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Hypergraph-Based Fast Distributed AC Power Flow Optimization

Xinliang Dai, Yingzhao Lian, Yuning Jiang, Colin N. Jones and Veit Hagenmeyer

Abstract— This paper presents a novel distributed approach
for solving AC power flow (PF) problems. The optimization
problem is reformulated into a distributed form using a
communication structure corresponding to a hypergraph, by
which complex relationships between subgrids can be expressed
as hyperedges. Then, a hypergraph-based distributed sequential
quadratic programming approach is proposed to
handle the reformulated problems, and the
is used as
the inner algorithm to solve the corresponding QP subproblems,
which are respectively condensed using Schur complements
with respect to coupling variables defined by hyperedges. Fur-
thermore, we rigorously establish the convergence guarantee
of the proposed algorithm with a locally quadratic rate and
the one-step convergence of the inner algorithm when using
the Levenberg-Marquardt regularization. Our analysis also
demonstrates that the computational complexity of the pro-
posed algorithm is much lower than the state-of-art distributed
algorithm. We implement _the proposed algorithm in an open-
source toolbox, rapidP and conduct numerical tests that
validate the proof and demonstrate the great potential of the
proposed distributed algorithm in terms of communication
effort and computational speed.

I. INTRODUCTION

The [power flow (PF)| problem is a fundamental problem
in power system analysis and has many applications, such
as planning, expanding, and operating power systems [1].
Traditionally, centralized methods such as Gauss-Seidel [2]
or Newton-type methods [3], [4] have been used to solve
PF problems. In recent years, several studies were carried
out in various aspects, including analysis of power flow
equations [5], state estimation [6], [7], distributionally robust
optimal control [8], initialization strategies [9], [10], convex
relaxation [11], [12], and convex restriction [13]. With the
increasing penetration of distributed energy resources and
the need for optimization and control of power systems
with many controllable devices, distributed approaches have
gained significant research attention [14]. For systems like
Germany’s power grid, which has four |transmission system|
loperators (TSOs)| and over 900 [distribution system opera-|
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sharing detailed grid models is not preferred.

Therefore, a centralized approach is not preferred by systems
operators or is even prohibited by the respective regulation.

The present paper focuses on AC models to obtain more
realistic results. The main challenge is that the AC
feasibility is NP-hard [15], [16], and is a challenge even for a
centralized approach. [17] proposed to solve AC[PF problems
by breaking the original problem into several smaller power
flow subproblems, keeping coupling variables fixed, and then
iterating over them. In the follow-up work [18], the con-
vergence was analyzed under some additional assumptions.
However, the actual convergence behaviors and scalability
are limited in practice. Other well-known distributed algo-
rithms for AC power flow analysis—Optimality Condition|

Decomposition (OCD)| proposed by [19], [Auxiliary Problem

Principle (APP)| by [20], and [Alternating Direction Method]
of Multipliers (ADMM)|by [21]—have no convergence guar-

antees in general, and their convergence behaviors are case-
by-case in practice.
Recently, [22] proposed a second-order distributed algo-

rithm, i.e., |Augmented Lagrangian based Alternating Di-
[rection Inexact Newton method (ALADIN)| In contrast to
these existing distributed approaches, [ALADIN] can provide
a local convergence guarantee with a quadratic convergence
rate for generic distributed nonconvex optimization problems
if suitable Hessian approximations are used. Based on the
algorithm, considerable works have been carried
out for power system analysis [23]-[25]. [26] provides open-
source MATLAB code for [rapid prototyping for distributed|
[power flow (rapidPF)l Extensive research [27] has im-
proved computing time significantly for solving large-scale
AC problems by using Gauss-Newton approximation
and further exploiting the problem formulation. However,
[ALADIN] is limited by the required computation and com-
munication effort per iteration.

The aforementioned studies either intertwine problem for-
mulation and problem solution or use the standard affinely
coupled distributed form. In contrast, we introduce a hyper-
graph [28] based AC [PH framework in the present paper.
As a generalization of graphs, hypergraph allows more than
two nodes to be connected in the same hyperedge, therefore
depicting more complex relationships, e.g., multiple regions
connected to a region at the same bus. More specifically,
we propose to reformulate the AC [PF problem as a zero-
residual least-squares problem with a communication struc-
ture corresponding to a hypergraph and then solve it by an
|hypergraph-based distributed sequential quadratic program-|

approach. The convergence of the proposed

[ADSQP]is guaranteed, and the convergence rate is quadratic
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when approaching the minimizer if the Levenberg-Marquardt
method is used. Moreover, the condensed @ subproblems
of are solved by a variant of the dual decomposition
algorithm, i.e., the [hypergraph-based distributed quadratic|
[optimization algorithm (HDQ)| proposed by [29]. Most no-
tably, the communication matrix of the dual decomposition
is the Bollas’ Laplacian for hypergraphs [30], and it is also a
projection matrix for the algorithm. As a result, [HDQ]
can converge to the global minimizer in one iteration if the
corresponding subproblem is convex. This hints at the
fact that the proposed distributed approach could converge
rapidly with less communication effort.

The aim of the present paper is to exploit the hypergraph-
based distributed approach for solving generic AC [PF prob-
lems. The main contributions are listed in the following:

(i) We propose a new distributed form of the AC
problem that uses a communication structure corre-
sponding to a hypergraph to generalize complex rela-
tionships between subgrids. Moreover, we propose a
|hypergraph-based distributed sequential quadratic pro-|
[gramming (HDSQP)| approach for solving the problem
and use the [hypergraph-based distributed quadratic op-|
[fimization algorithm (HDQ)| [29] as the inner algorithm
for the corresponding condensed [QP]subproblem at each
iteration.

(i) We rigorously establish the convergence guarantee of
the proposed algorithm with a locally quadratic
rate and the one-step convergence of the inner al-
gorithm when using the Levenberg-Marquardt
regularization. Our analysis also demonstrates that the
computational complexity of the proposed algorithm is
much lower than the state-of-art distributed algorithm.
Numerical tests are added to the[rapidPF|open-source
toolbox, and we show that the proposed algorithm sur-
passes the state-of-art ALADIN] algorithm with respect
to computing time and communication effort.

This paper introduces the distributed formulation of AC
problem in Section Then, we present the proposed
hypergraph-based distributed optimization algorithm and the
convergence analysis in Section [[I} Finally, we present
numerical simulations in Section [IV] and conclude the paper
in Section [V] Additionally, an anonymous chat is listed in
Appendix.

II. SYSTEM MODEL AND PROBLEM FORMULATION

This paper considers a power system defined by a tuple S =
(R, N, L) with the set R of all regions, N the set of
all buses and L the set of all branches. We define by n",
n®_ and nl" the number of regions, buses, and branches,
respectively. In the present paper, we use complex voltage
in polar coordinates:
V;':'Uiejei, ’LGN

where v; and 6; denote the voltage magnitude and angle.
Thereby, for each bus ¢ € N, its steady state (6;,v;,p;,q;)
includes v; and 6; the voltage magnitude and angle, p; and
q; the active and reactive power. Throughout this paper,
we stack all steady states at region ¢ € R by x; =

{(0s,vi, i, @) Yienr, with Ny bus set at region £. When a vec-
tor £ consists of n™8 subvectors, we write & = (&1, ..., Epre ).
Moreover, x, denotes the coupled variables, and y, denotes
hidden variables that are totally local to region ¢ € R,
ie., x¢ := (x4,ye). Thus, there is a matrix A, such that
xe = Arxe.

A. Hyergraph-based modeling

As discussed in [26], we share the components between
neighboring regions to ensure physical consistency. Let us
take the 6-bus system with two regions, shown in Fig. [] as
an example. The coupled system, shown in Fig. [T(a), has
been partitioned into two local regions. To solve the AC
problem in the region R;, besides its buses {1,2,3} called the
core buses, the complex voltage of bus {4} from neighboring
region Ry is required. Hence, for the sub-problem of the
region R;, we create an auxiliary bus {4} called the copy bus,
along with its own core bus, to formulate a self-contained
AC problem. The resulting affine consensus constraint
can be written as

core __ nCOPy pcore __ ncoOpy

037 = 0577, 07 = 0,7, (1a)
core __ ,.cOpy  .core __ , COpY

V3 = Ug 0, Uy = Uy (1b)

The multi-region power system S can be transformed into a

(a) Multi-region coupled system

(c) Decoupled region 1 (d) Decoupled region 2
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Fig. 1. Decomposition by sharing components for a two-region system
hypergraph G = (N, H), where H = (Hy,--- , H,,) denotes
the set of all hyperedges that can include any number of
buses, c.f. [31]. The example mentioned above has only one
hyperedge, as shown in Fig. [[[b). The buses {1,2,5,6} are
called isolated or hidden buses since they are not incident
to any hyperedge. Thereby, we have coupling variables
of region Ry and Ra, ie., x1 = (65,05 v5e, v™)
and zo = (05,05, v3™™, v5™®). Moreover, we denote by
z = (03,04,v3,v4) to represent the common values for
coupling variables of all regions. As a result, the consensus
constraints (T)) can be written as

Ty = EgZ, le R, )

where Ly denote the incident matrix of a specific region
leR.



B. Hypergraph-based AC Power Flow Problem

In polar coordinates, the resulting conventional AC

flow (PF)| problem can be written as a set of power flow
equations

pi=p! —ph=n Z v (Gik cos b, + By sin ;1) , (3a)
keN
_ 9 I _ .
qi = q; — qq = v Z v (Gik sin b, — Bjj cos0;,)  (3b)
keN
for all buses i € N, where p?, ¢/ (reps. p?, ¢¢) denote the
real and reactive power injections from generator(s) (resp.
loads) at bus i, 6;; denotes the angle difference between bus
i and bus k, G;;, B;; are the real and imaginary parts of the
bus admittance matrix entries Y, = G;; + jBij.

Remark 1 Since multiple stable AC power flow solutions
may exisit [32], [33], especially in the presence of power
flow reversal on distribution systems [34], [35], the present
paper focuses on local solutions.

Following [27], these power flow equations can be written
as a residual function

r(x) =0 @)
with state variables xy = (6,v,p,g), so that the AC
problems can be formulated as a standard zero-residual least-
squares problem

. 1 2
min fx) = 3 OOl - o)

In other words, f is the sum of squared residuals of power
flow equations for all buses 7 € N. Hence, both the state
variables x and the objective f are separable, i.e.,

1
100 =3 felxe) = 3 5 lIreloll3. (©)
LeER LER
As aresult, the coupled problem (3] can be reformulated with

a communication structure corresponding to a hypergraph

min - f(x) = > felxe) (72)
X teR
subjectto zy= Epz | A, LER. (7b)
Recall that x consists of two components, i.e.,
xe = (ze, ye), YLER, 8

where x, represents coupling variables and y, represents
hidden variables that are entirely local.

III. DISTRIBUTED OPTIMIZATION ALGORITHM

This section introduces the [sequential quadratic programing]
framework and the condensed reformulation of [QP]
subproblem at each iteration. Then, based on the prelimi-
naries introduced in Section [[I, we propose a hypergraph-
based distributed approach to solve the AC [PF problem (7).
Convergence analysis is carried out at the end of this section.

A. Preliminaries

The sequential quadratic programming (SQP) framework
is one of the most effective methods for [Nonlinear Program-|
g (NLP)| in which a sequence of subproblems are

iteratively constructed and solved. This paper focuses on
the full-step variant and its corresponding local convergence.

Because in practice, a conventional flat start can always
provide a good initial guess for AC |PH problems. Regarding
the globalization routine or line search for[SQP} more details
refer to [36, Chapter 18].

At the k-th iteration, the subproblem is written as

; k(yk+1y _ ko k+1
min mt (M) =D miG) (%)
ER
subject to Apxp ™ = Eiz | A, VL ER. (9b)

with quadratic models
1 T
mi(xe) = 5(xe) 'V fExe + (VI = V2EXE) e,
(10)

and for notation simplication, fF = fy(x}) used for all £ €

R. The derivatives of the objectives f, at iterate X? can be

expressed as

Vik= (78", (11a)
2k = () I+ Qf (11b)
with
k k T
JZ = JZ(X/Z) = [Vth,la Vre,% T 7v’r‘€7npf} 3 (12a)
QF = Qe(xt) = > ream (X)) V2 rem(XF)- (12b)
m=1

Here, ¢, represents the residual of the m-th power flow
equation at region ¢ &€ R. In practice, the first term
(Jf) T Jf dominates the second term Qf, because the resid-
uals 7 ,, are close to zero near the solution [36, Chapter 10].
In the present paper, Levenberg-Marquardt regularization is
used, i.e.,
B = (JF)  JE4el, VieR,

to approximate Hessians such that (9) is strongly convex.
Here, one empirical choice of ¢ in practice, is ¢ = 10710,
As discussed in [36, Chapter 10], when ¢ is sufficiently
small, the Levenberg-Marquardt method shares the same
performance with the classical Gauss-Newton method under
mild assumptions.

In order to write the subproblems (9) in a condensed
form, we set

Fi(we) = Hll/in fe(we, ye), (13)
14

where z, denotes the coupling variables and y, denotes the

variables that are entirely local. Accordingly, the Jacobian

matrix Jf can be partitioned into two blocks w.r.t. x, and

Ye as

JE=1[J8, JY], VLeR. (14)

Consequently, the gradient géf and the approximated Hessians
B} can be written as

T T BZEE szy
gk =) T, (T and BE= | 0 L A9)
Bl BZ

with the assistance of the Levenberg-Marquardt method

B = (JF) " JP +el, (16a)
BY = (J¢)" JY +el, (16b)
Bi' = (By") = ()" JY (16¢)



for all £ € R. By using the Schur complement, the first and
the second derivatives of the function, F} can be given by

9 =gi - B B g}, (172)
-k X - xT
B, = Bf¥* — BYY [BYY] "' BY". (17b)

Thereby, the [QP]| subproblems (9) can be reformulated into a
condensed form

min " (x) = Z s (1) (18a)
wE LeER
subject to = Eyz | Ae, LER (18b)

with reduced quadratic models
_ 1 + =k A
ik (z0) = 5962 B, x¢+ (gi? - Bex’l?) Xy (19)

Here, 2§ = A" for all £ € R. The Lagrangian function of
the condensed [QP] subproblem (I8) can thus be written as

L(z,z,)) =Y {mj(xe) + M a} —ATEz  (20)
LeER
with E = [E],---,E/]". The [Karush-Kuhn-Tucker|

conditions of (T8) are as follows,

VoL=0 = B'(x—a%) + g% + ), 21a)
V.L=0 = E")\, (21b)
VoaL=0=z—F z, (21¢)

where B = diag{E?}zeR stacks all B, into a block
diagonal matrix.

B. Hypergraph-Based SQP

Based on Section [[II-A] we propose an [hypergraph-based|
distributed sequentlal quaaratlc programming iHlSSQEE ap-

proach to solve (7). More specifically, the
[based distributed quadratic optimization algorithm (HDQ)|

proposed as a variant of dual decomposition by [29], is
implemented to solve its condensed [QP| subproblems (I8).
Remarkably, can converge with convexity assumption
in one iteration to save total computing time and communi-
cation effort.

Algorithm [T] outlines the proposed [HDSQP] Line [I] eval-
uates derivatives of the full-dimentional subproblem (9) and
the corresponding condensed subproblems (I8) with assis-
tance of the Levenberg-Marquardt method (22) and the Schur
complement (T7). The resulting condensed subproblem (18)
is a strongly convex with a communication structure
corresponding to a hypergraph. Thereby, is added as
inner algorithm to solve the condensed [QP] subproblem (I8))
(Line 2}f4) due to fast convergence rate. The algorithm
consists of three steps. In Line [2] temporary local coupling
variables Z, for all region ¢ € R are obtained with respect
to the KKT condition (ZTa) under initial condition Ay = 0.
Then, weighted averaging is conducted to compute a tempo-
rary state Z in Line [3] where the weights are determined by

the condensed Hessian approximation B = diag{Ej}zeR.
In the fourth step, the dual variable X is updated based on the
deviation of temporary weighted primal residual B (z—EZ)
in (254).

Due to the positive definiteness of approximated Hessians
based on the Levenberg-Marquardt method, the can

Algorithm 1 Hypergraph-based Distributed Sequential
Quadratic Programming (HDSQP)

Initialization: y° as a flat start
repeat
Evaluate derivatives at iterate y*

BE=(JF) JF+el and gf = (JF) of,

(22)

and the corresponding condensed derivatives Ef and g}
by Schur complement (T7) for all £ € R

Compute temporary local coupling variables

_ —=k\ "1 =k _

z=(By) (Biek-at). (23)
with 2§ = A,x}, which essentially solves the decoupled

subproblems for all ¢ € R.
Compute weighted average

-1
_ —k —k _
z= <Z E;BZE@> Z E]B,%,. (24
LER LER
Update primal and dual variables for all £ € R by
M+ = By (3¢ — Ee2), (252)
. -1
Xitt = (BE) T (BEXE — g — ALNTY) . (@25b)

until Primal variables x converge;

converge to the global minimizer of the condensed
subproblem (T8) in one iteration for saving computational
and communication efforts. In the end, based on dual variable
A provided by the inner algorithm the new full-
dimensional iterate x**! is updated by (25b). Note that all
the steps in Algorithm [T] can be executed in parallel, except
for the weighted averaging (Line [3).

C. Local Convergence Analysis

Without loss of generality, we assume that the flat start can
provide a good initial guess (Remark [3) such that the present
paper focuses on the local convergence of Algorithm [T]
Here, local means that the initial iterate is located in a small
neighborhood of a local minimizer, within which the solution
has physical meaning.

In the following, we first analyze the convergence of the
inner algorithm for solving condensed subprob-
lems (I8), and prove that it can converge to a global mini-
mizer in one step. Then, regardless of the inexactness caused
by condensing subproblems, we prove that Algorithm [T] can
converge with a locally quadratic convergence rate when
the Levenberg-Marquardt method is used to approximate
Hessians.

Proposition 1 Let the Levenberg-Marquardt method be used
to evaluate BY such that the condensed @subproblem (13)
is strongly convex, then

k41 ._ E+1 _k+1 _k+1 . 5 yk+1
(T =A™, 2V 2 =Z, A7)

given by Algorithm[I] solves (I8) at iteration k.

The detailed proof appears in Appendix [A] As we know



that the AC power flow equation (3) is sufficiently smooth,
the objective f is twice-Lipschitz continuously differentiable,
i.e., there exists a constant L > 0
VIilx) - ViX* .
IV.f(x) - 0Ol _ IV F@)) < L
Ix = x|l
with ¥ = x —t(x — x*) for some ¢ € (0, 1). Moreover, since
the optimal solution is feasible to @), we have zero-residual
r* = 0 at the optimizer and

Q" =QKX") =0. 27)
Locally, we can thus, have ||Q(x)|| = O(||x — x*||). Before
we establish the local convergence result of Algorithm [I] we
introduce the definition of regular KKT point for (7).

(26)

Definition 1 (Regular KKT point of (7)) A KKT point
of (1) is called regular if [second order sufficient condition]
(SOSC)| and [linear independence constraint qualification)

hold at the KKT point [36].

Remark 2 Due to @, Hessian is equivalent to Gauss-
Newton approximation at a local minimizer x*. Moreover,
the Jacobian matrix of the power flow equations (@) is always
full-row rank in practice. Thus, is satisfied for the
problem ().

Additionally, the coupling introduced in Problem (7)) is based
on the hypergraph, we have hold for the coupled affine
equality constraints @), i.e., F is full row rank. As a result,
a [KKT] point for the problem (7) is regular.

Theorem 1 Let the minimizer (x*, \*) satisfy such
that (x*,\*) is a regular [KK1| point, let the parameter &
be sufficiently small. Then, for solving the problem (), the
iterates x of Algorithm[I| converges locally with a quadratic
convergence rate.

If the exact Hessian is used in the subproblems (), the
corresponding pN can be viewed as a standard Newton step
of the original least-squares problem (3). Similar to [36], we
have

+‘Xk+pN_X*
LI - @8

1) < |Ix* = x*
< X" -x*

*

where L = L||(V2f*)7!|| and L is the Lipschitz constant
for V2f for x near x*. Since ¢ is sufficiently small, the
Levenberg-Marquardt method shares the same properties
with the Gauss-Newton method. Hence, the analysis in
the following is based on the Gauss-Newton method. The
detailed proof is given in Appendix [B]

IV. NUMERICAL CASE STUDY

In this section, we illustrate the performance of the proposed
distributed approach to solve AC [PH problems and compare
it with the state-of-art [ALADIN] algorithm.

A. Implementation

The framework presented in this paper is implemented in
MATLAB-R2021a, and both the hypergraph-based problem
and the proposed algorithm are provided in the
toolbox g[ As shown in Fig. |2} the toolbox allows
users to combine multiple MATPOWER casefiles [37] into a
single merged casefile, formulate AC problems
as distributed optimization problems and then solve the
problems by distributed approaches. Compared with previous
work [26], [27], the toolbox can reformulate the problems
with a communication structure corresponding to a hyper-
graph (7)) and solve them by the proposed approach
Additionally, the TPOPT solver [38] is used for calculating
reference solutions, and the CasADi toolbox [39] is used to
compute exact Hessians for analysis.

MATPOWER

Casefiles
rapidPF
Modelling standard hypergraph
Solvers ALADIN [27] IPOPT [38] HDSQP

Fig. 2. The open-source toolbox

The case studies are carried out on a standard desktop
computer with Intel® i5-6600K CPU @ 3.50GHz
and 16.0 GB installed RAM. Following [27], three bench-
marks are created by using the toolbox based on
IEEE standard test systems. The [ALADIN] algorithm in the
same toolbox is used for comparison. For a fair comparison,
both [ALADIN] and [HDSQP| algorithms are initialized with
a flat start. The computational time is estimated under the
assumption that all subproblems are solved in parallel, and
the time spent on exchanging sensitivities information is not
taken into consideration.

Remark 3 (Initialization) AC[PF|problems are usually ini-
tialized with a flat start, where all voltage angles are set to
zero, and all voltage magnitudes are set to 1.0 p.u. [40]. The
initialization strategy has been demonstrated numerically
that it can provide a good initial guess for the distributed
approach in practice [26], [27].

B. Case Studies

Three test cases are studied in the present paper, as
shown in Table [l Note that n™¢ = |R|, n*®® and n®
represent the number of regions, i.e., the cardinality of R, the
dimension of the state variables x and the coupling variables

2Toolbox Documentation: https://xinliang-dai.github.io/
rapidPF/
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TABLE 1
NUMERICAL COMPARISON: [HDSQP]vs[ALADIN|

Case nP pre pste ol Algorithm  Iterations  Time [10~2s] lIx — x*|| Fi6%9] Primal Residual
ALADIN 4 2.33 6.13 x 10799 505 x 10712 3.61 x 109
1 53 3 232 40
HDSQP| 6 1.34 4.08 x 10798 152 x 1020 4.03 x 108
ALADIN| 4 7.17 1.82 x 10799 6.37 x 10799 7.32 x 1079
2 418 2 1684 24
HDSQP 10 5.68 1.39 x 10796 3.04 x 10—2! 1.37 x 1079
ALADIN 5 7.37 4.36 x 10711 259 x 10~ 1! 2.56 x 1079
3 1180 10 4764 88
HDSQP| 6 3.17 2.17 x 10798 1.21 x 10—20 2.18 x 10~8
£ B = V214 [[Ax™ =t
— — T 10° -
102{ ‘ ‘ E L |
N 1 10" = 1
1072 . i :
r ] 102 |- i
R 107° | N r |
i I i 10° |- i
10~10 I 1 B i
A I i 1072
- 1071 |- . - 1
] I i 107 )
1018 r N r 1
] I 1 1076 |- 1
10-22 L L L | L L L L | I L
1 5 10
Iteration Iteration Iteration Iteration

Fig. 3. Convergence behavior of [HDSQP|

x, respectively. To illustrate the convergence performance of
the [HDSQP algorithm, we introduce four quantities, i.e.,

1) deviation of state iterates to the minimizer ka — X*{
2) power flow residual | f(x*)],
3) error of Levenberg-Marquardt Approximation
1B* =25
4) inexactness caused by condensing subproblems, i.e.,

>

deviation between the solution =T to condensed [QP]

subproblems (T8) with the solution x™' to the full-
dimensional [QP] subproblems (9))
|Ax* — zF|| with A = diag{A,}ser.
For a fair comparison, all the problems are initialized with
a flat start. Table[[|shows that the proposed [HDSQP| can con-
verge rapidly to a very highly accurate solution regarding the
deviation of state variables, power flow residuals, and primal
residual x — F z. Furthermore, the convergence behavior of
the proposed algorithm for all three test cases is presented
in Fig. 3| As the primal iterates x* approach, the minimizer
x*, Levenberg-Marquardt Approximation, and the solution to
the subproblems by using Schur decomposition become
more accurate. Case 1 and Case 3 share almost the same
performance and converge in 6 iterations, while Case 2 takes
more iterations. The relative lower accuracy of the Schur
complement possibly slows down the overall convergence

rate of the proposed approach.

C. HDSQP vs. ALADIN

The [ALADIN] algorithm used for comparison is a Gauss-
Newton-based variant tailored to deal with AC power flow
problem in [27]. As discussed in [27], this variant
has been illustrated that it outperforms the other existing
state-of-art distributed approaches. Therefore, to illustrate the
effectiveness of Algorithm [I] we compare it with this Gauss-
Newton [ALADIN] variant. First of all, let us have a close

k% k
(" = x| 1£0M)]
- ] 102 ]
L 1 | ]
- N 10-6 :, E
- . 10710 | .
i 1 wmp g
-9 - N ]
107 T wpsar 1 10-18 |- ]
10-1t H—— ALADIN N N i
I —— . R R R | 10-22 O S S S
0 5.102 0.1 5.102 0.1
Timels] Timels]

Fig. 4. Comparison of different algorithms for Case 3

look at the computational complexity per iteration of both
algorithms. The Gauss-Newton [ALADIN] proposed in [27]



requires

O(%:(nztate)S) + O((nstate)B)

consensus

parallelizable

float operations per iteration while needs

O () + O((n™)?).

7 ——
consensus
parallelizable

Here, one can see that the parallelizable computational
complexity are same for both approaches, while the proposed
Algorithm [I] is much cheaper in the consensus part. This
is because n%¥° > n® always holds for electric power
systems in practice, as shown in Table [l Fig. ] displays
the convergence behaviors of both algorithms for Case 3.
Although [ALADIN] can converge with one iteration faster,
the proposed has a much shorter computing time
per iteration, benefitting from the fast convergence of the
inner algorithm and thus surpasses ALADIN]in terms of total
computing time.

Table [[| presents simulation results for comparison between
the and the algorithms. For all three
test cases, computational speedup of can be 30%
to 50% compared with as presented in Table
Furthermore, [HDSQP|requires only condensed Hessian in the
centralized step, while requires both the first and
the second order derivatives from all subproblems to solve
a full-dimensional coupled [QP] problem in the coordinator.
This could further slow the total running time during parallel
computing. Consequently, the proposed [HDSQP] outperforms
[ALADIN] in solving AC [PF problems in aspects of comput-
ing time and communication effort.

V. CONCLUSION AND OUTLOOK

The present paper proposes a distributed approach,
hypergraph-based distributed sequential quadratic program-|
ming_ (HDSQP)| for solving power flow (PF) problems.
By introducing the hypergraph theory, the QP subproblems
can be solved efficiently by the inner algorithm, i.e., the
hypergraph-based distributed quadratic_optimization algo-|
rithm (HDQ)] [29]. A mathematical proof is provided that the
inner algorithm can converge in one iteration, and the
local convergence rate of the proposed can achieve
quadratic by implementing the Levenberg-Marquardt method
to approximate Hessians. Simulation results and analysis of
the computational complexity demonstrate that the proposed
algorithm outperforms the state-of-the-art distributed algo-
rithm in terms of computing time for small- and medium-
sized power grids at the cost of slightly increased iterations.
Moreover, the numerical tests are added to the open-source
toolbox

One drawback of the proposed approaches is associated
with the inner algorithm The inner algorithm employs
a weighted averaging technique that utilizes the Hessian ma-
trix, resulting in solutions converging to an equilibrium point
near the exact optimizer. This hinders the scalability and
numerical robustness of the proposed [HDSQP] To address

these limitations, future work could focus on tuning the
Levenberg-Marquardt method or alternating between
[SQP| and [ALADIN] to enhance the scalability and numerical
robustness.

REFERENCES

[1] J. J. Grainger, Power system analysis. McGraw-Hill, 1999.

[2] A. FE Glimn and G. W. Stagg, “Automatic calculation of load flows,”
Transactions of the American Institute of Electrical Engineers. Part
III: Power Apparatus and Systems, vol. 76, no. 3, pp. 817-825, 1957.

[3] W. F. Tinney and C. E. Hart, “Power flow solution by newton’s
method,” IEEE Trans. Power Appar. Syst., vol. PAS-86, no. 11,
pp. 1449-1460, 1967.

[4] B. Stott and O. Alsac, “Fast decoupled load flow,” IEEE Trans. Power
Appar. Syst., vol. PAS-93, no. 3, pp. 859-869, 1974.

[5] K. Dvijotham, M. Chertkov, and S. Low, “A differential analysis of
the power flow equations,” in 2015 54th IEEE Conf. Decis. Control
(CDC), pp. 23-30, 2015.

[6] Y. Guo, X. Zhou, C. Zhao, L. Chen, G. Hug, and T. H. Summers,
“An online joint optimization—estimation architecture for distribution
networks,” IEEE Transactions on Control Systems Technology, 2023.

[71 Y. Guo, X. Zhou, C. Zhao, L. Chen, and T. H. Summers, “Optimal

power flow with state estimation in the loop for distribution networks,”

IEEE Systems Journal, 2023.

J. Guo, G. Hug, and O. K. Tonguz, “A case for nonconvex distributed

optimization in large-scale power systems,” IEEE Trans. Power Syst.,

vol. 32, no. 5, pp. 3842-3851, 2016.

[9] J. Thorp and S. Naqavi, “Load flow fractals,” in 28th IEEE Conf.
Decis. Control (CDC),, pp. 1822—1827 vol.2, 1989.

[10] J. Thorp, S. Naqavi, and H.-D. Chiang, “More load flow fractals,” in
29th IEEE Conf. Decis. Control (CDC), pp. 3028-3030 vol.6, 1990.

[11] R. Madani, J. Lavaei, and R. Baldick, “Convexification of power flow
problem over arbitrary networks,” in 2015 54th IEEE Conf. Decis.
Control (CDC), pp. 1-8, 2015.

[12] D. K. Molzahn, I. A. Hiskens, et al., “A survey of relaxations
and approximations of the power flow equations,” Foundations and
Trends® in Electric Energy Systems, vol. 4, no. 1-2, pp. 1-221, 2019.

[13] D. Lee, H. D. Nguyen, K. Dvijotham, and K. Turitsyn, “Convex
restriction of power flow feasibility sets,” IEEE Trans. Control. Netw.
Syst., vol. 6, no. 3, pp. 12351245, 2019.

[14] D. K. Molzahn, F. Dorfler, H. Sandberg, S. H. Low, S. Chakrabarti,
R. Baldick, and J. Lavaei, “A survey of distributed optimization and
control algorithms for electric power systems,” IEEE Trans. Smart
Grid, vol. 8, no. 6, pp. 2941-2962, 2017.

[15] K. Lehmann, A. Grastien, and P. Van Hentenryck, “AC-feasibility on
tree networks is NP-Hard,” IEEE Trans. Power Syst., vol. 31, no. 1,
pp- 798-801, 2015.

[16] D. Bienstock and A. Verma, “Strong NP-Hardness of AC power flows
feasibility,” Oper. Res. Lett., vol. 47, no. 6, pp. 494-501, 2019.

[17] H. Sun and B. Zhang, “Distributed power flow calculation for whole
networks including transmission and distribution,” in 2008 IEEE PES
T&D Conference & Exposition, pp. 1-6, IEEE, 2008.

[18] H. Sun, Q. Guo, B. Zhang, Y. Guo, Z. Li, and J. Wang, “Master—slave-
splitting based distributed global power flow method for integrated
transmission and distribution analysis,” IEEE Trans. Smart Grid,
vol. 6, no. 3, pp. 1484-1492, 2014.

[19] G. Hug-Glanzmann and G. Andersson, “Decentralized optimal power
flow control for overlapping areas in power systems,” IEEE Trans.
Power Syst., vol. 24, no. 1, pp. 327-336, 2009.

[20] R. Baldick, B. H. Kim, C. Chase, and Y. Luo, “A fast distributed
implementation of optimal power flow,” IEEE Trans. Power Syst.,
vol. 14, no. 3, pp. 858-864, 1999.

[21] T. Erseghe, “Distributed optimal power flow using ADMM,” [EEE
Trans. Power Syst., vol. 29, no. 5, pp. 2370-2380, 2014.

[22] B. Houska, J. Frasch, and M. Diehl, “An augmented Lagrangian based
algorithm for distributed nonconvex optimization,” SIAM J. Optim.,
vol. 26, no. 2, pp. 1101-1127, 2016.

[23] A. Engelmann, Y. Jiang, T. Miihlpfordt, B. Houska, and T. Faulwasser,
“Toward distributed OPF using ALADIN,” IEEE Trans. Power Syst.,
vol. 34, no. 1, pp. 584-594, 2018.

[24] J. Zhai, X. Dai, Y. Jiang, Y. Xue, V. Hagenmeyer, C. Jones, and X.-
P. Zhang, “Distributed optimal power flow for VSC-MTDC meshed
AC/DC grids using ALADIN,” IEEE Trans. Power Syst., pp. 1-1,
2022.

[8

[t}



[25] R. Bauer, X. Dai, and V. Hagenmeyer, “A shapley value-based dis-
tributed ac opf approach for redispatch congestion cost allocation,” in
14th ACM e-Energy, (Orlando, FL, USA), Association for Computing
Machinery, 2023.

[26] T. Miihlpfordt, X. Dai, A. Engelmann, and V. Hagenmeyer, “Dis-
tributed power flow and distributed optimization—formulation, solu-
tion, and open source implementation,” Sustain. Energy, Grids Netw.,
vol. 26, p. 100471, 2021.

[27] X. Dai, Y. Cai, Y. Jiang, and V. Hagenmeyer, “Rapid scalable dis-
tributed power flow with open-source implementation,” in 9th IFAC
NECSYS, 2022.

[28] C. Berge, Graphs and hypergraphs. North-Holland Pub. Co., 1973.

[29] 1. Papastaikoudis, M. Li, and I. Lestas, “Hypergraph based distributed
quadratic optimization,” in 25th International Symposium on Mathe-
matical Theory of Networks and Systems, 2022.

[30] M. Bolla, “Spectra, euclidean representations and clusterings of hy-
pergraphs,” Discrete Math., vol. 117, no. 1-3, pp. 19-39, 1993.

[31] V. L. Voloshin, Introduction to graph and hypergraph theory. Nova
Science Publishers, 2009.

[32] A. J. Korsak, “On the question of uniqueness of stable load-flow
solutions,” IEEE Trans. Power Appar. Syst., no. 3, pp. 1093-1100,
1972.

[33] D. Mehta, D. K. Molzahn, and K. Turitsyn, “Recent advances in com-
putational methods for the power flow equations,” in 2016 American
Control Conference (ACC), pp. 1753-1765, IEEE, 2016.

[34] H. D. Nguyen and K. S. Turitsyn, “Appearance of multiple stable load
flow solutions under power flow reversal conditions,” in 2014 IEEE
PES General Meeting— Conference & Exposition, pp. 1-5, IEEE,
2014.

[35] H. D. Nguyen and K. Turitsyn, “Voltage multistability and pulse
emergency control for distribution system with power flow reversal,”
IEEE Trans. Smart Grid., vol. 6, no. 6, pp. 2985-2996, 2015.

[36] J. Nocedal and S. Wright, Numerical optimization. Springer Science
& Business Media, 2006.

[37] R. D. Zimmerman, C. E. Murillo-Sanchez, and R. J. Thomas, “Mat-
power: Steady-state operations, planning, and analysis tools for power
systems research and education,” IEEE Trans. Power Syst., vol. 26,
no. 1, pp. 12-19, 2010.

[38] A. Wichter and L. T. Biegler, “On the implementation of an interior-
point filter line-search algorithm for large-scale nonlinear program-
ming,” Math. Program., vol. 106, no. 1, pp. 25-57, 2006.

[39] J. A. Andersson, J. Gillis, G. Horn, J. B. Rawlings, and M. Diehl,
“Casadi: a software framework for nonlinear optimization and optimal
control,” Math. Program. Comput.”, vol. 11, no. 1, pp. 1-36, 2019.

[40] S. Frank and S. Rebennack, “An introduction to optimal power flow:
Theory, formulation, and examples,” IIE transactions, vol. 48, no. 12,
pp. 1172-1197, 2016.

APPENDIX

A. Proof of Proposition

Based on [29], we can prove that the new iterate
(xFH1 2R \E+1) satisfies the condition (I). By
substituting 24) into (23a), we have

AR+ B vk (29)
— -1 —

with M* =T - FE (ETBkE) ETBk. Consequently, we
have

ETA — ETB Mbz = 0. (30)

This satisfies the dual feasibility ZTb). By substituting (23)
into (29), we have

AR+ 377 B G1)

J— — — e\ 1 _ —
with M’~c = BkMk (B]~c and bk = kak —G*. Accord-
ingly, we can rewrite in a condensed form

— N1 s
R — (Bk) (kak gt — )\k+1> 32)
N1 s A
- (Bk> (Bka:’“ gt " bk)
g\ —1 N\ —
- (Bk) (I _)
1\ — 1 _
—(r-m*) (B") ¥
. -1 _
—E (ETB’“E) ETT (33)
and its common value
k+1 Tk ) TR Tk T 7k
z+:(EBE) EBE(EBE) ETS
_ -1 _
- (ETB’“E) ETT = (34)
Thereby, primal feasibility is satisfied by
ah ™ = B M re R (35)

Moreover, the condition (2Ta) is trivially satisfied due
to (32). We have thus established the Theorem [I| by combin-

ing 30 B2) (35).
B. Proof of Theorem

The deviation between the Newton step p and the Gauss-
Newton step p® can be written as

P — pN = (Bk)_l (kaN —|—ka)
_ (Bk)_l (Bk —szk)pN

-1
_ _ ( Bk) Qk pN
As a result, we obtain the following inequality

(36)

P+ = x| < X"+ = x| + 1Y = %
S [Pt = x| +w [ =
where
wy = s gF and wy = L(s® - ¢F +1) 37

with bounded s* = || (B%) ™"|| and ¢* = [|Q*]| = O(Ix* -
x*||)- The locally quadratic convergence rate of Algorithm
can be, thus, established [36].

C. Anonyms

Description

Abbr.
ADMM IAlternating Direction Method of Multipliers
ALADIN|  Augmented Lagrangian based Alternating Direction Inexact

Newton method
APlsl Auxiliary Problem Principlel
HD! hypergraph-based distributed quadratic optimization algorithml

HDSQ hypergraph-based distributed sequential quadratic programmingl
KKT) Karush—Kuhn—Tucker|

ILICQ] linear independence constraint qualiﬁcationl

INL Nonlinear Programming

OCDl Optimality Condition Decompositionl

PH power flow|
distribution system operatorsl
transmission system operatorsl
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