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We study the Andreev and normal reflection processes—retro as well as specular—in a bilayer graphene–
superconductor junction where equal and opposite displacement fields are applied for the top and bottom 
layers to induce a band gap. By employing the Dirac-Bogoliubov–de Gennes equation for the gapped bilayer 
graphene–superconductor junction, we calculate the reflection probabilities within the scattering theory ap-
proach. The subgap conductance, calculated in the framework of Blonder-Tinkham-Klapwijk formalism, shows 
the contribution from the Andreev retro reflection (specular reflection) when the applied bias voltage is below 
(above) the Fermi energy. Notably, both retro and specular reflections are modified in the presence of the 
displacement field, and the retro-to-specular crossover gets amplified when the displacement field is relatively 
small. They can be further tuned to either specular or retro Andreev reflection by adjusting the Fermi energy. 
Furthermore, our study reveals the simultaneous existence of double Andreev reflections and double normal 
reflections when the displacement field becomes comparable to the interlayer coupling strength. The existence 
of the normal retro-reflection process in a bilayer graphene–superconductor junction is a finding which shows a 
distinctive feature in the conductance that can be experimentally verified.

I. INTRODUCTION

Andreev reflection (AR) is a scattering process that oc-
curs at a normal-superconductor (NS) junction and is solely
responsible for converting a dissipative normal current into
a dissipationless supercurrent [1,2]. In this process when an
electron from the N side is incident at the junction with ex-
citation energy (ε) less than the superconducting gap (�), it
is reflected back as a hole in a retro-reflection manner and a
charge 2e is transferred on the S side as a Cooper pair [3].
The effect of retro Andreev reflection (RAR) on the current-
voltage relation has been studied in seminal papers of the
so-called BTK theory [4,5]. One consequence of it is the exis-
tence of subgap conductance for bias voltage eV < � which
can attain twice the value of the normal state conductance for
a perfect transparent junction. Experimentally, a direct effect
of RAR has also been observed as a sign change of velocity
upon reflection [6] and zero-bias anomaly [7].

Graphene is an interesting system which has attracted
the attention of the condensed matter community, not only
due to its distinctive transport properties [8–11], owing to
the relativistic linear dispersion and vanishing density of
states at the Dirac points, but also because of a phenomenon
of electron-hole conversion at the graphene-superconductor
junction—specular Andreev reflection (SAR) [12,13]. The
nature of AR at the junction is expected to change from retro
to specular since the Fermi energy (EF ) in graphene is signif-
icantly lower than in the conventional metals. More precisely,
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when the Fermi energy is close to the charge neutrality point
(CNP), EF → 0, the incident electron from the conduction
band (above the CNP) is reflected (in a specular manner) as
a hole from the valence band (below the CNP). This interband
electron-hole conversion phenomenon is known as the SAR.
The study of SAR [12,13] has prompted a surge of interest in
the graphene-superconductor junction, and various theoretical
works have been put forward [14–19]. But the experimental
studies of Andreev processes have been limited so far [20–26],
and observation of SAR in graphene has not been succeeded
yet [27] as the Fermi-energy fluctuation is δEF > �, which
prevents attaining the EF → 0 limit.

In contrast, the bilayer graphene (BLG) is regarded as a
more suitable system compared to the monolayer graphene for
observing the SAR, due to its low δEF fluctuation [28–31].
Indeed, an experiment has been performed [28], and the
measured subgap differential conductance shows a small dip
around the bias eV = EF when EF is tuned below �. This
characteristic feature has been accredited to a crossover from
retro-to-specular Andreev reflection. However, the retro-to-
specular crossover color plots show a very weak consent
between the experiment and theory that are presented in
Figs. 2 and 3(a) in Ref. [28]; see especially the different
colorbar scales used for the experimental and theoretical data
plots. This raises speculation regarding the observation of
SAR in BLG. Moreover, a theoretical study to enhance the
SAR contribution in subgap conductance has been suggested
by introducing a Zeeman field on the normal side of the
bilayer graphene NS junction [32].

In this paper we propose an alternate study to enhance
the retro-to-specular crossover in BLG by applying two dif-
ferent displacement fields. Without loss of generality, we



consider that the generated electrostatic potentials, due to
the displacement fields, are λ for the top layer and −λ for
the bottom layer, which creates a gap ∼2λ in the BLG
band structure when λ � t⊥, where t⊥ is being the interlayer
coupling. Consequently, the subgap differential conductance
across the NS junction vanishes and widens the retro-to-
specular crossover, from a point at bias eV = EF to a whole
range of bias |EF − λ| < eV < |EF + λ| with width 2λ. This
enhancement due to the displacement field would possibly
help to observe the crossover experimentally as the boundary
becomes wider. In addition, we also investigate the reflec-
tion processes and the corresponding differential conductance
when the displacement field becomes large and compara-
ble to the interlayer coupling, i.e., λ � t⊥. Interestingly, in
this regime, four reflection processes exist simultaneously:
specular normal reflection (SNR), retro normal reflection
(RNR), specular Andreev reflection (SAR), and retro normal
reflection (RAR). This occurs due to the partial inversion
of the lower conduction/valence band upon the applied dis-
placement field. The existence of RNR is a finding in the
system of bilayer graphene–superconductor junction which
exhibits a distinctive characteristic feature in the differential
conductance.

The rest of the paper is organized as follows. In Sec. II we
present the effective low-energy Hamiltonian of the gapped
bilayer graphene and the corresponding band structure. The
model and formalism are illustrated in Sec. III, introducing
the Dirac-Bogoliubov–de Gennes (DBdG) equation and the
excitation energy eigenstates for the normal and supercon-
ducting sides of the junction. Section IV provides the results
for the reflection probabilities and normalized conductance.
They are discussed in detail separately for the small and large
displacement fields in Secs. IV A, IV B, and IV C, respec-
tively. Section V concludes the paper.

II. GAPPED BILAYER GRAPHENE

The bilayer graphene comprises two layers of graphene,
wherein are two nonequivalent A1 and B1 carbon atoms in one
layer and A2 and B2 in the other layer. The two layers are
stacked either in A1-A2 or in B1-A2 structure [33,34]. A quan-
tum Monte Carlo simulation suggests that the latter structure
is more stable [35], so we consider the B1-A2 stacking, which
is commonly known as the Bernal stacking [33]; see Fig. 1(i).
Within the tight-binding approximation and considering only
the first nearest-neighbour hopping in each layer and B1-A2

interlayer hopping, the relevant low-energy Hamiltonian can
be deduced in momentum space [36–42], which reads in basis
(ψA1 ψB1 ψA2 ψB2 )T as

H =

⎛
⎜⎜⎝

λ h̄vF k− 0 0
h̄vF k+ λ −t⊥ 0

0 −t⊥ −λ h̄vF k−
0 0 h̄vF k+ −λ

⎞
⎟⎟⎠. (1)

Here k± = kx ± iηky ≡ −i(∂x ± iη∂y) are the wave vectors
that are measured from the corners of 2D hexagonal Brillouin
zone’s Dirac points K (K ′) for different valley η = +(−);
vF � 106 m/s is the Fermi velocity and h̄ is the reduced
Planck’s constant. λ is added to account for the on-site po-
tential (equal in magnitude but opposite in sign for the two

FIG. 1. Bernal-stacked bilayer graphene structure and a
schematic depiction to induce the displacement field are in (i)
and (ii), respectively. In (iii) is shown the low-energy band
structure of bilayer graphene, Eν,± for ν = ± in Eq. (2), with
respect to k. The behavior of conduction bands (E+,±) and valence
bands (E−,±) for the displacement field is shown for (a) λ = 0,
(b) λ = 0.06t⊥, and (c) λ = 0.6t⊥. We observe a band gap opening
and the Mexican-hat-like shape formation in E+,− and E−,− as λ is
increased.

layers), which can be tuned by different displacement fields.
A schematic depiction to induce λ is shown in Fig. 1(ii). The
nonzero λ creates a band gap in BLG band structure, and the
gap can be tuned up to 250 meV [43–49]. We set h̄vF = 1 for
the calculation hereafter.

The eigenvalues of H in Eq. (1) provide valley degenerated
low-energy bands

Eν,± = ν

√√√√
k2 + t2

⊥
2

+ λ2 ±
√(

t2
⊥
2

)2

+ k2(4λ2 + t2
⊥), (2)

where k =
√

k2
x + k2

y and the index ν = +(−) labels the

conduction (valence) bands. In Fig. 1(iii) we plot the con-
duction bands E+,± (solid lines) and the valence bands E−,±
(dashed lines) as a function of k. The nature of BLG disper-
sion is quadratic, unlike the linear dispersion for monolayer
graphene; the former is due to hopping between the lay-
ers, t⊥. In the absence of the displacement field, λ = 0, the
lower conduction band E+,− and the upper valence band
E−,− touch at the zero energy at k = 0 [see in Fig. 1(iii)(a)];
however, the bands E+,+ and E−,+ show a gap of ±t⊥.
When λ is present, we notice a gap opening and a Mexican-
hat-like shape in E+,− and E−,−. The results are shown



in Figs. 1(iii)(b) and 1(iii)(c). Analytical evaluation of the
bands E±,− provides three extremal points kI = 0 and k±

II =
±

√
4λ4+2(λt⊥ )2

4λ2+t2
⊥

, which correspond to energies E±,− = ±λ and

E±,− = ±λt⊥/

√
4λ2 + t2

⊥, respectively. This leads to the band

gaps 2λ at kI and 2λt⊥/

√
4λ2 + t2

⊥ at k±
II . Notably, when λ �

t⊥, the two gaps approximately become equal for kI and k±
II

as can be seen in Fig. 1(iii)(b). In contrast, they are different
when λ is comparable to t⊥, i.e., λ � t⊥; see Fig. 1(iii)(c).
The minimum and maximum of E+,− are, respectively, Emin =
λt⊥/

√
4λ2 + t2

⊥ and Emax = λ.

III. MODEL AND FORMALISM

In order to investigate the scattering processes and the
transport properties, we consider an NS junction on the
gapped BLG sheet formed at x = 0 in the x-y plane and
assume that x < 0 is the region N, while x > 0 occupies the
region S. The superconductivity in the S region can be induced
through the proximity effect by covering an external s-wave
superconducting electrode [12,50]. We employ the Dirac-
Bogoliubov–de Gennes (DBdG) equation [12,51], which cou-
ples an electron with the time-reversed hole excitation wave
functions via the superconducting (SC) pair potential. It reads(

H − EF �(r)
�(r) EF − T HT −1

)(
ue

vh

)
= ε

(
ue

vh

)
, (3)

where ε � 0 is the excitation energy, ue(vh) is the electron
(hole) spinor wave function, and T denotes the time-reversal
operator. We consider the SC gap to be uniform with �(r) =
�
(x), where r = (x, y) and 
(x) is the Heaviside step func-
tion. Also, H = diag(H+,H−) with H± = H± + U (r), where
H± are given in Eq. (1) for the valley η = ± and U (r) =
−U0
(x) is a doping potential in S region. For U0 	 EF , the
Fermi wavelength on the N side is much larger compared to
the S side, which enables �(r) to attain its bulk value �. In
the absence of a magnetic field, the Eq. (3) preserves the time-
reversal symmetry such that T HT −1 = H. However, this
operation interchanges the valley K to K ′ and vice versa. So
we can decouple the Eq. (3) into two sets of eight equations:(

Hη − EF �(r)
�(r) EF − Hη

)(
ue

vh

)
= ε

(
ue

vh

)
. (4)

Notice that the subscript η here serves another purpose; the
DBdG (4) for η = +(−) couples electron excitation from the
valley K (K ′) to hole excitation at the valley K ′(K ).

To find the excitation energy spectrum for Eq. (4) on both
sides of the junction, we follow the similar calculation proce-
dures as given in Ref. [12] and consider a plane-wave solution
(ue vh)T eikxx+ikyy. For the N side, the excitation energies for
electron (e) and hole (h) are

εe
ν,± = Eν,± − EF and εh

ν,± = EF − Eν,±. (5)

Similarly, for the S side, the excitation energies for electron-
like and holelike quasiparticles are

ε
(S,1)
±,± = ±

√
[(U0 + EF ) ± γ1]2 + �2, (6a)

ε
(S,2)
±,± = ±

√
[(U0 + EF ) ± γ2]2 + �2, (6b)

where γi =
√

k2 + t2
⊥
2 + λ2 + (−1)i

√
( t2

⊥
2 )

2 + k2(4λ2 + t2
⊥)

for i = 1, 2.
Since the system is translationally invariant along the y

direction, the transverse momentum ky is conserved during the
scattering process. Therefore, for a given ε and ky, we solve
Eq. (4) on the N side to obtain the state vector and longitudinal
momentum kx. The η-dependent states for electron and hole
are

uη
e (ε, kx ) = 1

Ne

⎛
⎜⎜⎜⎝

−t⊥k−(λ + ε+)

t⊥(λ2 − ε2
+)

[(λ − ε+)2 − k2](λ + ε+)

k+[(λ − ε+)2 − k2]

⎞
⎟⎟⎟⎠, (7)

v
η

h (ε, kx ) = 1

Nh

⎛
⎜⎜⎜⎝

−t⊥k−(λ + ε−)

t⊥(λ2 − ε2
−)

[(λ − ε−)2 − k2](λ + ε−)

k+[(λ − ε−)2 − k2]

⎞
⎟⎟⎟⎠, (8)

where ε± = (EF ± ε), Ne(Nh) is the normalization constant
fulfilling the condition uη

e
†uη

e = 1(vη

h
†
v

η

h = 1), and the corre-
sponding longitudinal momenta for e and h are

±keτ
x = ±

√
ε2+ + λ2 + τe − k2

y , (9)

±khτ
x = ±

√
ε2− + λ2 + τh − k2

y , (10)

with index τ = ± (denoting the number of incident modes)

and e(h) =
√

(4λ2 + t2
⊥)ε2

+(−) − (λt⊥)2. However, for the S

region, finding an explicit analytical expression for the state
vector is a substantially difficult task as the nonzero � couples
ue and vh. Additionally, the matrix size of the DBdG (4) for the
gapped BLG is double compared to the monolayer graphene
[12]. Therefore, the state vector in this region is calculated
numerically, say, uη

S (ε, kx ). Nevertheless, we deduce an
analytical form for longitudinal momenta, {±k(S,1)

x,± ,±k(S,2)
x,± }

with k(S,i)
x,± =

√
�2

i + λ2 − k2
y ±

√
(4λ2 + t2

⊥)�2
i − (λt⊥)2,

where �i = (U0 + EF ) − (−1)i
√

ε2 − �2 for i = 1, 2.
Using these states, we construct the scattering wave

functions for both sides, which consist of Andreev and nor-
mal reflection coefficients and transmission coefficients, and
which are obtained by demanding the continuity of the wave
functions at the junction x = 0. By utilizing these coefficients,
we calculate the Andreev and normal reflections probabilities
and the differential conductance in the framework of Blonder-
Tinkham-Klapwijk (BTK) formalism [4]. See Appendixes A
and C for the technical details for the two regimes λ � t⊥ and
λ � t⊥, respectively.

In Fig. 2 we have schematically shown the possible re-
flection processes involved in both regimes. For the λ � t⊥
regime, Figs. 2(a) and 2(b) show the usual RAR, SAR, and
SNR reflections and the involved excitation energy contours
for electron and hole that participate in the scattering process.
As λ is small, it opens only a band gap ∼2λ [see Fig. 1(iii)(b)]
and shows the usual reflections [28,30]. However, for the
λ � t⊥ regime in Figs. 2(c) and 2(d), four reflections happen
simultaneously: RAR, SAR, SNR, and RNR [52]. The extra



FIG. 2. Schematic depiction of the gapped bilayer graphene–
superconductor junction and the possible reflection processes when
an electron ei (solid arrow with filled green circle) is incident at an
angle α: (a), (b) λ � t⊥ and (c), (d) λ � t⊥. The other solid arrows
and dotted arrows represent, respectively, the electron reflections
and hole reflections. In (b) and (d) the solid and dotted concentric
circles in the kx-ky plane denote isoenergy contours for electron and
hole excitations [see Eq. (5)], and arrows at the horizontal dashed
purple line are the corresponding group velocities. For the incident
electron ei in (a) and (b), the reflected hole is RAR when ε < EF

(dotted blue arrow) and SAR when ε > EF (dotted red arrow). The
electron-hole conversion for RAR is intraband (only the conduction
band); however, SAR is due to the interband conversion (conduction
band to valence band). In contrast, double Andreev reflections (RAR
and SAR) and double normal reflections (RNR and SNR) exist
simultaneously for (c) and (d), and the electron-hole conversion is
always of the intraband type.

RNR process occurs because of the inversion of the lower con-
duction band [see in Fig. 1(iii)(c)] for large λ. This supports
two isoenergy contours for electron excitation εe

+,− and two
for hole excitation εh

+,− when Fermi energy EF is set between
the maximum and minimum of the lower conduction band.
Consequently, the SNR and RNR from εe

+,− and the RAR and
SAR from εh

+,− occur, which are shown in Fig. 2(d).
In the next section, we present the results for the reflection

probabilities and differential conductance at zero temperature
and discuss them in detail. They are calculated by using
Eqs. (A2), (A3), (C2), and (C3). For numerical calculation, we
fix � = 1 and set all energy parameters in units of �. Since
the bulk SC pair potential can be achieved � ∼ 1.2 meV (by
depositing NbSe2 on the BLG sheet [28]) and the interlayer
coupling in BLG is roughly t⊥ ∼ 0.39 eV, we present all
results for t⊥ = 400�, except in Figs. 4(c) and 4(d), 5(b), and
9(c) and 9(d).

IV. RESULTS

A. Small displacement field, λ � t⊥

In this subsection we work in regime (λ, EF , ε,�) � t⊥,
which sets the longitudinal momenta for the τ = − mode ke−

x
and kh−

x imaginary, and consequently the corresponding state

FIG. 3. Heatmap plots for the normal reflection Rη
n,+(ε, α) and

Andreev reflection Rη
a,+(ε, α) at valley η ≡ K, K ′ for (a), (b) λ = 0

and (c)–(f) λ = 0.1�. The other parameters are EF = 0.5� and
U0 = 10�. The horizontal dashed line is at ε = EF where Rη

a,+ van-
ishes and Rη

n,+ becomes 1 when λ = 0, and it widens to the range
(EF − λ) < ε < (EF + λ) of width 2λ when λ �= 0.

vectors in Eqs. (7) and (8) become the evanescent type. So we
consider only the τ = + mode for the incident electron, which
governs the scattering mechanism. The possible reflection
processes are depicted in Figs. 2(a) and 2(b), and the reflection
probabilities and differential conductance formula are given in
Appendix A.

1. Reflection probabilities

We present the normal and Andreev reflection probabili-
ties, Rη

n,+ and Rη
a,+, with respect to the excitation energy ε

and incident angle α. Figure 3 shows Rη
n,+ and Rη

a,+ plots at
valley η = K (K ′) for parameters EF = 0.5� and U0 = 10�.
In Figs. 3(a) and 3(b), we set the displacement field λ = 0,
while we set λ = 0.1� in Figs. 3(c)–3(f). For the excitation
range 0 < ε < 1.5�, the scattering process involves bands
εe
+,−, εh

+,−, and εh
−,− from the N side; however, only band

ε
(S,1)
+,− is involved from the S side. The incident electron al-

ways comes from εe
+,− and the reflected hole belongs to

εh
+,− for 0 < ε < (EF − λ), whereas it comes from εh

−,− for



ε > (EF + λ). When ε > �, the transmitted quasiparticles
(electronlike as well as holelike) belong to ε

(S,1)
+,− .

In Figs. 3(a) and 3(b), RK (K ′ )
n,+ and RK (K ′ )

a,+ are valley degen-
erated and symmetric with respect to α. When 0 < ε < EF ,
at a given ε, the Rη

n,+ is enhanced while Rη
a,+ is weakened

as α increases from 0 to π/2. The Rη
n,+(Rη

a,+) for EF < ε <

� starts approximately equal to 1(0) (see the colorbar of
Fig. 3) at α = 0 and decreases (increases) with α/π � 0.25
and again reaches 1(0) for further increasing. We notice that
Rη

n,+ + Rη
a,+ = 1 as no transmissions are allowed in the sub-

gap (ε < �) region, while it is weakened Rη
n,+ + Rη

a,+ �= 1 in
the ε > � region because the quasiparticle transmission also
happens. When λ = 0.1� in Figs. 3(c)–3(f), both Rη

n,+ and
Rη

a,+ follow similar behavior as in Figs. 3(a) and 3(b), but
they are now slightly asymmetric about α for each valley η =
K, K ′. Changing the valley from K → K ′, this asymmetry
is reversed, RK

n,+(α) = RK ′
n,+(−α) and RK

a,+(α) = RK ′
a,+(−α),

which is a direct consequence of the layer asymmetry as λ

is nonzero. The presence of λ opens a gap ∼2λ at ε = EF

(cyan dashed line) for the incident angle α = 0 as neither
εh
+,− nor εh

−,− is available for the excitation range (EF − λ) <

ε < (EF + λ), and as a result Andreev reflection vanishes
Rη

a,+ = 0 and normal reflection reaches to Rη
n,+ = 1.

2. Differential conductance

Figure 4 shows the normalized conductance G/G0 versus
applied bias voltage ε = eV when λ = 0, which is obtained
by using Eq. (A3). First, we discuss the result in the limit
t⊥ 	 U0 in Figs. 4(a) and 4(b) for t⊥ = 400� and U0 = 10�.
This limit corresponds to the work in Ref. [29], where the
authors calculated the subgap conductance approximately. As
discussed in the previous subsection, the scattering process
always involves εe

+,− for the electron, and εh
+,− for the re-

flected hole when eV < EF (RAR) else εh
−,− when eV > EF

(SAR), whereas ε
(S,1)
+,− accounts for the quasiparticle transmis-

sion when eV > �. In Fig. 4(a) we plot G/G0 for several
fixed EF . For EF < �, it begins with a finite value and starts
decreasing as eV increases and vanishes at eV = EF since no
Andreev reflection happens at any incident angle. On further
increasing eV , it again rises, exhibiting a singularity at eV =
� similar to the ordinary NS junction [4]. The G/G0 becomes
weak when eV > �, due to the quasiparticle transmission.
However, for EF � �, only RAR contributes to the subgap
conductance and reaches G/G0 → 2 for large EF ; see the
curve for EF = 10�. The Fermi energy mismatch at the junc-
tion, due to the finite doping potential U0 = 10�, prevents
achieving the maximum value of G/G0 = 2. In Fig. 4(b) we
show U0-dependent G/G0 at EF = 0.5�. It shows a strong
suppression on increasing U0 as the Fermi energy mismatch at
the junction increases with U0, which reduces the AR, leading
to the suppression. Our results are numerically exact and are
in agreement with the findings in Ref. [29].

Next, we set the parameters t⊥ = 10� and U0 = 400� and
work in the opposite limit t⊥ � U0 to observe the dip in G/G0

near the gap eV ∼ �, which was attributed to the pseudospin-
1 effect in Ref. [30]. Similar to the case in Figs. 4(a) and 4(b),
the scattering process for t⊥ � U0 involves the bands εe

+,−
and εh

+,− (εh
−,−) for the electron and reflected hole, but the

FIG. 4. Normalized conductance G/G0 vs eV/�, calculated
from Eq. (A3), in the absence of displacement field λ = 0. (a) The
G/G0 for several fixed EF in the limit t⊥ 	 U0. (b) The effect of
U0 on G/G0 for EF = 0.5�. (c) In the opposite limit t⊥ � U0, a dip
in G/G0 is observed near the gap eV ∼ � when EF < �. (d) For
EF = 0, the dip near the SC gap moves closer to � as the interlayer
coupling t⊥ increases.

quasiparticles now participate from bands ε
(S,1)
+,− and ε

(S,2)
+,− for

the transmission. Consequently, we observe a dip in the con-
ductance near �; see Figs. 4(c) and 4(d). The G/G0 plots for
EF = 0, 0.5�, and 10� in Fig. 4(c) and for t⊥ = 3� and 10�

in Fig. 4(d) are generated for the same values of parameters
taken in [30]. We obtain exactly the same results for G/G0 as
obtained in Ref. [30]. This shows that our numerical method
for the bilayer graphene–superconductor junction produces
exact results and works in both limits t⊥ 	 U0 and t⊥ � U0.

Now we present the normalized conductance G/G0 behav-
ior in the presence of a displacement field λ. The results are
plotted in Fig. 5(a) for the limit t⊥ 	 U0 and in Fig. 5(b) for
the limit t⊥ � U0. They are shown for different λ at EF =
0.5�. We restrict λ � EF . As can be seen, the G/G0 vanishes
around EF for the bias range (EF − λ) < eV < (EF + λ) at
any finite λ, creating a gap of width ∼2λ (solid lines) along
the applied bias voltage axis. It happens because no Andreev
reflections (neither RAR nor SAR) take place in this range
as both the hole bands εh

+,− and εh
−,− are absent. This strong

modification due to the finite displacement field λ suggests
that we can tune the subgap conductance and amplify the
retro-to-specular crossover, which would possibly help to re-
alize the crossover boundary experimentally [28], since the
crossover boundary becomes wider.
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FIG. 5. Normalized conductance G/G0 with respect to eV/� at
fixed EF for different λ. Panel (a) is for the limit t⊥ 	 U0, whereas
panel (b) corresponds to the limit t⊥ � U0. The G/G0 vanishes for
the bias voltage range (EF − λ) < eV < (EF + λ) with gap width 2λ

and shows a strong modification in the presence of a displacement
field.

B. Large displacement field, λ � t⊥

This section is devoted to studying the transport properties
at the junction in the large displacement field regime, wherein
the band structure illustrated in Fig. 1(iii)(c) participates in the
scattering process. In this regime both the τ = ± modes with
incident electron longitudinal wave vectors ke±

x are present.
The possible reflection processes are schematically shown in
Figs. 2(c) and 2(d). We fix EF comparable to λ, EF � λ, and
set the parameters t⊥ = 400�, EF = 80�, and U0 = 10� for
the calculation. We first calculate the reflection probabilities
at a given λ with respect to α and ε. Using these probabilities,
the conductance is calculated by integrating over α; see the
formulation and technical details in Appendix C. For brevity,
we present the results only for differential conductance and
discuss the key findings (the α-dependent and ε-dependent
reflection probabilities are presented in Appendix C for com-
pleteness).

Figure 6(a) presents the normalized conductance G/G0

versus eV/� for several values of λ taken around EF . The
scattering process involves only the conduction band excita-
tions εe

+,− and εh
+,− for electron and hole, respectively. So

the electron-hole conversion for the Andreev reflections is
always intraband in nature. To better understand the behav-
ior of G/G0, we also plot quantities δmin = EF − Emin and
δmax = Emax − EF with respect to λ in Fig. 6(b), which are
depicted in the bottom panel of Fig. 6(c). The filled and open
circles in Fig. 6(b) are at the selected λ points for which G/G0

FIG. 6. (a) Normalized conductance G/G0, calculated using
Eq. (C3), with eV/� for several λ’s. (b) Variation of δmin = EF −
Emin and δmax = Emax − EF with λ/�. The filled and empty circles
correspond to the points (δmin/�, δmax/�) = (7.33, −2), (5.72, 0),
(5.32,0.5), (4.92,1), (4.13,2), (2.55,4), (1,6), (0.61,6.5), (0.22,7) for
the selected λ’s in (a). The schematic plot of the conduction band in
(c) is shown for the situations when λ < EF (top panel) and λ � EF

(bottom panel).

is plotted. The top panel of Fig. 6(c) shows the situation when
EF lies above Emax in the conduction band, EF > Emax.

For λ = 78�, in Fig. 6(a), only the τ = + mode wave vec-
tors are available for electron and hole excitations for bias 0 <

eV < 1.6�, so the SAR and RNR vanish as the τ = − mode
is absent due to the condition EF > Emax. Therefore, only the
RAR and SNR contribute to the conductance. G/G0 → 2 in
the subgap region remains almost constant because EF 	 �

and provides a similar result as shown in Fig. 4(a) for EF =
10� and behaves as an ordinary NS junction [4]. When λ =
80�(= EF ), the scattering process is still governed by τ = +
mode wave vectors for electron excitation and thus similar
G/G0 behavior, but now both Andreev reflections (RAR and
SAR) exist along with SNR due to the presence of τ = ±
wave vectors for hole excitation. Next, we notice that the
G/G0 starts with a lower value and rises again to the previous
value at the critical bias (eV )c = 0.5� for λ = 80.5� (dotted
green curve, δmax = 0.5�) and (eV )c = � for λ = 81� (dot-



dashed purple curve, δmax = �) because the τ = ± modes
participate for electron and hole in the range 0 < eV < (eV )c.
This leads to the appearance of a unique type of normal
reflection—retro normal reflection (RNR). Correspondingly,
it weakens G/G0 in the region 0 < eV < (eV )c.

In contrast, when λ > (EF + �), both τ = ± modes wave
vectors from εe

+,− are always available for electron excitation,
but depending on the strength of λ the hole excitation εh

+,−
does not always participate in the scattering process for the
whole range of eV . For instance, εh

+,− is always involved at
λ = 82� and 84�, and thus all four reflections contribute.
The further decrease in G/G0 within the subgap region is due
to the presence of RNR along with SNR, whereas the quasi-
particle transmissions are responsible for the decrease in the
eV > � region. However, the hole excitation εh

+,− is absent
when bias voltage exceeds the critical bias (eV )c = �, 0.61�,
and 0.22� for the displacement fields λ = 86� (δmin = �),
λ = 86.5� (δmin = 0.61�), and λ = 87� (δmin = 0.22�), re-
spectively. As a result, the double Andreev reflections SAR
and RAR become zero, and the nonzero double normal re-
flections SNR and RNR cause the zero conductance inside the
gap for (eV )c < eV < �. These results are consistent with the
discussion of the reflection probabilities given in Appendix C.
Overall, we observe that G/G0 clearly shows a distinct fea-
ture which could be experimentally verified by varying the
displacement field close to the Fermi energy of the normal
side.

C. Experimentally feasible results: λ = 0 (in S region)

In the preceding two subsections, we examined the conduc-
tance characteristics in the small and large displacement field
regimes while keeping λ nonzero and equal on both the N and
S sides of the junction. Nevertheless, implementing a nonzero
displacement field on the S side in an experimental setup
would likely pose considerable challenges, if not impossibili-
ties. Therefore, in this subsection we focus on calculating the
conductance in the small and large displacement field regimes
when λ is turned off on the S side; however, it is still applied
on the N side.

In Fig. 7 we show the normalized conductance G/G0 with
respect to eV/� for different values of λ in the regime λ � t⊥.
The other fixed parameters are given in the figure panels and
caption. Notice that the conductance curves in Fig. 7(a) ex-
hibit almost exactly the same result as in Fig. 5(a) even though
λ = 0 in the S region. This happens mainly because the Fermi
energy mismatch at the junction does not change significantly
since λ � U0 as U0 = 10� in the both calculation. In contrast,
this difference is visible when we set U0 = � in Fig. 7(a) as
λ ∼ U0. However, the qualitative behavior is still similar.

Now we present the G/G0 behavior in the large displace-
ment field limit (see Fig. 8) for the same set of parameters
values as in Fig. 6, except here the displacement field λ is
nonzero only on N side, i.e., λN = λ and λS = 0. We see
that the qualitative characteristics of G/G0 is similar to the
Fig. 6(a), but now the subgap conductance has dropped sig-
nificantly as the Fermi-energy mismatch is enlarged because
of λS = 0. Consequently, the Andreev reflection (normal re-
flections) contribution to the conductance would be decreased
(increased), reducing the subgap conductance.
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FIG. 7. Normalized conductance G/G0 vs eV/� for different
nonzero λ’s in normal region. (a) Conductance behavior is almost
exactly same as obtained in the Fig. 5(a) for U0 = 10�. However,
it deviates slightly in (b) for U0 = �. The other parameters are
t⊥ = 400� and EF = 0.5�. The subscript in λN (S) is added to specify
the displacement field λ in N (S) region.

V. CONCLUSION

We have studied the scattering reflection processes at
the gapped bilayer graphene–superconducting junction by
employing the DBdG equation within the scattering theory
approach. Since λ provides an external tool to tune the BLG
band structure, we have thoroughly investigated its effect on
the normal reflections, the Andreev reflections, and the exper-
imentally accessible quantity of the differential conductance
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FIG. 8. Normalized conductance G/G0 vs eV/�, in the large dis-
placement field regime λ � t⊥, for several λN values while λS = 0.
The other parameters are t⊥ = 400�, EF = 80�, and U0 = 10�.



in two regimes: λ � t⊥ and λ � t⊥. In the former regime,
we have revisited the λ = 0 case first and obtained the ex-
pected specular (retro) Andreev reflection for the excitation
energy ε > EF (ε < EF ) and the retro-to-specular crossing
point at bias eV = EF in the subgap conductance [29,30]. As
our numerical calculation provides the exact result, we also
observe the dip in conductance near eV ∼ � when t⊥ � U0,
which was attributed to the pseudospin-1 feature in Ref. [30].
However, this dip does not appear when t⊥ 	 U0, as is also the
case in Ref. [29]. Furthermore, introducing a nonzero small
λ broadens the retro-to-specular crossing for the bias range
|EF − λ| < eV < |EF + λ| in the subgap conductance, which
is a direct manifestation of the band gap between conduction
and valence bands due to finite displacement field. This sug-
gests that tuning λ the crossover region can be easily modified
and possibly obtained experimentally as the authors of [28]
struggle to observe it.

However, for the latter regime λ � t⊥, we have shown
that apart from SNR, SAR, and RAR, there exists also RNR
due to the presence of the Mexican-hat-shape band structure
in the gapped BLG. This finding in a bilayer graphene NS
junction has never been explored to our best knowledge. The
normalized conductance shows a very distinct characteristic
feature when all four reflections contribute (see Fig. 6), and
it can be distinguished from the result when the Mexican-hat
structure does not affect the scattering process.
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APPENDIX A: SMALL DISPLACEMENT FIELD (λ � t⊥)

In this regime we have only the τ = + mode with the inci-
dent electron wave vector (ke+

x , k+
y ); therefore, the scattering

wave functions can be expressed as �η(x)eik+
y y where

�η(x) = [
uη

e

(
ε, ke+

x

)
eike+

x x + rη
n,+uη

e

(
ε,−ke+

x

)
e−ike+

x x

+ rη
n,−uη

e

(
ε,−iκe−

x

)
eκe−

x x
](1

0

)

+ [
rη

a,+v
η

h

(
ε, βkh+

x

)
eiβkh+

x x

+ rη
a,−v

η

h

(
ε,−iκh−

x

)
eκh−

x x
](0

1

)
, for x � 0

=
4∑

j=1

tη
j uη

S

(
ε, kS

x, j

)
eikS

x, j x, for x � 0. (A1)

Here ke−
x (kh−

x ) = −iκe−
x (−iκh−

x ) and kS
x, j for j = 1, . . . , 4, are

the wave vectors of side S and are chosen appropriately from
{±k(S,1)

x,± ,±k(S,2)
x,± }. The coefficients rη

n,±, rη
a,±, and t j=1,...,4 are

normal reflections, Andreev reflections, and transmissions,
respectively. rη

n,− and rη
a,− are always zero because of evanes-

cent solutions for the τ = − mode. It is worth mentioning
that rη

n,+ is always SNR, but rη
a,+ is RAR for ε < (EF − λ),

β = 1 and SAR for ε > (EF + λ), β = −1. By using the

0.0

0.5

1.0

1.5

G
/G

0

t⊥ � U0 (a)EF = 0.2Δ

λ = 0
= 0.1Δ
= 0.2Δ

t⊥ � U0 (c)EF = 0.2Δ

0.0 0.5 1.0 1.5
eV/Δ

0.0

0.5

1.0

1.5

G
/G

0

(b)EF = 0.8Δ

0.0 0.5 1.0 1.5
eV/Δ

(d)EF = 0.8Δ

FIG. 9. Behavior of the normalized conductance, G/G0, with
respect to eV/� for three values of λ at EF = 0.2� and 0.8�.
In (a) and (b) t⊥ 	 U0 for t⊥ = 400� and U0 = 10�, whereas in
(c) and (d) t⊥ � U0 for t⊥ = 10� and U0 = 400�.

continuity condition, �η|x=0− = �η|x=0+ , we obtain these co-
efficients for a given ε and incident angle α defined from
k+

y =
√

(EF + ε)2 + λ2 + e sin α where α ∈ [−π/2, π/2].
So the reflection probabilities are obtained as

Rη
n,+ = |rη

n,+(ε, α)|2, Rη
a,+ = V η

h+
V η

e+

∣∣rη
a,+(ε, α)

∣∣2
(A2)

with velocities V η
e+ = 〈uη

e (ε, ke+
x )| ∂Hη

∂kx
|uη

e (ε, ke+
x )〉 and V η

h+ =
〈vη

h (ε, kh+
x )| ∂Hη

∂kx
|vη

h (ε, kh+
x )〉. The differential conductance

within the BTK framework [4] at zero temperature can be
expressed as follows:

G(ε) =
∑

η

g0(ε)
∫ π

2

− π
2

(
1 − Rη

n,+ + Rη
a,+

)
cos α dα (A3)

with ε = eV and g0(ε) = 2e2W
hπ

√
(EF + ε)2 + λ2 + e where

W is the width of BLG sheet and factor 2 accounts for the spin
degeneracy. Also, the differential conductance for a normal-
to-normal BLG junction is G0(ε) = 4g0(ε), where the factor
4 is due to the sum of valley index η = ± and incident angle
α ∈ [−π/2, π/2] instead of α ∈ [0, π/2] [12,29,30].

APPENDIX B: EFFECT OF λ ON G/G0 AT DIFFERENT EF

In order to be consistent with the main text in Sec. IV A,
we illustrate the effect of the displacement field λ on the
normalized conductance G/G0 for two values of Fermi energy
EF = 0.2� and 0.8� to study the contribution of RAR and
SAR in the subgap region eV < �. The results are shown in
Figs. 9(a) and 9(b) for the limit t⊥ 	 U0 and in Figs. 9(c)–9(d)
for the limit t⊥ � U0. In both limits, when Fermi energy
is set at EF = 0.2�, the contribution of the RAR and SAR
is equally reduced about EF and eventually only SAR con-
tributes to G/G0 as λ is increased to the value λ = EF ; see
Figs. 9(a) and 9(c). For EF = 0.8� in Figs. 9(b) and 9(d),
only the RAR contributes. Hence, varying the displacement



field and setting the Fermi energy appropriately, the Andreev
reflection contribution to the subgap conductance can be tuned
to either SAR or RAR.

APPENDIX C: LARGE DISPLACEMENT FIELD (λ � t⊥)

In the large displacement field (λ � t⊥) regime we
have both the τ = ± modes for the incident electron with
the wave vectors (ke+

x , k+
y ) and (−ke−

x , k−
y ) where k±

y =√
(EF + ε)2 + λ2 ± e sin α. So the scattering wave func-

tions on both sides of the junction have the form �η
τ (x)eikτ

y y

with

�η
τ (x) = [
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e
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)
, for x � 0

=
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j=1
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j,τ uη

S

(
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)
eikS

x, j,τ x, for x � 0, (C1)

where rη

n1,τ , rη

n2,τ , rη

a1,τ , and rη

a2,τ denote reflection coeffi-
cients, SNR, RNR, SAR, and RAR, respectively, for the τ =
+ mode; however, they become RNR, SNR, RAR, and SAR
for the τ = − mode. The tη

j,τ for j = 1, . . . , 4 are transmission
coefficients. Again, using the continuity condition, we obtain
the reflection probabilities as

Rη

n1,τ = V η
e+

V η
eτ

∣∣rη

n1,τ (ε, α)
∣∣2

, Rη

n2,τ = V η
e−

V η
eτ

∣∣rη

n2,τ (ε, α)
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,

Rη

a1,τ = V η
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V η

eτ
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, Rη

a2,τ = V η

h+
V η

eτ

∣∣rη

a2,τ (ε, α)
∣∣2

(C2)

with velocities V η
eτ = 〈uη

e (ε, τkeτ
x )| ∂Hη

∂kx
|uη

e (ε, τkeτ
x )〉 and V η

hτ
=

〈vη

h (ε, τkhτ
x )| ∂Hη

∂kx
|vη

h (ε, τkhτ
x )〉. The differential conductance

formula in this regime becomes

G(ε) =
∑
η,τ

gτ
0(ε)

∫ π
2

− π
2

(
1 − Rη

n1,τ − Rη

n2,τ + Rη

a1,τ

+ Rη

a2,τ

)
cos α dα, (C3)

where ε = eV and gτ
0(ε) = 2e2W

hπ

√
(EF + ε)2 + λ2 + τe,

which leads to G0(ε) = 4
∑

τ gτ
0(ε) for a gapped BLG

normal-to-normal junction. The results for the differential
conductance have been presented in Secs. IV B and IV C in
this regime. Here we briefly discuss the reflection probabilities
for the displacement field values λ = 84� and 86.5�.

1. α-dependent normal and Andreev reflections

We show the reflection probabilities as a function of α

at three ε = 0.3�, 0.8�, and 1.2� for λ = 84� and 86.5�

in Figs. 10(a)–10(c) and 10(d)–10(f), respectively. Since λ is
nonzero, these probabilities are slightly asymmetric about α.
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FIG. 10. Reflection probabilities (at valley K and τ = +) vs α

for EF = 80�, t⊥ = 400�, and U0 = 10� with excitation energy
ε = 0.3� in (a) and (d), ε = 0.8� in (b) and (e), and ε = 1.2�

in (c) and (f). The displacement fields for left and right panels are
λ = 84� and 86.5�.

When λ = 84�, the electron and hole excitations span εe
+,− ∈

[−2.55�,∞] and εh
+,− ∈ [−∞, 2.55�]; the double normal

reflections (SNR and RNR) and double Andreev reflections
(SAR and RAR) exist for the intersection of −2.55� �
εe
+,− < 4� and −4� < εh

+,− � 2.55�. All four probabilities
are nonzero only around α = 0 at ε = 0.3� and 0.8�. The
RAR RK

a2,+ is dominating the scattering process. As α is
increased from 0 to π/2, the RK

a2,+ enhances first, reaching
RK

a2,+ ≈ 1, and then starts decreasing and eventually goes to
zero, while RNR RK

n2,+ and SAR RK
a1,+ weaken and slowly

vanish; see the results in Figs. 10(a) and 10(b). Moreover,
the SNR RK

n1,+ steadily decreases and almost vanishes before
it strikingly rises to the value 1. In Fig. 10(c) at ε = 1.2�,
the magnitude of all reflections is weakened because of the
quasiparticle transmission for ε > �. Notice that the sum of
all reflection probabilities equals 1 for ε < � and becomes
less than 1 for ε > �.

For λ = 86.5�, in Figs. 10(d)–10(f), electron and hole
excitations now span εe

+,− ∈ [−0.61�,∞] and εh
+,− ∈

[−∞, 0.61�], and all the four probabilities exist only for
the intersection of −0.61� � εe

+,− < 6.5�, and −6.5� <

εh
+,− � 0.61�; see the results in Fig. 10(d) at ε = 0.3�.

Interestingly, RAR RK
a2,+ is suppressed while RNR RK

n2,+ is
now dominating the scattering process around α = 0. For
ε > 0.61� in Figs. 10(e) and 10(f), the hole excitation εh

+,− is
absent, so the double Andreev reflections SAR RK

a1,+ and RAR
RK

a2,+ vanish, but the double normal reflections SNR RK
n1,+ and
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FIG. 11. Reflection probabilities (at valley K and τ = +) vs ε for
EF = 80�, t⊥ = 400�, and U0 = 10� with incident angle α = 0 in
(a) and (d), α = 0.25π in (b) and (e), and α = 0.4π in (c) and (f).
The displacement fields for left and right panels are λ = 84� and
86.5�.

RNR RK
n2,+ still exist as the electron excitation εe

+,− is always
present.

2. ε-dependent normal and Andreev reflections

Here we discuss these probabilities versus ε (see in Fig. 11)
at three incident angles α = 0, 0.25π , and 0.4π . When λ =
84�, both εe

+,− and εh
+,− are present for whole range 0 < ε <

1.5�; therefore all four reflection probabilities are present at
α = 0 [see Fig. 11(a)]. The SNR RK

n1,+, SAR RK
a1,+, and RAR

RK
a2,+ are slightly enhanced on increasing ε, and then they are

suppressed after ε > � due to the quasiparticle transmission,
whereas the RNR RK

n2,+ is opposite in nature. At α = 0.25π

in Fig. 11(b), the RAR starts with RK
a2,+ = 1 as other reflec-

tions are zero, and it gradually decreases due to small rise
in SNR around ε = � and then falls rapidly. However, at
α = 0.4π , RNR and SAR are always zero while RAR (SNR)
decreases (increases) with ε, but RAR vanishes for ε < � and
SNR attains unity; see Fig. 11(c). The critical value of ε at
which RAR vanishes is εc ≈ 0.58� as the critical angle for
retro-reflected hole becomes αc ≡ arcsin (kh+/ke+) = 0.4π

where kh+ and ke+ are the magnitude of hole and electron
momenta.

When we set λ = 86.5�, the hole excitation εh
+,− is absent

for ε > 0.61�, and consequently, both Andreev reflections
SAR and RAR are zero. However, they are nonzero for
ε < 0.61� and are decreasing slowly as ε is increased; see
Fig. 11(d) for α = 0. For the double normal reflections, they
are nonzero and show nontrivial behavior. Figure 11(e) for
α = 0.25π shows similar results except that RNR vanishes
before Andreev reflections become zero and SNR attains unity
for 0.61� < ε < �. For α = 0.4π in Fig. 11(f), the RAR
becomes zero at critical εc ≈ 0.24�, and SNR Rn1,+ = 1 for
εc < ε < � as the other two reflections RNR and SAR are
always zero. We find that the total probability is equal to 1 for
ε < �, while it is less than 1 for ε > �.
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