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Abstract

The paper deals with possibilities and limits of optical simulations of extended uniform light sources. Optical
simulations of ideal and real light sources are performed using optical ray-tracing software which is capable to
simulate non-imaging systems such as Lambertian disc and integrating spheres. The simulation methodology
is validated by comparing the developed simulation model with a real experiment previously performed
in optical laboratory. The comparison is made on the radiance uniformity measurement and simulation
results of a general purpose integrating sphere rather than on less convenient and more frequent irradiance
uniformity measurements. The aim is to develop a reliable simulation method for the investigation of
radiance non-uniformity of any real extended uniform light source.

Keywords: Extended uniform light source, Lambertian disc, Integrating sphere, Virtual prototyping,
Optical ray-tracing simulation, Radiance uniformity

1. Introduction

The development of any device generally begins with the preliminary design, followed by the production
of the first physical prototype. The physical prototype is the key step in the development of a novel or
innovative device. The device is designed to achieve the desired parameters which are then validated by
the prototype under real conditions. After a comparison of desired and real parameters is made, necessary
modifications are made in the construction of the device and another iteration is performed until the desired
device parameters are met. This ongoing process leads to the formation of the final device. Unfortunately,
such an approach is very expensive and time consuming. Therefore, a different approach of the device
development is becoming more popular. This method is known as virtual prototyping [1–3] and it is on a
rapid increase in many applications including optical research. Due to the existence of optical simulating
software of sufficient accuracy, virtual prototyping limits the need for physical prototypes to the minimum.
Moreover, modifications and alternative variants of the device are designed much more easily. All of this
results in lower costs and faster creation of the final virtual prototype in contrary to a physical prototype.
Among other things, virtual prototyping is used to design and analyze both imaging and non-imaging optical
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systems and devices. There are quite a lot of software packages intended for optical simulations. They can 
be divided into two groups depending on the purpose of the simulation.

First, sequential optical ray-tracing is used to design imaging systems [3–5]. This type of ray-tracing is 
based exclusively on the laws of refraction and reflection, while the rays are passing through a  sequence of 
optical surfaces and optical media interfaces. Most known commercial software using this type of ray-tracing 
are CODE V (Synopsys, Inc.) [6], OpticStudio (Zemax LLC) [7], OSLO (Lambda Research Corporation)
[8], etc. However, sequential ray-tracing does not allow to simulate, for example, the diffuse transparent and 
reflective optical surfaces and the repetitive passage or reflection on  the same optical surfaces and the like. 
Second, the non-sequential optical ray-tracing, used mainly for non-imaging systems, is not limited by the 
conditions of sequential ray-tracing [3–5]. Optical elements and sources are modeled as 3D objects instead 
of a sequence of optical surfaces. It can be used to simulate non-imaging systems such as various lighting 
systems, including automotive headlights. Examples of software utilizing non-imaging ray-tracing are Tra-
cePro (Lambda Research Corporation) [9], ASAP (Breault Research Organization, Inc.) [10], LightTools 
and LucidShape (Synopsys, Inc.) [11, 12].

At our laboratory, we have a long-term experience with the usage of OpticStudio software, which is mainly 
focused on the sequential ray-tracing for imaging systems simulation. However, a non-sequential module is 
included in the software as well. It allows to simulate less complicated non-imaging optical systems. The 
OpticStudio software can be applicable in terms of virtual prototyping of extended uniform light sources 
(EULSs) after successful verification on s impler examples of Lambertian disc (LD) and integrating spheres 
(ISs). The integrating sphere is a non-standard optical element in the shape of a spherical cavity with 
a diffuse reflective s urface. I t i s o bvious t hat i t c an b e s imulated o nly u sing t he n on-sequential optical 
ray-tracing.

There is a large amount of literature concerning ISs. It focuses on a wide range of theoretical descriptions 
relating to the principles of their function, various analyses, and specific a pplications. The practical use of 
ISs can be divided into three basic fields. F irstly, t he o ldest a pplication i s r adiometric o r photometric 
measurement of the optical properties of light sources [13, 14]. Secondly, the determination of optical 
properties of various materials, such as reflectance o r t ransmittance [ 13, 1 5]. T hird, t he l east common 
application is the use of ISs as an EULS to calibrate detectors (matrix CCD or CMOS cameras and arrays 
of PMTs or SiPMs sensors) [16, 17]. Over the years, fundamental "rules of thumb" have been established 
for the construction and selection of applications based on the long-term experience in designing ISs [15]. 
These rules are sufficient to determine the usability of ISs in the intended applications. The literature 
on ISs deals mainly with various analytical studies. However, less attention is paid to numerical optical 
simulations (virtual prototyping) of ISs. Moreover, optical simulations of ISs as EULSs are complicated by 
the method used in non-sequential ray-tracing. This method is called Monte Carlo ray-tracing and is based 
on randomly generated directions of optical rays, which results in statistical noise in optical simulations 
[4, 18]. Despite the statistical noise being negligible when the total value of the light flux is simulated at the 
output of an IS, it causes undesirable spatial high-frequency modulation in case of simulating its radiance 
or irradiance uniformity. The statistical noise that arises in the Monte Carlo ray-tracing is only present in 
the simulation and has nothing to do with the real radiance or irradiance uniformity at the output of the IS. 
Thus, the statistical noise needs to be minimized by selecting appropriate input parameters of non-sequential 
ray-tracing.

The first part o f the paper i s devoted to the verification of  the applicability of  the se lected optical ray-
tracing software to examples of simulations of ideal EULSs. Specifically, the LD o f well-known theoretical 
properties [19, 20] followed by the example of an ideal IS [15, 21]. According to theory, their radiometric 
properties should be similar (almost identical). In addition, the level of statistical noise in the optical 
simulations for both cases should be acceptable (not exceeding the value of the real radiance or irradiance 
non-uniformity). Next, a more complicated model of a selected representative of a real general purpose 
IS by Labsphere (3P-GPS-053-SL) is simulated. This developed model and the simulation methodology 
are analyzed and commented in the second part of the paper. Finally, the simulation results of the model 
are compared with the results of measurement [22] of radiance uniformity of a general purpose IS. These 
measurements were performed using a designed experimental setup in our optical laboratory in 2020. The 
primary goal of the presented paper is to show the agreement between newly simulated and previously



measured results. This agreement will be a proof of the possible virtual prototyping using the developed
simulation method for the investigation of sources of local non-uniformity based on the radiance of general
purpose IS (as well as any real EULS).

2. Models of ideal extended uniform light sources

An ideal EULS is characterized by a well defined spatial radiation profile allowing for example a cal-
ibration of planar matrix detectors. The irradiance is constant at all points in the detector plane if it is
located in close proximity to the ideal EULS and if its size is smaller compared to the EULS. Such a setup
is commonly known as a near field. Unfortunately, the irradiance in the detector plane varies depending on
the distance from the ideal EULS. It can be determined using the theory of the radiative transfer between
two surfaces [23]. However, complex integral equations must be solved. An exact analytical solution of these
equations can be found only in rare cases considering a very simple geometric arrangement of two planar
surfaces (a source and a detector). An excellent example of the existence of an exact analytical solution is
the case of two circular parallel surfaces, which is used for our analyses.

Consider a circular EULS with a radiance L(x, y, φ, ψ) and a circular detector of any radius and at any
distance from the source according to the Fig 1. The irradiance E(X,Y, φ, ψ) at any point in the detector
can be determined using

E(X,Y, φ, ψ) =

∫
AS

L(x, y, φ, ψ)
cosφ cos θ

z2
dAS , (1)

where the quantities φ and θ represent angles between the optical axis and the normals to the surfaces of
EULS and detector at the intersection points (elements of areas das and dad), respectively. The area of
the EULS is AS . The distance between two points is z. Angle ψ represents the rotation around the EULS
normal [23].

In general case, the irradiance at an arbitrary pixel of a planar detector is given by the Eq. (1). However,
it can be simplified in the case of the ideal Lambertian radiance assuming L = const. for every location and
direction. The integral equation Eq. (1) then follows the relation

E(X,Y, φ, ψ) = L

∫
AS

cosφ cos θ

z2
dAS . (2)

Furthermore, a solution of Eq. (2) can be found in the form of exact analytical formulas. This approach is
applicable for ideal Lambertian sources (LD in Sec. 2.1 and ideal IS in Sec. 2.2).

ψ

ϕ θ
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EULS Detector
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z
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Figure 1: A layout of radiative transfer between two circular surfaces, an extended uniform light source (EULS) and a detector. 
The elements of the area surfaces das and dad are linked by the optical axis. The distance between arbitrary elements of area 
surfaces is z. The angles between optical axis and normals to the surfaces of EULS and detector are φ and θ, respectively. The 
rotation around the normal of the EULS is represented by the angle ψ [23].



Derived from the properties of the circular EULS follows that from a certain distance, the spatial ir-
radiance properties between a source and a detector are not changing anymore. It can be expressed by
a simple mathematical formula known as the cosine-fourth-power law, which describes the decrease of the
irradiance intensity from the center of the detector to its edge. The accuracy of this approximation to
the exact analytical formula given by Eq. (1) for irradiance at the detector increases with the increasing
distance between source and detector. The inaccuracy is converging to 1 % in the case where the distance
of the detector to the source is a quintuple of the diameter of the source. This is one of the optical rules of
thumb, called the "five times rule", which is widely respected during the assembly of laboratory setups for
irradiance measurements, including the standards EMVA 1288 [24]. The five times rule distance is the limit
for starting point of the far field measurements.

As mentioned in Sec. 1, the aim of the paper is to develop a simulation method designed for radiance
non-uniformity investigation by cross-checking the results obtained by the simulation with the data from
laboratory measurement [22]. For this purpose, a model of general purpose IS is developed to compare
the radiance uniformity of the exit port of this IS. However, it is desirable to first verify the capabilities
of the OpticStudio software for such an analysis. Since the high resolution radiance uniformity of the IS
is to be studied, it has to be clear whether the statistics and precision of the selected optical ray-tracing
software are sufficient for this task. Special attention needs to be paid to the correct optimization of the
input parameters used in the optical simulations. It is advisable to perform simulations of undemanding
models of EULSs prior to the simulation of rather complex real IS. Therefore, two theory-based models of
EULS are developed prior to the analysis of the general purpose IS, they are represented by LD and ideal
IS.

The verification of the applicability of the selected optical ray-tracing software simulations for virtual
prototyping of ISs is based on the comparison of the results acquired from two theory-based models. First,
results of the exact analytical models are obtained using mathematical equations. Next, results of the non-
sequential ray-tracing models are acquired from optical simulation. Both models consider a surface detectors
irradiated by the LD or IS. Presented results are calculated for several distances between the light source
and a detector covering both near field and far field measurements. Distances are chosen in accordance with
the literature [20].

2.1. Model of Lambertian disc
The initial step of analysis is to use the exact analytical model and derive an appropriate expression for

the irradiance at a detector originating from a LD. The LD is a circular plane with a radius R, a uniform
radiance L, and with Lambertian radiation. Consider a planar irradiance detector parallel to the light source
(LD) at a distance z. The irradiance at an arbitrary pixel of the detector at a distance r from the optical
axis of the LD is given by

Er =

(
πL

2

){
1−

[
1 +

4R2z2

(z2 + r2 −R2)
2

]−1/2}
. (3)

By letting r = 0, the irradiance at the axial point of the LD is obtained as

E0 =
πLR2

(R2 + z2)
. (4)

It is clear that the irradiance is maximal at the axial point of the detector. The derivation of the Eqs. (3) 
and (4) is described in detail in [20].

The simplest theory-based model is the LD. To study the dependence of the normalized irradiance Er/E0 
on the normalized ratio of distances r/z (ending at value 2 [20]), the exact analytical calculations are done 
using Eqs. (3) and (4). The radius R of the LD is set to 25 mm, the distance z is then calculated according 
to the selected ratios of z/R (1, 2, 5, 10, and 100) as 25 mm, 50 mm, 125 mm, 250 mm, and 2500 mm 
respectively. The next step is to compare the theoretical values with the optical ray-tracing simulation.
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Figure 2: Layout of both the exact analytical model and the optical simulation using a logarithmic scale for better interpretation
of the distances and radii. Circular Lambertian disc (LD) of the radius R and five detectors with radii r (listed in a bar at the
top of the figure) located at distances z (listed below the axis) in a way that the angular field of view of the LD is the same for
each detector. The ratios z/R distinguishing the near field (violet) and the far field (orange) are denoted for every detector.

In the optical simulation, the LD and corresponding detectors are modeled using the above-mentioned
geometrical parameters. The model consists of a circular light source with Lambertian (cosine) emission
profile of the radius R=25 mm and five rectangular detectors at selected distances. The schematic image of
the theoretical models is shown in the Fig. 2. Since the optical ray-tracing analysis is affected by statistical
fluctuations, a smoothing function is used to obtain more accurate results. For this purpose, the built-in
Optics studio moving average is used [25].

The results of the normalized irradiance Er/E0 for both the exact analytical model and the optical
simulation of Lambertian disc are shown in the same plot, see Fig. 3. Whereas the results of the exact
analytical model are depicted as black curves, the results of the optical simulation are colored (dashed curves).
Every individual curve of the normalized irradiance Er/E0 of the exact analytical model corresponds to the
optical simulation, according to the ratio z/R.

By letting z � R, the Eq. (3) limits in the cosine-fourth-power law

Ee ≈ E0 cos4 φ = E0

(
z√

r2 + z2

)4

, (5)

where φ is the angle at which the arbitrary pixel of the detector is visible from the center of LD. Note
that the higher the ratio z/R is, the better the curve corresponds to the cosine-fourth-power law, see Fig. 3
[20, 22, 26]. When the ratio z/R exceeds the five times rule, the simulated data start to correspond with
the theoretical cosine-fourth-power law and with the ratio z/R ≈ 100 and higher, they correspond nearly
perfectly.

To express the agreement between models numerically, the normalized values of the Mean Absolute
Error (MAE) of the exact analytical model (prediction) and optical simulation (value acquired from the
ray-tracing simulation) are evaluated for every ratio z/R. The MAE follows the relation

MAE =
1

n

n∑
i=1

|ei| =
1

n

n∑
i=1

|yi − xi| , (6)

where the terms |ei| are the absolute errors of the optical simulation represented by the difference between 
the terms of the exact analytical model yi and the optical simulation xi [27]. Since the MAE from Eq. (6)
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Figure 3: The dependence of the normalized irradiance Er/E0 on the normalized ratio of distances r/z. Exact analytical curves
are depicted in black while the results of the optical simulation of Lambertian disc (LD) are shown by the color dashed curves.
The plot shows the comparison of analytically calculated results with the simulation model of LD for five selected ratios of
z/R.

is a scale-dependent parameter, the relative values of the difference between the exact analytical model and
the optical simulation are obtained by a simple normalization

MAE [%] =
1

n

n∑
i=1

|yi − xi|
100

yi
. (7)

The normalized values of MAE are listed in Table 1 as MAELD (Lambertian disc).

Ratio z/R = 1 z/R = 2 z/R = 5 z/R = 10 z/R = 100

MAELD [%] 0.224 0.278 0.336 0.334 0.331

Table 1: Normalized MAELD (results of Lambertian disc) values calculated according to the Eq. (7). These error values of the 
optical simulation demonstrate the quantitative difference between results of normalized irradiance Er/E0 determined by the 
exact analytical model and the optical simulation from Fig. 3. The results are presented for five s elected r atios o f distances 
z/R.

2.2. Model of the ideal integrating sphere
A more complex theory-based model presented prior to the model of general purpose IS is the ideal 

IS. Again, the model is based on the handy rules of thumb obtained by the experience while working with 
ISs. However, the developed model presented in this paper intentionally exceeds these rules (specifically 
ratio of diameters of the exit port and inner cavity) for better comparison with the model of the ideal LD. 
In theory, there should be no difference, because the exit port of the IS is actually a virtual LD with the 
same diameter. In reality, some differences are, of course, expected because of the multiple reflections inside 
the sphere, where the rays reflect and scatter on the inner surface o f the sphere until they l eave the cavity 
through the exit port of the IS. The most significant d ifference b etween LD and an i deal I S r egarding the 
simulation is that the inner diameter of an ideal IS is ten times larger then the diameter of its exit port 
(corresponds to a virtual LD). Thus, the area of the exit port is four hundred times smaller than the area



of the inner cavity. Simply, four hundred times more rays are needed to ensure the same amount of rays on
the exit port of the IS to maintain the same conditions. This will, of course, have a significant impact on
computational times.

Nevertheless, the exact analytical model of the ideal IS is developed similar to the case of LD, where
the exit port of the IS has a radius R and a radiance L with planar irradiance detectors at a distance z
parallel to the source (exit port of the IS). Again, the objective is to study the dependence of normalized
irradiance Er/E0 on the normalized distance ratio r/z (ending at value 2 [20]) according to the Eqs. (3)
and (4) described in the Sec. 2.1. To preserve the same parameters, the radius of the exit port is set to
25 mm and the distance z remains the same according to the selected ratios of z/R (1, 2, 5, 10, and 100) as
25 mm, 50 mm, 125 mm, 250 mm, and 2500 mm respectively. The values calculated from the exact analytical
model for these parameters are plotted in Fig. 4 as black curves. The comparison with the exact analytical
model is done by the optical ray-tracing simulation. The results of the optical simulation of ideal integrating
sphere are represented by colored dashed curves in Fig. 4.
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Figure 4: The dependence of normalized irradiance Er/E0 on the normalized ratio of distances r/z. Exact analytical curves are 
depicted in black while the results of the optical simulation of ideal integrating sphere (IS) are shown as color dashed curves. 
The plot shows the comparison of analytically calculated results to the simulation model of the ideal IS for five selected ratios 
of z/R.

The optical simulation consists of an IS, a circular light source of negligible size (point source) and 
detectors. The IS in the simulation is considered ideal by selecting specific p arameters. The r eflectance of 
the inner cavity is set to 100 % (no loss in energy after reflection), the s cattering i s s et to 100 %  (meaning 
that every ray incident on the surface scatters), and the number of rays created from every hit on the surface 
is 1 (no ray splitting is applied and therefore the rays only change direction). The radius of the exit port of 
IS corresponds to the radius of the LD and is equal to 25 mm. Since the recommended ratio of diameters of 
the exit port and inner cavity (to achieve the radiance uniformity of 99 % or better) is 4 or higher, the radius 
of the IS is set to 250 mm and thus the ratio is 10 [28]. The actual circular light source with Lambertian 
(cosine) emission profile o f t he r adius 0.1 m m i s s ituated i nside t he I S n ear t he e xit p ort a nd i t i s facing 
to the back surface of the IS. Together, they form the virtual source (exit port of the IS) with a radius of 
25 mm. Finally, five r ectangular detectors a re p laced a t above mentioned d istances t o r eproduce the same 
plot as in Fig. 3. Again, it is evident that the curve corresponds with the cosine-fourth-power law better 
with increasing ratio z/R.

The normalized values of MAE are evaluated for every ratio z/R and listed in Table 2 as MAEIS 

(integrating sphere).



Ratio z/R = 1 z/R = 2 z/R = 5 z/R = 10 z/R = 100

MAEIS [%] 0.322 0.394 0.475 0.472 0.496

Table 2: Normalized MAEIS (results of integrating sphere) values calculated according to the Eq. (7). The error values of
optical simulation show the quantitative difference between results of normalized irradiance Er/E0 determined by the exact
analytical model and the optical simulation from Fig. 4. The results are presented for five selected ratio of distances z/R.

3. Model of a general purpose integrating sphere

After proving that the selected optical ray-tracing software meets the requirements for the precision of 
the desired simulations of the EULSs, the final optical s imulation c an b e p erformed. However, t he design 
of particular ISs differs according to the way they are used [13, 21]. The most crucial factor that alters 
the design of ISs is the geometry of the inner cavity determined by the arrangement of ports, detectors and 
baffles. These components have a significant impact on the radiance uniformity of the inner surface of ISs. 
Thus, there is no universal, commonly used model of a real IS. For the presented study regarding optical 
simulations, a real general purpose IS by Labsphere (3P-GPS-053-SL) is chosen, because its parameters were 
already measured in detail. The idea behind this simulation is to reproduce the results of the laboratory 
measurement [22]. The goal is to determine to what extent the results of the optical simulations can 
correspond to the results measured in our laboratory. Validating the accuracy of the optical simulation 
model on a specific example of a  general purpose IS will therefore a llow for future analyses or applications 
such as virtual prototyping of ISs based on the simulation method simulating the radiance uniformity. This 
method excels in locating the sources of non-uniformity.

3.1. Development of the optical simulation model
The geometry of the specific real general purpose IS by Labsphere (3P-GPS-053-SL) can be found in the 

manufacturer’s datasheet [29]. Other important parameters can be obtained by measurement. Crucial are 
the precise position and dimensions of a baffle inside the IS cavity. These two parameters have the largest 
influence on t he l evel o f t he r adiance uniformity i nside t he I S and t hus on t he r adiance uniformity a t the 
exit port of the IS. Therefore, the baffle could be referred to as the "geometric error" of the inner cavity 
of IS [14] and has to be modeled exactly according to the datasheet. The other component that brings the 
radiance non-uniformity to the inner cavity and thus at the exit port as well is the input light source. In 
optical simulations, the narrow conical beam should result in a brighter "hot spot" on the surface of the 
inner cavity of the real IS. However, the theory and the model of an ideal IS do not assume the existence of 
hot spots. Since the exit port of a real IS is only a virtual source, the actual input light source is a key part of 
the optical simulation. For the optical simulation model of a general purpose IS, a Fiber-Coupled LED (FC-
LED) with a core diameter of the optical fiber of d = 400 µm and with a  numerical aperture of NA = 0.22 is 
intentionally chosen as an input light source to reproduce the previously performed measurement [22]. The 
output of this FC-LED is a light beam with the divergence of about 25° and a wavelength of 365 nm.

Having the input light source modeled and knowing the exact geometry of the desired IS, the simulation 
model can be developed accurately, however with one limitation. The infill of the inner cavity of the selected 
general purpose IS is made of Spectralon. This is a diffuse reflective bulk (volume) PTFE material [30, 31]. 
Thus, the diffuse reflection a nd s cattering o f t he i ncident r ays a re a ffected a lso b y t he l ayers u nder the 
surface. To achieve a high diffuse reflectance on the Spectralon (above 99 % ), i t needs to b e at l east 6 mm 
thick. However, it is practically impossible to simulate such a layer of bulk material in selected optical 
ray-tracing software. Thus, it is replaced by simple diffuse reflective s urface w ith t he r eflectance of  99 %
(coating) and the ideal Lambertian scattering profile r eferred t o t he t heoretical model o f t he Lambertian 
surface [23, 26] for a wavelength of 365 nm. This approach does not significantly affect the accuracy of the 
optical simulation. The simplified l ayout o f the s imulated general purpose IS i s depicted i n F ig. 5  f or two 
representative points of view of the 3D layout to show the conical profile o f t he FC-LED a nd uniformly 
distributed rays that have been scattered after the first strike. All the components regarding the optical



simulation model are clearly seen as well. Figures 5a), and 5b) represent the front view and Figs. 5c) and
5d) represent the side view. For the simulations, the fibre source is located at the top of the IS.
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Figure 5: The simplified 3D l ayout o f t he s imulated g eneral purpose I S w ith a  b affle, e xit p ort and FC-LED l ight s ource. a) 
the front view with 100 rays displayed until the first s trike, b ) t he f ront v iew with 10 r ays and Lambertian s cattering, c ) the 
side view with 100 rays displayed until the first s trike, d) the s ide view with 10 rays and Lambertian scattering.

3.2. Optical simulation
Evaluation of the results for both theory-based models (LD and ideal IS) is straightforward. In both 

cases, all exact analytical models and optical simulations consist of ideal circular sources with a Lambertian 
emission profile. Due to the rotational symmetry of the sources, the same results are obtained in all directions 
from the center to the edge of the detector in a given plane parallel to the source. Therefore, it is sufficient 
to analyze the irradiance at planar detectors at specific d istances i n the f orm o f a  s ingle c urve. The curve 
describes the decrease of the irradiance from the center of the detector to its edge for an arbitrary angle in 
the detector plane.

On the other hand, in the case of the optical simulation of a real IS, the evaluation method has to be 
modified due to i ts a symmetry. In this particular case, the baffle i s s ituated between two ports and creates 
an asymmetry of the radiance at the exit port of the IS. Thus, it is expected that the irradiance at a planar 
detector at arbitrary distance will be asymmetrical as well. Therefore, evaluation of the results in one axis 
is no longer a valid option, as it is for the ideal symmetrical cases.

The irradiance E(X, Y, φ, ψ) of an arbitrary pixel of a planar detector parallel to the EULS is given by 
the sum of all radiating points of such a source. It can be calculated by integrating the radiance of the 
source over its surface AS . In general, the radiance L of an EULS is a function of location and direction. 
The location on the surface of the source is given by two spatial variables (x, y) while the direction of the 
radiance emitted is given by two angular variables (φ, ψ). All together, they form the function of the radiance 
L(x, y, φ, ψ). For some cases of simpler geometries, the value of the irradiance at a detector plane can be 
calculated by solving numerically the integral equation (case of LD and ideal IS). However, the geometry 
of a real IS is not simple and the radiance L(x, y, φ, ψ) is not constant over the location and direction. 
The integral equation of the irradiance at the detector plane practically does not have an exact analytical 
solution that could be compared with the results of the optical simulation of a real IS. Therefore, a different 
comparison approach has to be chosen to validate the accuracy of the optical simulation model in contrast 
to the optical simulations of the ideal Lambertian sources used in Sec. 2.

The results of the optical simulation of general purpose IS can be compared to the results of the laboratory 
measurement [22]. However, the interpretation of the irradiance results is rather problematic and the use 
of such results is limited, because the irradiance at a detector plane is generally a function of the radiance 
L(x, y, φ, ψ). Thus, it does not provide the information of the position of the source of non-uniformity. Due 
to this fact, it is much more convenient and informative to work directly with the radiance. The radiance 
measurement of the EULS as a function of location and direction is in general a difficult and complex process, 
but it can be simplified under certain assumptions. The principle of the simplification is following.



The Eq. (1) for the irradiance E(X,Y, φ, ψ) can be rewritten as

E(X,Y, φ, ψ) =

∫
Ω

L(x, y, φ, ψ) cosφ dω =

∫
φ

∫
L(x, y, φ, ψ) cosφ sinφ dφ dψ. (8)

So, the integration of the radiance L(x, y, φ, ψ) over the area of an EULS AS in the Eq. (1) is changed to
the integration over the solid angle Ω in the Eq. (8). Furthermore, the element of the solid angle dω can
be divided into two angular components dφ and dψ. The solid angle Ω is defined by the size of an EULS.
In specific cases it is thus sufficient to integrate only over a certain solid angle instead of integrating over
the entire hemisphere. However, in the most general cases, the irradiance at an arbitrary pixel of a planar
detector is given by the integration of the radiance over the entire hemisphere [23, 32].

Integration can be considered as the sum of infinitesimal elements. An EULS is thus considered as the
sum of infinitesimal point sources. To be more precise, the sum of infinitesimal patch areas dAS . The
infinitesimal element of the solid angle dω = sinφ dφ dψ is angle subtended by a patch area dAS and by
the distance from the detector z. Consider an EULS divided into a finite number of patch areas N of a
non-infinitesimal size. With such an assumption, the integral in the Eq. (8) can be replaced by a summation.
Therefore, an EULS is considered as the sum of a large number of small light sources

E(X,Y, φ, ψ) =
N∑
i=1

L(x, y, φ, ψ)i cosφi. (9)

It is obvious that the computational accuracy using Eq. (9) will decrease when the number of patch areas 
N decreases and their size increases at the same time. The radiance of each i-th patch area L(x, y, φ, ψ)i is 
the average radiance of all infinitesimal point sources inside this patch a rea. To experimentally determine the 
radiance, a specific instrument called radiance detector (RD) i s used [ 22]. The field of  view (FoV) aperture 
of this RD directly defines the s ize of patch area d AS related on i ts distance f rom the EULS. On the other 
hand, the irradiance E(X, Y, φ, ψ) at the detector plane is the sum all patch areas of the examined EULS.

Nevertheless, the function of the radiance L(x, y, φ, ψ) can be in principle simplified by d ividing i t into 
the spatial L(x, y) and the angular L(φ, ψ) radiance components during the measurement process with 
RD. Moreover, some of the spatial or angular components can be fixed i n a  way t hat t hey have z ero o r a 
constant value for a partial measurement procedure with RD. For the spatial radiance measurement, angular 
components are fixed a s c onstants cφ, cψwhile s patial c omponents x, y  a re variables, hence L(x, y, cφ, cψ). 
For example, the spatial radiance of the EULS for N patch areas can be measured in perpendicular direction 
to the source area when the angular coordinates φ and ψ are equaled zero, simply L(x, y, 0, 0). On contrary 
to the spatial radiance measurement, angular radiance is measured by fixing the spatial coordinates x  and 
y. The simplest way is to also fix one of the angular components and measure the angular radiance in only 
one direction, e.g., L(cx, cy, φ, cψ), where cx, cy, cψ are constants. Angular radiance can be, as well as the 
spatial radiance, measured for N patch areas. However, it would be incredibly time consuming. Therefore, 
only a few representative patch areas with appropriately chosen spatial coordinates x and y are measured. 
Usually one in the center, and several between the center and the edges of the EULS, depending mainly on 
its geometry.

Based on the above mentioned principle, the influence o f t he g eometrical a rrangement o f t he inner 
cavity of IS on the radiance and the irradiance uniformity can be examined by the laboratory measurement. 
The radiance based measurement is a great way to study the dependence of changes in the geometrical 
arrangement on the radiance or the irradiance uniformity of EULSs. Moreover, it is possible to use this 
method in the virtual prototyping and optical simulations by simulating the effect of RD. In this way, 
the correspondence of the simulated results with reality (measurements) can be evaluated. Of course, the 
uncertainty in accuracy due to imperfections of the simulation model has to be taken into account.

In optical ray-tracing softwares, besides the irradiance distribution at a planar detector, both the spatial 
radiance L(x, y) and the angular radiance L(φ, ψ) can be simulated as well. The detectors are the key parts 
of the optical simulation model in terms of uniformity evaluation. All detector parameters of the simulation 
are thoroughly chosen according to the previously performed laboratory measurement [22]. Thus, to evaluate
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both the spatial and angular uniformity results of the simulation in one run, a total of six dedicated detectors
are used (see Fig. 6). Five representative spots of angular radiance uniformity measurement are simulated
by corresponding rectangular (square) detectors, with circular annular surfaces in front of them, sensitive
to the direction of incident rays with the maximal cone of 23°. The last and largest detector, covering the
whole exit port aperture, is used to simulate the spatial radiance uniformity measurement. This detector is
thus restricted with a near normal filter. The filter enables only the detection of rays with incident direction
cosine greater than the value 0.9998. This condition corresponds to the maximum Field of View (FOV) of
the Radiance Detector (RD) used in the laboratory measurement (2.29°).

3.3. Results of the simulation and the comparison with the laboratory measurement
To validate the developed model, a comparison with the laboratory measurement is done. In Fig. 7a)

and 7b), there are the results of the spatial radiance uniformity measurement [22]. In Fig. 7c) and 7d), there
are corresponding results acquired by the simulation. The spatial radiance measurement and simulation
followed the prescription of radiance function L = (x, y, 0, 0). Thus, only the spatial coordinates of the
radiance function are variables. For all plots in Fig. 7, a normalization procedure is applied. Color-maps in
the Fig. 7a) and c) are presented in fine range of 95 % - 100 % and the highest (maximum) value corresponds
to 100 %. White areas are not measured or simulated. The 90 % of the diameter of the exit port of the
integrating sphere (IS) is delimited by the white circle. Plots in the Fig. 7b) and d) are one dimensional
distributions of normalized spatial intensity values (60 % - 100 %) along X-axis (red curve) and Y-axis (blue
curve) cross-sections of the exit port. The 90 % of the diameter of the exit port of the IS is delimited by the
green vertical lines.

In contrast to the graphical (qualitative) expression of the results comparison, the quantitative difference
between the measurement and the simulation is listed in Tab. 3. For the calculation of MAEspatial only 90 %
of the exit port diameter is taken into account. This is the standard procedure in uniformity evaluation
of ISs since the values near the edge of the emitting area are negatively influenced by the exit port border
[33–36].

Area of the exit port 90 % of diameter

MAEspatial [%] 0.798

Table 3: Normalized MAEspatial (spatial radiance uniformity results of general purpose IS) values calculated according to the
Eq. (7). The error values of optical simulation show the quantitative difference between results of the laboratory measurement
[22] and the optical simulation, see Fig. 7. The results are presented for 90% of the diameter of the exit port.

In Fig. 8a), 8b) and 8c) the results of the laboratory angular radiance uniformity measurement [22]
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Figure 7: Comparison of the spatial radiance uniformity measurement [22] and simulation. Top color-map a) and plot b) 
represent the measurement and the bottom color-map c) and plot d) are the results of the simulation. Color-maps of normalized 
spatial intensity values are presented in fine r ange o f 95 %  -  100 %  a nd t he h ighest ( maximum) value c orresponds t o 100 %. 
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by the white circle. These plots are one dimensional distributions of normalized spatial intensity values (60 % - 100 %) along 
X-axis (red curve) and Y-axis (blue curve) cross-sections of the exit port. The 90 % of the diameter of the exit port of the IS 
is delimited by green vertical lines.

are shown. In Fig. 8d), 8e) and 8f) the corresponding results acquired by the simulation are presented. 
Unlike the spatial radiance, the angular radiance measurement and simulation are performed following the 
prescription of radiance function L(cx, cy, φ, 0), where cx and cy are constant values of spatial coordinates 
that are used in a single measurement or simulation. Since there are fine non-symmetrical modulations of 
the normalized intensity values in the results, no smoothing function is used in order not to neglect any effect 
of the irregular geometry of general purpose IS. All plots in the Fig. 8 show the one dimensional distribution 
of normalized angular intensity values (65 % - 105 %) for the angular range from −23° to 23°. Values above 
100 % are caused by the normalization. Unlike the normalization procedure of spatial radiance uniformity 
plots, the angular radiance uniformity normalization procedure is related to the value of the central spot 
of the exit port of IS at 0°. This value is considered 100 % and other values are recalculated accordingly. 
There are two plots for each rotation position of the IS – Fig. 8a) and d) vertical, Fig. 8b) and e) diagonal 
and Fig. 8c) and f) horizontal which corresponds to Fig. 6. The legend of five selected representative spots 
of the exit port of the IS is labelled in color and number and it also corresponds to Fig. 6.

Similar to the spatial radiance uniformity results, the angular radiance uniformity results of the measure-
ment and simulation are shown and compared numerically as well in Tab. 4. For every angular measurement 
(and simulation) in the selected spot of the exit port of IS (labeled as 1–5 according to the Fig. 6), there 
is one MAE error value. Moreover, this is performed for all three orientations of IS exit port (vertical



Measurement

-20 -10 0 10 20

Angle [°]

a)

65

70

75

80

85

90

95

100

105

 N
o

rm
a
li
z
e
d

 i
n

te
n

s
it

y
 v

a
lu

e
 [

%
]

1

2

3

4

5

-20 -10 0 10 20

Angle [°]

b)

65

70

75

80

85

90

95

100

105

 N
o

rm
a
li
z
e
d

 i
n

te
n

s
it

y
 v

a
lu

e
 [

%
]

1

2

3

4

5

-20 -10 0 10 20

Angle [°]

c)

65

70

75

80

85

90

95

100

105

 N
o

rm
a
li
z
e
d

 i
n

te
n

s
it

y
 v

a
lu

e
 [

%
]

1

2

3

4

5

Simulation

-20 -10 0 10 20

Angle [°]

d)

65

70

75

80

85

90

95

100

105

 N
o

rm
a
li
z
e
d

 i
n

te
n

s
it

y
 v

a
lu

e
 [

%
]

1

2

3

4

5

-20 -10 0 10 20

Angle [°]

e)

65

70

75

80

85

90

95

100

105

 N
o

rm
a
li
z
e
d

 i
n

te
n

s
it

y
 v

a
lu

e
 [

%
]

1

2

3

4

5

-20 -10 0 10 20

Angle [°]

f)

65

70

75

80

85

90

95

100

105

 N
o

rm
a
li
z
e
d

 i
n

te
n

s
it

y
 v

a
lu

e
 [

%
]

1

2

3

4

5

Figure 8: Comparison of angular radiance uniformity measurement [22] and simulation. Top plots represent the measurement
and the bottom plots show the results of the simulation. The presented plots are one dimensional distributions of normalized
angular intensity values (65% - 105%) with the angular range from −23° to 23° for three rotation positions of the integrating
sphere (IS) – a), d) vertical, b), e) diagonal and c), f) horizontal. Each color and number of the five representative spots from
the legend correspond to Fig. 6.

MAEvertical, diagonal MAEdiagonal, and horizontal MAEhorizontal).

Exit port position 1 2 3 4 5

MAEvertical [%] 0.813 0.332 0.295 0.709 0.451

MAEdiagonal [%] 0.718 0.437 0.369 0.477 1.073

MAEhorizontal [%] 1.086 0.458 1.568 0.982 1.006

Table 4: Normalized MAEvertical, MAEdiagonal, and MAEhorizontal (angular radiance uniformity results of general purpose
IS) values calculated according to the Eq. (7). The error values of the optical simulation show the quantitative difference
between results of the measurement [22] and the optical simulation, see Fig. 8. The results are presented for five selected spots
in the the exit port.

4. Discussion

The beginning of the presented paper focuses on the verification o f the applicability o f s elected optical 
ray-tracing software for optical simulations to the theory-based models of extended uniform light sources 
(EULSs). The advantage of these theory-based models, Lambertian disc (LD) and ideal integrating sphere 
(IS) is in their rotational symmetry. The verification is based on the cosine-fourth-power law. It describes



the decrease of the irradiance intensity at the detector plane from the center of the detector to its edge. All 
the results of normalized irradiance Er/E0 for specific t esting s etups match each o ther nearly p erfectly as 
it is shown in Figs. 3, and 4. The agreement is numerically expressed by the normalized values of Mean 
Absolute Error (MAE). The normalized error values of MAELD for LD, listed in Table 1, are lower than 
0.340 %. Similarly, the normalized error values of MAEIS for ideal IS are listed in Table 2. The values do 
not exceed 0.500 %. This verifies t he a ccuracy o f t he developed optical s imulation models o f t he b oth LD 
and ideal IS and allows to proceed to more complex model of EULS.

The main part of the presented paper is devoted to the study of a real general purpose IS by Labsphere 
(3P-GPS-053-SL). The reason behind this choice is simple. For non-symmetrical EULSs, it is nearly im-
possible to compute the irradiance at a detector plane because of a complicated function of the radiance 
L(x, y, φ, ψ). However, in the case of this specific IS, the radiance emission profile is  already well described, 
and thus the evaluation method of the optical simulation is adapted to match the sampling used in the 
laboratory radiance uniformity measurements [22]. Instead of the irradiance uniformity measurement and 
simulation at detector plane, the results presented in Fig. 7 and 8 are in the form of the spatial and angular 
radiance uniformity. In order to achieve it, the effect of two aperture radiance detector RD is simulated.

The selected optical software works with the Monte Carlo ray-tracing method based on randomly gener-
ated directions of optical rays and therefore the results are based on statistics. Thus, discrepancies between 
the results of laboratory measurement and optical simulation are expected due to possible fluctuation. Fig-
ure 7 shows the comparison of results of laboratory measurement and optical simulation in terms of the 
spatial radiance uniformity. The results of the simulation match the results of the measurement within 
0.800 % according to the listed value of MAEspatial in Tab. 3, which validates the developed optical simula-
tion model. The only difference is the type of the spatial radiance uniformity in the color-maps. In this case, 
the measurement exhibits the damped type of spatial radiance uniformity (the slight decrease of normalized 
intensity values towards the edges), while the Monte Carlo ray-tracing simulation output is the random type 
of spatial radiance uniformity [34]. Since the ideal Lambertian surface (idealized model of the inner cavity 
of the IS) is used in the simulation, there is no reason that the result should be damped and will always be 
random. Therefore, this result is expected. Of course, the value of simulated uniformity depends mainly on 
the statistics and thus on the number of used rays. Nevertheless, the effect of the baffle is clearly observed 
both in the laboratory measurement and in the optical simulation. The method of simulating radiance 
uniformity predicts (in this case validates) what the measured radiance uniformity would be like, and thus 
is able to locate the sources and the level of non-uniformity.

Next to the spatial radiance uniformity results, there are the results of angular radiance uniformity, 
shown in Fig. 8. The precision of the model is expressed by the MAEvertical, MAEdiagonal, MAEhorizontal 
and listed in Tab. 4. The largest error values are reaching 1.600 % and 1.100 % in spots number 3 and 1 
in horizontal orientation of IS and in spot number 5 in diagonal orientation of IS. This is generally due to 
lower statistics, i.e., number of measured / simulated angular positions (47 positions with 1° step) and rather 
higher variations in angular radiance uniformity (the baffle effect and the hot spot effect). Nevertheless, this 
outcome is expected and overall the resulting error values are in most cases lower than 1.000 %. The plots 
depicting all rotation positions of IS precisely mimic all the trends (constant progress as well as increase and 
decrease in normalized intensity values) caused by the imperfections in rotation symmetry of the inner cavity 
of the general purpose IS. Similar to the spatial radiance uniformity comparison, the effect of the baffle is 
clearly observed also for the angular radiance uniformity measurement and simulation. The vertical rotation 
position in Fig. 8a) and 8d), the curves are almost constant. The diagonal rotation position in Fig. 8b) 
and 8e), the detector directly measures the effect of the baffle resulting in the approximate 30 % decrease in 
the normalized intensity values (decrease in radiance uniformity). Finally, the horizontal rotation position 
in Fig. 8c) and 8f), the radiance detector (RD) directly observes both the baffle and the hot spot of the 
primary light source on the inner surface of the IS. In case of the baffle, there is again the 30 % decrease 
in the normalized intensity values, thus lowering the resulting radiance uniformity by the same amount in 
this region. On the other hand, the hot spot leads to the rapid increase in the intensity due to the rays 
that are reflected directly to the detector after the first strike (only one reflection in the  inner cavity of IS) 
compared to the rest of the surface where the integration of the light flux o ccurred (multiple r eflections of 
the scattered rays). This increase in normalized intensity values is directly connected to the decrease in the



radiance uniformity since the values are off the desired range (around 100 % in an ideal case). In all three
rotation positions, the developed method accurately validates the results of the laboratory measurement
and is capable of locating sources of non-uniformity.

5. Conclusion

In this paper, the feasibility of extended uniform light source (EULS) simulations using OpticStudio
software is verified on the examples of a Lambertian disk (LD) and an ideal integrating sphere (IS). It
is based on the cosine-fourth-power law, which describes the decrease of irradiance at detector plane. The
verification on both LD and ideal IS allowed to develop the simulation method that provides the information
about radiance uniformity instead of the more commonly used irradiance uniformity. The major advantage of
this approach is the ability to not only localize the sources of radiance non-uniformity, but also to determine
their relative intensity. The accuracy of developed simulation method is validated on a real general purpose
IS (3P-GPS-053-SL) by comparing the results of the optical simulation with previously measured data in
optical laboratory. This comparison is based on the fact that the developed simulation model of the real IS
is consistent with the measurement setup.

The ability to reliably simulate both spatial and angular radiance uniformity plays an important role
in further analyses. Knowing it is plausible, the presented simulation method can be used in the virtual
prototyping (optimization of possible modifications) of the EULSs in general. Furthermore, the validated
simulation model of general purpose IS can be implemented into more sophisticated simulations for spe-
cialized applications using EULS. Therefore, further research on topics of virtual prototyping of EULSs is
planned in the future.
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