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The phase field method is commonly used for the crack propagation modeling in modern material science, as they allow for an
implicit tracking of the crack surface. However, most of these crack propagation models are for homogeneous materials, and
there exist only a few approaches for heterogeneous systems. Recently, Schöller et al. [1] presented a novel phase-field model
for multiphase materials, e.g. composites, based on multi-crack crack order parameters. Despite the quantitative advantages
of the model, it is based on a simple scheme for the underlying homogenization problem. In this work, a more advanced
homogenization scheme based on mechanical jump condition is applied to the model. Consideration of these jump conditions
yields phase-specific stresses and strains. Therefore, the mechanical driving force for crack propagation can be modeled as
more independent of the elastic properties of other physical regions. Volume elements of a fiber reinforced polymer are used
to demonstrate the limitations of the simple scheme, as well the improvement if considering mechanical jump conditions.
Thereby, the contrast in the crack resistance of the two materials is varied. It is shown that the simple linear interpolation
does not lead to reasonable crack paths for contrary contrasts of elastic modulus and crack resistance. Taking into account the
mechanical jump conditions instead yields still reasonable results. For both the final crack paths and the stress-strain curves
of the system, the novel model is less sensitive to a change in fiber crack resistance. While the result of the simple scheme
depend on the selected fiber crack resistance, although failure of the matrix is expected.

© 2023 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.

1 Introduction

Modern high-performance materials such as fiber-reinforced polymers (FRP) often offer high specific material properties, e.g.
stiffness or fracture toughness. Due to their complex morphology, their material behavior is heterogeneous. Therefore, the
prediction of crack propagation paths in such materials is of great interest as it improves the ability to determine effective
load capacity and develop efficient, safe, and predictable products. Despite various approaches are discussed in literature,
understanding the failure and fracture behavior of heterogeneous materials is still a major challenge in modern engineering.
Although it has been demonstrated that linear elastic fracture mechanics (LEFM) may accurately describe crack propagation in
homogeneous materials in two dimensions [2], a generalized method for modeling complex heterogeneous materials appears to
be challenging and unfeasible. Cohesive zone modeling (CZM), developed by Barenblatt [3] and Dugdale [4], is an alternative
approach that can be incorporated with the finite element method (FEM). More complex fracture paths necessitate complicated
remeshing techniques, since these models demand conforming meshes. In contrast, the generalized finite element method
(GFEM) extends the FEM solution space to handle discontinuous functions [5]. Nevertheless, both CZM and XFEM are
limited in their ability to describe fracture mechanisms, such as crack nucleation or crack branching. The phase-field method
(PFM), which introduces order parameters to enable a smooth transition between subregions, is a different way for handling
singular interfaces. This yields continuous order parameters, often described as phase fields, and allows implicit tracking
of the surface boundary on nonconforming meshes. Therefore, the PFM is widely established to describe the evolution of
microstructures, and various phase-field approaches to brittle fracture have been developed, cf. e.g., [6–8]. A varying crack
surface energy is incorporated into the majority of phase field models that describe fracture propagation in heterogeneous
systems. This is accomplished either through an anisotropic surface energy, e.g. [9], or an interpolation of the surface energy,
e.g. [10–12]. However, as recently discussed by Henry [13] and Schöller et al. [1], these approaches have some limitations
as they can lead to nonphysical fracture behavior. Schöller et al. [1] presented an alternative approach for a phase-field
crack propagation model in heterogeneous materials by introducing multi-crack order parameters (MCOP). This resulted in
an improvement of the ability to describe crack propagation in such complex systems. The objective of the work at hand
is to extend this model by incorporating a more sophisticated scheme for the underlying homogenization problem [14–19].
Therefore, the work of Schneider et al. [18] is applied to the MCOP model. Finally, an exemplary FRP system is used to
demonstrate the limitations of the basic scheme and the advantages of the proposed model, where the homogenization scheme
is based on mechanical jump conditions.
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Fig. 1: Schematic heterogeneous body: The initial body is schematically shown on the left. In the center, the subregions are shown
separately, with sharp crack interfaces. In the right figure, the model is shown with its diffuse crack interfaces in subregions Ωα and Ωβ .
The diffuse solid interface is highlighted in orange. Adapted from [1].
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Fig. 2: Analytical order parameter profile for a solid interface (a) and a crack interface (b), for a corresponding sharp interface at x = 0. In
addition, a jump JψKαβ of an exemplary field ψ is illustrated.

2 Multi crack order parameter phase-field model

For a material body Ω consisting of N subregions Ωα with varying physical properties, e.g. different phases or grains, and
sharp crack surfaces Sα

c , cf. Figure 1, the free energy can be described by

F [u] =
N∑

α

∫

Ωα

fαel (u) dv +
N∑

α

∫

Sα
c

Gα
c da. (1)

With a phase-specific strain energy density fαel and a critical energy release rateGα
c . Based on e.g. the work of Nestler et al. [20]

this material body can also be parametrized by a tuple of order parameters

ϕ =
{
ϕ1, ϕ2, . . . , ϕN

}
, with

N∑

α=1

ϕα = 1. (2)

As each order parameter ϕα ∈ [0, 1] represents the local volume fraction of the corresponding subregion, the latter constraint
has to hold. In this work, these order parameters are used to provide a diffuse interface between different subregions, cf.
Figure 2a. In addition, a second tuple of crack order parameters

ϕc =
{
ϕ1c , ϕ

2
c , . . . , ϕ

N
c

}
, (3)

is introduced to track the local damage to a material point in respect to the volume of the corresponding subregion [1, 21] and
therefore representing the sharp crack surfaces Sα

c . Based on these sets of order parameters, the free energy of a heterogeneous
body is approximated by the functional

F [u,ϕ,ϕc,∇ϕc] =

∫

Ω

(
N∑

α

ϕαh(ϕαc ) f
α
el +

1

2
ϕαGα

c

(
ϵc |∇ϕαc |2 +

1

ϵc
(ϕαc )

2

))
dv, (4)

with a degradation function h(ϕαc ). The resulting diffuse interface from broken (ϕαc = 1) to unbroken material (ϕαc = 0) is
characterized by the length scale parameter ϵc, cf. Figure 2b. In addition, the free energy of a subregion Ωα follows by [1]

Fα[u, ϕαc ,∇ϕαc ] =
∫

Ωα

h(ϕαc ) f
α
el +

1

2
Gα

c

(
ϵc |∇ϕαc |2 +

1

ϵc
(ϕαc )

2

)
dv. (5)
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In contrast to the energy of the whole body there is no interpolation in terms of the order parameters ϕα present, which leads
to a constant crack surface energy density. Following the approach of Kuhn and Müller [22] and Schneider et al. [18] the
minimization of the free energy F results in the balance of linear momentum

∇ ·
(

N∑

α

ϕαh(ϕαc )σ
α

)
= 0, (6)

with the phase-specific stress tensors σα, regarding quasi-static behavior and vanishing body forces. The evolution equations
of the crack order parameters are postulated as Allen-Cahn-type equations based on the minimization of Fα, reading

ϕ̇αc
1

Mα
= Gα

c

(
∆ϕαc − 1

ϵ2c
ϕαc

)
− 1

ϵc

∂h(ϕαc )

∂ϕαc
fαel , ∀α = 1, . . . , N. (7)

A more detailed introduction of the MCOP model, presented in the work at hand, is given by Schöller et al. [1].

3 Mechanical jump conditions

The phase-specific strain energy densities fαel are modeled by hyperelastic potentials. Assuming small deformations

fαel =
1

2
σα · εα, σα = Cα [εα] , (8)

follows, with the phase-specific infinitesimal strain tensor εα and the stiffness tensor Cα. In general, the relation between
phase-specific strains and the total strain tensor

ε =
∑

α

ϕαεα = sym (grad (u)) , (9)

with the displacement vector u, is unknown. Schöller et al. [1] used a Voigt-Taylor homogenization scheme, for which
εα = ε ∀α = 1, . . . , N is assumed. This results in a linear interpolation of the phase-specific stiffnesses. In contrast,
Schneider et al. [18] presented a scheme which accounts for the mechanical jump conditions

JHKαβ = aαβ ⊗ nαβ , JσKαβ nαβ = 0, (10)

with JψKαβ = ψα − ψβ ,

which was recently also applied to single-crack order parameter phase-field models by Prajapati et al. [11] and Hansen-
Dörr et al. [12]. Thereby, the first equation resembles a kinematic compatibility, since the deformation gradient H can only
exhibit a jump aαβ in normal direction of the singular surface. In contrast, the balance of linear momentum on a material
singular surface, c.f., e.g., Prahs and Böhlke [23], given by eq. (10)b, prohibits a jump of the stress vector normal to the
singular surface. Regarding a multiphase-field approach, the normal vector nαβ of the singular surface between phase α and
β and the jump of the infinitesimal strain tensor, regarding the diffuse interface context is given by

JεKαβ = sym
(
aαβ ⊗ nαβ

)
, nαβ =

∇ϕα −∇ϕβ
|∇ϕα −∇ϕβ | . (11)

In order to solve the governing equations, the unknown jump vectors aαβ have be to determined. Reformulating the problem
as a system of linear equations allows us to determine an effective stiffness for fixed order parameters [12, 18]. Based on
a staggered approach, the governing equations are solved iteratively with an additional static criterion for crack propagation
[1]. A more detailed introduction to mechanical jump conditions, in the context of a multiphase-field approach, is given by
Schneider et al. [18].

4 Results

In this work, a glass fiber reinforced polymer (FRP) is chosen to schematically demonstrate the advantage of considering
mechanical jump condition compared to the application of the Voigt-Taylor scheme in the context of MCOP. This material
system is motivated by the high contrast regarding the elastic properties of the matrix material, a thermoset, and the glass fiber:
A Young’s modulus ofETS = 3.45GPa, andEGF = 73.0GPa is assumed for the glass fiber, respectively the thermoset. The
Poisson’s ratio of fiber and thermoset are νTS = 0.38 and νGF = 0.22 according to [24, 25]. For simplicity, unidirectional
reinforced volume elements are used. This allows a reduction to a 2D system. A square with a side length of 100 µm and a
volume fraction of 40%, with a fiber radius of 4 µm is chosen. As boundary conditions, the macroscopic strain tensor

ε(t) = ε̄xx(t) ex ⊗ ex, (12)

www.gamm-proceedings.com © 2023 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.

 16177061, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pam

m
.202200039 by K

arlsruher Institution F. T
echnologie, W

iley O
nline L

ibrary on [23/11/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



4 of 6 Section 3: Damage and fracture mechanics

a) Jump, GGF
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c = 2 b) Jump, GGF
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c = 1 c) Jump, GGF
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d) Voigt-Taylor, GGF
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c = 2 e) Voigt-Taylor, GGF
c /GTS

c = 1 f) Voigt-Taylor, GGF
c /GTS

c = 1/2
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Fig. 3: Crack path of 2D unidirectional fiber reinforced volume elements after failure if jump condition are considered (a-c) and a Voigt-
Taylor scheme (d-f). In addition, the ratio of the crack resistances GGF

c /GTS
c is varied.

a) ϕ̃c b) ϕTS
c c) ϕGF

c

0 0.2 0.4 0.6 0.8 1
ϕc

Fig. 4: Detail of the crack path from Figure 3f (Voigt-Taylor,GGF
c /GTS

c = 1/2) for the effective crack order parameter ϕ̃c (a), the thermoset
crack order parameter ϕTS

c (b), and the glass fiber ϕGF
c (c).
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Fig. 5: Macroscopic stress-strain curves of 2D unidirectional fiber reinforced volume elements for a Voigt-Taylor scheme and if jump
condition are considered, with ⟨ψ⟩ = 1

V

∫
Ω
ψdv . In addition, the ratio of the crack resistances GGF

c /GTS
c is varied.

is applied. The function ε̄xx(t) will be increased linearly with time, until the volume element fails completely. While the crack
resistance of the thermoset is kept constant with GTS

c = 100.0 Jm−2, the crack resistance of the glass fiber is varied. Despite
a failure of the fiber is possible under certain circumstances, a failure of the matrix is expected for all ratios used in this work.
With the assumption that the crack surface energy will be minimized and GTS

c > GGF
c , failure of the fiber seems preferential.

But even for such a case, the matrix can exhibit a lower crack resistance in the sense of stress intensity factors. So not only
the crack surface energy, but also the capability to provide this energy, e.g., by a higher Young’s modulus, determines which
material component fails. In Figure 3 the final crack paths, with the effective crack order parameter field

ϕ̃c = ϕTSϕTS
c + ϕGFϕGF

c , (13)

are displayed. Regarding the simulations that account for the jump conditions (a-c), the system exhibits the same crack path
for all variants. From a nucleation of the crack between close fibers due to stress concentration, a matrix-dominated path is
predicted. For the Voigt-Taylor scheme, the two higher ratios (d,e) show the same crack path, even if more fiber damage is
present. For the lowest ratio (f) a completely different path is predicted, with damaged fiber, even far away from the final
failure crack path. In addition, the crack propagates at the inner side of the fiber interfaces, which is in contrast to the expected
behavior. In Figure 4 a detailed section of the Figure 3f is displayed. In addition to the effective crack order parameter field
(a), also the crack order parameters fields of the thermoset (b) and glass fiber (b) are provided. In the latter, it can be observed
that in addition to the matrix material also the fiber exhibit completely failure, which is in contrast to the expected behavior.

The macroscopic stress-strain curves are displayed in Figure 5. Already in the linear regime of the curves, a difference can
be observed: As the Voigt-Taylor scheme describes an upper limit for the elastic energy, it seems reasonable that it exhibits
higher stresses. Since it is only accurate for specific cases, such as a parallel material chain, the difference in stress is in
accordance to theory [18]. As the failure is dominated by the matrix behavior, the influence of the varied crack resistance
of the glass fiber is negligible. However, a small influence during the crack nucleation between two fibers due to the diffuse
interface remains. On the contrary, the failures for the Voigt-Taylor scheme occurs at quite different strains. The assumption
of same strains for fiber and matrix leads to high driving forces and therefore an earlier failure of fiber and matrix, compared
to the case where jump conditions are considered.

5 Conclusion

Schöller et al. [1] proposed a MCOP model for fracture in heterogeneous materials. Despite the improvement in the qualitative
and quantitative prediction of crack paths for such systems, the model has some limitations. Therefore, an extension of this
model was proposed in this work and investigated: Instead of a basic Voigt-Taylor homogenization scheme, the approach is
extended to consider mechanical jump conditions based on Schneider et al. [19]. An exemplary FRP system was introduced
to investigate the behavior of both schemes. Therefore, the crack resistance of the glass fiber was varied. The Voigt-Taylor
homogenization scheme failed to predict reasonable crack paths for contrary contrasts of elastic modulus and crack resistance.
Instead, the fiber failed as well, resulting in different paths. In contrast, when mechanical jump conditions are considered,
the model yields the same final crack path for all crack resistances presented, since the mechanical driving force for crack
propagation is modeled more independently of the elastic properties of other physical domains. Moreover, this behavior could
also observe in the stress-strain curves. While the Voigt-Taylor scheme fails at different loading points, the novel scheme
shows a negligible scatter.

www.gamm-proceedings.com © 2023 The Authors. Proceedings in Applied Mathematics & Mechanics published by Wiley-VCH GmbH.
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6 of 6 Section 3: Damage and fracture mechanics

Based on this work, more extensive simulation studies on the failure mechanism of FRP materials, as well as other complex
systems such as polycrystalline materials, e.g., in hydrothermal environments [26], solid oxide fuel cells among others, can be
conducted. Combined with experimentation, this offers the opportunity to improve a broad range of engineering applications.
Furthermore, the proposed crack phase field model does not include established extensions such as a tension-compression
splitting. In future work, a sophisticated tension-pressure splitting, e.g., [27], could further improve the model. In addition,
incorporating plasticity and solid-state phase-field transitions into the model could allow the study of, for example, fracture
during martensitic phase transformation [28].
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