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Nonlinear optics is essential for many recent photonic technologies. Here, we introduce a novel multi-scale approach to simulate the nonlinear op-
tical response of molecular nanomaterials combining ab initio quantum-chemical and classical Maxwell-scattering computations. In this approach,
the first hyperpolarizability tensor is computed with time-dependent density-functional theory and incorporated into a multi-scattering formalism that
considers the optical interaction between neighboring molecules. Such incorporation is achieved by a novel object: the Hyper-Transition(T)-matrix.
With this object at hand, the nonlinear optical response from single molecules and also from entire photonic devices can be computed, including the
full tensorial and dispersive nature of the optical response of the molecules, as well as the optical interaction between different molecules as, for ex-
ample, in the lattice of a molecular crystal. To demonstrate the applicability of our novel approach, the generation of a second-harmonic signal from
a thin film of an Urea molecular crystal is computed and compared to more traditional simulations. Furthermore, an optical cavity is designed, which
enhances the second-harmonic response of the molecular film up to more than two orders of magnitude. Our approach is highly versatile and accurate
and can be the working horse for the future exploration of nonlinear photonic molecular materials in structured photonic environments.

1 Introduction and summary

Nonlinear optics is vital in a large range of today’s photonic technologies, and the necessary materials are a key
aspect of these developments. Applications of nonlinear optics range from solitons and Kerr frequency comb
generation for high-speed data transmission using materials such as MgF2 and Si3N4 [1–3], over electro-optic
modulators based on materials such as Lithium Niobate [4], optoelectronic signal processing in wireless THz
networks [5], and high-precision frequency metrology [6, 7] to direct-write 3D laser lithography [8]. Also, quan-
tum optics information processing and second-harmonic efficiency enhancement that exploit nanostructured
nonlinear materials are of interest [9–11]. A strong second-harmonic generation (SHG) response is also shown
by nanocrystalline silicon nanoparticles [12]. In [13], furthermore, a metasurface is presented that controls SHG
emission via thermal effects.
Already from the beginning of the study of nonlinear optical phenomena, molecular materials have been of par-
ticular interest, and they continue to be crucial [14]. The reason for that is the sheer unprecedented opportunity,
thanks to the large chemical design space, to tailor molecular materials and to lend them with properties on de-
mand. Both the linear and nonlinear optical molecular properties are relevant. These properties should be con-
trolled qualitatively. This is understood here as the symmetries dictating which entries of a tensor, that repre-
sents the anisotropic properties, are non-zero. On the other hand, the properties should be controlled quantita-
tively, i.e., how large the non-zero coefficients are. Nonlinear molecular materials are used for the multiphoton
absorption [15]. Also, organic chromophore-containing polymers whose refractive index can be modified by
light are useful [16]. Other nonlinear molecular materials are surface-anchored metal-organic frameworks for
the second-harmonic generation [17] or metal-assisted chromophores showing two-photon absorption [18].
Information on the actual material parameters required to describe nonlinear optical phenomena in a qualitative
and quantitative sense is scarce. In most cases, designing devices that exploit nonlinear materials and explain-
ing experimental observations can reliably be done by solving Maxwell’s equations equipped with nonlinear
constitutive relations. Here, the materials are described at the macroscopic level using a nonlinear susceptibil-
ity [19]. Sometimes, it suffices to estimate the nonlinear susceptibility on phenomenological grounds. Alterna-
tively, it can also be measured and retrieved experimentally [20–22]. However, here, we encounter limitations.
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The full tensorial nature is hard to capture, and in most cases, the properties are retrieved only at some discrete
wavelengths, and their dispersion remains elusive. Therefore, computational approaches are required to make
the nonlinear optical material properties available. While for crystalline solid-state materials that information
is available by now, a comparable development for molecular materials is much more in its infancy. Especially
when it comes to nonlinear molecular materials, a reliable description is urgently needed since the vast design
space does not permit a systematic experimental characterization in a reasonable amount of time. Instead, explo-
rations in silico are urgently needed (a) to provide reliable and complete quantitative and qualitative information
on the nonlinear properties, (b) to systematically assess and compare different possible molecular materials, and
(c) to ultimately enable the accurate study of functional photonic devices made from these nonlinear photonic
molecular materials.
The second-order nonlinear susceptibility of molecular crystals such as Urea has been calculated with ab initio
methods such as density-functional theory and Hartree-Fock theory, see [23–30], for instance. In such an ap-
proach, the nonlinear susceptibility, a macroscopic quantity, can be computed from the first-order hyperpolar-
izability tensor, a microscopic quantity [31]. One severe drawback of such an approach is, however, that besides
approximations concerning the interaction between neighboring molecules, one assumes that the macroscopic
material is infinitely extended in all three dimensions. A two-dimensional lattice of molecular unit cells repre-
senting a layer of a crystalline molecular film can, therefore, not be simulated with such an approach. This is
especially important when considering surface nonlinear effects, for which the SHG signal originates from the
top and bottom layer of a molecular film but not from the bulk. In this context, any homogenization approach to
compute a second-order nonlinear susceptibility is unsuitable.
To predict the nonlinear response of a nanomaterial of a macroscopic molecular structure, a multi-scale ansatz
is required to connect all length scales. With our methodology, the evolution of the nonlinear signal can be re-
liably observed and predicted by adding single layers of the molecular material. The suitable point of departure
for such a multi-scale ansatz are also quantum-chemical simulations that capture the properties of the molecules.
This microscopic molecular information must then be connected to the macroscopic nonlinear optical response
of the device made from these nonlinear molecular materials.
In this contribution, we introduce such a multi-scale ansatz. Our ansatz starts with calculating the hyperpolariz-
ability of an individual molecule, which we do using time-dependent density functional theory. Then, the out-
come from these quantum chemical simulations needs to be converted into a representation that can flexibly be
used and is versatile in the optical modeling part. When considering the linear response, the transition (T-) ma-
trix of a localized object, typically called a scatterer, is a comprehensive representation of its optical response
to an incident electromagnetic wave [32]. For molecules, their T-matrix can be computed from its polarizabil-
ity tensor [33]. Based on this T-matrix, the linear response of molecular structures in photonic devices can be
obtained [34, 35]. In here, we introduce a novel object called the Hyper-T-matrix to express the nonlinear opti-
cal response of an individual molecule. The Hyper-T-matrix can be computed from the hyperpolarizability of a
molecular scatterer. We then continue to describe the nonlinear optical response of a molecular crystalline ma-
terial. The molecules continue to be described at an individual level using the Hyper-T-matrix, and the optical
response from the entire materials is described in a multiple scattering framework accounting for the crystalline
lattice.
Compared to more traditional approaches that exploit effective medium properties, there are several advantages
of our presented method that continues to treat each molecule as a nonlinear optical scatterer. First, the scatter-
ing properties of the nonlinear molecule used to calculate the response of the macroscopic structure are com-
puted ab initio. We concentrate here on second-order nonlinear properties, but higher-order nonlinearities can be
considered as well. The nonlinear response is not estimated on phenomenological grounds, and approximations
used to calculate effective quantities such as the nonlinear susceptibility, e.g., that neglect the optical interac-
tions between molecules forming the material, are neither necessary nor applied. Analogously to the multi-scale
ansatz for the linear response of molecular structures, these aspects render the presented approach very useful to
compare the simulated nonlinear response of the macroscopic structure to experimentally measured spectra. We
emphasize that while currently the nonlinear optical response at only a few wavelengths can be experimentally
studied, due to the constraints on available lasers for nonlinear optics, and the full tensorial details of the non-
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linear response are barely retrieved, our multi-scale ansatz enables the theoretical analysis of a spectral range,
which might be addressable by future laser sources, and it offers full tensorial information. Moreover, our ap-
proach applies to cases where the description of the material on the base of a bulk susceptibility is questionable,
e.g., in molecular monolayers. The approach that we present can be used for various intriguing investigations.
In a very recent study, the method has already been applied to disclose the origin of the surface SHG signal of
molecular films and its quantification [36]. In that study, every layer is described by a different second-order
nonlinearity, which can be simulated with the presented approach but not with an approach based on homoge-
nization. The first hyperpolarizability of each layer can be calculated by embedding the quantum region within
the field of partial charges, simulating the effects of the interface between the molecular film and the surround-
ing.
The article is structured as follows. Section 2 introduces the Hyper-T-matrix, its computation from the hyperpo-
larizability, and how it is used to calculate the SHG response of layers of periodically arranged molecules and
stacks thereof, which would form an entire material. Section 3 exemplifies the application of our computational
framework. We study the nonlinear optical response of a prototypical second-order nonlinear molecular mate-
rial, Urea, and compare predictions to the response calculated with a finite-element method-based solver that
considers the material at the level of an effective medium. Furthermore, as an example of a complete photonic
device, we study the SHG response of a film of the Urea molecular crystal placed inside a planar metallic cavity.
Here, the SHG signal is considerably enhanced due to simultaneous cavity resonances at the fundamental and
the SHG frequency. Section 4 concludes our work and provides an outlook.

2 Second harmonic response of a molecular nanomaterial based on its Hyper-T-matrix

The T-matrix of a scattering object relates the multipolar field coefficients of an incident field to the coefficients
of a scattered field [32]. The fundamentals of the T-matrix formalism are explained in the first section of the SI.
In a nutshell, it is a versatile framework to predict the optical response from photonic nanomaterials made from
discrete objects. In its original setting, the T-matrix was developed for describing linear light-matter interactions.
In [37, 38], the T-matrix formalism has also been extended to calculate the second-harmonic generation (SHG)
of finite clusters of spheres and finite clusters of arbitrarily shaped objects made from materials characterized by
a second-order nonlinearity. In these cases, the material properties were described using a second-order suscepti-
bility.
In this article, we present how to compute the nonlinear optical response of a macroscopic device containing
molecular crystals based on ab initio quantum-chemical methods. In this context, the quantum-chemical results
are directly used to compute the linear and nonlinear scattering response of the individual molecules. The non-
linear optical response from an entire device can then be calculated using the general T-matrix formalism. We
stress that the medium will not be described by a macroscopic bulk nonlinear susceptibility that, except from
indirect measurements, can only be computed with approximations or even estimated with phenomenological
approaches.
In [33], the relation between the polarizability tensor calculated with quantum-chemical methods and the T-matrix
is derived to compute the linear optical response of molecules. In the following, we derive analogously the rela-
tion between the hyperpolarizability tensor and a new quantity, which we call the Hyper-T-matrix. It relates the
multipolar expansion coefficients of two incident electric fields at the fundamental frequency to the multipolar
expansion coefficients of the scattered electric field at the SHG frequency.
The first or quadratic hyperpolarizability tensor is an object describing the induced dipole moment of a molecule
due to an external electric field based on second-order nonlinear effects, see [17,23,39,40] for instance. For SHG
processes, two photons of one or two beams with electric fields E1(ω) and E2(ω) and with the same fundamen-
tal frequency ω , generate a single photon with twice the frequency Ω = 2ω upon interaction with the molecule.
A component of the induced electric dipole moment p of the molecule reads

pi(Ω) =
1
2 ∑

j,k
βi jk(−Ω;ω,ω)E1 j(ω)E2k(ω). (1)
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Here, β (−Ω;ω,ω) is the first hyperpolarizability in the Cartesian basis describing the SHG process. Even though
we consider in this article for simplicity the SHG process, one can extend the approach to other second-order
nonlinear processes or to higher nonlinear processes such as third-order processes. The latter would require knowl-
edge of the cubic hyperpolarizability γi jkl [23, 40]. Further, note that we concentrate on processes where only
electric fields are important and do not induce any magnetic dipole moments.
Equivalently to Equation (S11) from [33],cω

1−1
cω

10
cω

11

=
ch(ω)Zh(ω)(kh (ω))3

√
6π

p(ω), (2)

we relate the dipolar expansion coefficients cΩ of the scattered electric field at the SHG frequency Ω to the dipole
moment of the scatterer in the spherical basis viacΩ

1−1
cΩ

10
cΩ

11

=
ch(Ω)Zh(Ω)(kh (Ω))3

√
6π

p(Ω), (3)

where ch(Ω) = 1/
√

εh(Ω)µh(Ω) is the speed of light in the surrounding achiral medium,
Zh(Ω) =

√
µh(Ω)/εh(Ω) its wave impedance, and kh(Ω) = Ω

√
εh(Ω)µh(Ω) its wave number. εh(Ω) is the per-

mittivity and µh(Ω) is the permeability of the surrounding host medium. These quantities are related to the SHG
frequency Ω. In Equation (2), the respective quantities are related to the fundamental frequency ω .
From Equation (1), the relation between the electric dipole moment and the hyperpolarizability is known. We
now define the Hyper-T-Matrix THyper(−Ω;ω,ω) in the spherical vector basis such that

cΩ
1m = ∑

r,s
THyper

mrs (−Ω;ω,ω)a1r(ω)a2s(ω), (4)

where a1r(ω) and a2s(ω) are the multipolar expansion coefficients of the incident electric fields E1(ω) and E2(ω).
Note that the Hyper-T-Matrix THyper(−Ω;ω,ω) is a third-rank tensor, like the first hyperpolarizability and the
second-order nonlinear susceptibility.
With Equation (S9) from [33],

E1,2(ω) = i

√
2

12π

1

∑
r=−1

a1,2;r(ω)êr, (5)

one derives

a1,2;r,s(ω) =−i

√
12π

2
ê†

r,s ·E1,2(ω), (6)

where êr,s is a spherical basis vector and † denotes complex conjugation and transposition. r,s are angular mo-
mentum indices. Using Equation (6), one can replace the multipolar expansion coefficients a1,2;r,s in Equation (4)
by the electric fields of the incident beams. Inserting the result into cΩ

1m on the left-hand side of Equation (3),
and replacing p(Ω) on the right-hand side of Equation (3) by the expression given in Equation (1), one can cal-
culate the Hyper-T-matrix from the hyperpolarizability. The determining equation reads

−6πC−1
∑

m,r,s
êmTHyper

mrs (−Ω;ω,ω)ê†
r ·E1(ω)ê†

s ·E2(ω)

=
ch(Ω)Zh(Ω)(kh (Ω))3

2
√

6π
∑
i, j,k

êiβi jk(−Ω;ω,ω)E1 j(ω)E2k(ω),
(7)

where êi is a unit vector in the Cartesian basis. C−1 is a matrix transforming the vector from the spherical to the
Cartesian basis [33]. Equation (7) is solved for the Hyper-T-matrix in the spherical basis, knowing the first hy-
perpolarizability in the Cartesian basis. Note that while solving Equation (7), the electric fields cancel out so that
the Hyper-T-matrix does not depend on the incident fields.

4

 15214095, ja, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

a.202311405 by K
arlsruher Institution F. T

echnologie, W
iley O

nline L
ibrary on [29/11/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



With the Hyper-T-Matrix of a molecule at hand, the nonlinear optical response of more complex molecular ma-
terials can be studied. Besides investigating the response from individual molecules, we could study the response
from an ensemble of molecules by solving the multiple-scattering problem. Moreover, crystalline molecular ma-
terials can be easily treated. For example, reflection and transmission from a crystalline layer, i.e., a periodic ar-
rangement of molecules within one plane, can be explored. In such a formalism, substrate, cladding, and con-
ventional optical layers, either homogeneous or nanostructured, can be considered. Also, stacking individual
layers allows us to describe layers of a bulk crystalline material. For linear optical effects such as the absorp-
tion and circular dichroism of metallic cavities filled with molecular films or metasurfaces made from molecular
structures, we have presented simulations and experimental results in [34, 35].
Here, we strive to describe the response of crystalline layers of molecular materials integrated into a stratified
architecture as an example. In such a situation, first, the linear optical problems at the incident fundamental elec-
tric fields E1(ω) and E2(ω) are solved with the in-house developed code mpGMM [41]. An extended program
suite for linear T-matrix calculations is treams [42]. Solving the linear optical problems, for every two-dimensional
lattice of molecules the fundamental electric fields incident on a scatterer in that specific lattice resulting from
the fundamental scattering are computed. In the second step, those fields are used to compute the nonlinear op-
tical scattering from one unit cell with Equation (4). In this regard, we use the undepleted pump approximation,
which assumes that the fundamental wave is not influenced by the SHG processes.
With Equation (4) from the Supporting Information, the multipolar coefficients of the SHG scattered electric
field of a molecular lattice

cΩ
tot =

(
1−T(Ω,Ω) ∑

R 6=0
C(3)(−R)eik‖(Ω)R

)−1

cΩ (8)

are computed. C(3)(−R) is a matrix of translation coefficients of vector spherical waves. T(Ω,Ω) is the (lin-
ear) T-matrix at the SHG frequency. k‖(Ω) is the component of the wave vector of the zeroth diffraction order
of the scattered SHG field parallel to the two-dimensional lattice. Equation (21) from [41] gives the SHG scat-
tered electric field of the two-dimensional lattice in a plane wave decomposition. Using the Q-matrices defined
in Equations (6)-(9) and (12a,b) of [41] for the fields at the SHG frequency, the SHG fields leaving in the direc-
tion of reflection and transmission of a combined stack of molecular lattices and isotropic linear optical slabs
can be computed. Such a combined stack can be a metallic cavity with a molecular filling medium showing a
nonlinear optical response, for instance. Additionally, the fields originating from every individual lattice can be
calculated, which gives further insights into the optical properties of the macroscopic molecular structure.
The next section demonstrates the usability of the approach by computing the SHG response of a Urea molecu-
lar crystal in free space and when placed inside a metallic cavity.

3 SHG signal of the Urea molecular crystal

In this section, we show the SHG response of a Urea molecular crystal both in free space and in an optical cav-
ity. The setup analyzed in both situations is depicted in Figure 1. For the Urea crystalline film in free space, we
compare the results of the methodology put forward in this article to computations performed with the finite-
element based program suite COMSOL Multiphysics [43]. In these finite-element simulations, the molecular
film is modeled by linear effective material parameters calculated with the homogenization approach from [44]
and by a nonlinear effective susceptibility. The effective second-order susceptibility calculated according to Equa-
tion (1.1) from [39] and Equation (5) from [23]

χ
(2)
i jk (−Ω;ω,ω) =

1
ε0V

fi(Ω) f j(ω) fk(ω)βi jk(−Ω;ω,ω), (9)

assumes that β (−Ω;ω,ω) is the first hyperpolarizability of the crystalline unit cell and that its axes are the same
as the one of the crystal. V is the volume of the unit cell. fi(Ω), f j(ω), and fk(ω) are local field factors given by
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3.1 DFT calculations of the first hyperpolarizabilities of Urea

Equation (6) from [23],

fi(ω) =
(nii(ω))2 +2

3
, (10)

where nii(ω) is the refractive index for a molecular crystal axis i. In [23], it is calculated with Lorentz-Lorenz
theory. We compute it based on the effective permittivity calculated with the homogenization approach presented
in [44], which considers the interaction between different molecules forming the lattice. The effective relative
permeability is close to one across the entire frequency range, i.e., that dispersion can be neglected. Note that
for the computation of χ(−Ω;ω,ω), similar to [23], we neglect the imaginary part of the refractive index as the
absorption of Urea is tiny in this frequency range. In Equation (9), the interaction between different unit cells in
the nonlinear regime is neglected. Note that, in contrast, the methodology described in Section 2 accounts for all
interactions. The nonlinear polarization resulting from this second-order susceptibility is given by

Pi(Ω) =
1
2

ε0 ∑
j,k

χ
(2)
i jk (−Ω;ω,ω)E1 j(ω)E2k(ω), (11)

see Equation (4) from [23], for instance. Equation (11) can be directly considered in COMSOL to compute the
SHG response of a film consisting of an effective medium with a specific thickness.
For the computation of the Hyper-T-matrix and the effective second-order susceptibility, the first hyperpolariz-
ability is required.

3.1 DFT calculations of the first hyperpolarizabilities of Urea

We follow the same workflow as described in [34], except that in addition to the polarizability, the first electric-
electric hyperpolarizability β is computed with time-dependent density functional theory (TD-DFT) and used to

Figure 1: (a) Thin film of the Urea molecular crystal. The thin film is illuminated from below with plane waves of different
polarizations and angles of incidence. In the chosen coordinate system, the incident field propagates into the positive z-direction. (b)
Cavity of silver mirrors filled by a thin film of the Urea molecular crystal. The lower mirror has a thickness of 10 nm, the upper mirror
has a thickness of 30 nm. The cavity is equally illuminated from below with a plane wave linearly polarized in x-direction under
normal incidence. The amplitudes of the emanating SHG plane waves propagating into the positive and negative z-direction for both
setups are simulated. The images are not to scale, and a reduced number of molecular layers is shown.
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3.1 DFT calculations of the first hyperpolarizabilities of Urea

obtain the Hyper-T-matrix. From the Hyper-T-matrix, the nonlinear response of a photonic device is calculated.
Out of the first hyperpolarizability, the Hyper-T-matrix is computed as described above.
We start by defining the finite-size atomistic model of the crystalline Urea material. Here, we consider the T-
matrix and Hyper-T-matrix of a unit cell of the molecular crystal consisting of a larger number of molecules
rather than the T-matrix and Hyper-T-matrix of a single molecule. This is to sufficiently incorporate the elec-
tronic interaction between the molecules in the TD-DFT simulations, which will modify the optical response as
well. We continue to speak of it as the molecular unit cell. Our chosen model consists of 2x2x2 unit cells ex-
tracted from the crystallographic information framework (CIF) published by Guth et al. [45] as presented in
Figure 2(a) and (b). The above described size of the model was chosen based on the size dependence studies
of the first hyperpolarizabilities from TD-DFT. Four models were considered, with one, eight, 27, and 64 unit
cells of Urea having two, 16, 54, and 128 molecules, respectively. The smallest model, which contains only two
molecules, underestimates the first hyperpolarizabilities, as presented in Figure S3. The difference between the
calculated first hyperpolarizability value β xyz of the chosen model containing 16 molecules compared to the
model with 54 molecules is ~15.3 %. The chosen model and the largest model have a difference of ~23 % in the
calculated xyz component of the first hyperpolarizability tensor at 1064 nm at the level of DFT. Since the calcu-
lation of the damped first hyperpolarizability tensor for the chosen model built of 2x2x2 unit cells stacked in x-,
y-, and z-direction is 17 times faster compared to the 3x3x3 model with 54 molecules and 155 times faster com-
pared to the largest model, we opted for that model for the sake of computational efficiency. For all calculations
presented in this work, the hybrid B3LYP exchange-correlation functional [46, 47] in combination with the def2-
TZVP basis set [48, 49] was used. The influence of different DFT functionals and the inclusion of additional dif-
fuse functions in the basis set were considered, as presented in Tables S1-S3 and Figure S1. From the compiled
data, we concluded that the chosen combination reproduces the values of the first hyperpolarizabilities of the
Urea crystalline material consistently close to measured values, as discussed further in the manuscript. Although
the hybrid PBE0 functional [50] performs overall the best compared to the precise RI-CC2 simulation [51] of
the selected lowest excited states of the single Urea molecule (Table S1, Figure S1), it produces first hyperpo-
larizabilities very close to the B3LYP calculated β values (Table S3). Here, we focused on the spectral range
around 1064 ± 100 nm, much lower in energy than any resonant electronic transition in the Urea molecules,
where only the far-distant tail of broadening of high-energy excitations exist, giving us confidence in the se-
lected DFT functional. Furthermore, we observe that in the case of Urea, both range-separated (CAM-B3LYP
[52]) or long-range corrected (LC-BLYP [53]) DFT functionals and additional diffuse functions in the basis set
consistently overestimate the absolute values of the first hyperpolarizability tensor components. This can be
explained by the fact that both options are important to correctly account for long-range processes and interac-
tions between the molecules, such as charge-transfer upon excitation or π-π electron interactions in J-aggregates
which are not exhibited within the Urea crystalline material, thus not appropriate for this specific material.
Upon converging the ground state electron density, the one-photon absorption (OPA) spectrum was constructed
from calculated 200 lowest energy discrete transitions using the standard TD-DFT approach. The discrete elec-
tronic transitions (black vertical lines) together with its Lorentzian line-shape convoluted spectrum (violet) is
visualized in Figure 2(c). It demonstrates that Urea absorbs intensively only well below 300 nm in the UV part
of the electro-magnetic spectrum. Furthermore, the two-photon absorption (TPA) spectrum was simulated (Fig-
ure S2), which confirms almost non-existent cross-sections around 532 nm, the half-wavelength of commonly
used lasers in nonlinear optical studies. This agrees with the known fact that Urea is a strong SHG material [23,
54]. Additionally, we observe that it does not exhibit TPA for those wavelengths.
To perform multi-scale simulations of the linear and, especially here, nonlinear response of the Urea material
and a cavity device built thereof, we need to calculate the dynamic polarizability and hyperpolarizability ten-
sors with TD-DFT. Figure 2(d) presents the simulated OPA cross-section of the selected parts of the electronic
absorption based on the obtained polarizabilities. The spectral window for which the polarizabilities were calcu-
lated covers ±100 nm around the excitation wavelength of the laser at 1064 nm, typically reported in Urea SHG
experimental studies, as well as the spectral region which covers the second harmonic, i.e., 482-582 nm. In the
infra-red part of the spectrum, the dynamic polarizabilities were calculated at a discretization of 2 nm. In the vis-
ible part, the discretization was 1 nm. The two parts of the spectrum (blue and red) in Figure 2(d) represent the

7

 15214095, ja, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/adm

a.202311405 by K
arlsruher Institution F. T

echnologie, W
iley O

nline L
ibrary on [29/11/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



3.1 DFT calculations of the first hyperpolarizabilities of Urea

same long-range tail of the Lorentzian line-shape of the high-energy electronic transitions below 300 nm. There
are no resonances in these spectral windows.

Figure 2: (a) Side-view of the finite-size molecular model of crystalline Urea used in TD-DFT calculations. White, gray, blue, and red
spheres represent hydrogen, carbon, nitrogen and oxygen atoms, respectively. (b) Top-view of the same model. (c) One-photon
absorption (OPA) spectrum of the molecular model calculated from broadened discrete electronic transitions (violet). (d) The OPA
cross-section in atomic units is calculated from dynamic polarizabilities for the selected spectral ranges. The shape represents the tail
of the Lorentzian-shape broadening function of high-energy electronic transitions below 300 nm.

We now present calculations of the electric-electric hyperpolarizabilities using the TD-DFT method. To perform
those calculations and construct Hyper-T-matrices for the multi-scale approach, we extended the existing im-
plementation of the calculation of the real first hyperpolarizabilities in the development version of the TURBO-
MOLE electronic structure package [55] to complex frequencies. Again, the same spectral range with the same
wavelength step around 1064 nm was set. Figure 3(a) plots the dominating components of the calculated first
electric-electric hyperpolarizability tensor β . In that spectral range of interest, the absolute value of β reduces
only marginally with the increase in the wavelength. A graphical visualization of the absolute value of the ele-
ments of the hyperpolarizability tensor at 1064 nm is presented in Figure 3(b) and of the Hyper-T-matrix in (c),
being contracted to the respective first entry. Note that the matrices are defined in different bases, namely the
Cartesian and the spherical basis, respectively. We observe that both matrices are highly anisotropic. The pre-
sented approach takes this anisotropy entirely into account. After the successful construction of the T-matrices
and Hyper-T-matrices of the Urea crystalline material from quantum chemistry calculations, we proceed with
our multi-scale simulations of the thin film of Urea and of an optical cavity filled with the thin film of the same
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3.2 Thin film in vacuum

material.

Figure 3: (a) Real part of the first hyperpolarizabilities in SI units for the molecular model of Urea calculated by TD-DFT. (b)
Contracted first hyperpolarizability tensor in the Cartesian basis and (c) Hyper-T-matrix in the spherical basis. As they are defined in
different basis, the images differ. Both matrices are highly anisotropic and evaluated for a fundamental wavelength of 1064 nm.

3.2 Thin film in vacuum

In this subsection, we show the SHG response of a thin film of 100 layers of two-dimensional lattices consisting
of a periodic arrangement of the unit cell of Urea. This corresponds to a molecular thin film with a thickness of
94 nm. The considered thin film of the Urea molecular crystal is conceptionally shown in Figure 1(a).
The response is compared to results obtained with COMSOL. In the COMSOL simulation, the material is de-
scribed using an effective permittivity and an effective second-order susceptibility. For the calculation of the ef-
fective permittivity, the approach discussed in [44] is used. The second-order susceptibility is computed with
Equation (9). The diagonal entries of the effective permittivity tensor are depicted in Figure 4(a). We observe
that the material is characterized by weak dispersion and absorption. This is because the considered wavelength
range is small and far off any resonances.
Figure 4(b) shows selected entries of the effective second-order susceptibility used for the COMSOL simula-
tions. These values can be directly compared to experimental values published in the literature [23, 56, 57]. In
Figure S5 in the Supporting Information, the comparison between values obtained with the effective medium
theory, experimentally measured values, and a value retrieved from spectra computed with our multi-scale ap-
proach is shown. The relative difference in |dRef

14 | = 1/2
∣∣χ(2),Ref

132

∣∣ = 1.2− 1.4pmV−1 is 21-41 % at the funda-
mental wavelength of 1064 nm corresponding to a SHG wave at 532 nm. The discrepancies in comparison to the
experimental values can be due to inaccuracies in the DFT simulations and due to the refractive index, which en-
ters the nonlinear susceptibility in Equation (9). The latter aspect is related to the fact that in the homogenization
approach to obtain the refractive index, a perfect crystalline arrangement of the molecules is assumed in which
linear optical lattice interactions can occur. On the other hand, Equation (9) neglects the nonlinear optical inter-
action between the molecules. These effects may occur in an experimental setup differently.
This study serves the purpose of comparing our approach, which continues to treat the molecules as discrete
nonlinear scatterers, to a traditional approach where the material is treated as a bulk medium characterized by
macroscopic material parameters.
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3.2 Thin film in vacuum

Figure 4: (a) Diagonal entries of the effective permittivity and (b) selected entries of the effective second-order susceptibility of the
Urea molecular crystal. The lower x-axis refers to the wavelength of the incident fundamental fields denoted by "Fund" in (a), the
upper x-axis refers to the wavelength of the SHG field denoted by "SHG". Both quantities are weakly dispersive and absorptive.

In Figure 5(a)-(c), the amplitudes of the up- (in positive z-direction) and downwards (in negative z-direction)
propagating SHG plane waves are shown for both incident plane waves being normally incident and TM polar-
ized (a), one being TM- and the other one being TE-polarized (b), and one being TM-polarized having an an-
gle of incidence of 60◦ and one being TE-polarized having an angle of incidence of −25◦ in the yz-plane (c), re-
spectively. At normal incidence, TM-polarization corresponds to a polarization along the x-axis, and TE-polarization
corresponds to a polarization along the y-axis. For oblique incidence, the fields are rotated accordingly.
We observe a fairly good match between the results obtained with the presented approach based on the Hyper-T-
matrix (solid lines) and with the finite-element-based computation using the effective second-order susceptibility
tensor (dashed line). The maximum relative difference is 16.86 %. Discrepancies between the results can be re-
lated to two aspects. First, Equation (9) for the second-order susceptibility used in COMSOL neglects the opti-
cal interaction between different unit cells. Second, the smallest circumscribing sphere of neighboring unit cells
overlaps to some extent, particularly in the z-direction. As the T-matrix-based computation of the interaction be-
tween different scatterers assumes that those so-called Rayleigh spheres do not overlap [58–60], the interaction
between the molecular unit cells cannot be computed as accurate as for non-penetrating circumscribing spheres.
The overlap in the z-direction, which is worse than the overlaps in x- and y-direction only affects the homoge-
nization approach, where the interaction between the scatterers is evaluated with vector spherical waves in all
three dimensions. For the multi-scale approach presented here, the interaction in z-direction is evaluated with a
plane wave expansion which does not suffer from the Rayleigh sphere overlap. This clearly indicates some ad-
vantages and disadvantages of each of the methods.
For the spectra in Figure 5(d), we artificially double the lattice constants. This decreases (a) the optical inter-
action between the unit cells and (b) their Rayleigh spheres do not overlap anymore. In this case, the match be-
tween both results is excellent, clearly indicating the agreement between both approaches when their respective
assumptions are met.
With these results, we demonstrate that the approach based on the Hyper-T-matrix can be used to compute the
SHG response of a molecular film for different polarizations and angles of incidence of illuminating plane waves.
This is especially important if a material is anisotropic and highly dispersive. A second aspect is that we do not
only compute the response for a specific wavelength of a specific excitation laser but for an extended spectral
domain. This enables the computation of the SHG response in wavelength ranges that are not accessible by nowa-
days lasers but possibly by future light sources.
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3.3 Optical cavity filled with thin film

Figure 5: Amplitudes of the SHG plane wave generated at a film of 100 layers of a Urea molecular crystal in vacuum, propagating up-
and downwards. The thin film has been illuminated by two TM-polarized plane waves at normal incidence in (a), by a normal incident
TM-polarized plane wave and a normal incident TE-polarized plane wave in (b), and by a TM-polarized plane wave with an angle of
incidence of 60◦ and a TE-polarized plane wave with an angle of incidence of −25◦ in the yz-plane in (c). (d) shows the same up- and
downward propagating plane waves when two normally incident TM-polarized plane waves excite a Urea molecular crystal thin film
where the lattice constant was artificially doubled. In all figures, the results for the presented Hyper-T-matrix based approach (solid
lines) and for the finite-element based method using an effective second-order susceptibility tensor are compared (dashed lines). In
(a)-(c), the maximum difference is 16.86 %. The approach where the material is described at the level of effective bulk material
parameter neglects the optical interaction between the molecular unit cells of the crystal. Additionally, the smallest circumscribing
spheres of adjacent unit cells overlap decreasing the accuracy of the T-matrix formalism. When increasing the lattice constants, both
the interaction and the overlap of adjacent unit cells reduce, which causes the excellent agreement of both descriptions in (d).

3.3 Optical cavity filled with thin film

To demonstrate further application aspects of the presented approach, we consider the optical cavity shown in
Figure 1(b). It consists of two silver mirrors separated by a thin film made from the Urea molecular crystal with
variable thickness. The lower mirror has a thickness of 10 nm, the upper mirror has a thickness of 30 nm. The
optical parameters of the mirrors are taken from [61]. We aim to enhance the SHG signal of the molecular film
for a specific design wavelength by cavity modes. The enhancement of SHG signals and other nonlinear opti-
cal signals of various samples by optical cavities has been considered both theoretically and experimentally in
several studies [62–68], as the nonlinear optical signal of natural materials is usually rather small and difficult to
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3.3 Optical cavity filled with thin film

detect.
To understand the modal structure, the linear transmission is initially computed for an illuminating TM-polarized
plane wave at the fundamental and the SHG frequencies, respectively, and for varying thicknesses of the molec-
ular film. In Figure 6(a) and (c), both transmission spectra are shown with the cavity modes computed with an
analytical mode analysis described in [34]. For the latter, the refractive index of the x-axis is used, neglecting the
anisotropy of the film. We observe that every cavity mode at the fundamental frequencies coincides with a cavity
mode at the SHG frequencies. This is because of the marginal dispersion of the molecular material. At the SHG
frequencies, twice the number of cavity modes are present compared to the fundamental frequencies. That be-
havior reflects the fact that in the SHG process, the frequency of the nonlinear field is twice the frequency of the
fundamental field.

Figure 6: Linear transmission of an optical cavity filled with a film of the Urea molecular crystal for a normal incident TM-polarized
plane wave with the fundamental frequency (a) and the same plane wave with the SHG frequency (c). Amplitudes of the generated
SHG plane waves of the filled cavity propagating up- and downwards for a thickness of the film of 478 nm (b) and 665 nm (d). The
thicknesses correspond to the white lines in (a) and (c). For 478 nm, the cavity sustains only a mode at the SHG frequency. For 665 nm
the cavity sustains modes at the fundamental and the SHG frequencies. Clearly, the SHG signal is enhanced in the latter case.

In the second step, the amplitudes of the generated up- and downward propagating SHG plane waves are com-
puted for specific thicknesses of the molecular thin film. We choose for the thickness 478 nm (corresponding
to 509 layers) and 665 nm (708 layers). For the first thickness, the third cavity mode at the SHG wavelength
532 nm is supported, see Figure 6(c). In this case, the cavity does not support a cavity mode at the fundamen-
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tal wavelength of 1064 nm. For the latter thickness of 665 nm, the cavity supports its second-order cavity mode
at the fundamental frequency, see Figure 6(a), and a higher-order cavity mode at the SHG frequency, i.e., it is
double resonant.
In Figure 6(b),(d), the SHG amplitudes and their enhancement compared to the thin film in a vacuum are shown.
We observe that only in the double resonant scenario, the cavity enhances the SHG fields with maxima close to
the design wavelength of 1064 nm. This is because in the case of the single resonant cavity in Figure 6(b), the
field of the illuminating fundamental wave is decreased compared to the case of a thin film in vacuum due to de-
structive interference. In the double resonant scenario, the fields at the fundamental and at the SHG frequency
are enhanced inside the molecular thin-film, which enhances the generated SHG amplitude by 3.11 in the up-
wards and 12.75 in the downwards direction at the design wavelength of 1064 nm of the illuminating fundamen-
tal wave. The arithmetic average of the enhancement of the corresponding intensities weighted by their contribu-
tion to the total intensity is 64.24.
In this subsection, we have shown that our approach can be used to design an optical cavity consisting of metal
mirrors to enhance the SHG response of the molecular material. This is very important, as the SHG signal of
natural materials is usually very difficult to detect.

4 Conclusions and Outlook

We have presented a novel multi-scale approach to compute the nonlinear response of molecular nanomateri-
als in photonic devices. For this purpose, we have introduced an object called the Hyper-T-matrix, which can be
computed from the first hyperpolarizability. The first hyperpolarizability of a molecular unit cell is calculated
with the ab initio method TD-DFT. The Hyper-T-matrix can then be used in optical calculations of the isolated
molecule, or in multiscattering scenarios such as in a molecular crystal film, where the formalism accounts for
the optical interactions between unit cells. We have demonstrated the approach by studying a thin-film made
from the Urea molecular crystal in a vacuum and upon integration into an optical cavity. An enhancement of the
intensity of the SHG signal of 167 in the downwards and of 10 in the upwards direction was achieved by specif-
ically designing the cavity. Our approach allows one to simulate the response of a novel molecular material or
photonic device already beforehand instead of performing demanding experiments.
The formalism can be straightforwardly extended toward other nonlinear processes, such as sum-frequency gen-
eration, for instance, on higher-order nonlinear processes, such as third-order harmonic generation. We foresee
applications on the design of new molecular materials or photonic devices with a tailor-made optical response,
in particular for the enhancement of the notoriously small non-linear signals.
Moreover, with the availability to express the nonlinear optical response of a single molecule in terms of the
Hyper-T-matrix, molecules could be considered in more advanced nanophotonic systems. For example, study-
ing the nonlinear response of individual molecules in nanophotonic cavities made from, e.g., closely touching
spheres or nanoparticles-on-substrates, could be a fascinating research question. Also, it would be very inter-
esting to probe the emergence of a second-order nonlinear response close to interfaces from molecules that are
centro-symmetric in the bulk. All these questions can be tackled with our novel multi-scale modeling ansatz to
treat nonlinear molecular materials.

Supporting Information Supporting Information is available from the Wiley Online Library or from the au-
thors.
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A novel multi-scale approach is presented to simulate the nonlinear optical response of molecular materials. The response of a finite
number of molecules is computed with TD-DFT and translated into a novel object, the Hyper-T-matrix. The Hyper-T-matrix is used to
compute the SHG response of a molecular film and of an optical cavity enhancing the response.
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