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A B S T R A C T

Fiber orientation tensors are widely used to efficiently describe the fiber orientation evolution of anisotropic
fiber suspensions during mold-filling. Real viscous fiber suspensions show fiber-induced anisotropic behavior. It
is an open question how to correctly account for the anisotropic microstructure of fiber suspensions in general
in the evolution equation of the fiber orientation tensors. In this study, a generalized evolution equation for
the fiber orientation tensor of arbitrary even order is formulated, which takes into account the microstructural
anisotropy of the fiber suspension. This formulation is based on a linear homogenization approach which allows
the application of arbitrary mean-field models. The derived interaction term, representing the anisotropic
environment of a single fiber, is discussed as a micromechanical convergence criterion of the underlying
integral operator. It is shown and discussed in detail how the special cases of the Jeffery equation and the
Folgar–Tucker equation follow from this general formulation. In addition, the generalized evolution equation
is specified for selected mean-field models. In this context, an equation is presented to describe the evolution
of the fiber orientation tensor depending on the spatial distribution of the fibers. For simple shear flow, all
models describing the orientation dynamics are numerically investigated and compared. The results for the
second-order orientation tensor as well as for a single fiber show that the well-known periodic behavior is
present and strongly depends on the volume fraction and the chosen mean-field model. Considering the spatial
distribution of the fibers has a significant effect on the orientation evolution and strongly affects the periodic
reorientation.
1. Introduction

Section content. The section at hand consists of an overview of the
relevant state of the art and also describes the contributions to the
field. In addition, the structure of the study is described and the tensor
notation used is presented.

1.1. Motivation and state of the art

Predicting the evolution of fiber orientation during mold-filling is
crucial for estimating the anisotropic properties of fiber suspensions
and fiber reinforced composites [1]. As part of a simulative approach
to lightweight design, models for a reliable orientation prediction are
needed to implement a virtual process chain [2–4] in engineering
practice. In this context, the original work of Jeffery [5,6] and more
recent works incorporating narrow gaps, e.g., [7,8], inertia effects,
e.g., [9–11], non-Newtonian fluids or second-order fluids, e.g., [12–
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14] or special particle geometries, e.g., [15,16] consider the orien-
tation behavior of a single fiber. In contrast, the computationally
efficient concept of orientation tensors [17,18] is widely used with
the orientation evolution during mold-filling described by, e.g., the
Folgar–Tucker equation [18,19], the reduced-strain closure model [20]
or the anisotropic rotary diffusion model [21]. These equations are
mostly formulated for second-order orientation tensors, and at most for
fourth-order orientation tensors, with evolution equations for arbitrary
higher order orientation tensors remaining an open topic. The mold-
filling process itself can be modeled decoupled, i.e. the fiber-induced
anisotropic viscosity is neglected. This stands in contrast to the coupled
approach, where the fiber suspension is modeled with anisotropic
viscosity, leading to an influence of the fiber orientation evolution on
the flow field. Numerous studies investigate the effects of flow-fiber
coupling, including early works, e.g., [22,23] and more recent works,
e.g., [24–27]. However, in these studies the fiber orientation evolution
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is only influenced by the flow field of the anisotropically modeled fiber
suspension and the anisotropic microstructure of the fiber suspension
is not considered in the fiber orientation evolution.

Gilormini and Chinesta [28] studied anisotropy effects on the evo-
lution behavior of rod-like particles. They developed a dumbbell model
for slender fibers embedded in an anisotropic suspension. The
anisotropy represents the hydrodynamic interactions between the fibers
arising with increasing fiber volume fraction. In their approach they
used the viscous drag force in an incompressible suspension with fiber-
induced orthotropic material symmetry for modeling the hydrodynamic
interactions. The micromechanical model of Mori and Tanaka [29,
30] and the IBOF closure [31] was used. The results of Gilormini
and Chinesta show distinct differences between the classical Jeffery
model [5,6] and the proposed anisotropic orientation model. The latter
causes a stronger alignment with increasing fiber volume fraction
(moderate) and fiber aspect ratio (distinct) in the shear direction
with respect to the Jeffery model. In addition, the 2D case is briefly
addressed referring to the work of Fletcher [32] with the result, that in
2D the anisotropy of the surrounding fluid does not affect the spin of
the embedded fiber.

Favaloro [33], on the other hand, used the mean-field approaches of
Reuss [34] and of Mori and Tanaka [29,30] to describe the motion of a
single fiber embedded in an anisotropic fiber suspension. Based on this
single-fiber consideration, the corresponding evolution equation for the
second-order orientation tensor was derived by means of upscaling.
Favaloro found that, in contrast to the Reuss model depending on the
particle number, the Mori–Tanaka model leads to an additional term
that scales with the fiber volume fraction and is in this sense consistent
with the interaction models of Feréc et al. [35,36]. The results for a
shear flow show the same behavior as the model of Gilormini and
Chinesta [28], namely that the consideration of the volume fraction
leads to a more pronounced orientation. In addition, it is shown by
Favaloro [33] that the derived orientation evolution equations can
be easily modified by an additional parameter similar to the RSC
model [20] to account for slower orientation dynamics.

The study of Favaloro [33] is mainly based on the work of Wetzel
and Tucker [37] with the underlying doctoral thesis of Wetzel [38].
Wetzel and Tucker [37] studied the deformation of an ellipsoidal
Newtonian droplet embedded in a Newtonian matrix fluid for the first
time in 3D. They used the compact localization tensor notation which
is related to the basis of mean-field homogenization: Eshelby’s single
inclusion problem [39,40]. It should be noted that the approach of
Wetzel and Tucker covers arbitrary flow conditions and fluid viscosities
under Stokes flow conditions and neglects interfacial tension of the
considered ellipsoidal droplet. In earlier works, e.g., Bilby et al. [41],
Howard und Brierley [42] and Bilby und Kolbuszewski [43] the results
of Eshelby were applied for special flows and under geometric restric-
tions of the droplet. A remarkable finding of Wetzel and Tucker is the
mean-field based derivation of Jeffery’s equation [5,6] assuming a rigid
spheroidal particle and the localization tensor of the dilute distribution
(see, e.g., Tucker and Liang [44]).

A recent publication of Ponte Castañeda [45] generalizes, e.g., the
work of Avazmohammadi and Ponte Castañeda [46] in the context of
the Hashin–Shtrikman–Willis approach [47,48] formulated by Ponte
Castañeda and Willis [49] in order to describe the orientation and
shape evolution of deformable ellipsoidal particles with different dis-
tributions and geometries. The embedded particles are considered vis-
coelastic or elasto-viscoplastic, whereas the fluid can show Newtonian
or viscoplastic behavior. Since the present work is not focused on
deformable particles, the reader is referred to the literature survey
of Ponte Castañeda [45] for more details on this subject. As stated
by Ponte Castañeda [45], the Jeffery equation follows as a special
case for rigid particles in a Newtonian matrix fluid, provided a dilute
distribution is assumed (see Wetzel and Tucker [37]).

Since the present work favors fast mean-field homogenization meth-
ods over computationally expensive full-field simulations for the for-
2

mulation of fiber orientation evolution equations, a brief review of
selected recent publications on mean-field homogenization of parti-
cle suspensions is given here. Full-field simulations, see, e.g., Schnei-
der [50], Bertóti et al. [51], and Sterr et al. [52] are not part of
this study as they require a fully resolved microstructure. Bertóti and
Böhlke [53] used a two-step Hashin–Shtrikman approach for the special
case of rigid spheroidal inclusions and simulated a fiber set governed
by Jeffery’s equation for each individual fiber. Regarding four dif-
ferent flow cases, both the orientation evolution and the evolution
of the effective viscosity tensor were investigated. For the viscous
stress evolution, the differences between the mean-field model and
the constitutive law of Dinh and Armstrong [54] were studied. The
results show that the chosen mean-field approach is sufficient to model
the viscosity of the fiber suspension. Traxl et al. [55] formulated
equations for four different matrix fluids and three different inclusion
geometries, where both rigid particles and pores were considered. Karl
and Böhlke [56] addressed various mean-field homogenization models
in parallel for the estimation of effective viscous and elastic properties
of fiber suspensions and composites. In the same study, the Hill–
Mandel condition [57,58] for viscous suspensions was reconsidered in
detail with respect to singular surfaces, complementing the work of,
e.g., Adams and Field [59] and Traxl et al. [55]. Upper estimates were
proposed in order to provide macroscopically non-rigid approximations
leading to higher effective viscosities compared to the applied mean-
field methods and lower bounds. Kammer et al. [60] generalized the
homogenization approach of Ponte Castañeda and Willis [49] in order
to approximate the effective viscosity of suspensions with isotropically
distributed rigid spherical particles. Both Newtonian and viscoplastic
matrix fluids were considered. An empirical scalar parameter was
used to interpolate between the Ponte Castañeda and Willis estimates
and self-consistent estimates [61,62]. It was shown that the proposed
model agrees well with experimental results and that the empirical
parameter can be interpreted as a representation of the polydisperse
character of the particle suspension. Kammer and Ponte Castañeda [63]
generalized the Ponte Castañeda-Willis approach [49] and the self-
consistent estimate [61,62] in parallel by using the same empirical
scalar parameter introduced by Kammer et al. [60] in order to inter-
polate between both methods. The further development of Kammer
and Ponte Castañeda [63] includes a general tensorial approach with
the additional feature of considering different inclusion geometries,
mechanical behaviors of the constituents, orientations and distributions
while fulfilling the necessary index symmetries of the effective tensors.
In the context of the present work, reference is made to their results of
estimating the effective linear viscous behavior for both a statistically
isotropic distribution of rigid spheres and an isotropic distribution of
rigid ellipsoidal fibers in a Newtonian matrix fluid.

1.2. Originality and structure

The aim of this work is to make an algebraic contribution to the
description of the evolution of fiber orientation tensors taking into
account the anisotropic viscosity induced by the local fiber orientation
distribution. The focus is on the application of linear mean-field ho-
mogenization theory, which is widely used for solid composites. These
methods are chosen because of their direct algebraic formulation and
the possibility of efficient computation, which is of great importance
in engineering practice. The two central points of the present work are
summarized as follows:

(1) Based on a linear homogenization approach, the evolution equa-
tion of the fiber orientation tensor is formulated taking into
account the anisotropic viscosity in such a way that variable
mean-field models are applicable for the localization relations.
From the point of view of a single fiber, this corresponds to
a hydrodynamic interaction between the fiber and its environ-
ment, referring to an anisotropic suspension. In this context, the

works of Wetzel [38], Wetzel and Tucker [37], Gilormini and
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Chinesta [28] and Favaloro [33] are generalized. Specifically,
the orientation evolution equations for four different mean-field
models are specified and compared numerically for a simple shear
flow.

(2) The fiber orientation tensor evolution equation is formulated for
arbitrary even order, which is an additional algebraic generaliza-
tion. The studies of Hill [64], Böhlke [65] and Papenfuss [66] are
put into a new context in the sense of considering the anisotropic
viscosity of the fiber suspension in this equation of arbitrary even
order. In particular, it is shown how Jeffery’s equation [5,6] and
the Folgar–Tucker equation [18,19] for the orientation tensor of
arbitrary even order follow from the general mean-field approach
by proving the equivalence of the formulation for a single fiber
to the work of Wetzel and Tucker [37].

The manuscript is structured as follows. Section 1 refers to the state
f the art, the originality of the work and details about the notation.
n Section 2 the basics for the description of fiber orientation states
re presented. In addition, the mean-field based fiber orientation tensor
volution equation of arbitrary even order is formulated and specified
or selected mean-field models. The special cases of the Jeffery equation
nd the Folgar–Tucker equation are discussed. Section 3 contains the
esults of a numerical example and the discussion. The summary and
onclusions of the present study can be found in Section 4. Supplemen-
ary computations and additional results are provided in Appendix A
o Appendix E. The supplementary material, which contains the list of
ymbols and abbreviations, can be found in Appendix F.

.3. Notation

In this manuscript, a symbolic tensor notation is predominantly
sed. Where index notation is used, it refers to Cartesian index notation.
calar quantities are denoted by lower and upper case Latin and
reek letters, e.g., 𝑎, 𝐴, 𝛼. Lower case bold letters are used for vectors,
.g., 𝒂, 𝒃. Second-order tensors are denoted by upper case bold Latin
etters, e.g., 𝑨,𝑩 and bold Greek letters, e.g., 𝝈,𝜴. Fourth-order tensors
efer to upper case blackboard bold Latin letters, e.g., A,B. Tensors of
rbitrary order 𝑛 are denoted by, e.g., A

⟨𝑛⟩,B⟨𝑛⟩. The dyadic product
etween vectors and tensors is given by, e.g., 𝒂⊗𝒃. The abbreviation

of the form 𝒏⊗2 refers to 𝒏⊗𝒏. The composition of second-order
ensors refers to, e.g., (𝑨𝑩)𝑖𝑗 = 𝐴𝑖𝑘𝐵𝑘𝑗 and of fourth-order tensors to,

e.g., (AB)𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑗𝑚𝑛𝐵𝑚𝑛𝑘𝑙. The mapping of a second-order tensor over
fourth-order tensor is denoted by, e.g., (A[𝑩])𝑖𝑗 = 𝐴𝑖𝑗𝑘𝑙𝐵𝑘𝑙. The box

product between second-order tensors is defined via
(𝑨□𝑩)𝑖𝑗𝑘𝑙 = 𝐴𝑖𝑘𝐵𝑙𝑗 . The second-order identity tensor is denoted by 𝑰 .
The identity on symmetric second-order tensors is given by I𝖲 and
I𝖠 represents the identity on skew-symmetric second-order tensors,
respectively. The tensor P1 stands for the identity on spherical second-
order tensors whereas P2 represents the identity on symmetric traceless
second-order tensors. Volume-averaged quantities are denoted by ⟨⋅⟩
and effective quantities defined at the boundary of the considered
volume element refer to ̄(⋅).

2. Fiber orientation tensor evolution

Section content. The following subsections form the main theoretical
part of the study. First, the basics of the tensorial description of fiber
orientation are presented. This is followed by the micromechanical
derivation of the general evolution equation of the orientation tensor
of arbitrary even order. This generalized formulation is specified for
selected mean-field models which differ in the respective localization
3

(or concentration) relation.
2.1. Fiber orientation description

The fiber orientation of a given microstructure is most comprehen-
sively described by the orientation distribution function 𝑓 , which is a
probability density function with the following properties [18,67]

𝑓 (𝒏) ≥ 0, ∫
𝑓 (𝒏) d𝑆(𝒏) = 1, 𝑓 (𝒏) = 𝑓 (−𝒏). (1)

he vector 𝒏 refers to an arbitrary direction on the unit sphere  with
he surface element d𝑆(𝒏). It should be noted that the notation d𝑆(𝒏)
ndicates that 𝒏 represents the integration variable. As time-varying and
nhomogeneous microstructures are considered throughout this work,
he function 𝑓 also depends on the time 𝑡 and the spatial coordinate 𝒙,
hich is not shown in Eq. (1) for clarity. As described by, e.g., Böhlke
t al. [68], Müller and Böhlke [69] and Bauer and Böhlke [70] the
unction 𝑓 refers to the infinitesimal volume fraction d𝑣∕𝑣 of fibers
ligned in the direction 𝒏
d𝑣
𝑣
(𝒏) = 𝑓 (𝒏) d𝑆(𝒏). (2)

n engineering practice, fiber orientation tensors [17,18] are used to
epresent moments of the orientation distribution function 𝑓 and refer
o a coarse-grained representation of the microstructure. The orienta-
ion tensor of the first kind and of arbitrary even order 𝑛 reads [17,18]

⟨𝑛⟩(𝒙, 𝑡) = ∫ 𝑓 (𝒙, 𝑡,𝒏)𝒏⊗𝑛 d𝑆(𝒏). (3)

restriction to the second- and fourth-order orientation tensor 𝑵 and
in order to reduce the computational effort in engineering practice

eads to a loss of microstructural information, since the orientation
istribution function 𝑓 is approximated by a truncated series [17,18].
his series representation typically refers to the orientation tensors
f the third kind for which reference is made to Kanatani [17].
esides the approximation of 𝑓 by a truncated series, function-based
pproaches can be used to reconstruct 𝑓 . In this context, reference
s made to the angular central Gaussian distribution (ACG) [71,72]
r the Bingham distribution [73] forming the basis of the maximum
ntropy method [74–76]. In addition, it is possible to use an ellipse
adius distribution [77], the Jeffery distribution [1] or non-orthotropic
pproaches [78]. To conclude this section it should be mentioned that
he addressed fiber orientation description is only valid for rigid and
hus non-curved short fibers.

.2. Generalized formulation of the orientation evolution

As a starting point for deriving a generalized fiber orientation tensor
volution equation, the orientation average [18] (OA) of an arbitrary
icrostructural second-order tensor 𝑨(𝒏) is considered

𝑨⟩𝖮𝖠 = ∫
𝑓 (𝒏, 𝑡)𝑨(𝒏) d𝑆(𝒏). (4)

he argument 𝒙 of 𝑓 is omitted to ensure a more compact notation.
ollowing the work of Böhlke [65] for polycrystals, the time derivative
f ⟨𝑨⟩𝖮𝖠 is considered

d
d𝑡
⟨𝑨⟩𝖮𝖠 = d

d𝑡 ∫
𝑓 (𝒏, 𝑡)𝑨(𝒏) d𝑆(𝒏). (5)

s shown in Appendix A, Eq. (5) can be transformed into the follow-
ng generalized evolution equation for the orientation tensor N

⟨𝑛⟩ of
rbitrary even order 𝑛 by substituting the tensor 𝑨 with 𝒏⊗𝑛

̇
⟨𝑛⟩ = ∫

𝑓 (𝒏, 𝑡)(𝒏⊗𝑛)
.
d𝑆(𝒏), (6)

ith the corresponding derivative

𝒏⊗𝑛)
.
= 𝒏̇⊗𝒏⊗(𝑛−1) + 𝒏⊗𝒏̇⊗𝒏⊗(𝑛−2) +⋯ + 𝒏⊗(𝑛−1)⊗𝒏̇. (7)

It should be noted that the rate 𝒏̇ is a constitutive quantity when
considering the analogous approach by Böhlke [65] for polycrystals.
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Following Favaloro [33], the local fiber spin tensor 𝑾 𝖥 is used in order
to express the rate 𝒏̇ = 𝑾 𝖥𝒏. By using the fiber spin tensor 𝑾 𝖥, the rate
(𝒏⊗𝑛). is formally abbreviated by

(𝒏⊗𝑛)
.
= 𝑾 𝖥⊠(𝒏⊗𝑛), (8)

ith the operator ⊠ defined via [65]

𝒏⊗𝑛)
.
𝑖𝑗𝑘…𝑙 = 𝑊 𝖥

𝑖𝑚𝑛𝑚𝑛𝑗𝑛𝑘...𝑛𝑙 +𝑊 𝖥
𝑗𝑚𝑛𝑖𝑛𝑚𝑛𝑘...𝑛𝑙

+ 𝑊 𝖥
𝑘𝑚𝑛𝑖𝑛𝑗𝑛𝑚...𝑛𝑙 +⋯ +𝑊 𝖥

𝑙𝑚𝑛𝑖𝑛𝑗𝑛𝑘...𝑛𝑚. (9)

s will be shown in the following part of the manuscript, 𝑾 𝖥 and
herefore the rate (𝒏⊗𝑛). depends on the effective spin, the local strain
ate and the anisotropic environment of the fiber. With Eq. (8) the fiber
rientation tensor evolution equation of arbitrary even order 𝑛 can be
ompactly formulated as follows

̇
⟨𝑛⟩ = ∫

𝑓 (𝒏, 𝑡)𝑾 𝖥⊠(𝒏⊗𝑛) d𝑆(𝒏). (10)

It is noted that Eq. (10) is related to the generalized evolution equation
for arbitrary statistical moments in terms of texture coefficients for
polycrystals derived by Böhlke [65]. It is interesting to see that the
algebraic structure is equal with respect to the set of orthogonal tensors
SO3 and the unit sphere , and that the spin localization [59,79,80] is
a crucial constitutive quantity that requires modeling.

In order to incorporate the microstructure into the evolution equa-
tion (10), the localization (or concentration) relation for the fiber spin
tensor 𝑾 𝖥 is addressed in the following. This serves as a starting
point for the later application of arbitrary mean-field homogenization
models. The approach of Adams and Field [59] is applied to viscous
suspensions throughout this work, considering the quasi-static balance
of linear momentum without volume forces, the constitutive law for lin-
ear viscous suspensions, the compatibility condition inside the volume
𝑉 and the incompressibility condition

𝟎 = div(𝝈), 𝝈 = −𝑝𝑰 + V[𝑫], 𝟎 = rot(rot𝖳(𝑫)), 0 = tr(𝑫). (11)

In the above system of equations, 𝝈 refers to the Cauchy stress ten-
sor with the pressure 𝑝, the viscosity tensor V, and the traceless
strain-rate tensor 𝑫 as the symmetric part of the velocity gradient
𝑳. It is assumed that the constant macroscopic velocity gradient 𝑳̄
and the constant macroscopic pressure 𝑝̄ are applied on the bound-
ary 𝜕𝑉 [59]. The incompressible fiber suspension is assumed to be
statistically homogeneous and ergodic [81] without cracks or voids
and a continuous displacement or velocity field in the representative
volume element [57]. The Hill–Mandel condition [57,58] for viscous
suspensions and the underlying Stokes flow condition are assumed to
be valid and only isotropic phases (fibers and matrix) with phase-wise
uniform mechanical properties are considered [57]. In each homog-
enization step, the microstructure of the fiber suspension is seen as
constant in time [45,56]. Based on the approach for linear elastic
solids [48,82–85], a homogeneous reference viscosity V0 is introduced
and the corresponding viscous stress polarization 𝝉 and the constitutive
law read

𝝉 = (V − V0)[𝑫], 𝝈 = −𝑝𝑰 + V0[𝑫] + 𝝉 . (12)

Using Eq. (12) the static balance of linear momentum without body
forces can be reformulated for viscous suspensions similar to elastic
solids, see, e.g., Willis [86], Lipinski and Berveiller [79] and Adams
and Field [59]

𝟎 = −grad(𝑝) + div(V0[𝑫]) + div(𝝉), (13)

with the pressure boundary condition 𝑝(𝒙) = 𝑝̄, 𝒙 ∈ 𝜕𝑉 and the velocity
boundary condition 𝒗(𝒙) = 𝒗̄, 𝒙 ∈ 𝜕𝑉 . The formal solution of Eq. (13)
can be expressed conveniently in index notation as follows with Green’s
functions 𝒈(𝒙,𝒙′) and 𝑮(𝒙,𝒙′) [59,79,86]

𝑝(𝒙) = 𝑝̄ − ∫
𝜕𝑔𝑖(𝒙,𝒙′)

′ 𝜏𝑖𝑗 (𝒙′) d𝑉 (𝒙′),
4

𝑉 𝜕𝑥𝑗
𝑣𝑖(𝒙) = 𝑣̄𝑖 − ∫𝑉
𝜕𝐺𝑖𝑘(𝒙,𝒙′)

𝜕𝑥′𝑙
𝜏𝑘𝑙(𝒙′) d𝑉 (𝒙′), (14)

with the boundary values 𝒈(𝒙,𝒙′) = 𝟎, 𝒙 ∈ 𝜕𝑉 and 𝑮(𝒙,𝒙′) = 𝟎, 𝒙 ∈ 𝜕𝑉 .
Since the pressure in the incompressible case only represents a reaction
force, its calculation is not considered in the following. The components
of the local velocity gradient 𝑳 follow directly from the components of
the local velocity 𝒗 in Eq. (14) [79]

𝑖𝑗 (𝒙) = 𝐿̄𝑖𝑗 − ∫𝑉
𝜕2𝐺𝑖𝑘(𝒙,𝒙′)

𝜕𝑥′𝑙𝜕𝑥𝑗
𝜏𝑘𝑙(𝒙′) d𝑉 (𝒙′)

= 𝐿̄𝑖𝑗 − ∫𝑉
𝜕2𝐺𝑖𝑚(𝒙,𝒙′)

𝜕𝑥′𝑛𝜕𝑥𝑗
𝐼𝖲𝑚𝑛𝑘𝑙𝜏𝑘𝑙(𝒙

′) d𝑉 (𝒙′)

= 𝐿̄𝑖𝑗 − ∫𝑉
𝛤𝑖𝑗𝑘𝑙(𝒙,𝒙′)𝜏𝑘𝑙(𝒙′) d𝑉 (𝒙′). (15)

n the last step, the kernel of the integral is abbreviated by 𝛤𝑖𝑗𝑘𝑙 which
s typically symmetrized in the right index pair leading to the compact
otation of Eq. (15) similar to Willis [48,86]

L
{𝝉} ∶ 𝝉 ↦ ∫𝑉

L
(𝒙,𝒙′)[𝝉(𝒙′)] d𝑉 (𝒙′), 𝑳(𝒙) = 𝑳̄ −

L
{𝝉}. (16)

In order to derive localization relations for the strain-rate tensor
𝑫 = sym(𝑳) and for the spin tensor 𝑾 = skw(𝑳), the integral operatorL is either skew-symmetrized (A) or symmetrized (S) in the left index
air [59] which is denoted by L𝖠 = I𝖠

L and L𝖲 = I𝖲
L, respectively.

Similar to Eq. (16) one can write

𝑫(𝒙) = 𝑫̄ −
L𝖲{𝝉}, 𝑾 (𝒙) = 𝑾̄ −

L𝖠{𝝉}. (17)

The integral operations of Eq. (17) can be transformed into linear
mappings by taking into account the following points [48,86]:

(1) By considering an infinite volume 𝑉∞ of a statistically ho-
mogeneous composite, L𝖲,𝖠(𝒙,𝒙′) is replaced by the infinite
translation-invariant operator L𝖲,𝖠

∞ (𝒙−𝒙′). It should be noted that
the superscript S,A represents an abbreviation meaning either S
or A, not both in the sense of a composition.

(2) The localization relations (17) must fulfill ⟨𝑫⟩ = 𝑫̄ and
⟨𝑾 ⟩ = 𝑾̄ implying that the volume average of the integral op-
erations vanishes: ⟨L𝖲{𝝉}⟩ = 𝟎 and ⟨

L𝖠{𝝉}⟩ = 𝟎. This is ensured
by defining the integral operator L𝖲,𝖠{𝝉} on the fluctuation field
𝝉 − ⟨𝝉⟩

L𝖲,𝖠{𝝉} ∶ 𝝉 ↦ ∫𝑉
L𝖲,𝖠
∞ (𝒙 − 𝒙′)[𝝉(𝒙′) − ⟨𝝉⟩] d𝑉 (𝒙′). (18)

(3) The viscous stress polarization 𝝉 is assumed to be constant in
each of the phases. If no long-range order and ellipsoidal two-
point statistics are assumed, the integral operator (18) can be
further simplified
L𝖲,𝖠{𝝉} ∶ 𝝉 ↦ ∫𝑉

L𝖲,𝖠
∞ (𝒙) d𝑉 (𝒙)[𝝉 − ⟨𝝉⟩],

P𝖲,𝖠
0 = ∫𝑉

L𝖲,𝖠
∞ (𝒙) d𝑉 (𝒙). (19)

The tensor P𝖲,𝖠
0 is called polarization tensor and is either symmetric

in the left index pair (S) or skew-symmetric (A) in the left index pair.
It should be noted that both tensors P𝖲,𝖠

0 are symmetric in the right
index pair. Based on Eq. (19) the localization relations (17) read as the
following linear mappings as derived by Adams and Field [59]

𝑫 = 𝑫̄ − P𝖲
0[𝝉 − ⟨𝝉⟩], 𝑾 = 𝑾̄ − P𝖠

0 [𝝉 − ⟨𝝉⟩], (20)

which correspond to the expressions derived similarly by, e.g., Avaz-
mohammadi and Ponte Castañeda [46] in the context of deformable
particles in Newtonian fluids. The fiber spin tensor 𝑾 𝖥 needed for
Eq. (10) can be computed based on Eq. (20) as follows

̄ 𝖠
𝑾 𝖥 = 𝑾 − P0 [𝝉𝖥 − ⟨𝝉⟩]. (21)
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For the special case of two-phase fiber suspensions the volume-averaged
viscous stress polarization reads

⟨𝝉⟩ = 𝑐𝖬⟨𝝉⟩𝖬 + 𝑐𝖥⟨𝝉⟩𝖥, (22)

with the volume fraction of the matrix 𝑐𝖬 and the fibers 𝑐𝖥. The
homogeneous reference viscosity is set to the matrix viscosity V0 = V𝖬

leading to a vanishing polarization field in the matrix phase [46] and
the volume average reads ⟨𝝉⟩ = 𝑐𝖥⟨𝝉⟩𝖥. The non-zero polarization field
of the fiber phase

𝝉𝖥 = (V𝖥 − V𝖬)[𝑫𝖥] = 𝛿V[𝑫𝖥] = 𝛿VA𝖥[𝑫̄] (23)

depends on the strain-rate localization tensor A𝖥 of the fiber and the
difference 𝛿V = V𝖥 − V𝖬. Herein, the local strain-rate tensor 𝑫𝖥 of the
fiber is computed with the constant macroscopic strain-rate tensor 𝑫̄
via 𝑫𝖥 = A𝖥[𝑫̄]. As a result, the fiber spin tensor given in Eq. (21) can
be computed as follows

𝑾 𝖥 = 𝑾̄ − P𝖠
0

(

𝛿VA𝖥 − 𝑐𝖥⟨𝛿VA⟩𝖥
)

[𝑫̄]

= 𝑾̄ − P𝖠
0 𝛿VA𝖥[𝑫̄] + 𝑐𝖥P𝖠

0 ⟨𝛿VA⟩𝖥[𝑫̄]

= 𝑾̄ −𝑾 𝗅𝗈𝖼𝖺𝗅 + 𝑾̄ 𝗆𝖾𝖺𝗇. (24)

The first term 𝑾̄ refers to the macroscopic or far-field spin tensor of
the flow, which is a constant contribution to the fiber spin tensor. The
second term 𝑾 𝗅𝗈𝖼𝖺𝗅 refers to an additional spin concentration according
to Wetzel and Tucker [37]. Since only the macroscopic strain-rate
tensor 𝑫̄ is involved, this term induces a local fiber spin depending
on the local direction of the fiber even in the presence of spin-free
macroscopic flow [37]. The third term 𝑾̄ 𝗆𝖾𝖺𝗇 contains the orientation
average operator ⟨⋅⟩𝖥 introduced in Eq. (4) which accounts for the
interaction between the fibers by considering the mean fiber orientation
of the suspension as an anisotropic environment. It is noted that there is
a constant contribution to the fiber spin only if the effective orientation
itself is constant. However, in any real process, a single fiber does not
have a constant anisotropic environment, as the flow generally changes
the effective orientation over time. In addition, the third term also
induces a spin even in the presence of spin-free macroscopic flow. The
contributions 𝑾 𝗅𝗈𝖼𝖺𝗅 and 𝑾̄ 𝗆𝖾𝖺𝗇 to the fiber spin tensor have different
signs since together they define a fluctuation field of the spin which
is derived from the convergence criterion of the integral operator
in the context of Eq. (18). Whether 𝑾 𝗅𝗈𝖼𝖺𝗅 and 𝑾̄ 𝗆𝖾𝖺𝗇 accelerate or
decelerate the local spin with respect to 𝑾̄ depends in a complex way
on the kinematics, the actual fiber direction and the mean orientation
of the fiber suspension. The generalized fiber orientation evolution
equation (10) can be specified by using the fiber spin tensor given in
Eq. (24)

Ṅ
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩ − ∫
𝑓 (𝒏, 𝑡)

(

P𝖠
0 𝛿VA𝖥[𝑫̄]

)

⊠(𝒏⊗𝑛) d𝑆(𝒏)

+ 𝑐𝖥 ∫
𝑓 (𝒏, 𝑡)

(

P𝖠
0 ⟨𝛿VA⟩𝖥[𝑫̄]

)

⊠(𝒏⊗𝑛) d𝑆(𝒏). (25)

To conclude this section it should be noted that Eq. (25) is exact with
regard to the assumptions addressed above and that the study is limited
to a linear homogenization approach. The above evolution equation
is not closed and the orientation distribution function 𝑓 has to be
estimated in engineering practice. In addition, the tensors P𝖠

0 and A𝖥

are approximated by using mean-field models. It is emphasized that
Eq. (25) allows the application of arbitrary mean-field models for the
localization tensor A𝖥, a selection of which are presented below.

2.3. Special case: Reconsideration of Jeffery’s equation (J)

The motion of one single spheroidal rigid fiber in a Newtonian ma-
trix fluid without Brownian motion, inertia effects and hydrodynamic
interaction is covered by the Jeffery equation [5,6]. Since only one fiber
5

is considered, the fiber spin tensor given in Eq. (24) can be simplified
by applying 𝑐𝖥 → 0

𝑾 𝖥 = 𝑾̄ − P𝖠
0 𝛿VA𝖥[𝑫̄]. (26)

The suitable mean-field model for the localization tensor A𝖥 is the
dilute distribution [37,38] which is also addressed in the following
Section 2.4. As a result, the fiber spin tensor can be written as follows
by using A𝖥 given in, e.g., Tucker and Liang [44]

𝑾 𝖥 = 𝑾̄ − P𝖠
0 𝛿V

(

I𝖲 + P𝖲
0𝛿V

)−1
[𝑫̄] = 𝑾̄ − P𝖠

0

(

𝛿V−1 + P𝖲
0

)−1
[𝑫̄]. (27)

he rigid fiber assumption V𝖥 → ∞ or, in other words, a vanishing
luidity 𝛿V−1 [51,56] leads to the following fiber spin tensor 𝑾 𝖥 and
o an equation for the rate 𝒏̇

𝖥 = 𝑾̄ − P𝖠
0

(

P𝖲
0

)−1
[𝑫̄], 𝒏̇ = 𝑾̄ 𝒏 − P𝖠

0

(

P𝖲
0

)−1
[𝑫̄]𝒏. (28)

t is shown in Appendix B that the polarization tensor-based notation
f Eq. (28) corresponds to the following equivalent formulation of
etzel [38] and Wetzel and Tucker [37]

𝖥 = 𝑾̄ + J𝖥[𝑫̄], 𝒏̇ = 𝑾̄ 𝒏 + J𝖥[𝑫̄]𝒏, (29)

ith the tensor J𝖥 introduced as Jeffery tensor in the present manuscript

𝖥 = 1
2
𝜉
(

𝑰□(𝒏⊗𝒏) +
(

𝑰□(𝒏⊗𝒏)
)𝖳𝖱 − (𝒏⊗𝒏)□𝑰 −

(

(𝒏⊗𝒏)□𝑰
)𝖳𝖱

)

. (30)

n Eq. (30) the shape parameter 𝜉 = (𝛼2 − 1)∕(𝛼2 + 1) of the fibers
epends on the fiber aspect ratio 𝛼. Combining Eqs. (29) and (30) leads
o the following common representation [37,38]

𝖥 = 𝑾̄ + 𝜉
(

(𝑫̄𝒏)⊗𝒏 − 𝒏⊗(𝑫̄𝒏)
)

,

𝒏̇ = 𝑾̄ 𝒏 + 𝜉
(

𝑫̄𝒏 − (𝒏⊗𝒏⊗𝒏)[𝑫̄]
)

. (31)

Finally, the generalized Jeffery equation for the fiber orientation tensor
of arbitrary even order 𝑛 can be derived by using the fiber spin tensor
𝑾 𝖥 given in Eq. (31) in Eq. (10) together with the fiber orientation
tensor definition (3) leading to

Ṅ
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩ + 𝜉
(

𝑫̄⊠N
⟨𝑛⟩ − 𝑛N

⟨𝑛+2⟩[𝑫̄]
)

. (32)

To conclude this section, the generalization of the Folgar–Tucker
approach [18,19] is addressed. In order to model fiber interaction, the
following diffusion term on the unit sphere [18,19,87] is considered
at the level of the Fokker–Planck equation [88] for the orientation
distribution function

𝐷 = 𝐶𝖨𝛾̇𝛥 (𝑓 (𝒏, 𝑡)). (33)

The parameter 𝐶𝖨 refers to the fiber interaction parameter, the general-
ized shear rate is represented by 𝛾̇ and 𝛥 (⋅) stands for the Laplacian on
the unit sphere. The corresponding diffusion term (or interaction term)
of order 𝑛 can be obtained by integrating 𝐷𝒏⊗𝑛 over the unit sphere

D
⟨𝑛⟩ = 𝐶𝖨𝛾̇ ∫

𝒏⊗𝑛𝛥 (𝑓 (𝒏, 𝑡)) d𝑆(𝒏). (34)

By transferring the following equivalence for periodic functions 𝑎(𝒏)
and 𝑏(𝒏) on the unit sphere [89]

∫
𝑎(𝒏)𝛥 (𝑏(𝒏)) d𝑆(𝒏) = ∫

𝑏(𝒏)𝛥 (𝑎(𝒏)) d𝑆(𝒏), (35)

he alternative formulation of the interaction term (34) reads

⟨𝑛⟩ = 𝐶𝖨𝛾̇ ∫
𝑓 (𝒏, 𝑡)𝛥 (𝒏⊗𝑛) d𝑆(𝒏). (36)

he Laplacian on the unit sphere 𝛥 (𝒏⊗𝑛) can be computed analytically
sing the rules of calculus on the unit sphere as shown in Appendix C
or the special case of 𝑛 = 2. Applying this procedure to the general case
n Eq. (36) leads to the generalized Folgar–Tucker interaction term

⟨𝑛⟩ = 2𝐶𝖨

.
𝛾
(

(𝑛 − 1)𝑛
sym(𝑰⊗N

⟨𝑛−2⟩) −
(

𝑛 +
(𝑛 − 1)𝑛

)

N
⟨𝑛⟩

)

, (37)

2 2
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defining the generalized Folgar–Tucker equation

Ṅ
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩ + 𝜉
(

𝑫̄⊠N
⟨𝑛⟩ − 𝑛N

⟨𝑛+2⟩[𝑫̄]
)

+ D
⟨𝑛⟩. (38)

The present section is concluded with the following remarks:

(1) As described by, e.g., Papenfuss [66] the orientation of rigid-rod
molecules in liquid crystals is related to the orientation of rigid
fibers contained in fiber suspensions. Analogously, orientation
tensors (or alignment tensors representing orientation tensors
of the third kind [17]) as statistical moments of the underly-
ing orientation distribution functions are used to describe the
macroscopic orientation state.

(2) In terms of a complete reconstruction of the orientation dis-
tribution function from its statistical moments, Papenfuss [66]
derived the evolution equation for the orientation tensor of
arbitrary order for liquid crystals. Micro-level effects such as
potentials and molecular interactions were excluded and the
general equation includes components from flow, diffusion and
nematic parts. Hill [64] considered rigid-rod molecules in liquid
crystals analogously and also formulated the evolution equation
for the statistical moment of arbitrary order. In contrast to Pa-
penfuss [66], the equation of Hill [64] also contains components
from an electric field, a magnetic field and a dipole field and thus
considers additional effects on the micro level.

(3) The studies of Hill [64] and Papenfuss [66] generalize the colli-
sion tensor considered by Latz et al. [90] to an arbitrary tensor
order. It should be noted that the collision tensor consists of two
opposing mechanisms: Diffusion as a driving force towards an
isotropic state and the nematic part forcing an alignment.

(4) The generalized Folgar–Tucker equation (38) derived in this
manuscript is related in parts to the equations of Hill [64] and
Papenfuss [66] and can be understood as their counterpart in
the usual notation of the fiber community.

In the following, the interaction term (37) based on diffusion on
the unit sphere is not considered since the micromechanical models
addressed in the next sections are to be compared with the unmodified
Jeffery equation (32).

2.4. Special case: Dilute distribution (DD)

Similar to the derivation of the Jeffery equation in Section 2.3, the
strain-rate localization tensor of the dilute distribution model [44,56]

A𝖥 =
(

I𝖲 + P𝖲
0𝛿V

)−1
(39)

is used in the general expression (24) for the fiber spin tensor. The
difference to the derivation of Jeffery’s equation is that the volume
fraction of the fibers 𝑐𝖥 ≪ 1 is non-zero and the associated term is not
neglected. Therefore, the spin localization for the dilute distribution
model reads as follows after a slight modification

𝑾 𝖥 = 𝑾̄ − P𝖠
0

(

𝛿V−1 + P𝖲
0

)−1
[𝑫̄] + 𝑐𝖥

⟨

P𝖠
0

(

𝛿V−1 + P𝖲
0

)−1
[𝑫̄]

⟩

𝖥
. (40)

Applying the assumption of rigid fibers with a vanishing fluidity 𝛿V−1

as before, the above expression equals

𝑾 𝖥 = 𝑾̄ − P𝖠
0

(

P𝖲
0

)−1
[𝑫̄] + 𝑐𝖥

⟨

P𝖠
0

(

P𝖲
0

)−1
[𝑫̄]

⟩

𝖥
. (41)

Based on the considerations given in Appendix B, the above expression
is equivalent to the following compact form

𝑾 𝖥 = 𝑾̄ + J𝖥[𝑫̄] − 𝑐𝖥
⟨

J𝖥[𝑫̄]
⟩

𝖥
, (42)

with the Jeffery tensor J𝖥 given in Eq. (30) depending on the fiber
aspect ratio and the direction of the spheroidal fiber. The operator ⟨⋅⟩𝖥
refers to Eq. (4) as the orientation average [18] and can be computed
6

directly based on the convenient form of J𝖥[𝑫̄] with the second-order
fiber orientation tensor 𝑵

𝑾 𝖥 = 𝑾̄ + 𝜉
(

(𝑫̄𝒏)⊗𝒏 − 𝒏⊗(𝑫̄𝒏)
)

− 𝑐𝖥𝜉
(

𝑫̄𝑵 −𝑵𝑫̄
)

. (43)

It should be noted that the last term on the right-hand side represents a
constant contribution (with respect to the fiber direction 𝒏) to the fiber
spin tensor for a given fiber orientation distribution and a macroscopic
strain-rate tensor. In view of the orientation evolution of a single
fiber

𝒏̇ = 𝑾̄ 𝒏 + 𝜉
(

𝑫̄𝒏 − (𝒏⊗𝒏⊗𝒏)[𝑫̄]
)

− 𝑐𝖥𝜉
(

𝑫̄𝑵 −𝑵𝑫̄
)

𝒏 (44)

it becomes clear that this constant tensor represents the anisotropic
environment of a single fiber in a micromechanical sense. If it is
taken into account that this term follows from P𝖠

0 [⟨𝝉⟩] in Eq. (21) via
𝑐𝖥P𝖠

0 ⟨𝛿VA⟩𝖥[𝑫̄] in Eq. (24), it becomes apparent that the convergence
criterion of the integral operator ⟨

L𝖠{𝝉}⟩ = 𝟎 embodies the microme-
chanical interaction of a single fiber with its anisotropic environment
(which is not represented in the Jeffery approach). In order to derive
the evolution equation for the fiber orientation tensor of arbitrary even
order 𝑛 for the dilute distribution model, the fiber spin tensor (43) is
used in Eq. (10). The resulting equation can be expressed as follows
based on the fiber orientation tensor definition (3)

Ṅ
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩+𝜉
(

𝑫̄⊠N
⟨𝑛⟩−𝑛N

⟨𝑛+2⟩[𝑫̄]
)

−𝑐𝖥𝜉
(

𝑫̄𝑵−𝑵𝑫̄
)

⊠N
⟨𝑛⟩. (45)

2.5. Special case: Mori–Tanaka model (MT)

In case of the Mori–Tanaka mean-field model [29,30] the fol-
lowing strain-rate localization tensor is used for viscous suspensions
[56,91,92]

A𝖥 =
(

I𝖲 + 𝑐𝖬P𝖲
0𝛿V

)−1
. (46)

Following the computation steps already presented, the fiber spin
tensor reads as follows

𝑾 𝖥 = 𝑾̄ −P𝖠
0

(

𝛿V−1+ 𝑐𝖬P𝖲
0

)−1
[𝑫̄]+ 𝑐𝖥

⟨

P𝖠
0

(

𝛿V−1+ 𝑐𝖬P𝖲
0

)−1
[𝑫̄]

⟩

𝖥
, (47)

which, for rigid fibers, can be simplified to

𝑾 𝖥 = 𝑾̄ − 1
𝑐𝖬

P𝖠
0

(

P𝖲
0

)−1
[𝑫̄] +

𝑐𝖥
𝑐𝖬

⟨

P𝖠
0

(

P𝖲
0

)−1
[𝑫̄]

⟩

𝖥
. (48)

With the equality J𝖥 = −P𝖠
0

(

P𝖲
0

)−1
shown in Appendix B, the above

expression for the fiber spin tensor reads as follows with the orientation
average operator ⟨⋅⟩𝖥 defined by Eq. (4)

𝑾 𝖥 = 𝑾̄ + 1
𝑐𝖬

J𝖥[𝑫̄] −
𝑐𝖥
𝑐𝖬

⟨

J𝖥[𝑫̄]
⟩

𝖥

= 𝑾̄ +
𝜉
𝑐𝖬

(

(𝑫̄𝒏)⊗𝒏 − 𝒏⊗(𝑫̄𝒏)
)

−
𝜉𝑐𝖥
𝑐𝖬

(

𝑫̄𝑵 −𝑵𝑫̄
)

, (49)

which corresponds to Favaloro’s [33] result in a different notation.
The derivation of the rate 𝒏̇ regarding the direction of a single fiber
embedded in an anisotropic suspension is straightforward. By using
Eq. (49), the modified Jeffery equation based on the Mori–Tanaka
model reads [33]

𝒏̇ = 𝑾̄ 𝒏 +
𝜉
𝑐𝖬

(

𝑫̄𝒏 − (𝒏⊗𝒏⊗𝒏)[𝑫̄]
)

−
𝜉𝑐𝖥
𝑐𝖬

(

𝑫̄𝑵 −𝑵𝑫̄
)

𝒏. (50)

In the last step, the fiber spin tensor (49) is used in Eq. (10) in order
to derive the evolution equation for the fiber orientation tensor of
arbitrary even order

Ṅ
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩ +
𝜉
𝑐𝖬

(

𝑫̄⊠N
⟨𝑛⟩ − 𝑛N

⟨𝑛+2⟩[𝑫̄]
)

−
𝜉𝑐𝖥
𝑐𝖬

(

𝑫̄𝑵 −𝑵𝑫̄
)

⊠N
⟨𝑛⟩.

(51)

It is noted that Eq. (51) generalizes the expression for the special case
of order 𝑛 = 2 given in Favaloro [33]. Furthermore, the derivation of
Eq. (51) in the present paper differs by a generalized approach that
allows the use of arbitrary mean-field models or arbitrary strain-rate
localization tensors A .
𝖥
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2.6. Special case: Ponte Castañeda-Willis model (PCW)

The Ponte Castañeda-Willis model [49] is based on the idea of
considering different inclusion geometries with different spatial dis-
tributions. In order to realize this, two different polarization tensors
are introduced: One for the inclusion (i) and the other one for the
spatial distribution (d). For the special case of one single inclusion
geometry with one single distribution, both the skew symmetric (A)
and symmetric (S) polarization tensor read [45]

P𝖠,𝖲
0 = 1

𝑐𝖬

(

P𝖠,𝖲
𝗂

− 𝑐𝖥P
𝖠,𝖲
𝖽

)

. (52)

Inserting the symmetric tensor given in Eq. (52) into the localization
tensor of the Mori–Tanaka model, the localization tensor of the Ponte
Castañeda-Willis model is obtained [45,49]

A𝖥 =
(

I𝖲 +
(

P𝖲
𝗂 − 𝑐𝖥P𝖲

𝖽

)

𝛿V
)−1

. (53)

The direct use of Eqs. (52) and (53) in the general expression (24)
for the fiber spin tensor leads to the following results simplified for
a vanishing fluidity 𝛿V−1 for rigid fibers

𝑾 𝖥 = 𝑾̄ − 1
𝑐𝖬

(

P𝖠
𝗂 − 𝑐𝖥P𝖠

𝖽

)(

P𝖲
𝗂 − 𝑐𝖥P𝖲

𝖽

)−1
[𝑫̄]

+
𝑐𝖥
𝑐𝖬

⟨(

P𝖠
𝗂 − 𝑐𝖥P𝖠

𝖽

)(

P𝖲
𝗂 − 𝑐𝖥P𝖲

𝖽

)−1
[𝑫̄]

⟩

𝖥
. (54)

It should be noted that Eq. (54) corresponds to the special case of
one single inclusion geometry with one single distribution given in
Ponte Castañeda [45] if rigid particles are considered and thus elastic
components of the stress inside the particles are not present. However,
in contrast, the spin localization (54) for this special case takes the
anisotropic environment of the particle into account in an additional,
orientation averaged term ⟨⋅⟩𝖥. This also results in a modified evolution
equation (57) for the direction of a single fiber compared to the relation
given in Ponte Castañeda [45] regarding deformable particles.

In the following, the additional spin tensor depending on the fiber
direction

𝜴(𝒏) =
(

P𝖠
𝗂 (𝒏) − 𝑐𝖥P𝖠

𝖽 (𝒏)
)(

P𝖲
𝗂 (𝒏) − 𝑐𝖥P𝖲

𝖽(𝒏)
)−1

[𝑫̄] (55)

is introduced for convenience. With this abbreviation at hand, the com-
putation of the (constant) orientation averaged tensor in Eq. (54) repre-
senting the fiber’s anisotropic environment can be expressed compactly
as follows

𝜴𝖮𝖠 = ∫
𝑓 (𝒑, 𝑡)𝜴(𝒑) d𝑆(𝒑). (56)

It should be noted that the integration variable on the unit sphere is
deliberately changed in 𝒑 to avoid confusion with the fiber direction 𝒏.

ithout any further simplifications being possible, the equation for the
ingle fiber reads as follows

̇ = 𝑾̄ 𝒏 − 1
𝑐𝖬

𝜴(𝒏)𝒏 +
𝑐𝖥
𝑐𝖬

𝜴𝖮𝖠𝒏. (57)

A combination of Eq. (54) with Eq. (10) leads to the generalized
evolution equation for the fiber orientation tensor of arbitrary even
order for the Ponte Castañeda-Willis model

Ṅ
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩ −
1
𝑐𝖬 ∫

𝑓 (𝒏, 𝑡)𝜴(𝒏)⊠(𝒏⊗𝑛) d𝑆(𝒏) +
𝑐𝖥
𝑐𝖬

𝜴𝖮𝖠⊠N
⟨𝑛⟩. (58)

The present section is concluded with the following remarks:

(1) For the special case P𝖠,𝖲
𝗂

= P𝖠,𝖲
𝖽

, the strain-rate localization ten-
sor (53) reduces to the Mori–Tanaka approach as described in
the literature [49,93]. Therefore, also the orientation evolution
equation (58) corresponds to the Mori–Tanaka approach (51) for
this special case.

(2) For simplicity, it is possible to assume a spheroidal distribution
of the fibers via an additional distribution aspect ratio 𝛼𝖽. Since
the fibers are also modeled as spheroids with the aspect ratio
7

𝛼𝗂 = 𝛼, all four polarization tensors P𝖠,𝖲
𝗂,𝖽 can be computed iden-

tically. In Appendix D, an efficient computation procedure is
shown avoiding an encapsulated integration over the unit sphere
in the integral term of Eq. (58). As an alternative to a constant
spheroidal distribution, an additional evolution equation for a
distribution tensor can be solved [45], with a correspondingly
adjusted computation of the polarization tensors P𝖠,𝖲

𝖽
.

(3) It should be noted that both aspect ratios 𝛼𝗂,𝖽 referring to the
assumption of both spheroidal fibers and distribution, cannot be
chosen independently of each other. For a given fiber volume
fraction 𝑐𝖥 and a fiber geometry 𝛼𝗂, the following bounds for 𝛼𝖽
must not be violated [49]

𝛼𝗆𝗂𝗇
𝖽 = 𝛼𝗂

√

𝑐𝖥, 𝛼𝗆𝖺𝗑
𝖽 =

𝛼𝗂
𝑐𝖥

. (59)

(4) In consideration of the already shown connection between the
Jeffery tensor J𝖥 and the polarization tensors P𝖠,𝖲

0 via
J𝖥 = −P𝖠

0
(

P𝖲
0
)−1 (see Appendix B), one can conclude that the

Ponte Castañeda-Willis model leads to the following distribution-
corrected Jeffery tensor

J𝖥,𝖽 = −
(

P𝖠
𝗂 − 𝑐𝖥P𝖠

𝖽

)(

P𝖲
𝗂 − 𝑐𝖥P𝖲

𝖽

)−1
. (60)

This interpretation complements Ponte Castañeda’s statement
[45] that the special case of Jeffery’s equation is included in
the approach considered. This assumes P𝖠,𝖲

𝗂
= P𝖠,𝖲

𝖽
and the limit

𝑐𝖥 → 0. The present study builds on Ponte Castañeda’s work [45]
in the sense that a general evolution equation for the fiber
orientation tensor of arbitrary order is derived which, unlike
conventional approaches, takes into account the distribution of
the fibers.

(5) Compared to the models previously considered, the intrinsic
closure problem that the evolution equation for N

⟨𝑛⟩ depends on
the next higher order orientation tensor N

⟨𝑛+2⟩ [18] is present
in Eq. (58) in the form of an unknown orientation distribu-
tion function 𝑓 . As already discussed in Section 2.1, function
based approaches like the angular central Gaussian distribution
(ACG) [71,72], the maximum entropy method [74–76] based on
the Bingham distribution [73], the Jeffery distribution [1] or an
ellipse radius distribution [77] can be used.

2.7. Special case: Effective medium approach (EM)

The last method considered in the present manuscript is the ef-
fective medium approach with the basic idea of embedding a single
inclusion (dilute distribution) in a suspension with the (unknown)
effective viscosity V̄ as described by, e.g., Kanaun and Levin [94]. As
a result, the strain-rate localization tensor given in Eq. (39) reads [44,
48,56,91]

Ā𝖥 =
(

I𝖲 + P̄𝖲
0𝛿V̄

)−1
, (61)

with the abbreviation 𝛿V̄ = V𝖥 − V̄. Since the expression has the same
algebraic structure as in the case of a dilute distribution and the
fluidity 𝛿V̄−1 also vanishes for rigid fibers, the fiber spin tensor reads as
follows

𝑾 𝖥 = 𝑾̄ − P̄𝖠
0

(

P̄𝖲
0

)−1
[𝑫̄] + 𝑐𝖥

⟨

P̄𝖠
0

(

P̄𝖲
0

)−1
[𝑫̄]

⟩

𝖥
. (62)

The polarization tensors P̄𝖠,𝖲
0 depend on the effective (in general

anisotropic) viscosity tensor V̄ and must be computed by numerically
integrating Eq. (D.1) in Appendix D. Therefore, no further simplifica-
tions of Eq. (62) are possible. With the additional spin tensor depending
on the fiber direction

𝜴̄(𝒏) = P̄𝖠(𝒏)
(

P̄𝖲(𝒏)
)−1

[𝑫̄] (63)
0 0
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and with its (constant) orientation averaged representation

𝜴̄𝖮𝖠 = ∫
𝑓 (𝒑, 𝑡)𝜴̄(𝒑) d𝑆(𝒑), (64)

the evolution equation for a single fiber can be compactly expressed
by

𝒏̇ = 𝑾̄ 𝒏 − 𝜴̄(𝒏)𝒏 + 𝑐𝖥𝜴̄𝖮𝖠𝒏. (65)

gain, the integration variable in Eq. (64) is changed to 𝒑 to avoid
onfusion with the fiber direction 𝒏. A combination of Eq. (62) with
q. (10) leads to the following generalized orientation evolution equa-
ion of arbitrary even order based on the effective medium approach

̇
⟨𝑛⟩ = 𝑾̄ ⊠N

⟨𝑛⟩ − ∫
𝑓 (𝒏, 𝑡)𝜴̄(𝒏)⊠(𝒏⊗𝑛) d𝑆(𝒏) + 𝑐𝖥𝜴̄𝖮𝖠⊠N

⟨𝑛⟩. (66)

he present section is concluded with the following remarks:

(1) Similar to the PCW model, Eq. (66) is not closed since the
orientation distribution function 𝑓 is unknown. Based on suit-
able approaches listed in Section 2.6, the function 𝑓 has to be
approximated.

(2) In analogy to all previous considerations, in particular to Ap-
pendix B, the following effective Jeffery tensor can be defined

J̄𝖥 = −P̄𝖠
0

(

P̄𝖲
0

)−1
. (67)

(3) Unlike the PCW model, it is not possible to avoid encapsulated
integration in Eq. (66). In this context, encapsulated means
that for each integration point on  in Eq. (66), two complete
integrations over  must be performed to evaluate the tensor
𝜴̄(𝒏) as given in Eq. (63).

(4) In contrast to all previously discussed orientation models, the
effective viscosity tensor V̄ must be calculated explicitly in order
to solve the orientation evolution equation (66). Below, the self-
consistent method (SC) and the differential scheme (DS) are
listed (see, e.g., Kanaun and Levin [94]) with the adaptation to
fiber suspensions with rigid fibers [56]

V̄𝖲𝖢 = V𝖬 + 𝑐𝖥
⟨(

P̄𝖲
0

)−1⟩

𝖥
,

dV̄𝖣𝖲

d𝑐𝖥
= 1

1 − 𝑐𝖥

⟨(

P̄𝖲
0

)−1⟩

𝖥
. (68)

It should be noted that, in general, Eq. (68) represents implicit
expressions for the effective viscosity tensor V̄ and that Eq. (66)
is not limited to these two methods.

(5) The computation of the effective viscosity based on Eq. (68)
must be performed at each time step during the integration
of Eq. (66). The fully explicit approach proves to be practical
in order to decouple the computation of V̄ and N

⟨𝑛⟩ in each
time step since both tensors are coupled via the orientation
distribution function in the orientation average of Eq. (68).

. Numerical example and discussion

ection content. In this section, the numerical example of a simple shear
low is considered in order to investigate the results of the presented
ean-field models. The orientation evolution equations for the second-

rder orientation tensor and for a single fiber are given, followed by
description of the relevant settings. Moreover, the component 𝑁11 of

the orientation tensor 𝑵 is plotted over the total shear. Additionally,
the reorientation of a single fiber is shown. The fiber orientation
predicted by the presented mean-field models is investigated in the
context of slow orientation dynamics. Since the presented equations
describing the evolution of the second-order fiber orientation tensor are
not closed, the discussion addresses the problem of choosing a suitable
closure method.
8

a

3.1. Considered orientation evolution equations

In order to examine the differences between the various mean-field
models addressed above, the present section is limited to the following
second-order equations for the evolution of the fiber orientation

𝑵̇ 𝖩 = 𝑾̄ 𝑵 −𝑵𝑾̄ + 𝜉
(

𝑫̄𝑵 +𝑵𝑫̄ − 2N[𝑫̄]
)

,

𝑵̇𝖣𝖣 = 𝑾̄ 𝑵 −𝑵𝑾̄ + 𝜉
(

𝑫̄𝑵 +𝑵𝑫̄ − 2N[𝑫̄]
)

− 𝑐𝖥𝜉
(

𝑫̄𝑵2 +𝑵2𝑫̄ − 2𝑵𝑫̄𝑵
)

,

𝑵̇𝖬𝖳 = 𝑾̄ 𝑵 −𝑵𝑾̄ +
𝜉
𝑐𝖬

(

𝑫̄𝑵 +𝑵𝑫̄ − 2N[𝑫̄]
)

−
𝑐𝖥𝜉
𝑐𝖬

(

𝑫̄𝑵2 +𝑵2𝑫̄ − 2𝑵𝑫̄𝑵
)

,

𝑵̇𝖯𝖢𝖶 = 𝑾̄ 𝑵 −𝑵𝑾̄ − 1
𝑐𝖬 ∫

𝑓 (𝒏, 𝑡)
(

𝜴(𝒏⊗𝒏) − (𝒏⊗𝒏)𝜴
)

d𝑆(𝒏)

+
𝑐𝖥
𝑐𝖬

(

𝜴𝖮𝖠𝑵 −𝑵𝜴𝖮𝖠

)

,

𝑵̇𝖤𝖬 = 𝑾̄ 𝑵 −𝑵𝑾̄ − ∫
𝑓 (𝒏, 𝑡)

(

𝜴̄(𝒏⊗𝒏) − (𝒏⊗𝒏)𝜴̄
)

d𝑆(𝒏)

+ 𝑐𝖥
(

𝜴̄𝖮𝖠𝑵 −𝑵𝜴̄𝖮𝖠

)

, (69)

It should be noted that the spin tensors 𝜴 and 𝜴̄ depend on the
integration variable 𝒏. The respective definitions are given in Eq. (55)
for the PCW model and in Eq. (63) for the EM approach. In addition,
the following equations are solved in parallel with the Eqs. (69) to track
a single fiber embedded in the fiber suspension

𝒏̇𝖩 = 𝑾̄ 𝒏 + 𝜉
(

𝑫̄𝒏 − (𝒏⊗𝒏⊗𝒏)[𝑫̄]
)

,

𝒏̇𝖣𝖣 = 𝑾̄ 𝒏 + 𝜉
(

𝑫̄𝒏 − (𝒏⊗𝒏⊗𝒏)[𝑫̄]
)

− 𝑐𝖥𝜉
(

𝑫̄𝑵 −𝑵𝑫̄
)

𝒏,

𝒏̇𝖬𝖳 = 𝑾̄ 𝒏 +
𝜉
𝑐𝖬

(

𝑫̄𝒏 − (𝒏⊗𝒏⊗𝒏)[𝑫̄]
)

−
𝜉𝑐𝖥
𝑐𝖬

(

𝑫̄𝑵 −𝑵𝑫̄
)

𝒏,

𝒏̇𝖯𝖢𝖶 = 𝑾̄ 𝒏 − 1
𝑐𝖬

𝜴(𝒏)𝒏 +
𝑐𝖥
𝑐𝖬

𝜴𝖮𝖠𝒏,

𝒏̇𝖤𝖬 = 𝑾̄ 𝒏 − 𝜴̄(𝒏)𝒏 + 𝑐𝖥𝜴̄𝖮𝖠𝒏. (70)

3.2. Settings

The numerical example is limited to a simple shear flow with
the effective velocity gradient 𝑳̄ = 𝛾̇ 𝒆1⊗ 𝒆2, leading to the effective
train-rate tensor 𝑫̄ and spin tensor 𝑾̄

𝑫̄ = 𝛾̇
(

𝒆1⊗ 𝒆2 + 𝒆2⊗ 𝒆1
)

∕2, 𝑾̄ = 𝛾̇
(

𝒆1⊗ 𝒆2 − 𝒆2⊗ 𝒆1
)

∕2. (71)

All orientation evolution equations above are integrated with an ex-
plicit fourth-order Runge–Kutta method with the fixed time step
▵𝑡 = 0.05 s. The isotropic initial condition 𝑵0 = 𝑰∕3 and the initial
fiber direction 𝒏0 = (1 1 1)𝖳∕

√

3 𝒆𝑖 is fixed. The evolution equations
or the second-order orientation tensor are closed by using the ACG
losure [71,72] with the tolerance 10−8. The respective integration

on the unit sphere is based on a Lebedev grid [95] using the imple-
mentation of Parrish [96]. For J, DD, MT and PCW, the maximum
number of 5810 integration points is chosen, as this does not neg-
atively affect the computation time. For the EM approach, which is
limited to the differential scheme, 974 integration points are chosen
in order to ensure a sufficiently high accuracy with a reasonable
computational effort. The differential scheme is solved with an explicit
fourth-order Runge–Kutta method with the fixed volume fraction step
▵𝑐𝖥 = 0.01 and the initial solution V̄0 = 3𝜇𝗏P1 + 2𝜇𝗌P2. Similar to a
previous study [56], the shear viscosity of the matrix is set to 𝜇𝗌 = 1 Pas

6
nd the matrix volume viscosity 𝜇𝗏 = 10 Pas is fixed. The solution
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Table 1
For the selected mean-field models DD, MT, PCW and EM, the maximum values of the
orientation tensor component 𝑁11 is given for different fiber volume fractions 𝑐𝖥. The
maximum values of 𝑁11 refer to the considered interval of the total shear 𝛾̇ 𝑡 ∈ [0, 30].
𝑐𝖥 DD MT PCW(𝛼𝗆𝗂𝗇

𝖽
) PCW(𝛼𝗆𝖺𝗑

𝖽
) EM

0.02 0.881 0.917 0.947 0.916 0.826
0.05 0.855 0.930 0.968 0.928 0.812
0.1 0.826 0.948 0.979 0.944 0.795
0.15 0.805 0.962 0.983 0.957 0.782

of the differential scheme refers to the expression P2V̄P2 [56]. As an
example, the fiber volume fraction 𝑐𝖥 is varied between the values
0.02 and 0.15 and the fiber aspect ratio 𝛼 = 10 is fixed.1 Due to
the chosen fiber aspect ratio, the volume fractions correspond to the
semi-concentrated regime (𝛼−2 < 𝑐𝖥 < 𝛼−1 ⇔ 0.01 < 𝑐𝖥 < 0.1) and to the
concentrated regime (𝛼−1 ≤ 𝑐𝖥 ⇔ 0.1 ≤ 𝑐𝖥) according to Tucker [98]. It
should be noted that, even for the concentrated regime, the present
mean-field approach covers only a purely hydrodynamic interaction
between the fibers, as stated by Ponte Castañeda [45]. For the PCW
model, the aspect ratio of the inclusion 𝛼𝗂 refers to 𝛼 = 10 and the
distribution aspect ratios 𝛼𝗆𝗂𝗇

𝖽
and 𝛼𝗆𝖺𝗑

𝖽
are computed based on Eq. (59)

for each fiber volume fraction. Typically 𝛼 → ∞ is chosen, which is not
done in the present work for the following reasons. On the one hand,
it is to be investigated how the mean-field models affect the periodic
orientation behavior, which is not present for the infinite aspect ratio
𝛼 → ∞. On the other hand, for 𝛼 → ∞ the distribution aspect ratios
of the PCW model are infinite as well, which makes the PCW model
equal to the MT model. Another arising issue is that 𝛼 → ∞ leads to a
singularity in the computation of the polarization tensor for anisotropic
matrix viscosities according to Eq. (D.1) for the EM approach.

3.3. Results and discussion

In Fig. 1 the evolution of the fiber orientation tensor component
𝑁11 is shown with respect to the total shear 𝛾̇ 𝑡. In the range of approx-
imately 𝛾̇ 𝑡 < 5 it can be seen that the investigated models differ only
slightly, while for the range of approximately 𝛾̇ 𝑡 > 5 a strongly different
behavior can be seen. For the MT and PCW models, the maximum
values of 𝑁11 increase with an increasing fiber volume fraction. This
behavior corresponds to the tendency of recent studies [28,33]. For the
DD and EM models, in contrast, a decrease of the maximum value of
𝑁11 can be seen with increasing fiber volume fraction. The maximum
values of 𝑁11 with respect to the considered mean-field models and
fiber volume fractions are given in Table 1. Furthermore, the PCW(𝛼𝗆𝗂𝗇

𝖽
)

model shows the least periodic reorientation behavior for the selected
settings. In general, the orientation evolution is greatly influenced
by the consideration of the spatial distribution of the fibers. With
increasing fiber volume fraction, the period length for the MT and
PCW(𝛼𝗆𝖺𝗑

𝖽
) models increases, whereas the period length for the DD

and EM models decreases. The evolution of the remaining components
𝑁22, 𝑁33 and 𝑁12 is shown in Fig. E.4 in Appendix E.

The behavior of a single fiber embedded in the fiber suspension,
whose effective orientation behavior is shown in Fig. 1, is discussed
in the following. In Fig. 2a the orientation evolution of a single fiber
is shown on the unit sphere for the fiber volume fraction 𝑐𝖥 = 0.15 of
the surrounding fiber suspension. Fig. 2b shows the projection of the
orientation path on the 𝒆1– 𝒆2-plane. Although the total shear acting
on the fiber is the same for all mean-field models considered, there
are clear differences in the orientation behavior. These differences

1 For example, if Polypropylene is chosen as the matrix material and glass
s chosen as the fiber material, then the fiber volume fraction of 0.02 to 0.15
orresponds to a fiber mass fraction of 0.05 to 0.33 based on the mass densities
𝖬 = 910 kg∕m3 and 𝜌𝖥 = 2540 kg∕m3 [97]. The highest volume fraction thus

corresponds to the standard composite material PP-GF30.
9

correspond to the effective behavior shown in Fig. 1. On the one hand,
the longest path on the unit sphere is shown for DD and EM, which
is related to the strongly pronounced periodic behavior visualized in
Fig. 1. For MT and PCW(𝛼𝗆𝖺𝗑

𝖽
), the weaker periodic behavior becomes

apparent at the end of the path. For PCW(𝛼𝗆𝗂𝗇
𝖽

), on the other hand,
the largest period length of the reorientation is shown by the quasi-
static final state in the considered total shear range. The result of the
classical Jeffery equation, measured by path length, lies between the
results of DD, EM and MT, PCW(𝛼𝗆𝖺𝗑

𝖽
). The orientation evolution of a

single fiber for all other considered fiber volume fractions is shown in
Fig. E.5 in Appendix E.

It should be noted that the DD model is only valid in the dilute
regime. Investigations with different fiber volume fractions showed
that the results of DD already deviate significantly from those of
the MT model for fiber volume fractions higher than 10−3. The MT

odel shows the expected behavior of slowing down the orientation
ynamics with increasing fiber volume fraction. The opposite behavior
f DD shows that the respective linearized approach and the associated
icromechanical assumption of non-interacting single fibers [44] is not

ppropriate and must be evaluated as non-physical. Interestingly, the
pplication of the EM model shows qualitatively the same orientation
ynamics and the periodic behavior is more sensitive to increasing
iber volume fractions compared to the DD model. What connects the
D and EM models is the similar basic structure of the orientation
volution equation. This can be recognized on the one hand by the
inear scaling with the fiber volume fraction and on the other hand
y the concept of the EM model, as a single inclusion is embedded
n the medium with the effective viscosity. The observed amplifying
ffect of EM on the periodic reorientation can be attributed to the
act that the inherent self-consistent approach tends to overestimate
he effective viscosity [56,91] by embedding rigid fibers in a viscous
atrix compared to DD. In addition, the spin localization of the DD and
M models only includes the macroscopic strain rate, while the spin
ocalization of MT, as a special case of PCW, is derived based on the
ffective matrix strain rate [29,30,44], which is shown in the present
tudy to be crucial for the fiber orientation evolution.

To conclude the numerical example, the results of the derived mean-
ield based fiber orientation evolution equations in the context of slow
rientation dynamics are briefly investigated. Based on the discussion
bove, the upcoming analysis is limited to the J, MT and PCW models
or the selected fiber volume fractions. Following Favaloro [33], the ob-
erved slower orientation dynamics of real fiber suspensions is realized
y using the reduction tensor R with the reduction parameter 𝜅 ∈ [0, 1]
nd the right eigenvectors 𝒓𝑖 of the second-order orientation tensor

= I𝖲 + (𝜅 − 1)
3
∑

𝑖=1
𝒓𝑖⊗𝒓𝑖⊗𝒓𝑖⊗𝒓𝑖. (72)

The orientation dynamics predicted by the J, MT and PCW models are
slowed down by the use of the reduced strain-rate tensor R[𝑫̄] [33]
instead of the unmodified strain-rate tensor 𝑫̄ in the respective orien-
tation evolution equation. In this context, Jeffery’s model (32) refers to
the reduced-strain closure model (RSC) [20] with a neglected Folgar–
Tucker fiber interaction term [18,19]. Fig. 3 shows the evolution of the
fiber orientation tensor component 𝑁11 with respect to the total shear
𝛾̇ 𝑡 for the exemplary reduction parameter 𝜅 = 0.3. Note that the smaller
𝜅, the greater the slowdown effect. The results show that an increasing
fiber volume fraction has a significant effect on the orientation evolu-
tion predicted by the slowed down mean-field models. Here, PCW(𝛼𝗆𝗂𝗇

𝖽
)

shows the least pronounced changes with increasing volume fraction,
whereas the results of MT and PCW(𝛼𝗆𝖺𝗑

𝖽
) strongly depend on the fiber

volume fraction in the range of 𝛾̇ 𝑡 > 40. Analogous to Fig. 1, vanishing
differences between the MT and PCW models are shown for large
volume fractions and the effect of spatial distribution decreases, but
is evaluated as significant in the context of slow orientation dynamics.
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Fig. 1. For the selected mean-field models DD, MT, PCW and EM, the evolution of the orientation tensor component 𝑁11 in a simple shear flow is plotted over the total shear 𝛾̇ 𝑡.
The results of the Jeffery equation(J) are given for comparison. Different fiber volume fractions 𝑐𝖥 are considered: 0.02 in (a), 0.05 in (b), 0.1 in (c) and 0.15 in (d). The legend
is valid for all subplots.

Fig. 2. For the fiber volume fraction 𝑐𝖥 = 0.15 of the surrounding fiber suspension, the orientation behavior of a single fiber is shown for a simple shear flow with respect to the
selected mean-field models DD, MT, PCW and EM. The Jeffery model (J) is considered as a reference. The initial fiber orientation is marked with ×. In (a), the orientation path
of the single fiber is plotted on the unit sphere. The respective projection on the 𝒆1– 𝒆2-plane is shown in (b). The legend is valid for all subplots.
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Fig. 3. For the selected mean-field models MT and PCW, the evolution of the orientation tensor component 𝑁11 in a simple shear flow is plotted over the total shear 𝛾̇ 𝑡. The
reduction parameter 𝜅 = 0.3 is used for slowing down the orientation dynamics. The results of the reduced-strain closure model without fiber interaction (RSC) are given for
comparison. Different fiber volume fractions 𝑐𝖥 are considered: 0.02 in (a), 0.05 in (b), 0.1 in (c) and 0.15 in (d). The legend is valid for all subplots.
3.4. Discussion of the closure problem

In the present work, the ACG closure [71,72] is assumed to be valid.
As discussed by Favaloro [33] it should be noted that common closures
for the micromechanically motivated new orientation equations do not
necessarily lead to the same quality of results as known from the con-
ventional orientation equations. Precise quantitative statements about
how much the predicted orientation state varies when using different
closures based on the reconstruction of the orientation distribution
function 𝑓 require extensive parameter studies. For the maximum
entropy closure [74–76] based on the Bingham distribution [73], oscil-
lations are expected in a simple shear flow as described by Tucker [78]
and Karl et al. [99]. Based on the results given in Nabergoj et al. [77]
for a simple shear flow, it can be concluded that the ellipse radius clo-
sure behaves qualitatively similar to the IBOF closure [31] with slight
quantitative deviations from the predicted alignment. This observation
can be transferred to the ACG closure, since the IBOF closure is an
approximation of the ACG closure [31].

Future work could address the issue of finding an appropriate
losure method and also consider the Jeffery distribution [1], as well
s non-orthotropic approaches [78], which are so far only known
or planar orientation states. There are two possible approaches to
ssessing the suitability of a closure for the mean-field based orientation
volution equations derived in this work. On the one hand, Favaloro’s
pproach [33] can be used, where the orientation evolution of a
tatistically representative ensemble of single fibers is considered. Since
he single-fiber equations do not require a closure, a comparison of
11

he averaged orientation state can be made with, for example, the
orientation state predicted by the second-order orientation evolution
equations using a specific closure. On the other hand, a closure can
be evaluated using the higher-order evolution equations derived in this
work. The idea here is to use a specific closure approach and compare
the higher-order orientation state at the end of the time integration
with a reconstruction of this tensor using the time integration result of
a lower-order evolution equation.

In order to identify a reliable combination of mean-field modeling
and a closure method, further studies need to be carried out in the con-
text of comparing numerical with experimental results. Future research
should focus on implementing the derived evolution equations in mold-
filling software and comparing the numerical results of the mean-field
models with measured fiber orientation states in manufactured parts.
In this context, specific extensions of the models can be considered
in order to be in line with experimental data. A pragmatic first step
would be to add the isotropic diffusion term similar to the classical
Folgar–Tucker equation (38) and to fit the interaction parameter 𝐶𝖨

to the experimental results. Therefore, the present work can serve
as a basis for the development of micromechanically motivated and
practical orientation models taking into account the anisotropic fiber
suspension.

4. Summary and conclusions

The present paper deals with the micromechanical foundation of
fiber orientation tensor evolution equations and presents a novel for-
mula (25) for the evolution of orientation tensors of arbitrary even
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order. Using a linear homogenization approach, the general orien-
tation evolution formula is derived in a first step and allows the
application of a variable mean-field models via the corresponding
strain-rate localization tensor. Thus, the anisotropic character of the
incompressible fiber suspension is algebraically taken into account in
the evolution equation, which is an extension of the classical approach
of Jeffery [5,6] and, e.g., Folgar and Tucker [18,19]. In a second step,
the evolution equations are specified for the dilute distribution model
(DD) [44], the Mori–Tanaka model (MT) [29,30], the approach of
Ponte Castañeda and Willis (PCW) [49] and for the effective medium
approach (EM) [94]. Both Jeffery’s equation and the Folgar–Tucker
equation of arbitrary tensor order are addressed as special cases of
the formulated generalized mean-field approach and discussed in the
literature context [37,38,64,66]. The present work is limited to rigid
spheroidal short fibers embedded in a Newtonian matrix fluid under
Stokes flow conditions. Brownian motion and inertia effects are not
taken into account. The interaction between the fibers is modeled
hydrodynamically by the chosen mean-field approach [45].

In the following, the conclusions of the present study are summa-
rized and grouped thematically:

Orientation dynamics and application. For industrially relevant fiber
volume fractions, DD leads to non-physical orientation dynamics and
cannot be recommended. Not only because of the high computational
cost of the EM model due to the encapsulated integration over the unit
sphere, but also because the results of the EM model are similar to those
of the DD model, EM cannot be recommended for engineering practice.
For relevant fiber volume fractions and neglected spatial distribution
of the fibers, the MT model is recommended. This is justified by the
fact that with this model the common engineering approach 𝛼 → ∞
can be used and that the MT approach is valid for higher fiber volume
fractions. In addition, the periodic behavior is not present for 𝛼 → ∞. In
contrast, the PCW approach has the additional advantage over the MT
model that the spatial distribution of the fibers is taken into account
in the derived orientation tensor evolution equation. Furthermore, for
relevant fiber volume fractions (e.g. 𝑐𝖥 > 0.1) the PCW(𝛼𝗆𝗂𝗇

𝖽
) model

shows a weak periodic orientation behavior for finite fiber aspect ratios
and can therefore be recommended for predicting alignment under
spatial distribution effects. The effects of the spatial distribution itself
are rated as significant and their consideration opens up the possibility
of a new way of computing the evolution of fiber orientation tensors.
For engineering applications, one could consider stabilizing the weak
periodic behavior of the PCW(𝛼𝗆𝗂𝗇

𝖽
) model by a very small Folgar–

Tucker fiber interaction term in the sense of an artificial diffusion term.
This would have the advantages that fitting of this additional term to
experimental data would be possible and that micromechanical effects
including the spatial distribution of the embedded fibers could be taken
into account in the derived orientation evolution equations.

Slow orientation dynamics. The proposed micromechanical approach
can serve as a basis for understanding the mechanics behind phe-
nomenological models, such as the reduced-strain closure model (RSC)
[20] or the anisotropic rotary diffusion model (ARD) [21]. In the
present study, slowed orientation dynamics are investigated in the
context of different mean-field models by using a modified strain-rate
tensor [33]. Herein, the derived equations can be seen as a gener-
alization of the reduced-strain closure model (RSC) [20] based on
a consistent micromechanical approach that takes into account the
anisotropic behavior of fiber suspensions. The investigation of a simple
shear flow shows that the predicted fiber orientation strongly depends
on the fiber volume fraction. In addition, the mean-field model itself
plays an important role, where the consideration of the spatial dis-
tribution of the fibers in the evolution equation can be considered as
crucial.
12
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Micromechanical foundation of the Jeffery tensor. From an algebraic
point of view, the present work shows that the Jeffery tensor J𝖥, which
localizes the additional contribution to the spin tensor J𝖥[𝑫̄] and leads
to Jeffery’s equation (31), is related to the skew-symmetric (A) and
symmetric (S) polarization tensors P𝖠

0 and P𝖲
0 . The work of Wetzel [38]

and Wetzel and Tucker [37] is thus complemented in that the Jeffery
equation is derived from the general mean-field formulation considered
in the present study. For the PCW model the distribution corrected
Jeffery tensor J𝖥,𝖽 and for the EM model the effective Jeffery tensor
J̄𝖥 are specified in this context in the present work.

Algebraic interpretation of the anisotropic interaction term. The general
micromechanical formulation of the fiber orientation evolution equa-
tion (25) in this work allows the interpretation that the consideration
of the anisotropic environment of the fiber or, in other words, the
anisotropic interaction between fibers is related to the convergence
criterion of the integral operator ⟨L𝖠{𝝉}⟩ = 𝟎 in the context of the spin
localization relation (17) and Eq. (18).
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Appendix A. Supplement to the generalized orientation evolution
equation

Using Eq. (5) as a starting point, the derivation of Eq. (6) repre-
senting the generalized evolution equation for the orientation tensor
N
⟨𝑛⟩ of arbitrary even order 𝑛 is given in the following. Eq. (5) can be

reformulated with respect to the reference orientation distribution by
using the reorientation gradient 𝑭  ∈ Inv+ on the unit sphere similar
to the polycrystals-considering works of Kumar and Dawson [100] and
Böhlke [65]

𝑭  = 𝜕𝒏
𝜕𝒏0

=
𝜕𝝌 (𝒏0, 𝑡)

𝜕𝒏0
. (A.1)

n Eq. (A.1) the function 𝝌 maps the reference orientation 𝒏0 to the
actual orientation 𝒏 via 𝒏 = 𝝌 (𝒏0, 𝑡). The relation between 𝑓 (𝒏, 𝑡) and
the reference distribution 𝑓0(𝒏0)

(𝒏, 𝑡) = 𝐽−1
 𝑓0(𝒏0) (A.2)

s implied by Eq. (2) based on the transformation rule of surface ele-

ents on the unit sphere reading d𝑆(𝒏) = 𝐽 d𝑆0(𝒏) with the so-called
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Jacobian determinant 𝐽 of the reorientation [100]. As a consequence,
Eq. (5) reads in the reference orientation

d
d𝑡
⟨𝑨⟩𝖮𝖠 = d

d𝑡 ∫
𝐽−1
 𝑓0(𝒏0)𝑨(𝒏)𝐽 d𝑆0(𝒏)

= d
d𝑡 ∫

𝑓0(𝒏0)𝑨(𝝌 (𝒏0, 𝑡)) d𝑆0(𝒏), (A.3)

whose time derivative is straightforward to compute by using the chain
rule
d
d𝑡
⟨𝑨⟩𝖮𝖠 = ∫

𝑓0(𝒏0)
𝜕𝑨
𝜕𝝌

𝜕𝝌
𝜕𝑡

d𝑆0(𝒏). (A.4)

The transformation of Eq. (A.4) into the actual orientation leads to the
desired formulation
d
d𝑡
⟨𝑨⟩𝖮𝖠 = ∫

𝐽𝑓 (𝒏, 𝑡)
𝜕𝑨
𝜕𝒏

𝒏̇ d𝑆0(𝒏)

= ∫
𝑓 (𝒏, 𝑡) 𝜕𝑨

𝜕𝒏
𝒏̇ d𝑆(𝒏)

= ∫
𝑓 (𝒏, 𝑡)𝑨̇(𝒏) d𝑆(𝒏). (A.5)

With Eq. (A.5) at hand, the generalized evolution equation for the ori-
entation tensor N

⟨𝑛⟩ of arbitrary even order 𝑛 is derived by substituting
the tensor 𝑨 in Eq. (A.5) with 𝒏⊗𝑛 leading to

̇
⟨𝑛⟩ = ∫

𝑓 (𝒏, 𝑡)(𝒏⊗𝑛)
.
d𝑆(𝒏). (A.6)

Appendix B. Supplement to the Jeffery equation

As a supplement to Section 2.3 it is formally shown in the following
that under the assumptions made, the Jeffery equation (31) follows
from the general spin localization (24). Methodically, the equivalence
of the formulation (28) with the result (29) of Wetzel [38] and Wetzel
and Tucker [37] is proven. The Jeffery tensor J𝖥 is called vorticity
concentration tensor in the underlying studies [37,38] and reads

J𝖥 =
(

1 −
𝜇𝖥
𝜇𝖬

)

E𝖠

(

I𝖲 −
(

1 −
𝜇𝖥
𝜇𝖬

)

E𝖲

)−1
, (B.1)

with the so-called alternative Eshelby tensor E𝖠 and the common
Eshelby tensor E𝖲. The shear viscosities of the matrix and the fibers
refer to 𝜇𝖬 and 𝜇𝖥. A simple modification of Eq. (B.1) leads to the
ollowing equivalent representation

𝖥 = −E𝖠 1
2𝜇𝖬

(

2𝜇𝖥 − 2𝜇𝖬
)

(

I𝖲 + E𝖲 1
2𝜇𝖬

(

2𝜇𝖥 − 2𝜇𝖬
)

)−1
. (B.2)

or the special case of incompressibility one can use the representation
𝖬 = 2𝜇𝖬P2 and V𝖥 = 2𝜇𝖥P2 in Eq. (B.2) leading to

𝖥 = −E𝖠V−1
𝖬

(

V𝖥 − V𝖬

)(

I𝖲 + E𝖲V−1
𝖬

(

V𝖥 − V𝖬

))−1
. (B.3)

ith the abbreviation 𝛿V = V𝖥 − V𝖬 and the expression for the polar-
zation tensors P𝖠,𝖲

0 = E𝖠,𝖲V−1
𝖬 given in, e.g., Walpole [101] (p. 196),

he Jeffery tensor reads as follows

𝖥 = −P𝖠
0 𝛿V

(

I𝖲 + P𝖲
0𝛿V

)−1
= −P𝖠

0

(

𝛿V−1 + P𝖲
0

)−1
, (B.4)

hich can be further simplified based on the rigid fiber assumption
vanishing fluidity 𝛿V−1) [51,56] leading to the sought equivalence

𝖥 = −P𝖠
0

(

P𝖲
0

)−1
. (B.5)

ppendix C. Laplacian on the unit sphere

As a supplement to the derivation of the generalized fiber interac-
ion term (37) involving the computation of the Laplacian on the unit

⊗𝑛
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phere 𝛥 (𝒏 ), the special case of 𝑛 = 2 is considered in the following.
Regarding the rules of calculus reference is made to, e.g., Sec. 2.3.4 of
Sillem [89]. In index notation the Laplacian for 𝑛 = 2 reads
(

𝛥 (𝒏⊗𝒏)
)

𝑖𝑗
=

𝜕2𝑛𝑖𝑛𝑗
𝜕𝑛𝑘𝜕𝑛𝑘

= 𝜕
𝜕𝑛𝑘

( 𝜕𝑛𝑖𝑛𝑗
𝜕𝑛𝑘

)

= 𝜕
𝜕𝑛𝑘

(

𝜕𝑛𝑖
𝜕𝑛𝑘

𝑛𝑗 + 𝑛𝑖
𝜕𝑛𝑗
𝜕𝑛𝑘

)

= 𝜕
𝜕𝑛𝑘

(

(

𝛿𝑖𝑘 − 𝑛𝑖𝑛𝑘
)

𝑛𝑗 + 𝑛𝑖
(

𝛿𝑗𝑘 − 𝑛𝑗𝑛𝑘
)

)

= 𝜕
𝜕𝑛𝑘

(

𝛿𝑖𝑘𝑛𝑗 + 𝑛𝑖𝛿𝑗𝑘 − 2𝑛𝑖𝑛𝑗𝑛𝑘

)

. (C.1)

f one now applies the same procedure again and takes 𝛿𝑘𝑘 = 3 and
𝑛𝑘𝑛𝑘 = 1 into account, this leads to
(

𝛥 (𝒏⊗𝒏)
)

𝑖𝑗
= 2

(

𝛿𝑖𝑗 − 3𝑛𝑖𝑛𝑗
)

,

𝛥 (𝒏⊗𝒏) = 2
(

𝑰 − 3𝒏⊗𝒏
)

. (C.2)

f one now integrates this term, the well-known second-order fiber
nteraction term [18,19] follows by taking the properties of the ori-
ntation distribution function 𝑓 and the definition of the second-order
iber orientation tensor 𝑵 into account

⟨2⟩ = 2𝐶𝖨𝛾̇ ∫
𝑓 (𝒏)(𝑰 − 3𝒏⊗𝒏) d𝑆 = 2𝐶𝖨𝛾̇(𝑰 − 3𝑵). (C.3)

ppendix D. Polarization tensors

eneral definition. In contrast to the J, DD, and MT models discussed in
ections 2.3 to 2.5, the polarization tensors P𝖠,𝖲

0 (𝒏) must be computed
xplicitly for the PCW and EM models. In general, the polarization
ensors for a spheroidal inclusion aligned with direction 𝒏 are defined
s follows [48,86]

𝖠,𝖲
0 = 1

4𝜋 det(𝒁(𝒏)) ∫𝖲
H𝖠,𝖲(V,𝒑)
‖𝒁−1(𝒏)𝒑‖3

d𝑆(𝒑), (D.1)

ith the definitions

𝖠,𝖲 = I𝖠,𝖲
(

𝑲−1□(𝒑⊗𝒑)
)

I𝖲,

𝐾𝑖𝑗 = 𝑉𝑖𝑘𝑗𝑙𝑝𝑘𝑝𝑙 ,

𝒁0 = 𝛼−1𝒆1⊗ 𝒆1 + 𝒆2⊗ 𝒆2 + 𝒆3⊗ 𝒆3. (D.2)

The integration variable is represented by 𝒑 to avoid confusion with the
spheroidal inclusion direction 𝒏. In general, the viscosity tensor of the
matrix V can be arbitrarily anisotropic and 𝒁0 stands for the reference
shape tensor with 𝒏 = 𝒆1. For an arbitrary direction 𝒏, the components
𝑍𝑖𝑗 (𝒏) must be computed via 𝑍𝑖𝑗 (𝒏) = 𝑄𝑖𝑘(𝒏)𝑍0

𝑘𝑙𝑄
𝖳
𝑙𝑗 (𝒏). The computation

f 𝑄𝑖𝑗 (𝒏) is described in the following in order to make the manuscript
elf-contained. The angles 𝜃 ∈ [0, 𝜋] and 𝜑 ∈ [0, 2𝜋) depend on the
irection 𝒏 as follows

= arccos(𝑛3), 𝜑 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

arctan
( 𝑛2
𝑛1

)

, 𝑛1 > 0

sgn(𝑛2)
𝜋
2 , 𝑛1 = 0

arctan
( 𝑛2
𝑛1

)

+ 𝜋, 𝑛1 < 0, 𝑛2 ≥ 0

arctan
( 𝑛2
𝑛1

)

− 𝜋, 𝑛1 < 0, 𝑛2 < 0,

(D.3)

with which the components 𝑄𝑖𝑗 (𝒏) are computed

𝑖𝑗 =
⎛

⎜

⎜

⎝

sin(𝜃)cos(𝜑) cos(𝜃)cos(𝜑) −sin(𝜑)
sin(𝜃)sin(𝜑) cos(𝜃)sin(𝜑) cos(𝜑)

cos(𝜃) −sin(𝜃) 0

⎞

⎟

⎟

⎠

. (D.4)

Efficient computation for the PCW model. For the special case of an
isotropic and incompressible matrix fluid, the symmetric reference
polarization tensor P𝖲

0(𝒆1) can be computed as follows [49] (in normal-

ized Voigt or Mandel notation, see, e.g., Mandel [102] or Böhlke and
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Fig. E.4. For the selected mean-field models DD, MT, PCW and EM, the evolution of the orientation tensor components 𝑁22 , 𝑁33 and 𝑁12 in a simple shear flow is plotted over
the total shear 𝛾̇ 𝑡. Each line refers to the respective orientation tensor component. The results of the Jeffery equation (J) are given for comparison. The different fiber volume
fractions 𝑐𝖥 = 0.02, 0.05, 0.1 and 0.15 refer to the respective column. The legend is valid for all subplots.
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𝑁
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Brüggemann [103])

P𝖲
0(𝒆1)𝑖𝑗𝑘𝑙 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑛 𝑙 𝑙 0 0 0
𝑙 𝑘 + 𝑚 𝑘 − 𝑚 0 0 0
𝑙 𝑘 − 𝑚 𝑘 + 𝑚 0 0 0
0 0 0 2𝑚 0 0
0 0 0 0 2𝑟 0
0 0 0 0 0 2𝑟

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (D.5)

with the components simplified for incompressibility [56]

𝑘 =
ℎ(𝛼) − 2𝛼2 + 2𝛼2ℎ(𝛼)

8(1 − 𝛼2)𝜇𝗌
,

𝑙 =
2𝛼2 − ℎ(𝛼) − 2𝛼2ℎ(𝛼)

4(1 − 𝛼2)𝜇𝗌
,

𝑛 =
ℎ(𝛼) − 2𝛼2 + 2𝛼2ℎ(𝛼)

2(1 − 𝛼2)𝜇𝗌
,

𝑚 =
3ℎ(𝛼) − 2𝛼2

16(1 − 𝛼2)𝜇𝗌
,

𝑟 =
2 − 3ℎ(𝛼) + 2𝛼2 − 3𝛼2ℎ(𝛼)

8(1 − 𝛼2)𝜇𝗌
,

ℎ(𝛼) =
𝛼
(

𝛼
√

𝛼2 − 1 − arcosh(𝛼)
)

(𝛼2 − 1)3∕2
. (D.6)

Instead of integrating Eq. (D.1), one can simply compute P𝖲
0(𝒆1) and

se the transformation rule given in Kuzmin (p. 3047) [104] referring
o the standard Voigt notation (see, e.g., Cowin [105]) leading to the
ought rotated polarization tensor P𝖲(𝒏). It should be noted that the
14

0 a
rotation matrix 𝑄𝑖𝑗 of Kuzmin [104] refers to 𝑄𝖳
𝑖𝑗 given in Eq. (D.4).

Next, the Jeffery tensor J𝖥(𝒏) referring to the direction 𝒏 can be
computed as given in Eq. (30). By using the shown equivalence (B.5),
the sought rotated polarization tensor P𝖠

0 (𝒏) is computed via

𝖠
0 (𝒏) = −J𝖥(𝒏)P𝖲

0(𝒏). (D.7)

o conclude, it should be noted that the described procedure refers to
he assumption that both the inclusions (i) and the distribution (d) are
odeled as spheroids with the aspect ratios 𝛼𝗂 and 𝛼𝖽, respectively.

ppendix E. Additional results

Fig. E.4 shows the evolution of the orientation tensor components
22, 𝑁33 and 𝑁12 for the considered mean-field models and fiber vol-
me fractions as a supplement to Fig. 1 in Section 3. Fig. E.5 shows
he orientation evolution of a single fiber on the unit sphere for
ifferent fiber volume fractions of the surrounding fiber suspension as
supplement to Fig. 2 in Section 3.

ppendix F. Supplementary material

Supplementary material related to this article can be found online

t https://doi.org/10.1016/j.ijmecsci.2023.108771.

https://doi.org/10.1016/j.ijmecsci.2023.108771
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Fig. E.5. For the fiber volume fractions 𝑐𝖥 = 0.02, 0.05 and 0.1 of the surrounding fiber suspension, the orientation behavior of a single fiber is shown for a simple shear flow
ith respect to the selected mean-field models DD, MT, PCW and EM. The Jeffery model (J) is considered as a reference. The initial fiber orientation is marked with ×. In (a),

c), (e), the orientation path of the single fiber is plotted on the unit sphere. The respective projection on the 𝒆1– 𝒆2-plane is shown in (b), (d), (f) for each fiber volume fraction.
he legend is valid for all subplots.
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