric field around obstacles. We provide a connection between the tensor
0 and the disorder-averaged electric dipole induced by viscosity at the obstacle. This establishes a conceptual
link between the resistivity in hydrodynamics with obstacles and the notion of the Landauer dipole. We show

that the viscosity-induced dipole is rotated from the direction of flow by Hall viscosity.
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I. INTRODUCTION

Hydrodynamics of the electron liquid in solids has received
renewed attention—after the early theoretical advances made
about half a century ago [1,2]—]largely due to the recent surge
of interest in the transport properties of clean two-dimensional
(2D) electron systems. From the experimental perspective,
the relatively clean electron systems of interest primarily in-
clude those in high-mobility semiconductor structures [3—10],
undoped graphene [11-18], and pure quasi-2D (semi)metals
[19-22].

In the context of electrons in the solid-state environ-
ment, conventional wisdom suggests that the hydrodynamic
approach is accurate in describing viscous electron flows
on spatial scales larger than the momentum-density relax-
ation length /.. (resulting from total-momentum conserving
electron-electron collisions) and smaller than the total-
momentum relaxation length lp (resulting from external
perturbations, say, impurity-induced disorder or thermal lat-
tice excitations). From the point of view of hydrodynamics, it
is this separation of scales that distinguishes the exceptionally
clean electron systems from more typical conductors. More
specifically, it is the possibility of having a “window” for the
temperature 7, as T is varied, within which /.. < Ip even for
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low T, where the total-momentum conservation is broken by
impurities or other static imperfections of the kind.

The advent of electron hydrodynamics in solids has sub-
stantially modified the conceptual framework by which to
categorize the transport phenomena in interacting electron
systems in condensed-matter physics. In the hydrodynamic
limit (/. < Ip), the key notion to characterize collective
electron transport becomes that of viscosity. The collective
variable that is fundamental to the notion of viscosity is the
space-time dependent drift velocity v(r,t). The viscosity-
based approach aims at describing the universal properties
of an electron liquid that follow solely from the total charge,
momentum, and energy conservation in the presence of fric-
tion between parts of the system which move, at given ¢, with
different v(r, ¢). In this approach, v(r, t) obeys a continuity
equation for the momentum density in the form of the Navier-
Stokes equation [23], where friction is parametrized by the
viscosity coefficients.

From the microscopic point of view, the viscous-flow de-
scription of an electron liquid hinges on the assumption that
the system at any r is close to a local (r-dependent) thermal
equilibrium, established as a result of fast electron-electron
collisions, in the moving [with the velocity v(r,t)] frame.
Dissipation produced by viscosity is a measure of deviation
from the local equilibrium. From a more general perspec-
tive on the collective response, the viscous hydrodynamics
emerges as the limiting case of the theoretical framework
that bridges the gap between the hydrodynamics and the
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collisionless (Vlasov) dynamics in Fermi liquids [24,25]. The
microscopic consideration is also instrumental in representing
the viscosity coefficients as Kubo formulas in terms of the
correlation functions of the stress tensor, both in the classical
and quantum formulations [26—29]. This also indicates, in the
case of charged particles, an inherent link between viscosity
and the momentum dispersion of the conductivity (or resistiv-
ity) tensor [26,28,30].

Our purpose here is to formulate a framework to study
hydrodynamic transport of the 2D electron liquid in a random
ensemble of impenetrable obstacles and apply it to calculate
the resistivity tensor p in the presence of a magnetic field. In
particular, we will derive a general linear-response formula
for p in hydrodynamics with obstacles. As a fundamentally
compact relation, this formula expresses p in terms of the
vorticity and its harmonic conjugate on the boundary of ob-
stacles. The essential meaning of this formulation is that p,
defined by the average electric field induced by the electron
flow, has two contributions, one of which comes from the
area covered by the liquid and the other from the area inside
obstacles. Remarkably, in the limit of rare obstacles, in which
we calculate p, the electric fields outside and inside obstacles
contribute equally to the dissipative resistivity p,,. These two
contributions to p,, are associated, in a one-to-one correspon-
dence, with the effect of viscous stress (electric fields outside
obstacles) and pressure exerted by obstacles on the liquid
(fields inside them).

We will particularly focus on the role played by Hall
viscosity in transport of the electron liquid past obstacles.
We will show that the averaged flow-induced electric fields
outside and inside obstacles are rotated by Hall viscosity with
respect to the direction of the averaged velocity. With regard to
this effect of Hall viscosity, the boundary conditions imposed
on the flow on the boundaries of obstacles become a matter
of major importance. For the diffusive boundary condition,
the Hall-viscosity-induced modifications of the electric fields
outside and inside obstacles exactly compensate each other in
the space-averaged total electric field, so that p is indepen-
dent of Hall viscosity. By contrast, for the specular boundary
condition, the total electric field is modified by Hall viscosity.

A conceptually significant point that follows from this
consideration is the emergence of a Hall-viscosity-induced
effective magnetic field in the flow perturbed by obstacles for
a finite degree of “specularity” in the boundary condition. Its
effect on the Hall resistivity oy, is particularly prominent in
that it modifies the Hall constant compared to the universal
value characteristic of the Drude formula (and of the result
for p,, in the case of the diffusive boundary condition for that
matter). Within a more conventional hydrodynamic context,
we will also calculate the drag and lift forces exerted by the
electron liquid on the obstacle, where the lift force emerges
entirely because of Hall viscosity and counterbalances the
force exerted on the liquid by the effective magnetic field.

Apart from the Hall-viscosity-induced modification of p,
we will provide a controlled description of another effect
the external magnetic field B has on p in the hydrodynamic
regime, namely the enhancement of hydrodynamic lubrication
in the flow of charge through an array of obstacles, with oy,
vanishing to zero in the limit B — oo. This effect is in stark
contrast to the Drude noninteracting regime (characterized,

from the point of view of relaxation processes, solely by Ip).
In light of this picture, the magnetic-field induced lubrication
makes hydrodynamic transport accessible and detectable in
the measurement of the bulk resistivity in samples that need
not be narrow.

We will round out our consideration of hydrodynamic
transport in a random obstacle array with a calculation of
the spatial distribution of charges that create the flow-induced
electric field around obstacles. This will relate the resistivity in
the hydrodynamic regime with the disorder-averaged electric
dipole induced by viscosity at the obstacle, thus establishing
a conceptual perspective which links hydrodynamics in dis-
ordered media to the notion of the Landauer dipole [31]. In
particular, we will show that the viscosity-induced dipole is
rotated from the direction of flow by an angle dependent on
the ratio of the Hall and dissipative viscosity coefficients.

Methodologically, we will formulate a model to explore
the electron flow around a single obstacle and solve it in detail
for the case when both the dissipative and Hall viscosities are
present. This solution will be used to perform disorder aver-
aging up to the leading terms in p induced by Hall viscosity.
We will complement this approach by providing a mean-field
solution of the hydrodynamic problem in a random array of
obstacles.

The paper is organized as follows. In Sec. II, we present
background material concerning viscosity in the presence of
a magnetic field. In Sec. III, we provide a general perspective
as to the compressibility of the 2D electron liquid in the hy-
drodynamic formalism, particularly with regard to the charges
created by the flow around obstacles. In Sec. IV, we discuss a
general picture of how the magnetic field affects hydrodynam-
ics of the electron liquid. In Sec. V, we write the boundary
conditions for the flow at B # 0. In Sec. VI, we formulate
the general framework for calculating the resistivity in the
hydrodynamic problem. In Sec. VII, we study the flow past a
single obstacle in the presence of both the dissipative and Hall
viscosities. In Sec. VIII, we perform disorder averaging and
calculate the magnetoresistivity tensor for the hydrodynamic
flow through the array of obstacles. In Sec. IX, we consider
the charge distribution induced by the flow and its dependence
on the magnetic field. In Sec. X, we critically discuss some of
the experimental results. Section XI provides a summary. In
Appendix A, we consider the mean-field formulation of trans-
port in the obstacle array. Appendix B extends the discussion
of the flow-induced charge distribution in Sec. IX.

II. VISCOSITY OF A MAGNETIZED PLASMA

As a general method and ideology, hydrodynamics of vis-
cous conducting (thus subject to the Lorentz force) fluids has
been actively investigated over the past sixty or so years—
primarily in the context of an electron-ion plasma, both in the
Galilean-invariant and relativistic limits, with emphasis on the
viscous properties of a magnetized plasma [32] (also in con-
nection with magnetohydrodynamics, where fluid mechanics
is fundamentally coupled to electromagnetism). It has been
well understood that viscosity is modified by a magnetic field
[33-37] (see also Ref. [32] for a general discussion illustrated
by the limit of large B).
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For the case of an incompressible liquid (considered in the
present paper, with a disclaimer specified in Sec. III), the two
kinematic viscosity coefficients v and vy that describe purely
transverse (with respect to the direction of the magnetic field)
deformations are given by [33-38]

1 2w, Tee
VH=V) ———,
T o Qwetee 2

— _ 1
T T Qoetee? )

where w, > 0 [39] is the cyclotron frequency, Tee = lee/VF
with vr being the Fermi velocity (assuming the degenerate
case of low T), vy = v% Tee /4, and the magnetohydrodynamic
effects [36], normally weak in the solid-state context, are
neglected. Throughout the paper, viscosity that stems from
electron scattering off static disorder is neglected, under
the assumption that 1/7.. is much larger than the disorder-
induced relaxation rate of the second angular harmonic of
the distribution function (for disorder-induced viscosity, see
Refs. [40,41]).

One important caveat to note is that, in the 2D case, the
relaxation rates for the even and odd (in momentum space)
parts of the electron distribution function that are induced by
electron-electron scattering are generically vastly different in
the limit of low 7T [42-49], which may lead to the emer-
gence of a “quasihydrodynamic” regime [42—44,49,50] not
characterizable by a single electron-electron scattering time.
In the present paper, however, we consider the “orthodox”
hydrodynamic regime, in which 7. is the relaxation time for
the second angular harmonic of the distribution function.

The magnetic field is seen to manifest itself in Eqs. (1) ina
twofold manner: as B increases, the “conventional” viscosity
coefficient v decreases, down to zero in the limit B — oo,
and there emerges the Hall viscosity coefficient vy. The con-
tribution of vy to viscous heating is zero (‘“this stress is
‘orthogonal’ to the strain,” as it was elegantly formulated in
Ref. [35]), i.e., vy for arbitrary w,7.. describes, in contrast
to v, nondissipative transport (similarly to the Hall resistivity
Pxy)- The nonvanishing of vy in the frictionless limit of 7. —
oo for given w, in Eq. (1) can be rationalized either within
the kinetic approach or, equivalently, from the perspective
of the geometric interpretation of viscosity of noninteracting
electrons in Landau levels through the response to a variation
of the metric tensor [51-54].

Apart from the experimental works [3-22], electrically
measurable manifestations of viscosity in dc transport in
specific setups of 2D electron devices were discussed in
Refs. [55-64], with Refs. [57,62—64] focusing on Hall vis-
cosity. Viscous transport in undoped graphene [65] shows a
number of peculiarities associated with the linear dispersion
relation of massless Dirac fermions near the crossing point
and the presence of both electron and hole liquids, for a review
see Refs. [66—68]. Here, we focus on viscous hydrodynamics
of massive electrons.

III. “INCOMPRESSIBLE” ELECTRON LIQUID
IN TWO DIMENSIONS

For the 2D incompressible electron liquid (defined by as-
suming a constant electron density n, the meaning of the
quotation marks in the title will become clear shortly) with
the mass and charge densities mn and —en (with e > 0),

respectively, the continuity equation and the linearized
Navier-Stokes equation with the viscosity coefficients for
B # 0 from Eq. (1) are written as

Vv =0, @)

AV =Vp—w.(vxn)+vViv—y(Viv xn), Q)

where ¢ in the pressure term is related to the electric potential
V by

b=V, 4)
m

and n is the unit vector in the direction of the (perpen-
dicular) magnetic field. Note that, within the hydrodynamic
description of the incompressible liquid of charged par-
ticles (“plasma”) at a homogeneous entropy density (we
neglect throughout the paper the contributions to pressure pro-
duced by flow-induced inhomogeneities of both the chemical
potential and temperature), the gradient —mnV¢ of the flow-
induced pressure is solely due to long-range electric forces.
For the degenerate electron liquid, this implies neglecting the
force that comes from a spatial variation of the degeneracy
pressure (T h? /m)n? (per spin). Without much discussion of
the origin of the electric forces in terms of charges, this
fact was used in Ref. [58] to demonstrate the essential dif-
ference between the electric potential profiles generated by
the viscous and Ohmic incompressible flows. An important
basic question, worth answering here, is about what charges
produce the electric forces [69]. This question is not exactly
trivial, as we discuss next.

A conceptually significant point, which does not seem
to have been generally appreciated in the literature, is that
the viscous electron liquid obeying Egs. (2) and (3) in
the 2D case or their direct analog in the three-dimensional
(3D) case [70] is charge-neutral locally (i.e., incompressible
as such) only in the 3D case (and even then generi-
cally only for B=0). For a 2D liquid, the situation is
qualitatively different in that the solution to Eqs. (2) and
(3) for a steady-state viscous flow past hard-wall scat-
terers (which are encoded in the boundary conditions to
these equations) is necessarily associated with a genera-
tion of charges in the bulk of the liquid (even for B = 0).
This is despite the by now common designation for Egs. (2)
and (3) as an incompressible model.

Consider first the case of B = 0. It is instructive to contrast
the 2D and 3D geometries. In the 3D case, the electric field
E = —(m/e)V¢ is produced at B =0 by charges that are
“external” within the formalism of Egs. (2) and (3), in the
sense that the Poisson equation reads

3Dg_o: V¢ =0, n=ny 5)

everywhere inside the liquid [as can be seen by applying V
to Eq. (3)], where ny is the equilibrium density (homogeneous
between the scatterers). That is, the viscosity-induced field in
the presence of a flow is produced by charges that sit exactly
on the boundaries of the liquid. In the bulk, the liquid can be
thought of as being exactly incompressible.

It is a subtle feature of the hydrodynamic description that
the very existence of a nonequilibrium solution to Egs. (2) and
(3) for v # 0 is entirely [71] due to a tacitly assumed nonzero
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compressibility of the electron liquid in the vicinity of the
boundary. Indeed, it is only because of a compressibility that
charges can be generated on the boundary when the liquid is
pushed towards or away from it (assuming, as we do here, that
the shape of the boundary is rigidly fixed, which is the case
for a hard wall). The beauty of the hydrodynamic formalism
in the incompressible limit [defined by Eq. (2)] is that the field
V¢ is viewed as freely adjusting itself to the flow constrained
solely by the boundary conditions imposed on the field v, so
that the value of the “boundary” compressibility completely
drops out from the distribution of v.

In a 2D liquid, the equation V2¢ = 0 holds at B =0 as
well, with V acting within the plane, as follows from Eq. (3) in
similarity with the 3D case. By contrast, however, the flow in a
viscous 2D liquid, obeying Egs. (2) and (3), in the presence of
impenetrable scatterers generates charges that are now spread
over the bulk of the liquid [72]. The flow-induced charge
density is smooth and falls off away from the boundaries in
a power-law manner, namely

2Dp_o: Vi =0, n—ny x 1/r2, (6)

where r is the distance to the scatterer, as we will demonstrate
below in Sec. IX. It is worth emphasizing that the gradient of
the electric potential that emerges to counterbalance the vis-
cous forces necessitates the production of an inhomogeneous
charge density in the 2D flow while the gradient of the chem-
ical potential [69], associated with the charge inhomogeneity,
may be totally neglected in the balance of forces in Eq. (3).

Because the gradient of the chemical potential does not
explicitly enter Eq. (3), the compressibility itself does not
explicitly show up in the solution for v and in the corre-
sponding profile of ¢, similarly to the 3D case. It is the
latter circumstance that arguably justifies the use of the term
“incompressible” with regard to the model of Egs. (2) and (3)
in a 2D liquid—but only with the caveat specified above [“in-
herently” finite modulation of n, Eq. (6)]; hence the quotation
marks in the title of this section. As a matter of fact, Egs. (2)
and (3), when applied to the electron liquid, may describe the
limit of perfect screening (“infinitely high compressibility”),
where —(m/e)V¢ is the “residual” (screened) electric field
[69]. This is precisely the limit we consider when discussing
the density profile in Sec. IX.

A useful way to account for the emergence of the bulk 2D
charges is to realize that the flow v(r) in the r = (x, y) plane
in Eq. (3) in the presence of impenetrable disks is exactly the
same as in an incompressible 3D liquid flowing past impene-
trable cylinders obtained by “translating” the disks along the
z axis. Therefore the pressure profiles are also the same in the
(x, y) plane, i.e., the electric field —(m/e)V ¢gis (x, y) created
by a disk in the 2D liquid is the same as the z independent
electric field —(m/e)Veey(x, y) created by a cylinder in the
3D liquid:

Visk (X, ¥) = Veyi(x, y). @)

We will use this identity in Sec. IX.

The difference between the 2D and 3D cases is in the
distribution of charges that create Vs (x, y) and V ey (x, ),
respectively. In the 3D case, all charges sit on the surface of
the cylinder [Eq. (5)]. Therefore, to produce the same electric
field in the plane of a 2D liquid, the 2D charge density must

necessarily be finite away from the disk. More specifically,
the interplay of 2D hydrodynamics and 3D electrostatics in
a 2D liquid produces E(r) at B = 0 that satisfies the Poisson
equation (inside the liquid and on its two surfaces, with a 2D
vector V) of the form

VE|, 0 =0, 0,E|,0 = —4me(n —np)s(2). ®)

The profile of E , in Eq. (8) is peculiar in that the in-plane
field is incompressible (in addition to being irrotational, so
that altogether the 2D electric field is a harmonic function
inside the liquid) while the charge density n — ng is inhomo-
geneous in the plane.

We have thus seen that the 2D and 3D cases for B =0
differ in an essential manner in Egs. (5) and (6). If B # 0,
however, V2¢ becomes nonzero and charges are generically
induced in the bulk of a flow irrespective of dimensionality. In
a 2D liquid, described by Egs. (2) and (3), the expression for
V2¢ in terms of v takes a particularly simple form in the static
limit:

V2 = sw.Q, ©
where
Q= (V xVe, (10)

is the 2D (scalar) vorticity, e, is the unit vector in the z
direction, and

s = ne; (11

is equal to =1 depending on the orientation of the magnetic
field. Note that, in Eq. (9), the Hall viscosity term in the
Navier-Stokes equation does not contribute to V2¢ [it does
only if € depends on 7, in which case the right-hand side of
Eq. (9) has one more term, namely svg V2R, which is then
nonzero because of vVV2Q = §,Q].

In a 3D liquid, V2¢ in the static limit contains not only
a contribution from the Lorentz force term, the same as in
Eq. (9), but also a contribution from the viscosity terms, which
is only nonzero, in view of Eq. (5), because of the anisotropic
(transverse vs. longitudinal with respect to the magnetic field)
modification [32,33,35,36] of the viscosity tensor by B # 0.
For the 3D flow, a nonzero Vng is directly linked to the
production of charges. In a 2D liquid, as mentioned below
Eq. (8), the relation between V2¢ and n (with V acting in
the plane) is more subtle: w, 7% 0 means a generation of ad-
ditional, compared to the case of zero B, charges in the bulk.
We will discuss the distribution of ¢ and » in more detail in
Sec. IX.

IV. HYDRODYNAMIC VELOCITY IN A MAGNETIC FIELD

Having highlighted in Sec. III the essential difference be-
tween the 2D and 3D hydrodynamics of a plasma with regard
to the distribution of n in the bulk of a flow and specified
precisely in what sense Egs. (2) and (3) can be thought of
describing an “incompressible” liquid, we focus below on the
2D case. We now turn to the role the magnetic field-induced
quantities w, and vy play in the distribution of v in Egs. (2)
and (3).
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Note that the Hall viscosity term in Eq. (3), rewritten with
the use of Eq. (2) as the force

F' = —m(svn)VEQ, (12)

is associated with the vorticity (10), with —svy Q2 playing in
Eq. (12) the role of a “potential” additional to ¢ in Eq. (3).
Apart from modifying v, the magnetic field is thus seen to
produce two distinctly different forces in Eq. (3): the Lorentz
(cyclotron) force F, = —mw.(v x n), which acts “directly”
on v, and the transverse drag force F!! due to the spatial
variation of v, which acts on the gradient of €2. The force FE’ is
generically much stronger than the dissipative viscosity force
F, = mvV?y [expressible in terms of 2 as —mv(V x Qe,)]
in the large-B limit of vy > v.

It is good to be clear about the interplay of the two forces
in the charge flow past obstacles. Certain conclusions about
the effect of the magnetic field on the distribution of v can
be formulated in rather general terms. Both magnetic field-
induced forces F, and F!! in Eq. (3) can be incorporated in a
shift of the potential ¢ — ¢y, where

ou = ¢+ s(w. + vV W 13)

is expressed through the stream function v, defined in the 2D
incompressible liquid by

v=V X {e, (14)
and related to the vorticity by
Q=-Viy. (15)

As can be seen from Eq. (3), by acting on it with n x V,
within the space in which the total-momentum conservation
is not broken, i.e., between the obstacles, ¥ obeys the bihar-
monic equation

Vi =0 (16)

for 9,2 = 0. Equation (16) is a hallmark [23] of a 2D incom-
pressible flow in the stationary limit (considered throughout in
this paper) if one neglects (“linear response”) the quadratic-in-
v inertia term in the Navier-Stokes equation, as was assumed
in Eq. (3). In view of Eq. (15), another way to state Eq. (16) is
that € is a harmonic function,

ViQ=0 a7

[cf. the comment below Eq. (11)].

According to Eq. (13), the validity of Eq. (16) does not
depend on the presence or absence of the magnetic field. It
follows, importantly, that the influence of the (homogeneous)
magnetic field on i (r) and, by means of Eq. (14), on v(r)
is entirely encoded in the boundary conditions to Eq. (3)
[imposed on v(r) and, possibly, its derivatives on both the
external boundary of the system and on the boundaries of
obstacles in the bulk of the flow]. If these are B independent,
the magnetic field does not affect the flow. Without taking Hall
viscosity into account, the independence of ¥ (r) on B was
pointed out in Ref. [61]. As will be discussed in Sec. V, the
boundary conditions generically depend on B, namely through
Hall viscosity. That is, the force Fﬁl, which does not deflect the
flow in the bulk locally, affects the flow through the boundary
conditions.

Having made the general conclusion about the effect of
a magnetic field on the flow, it is worth noting that—in
the broader context of odd viscosity [73]—the Navier-Stokes
equation is often represented in the form that contains the
Hall-viscosity term but not the Lorentz-force term (both
generically allowed by broken time-reversal symmetry). On
the one hand, this may be a matter of notation, because the
Lorentz force can be understood as being incorporated in the
pressure term: in the 2D case, by adding the stream function
Y to the pressure [Eq. (13)]. On the other hand, one can think
of hydrodynamics of “parity-violating fluids” that possess
Hall viscosity in the absence of any external magnetic field
[74-79]. In our model, both the Lorentz and Hall-viscosity
forces are “part of the equation.” With regard to Hall viscosity,
however, 2D parity-violating fluids in the absence of a mag-
netic field, with active chiral fluids (“spinners’) as a prominent
example, and 2D magnetized electron liquids share much of
the phenomenology.

V. BOUNDARY CONDITION IN A MAGNETIZED
VISCOUS LIQUID

We introduce disorder in the viscous liquid by adding ran-
domly placed, with the density n4, rare impenetrable obstacles
(*“voids”), each in the form of a disk of radius R. We assume
that the interior of the voids is neutral, i.e., contains no back-
ground charges. The fact that rare—even “pointlike,” of radius
R < l..—obstacles can produce a hydrodynamic contribution
to the conductivity that would dominate over the Drude con-
tribution was pointed out in Ref. [80], emphasizing the effect
of logarithmically singular long-range hydrodynamic correla-
tions in the 2D case (“Stokes paradox”) [23,81]. For B =0
(and the sticky boundary condition), the friction force exerted
on a moving fluid by the circle-shaped hard obstacle in the
hydrodynamic regime of R > [ is given by Stokes’ formula
[23,81]. As argued in Ref. [82], for R K [ K n;/z, not only
the hydrodynamic correlations on spatial scales between /e
and n;l/ % lead to the logarithmic enhancement [80] of the
conductivity, but also multiple collisions of a given electron
with the hard obstacle on scales between R and /.. contribute
to the logarithmic singularity. In the present paper, however,
we only consider the hydrodynamic regime, assuming that the
radius of the obstacles is larger than the spatial scale over
which the local equilibrium is established [83].

Scattering of the electron flow by a “large-scale” hard
obstacle is the most conventional, from the hydrodynamic
perspective, type of a local perturbation—and it is our goal to
explore the consequences of B # 0, especially in the presence
of Hall viscosity, for the electrical resistivity of an elec-
tron liquid in this (historically, “hydrodynamic” in the most
straightforward sense) limit. Conceptually important differ-
ences arising in the hydrodynamic limit in the case of smooth
weak disorder, as opposed to the case of rare strong scatterers,
were formulated in Ref. [84] (see also Ref. [85] for a hydrody-
namic description of magnetotransport in the limit of smooth
disorder; for a broader perspective, see Ref. [86]).

In our model, the boundary conditions to Eqs. (2) and (3)
are to be fixed on the boundaries of the voids. Two types of
the boundary conditions that we discuss here correspond to
two limiting cases of diffusive and specular electron scattering
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on the boundaries. For a disk centered at r = 0, the diffusive
(sticky, or “no-slip” in the hydrodynamic context) condition
reads

v(r)[—r = 0. (18)

The specular (“no-stress”) condition requires that the nor-
mal component of the velocity v,(r) and the nondiagonal
[“radial-tangential,” in the polar coordinates (r, ¢)] compo-
nent of the stress tensor vanish on the boundary, where
the latter condition is equivalent, in view of the former, to
the vanishing of the radial-tangential component IT,,(r) of the
momentum flux density tensor (contributes —d,I1,, /7 to 9;v,)
[87]. The specular condition thus reads

vr()|=p =0,  TLy(r)[,—r = 0. 19)

In the incompressible liquid, the Hall component of IT,, is
given by —2svya,v,, so that the second condition in Eq. (19)
is written as

1 1
v<8rvq) + =0,V — = vq)) + 2svygo, v, =0 (20)
r r

for r = R. More general boundary conditions, using the
notion of the Navier slip length, were discussed in
Refs. [56,58,59,63,88] (in Refs. [63,88] also within a kinetic
equation approach).

Importantly, the boundary condition (20) is affected by
Hall viscosity [63] and thus necessarily, in our model, by
the magnetic field, even if one neglects the dependence of
the dissipative coefficient v on B—see also an analogous
modification of the boundary condition in the edge magneto-
plasmon problem in Ref. [89]. This is in contrast to Ref. [61],
which studied the effect of the Lorentz force F,. on viscous
transport—but where neither Hall viscosity in the boundary
condition [Eq. (20)] nor the Hall viscosity force FL‘I [Eq. (12)]
inside the liquid were included in the calculation. Note also
that the dependence of the specular boundary condition on vy
entails its dependence on the dissipative viscosity coefficient
as well (which is trivial by dimensionality but demonstrates
a nontrivial interplay of dissipative and nondissipative pro-
cesses for specular scattering at B # 0). Within the context
of active chiral liquids, the boundary condition in the form
of Eq. (20) arises [78] if one sends the rotational viscosity
coefficient to zero while keeping the odd viscosity coefficient
finite.

It is worthwhile to mention that, in contrast to conven-
tional (“molecular”) viscous fluids, Eq. (19) appears to be
much more adequate [compared to Eq. (18)] to describe at
least some of the electron systems that are experimentally
relevant to the measurements of viscosity effects. For exam-
ple, multiple geometric-resonance peaks observed in magnetic
focusing experiments in GaAs moderate- and high-mobility
heterostructures [90,91] and graphene [92,93] indicate that
boundary scattering in these samples was to a large degree
specular.

VI. RESISTIVITY IN HYDRODYNAMICS

For an arbitrary stationary flow describable by Egs. (2) and
(3), the potential ¢ that obeys Eq. (3) is given by a sum of

three terms:
¢ = —vQ+s(mQ — w.P), 1)

where those in the brackets correspond to the magnetic-field-
induced terms in Eq. (13), and €2 is the harmonic conjugate of
2, with 2 and 2 related by

VQ = -V x Qe (22)

[which is the Cauchy-Riemann condition for the analytic
function Q2(x, y) + i2(x, y) of the complex variable x + iy].
Equation (21) can also be represented in terms of the potential
¢y from Eq. (13) as ¢y = —vQ2.

A. Average electric field

Green’s theorem applied to an arbitrary area integral of the
curl-free 2D field E = —VV reads

/d2rE =e, X (yﬁ —?{ )le, (23)
ext int

where the contour integration is performed along the exterior
(ext) and interior (int) boundaries of the area, in both cases
(here and everywhere below) in the counterclockwise direc-
tion. In particular, for V. = (m/e)¢ from Eq. (21), the relation
(23) allows one to express the electric field averaged over the
total area S of the system, which includes empty space inside
obstacles,

1 2
(E) = < fd rE, (24)

in terms of the hydrodynamic variables ENZ, Q, and ¥ on
the boundary of the sample only, with only fext in Eq. (23).
Specifically,

(E) = (Ey) — % e, x fbdl(vfz Q). (25)

where
(Eqp) = %smez X (V) (26)

is the Hall field counterbalancing the Lorentz force averaged
over the liquid, with (v) given by

v) = é / d*rv, 27)

and the contour of integration in f%b runs along the sample
boundary. The Hall-field term (26) comes from the integral of
Yr along the boundary of the sample, because of the identity

1
_7€ dly = —(v). (28)
S sb

To calculate the average (24), it is, however, more
convenient—and also more instructive—to split it into two
parts:

(E) = (E)obs + (E>liq’ (29)

where the former term is the contribution to the integral (24)
of the area inside obstacles and the latter of the area covered
by the liquid. Integrating over the interior of obstacles, the
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substitution of Eq. (21) in Eq. (23) gives

mN ~
(E)ops = ——— €, X <¢ dl(vQ2 — svHQ)>, (30)
ob

eS
where the integration contour in f(}b runs along the obstacle
boundary, encircling the obstacle from outside. The angular
brackets in Eq. (30) denote averaging over obstacles:

Zy%dl(---) =N<7§bd1(...)>, 31

where the sum Y, =Y | is taken over all N obstacles
inside the system. Note that the term in Eq. (21) that is as-
sociated with the Lorentz force (namely, —sw.v) drops out
from Eq. (30). This is because i is constant along the bound-
ary of an impenetrable obstacle, so that the integral fgb dly
along the boundary vanishes. This property of ¥ is similar to
Eq. (28) and equivalent to the condition that no current flows
through the boundary, i.e., it holds independently of whether
the boundary condition is diffusive or specular (we will dis-
cuss the behavior of the hydrodynamic variables around an
impenetrable disk in detail in Sec. VII).

In Eq. (23), the form of E inside the area need not be
specified explicitly (apart from the property of E being curl-
free); in particular, in writing Eq. (30), it was sufficient to
represent V in terms of the hydrodynamic variables on the
boundary of the liquid around the obstacles. When averaging
E over the area fully covered by the liquid, E can be written
in terms of the hydrodynamic variables at every point of the
area integration and, after the use of Eq. (22), represented as

E=—"[uV x Qe. + sV — 0 )].  (32)
e

Applying Green’s theorem to E in the form of Eq. (32) yields

,  mN
(E)iiqg = (En) + E' — ’

X <v<f dl S2> + svge, X <f dl Q>), (33)
ob ob
m
E:—(U% dl Q2 + svye, x% de) (34)
eS sb sb

is the viscosity-associated external-boundary term. Note that
an equivalent way to state the relation between the terms
proportional to v and vy in Egs. (33) and (34) is the identity

7gdls~2=ez xfdm, (35)

valid for an arbitrary contour of integration enclosing the area
(possibly multiply connected) within which €2 is the harmonic
conjugate of 2. In our problem, this means an arbitrary area
fully covered by the liquid.

The contour integral of ¥ along the boundaries of obstacles
vanishes in Eq. (33), similarly to Eq. (30). Note that S in
Eq. (27) [and, by means of Eq. (26), in the Hall field (Ey) in
Eq. (33)] is the total area of the system, which includes empty
space inside obstacles, whereas the integration is performed
over space filled with the liquid (another way to formalize
the averaging is to integrate over the whole space and assign

where

v = 0 to space inside voids). This is particularly important for
the calculation of the Hall resistivity p,,, with a deviation of
5pxy from the “universal” value mw,/e*n being produced, as
we discuss later in Sec. VIII, by viscosity but not by the effect
of exclusion volume.

Summing up the averaged fields inside obstacles and out-
side them, the total field (E) [Egs. (24) and (29)] is obtained
as

(E) = (Ey) + E' — ﬂv«f de>+eZ X <% d1s~2>).
eS ob ob

(36)

The Hall-viscosity terms in (E)qs and (E)jq that are pro-
portional to e, x (fob dl 2) cancel out in the total field (E)
exactly. This cancellation emerges straightforwardly within
the derivation above, but it signifies a nontrivial effect of Hall
viscosity on the distribution of the electric field created inside
and around an obstacle by the flow. We will return to this point
in Sec. IX B.
The voltage drop on th