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A B S T R A C T

Triply periodic minimal surfaces (TPMS) are cell structures defined by mathematical formulas. Due to their
special structure and properties, such as a high surface-to-volume ratio and good mechanical properties, these
structures are used in a wide range of applications, e.g., for implants or heat exchangers. Given the diverse
applicability of these structures, both scientific and industrial interest resides in the tailored shape optimization,
where structural integrity is preserved on the one hand, while stiffness is selectively enhanced on the other.

Therefore, in the following investigation, three TPMS unit cells are shape-optimized under mechanical
loading, in the linear-elastic regime, by minimizing the strain energy density, using the phase-field method.
The novelty lies in the shape optimization of TPMS structures with respect to the effective stiffness under
mechanical load which is addressed with a phase-field method. It is shown that with the present optimization
approach, an increase in the effective Young’s modulus of up to 55% can be achieved for specific TPMS

structures.

 

. Introduction

Porouscell structures occurring in nature possess inherently bene-
icial and unique properties for their respective area of application.
or example, they often exhibit a minimal surface as well as a low
eight [1], which has made them interesting and promising for tech-
ical applications for decades. By developing additive manufacturing
rocesses, it is possible to create structures with a complex geometry
nd controllable parameters such as porosity and cell size, cf., e.g., [2].
or instance, they can be produced from the Ti-6Al-4V alloy, utilizing
he electron beam melting process [3,4]. In the study by Yan et al. [5],

novel approach combining 3D printing and material injection is
resented. These advanced and established methodologies facilitate the
abrication of computationally designed complex structures and their
ractical utilization in real-world applications.

Triply-periodic minimal surfaces (TPMS) are an example of such
omplex structures [6,7]. TPMS structures are cell structures that are
efined by mathematical formulas with controllable geometric param-
ters. Examples of such cell structures include sheet-based Schwarz di-
mond, gyroid and Schwarz primitive structures, as shown in Fig. 1(a)–
c).

The properties of these structures, such as a high surface-to-volume
ratio and their periodicity, make them attractive for a wide range
of applications. This involves research areas ranging from medical
engineering [8–10] to electrochemical flow reactors [11]. Moreover,
the mechanical properties of TPMS structures have already been in-
vestigated in several studies [12–16]. In [14], for example, gyroid
structures are proposed as support structures, because of their robust
and lightweight properties.

An optimal shape of these structures strongly depends on specific
applications as well as on the considered property to be optimized.
Thus, for particular physical processing conditions, a geometry op-
timization is desirable, where the TPMS structures can be used as
the initial geometry for a shape optimization algorithm to further
improve specific properties defined in a cost function. This can be
achieved by employing methods of computer-based shape and topology
optimization.

Such methods were developed and applied across a range of dis-
ciplines, driven by diverse physical properties to be optimized under
different constraints. As a result, a multitude of optimization algorithms
exists for various applications. An example are strategies developed
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and investigated in the field of fluid dynamics [17,18], in which 
.g. the drag resistance is objected to optimization. In the context of 
olid mechanics, density-based filling algorithms have been extensively
xplored to improve the stiffness of porous structures [19]. Apart
rom this, shape optimization algorithms are also found in other fields
ike heat transport [20,21]. In order to achieve improvements with 
egard to different properties, TPMS structures have generally been
sed as the basis for various shape adjustments [22–24]. These works
nclude approaches based on an automated optimization algorithm 
s well as manual shape adjustments. A porosity gradient, for exam-
le, was introduced into the structure, which, among other things,
ncreases the surface-to-volume ratio, compared to structures with the
ame porosity [23]. Stromberg [24] introduces an automated multi-
cale topology optimization method under mechanical loading, which
enerates combinations of macro layouts and locally graded TPMS-
ased lattice structures, with a specific emphasis on strut-based gyroid
tructures. This approach involves the introduction of two density fields
n each finite element. Investigations into the optimization of TPMS
tructures for fluid mechanical applications have been conducted [20, 
5]. In particular, these structures were optimized for enhanced heat 
issipation, using a custom-designed methodology. The optimization
rocess involves the development of a proprietary algorithm tailored to
ddress the heat transfer requirements [20]. In [21], the triply periodic
inimal surfaces are optimized with respect to thermal conductivity

nd stability.
The present work focuses on shape optimization, in the context

f solid mechanics, with the aim of increasing the stiffness of TPMS
tructures. To our knowledge, such a mechanical application-specific 
hape optimization of these structures has not yet been undertaken.
herefore, a shape optimization algorithm based on the phase-field
ethod is employed, where TPMS structures are used as initial geome-

try and optimized under mechanical loading. The advantages of phase
field-based shape optimization lie in its capability to consider complex
geometries without a geometry specific discretization like body fitted
meshes. The phase-field method (PFM) enables the simulation of the 
emporal evolution of microstructures that are in a thermodynamically
nstable state. It is widely in use for different fields of applications, 
ncluding grain growth [26–28] and solidification [29]. In the field
f solid mechanics, the phase-field method has been applied to model 
rack propagation [30–32], the phase transformation under mechan-

ical driving forces such as martensitic phase transformation [33,34],
s well as multigrain systems under load [35,36]. In the context of

porous media, [37] uses the PFM to determine the effective stiffness of
stochastic foams. Additionally, TPMS structures have been successfully
generated and analyzed with the phase-field method. This demonstrates
its versatility in various applications within the field of solid mechan-
ics, involving multiple phases, which can also represent pores. In the
publication [38], an algorithm was introduced to generate surfaces with
constant mean curvature and simultaneous volume constraints, employ-
ing the phase-field method. This algorithm was exemplified through the
generation of TPMS structures. In [39], the PFM was used to investigate
TPMS structures with regard to flow characterization, in terms of
permeability and inertial drag. Furthermore, a shape transformation
was performed using the phase-field equation with a modified version
of the Allen–Cahn equation [40]. However, a specific form optimization
under mechanical loading was not addressed in this investigation.

Wang [41] also considers shape optimization in the field of me-
chanics, using a phase-field-type method. While the present work em-
ploys an Allen–Cahn approach, they apply the Van der Waals-Cahn–
Hilliard approach and focus on 2D numerical examples. In [42], the 
Cahn–Hilliard approach is coupled with continuum mechanics for the 
optimization process, aiming to achieve an energetically optimized
structure, which is demonstrated here using a beam structure as an
example. For complex porous structures, such as TPMS structures,
however, the utilization of a phase-field optimization approach has not

been performed previously. a
In the present study, a shape optimization is performed to reduce
the total energy in the system and simultaneously increase the stiffness
of three distinct single-cell TPMS structures – diamond, gyroid, and
primitive – under mechanical loading. A vertical linear-elastic pressure
load is considered as the loading condition. The shape optimization
is performed using a modified phase-field equation, where the elastic
energy is introduced as a driving force. Throughout the simulation, the
volume is maintained constant, and in contrast to previous works, the
periodicity of the structures in the 𝑥- and 𝑧-directions is preserved. This
onstant volume ensures a better comparability between the structures
nd prevents energy reduction in the system, through the addition of
olume. For volume preserving optimization in the phase-field context,
ahn–Hilliard approaches are often employed. However, in the present
ork, we used the Allen–Cahn approach with a modification to achieve
olume conservation. This approach is chosen, because the Allen–Cahn
odel requires less computational cost and is easier to solve, due to its

econd-order partial differential equation, whereas the Cahn–Hilliard
odels involve a fourth-order equation [43].

Maintaining periodicity in the 𝑥- and 𝑧-directions allows the op-
imized cell to be replicated multiple times in the respective spa-
ial directions, making it suitable for applications such as sandwich
omponents.

Overall, the structural optimization serves as an exemplary demon-
tration of load-oriented optimization for complex porous structures,
sing the phase-field method under mechanical loading. While shape
ptimization of TPMS structures was performed in other fields, an
ptimization with regard to their mechanical properties does not exist
o the authors’ knowledge. However, mechanical shape optimization
as already been performed for other topologies, but not for TPMS
tructures. Thus, the novelty of the present work lies in the application
f mechanical shape optimization to TPMS structures.

The presented computational approach facilitates a comprehensive
nderstanding of the structural dynamics intrinsic to the phase-field
ptimization based on elastic energy.

The paper is structured as follows: The general formulation of the
hase-field approach is presented in Section 2, followed by the intro-
uction of the modified approach of the phase-field method. Based on
he methodological framework, the focus in Section 3 is on applications
f the modified phase-field method to optimize porous structures, with
n emphasis on the TPMS structures.

. Methodology of the shape optimization

The structure generation and the optimization procedure are based
n the phase-field method and are implemented in the in-house soft-
are framework ‘‘Parallel Algorithms for Crystal Evolution in 3D’’
Pace3D) [44]. This framework involves structural-mechanical simula-
ions for a given loading scenario, in which the geometry is varied in
uch a way that the stored elastic energy is minimized. Subsequently,
he algorithmic generation of TPMS structures, the phase-field model-
ng of the shape optimization, and the setup of the mechanical loading
re described.

.1. Structure generation and characterization

Different TPMS structures, such as sheet-based gyroid or primitive
tructures, can be modeled and created algorithmically. The special
eature of the tool used is that the digital model allows a high flex-
bility with respect to morphological features. Thus, it is possible to
ndividually adjust the porosity or a porosity distribution through the
tructure, as well as the domain size and cell repetitions of a period cell.
he structures used for this study are a single-cell sheet-based Schwarz
iamond structure (hereinafter referred to as diamond), a sheet-based
yroid structure (hereinafter referred to as gyroid), and a sheet-based
chwarz primitive structure (hereinafter referred to as primitive), with
uniform porosity of about 85%, see Fig. 1.
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Fig. 1. Examples of TPMS unit cells: a. Diamond; b. Gyroid; c. Primitive.
Using the abbreviations 𝑥̃ = 𝑥∕𝐿𝑥, 𝑦̃ = 𝑦∕𝐿𝑦, and 𝑧̃ = 𝑧∕𝐿𝑧
for the normalized coordinates, with respect to the unit cell lengths
{𝐿𝑥, 𝐿𝑦, 𝐿𝑧}, the formulas parametrizing the respective structures
read [45]:

0 =
[

sin(2𝜋𝑥̃) sin(2𝜋𝑦̃) sin(2𝜋𝑧̃) + sin(2𝜋𝑥̃) cos(2𝜋𝑦̃) cos(2𝜋𝑧̃)

+ cos(2𝜋𝑥̃) sin(2𝜋𝑦̃) cos(2𝜋𝑧̃) + cos(2𝜋𝑥̃) cos(2𝜋𝑦̃) sin(2𝜋𝑧̃)
]2

− 𝛿2
(1)

0 =
[

sin(2𝜋𝑥̃) cos(2𝜋𝑦̃) + sin(2𝜋𝑦̃) cos(2𝜋𝑧̃) + cos(2𝜋𝑥̃) sin(2𝜋𝑧̃)
]2

− 𝛿2 (2)

0 =
[

cos(2𝜋𝑥̃) + cos(2𝜋𝑦̃) + cos(2𝜋𝑧̃)
]2

− 𝛿2. (3)

Here, the parameter 𝛿 controls the wall thickness of the struc-
ure [46]. In addition to the thickness parameter, the cell structure
s characterized by the number of cell repetitions in the 𝑥-, 𝑦-, and
-direction and by the size of the unit cells {𝐿𝑥, 𝐿𝑦, 𝐿𝑧} [47].

.2. Phase-field method

The structure optimization is performed on the basis of the phase-
ield method, which is an established tool for problems such as phase
ransformations [48,49] or structure mechanics in multigrain systems

[33,50]. The geometry is parametrized by a field of phase variables
𝜙𝛼(𝑥⃗, 𝑡) that indicate, whether the phase 𝛼 occurs at a point 𝑥⃗ or not,
which corresponds to a value of 1 or 0. Instead of a sharp interface
between phases, a smooth transition region and thus a diffuse interface
with a finite thickness is used, where 𝜙𝛼 takes values between 0 and
1. Hence, the phase variable 𝜙𝛼 can be interpreted as a local volume
fraction of the phase 𝛼. This allows the use of interpolation schemes in
the diffuse interface, and thus avoids the use of body-fitted meshes in
the numerical solution process [29]. The evolution of the phase field is
described with a volume-preserved Allen–Cahn approach [51], which is
based on a Ginzburg–Landau free energy density functional [52]. Let 𝑁
denote the number of phases and 𝛺 denote the computational domain.
Then, the energy density 𝑓 of the free energy functional  depends on
the phase-field tuple 𝜙 = {𝜙1,… , 𝜙𝑁} and the corresponding gradients,
which in turn are functions of space and time (𝑥⃗, 𝑡). The functional takes
the general form

 (𝜙) = ∫𝛺
𝜖𝛼(𝜙,∇𝜙) + 1

𝜖
𝜔(𝜙) + 𝑓b(𝜙) d𝑉 . (4)

ere, 𝜖𝛼 and 1
𝜖𝜔 denote the gradient energy density and potential en-

rgy, which are nonzero only within the diffuse interface and represent
he interfacial energy. How these terms can be modeled is described
n [29], for example. The bulk energy of the phases is referred to as 𝑓b

and includes phase-inherent energies such as elastic energy density 𝑓 el,
which can act as a driving force for phase transformation. In order to
minimize the functional (4), variational calculus yields the condition

∀𝑥⃗ ∈ 𝛺, 𝛼 = 1,… , 𝑁 ∶

𝛹𝛼 ∶=
𝜕(𝜖𝛼 + 1

𝜖𝜔 + 𝑓b)

𝜕𝜙𝛼
− ∇ ⋅

𝜕𝜖𝛼
𝜕∇𝜙𝛼

= 0
(5)

as a field equation inside the domain. Using the multiphase-field ap-
proach of Nestler et al. [29], a relaxation to the minimum yields the
evolution equation
𝜕𝜙𝛼 = 1 𝛹 + 𝜆 (6)

𝜕𝑡 𝜏𝜖 𝛼
for each phase variable. Here, 𝜖 is a parameter that regulates the width
of the diffuse interface, 𝜏 is a positive kinetic mobility coefficient, and
𝜆 is a Lagrange multiplier that ensures the summation constraint
𝑁
∑

𝛼=1
𝜙𝛼 = 1. (7)

For details regarding the derivation of the evolution equation, we refer
to the publication by Nestler et al. [29]. In the present publication,
a phase system with 𝑁 = 2 phases is assumed. The phase variable
of the solid is denoted as 𝜙s and the pore phase is given by 1 − 𝜙s,
due to the summation constraint (7). In this special case, we have the
dependencies 1

𝜖𝜔(𝜙s) and 𝜖𝛼(∇𝜙s), and thus, the evolution of the solid
phase is governed by

𝜕𝜙s
𝜕𝑡

= 1
𝜏𝜖

⎡

⎢

⎢

⎣

𝜕( 1𝜖𝜔 + 𝑓b)

𝜕𝜙s
− ∇ ⋅

𝜕𝜖𝛼
𝜕∇𝜙s

⎤

⎥

⎥

⎦

. (8)

In this work, the obstacle potential 1
𝜖𝜔 = 16𝛾∕(𝜋2𝜖)𝜙s(1 − 𝜙s) is

employed, which yields

𝜕𝜙s
𝜕𝑡

= 1
𝜏𝜖

[

2𝛾𝜖𝛥𝜙s −
16𝛾
𝜋2𝜖

(1 − 2𝜙s) +
𝜕𝑓b

𝜕𝜙s

]

, (9)

where 𝛾 is the surface tension. This choice of potential results in a finite
diffuse interface with a width of 𝜖𝜋2∕4. The term resulting from the
bulk energy density 𝑓b is determined from the mechanical modeling
introduced below.

2.3. Modified phase-field-method for shape optimization

The structural optimization aims to increase the effective stiffness,
which corresponds to an elastic energy minimization. For this purpose,
the phase-field equation is supplemented to a driving force, which
results from differences in the elastic strain energy 𝑓 el of different
phases. This driving force leads to a phase transformation and thus to
a change in the shape of the initial geometry, which can be used to
minimize the energy.

Subsequently, a hyper-elastic material behavior in the small de-
formation regime is considered, which yields the elastic free energy
density

𝑓 el(𝑢) = 1
2
[𝝐] ⋅ 𝝐, (10)

where  denotes the stiffness tensor, 𝝐 the infinitesimal strain tensor,
and [⋅] the linear mapping of second-order tensors, by a fourth-order
tensor. The strain is given as the symmetric gradient of the displace-
ment field 𝑢, which is the solution variable for the solid mechanical
problem. Furthermore, the stresses are related to the strains via Hooke’s
law [53]

𝝈 =
𝜕𝑓 el

𝜕𝝐
= [𝝐]. (11)

In the context of the phase-field method, the effective values for strains
and stresses must be calculated from the phase-inherent values within
the diffuse interface [54]. Here, we use the approach of Khacha-
turian [55], which uses an interpolated stiffness tensor and assumes
that the phase-inherent strains in the interface are identical at each
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interfacial point. In this approach, the stress and strain fields represent
common effective quantities of the mixture in the diffuse interface 
and therefore need not be distinguished between different phases.
Since the pore phase does not exhibit any stiffness, the Khachaturian
nterpolation approach yields the interpolated stiffness  = ℎ(𝜙s)s and

the relations
𝝈 = ℎ(𝜙s)s[𝝐], (12)

𝑓 el = 1
2
ℎ(𝜙s)s[𝝐] ⋅ 𝝐, (13)

here ℎ(𝜙s) is an interpolation function and s denotes the stiffness
ensor of the solid phase. The interpolation function needs to satisfy
he conditions ℎ(0) = 0, ℎ(1) = 1, and the summation constraint
𝛼 ℎ(𝜙𝛼) = 1. Under these restrictions, different choices for the inter-

olation function are possible, which essentially regulates the steepness
f the interpolation between material parameters. For more details, we
efer to the publications [56,57]. In the present paper, the interpolation
unction is used to interpolate the phase-inherent stiffness tensors with
he expression ℎ(𝜙s) = 𝜙3

s (10 − 15𝜙s + 6𝜙2
s ). The elastic free energy

ensity contributes to the bulk energy term 𝑓b of the free energy func-
ional. Therefore, in addition to the phase evolution, the momentum
alance

⋅ (𝝈) = 0 (14)

s also obtained from the free energy functional (4), using the varia-
ional procedure. This leads to a coupled problem consisting of phase
volution equations and the steady-state momentum balance.

During shape optimization, a constant volume of the solid phase
s aimed for. Since the Allen–Cahn approach by itself is not volume
reserving, an additional energy contribution 𝑔(𝜙s) is necessary, which
nsures volume conservation [58]. This results in a Lagrange multiplier
ntering the Allen–Cahn equation, which enforces d

d𝑡 ∫𝛺 𝜙s d𝑉 = 0.
Therefore, the bulk energy density in the functional (4) reads:

𝑓b(𝜙s, 𝑢) = 𝑔(𝜙s) +𝑤𝑓 el(𝑢). (15)

Here, the elastic energy is scaled by the weighting parameter 𝑤. This
parameter controls the strength of the mechanical driving forces, and
thus, how fast the shape of the structure changes during the optimiza-
tion process. The consideration of a physical process would require 𝑤 =
1, so as to capture the dynamics correctly. However, in this work, the
phase transformation does not model a physical process, but is part of
an optimization algorithm searching for geometries that minimize the
cost function, which is the elastic free energy of the system. Therefore,
𝑤 can be chosen freely and it represents a relaxation parameter of the
optimization algorithm.

Substituting the bulk energy density (15) into the phase-field evo-
lution equation (9) yields
𝜕𝜙s
𝜕𝑡

= 1
𝜏𝜖

[

2𝛾𝜖𝛥𝜙s −
16𝛾
𝜋2𝜖

(1 − 2𝜙s) +
𝜕𝑔
𝜕𝜙s

+ 𝜕ℎ
𝜕𝜙s

1
2
s[𝝐] ⋅ 𝝐

]

. (16)

For the detailed form of 𝑔, we refer to [58]. This evolution equation
escribes a volume-preserving phase transformation that iteratively
hanges the geometry toward the minimum free energy. Again, it has
o be pointed out that this phase transformation does not represent a
hysical process, but the search for an optimal shape. Thus, 𝑡 represents

a pseudo-time and the mobility parameter 𝜏 as well as the weighting
parameter 𝑤 are purely numerical parameters which determine the
speed of the geometry variation. This also holds for the surface tension
𝛾. In the present case, it weights the interface terms compared to the
bulk terms. The surface tension for the current optimization process
is to be chosen high enough to preserve the phase-field equilibrium
profile over time. It should also be small enough not to introduce a
high amount of curvature minimization dynamics. The ratio of surface
tension forces and elastic forces is characterized by the dimensionless
number 𝛾∕(𝐿𝐸𝑤), where 𝐿 is the domain length and 𝐸 the Young’s
modulus of the material. Here, a value of 5.7 × 10−6 is used, which
indicates that the phase evolution is mainly driven by elasticity and the

surface-minimizing dynamics of the phase-field evolution is negligible. a
2.4. Optimization procedure and choice of parameters

For the present optimization procedure, the cost function is the total
free energy

 = ∫𝛺
𝛾
(

𝜖∇𝜙s ⋅ ∇𝜙s +
16
𝜋2𝜖

𝜙s(1 − 𝜙s)
)

+𝑔(𝜙s)+
1
2
ℎ(𝜙s)s[𝝐]⋅𝝐 d𝑉 (17)

of the system, which is minimized under the constraint of preserved
volume. The solid phase variable 𝜙s serves as a design variable repre-
senting the structural geometry. Therefore, the optimization problem
can be stated as

min
(

 (𝜙s)
)

under ∫𝛺
𝜙s d𝑉 = 𝑉s, (18)

where 𝑉s is the initial volume of the solid phase. We are also inter-
ested in finding an optimum that preserves the topology of the initial
TPMS structure, which acts as another constraint. As mentioned earlier,
the surface tension 𝛾 is chosen to be very small and the total free
energy  is driven almost solely by its elastic contribution. Thus, the
minimization of  is roughly equivalent to the minimization of the
total elastic energy of the system, which results in a maximum effective
stiffness under the given mechanical boundary conditions. To arrive
at a minimization of the free energy, the equation system containing
the phase-field evolution equation (16), coupled with the stationary
momentum balance (14), is considered, which yields

∇ ⋅ (𝝈) = 0, 𝝈 = ℎ(𝜙s)s[𝝐], (19)
𝜕𝜙s
𝜕𝑡

= 1
𝜏𝜖

[

2𝛾𝜖𝛥𝜙s −
16𝛾
𝜋2𝜖

(1 − 2𝜙s) +
𝜕𝑔(𝜙s)
𝜕𝜙s

+
𝜕ℎ(𝜙s)
𝜕𝜙s

1
2
s[𝝐] ⋅ 𝝐

]

.

(20)

For the numerical solution of the system of equations, a Cartesian
grid is chosen for spatial discretization. For the phase-field equation,
a finite-difference method with explicit time integration is employed.
In each time step, the momentum balance is solved up to equilibrium,
using a finite element discretization with linear elements. The resulting
linear system of the momentum balance is solved with a conjugate
gradient method. Further details of the solution procedure can be found
in [59], where a similar approach is used to couple elasticity and phase
evolution. The optimization algorithm is stopped as soon as a further
phase evolution would introduce topological changes.

The shape optimization performed in the further course is done
using 𝜖 = 0.015𝐿, which corresponds to an interface width of approx-
imately 0.0375𝐿, where the edge length 𝐿 = 2.5mm of the domain is
onsidered. This choice ensures a resolution of the diffuse interface with
number of 7 cells. Furthermore, we choose 𝛾 = 21 kg s−2, the mobility
arameter 𝜏 = 1.0 kg s−1 m−1, a weighting of the driving forces of 𝑤 =
.025. The time step size is 𝛥𝑡 = 7.46 × 10−14 s. In the following process,
total of 50 time steps are taken into account, which corresponds to a

rame step. We examine the different stages of development during the
ptimization of TPMS structures. Intermediate results provide insights
nto the underlying mechanisms and transformations that occur during
he optimization of TPMS structures. The simulation is interrupted
hen the topology begins to change, which is attributed to the dis-
lacement of the interface. Otherwise, the structure would emerge into
lamellar-shaped component as stationary solution of the phase-field

volution equation under the given mechanical boundary conditions.

.5. Setup for mechanical simulations

The shape of the initial structure is energetically optimized under
nilateral compressive loading, as shown in Fig. 2. The resulting opti-
ized cells can then be used for further investigations and applications,

or example as cores in sandwich components [60].
A pseudo-time records the process in which the structure geometry

hanges successively toward the optimal shape. According to Eq. (14),
stationary structure-mechanical solution is calculated for each time
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Fig. 2. Boundary conditions of the initial structure.

step. Subsequently, 200 × 200 × 200 grid cells are initialized for three-
imensional microstructure simulations, while the two-dimensional ex-
mples are discretized with 200 × 200 cells. Isotropically elastic be-
avior is assumed for the structural material, while the pore phase
s modeled with a residual stiffness of one thousandth of the solid
aterial.

The load on the structure is applied in the 𝑦-direction, with a
constant stress of 400MPa, while periodic boundary conditions are
assumed in both 𝑥- and 𝑧-directions. The TPMS structure is considered
to consist of an isotropic material with a mass density of 2680 kgmm−3,

Young’s modulus of 59GPa, and the Poisson ratio 0.35. In addition,
homogenization is performed, in which the effective stiffness of the

tructure is determined from the stress and strain field [61,62]. If the
ffective stress is constant, as is the case in this work, structures that
inimize the elastic free energy yield a maximum effective stiffness.
homogenization approach allows the transfer of results from the

icro to the macro level cf., e.g., [37]. The following mechanical
nalysis values, such as the effective Young’s modulus, are accordingly
iven in dimensionless values. As the publication by Wallat et al. [12]
as already shown, the sequence of values corresponds to that of
xperimental data.

. Results and discussion

.1. Data-driven structure linkages

The computational optimization is based on the phase-field method,
hich reduces the total energy density in the system by shifting the

nterface to the energetically more favorable region. Consequently, the
nitially considered structures evolve over time into structures with

new topology. The optimized structure no longer resembles the
nitial structures. Since we are interested in TPMS-like structures, the
imulation is terminated as soon as the topology of the initial structure
s changed. Fig. 3 shows the shape-optimized structures of the last
imulation step, frame 10. As described in detail in Section 2.3, one
rame step corresponds to fifty time steps.

When looking at the shape-optimized structures, it becomes evident
hat a volume redistribution has taken place during the shape opti-
ization. As can be seen from the diagrams 4–6, volume was added to
ighly energetic (and correspondingly loaded) areas, while volume was
ubtracted from less stressed areas, resulting in energy minimization in
he overall system. The energy is plotted on the primary 𝑥-axis, while
he volume fraction is plotted on the secondary 𝑥-axis, across the layers.
he initial structure is shown with a dotted line, while the optimized

tructure is shown with a solid line. From the volume distribution of
he initial structure, the characteristic periodic shape, which progresses
n the 𝑦-direction, can be seen for all three structures. After shape
ptimization, the volume fraction of the uppermost layers is increased
or all three structures in the 𝑦-direction, while it is removed from less
nergetic regions. The temporal energy reduction, which takes place for
ll three structures, is shown comparatively in the bar chart 7.

The diagram shows that after each simulation step, the energy in
he system is reduced. The primitive structure has the highest initial
nergy, followed by the gyroid structure. The diamond structure has the
owest energy. In the case of the diamond structure, shape optimization
educes the energy in the overall system by about 38%, while for
he gyroid structure, the energy is reduced by about 34% and for the
rimitive structure by about 13%. As a result, the diamond structure
as the highest energetic reduction in the overall system.

Table 1 compares the development of the volume fraction, the
urface-to-volume ratio, and the effective Young’s modulus during the
hape optimization process of all three structures. Frame 0 represents
he initial structure. Since the surface-to-volume ratio is important in
ngineering applications, such as heat exchangers [63], this property

was selected.
The volume fraction, which is about 85% in porosity for all struc-

tures, is kept constant during shape optimization. Between the struc-
tures, a porosity variation of about 4% can be observed.

Comparing the energy with the effective modulus of elasticity in
Table 1, the structure with the highest energy has the lowest effective
Young’s modulus and vice versa. Accordingly, the diamond cell has the
highest effective Young’s modulus and the primitive cell the lowest. In
general, the effective Young’s modulus could be increased from 20%
(primitive) to 55% (diamond). The ranking of the Young’s modulus of
the initial structures can be confirmed by various studies [15,64]. In
the publication by Naghavi et al. [15], for example, the mechanical
properties of gyroid and diamond structures of Ti6Al4V were compared
for later use as bone implants. It was discussed that the diamond
structure also has a higher Young’s modulus than the gyroid structure.
This order is maintained during shape optimization.

In general, the diamond cell has the highest surface-to-volume ratio,
followed by the gyroid structure and the primitive structure. For both
the diamond structure and the primitive structure, no reduction in
the surface-to-volume ratio was observed during the shape optimiza-
tion process. For the primitive structure, a slight increase from 0.164
to 0.167 was observed. At the beginning of the shape optimization
process, the gyroid structure results in a slight decrease in the surface-
to-volume ratio. From frame 9, however, a slight increase from 0.211
to 0.213 can be observed.

As a consequence, the TPMS structures lose their property of pe-
riodicity in all spatial directions. Due to the previously mentioned
‘‘periodic’’ boundary condition in the 𝑥- and 𝑧-directions, the period-
icity in these directions could be preserved. This means that a later
multiplication in the respective spatial directions and a later adaptation
to the geometry would be possible for later applications.

4. Conclusion

In this work, a shape optimization based on the phase-field method
is performed on TPMS structures. It is shown that while maintaining
the topology of the respective TPMS structures, their structure could
be shape-optimized by minimizing the energy in the system, using
the phase-field method. Overall, an increase of the effective Young’s
modulus could be achieved by the interfacial displacement, with the
same volume and a simultaneous partial increase in the surface-to-
volume ratio. For all three structures, the effective Young’s modulus
was increased by at least 20%. The largest improvement is found for
the diamond structure, which showed an increase of 55%.

The characteristic property of the TPMS unit cell, which is peri-
odic in all spatial directions, is no longer preserved after the shape

optimization. This periodicity could only be maintained in the 𝑥- and
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Fig. 3. Shape-optimized structures - a. Diamond; b. Gyroid; c. Primitive.
Fig. 4. Energy (primary axis) and volume (secondary axis) distribution of the diamond structure in the 𝑦-direction of the initial structure (dashed line) and the optimized structure
solid line), as well as the volume difference of the two structures.
Fig. 5. Energy (primary axis) and volume (secondary axis) distribution of the gyroid structure in the 𝑦-direction of the initial structure (dashed line) and the optimized structure
(solid line), as well as the volume difference of the two structures.
𝑧-directions. However, by preserving the shape, other characteristics
such as the high surface-to-volume ratio, which is of interest for certain
engineering applications, could be retained. The influence of struc-
tural properties, such as the surface-to-volume ratio and the boundary

conditions, on the effective Young’s modulus was not investigated in
this work. Therefore, the influence of the boundary conditions on the
mechanical properties can be addressed in future investigations.

In general, these results open up new design possibilities, especially
in areas where stability and low weight are required. The structures
for sandwich cores, whose periodicity could be maintained in the



Fig. 6. Energy (primary axis) and volume (secondary axis) distribution of the primitive structure in the 𝑦-direction of the initial structure (dashed line) and the optimized structure
(solid line), as well as the volume difference of the two structures.
Fig. 7. Course of the decrease of the internal energy of the shape-optimized TPMS.
Table 1
Development of the structural and mechanical properties of the initial structures (frame 0), up to the shape-optimized structure (frame 10).

Frame Diamond Gyroid Primitive

Volume
fraction

Surface/
volume
ratio

Young’s
modulus
(dim.less)

Volume
fraction

Surface/
volume
ratio

Young’s
modulus
(dim.less)

Volume
fraction

Surface/
volume
ratio

Young’s
modulus
(dim.less)

0 0.148 0.258 2.186 0.146 0.211 1.748 0.143 0.164 0.989
1 0.148 0.258 2.244 0.146 0.210 1.800 0.143 0.164 1.005
2 0.148 0.258 2.321 0.146 0.210 1.853 0.143 0.164 1.022
3 0.148 0.258 2.403 0.146 0.211 1.909 0.143 0.165 1.029
4 0.148 0.258 2.493 0.146 0.211 1.970 0.143 0.166 1.057
5 0.148 0.258 2.594 0.146 0.211 2.034 0.143 0.166 1.077
6 0.148 0.258 2.706 0.146 0.211 2.104 0.143 0.166 1.097
7 0.148 0.258 2.954 0.146 0.212 2.180 0.143 0.166 1.118
8 0.148 0.258 3.091 0.146 0.212 2.262 0.143 0.166 1.141
9 0.148 0.258 3.240 0.146 0.213 2.350 0.143 0.166 1.165
10 0.148 0.258 3.403 0.146 0.213 2.444 0.143 0.167 1.190
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𝑥- and 𝑧-direction, and the fact that an arbitrary duplication of the 
ptimized structures in the respective spatial directions is possible,
re very interesting for further research. In addition, lookup tables
an be created that contain optimized structures for various process 
reatments.

The next step would therefore be to study the structures experi-
entally. In the simulative area, extensions of the approach to per-

orm topology optimization in addition to shape optimization are the 
objective of future research.
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