OSCILLATORY INTEGRAL OPERATORS
WITH HOMOGENEOUS PHASE FUNCTIONS

By
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Abstract. Oscillatory integral operators with 1-homogeneous phase functions
satisfying a convexity condition are considered. For these we show the LP—L-
estimates for the Fourier extension operator of the cone due to Ou—Wang via
polynomial partitioning. For this purpose, we combine the arguments of Ou—Wang
with the analysis of Guth—Hickman—Iliopoulou, who previously showed sharp
IP—[P-estimates for non-homogeneous phase functions with variable coefficients
under a convexity assumption. Furthermore, we provide examples exhibiting
Kakeya compression, which shows a more restrictive range than dictated by the
Knapp example in higher dimensions. We apply the oscillatory integral estimates
to show new local smoothing estimates for wave equations on compact Riemannian
manifolds (M, g) with dim M > 3. This generalizes the argument for the Euclidean
wave equation due to Gao—Liu—Miao—Xi.

1 Introduction

In the following we consider oscillatory integral operators which naturally gener-
alize the Fourier extension operator for the cone

(1) &f(x) = / oD (o),
An—l

We consider operators with 1 > 1,

2) TH(x) = / 90 g (s ) (w)daw

and a € CPR" x R R), ¢ € C®R" x R""1\0;R), ¢*(x;0) = Ap(x/1; ),
a’(x; ) = a(x/; w). We suppose that ¢ is 1-homogeneous in e: it holds for z > 0
that

3) Px; pw) = pP(x; ).
For the support of a we suppose that
supp(a) € A"~ = B,_1(0,2)\B,—1(0, 1/2).

Above B,(c, r) € R? denotes the open ball with centre ¢ and radius r > 0.
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We write x = (x', x,) € R"™! x R and impose the following conditions on ¢ in
supp(a):

(Cl)  rank(&2,¢)=n— 1,
(C2%) 0, (0xp, G(x; )|

W=m0

has n — 2 non-vanishing eigenvalues of the same sign,

where G denotes the Gauss map
n—1

) Go(x; ) = |\ &,(x;0), G =Gy/IGol
j=1

of the embedded surface w — 0,¢(x; w). We identify /\"_1 R" ~ R”",
In this note we prove new estimates

(5) IT @y Sepa AW pant)

for operators (2) like described above. Firstly, we recall that the conjectured range
of [7-estimates

(6) 1Al @y S Wl

is given by p > 2;”__21). This prominent open problem is known as the restriction

conjecture for the cone and goes back to Stein. The corresponding conjecture for
the paraboloid is given by

H / ei(<’“"”’>+x”'”"2)f(w)dw" S W,

B,—1(0,1) LP(RM)

forp > n2—n1' Note that there is a shift of dimension by one, which is commonly

explained by the number of principal curvatures being reduced by one. More

pictorially, disregarding the null direction of the cone, the conical hypersurface

in n dimensions locally looks like a parabolic hypersurface in n — 1 dimensions.
The restriction conjecture for the cone was solved for n = 3 by Taberner [33],

for n = 4 by Wolff [40] via bilinear estimates, and for n = 5 by Ou—Wang [26] via

polynomial partitioning. Let

4, n=23,
@) Pn=142- ;:ig, n > 3 odd,
2. 3 n > 3 even.

) 31;—4 ’
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Ou—Wang showed (6) for p > p,,, which is also currently the widest range in
higher dimensions to the best of the author’s knowledge. Notably, in the case
of Carleson—Sjolin phase functions (cf. [8, 19]), which are not 1-homogeneous
anymore, where (C2") is replaced with

(H2%) &2, (0cp(x; ), G(x; a)o)>| has n — 1 eigenvalues of the same sign,

W=wo
Guth—Hickman-Iliopoulou [14] showed the sharp range of L’—L7-estimates, in the
sense that there are phase functions for which the estimate fails for lower values
of p. The deviation from the corresponding generalized restriction conjecture
for the paraboloid occurs due to Kakeya compression. This means that wave
packets, which we find after decomposing T*f into non-oscillating components,
can cluster in low-dimensional varieties. This is not known to happen in the
constant-coefficient case: The restriction conjecture for the sphere implies the
Kakeya conjecture.

Kakeya compression was initially observed by Bourgain [5], see also Wisewell
[38] and Bourgain—Guth [7]. Related phenomena were discussed by Minicozzi—
Sogge [23] and Sogge [30]. In this note we point out Kakeya compression for 1-
homogeneous phases with variable coefficients, which shows a genuinely different
behavior of the variable-coefficient case compared to the constant-coefficient case
in dimensions n > §:

Theorem 1.1. Let ¢ : R" x R"1\{0} = R be a 1-homogeneous phase satis-
fying (C1) and (C2%) and a € C?°(A"_1) be an amplitude. Then, the estimate (5)
holds for p > p,, with p,, as in (7).

We remark that for p > p, the A?-factor can be dropped. Guth—Hickman—
Iliopoulou showed the e-removal lemma for oscillatory integral operators in [14,
Section 12], albeit with a stronger non-degeneracy hypothesis than presently con-
sidered. The idea goes back to Tao [34, 35]. In Section 8 we prove the following
global estimates for p > p, by a small variation of the argument in [14]:

1
W7 fllr@y Sea If lranry.-

The proof of Theorem 1.1 combines ideas from the case of constant-coefficient
homogeneous phases due to Ou—Wang [26] and Gao—Liu—Miao—Xi [10] and vari-
able-coefficient non-homogeneous phases due to Guth—Hickman—Iliopoulou [14].

We digress for a moment to describe the tools we will use and put them into
context. Bennett—Carbery—Tao [4] delivered an important contribution with sharp
n-multilinear restriction estimates: The k-restriction conjecture for the cone reads
k

L

i=1

k 1
(8) Se RETT AN

LPk(B,(0,R) i=1
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with [n(&) A -+ AnE)] Z 1 with n(&) = (= 5, D, & € supp(f)) C A,—1, and
Pk = 51’[’_’2 For k = 2, this is due to Wolff [40] (see Tao [36] for the endpoint
without R®-loss), and for k = n this is an instance of the Bennett—Carbery—Tao
theorem [4]. There are only few partial results for 3 < &k < n — 1, see [1] and
references therein.

We note that in [4] the multilinear estimates were shown as well for constant-
coefficient phase functions as smooth perturbations thereof. Bourgain—Guth [7]
devised an iteration to deduce linear estimates from multilinear estimates. Guth
[12] observed that the full strength of k-multilinear estimates is not required, but
a slightly weaker variant given by k-broad norms suffices to run the iteration. He
used polynomial partitioning to improve on the previous results in [12, 13]. The
idea is to equipartition the broad norm with polynomials of controlled degree: After
wave packet decomposition, one finds that either the broad norm is concentrated
on “cells” or on the “wall”, which is a neighbourhood of a variety. To oversimplify
matters for a moment, if the broad norm is concentrated on the cells, then sharp
bounds follow from induction on scales. If the broad norm is concentrated along the
wall, then we are morally dealing with a restriction problem in lower dimensions,
which is amenable to another induction hypothesis.

We introduce the k-broad norms in the present context: For the definition de-
compose A"~ ! into finitely overlapping sectors 7 of aperture ~ K~! and length ~ 1,
where K is a large constant. Givenf:A"~! — C, write f =3 f,, where f, is supported
in 7. In view of the rescaling ¢* of the phase, we define the rescaled Gauss map

G (x;w) = G(z ; w) for (x; w) € supp(al).
For each x € B(0, A) let
G (x;1) = {G*(x;w) : @ € 7 and (x; w) € supp(a’)}.

For V C R” alinear subspace, let Z(G*(x; 7), V) denote the smallest angle between
any non-zero vector » € V and G*(x; 7).

The spatial ball B(0, A) is decomposed into relatively small balls By of ra-
dius K2. We fix By a collection of finitely-overlapping K2-balls, which are
centred in and cover B(0, /). For By. € By centred at x € B(0, 1), define
®) Hrp(Bge) = Vi VAeg}(k—l,n)<r:4(GA()?;Tn;1,%/Z()>K*Z Va I7’f T”!IiP(BKZ)),
where Gr(k — 1, n) denotes the Grassmannian manifold of (k — 1)-dimensional sub-
spaces in R". We stress the deviation from [14], in which the angle threshold K~!
was considered. In case of the Fourier extension operator for the cone, the angle
condition was narrowed to K2 to further confine the narrow part in [26]. Hence,
we presently use the same threshold for the variable-coefficient operator.
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We write 7 ¢ V, as shorthand for Z(G*(x; 1), V,)) > K2 provided that x is clear
from context. Thus, we can write as well
max T l0,,))-

= min (
Vigeors VaeGr(k—1,n) T:7€Vy,
for 1<a<A

For U C R” the k-broad norm is defined as

1/p
||T"f||BL:;,A<U>=( > uwf(Bm) :

BKZ EBKZ N

BKZ NUAD
A key step in the proof of the [’—I7-estimate is to show k-broad estimates, which
are a substitute for the k-restriction conjecture.

Theorem 1.2. For2 < k < nandall ¢ > 0, there exists a constant C, > 1 and
an integer A such that, whenever T* is an oscillatory integral operator with reduced
(¢, @) and ¢ a 1-homogeneous phase satisfying (C1) and (C2%), the estimate

(10) IT*f ey @y Se KA Nl z2amy
holds for all 2 > 1 and K > 1 whenever

_ 2(n+ k)
(11) pzplm=_ . .

Reduced phase functions are introduced in Section 3.1. These phases are basi-
cally small CV perturbations of 1-homogeneous phases with constant coefficients
satisfying the convexity assumption. These reduced phase functions were previ-
ously used by Beltran—Hickman—Sogge [2] to derive decoupling estimates. As in
[2], general phase functions satisfying (C1) and (C2*) are transformed by parti-
tioning the support of the amplitude and parabolic rescaling to reduced phases.
Additionally, we impose size conditions on the amplitude and a margin condition
on its support.

The scheme to deduce Theorem 1.1 from Theorem 1.2 is essentially due to
Bourgain—Guth [7] and in the variable-coefficient context, see also Guth—Hickman—
Iliopoulou [14]. We find like in [14, p. 263] that

A p
(12) T f s ) Sa KOV pgipBie) +y

a=1

2T

teV,

LP(B2)

The first term is captured by the broad estimate; the second term is estimated by
¢P-decoupling (cf. [6, 2]) and induction on scales [26, 10]. A suitable narrow
decoupling, taking into account a reduced number of sectors 7 € V,, is discussed
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in detail in the variable-coefficient case. For the constant-coefficient case we refer
to [26] and [10].

Very recently, Gao—Liu—Miao—Xi [10] proved an extension of Ou—Wang’s result
for the circular cone ¢(x, ) = x' - w + x,|w| for more general conic surfaces, but
still with constant-coefficients. For these constant coefficient phase functions, the
Kakeya compression described in the present work cannot happen. Gao et al. [10]
used k-broad estimates to derive new local smoothing estimates for the wave
equation in Euclidean space. At small spatial scales, the variable-coefficient
phases are approximated with extension operators for conic surfaces. Then we can
use arguments from [10]. Furthermore, Hickman and Iliopoulou showed sharp
I[P-estimates for non-homogeneous phases with indefinite signature in [18]. This
suggests to study also homogeneous phase functions with indefinite signature by
the present methods.

Notably, we do not use the usual wave packet decomposition for the cone as,
e.g.,in [26] or [10] to prove the broad estimate. Instead, we stick to the wave packet
decomposition commonly used for the Fourier extension operator of the paraboloid
or its variable coefficient counterpart [14]. This allows us to use many arguments
from [14] without change and hints at the possibility of a unified approach. A
major change happens for the transverse equidistribution estimates, to be analyzed
in Section 5. Secondly, the narrow decoupling requires additional considerations,
see Section 7.

We remark that the idea to use the same wave packet decomposition for homo-
geneous and inhomogeneous phase functions in the variable-coefficient context is
notnew: In [21] S. Lee considered linear and bilinear estimates for oscillatory inte-
gral operators and could treat variable-coefficient versions of the Fourier extension
operator of the paraboloid and the cone with the same wave packet decomposition.
He generalized bilinear estimates due to Tao [37] and Wolff [40] to variable co-
efficient phases. Lee [21] pointed out for the first time that a convexity condition
as (H2*) or (C2*) allows to go beyond Tomas—Stein L?>—[7-estimates, which are
sharp for phases without convexity condition. Bourgain [5] showed in the context
of non-homogeneous phases without convexity conditions that the Tomas-Stein
range is sharp (see also [7]). In the present work, the [”—[7-estimates for general
oscillatory integral operators with phase satisfying (C1) and (C2*) due to Lee [21]
are improved to the sharp range up to the endpoint for n = 5, and the previously
known sharp LP—L[P-estimates in lower dimensions 3 < n < 4 are recovered. The
estimates for n > 6 are new as well for variable-coefficient phase functions.

Furthermore, Ou—Wang [26] proved L7-17-estimates for the cone extension op-
erator €; see [26, Theorem 1.2]. The conjectured boundedness range of £: L9 — L7
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2(n" D and g <"? ., p- Forn =5 Ou-Wang proved this more general

is givenby p >
Fourier restriction conjecture for the cone and made progress for n > 6. The proof
of [26, Theorem 1.2] is a minor variant of the proof of L”—L-estimates. It is based
on the k-broad estimate and narrow decoupling. At one point, also interpolation
with the bilinear estimates due to Wolff [39] is invoked. In the present work the
k-broad estimate and narrow decoupling are extended to the variable coefficient
setting, and Wolff’s bilinear estimate was already generalized by Lee [21]. For
this reason, the arguments to show L7—[7-estimates in [26] can be extended to the
variable-coefficient case and yield the same range as stated in [26, Theorem 1.2]

for the estimate
vl
1T fllrr Sepa A If e

In Section 9 we apply the new estimates for oscillatory integral operators to
prove new local smoothing estimates for solutions to wave equations on compact
Riemannian manifolds (M, g) with dim(M) > 3. To avoid confusion with the
number of space-time dimensions, which was previously denoted by n, we denote
the space dimension in the following by d. We consider

6,2u—Agu=0, (x, ) e M x R,
u(-, 0) = fo, u(-, 0) = f;

(13)

A, denotes the Laplace—Beltrami operator, and the solution u to (13) is given by
sin(ty/—Ag)
fi

\/ =4

By results due to Seeger—Sogge—Stein [28] relying on the parametrix representation
(see also [27, 24] in the Euclidean case), it is known that the fixed-time estimate

u(t) = cos(t\/ — Ao+

Nu(-, Ol prey S |lf0||L{§p(Rd) + i ”Lﬁi’rl(Rd)
with
_ 1 1
14 =(d—1 ‘ _ ‘
(14) sp=( ) 27 )

is sharp for all 1 < p < oo provided that ¢ avoids a discrete set. The local

smoothing conjecture due to Sogge [29] for the Euclidean wave equation, i.e.,
(M, g) = (R?, (8%)) in (13), states that

(15) ( / luc-, r)||U(Rd)> S Wollze oy + Willz_, oy
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for o < 11) and » < p < oo. (Note that s, —117 =0 for p = ) This
conjecture stands on top of prominent open problems in Harmonic Analysis as it
implies as well the restriction conjecture for the paraboloid as the Bochner—Riesz
conjecture. Initial progress was due to Sogge [29] and Mockenhaupt—Seeger—
Sogge [25]. Wolff identified decoupling inequalities [39] to yield sharp local
smoothing estimates. Further progress in this direction was made in [11, 20, 22].

Bourgain—Demeter [6] covered the sharp range for decoupling inequalities, which

2(d+1)
i

Beltran—Hickman—Sogge [3] for local smoothing estimates for FIOs. Guth—Wang—

implies sharp local smoothing estimates for p > We refer to the survey by
Zhang [16] verified the Euclidean local smoothing conjecture for d = 2 by a sharp
L*-square function estimate. Gao et al. [9] extended this to compact Riemannian
surfaces. We remark that for d > 3, counterexamples due to Minicozzi—Sogge [23]
show that (15) fails if one replaces R? with general compact Riemannian manifolds
foro < 1/p,if p < pg+ with

2@+ it d s odd,

_ ) 3d-3 >
(16) Pa+ =\ 55am)

s » if diseven.

Hence, local smoothing estimates for solutions to wave equations on compact
Riemannian manifolds are only conjectured for p > p,, with o < 1/p.

Local parametrices for e V=A% are given by

FF(X, x,) :/]R 1eiqj()(’)"';a’)a(x; o)f (w)dw
with ¢ € C®(R" x R*"1\{0}) a phase function satisfying (C1) and (C2*) and
a € S°(R") with compact support in x. Hence, it suffices to prove local smooth-
ing estimates of rescaled Fourier integral operators F*. In Theorem 9.1 we ex-
tend the recent results due to Gao et al. [10] for the Euclidean wave equation to
wave equations on compact Riemannian manifolds. This improves on the previ-
ously best local smoothing estimates due to Beltran—-Hickman—Sogge [2] in some
range p < zfid_*ll) for wave equations on compact manifolds.

Outline of the paper. In Section 2 we show the necessary conditions for
LP-estimates for variable-coefficient 1-homogeneous phases. Preliminaries for the
polynomial partitioning argument to show Theorem 1.2 are given in Section 3. In
this section we introduce the notion of a reduced homogeneous phase function and
collect geometric consequences. This will simplify the proof of Theorem 1.2. We
recall the wave packet analysis in the context of variable coefficients [21, 14] and
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collect facts on the k-broad norms. In Section 4 we recall the polynomial parti-
tioning tools. In Section 5 transverse equidistribution estimates are proved. These
differ from the transverse equidistribution estimates shown in [14] for Carleson—
Sjolin phase functions. In Section 6 we deduce Theorem 1.2 from Theorem 6.1,
which is suitable for induction on dimension and radius. The proof relies on
polynomial partitioning and transverse equidistribution estimates play a key role.
In Section 7 we show how Theorem 1.2 implies Theorem 1.1. In Section 8 we
show how the A®-factor can be removed away from the endpoint. In Section 9
we apply the oscillatory integral estimates and narrow decoupling to show new
local smoothing estimates for solutions to wave equations on compact Riemannian
manifolds.

Basic notations.
e For x,y € R" we denote the Euclidean inner product by

n
(y)=x-y=) x.

i=1

x| = /(x, x) denotes the Euclidean norm.

e For a Lebesgue-measurable set A C R, we denote by |A| the d-dimensional
Lebesgue measure.

For x € R, we denote Gauss brackets by

lx] =max{keZ:k <x}.

For x, y € R"\{0} we denote the angle between x and y by
X-y

x| Iyl

For x € R"\{0} and A C R" with A\{0} 0, we let

Z(x,y) = arccos

Z(x,A)= inf Z(x,y).
(x, A) ot (x, y)

Similarly, we define Z(A{, A,) for A, A, C R” with A;\{0} # 0:

Z(A1,Ay) = inf  Z(x1, x0).
(A1,A2) oo (x1, x2)
x2€A2\{0}

2 Kakeya compression

In the following we modify the example due to Guth—Hickman—Iliopoulou [14,
Section 2] (see also [7]) for homogeneous phase functions. This yields the neces-
sary conditions:
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Proposition 2.1. Necessary for the estimate (5) to hold for n > 6 is

P = Dn
with
2.3y odd,
ﬁ — 3n—1
=
2. ;:‘fé, n even.

For n > 8 this gives a more restrictive range than the Knapp example, which

2(n 1) . For

describes precisely one wave packet and leads to the restriction p >
n = 6, 7 this matches p,, but for 3 < n < 5 this gives a less restrlctlve condltlon
than the Knapp example. Moreover, the range, for which the variable coefficient
estimate holds, does not differ for 3 < n < 5 from the translation-invariant case.
Hence, we consider n > 6 in the following.

Let

x=(" X1, %) ER"?xRxR and w=(o,w,—1) € R"? xR.
. ~ -

X

We consider the phase functions

(AL, ')

17 Px;m)=x-w+
26’)n—l

,  wu—1 €(1/2,1).
where A(x,) denotes the (n — 2) x (n — 2)—positive definite matrix

n—=2
(18) Al = D,z ! ; x’ixg) n — 2 even,
@ll(xzx+x3)®(xn): n — 2 odd.

The main idea is to construct many wave packets which are concentrated in the
neighbourhood of a lower-dimensional algebraic variety. Whereas the direction
governed by the frequency wy below varies, for fixed wy we consider precisely
one starting position vg. This concentration in a low-dimensional algebraic variety
does not happen in the linear case (1).

We consider wave packets adapted to ¢ as follows: Z = B"72(0, ¢1) x (1/2,1)
is covered by essentially disjoint elongated caps

1
Ep={(0, 0p—1) € E 1 |0 Jwoy—1 — wg| S 272}

with wg € B"%(0, ¢)) for |c;| < 1. These regions will be referred to as ‘sectors’
in the following. Apparently, E can be covered by ~ A finitely overlapping
sets Zy. We consider a corresponding smooth partition of unity (yp),,ec=z and wave
packets

fon(@) = e D yp(@), v=(01,...,00-0) e R"2



OSCILLATORY INTEGRAL OPERATORS 11

We have by non-oscillation of the phase

yl _n—2 .
|T f@,v(x”: xn—l:xn)l Z AT 2 XTQ_D(-X),

where y7,, denotes the characteristic function of 7,,. The Tj,, are curved ‘slabs’
of size (1 x A2 x -+ x A11/2 x 1) with
N~ ~ -

n—2 times

Ty, C {x e B(0, 1) :

X =200 ();n)‘ <e222% and [x,—1 — 2706/ A <c2,1§+€}’

forany ¢ > 0, which follows from non-stationary phase; ¢, denotes a small constant
and yg,,, y, denote curves:

1
y@,v(-xn) =0 — A()Cn)a)g, V;)(-xn) = 2 <A(xn)a)0: 6()9>.

Furthermore, note that the conditions on @’ and w,_

/
| ¥ —w| £ e e (1/2,1), o € Bya(0,0)
Wp—1
correspond to considering 2~ 2-sectors in direction (wp, 1). The degeneracy of 82 ¢
in the radial direction, which is immediate from the 1-homogeneity of ¢, gives the
localization of slabs to size A? in this direction: We have

(COG: 1) (CU@, l)
. - aw ; s 1 .
(g, D)~ PO @) )

for

Duw(x; ) +0(™hH

o (o, 1) o1
ol [(@ws, DIT™

The non-degeneracy of 02,,¢ gives localization to size less than 4 2*¢ in the remain-
ing directions. We argue in the following why the curved tubes y7,, are in fact of
size 1 x A2 x --- x A2 x A (and not significantly less): Consider the oscillatory
integral

F(x) = /ei(x’~w+/1¢~$(x,,//l,cu)) wo(w)dew

with yy € C>°(A"!) localizing to a slab into direction § € S"~2 and
P, pw) = ud(xy, ) for u > 0.

We use Taylor expansion in ® to write

AP(xn/ 1y @) = |0l (Ap(xn/ 2, 0] |0]))
~ ~ (00}
= 1ol (49Cun/ 2,0 + 2V ofln/ 2,0 = 0) ) + OO
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For w € supp(yy) we have
ol =w-0+0@cr™).
Hence, we can write
AP/ 2y @) = A(xn/ 2, O)( - 0) + AV (X / 2, O)(0 — (0 - )0) + O(c).

Let {GIL, e, (91_2, 0} be an orthonormal basis of R"~!. Then,

n—2

AB(xn/ 2y @) = Ad(xn/ 2, O)@ - 0) + 1Y (Vod(xa/2,0) - 6) (- 6) + O(c).

=1
Consequently,
X 0+ AP/ 2, ) = (X - 0+ Ap(xa/ 2, 0))(@ - 6)

n—2

+ Y (O + AV o0/ 2,0) - 6 )@ - 6)) + O(c).

i=1
And for X' - 6 + Ad(x,/2,0)] < c and |x' - O + AV ,P(x,/ 1, 0) - 0| <K cAl/?,
we see that the modulus of the whole phase is O(c). Hence, there is no os-
cillation within supp(yy) and for fixed x, this defines a region A, for x’ of
size 1 x A1/2 x ... x AY2, for which |T*f(¥’, x,)| is roughly constant. Taking
Ty =, A, yieldsthe 1 x 2'/2 x - - - x A1/2 x J-tube. Note that the factor e~/
amounts to a shift in x’ by Ao, but does not change the size of the tube.
We prepare the initial data with randomized signs:

f = Zgﬁﬁiv-
[

By Khintchine’s theorem, the expected value of |T/f(x)| is given by the square

sum:
1/2 . 1/2
E[|T*f(x)[] ~ <Z|Tifa,w|2> > A" <Z m,,,goc)) :
0 0

Taking [7-norms yields by Minkowski’s inequality

1

s ( / (Z m,uf,) ) SENT .
4

Next, we find by applying Holder’s inequality that

L 1/2 1/2—1/p
([ Sam) 5|UTn
0 0

E[IT*fl1r]
S UTH,UH
0

U TH, Vg
0

1/2—1/p

Ifllp <

1/2—1/p
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The penultimate estimate is by hypothesis, and the final estimate follows from
|f| = 1 and |supp f| ~ 1. Since the tubes Ty, are (1 x 11/? x --- x A1/2 x 1)-slabs,
Ik ATy, ™ 15 . Moreover, there are about 1"2° slabs. Hence,

n—2 1/2 1
i </ZXT(%”5) ~ 2.

Thus, we arrive at

2-1/p

(19) 1< Ao

U TH, vy
0

Next, we shall see how to choose vy such that the curved slabs are concentrated in
a neighbourhood of a low-dimensional algebraic variety inspired by [14].

For =gy, we set

. n—2
(20) vp,2j—1 = —(wyg)2; and wvyo =vgp—2=0 forl <j< { 5 J

Letd=n—1— L”;zj and Z = Z(Py, ..., P,_1_4) be the common zero set of
the polynomials

. n—2
QD P ) = ey =, forl<j< |7
Itis straight-forward to show that the image of x,, — (4y,,,(x»/4), X, is contained
in Z(Py, ..., P,—1—4); Z is an algebraic variety of dimension
n—2
(22) d_(n—l)—[ R J

in R"~! and of degree O,(1). Thus, Wongkew’s theorem (cf. [41]) on the size of
neighbourhoods of algebraic varieties applies, and we find that

n—1—d

(23) Ny =N (2) 0Byt (0, ) S 473

We find by (22) and (23) that

i3:1—2
N 4, neven,
24) N <

a2 3n—1

A7, nodd.

Moreover, for (xq, ..., x,) € Ty, we have x,_1 € B(Ayy(x,/4), /15“).



14 R. SCHIPPA

This yields

1/2—1/p

(25) SW,, -

U TH,D(.)
0
Plugging (25) into (19) with the estimate from (24), we find that

p> {2- ;’:ﬁzz, neven,
2. 3333 , nodd.
This finishes the proof of Proposition 2.1. g
Remark 2.2. In an earlier version of the manuscript was claimed that we have
the improved estimate of (25)

U TH, vy
0

If this were true, then it would follow

3n
»> {2- ao4s EVen,

2.9, nodd,

1/2—1/p

(26) < (1\7}% SA2)2 T,

and consequently, the sharpness of Theorem 1.1 up to endpoints in all dimensions.
The claim in (26) was based on observing that for (xy, ..., x,) € Tg,, we have

Xn_1 € BOAYy(xa/4), 2279).

However, this does not suffice for the estimate for the union of tubes.

In order to verify (26) one needs to find an additional algebraic relation, which
relates x,,_; with the remaining coordinates. This is different from the inhomoge-
neous case considered in [14] due to nonlinear behavior of y; in wy. It remains
open whether the range from Theorem 1.1 is sharp.

3 Preliminaries

3.1 Basic reductions of the phase and amplitude function. In this
paragraph we shall normalize 1-homogeneous phase functions, which satisfy (C1)
and (C2), and the amplitude. This will highlight that the class of considered phase
functions are indeed (CN-perturbations of the translation-invariant case

Xp()?

, o €B0,c), w,—1 €(1,2).
2a)n—l

Pe(x;0) = (X, w) +

Constant-coefficient perturbations were analyzed in [10].
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The arguments were provided in [2, Section 2], and details are omitted here (see
also[21]). Itis important to work with a class of phase functions, which is stable un-
der rescaling. After localisation and translation, we may assume that a is supported
inside X x =, where X =X’ x T for X’ C B(O,1) CR*'and T C (—-1,1) C R
are small open neighbourhoods of the origin and Z C A"~! is a small sector of
dimensions 1 x ¢ x --- x ¢ with0 < ¢ <« 1 centred ate,_; =(0,...,0,1) e R* !,

Firstly, we can suppose that

(C1) detd; P(x;w) #0forall (x,w) € X x E,

(C2) 8i/w,6x"¢(x, ) has eigenvalues of the same sign for all (x, w) € X x E.

2
wx

This follows as in [2]. By rotation in the x-variables, we can also suppose that

G(0;e,—1)=e, and 0; ,p(0;e,-1)=0.

—
—

Hence, by making = small enough, we find that
(27) |07 P (x: @)] < Coone  for (x, @) € X x E.

By non-degeneracy (C1’) and the implicit function theorem, we find a smooth
mapping @, ,, : X’ — R"~! such that

aw¢(q)xn,w(x/)a Xns CO) =x.

We shall also write @, ,(x") = ®(x, x,; w). There is also a smooth mapping P(x, -)
with
Ovp(x; Y(x; ) = w.

For 2 > 1, we consider the rescaled versions ®*(x;w) = A®(x/A;w) and
P4(x; ) = P(x/A; ). We assume that X and E are such that the above map-
pings are defined on the whole support of a.

In the following we shall quantify the deviation from ¢, by restricting the values
of second and third derivatives and bounding higher order derivatives: Let ceone > O
denote a small constant and /,, € R™*™, (I,,);; = §;; denote the unit matrix. Firstly

note that there are (possibly large) constants A;, A, A3 > 1 such that

(C1") |62 $O6 @) = Limi1] < cconeA1 for (x;0) € X x E,
I,
(C2") 20 w) — "2 | < Ceoneds  for (x;m) € X x E.
Wp—1
In the above display and in the following we abuse notation and denote the Eu-
clidean norm of a vectorv € R" or the Hilbert—Schmidt norm of a matrix A € R"*"

by |v| or |A].
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For technical reasons, we shall impose in the following for the higher order
derivatives:

(D1) 1850, Bllrxxz) < CeoneAl for 1 <k <n—land = (8, fu—1) e Ng™',
which satisfies 2 < |f| <3 and |f| > 2;
1626, PllLoxxz) < C;"“CAI for all # € Ng~! with || > 3 and |B] < N.
n
(D2) For some large integer N € N, one has

10802 pll 1o m) < C;":A_; for all (, f) € N x N'~! with 2 < |a| < 4N

and 1 < |B| < 4N + 2 satisfying 1 < |B| < 4N or || > 2.

By parabolic rescaling (cf. Lemma 7.9), we see that we can reduce to phases
with A; = 1; these phases are said to be reduced.

Moreover, we can suppose that uniform bounds hold for the amplitude
aeCX x E):

(28) logallLezxz) < Camp for 0 < |a| <N,

and Cyp denotes a universal constant; (28) is accomplished by dividing a through
a large constant depending on a and its derivatives. Furthermore, we can suppose
by Fourier series expansion (see [2]) that a is of product form

a(x, ) = a;(x)ax(w).

For the spatial part, we require a margin condition:

(29) dist(supp a;, R"1\X) > )
4A;

This will become useful for variable-coefficient decoupling in Section 7 and can
always be achieved by finite decomposition and re-centering (cf. [2]). An ampli-
tude a is said to be reduced, if it is of product form, satisfies (29) with A3 = 1 and
uniform bounds on the derivatives (28).

Definition 3.1. We say that (¢, a) are of type (A, Az, A3), if

e ¢ satisfies (C1”), (C2"), (D1), (D2), and a satisfies (29),

e a is of product form and satisfies (28).

Moreover, (¢, a) is said to be reduced if ¢ is a reduced phase function and a is
a reduced amplitude.

The following observation will be useful at a later point:
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Lemma 3.2. Suppose that ¢ is a reduced phase function. Then we have
(30) 184,85l 0ex2) S 1 for 1< B < N.

Proof. For f = (f/, fu-1) € Ng_l with |f’| > 3 this is covered by D1) and
for |B| = 1 this is C2”). So it remains to show (30) for |f| = 2, and |f]| > 3 with
|#'] < 2: We obtain by homogeneity

6x,,¢(X; C()/, a)n—l) = a)n—lax,,¢(x; w,/a)n—l: 1)

From this follows

@Bl 8,  daa, wu1) =0y, 0 J@u_1, 1) — 02 (X 00 fy—y, 1) -

n—1

And moreover,

/

1 o W
3 _ 3 .
(32) ax,,,w,,_l,az,,_1¢ - D1 <ax,,,a)/,az/¢(x> Cl)//Cl)n_l, l)a)n—l 5 W1 >

Hence, by C2”) this is uniformly bounded.

For |f| =2 and |f'| = 1, the claim follows from taking an additional derivative
in (31) and estimates (27) and (C1”).

For 3 < |B] < N and |f| < 1, the claim is evident from taking derivatives
in (32), and the estimates (C2”) and (D1). O

3.2 Geometric consequences. Let ¢ be a reduced phase function in the
above sense. We shall see how the corresponding hypersurfaces X, paramet-
rized by o — 0,¢(x; w) resemble the ones from ¢,. To see this, recall that
Y : U — E satisfies dy¢(x; Y(x; w)) = w. Hence, X, is the graph of the func-
tion A, () = Oy, ¢(x; ¥(x; w)) over the fibre U,.

Each h, is a perturbation of the translation-invariant case in the following sense:

Lemma 3.3. The following estimate holds for all w € U,:
(33) ”6(20/60/ x(w) - n—l/wn—l ”L°° ,S Ccone-
Here ccone > 0 denotes the constant from the definition of a reduced phase function.

Proof. This is a consequence of properties of W¥. Firstly, we record that
Y(x;e,—1) = 1. By the implicit function theorem and non-degeneracy of ¢, we find
that

0P (x; ) = 3%, p(; P(x; ) L.
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Hence,
10, ¥ (x; @) — Li—1|lL = O(ccone)-

As a consequence of this identity (and choosing c.ope to be sufficiently small),
|P(x; w) — Plx; )| ~ |w— | forall w, o € U,

with implicit constant only depending on 7.
Additionally, if 1 < k < n — 1, then by twice differentiating the identity

Oy P(x; P(x; ) = oo
in the w-variables, it follows that
182, P (6 @)l 2o = OCoone)-

By the previous estimate, (33) follows from (C2"). ]

By similar means, we infer estimates for the generalized Gauss map associated
with T*. To give the results, let

X = {xeR"lz eX}

—

denote the 1-dilate of X, so that a* is supported in X* x =.

Lemma 3.4. Forall x,x € X* and o, ® € =, the estimates

G w o), Gan~| " = 2|~ Lo,
(34) lo| o
LG (@), G' (i) £ 47" |x = 3

hold true.

This will be helpful to understand the wave packet analysis in the following
sections.

3.3 Wave packet decomposition. We carry out the wave packet decom-
position with respect to some spatial parameter 1 << R <« A. For this purpose,
we follow [14] and use that the construction only depends on the non-degeneracy
condition (C1). We do not use the usual wave packet decomposition for the cone
as, e.g., in [26], but adapt the parabolic case, as previously done by Lee [21]. The
reason is that in Section 6 we would sort the smaller cone tubes into larger tubes
anyway. It appears that the present choice of wave packet decomposition allows
us to transfer arguments from [14] to the homogeneous setting more directly. In
the following we introduce notations from [14].
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Cover A"~ ! by finitely overlapping balls of radius R~'/2, and let yy be a smooth
partition of unity adapted to this cover. These & will frequently be referred to
as R™!/2-balls. For a ball 6, cover R"~! with finitely overlapping balls of size

1+0

R? x ---x R with centre v € R Z"'. Let , = 5(- — v) denote a bump
function adapted to B(v, R 13&) such that

Z 771):1

veZn—1

with 7, essentially supported in B(0, CR™ 156). This is possible by the Poisson
summation formula.

Let T denote the collection of all pairs (0, v). Then, for f : R"~! — C with
support in A”~! and sufficiently regular, we find that

f: Z (nv(l//ﬁf)v)AZ Z ﬁv*(W@f)-

(@,0)eT @,0)eT

For each R~'/2-ball 0, let wy denote its centre. Choose a real-valued smooth
function  so that iy is supported in 8, and y(w) = 1 whenever w belongs to a
cR~1/2-neighbourhood of the support of v, for some small ¢ > 0. Finally, define

Jo.o = Wo - L * (waf)l.
The function #, is rapidly decaying outside B(0, CR™ ") and, consequently,
Wfo.o = (o * (Waf Dl een-1y < RapDec(R)|f | r2¢am-1)-

The functions fp,, are almost orthogonal: if S C T, then

Z fH,D

O,0)eS

2

2
~ Z |lf9,v ”LZ(]R"*I)'

L®R™D  (9)es

Let T* be an oscillatory integral operator with reduced phase ¢ satisfying (C1’)
and amplitude a supported in X x Z. For (9, v) € T define the curve yj , : I; , — R"!
by setting y};ﬂv(t) = @ (v, t; wy), where @ is the function introduced in Subsection 3.1
and

Ié’v = {x, € T|0,P(x', x,; wy) = v for some x’ € X'}.

Hence, 6,@(4,, (Xn), Xn3 wg) = v for all x, € I; . For the rescaled curve
yg,v(t) = j'yé,v//l(t/l):
we find that

1
Ga,(p)‘(yé’v(xn),xn;a)g) =p forallre I(iu = {t eR: 1 € I;,D}.
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Let ngv : Ig’v — R denote the graph mapping ngv(xn) = (ygjv(xn),xn); for the
sake of brevity, the image of this mapping is denoted by Fg,v, too.

Lemma 3.5 ([14, Lemma 5.2]). The tangent space Trg (xn)l“é’v lies in the

direction of the unit vector G}“(F(’,{,D(xn); wg) for all x, € I(j“,v.

We consider curved tubes
TH,U = {()C,, xl‘l) (S B(O, R) L Xy € Ié’,l} and x’ = B(yé’v(xn),Ré-'—&)}-

We refer to the curve Fg , as the core of Ty,,. Since ¢ is of reduced form, we find

by the diffeomorphism property of ® (writing x' = ®! o @, ,,(x)) that

27
A Al
|)C, - y@,ul ~ |6w¢ ()C, C()g) - Dla

for all x = (X, x,,) € X, with x,, € Ié}> uniformly in A. This has the following
consequence:

Lemma 3.6 ([14, Lemma 5.4]). If 1 <K R < A and x € B(0O, R)\Ty,,, then

IT*f5,, ()| < (1+R™218,¢" (x; 0p) — 0])""*PRapDec(R) ||f | 2ar-1)-

3.4 [’-I’-estimate. We recall the following generalization of Parseval’s
theorem, only depending on non-degeneracy (C1’) of the phase function (cf. [31,
Section 2.1]):

Lemma 3.7 ([14, Lemma 5.5]). If1 < R < A and By is any ball of radius R,
then

(35) 1T fll 20 S RV 2,

This is based on the following estimate:

Lemma 3.8 ([14, Lemma 5.6]). For any fixed x,, € R, we find the estimate

(36) IT 1l 2@t x gy S I lz2can)-

3.5 k-broad norms. Here we recall basic properties of the k-broad norms.
Although the naming is misleading as k-broad norms are, strictly speaking, no
norms, the properties are similar enough to make the following arguments work.

We shall also see that U — ||T*f ||’1;L,, ) behaves as a measure.
k,A
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Lemma 3.9 (Finite (sub-)additivity, [14, Lemma 6.1]). Let Uy, U, C R" and
U=U,UU,. If1 < p < oo andA is a non-negative integer, then

g ywan AP
(37) ||T f”Bl‘i‘A(U) S ”T f”BLZ/\(Ul) + ”T f”BLZ/\(UZ)

holds for all integrable f : A"~! — C.
Secondly, we have the following variant of the triangle inequality:

Lemma 3.10 (Triangle inequality, [14, Lemma 6.2]). [fU CR", 1 <p < o0
and A = Ay + A, for Ay and A, non-negative integers, then

2 z z
(38) 171 +f2)||BL‘,;A(U) ST f “BL‘,;AI(U) +IT f2||BL’;_A2(U)

holds for all integrable fi, f> : A"~' — C.
We further have the following variant of Holder’s inequality:

Lemma 3.11 (Logarithmic convexity, [ 14, Lemma 6.3]). Suppose that U CR”,
1 <p,p1,p2 <occand0 < ay,ay < 1 satisfy o) + 0o, =1 and

1 o1 [2%)
= + .
P P11 P2

If A=A + A, for Ay, Ay non-negative integers, then
A Ayt Agp o2
1T o o0 S 1T g, VT 5 0y

Later on, we shall only consider A >> 1, which allows us to use Holder’s and
Minkowski’s inequality for k-broad norms.

3.6 Overview of parameters. For the reader’s convenience, we provide
an overview of the parameters to be used in Sections 3-7:
e 0 < ¢ <« 1 denotes the parameter, for which we aim to prove the estimates
in Theorems 1.1 and 1.2.
e m will denote the dimension of the algebraic variety, which is used for the
polynomial partitioning (see Section 4).
e We have the hierarchy of parameters:

KK Ko K¢

with ; = 9;(¢) and 0 = d(g). The parameters J; will quantify tangentiality of
wave packets with respect to a variety of dimension i and will be specified in
the iteration in Section 6.
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e ¢ is the parameter from wave packet decomposition and eventually, 6 = d(¢),
and N = N(0) = N(¢); the parameter N for reduced data will be chosen only
depending on €.

e In Section 7 we need the derivative bounds for reduced phase functions up
to N for a possibly larger value of N depending on a parameter 6, = J;(&)
used in a narrow decoupling estimate.

4 Polynomial partitioning

A key tool in the proof will be polynomial partitioning following previous work
by Guth [12, 13] (see also Guth—Katz [15]) and in the variable coefficient case
Guth—Hickman-Iliopoulou [14]. The idea is to divide the ball Bg by the zero set of
a polynomial into cells, which equidistribute the broad norm. Either u 7. will be
concentrated in the cells or at the wall, i.e., an appropriate neighbourhood of the
zero locus of the polynomial. Both cases will be handled by induction. We recall
some facts from [14], which we will use in the following.

4.1 Tools from algebraic geometry. Given a polynomial P in R”, its
zero set is denoted by Z(P). To make the varieties Z(Py, ..., P,—,) smooth m-
dimensional manifolds, we consider transverse complete intersections:

Definition 4.1. Let m € N, m < n, and let Py,..., P,_, be polynomi-
als on R" whose common zero set is denoted by Z(Py, ..., P,—,). The variety
Z(Py, ..., P,—,) is called a transverse complete intersection if

VPi(x)AN-- - AVP,_,(x) #0 Vx e Z(Pi,...,Po_pn).

The degree of the transverse complete intersection degZ is defined as

.....

maxj=1,... .n—m deg Pj.
We have the following partitioning argument:

Theorem 4.2 ([14, Theorem 7.3]). Suppose that W > 0 is a non-zero L'-
function on R". Then, for any degree D € N, there exists a non-zero polynomial P
of degree deg P < D such that the following holds:

e The set Z(P) is a finite union of < log D transverse complete intersections.

e If(O))icg denotes the set of connected components of R"\Z(P), then #] < D"

and

(39) / W~ D" W foralliel.
O; R~
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The connected components are called cells.
We further need the following lemma on transverse intersections of tubes with
varieties:

Lemma 4.3 ([13, Lemma 5.7]). Let T be a cylinder of radius r with central
line € and suppose that Z = Z(Py,...,P,—,) C R" is a transverse complete
intersection, where the polynomials P; have degree at most D. For a > 0, let

Zow=lz€Z: ATZ ) > a).
Then Z., N T is contained in a union of < D" balls of radius < ra™'.

For the application, we are interested in 7 = R1*9/2 as this will be the radius
of the (thin) tubes and a = R—2%9,

4.2 Polynomial approximation. However, with smooth core curves,
Lemma 4.3 is not applicable directly. We approximate the core curves by polyno-
mials such that algebraic methods can still be applied to the curved tubes. We follow
[14, Section 7.2]. Let £ > O be a small parameter and let N = N, := [1/(2¢)] € N.
Suppose that " : (—1, 1) - R”" is a smooth curve with

Clleva_; p= max sup |[T®@) < 1.
1Tl en I(=1,1) Osk§N+1|,|£| (OIS

After the reductions of Section 3.1, we find the following estimates:

Lemma 4.4. The curves Fé’v satisfy
Ty, ~ 1 foralltelj,,

and
sup |[(Tp) P OIS cpar for2 <k < N.

1
teIH‘”

The proof from [14, Lemma 7.4] applies verbatim because of bounds (27)
and (D2) from Subsection 3.1 although the phase functions are from different
classes.

We denote by [T'], : R — R” the polynomial curve given by the degree-N
Taylor approximation of I" around zero. Observe that

1Tl cx-2.2) < €T Nleverny S 1
Furthermore, for A > 1, noting that 2~%" < 1~1/2 Taylor’s theorem yields

ITO() — [T19(0)] <, A2 |7|*~" forall 1] <, ¢ and i =0, 1.
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Letting T'* : (=1, ) — R denote the rescaled curve I'*(r) = AT'(z/A), the above
inequalities imply that

(40) T Tl esoeainn S 1 and [T esi—2inn S A7
and
ITHP@) — (TP e 272 (7' forall |1 S, ' and i =0, 1.

As a consequence of [(T*)/(£)| ~ |[Fl];(t)| ~ 1, the tangent spaces to the curves I'*
and [T*], have a small angular separation, i.e.,

(41) L(Trsy T, Ty o TH) S 472 forall o] <, 2172

4.3 Transverse interactions between curved tubes and varieties.
We have the following generalization of Lemma 4.3:

Lemma 4.5 ([14, Lemma 7.5]). Letn > 2,1 <m < nand
Z=Z(P15"'5Pn—m)an

be a transverse complete intersection. Suppose that T’ : R — R”" is a polynomial
graph satisfying

(42) IT o222 S 1 and |17 || poo(=24,22) < O

for some A,0 > 0. There exists a dimensional constant C > 0 such that, for all
o> 0and0 < r < A satisfying o > 55}’, the set Z. 4 v N B(0, 1) is contained in
a union of

O((degZ - degI')")

balls of radius r/a.

This will be used when proving the k-broad estimate via polynomial partition-
ing.

S Transverse equidistribution estimates

5.1 Outline of the argument. In this section transverse equidistribution
estimates for wave packets tangential to varieties will be examined. Functions
having wave packets tangential to a variety arise in the algebraic case when
applying polynomial partitioning in the main induction argument. Contrary to
[26] or [10], however, we stick to the wave packet decomposition used in [14]. We
make the following definition (see [14, 13]):
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Definition 5.1. Let Z = Z(Py, ..., P,—,,) be a transverse complete intersec-
tion. A wave packet (4, v) is said to be R~ é+5"'—tangent to Z in B(0, R) if

(43) Ty, N Br C N, 1., (Z)
and
(44) L(GHx; ), T,Z) < CoangR™2*"

forany x € Ty, and z € ZN B(0, 2R) with |[x — z| < C_'tangRé_'—&m.
We want to study functions concentrated on the collection of wave packets
Tz={@,v)eT: Ty, in R 2% — tangent to Z in B(0, R)}.
Precisely, we make the following definition:

Definition 5.2. If S C T, then f is said to be concentrated on wave packets

from S if
f=>_ fon+RapDecR)|fIl 2.
@.0)eS

Let B C R” be a ball of radius R2*%" with centre x € B(0, R). We study - T*g,
where #p is a suitable choice of Schwartz function adapted to B. A stationary
phase argument yields that the Fourier transform of 73 - T* g4, is concentrated near
the surface T = { Z(w) : w € A"}, where Z(w) = 6,¢"(x; ). This leads to the
refined set of wave packets

TZ,B = {((9, v)eTz: Tﬁ,v NnB ?'/@}

For (6, v) € Tzp, the direction G*(x; wy) of Ty, must make a small angle with
each of the tangent spaces 7.Z for all z € Z N B. This constrains X(wyp) to lie
in a small neighbourhood of some typically m-dimensional manifold Ss. But in
the homogeneous case, Sz might only be one-dimensional, or “close” to a one-
dimensional manifold. This will be quantified below. We refer to this as case of
narrow space-time frequencies. This case does not contribute in the broad norm,
for which reason it is referred to as narrow. The role of space-time frequencies is
emphasized, as in the analysis we are rather considering sectors on the generalized
cone (and not the projection to R"~1).

To linearize Sg, if it is not a “narrow”, essentially one-dimensional set, let
R> < p < R and for the remainder of this section, let ¢ C A""! denote a sector of
aperture O(p~2"9). We define

TZ’BJ:{(Q,U)E ']I‘Z:Hﬂr#@and Tg,l, ﬂB#@}
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We recall the constant-coefficient case. Suppose that Z is an m-dimensional
affine plane so that 7,Z = V for all z € Z, where V || Z.

The extension operator for the cone has the unnormalized Gauss map
Go(w) = (—lgl, 1). Let V* = {w € R"!1\{0} : Go(w) € V}. By a crucial ob-
servation due to Ou—Wang [26], if V™ is tangent to C = {(w, Igl) twe A up
V* N € is a O(R™)-neighbourhood of O(1) radial

lines. In the easier case of the extension operator of the paraboloid (see [13]), this

to an angle R, then NR,%%
narrow case does not happen. As an example in case of the cone, we can consider
V={(e+eei,...,e, ) SR withe, #e; forj#kandie{2,...,n—1}.
Here ¢; denotes the ith unit vector. We have dim(V) = m, but clearly

V*:{weR"—‘\{O}: ( ”,1) c V}={—ﬂ61 > 0)

|eo]
is always one-dimensional.

In the variable coefficient case, we see that if V* is tangent to C, = { 8,¢" (x; )}
V* N @, is a O(R™%")-neighbourhood of O(1)
radial lines. Hence, the case of narrow space-time frequencies does not contribute

up to an angle R~ then NR, Liom
to the k-broad norm. Otherwise, we refer to this as a case of broad space-time
frequencies, and we shall see that we find quantitative transversality to hold. We
can deduce transverse equidistribution estimates similar to the paraboloid case
(or its variable-coefficient counterpart). In the constant-coefficient case, but for
arbitrary cones, this was recently investigated by Gao et al. in [10]. We shall see
how the arguments extend to the variable-coefficient case.

In this section we aim to prove the following estimate for g concentrated on
wave packets tangential to Z in the case of broad space-time frequencies:

e
T |2 <R2+0(am)< ) .
LT ) Nl

2+om

The precise statement with additional assumptions on g is provided in Lemma 5.8.

5.2 Geometric preliminaries: narrow and broad space-time fre-
quencies. In this subsection we quantify the above cases of narrow and broad
space-time frequencies. There are two linearizations involved. The transverse
complete intersection is linearized and below V plays the role of the tangent space
of Z. Moreover, the phase function is linearized such that we can apply arguments
from the constant-coefficient case due to Ou—Wang [26] and Gao et al. [10].

We consider an m-dimensional linear subspace V C R". Let

A= (aij)i,j c R(n—m)xn



OSCILLATORY INTEGRAL OPERATORS 27

be a matrix of maximal rank such that
V={xeR"':Ax=0}.

We consider the intersection of V with the hyperplane {x, = 0} perceived as
subspace of R"~!:
VT ={x¥ eR" AW, 0)=0}.

With V playing the role of the tangent space of Z, which is close to the values of
the generalized Gauss map, which are not contained in the hyperplane {x, = 0},
we suppose that dim V™ =dimV — 1.

The linearization is easier to carry out after changing to graph parametrization
in u-frequencies via W*, which we recall is implicitly defined by

dv " (v, WA () = u.

We use short-hand notation W(u) = ¥*(x;u). Note that ¥ is 1-homogeneous
like 6, ¢* and the identity mapping because

Aw ™ (6 P(uu) = pu = uded™(x; P(u) = dv ™ (x; 1P (u)).

By substituting qg(u) = hz(u) = 0, ¢*(x; ¥(u)) the arguments due to Gao et al. [10]
apply. We define a set

L={u€ B,_1(0,2)\B,_1(0,1/2) : A(~V,d(u), 1) = 0}.

The set {(u, #(u)) : u € L} describes the points on the generalized cone, which
have a normal in V. The case of narrow space-time frequencies gives a negligible
contribution to the broad norm:

Lemma 5.3 ([10, Lemma 4.5]). Let n € S" 2 CR""!. If y € L and
Lo vy > D - K7,
then L is contained in the set {& € R"™\{0} : Z(&, n) < K72}

Remark 5.4. It is important to note that, contrary to the case of broad space-
time frequencies analyzed below, the lemma does not hinge on a stronger local-
ization of #. For later purposes, note that balls B(x; Réw'"), for which Lemma 5.3
applies, do not contribute in the k-broad norm.

We turn to the more involved case of broad space-time frequencies: In general
{(u, &(u)) : u € L} does not lie in an affine subspace because L is not an affine sub-
space. We start by linearizing L at # € S"~2. By taking the orthogonal complement



28 R. SCHIPPA

of a suitable extension of the tangent space of L at # we shall construct W, which
is quantitatively transverse to V. Let n € LN S"~2 with Z(5, V™) < 57— K 2. Let

n—1
Li:{ueA"_l :ZaiJéjqz(n)—ai,n=O}, i=1,...,n—m

J=1

such that
n—m
L=()L.
i=1

We compute the normal n®) of L; at 7 to be

n—1
n,ﬁ’) = Z ai,jajzkﬁz(’?), n® = 5;27,743(’7)061‘
Jj=1

witha; =(aj1,...,8in-1), i=1,...,n—m.
The tangent space of L; at # is given by
T,Li= 0"y ={& eR"™": (0", &) =0)
={¢& eR": (8, d(Mai, &) = 0}.
We argue that the normals are linearly independent: Let V = (n(V, ..., n"=™),

Lemma 5.5. V C R"! is a subspace of dimension n — m.

Proof. It is key to observe that aﬁni(n)a,-, i =1,...,n — m are linearly
independent due to the angle condition Z(n, V™) < 7 — K ~2. Indeed, the Hessian
is degenerate only in the direction of #, but a; is orthogonal to V—, and A has
maximal rank. O

Therefore, the tangent space of L is given by the intersection of T, L;:

TyL=7y7 O Ny = (V1o s Ynem)

We have T,L = V= = V1 is the orthogonal complement of ¥ in R"~! such that
R-'=VaV.
LetV = <I7_, en) be the linear subspace spanned by V- ande,. Welet W = V4
be the orthogonal complement of V in R™:
R'=Va@W
As pointed out in [10], all the linear subspaces depend on the choice of 7. We have
the following quantitative transversality:

Lemma 5.6 ([10, Lemma 4.6]). Letn € S">NL. If Z(n, V™) < 5 — K2,
then W and V are transverse in the sense that Z(V, W) > K~*.
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5.3 Verifying the transverse equidistribution estimate: broad space-
time frequencies. We turn to the key equidistribution estimate in case of broad
space-time frequencies.

Remark 5.7. We can suppose that Z in 2B is K-flat, i.e., for any z, 77 € ZN 2B
we have
AT.Z,T.Z) < K™

with K < R® « p%. If there is a wave packet with Z(G*(x; wp), T.Z) < R™2* for
all z € ZN 2B, it follows from the triangle inequality for small angles that

A(T.Z, ToZ) < R 2%0n,
If there is no wave packet such that the above holds, then there is nothing to show.

Lemma 5.8. Let Z be a transverse complete intersection with dimZ = m,
deg Z <. 1, B = B(x, R2%9) q ball of radius R>*", and let g be concentrated
on wave packets in Tzp .. Suppose that with the notations of Subsection 5.2,
with gzNS = hy, and for some 1 € -l ()N S™2 we are in the situation of Lemma 5.6,
that is in the case of broad space-time frequencies. Then, for any R: K p <R

45 T o2 <R5+0(5'")<p) 2 2
45) AT PY 7 gl

p2tom

The proof relies on quantifying the uncertainty principle from [14, Subsec-
tion 8.2]. Let G : R" — C be such that supp(G) C B(c,r). Then we have

essentially for 0 < p < r~!:

(46) f |G|2,sf IGP2.
B(xo,p) B(xo,r~1)

As a first step in the proof of Lemma 5.8, we consider wave packets tangential
to linear subspaces: In the following transverse equidistribution estimates are
considered with respect to some fixed linear subspace V C R”. Recall that B is a
ball of radius R>*%» with centre x € R”", and define

Ty = {(0,0) : L(G* (% @p), V) S R™2* and Ty, N B #0).

Recall that R2 < p < R and, for r C R"! a sector of aperture O(p~2%) centred
around a point in A”~!, define

Typ. = {(9, v) € Tyg: 00N (1’0) ;z@}.
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Lemma 5.9. [fV C R" is a linear subspace, then there exists a linear sub-
space W with the following properties:
(1) dmV +dim W = n;
(2) V and W are quantitatively transverse: we have Z(V, W) > K=*;
(3) if g is concentrated on wave packets from Ty ,, and there is n € P~(7)
such that for ¢ = hz the assumptions of Lemma 5.6 are valid, 11 is any plane
parallel to W and xo € 11 N B, then the inequality

dim W 1~
i 2 oG (P 2 20/(1+0 s 2\
/ o T8l S5 RO (7)) Mm%+(/ |Tm)
TINB(xg, p2 ™) 2B

holds, up to inclusion of RapDec(R)||gl|;2> on the right-hand side.

Proof. The proof largely follows [14]. The difference is that we are dealing

*9n) in contrast to balls

with the larger sectors 7 here having an aperture O(p_é
of radius O(p_é‘“""'). This will be compensated by the null direction of the conic
surface.

Constructing the subspace W. Recall that

hi(u) = 8y, ¢" (x; P(u))

with 8y ¢*(x; W(u)) = u such that (u, hx(u)) is a graph parametrization of d,¢*(x; -)
in u-frequencies with = W(u). If LN ¥Y~!(z7) = 0, then W(L) N 7 = (), but then, by
Lemma 3.4 we had Ty,3 . = () and there is nothing to show.

Suppose L N W~ (7) # ) in the following and fix # € L N ¥~ !(7). Note that

0 PGP A -+ AOL, (06 P(W) = Go(x; ) - det JP(u).

XUp—1

Hence, we can construct W around # € L N W~!(z) as in Subsection 5.2; W and V
are quantitatively transverse as in (2) by Lemma 5.6.

Verifying the transverse equidistribution estimate. Recall that g is
concentrated on wave packets Ty ., Bis a Ré“”&"'—ball, andrisa O(p‘é‘”(’m)—sector.
Let np(x) = y((x — f)/R5+5'") denote a Schwartz cutoff, which satisfies 7(x) = 1
for x € B(0, 2).

Let X(0) = 0.0 (x; 0). f w € supp(ge.»), then | — wy| < R‘é, and so

|2() — &I SR,
where & = X(wy). By non-stationary phase, we find like in [14] that

L ~ < o)
(018 - T o) O] S ROV, @lgoolie.



OSCILLATORY INTEGRAL OPERATORS 31

Let
L={uecA" ' (=Vhiu),1) eV}, S,={weA"!:G'(x;w) e V).
Let A, = n+ T, L denote the affine variant of the linear subspace T, L, and
Ag=A, xR,

Let V¢ be the linear subspace corresponding to A:. We have Vé =W.
Next, we shall show that

(47) dist(&), Ag) < R™2n,

Once the above is proved, the proof can then be concluded like in [14]. Since the
space-time frequencies of 5 - T”g|; are concentrated in a ball of radius R~ 2%0n,
we can then use a rigorous version of (46) to conclude.

We turn to the proof of (47): Fix (8, v) € Ty,p . and let

ug = (Z(wo1, - - -, Z(W)p—1).
The triangle inequality yields

(48) dist(&y, Ar) = dist(ug, A,) < dist(ug, LN Y l(2)+ sup  dist(u, Ay).
u, eLNY~-1(7)

Furthermore, by Lemma 3.4, taking advantage of the null direction,
dist(ug, L N P~1(1)) ~ dist(wg, S, N 1) < L(GH(X; 9), V) < R‘éw’",

where the last inequality is by the definition of Ty, ;.

We turn to the estimate of the second term in (48): Fix u, € LN P~ '(7). We
note that dist(u., A,) = dist(u., A7) for & = It“/u by null direction. Let Az = ug+V,,
for some linear subspace V,,. Now we note that the surface LN~ ()N (|u.|-S"72),
provided p is large enough, can be written as a subset of the graph of a function
w: W — VL where W C V, is a subset around the origin of size O(p‘é“”(’"').
More precisely, we may write

LOY' @ N (il - S C (w+ p(w) : w e WY+ uo
with y(0) = 0 and V(0) = 0. The estimate now follows from Taylor expansion:
lw(w)] = 0(p~" ) = OR™*+n).

Here we used the hypothesis R < p < R (cf. [14]), which is absent for constant-
coefficients. ]
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For the proof of the transverse equidistribution estimate in Lemma 5.8, we have
to extend the estimate from a fixed vector space to a variety. The argument follows
[14, Section 8.4] with the difference that the quantitative transversality (see [14,
Definition 8.11]) mildly depends on the scale. This is due to the necessity of
distinguishing between broad and narrow space-time frequencies and reflected in
Lemma 5.6. The vector space W constructed in Subsection 5.2 now satisfies

Z(o,w) > K™* forall0#v eT.Zand0#£w € W.

Proof of Lemma 5.8. First, by Lemma 3.4, we have
IG*(x:0) — G*(x;:0)] < Ix — 3/4 S R™*".
This yields
L(GH(x:0), T.Z) SR 2 forall z e ZN 2B.
Letting V = T,Z, we have
Tzs,: € Tya,..

We can apply Lemma 5.9 to find a subspace W such that
(49) LV, W)z K™

and

L2 o (PN L o)
so | Tt S5 RO () et ([ el
TINB(xg, p 2 Hm) & R 8l 2B g

for every affine subspace II parallel to W. By Remark 5.7, (T,Z, W) is a quan-
titatively transverse pair for all z € Z N 2B. We have by (the proof of) [14,
Lemma 8.13]

NN 1., (Z)NBEN, (I1 N Z) N 2B.

Kp L +om

Here is a minor change compared to [14] as the size of the neighbourhood of [1NZ
is now increased by K*. However, this factor can be absorbed into R°“) . Since
IT N Z is a transverse complete intersection of dimension dimW + dimZ — n, a
result due to Wongkew [41] yields that IT N Npéw‘m (Z) N B can be covered by

R\ (dim W+dim Z—n)/2
0<RO(§n,)(p) ) — O(RO(Jm))

balls of radius péﬂ;m because K < R° « p°. Now the argument is concluded by
integrating over I parallel to W and Hérmander’s L?-bound (cf. Lemma 3.7). For
details we refer to [14, p. 318]. O
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6 Main inductive argument: Proof of the k-broad esti-
mate

The k-broad estimate is a consequence of the following claim, which is amenable
to induction on scales and dimension. Let
n+k
n+k—2
Theorem 6.1. For & > O sufficiently small, there are

plk,n)=2-

0<K K1 K- Ko K¢

and large dyadic parameters A_g, C_’S, Dy, Se 1 and 6, < & such that the following
holds. Suppose Z = Z(Py, ..., P,—_y) is a transverse complete intersection with
degZ < Dy, Forall2 <k <n, 1 <A < A, dyadic and 1 < K < R < A, the
inequality

2 C; pbm+d(log Az —log A)—ejn (p)+ ]
(51) IT"f Nl B0, e KCROnrotogAcmlog D=ein®ta | £ 1o

holds whenever f is concentrated on wave packets from Tz and

— _ka > ; k >
(52) 2 <p < potmy= 75 G <m
pm,m)y+0, ifk=m.
Above,
1/1 1
)=, (= )b,

For future reference we denote by E,, 4(R) the constant on the right-hand side
of (51):

~ A 1
(53) Em,A (R) — Cm’gKCSRS_C"6'"+6(10g A.—log A)—e‘kyy,(p)+2 .

In the first step we reduce to R <, A'~% by covering B(0, 1) with balls of
radius 2'¢. The technical details are provided in [ 14, Lemma 10.2]. This reduction
is necessary for polynomial approximation of the core curve yiw uniformly in R.

Next, we set up the induction argument for 1 < R <, A!=¢, Fore > 0
sufficiently small, it is enough to consider K < R’ by choosing C_’g sufficiently large
(as the claim then follows from the trivial L!-L>-estimate and crude summation).
We let furthermore

—5—@n—m) 10n

Dm,s =ée 5 9,,,(8) =& — Cnama A_S = |_€ g —|:

(54 o
0; = 0;(g) = & foralli=1,...,n, and d = d(¢) K J,.

The base case is givenby m < k— 1, and A > 210 For details we refer to [14,
Subsection 10.3].
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6.1 Inductivestep Let2<k<n—1,k<m<n,and K < R’. Assume,
by way of induction hypothesis, that (51) holds whenever dimZ < m — 1 or the
radial parameter is at most ’; .Fixe>0,1 <A< A_(g and a transverse complete
intersection Z = Z(P, ..., Py,—y) with degZ < D,, ., where A_(g and D,, . are as
in (54). Let f be concentrated on wave packets from T,. It suffices to show (51)
for p = po(k, m) by interpolation with the trivial L>-bound. We recall the two cases
to be analyzed:

The cellular case. For any transverse complete intersection Y! C Z of
dimension 1 <[ < m — 1 and maximum degree at most (D, .)", the inequality
(53) I7°f ||I;LZA<NRé+,sm L JONBORY < caglT’f HZL’;,A(Bw,R))
holds.

The algebraic case. There exists a transverse complete intersection Y/ C Z
of dimension 1 </ < m — 1 of maximum degree at most (D, )" such that

(56)

ywang AenP
”T f”BL?A(NR%+,;”,/4(Y])QB(O’R)) > Calg”T f”BLi_A(B(O,R))'

Here ¢4, > 0 depends on n and ¢.

6.1.1 Cellular case. The cellular case is as usually treated by induction on
the radius. Via polynomial partitioning the BL;; 4-norm is equidistributed among
the cells, and the induction closes. This case is handled as in [14, Section 10.5].
We omit the details.

6.1.2 Algebraic case. The algebraic case is more involved: T*f can be
regarded as concentrated near a low-dimensional and low-degree variety Y’ (for an
oversimplification, one can think of a hyperplane). In the tangential subcase the
wave packets from f are also tangential to this variety, then we can use induction
on the dimension to conclude. In the transverse subcase, many wave packets are
transverse to Y. Then we can conclude via transverse equidistribution estimates.
For the homogeneous phase functions the transverse equidistribution estimates are
different from [14, Section 10.6], and we give the details.

Fix a transverse complete intersection Y ! of dimension 1 < [ < m — 1 of
maximum degree degY’ < (D, )", which satisfies (51). Let R < p < R be such
that p5+‘5’ = Ré"é'", and note that

R<R¥p and p<R R
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Let B, be a finitely overlapping cover of B(0, R) by p-balls, and for each B € B,
define

Te={B,0)eT:Ty, N NREM.WM(YZ) N B ()}

and

I = Z Jo0-

6,0)eTy
We have by the triangle inequality for broad norms that

Ag P A 14
IT"f ey ooy S D 1T Tollgag o .,

BeB,
up to RapDec(R)||f ||}, on the right-hand side by the rapid decay of the wave packets
away from the tubes.

For B = B(y, p) € B,, let Tp4,e denote the set of all (6,v) € Ty with the
property that, whenever x € Ty, and z € Y N B(y, 2p) satisfy |x —z| < ZC_’taHg péwl,
it follows that

UG on), TYY) < ) g™,

where C_’tang and cne are the constants appearing in the definition of tangency.
Furthermore, let Tg 1415 = Tp\Tp 1ane and define

fB,tang = Z fH,U ande,trans = Z f@,v-

(gaU)ETB,mng (991))€T3.tmns

It follows that fg = fg 1ang + fB.1rans and, by the triangle inequality for broad norms,
we conclude that

AP A )4 A p
W7oy w0y S D W Fosans iy o+ D N Fomams sy sy
BeB, BeB

Either the tangential or the transverse contribution to the above sum dominates,
and each case is treated separately.
Tangential subcase. Suppose that the tangential term dominates and we have

AenP A 14
(57) ||T ‘f”BLiA(B(O,R)) ,S Z ||T fB,tal‘lg”BLlI;A/z(B)'
’ BeB, ’

This case can be handled by applying the dimensional induction hypothesis. We
refer to [14, pp. 345-346] for the details.
Transverse sub-case. In this case, we have

2£11P A P
T Wy oy S D W Somans iy oy
’ BeB, ’
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The strategy in the transverse case is to use induction on radius to show that for
some ¢; > 0 one has (redenoting f; for fp; srans)

(58) T fllsez , oy < CoEma@® Il 2am)

forall B; € B,.
Provided ¢, > 0 is chosen sufficiently small, depending only on n and ¢, the
proof is concluded by almost orthogonality of fz tans (see [14, eq. (10.23)]):

yl — -, 2 \*
T fllsey , 0.y So CeEma@®IfN " ( > |LfB,tmns||Lz> < Ena®|fl2-
BeB,

This estimate relies on Lemma 4.5.

The main obstacle to (58) is that we cannot expect f; to satisfy the hypothesis
of Theorem 6.1 at scale p. The remedy is to break f; into pieces f;,, which are
pé+6,
reassembling the pieces, we use transverse equidistribution estimates. This still
follows [14]. Recall however, as argued in Section 5, that after restricting to a ball

of size R2*9, the transverse equidistribution estimates do not always hold true.

»-tangent to a translated variety of Z + b. To obtain a favorable estimate when

But if these do not hold true, then the contribution can actually be neglected. The
first step is to separate the essentially and non-essentially contributing balls.

Separating essentially and non-essentially contributing R2*9n-balls.
We cover B; by finitely overlapping R>*9_balls Bji. Let (0,v) € Tz, and

x €Ty NN 1.0, (2) N By,
zeZwith |x — z] < C_'tangRé“”"m. By definition of tangency, we have
L(GH(x; wp), ToZ) < R™2%0n,
Let V =T.Z. By Lemma 3.4, we have
L(GH% wp), V) S R0,

Now we consider the linearization ¢(u) = dy, ¢ (x; W*(u)) around x, the centre
of Bjx. We consider, like in Section 5.2 a matrix A € R®~™>" of maximal rank
such that
V={xeR":Ax=0},
L={u e B,1(0,2)\B,1(0, 1/2) : A(=V,$(w), 1) = 0},
where L denotes the set of u-frequencies with normal in V.
We apply the dichotomy of Section 5.2:
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CaseI: L is contained in O(1) sectors of size 1 x K2 x --- x K= by
Lemma 5.3. This is referred to as Case 1. In Subsection 5.2 this was called
the case of narrow space-time frequencies. Note that if L is contained in
O(1) 1 x K72 x --- x K~2-sectors, then so is | J 8 with

(G (¥ ), V) S R

by Lemma 3.4. Consequently, by 2 < k < m, Case I-balls can be neglected
in the k-broad norm (see (59) below).

Case II: This was referred to as a case of broad space-time frequencies. We
consider the further refinement Ty, . with 7 a p‘é—sector. By Lemma 5.6,
there is a quantitatively transverse subspace W with V. @ W = R" and

Z(V,W) > K™,

V denotes the extension of a tangent space of L from Subsection 5.2.
We let X; and X; denote the union of balls B;; from Cases I and II.

Sorting into medium tubes. Redenote g = f; ;uns. Next, we use the sorting
into medium tubes as in [14, Section 9].! The idea is to carry out a wave packet
decomposition at smaller scale p << R on the p-ball. This requires us to mildly
modify the phase function, amplitude function, and input function ¢, a, g — @, d, &
to center the p-ball at the origin. The wave packets at scale p are denoted by T with
indices @ (a p- > -cap)andd € p 771, We can break the R-wave packet(6,v) € T
into smaller scale p-wave packets essentially contributing to (6, v). These p-wave
packets are denoted by TI‘g,D (see [14, Lemma 9.1]).

We use the following facts from [14]: Firstly, we recall how the tangency
properties are inherited. The p-wave packets obtained from a wave packet R~ 2%0n_
tangential to a variety Z are p‘éw'"—tangential to a translate Z — b (cf. [14, Propo-
sition 9.2]).

There is a sorting (T5,);., T5.0 C T With f a p~2-cap and w € R'% 2",
which partitions T (see [14, Section 9.3]). The corresponding medium tubes of
length p and width R2%9 are given by

Tg,w:( U Te,v) N B, p).

0,0)eT;

L,

We have the almost orthogonality:
2 2
gz ~ > g3
(9,10)6‘3’

I'The arguments in [14, Section 9] clearly only depend on the non-degeneracy condition (C1).
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and we have that for every (6, v) € J5.,, it holds
disty(To,, 0BG, p), Tj,,) S R>™.

We can also consider the p-wave packet decomposition of (gg,,)". This is
concentrated on scale p-wave packets belonging to U(@,u)e?,;‘m T@jv. We obtain a
covering (%,w)é,w of T by almost disjoint sets. Hence, the sorting into medium
tubes is suitable to switch between R and p-wave packets.

We define the essential part like in [26, p. 3582]:

ges = > %w=8-— ~ > Lo
(0,10)€T 55 0,w)E T ait
where
Tess = {6, w) : 30, v) € Ty, - To, N Xy # 0},
Trait = {0, ) : VO, 0) € Ty, : Ty, N Xy = 0}.

Like in [26], we infer that

(59) 1T 8llsey , oy < IT 8essllsey , ) + RapDec(RIIf Il -

Breaking the essential contribution into smaller neighbourhoods of
translates. As in [14], we choose a set of translates B, so that we can write

Y 2 2 p r
(60) 17" gessll ey, ) S (0g R) (Z IT gess,anLiyAM(B]_)) :

beB

where each piece g5 is defined so that it is concentrated on scale p wave packets,
which are tangential to some translate Z — y+b of Z. This construction is provided
in [14, Lemma 10.5]. The set of translates B are chosen so that effectively

) Ny @) € Upes N 1.0, (Z = v+ D).

(i1) N,;% (Z — y + b) are essentially disjoint.
Technically, this decomposition also involves “tuning” the wave packets of g.ss.5
to a collection of balls B’ C Bg2. This quantifies (i) and (ii) and is necessary due
to the definition of the broad norm. In the following we take the resulting almost
orthogonality (62) for granted (see [14, Lemma 9.6]).

+Om

By modifying 7% and g5, We can center the ball B; at the origin:

1

A 2 77 ~11P !
1T gesspll ey, 8y S 102R) (bz; 77 (8ess.) ”BL’;)AM(B(O,/J))) .
€

Now we can apply the radial induction hypothesis:

1 1

~ P P
(Z ||rx(gm,bru’;qM(B(o,p))) sEm,A/4<p>(Z ||gess,b||';2) :

beB beB
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Once we have proved

(61) (Z 1 8ess.

beB

! 1 1
» 0w { P\ B3,
|‘£2) SR (1) " gess 2

the computation to conclude the proofis like in [14]; (61) is proved via interpolation
between p =2 and p = oo.

Reassembling the set of translates. For p = 2 we can argue like in [14]
based on the almost orthogonality of the p-wave packets contributing to (gess.5)”
(here we also use the essential disjointness of the translates in (ii) above):

1
2
(62) (Z ”gess,b”[z}) S ||gess||2-

beB

We turn to the proof of (61) for p = oo, which requires an additional argument
compared to [14]. The crucial ingredient remains transverse equidistribution. By
almost orthogonality of @, w) € T and the definition of T, we have

2 ~112
I8essollze ~ Y 1(8egsgin)e lI72-
(0. 10)€T oy

By construction of g, 5, there is (6,v) € Tj , such that Ty, intersects Xy .
Let B = B()?;Réw'") denote the corresponding ball in Xj;. Since the Hausdorff
distance between Ty, ,, for further (61,v1) € Tj,, is R>%, we can apply the
reverse Hormander estimate from [14] at scale p with r ~ R>*9 to find that

2 — =8 || A N2
(63) ||(ges5’0,w)b IIL2 S R 2 ||T>k (gesg’a,w)b ||L2(B()?—y;10Ré+dm)).

The reverse Hormander estimate [14, Lemma 9.5] relies on every p-wave packet
Of (8,55,5.,0)» Intersecting the R>*9n_ball B. The proof follows from Fourier series
expansion and the constant-coefficient analog. This yields a slightly different
oscillatory integral operator 77, whose data however inherits the properties of
(¢, a). We refer to [14].

Next, we can apply Lemma 5.8 to find that?

n—m

L+06) (P 2 ~|12
64 T}\, _ 2 ‘ < R 2+0(0m) ( ) ~ .
) T sl . oy S SRR
p2tom

Now we can use the almost orthogonality induced by ‘TT(;’U) to find, after taking (63)

2This holds up to RapDec(R). Note the shift and localization to N Lo (Z +b) on the left-hand side,
p
which is explained in [14, Equation (9.10)].
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and (64) together:

- i (P)'" -
> a2 SRO(L) T Y 1ua iR

(0,0)€T oys (0,0)ET oy,

o (P2 2
5 R ( )(R) ”gess,b”LZ

06, p n;m )
SR ( )<R) ”gess”LZ‘

This finishes the proof of (61), and we can argue that induction closes like in [14]. [

7 From k-broad to linear estimates

In this section we deduce the linear estimates from the k-broad estimates by
applying the Bourgain—Guth argument [7]. We show the following proposition:

Proposition 7.1. Suppose that for all K > 1 and all ¢ > 0 any oscillatory
integral operator T* built from reduced data (¢, a) obeys the k-broad inequality

A c,
(65) T f”BL’;‘A(B(O,R)) Se K2 RENf I pan-)

for some fixed k, A = A, p, C,, and all R > 1. If

2n 2.} if2 <k<3,
(66) pk,n) <p < , pk, n) = n—2 <Kk <
n—2 2.0k rg s 3
then any oscillatory integral operator with (C1) and (C2*%) phase ¢ and amplitude
a satisfies
(67) IITXf||U(R”) ,S(;S,e,a j~8|lf||[j7(‘,4n—1).

From this proposition Theorem 1.1 is immediate by choosing k = ";1 for n odd
and k = 7 + 1 for n even as max(p(k, n), p(k, n)) gives the lower bound for p in
Theorem 1.1.

7.1 Outline of the argument. For the proof we use induction on scales:
0p,5(R) will denote the infimum over all constants C for which the estimate

A
1T f o,y < CIUf Il

holds for 1 < r < R and all oscillatory integral operators built from a suitable
class of phase functions. This class is supposed to be invariant under rescaling and
amenable to narrow decoupling, which is explained below.
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With this definition, it remains to prove that for p as in Proposition 7.1

Op.s(R) Se R

foralle >0and 1 <R < A.

To this end, we decompose B(0, R) into finitely overlapping balls Bk of ra-
dius K? and estimate || 7%f |1, ,)-
terms. The narrow term is of the form

(68) > fo

eV,
for some a

f is decomposed into “broad” and “narrow”

consisting of contributions to f from sectors for which G*(x; r) makes a small angle
with some member of a family of (k — 1)-planes. Here x denotes the centre of Bg..
The broad term consists of contributions to f from the remaining sectors. One may
choose the planes Vi, ..., V4 so that the broad term can be bounded by the k-broad
inequality. Thus, f of the form (68) has to be analyzed. This is accomplished by
narrow {”-decoupling and rescaling.

7.2 Narrow decoupling and the induction quantity. In this subsec-
tion we shall find an estimate for V C R” an m-dimensional linear subspace:

> T'g.

1

1 1 p
<5 max(l,K(’”_z)(z—p))K‘5<Z 1Tl )> +Lo.t.
eV x2

eV

L/(Byo)

The additional assumptions to be imposed for the above estimate to hold will
motivate our choice of induction quantity below.
In the translation-invariant case, e.g., with € as in (1), this follows from the

¢%-decoupling
‘ > ee

for2 <p < nz_”z and by counting the sectors 7 such that Z(G(z), V) < K~2. This
is carried out in [26]; see also [17, Lemma 2.2]. It appears that the argument

1
5 2 ’
S K (Z ||5gr||zp(wgkz))

eV

L(Byo)

from [17, 26] does not suffice to count the sectors already for general translation-
invariant phases under a convexity assumption, for which reason an additional
technical assumption is introduced.
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Let ¢ : R"™\{0} — R be a l-homogeneous and smooth function with
supp(¢) C Z.3 By Taylor expansion we find that

¢(w/awn—l)
(69) = a)n—l¢(w,/wn—la 1)
<6i’w’¢(en—l)w/: a)/> +

K*E(w),
2a)n—l

= wn—1¢(en—1) + aa)’¢(en—1)w/ +

with E(w) 1-homogeneous. By comparison with Taylor’s formula we have

_ (a)/)a
K E@) =Y /(1—s)< D )
|a| ’5 a)n—l
Gao et al. [10] showed that if E is bounded in C" one can recover the narrow
decoupling of general homogeneous phases satisfying a convexity condition in the
constant-coefficient case. This leads to the following notion of K-flatness.

Definition 7.2. Let ¢ be like above. We say that ¢ is K-flat if E like in (69)
satisfies
10”EllL=(z) < Chat

for 0 < |a| < Ny.

In this definition Ny and Cp, are universal constants, which allow us to extend
the arguments of [17, 26] for the circular cone to K-flat phase functions as shown
in [10].

To apply narrow decoupling for the variable-coefficient operator on a small
K?-ball with K? < 227, we approximate the variable-coefficient phase with a
constant-coefficient phase. Beltran—Hickman—Sogge [2] worked out that this is
possible by Taylor expansion.

We need the following notations: Let ¢ be a reduced phase and x € R”, which
will be the centre of the small ball on which we want to apply decoupling. Recall
that u — 8,¢"(x; W (x; u)) is a graph parametrization of the hypersurface ;. We
have

(x, (0xp™) 06 WH (s ) = (X', ) + xyhi(ue)
for all x = (¥, x,) € R" with hz(u) = (8,,¢")(x; ¥*(x;u)). Recall that we can
suppose a(x; ) = aj(x)ax(w) by Fourier series expansion. Let E; denote the
extension operator associated to Xy, given by

Ezg(x) = /R = &N+ gy o (u)du  for all x € R”,

3Recall that = C A1 denotes a sector with small aperture ¢ < 1 centred at e, .
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where az(u) = a, o W (x; u)| det 6, W (x; u)|. We recall how T* is approximated by
E;x: Let x € B(x; K?) C B(0,31/4). By change of variables @ = ¥*(x;u) and a
Taylor expansion of ¢* around x, we have

T'lf(x) _ /]R . ei((x—i(axqﬂ)(ﬁw(ﬁu))>+8f(x—f;u))a/ll(x)a;(u)fxu)du
with f; = ' @ @)f o WA(%; ) and by Taylor expansion

1! — _
ELv su) = 1 / (1 = P){(@u@) (X + rv)/ 2; W (5, u))o, v)dr.
0
Let N > 1 be a large constant to be specified. By the derivative bounds

sup CAHCHDIESS!
(v ;u)eB(0,K?)xsuppaz
and Fourier series expansion, the oscillation of €% can be neglected. This yields
the following lemma:

Lemma 7.3 ([2, Lemma 2.6]). Let T* be an oscillatory integral operator built
from reduced data (¢, a). Let0 <0 <1/2,1 < K? < 2270 and x/ € X so that
B(x;K?) C B(0,31/4).

e Then

1 N
(70) 1T Fllr ey SN NESF N 0wy 0 + 47 2 I ll22

holds provided that N is sufficiently large depending on n, o, and p,
and wg, = (1 + K7 2|x — x|)7V is a rapidly decaying weight off By..

e Suppose that |x| < A'=9. There exists a family of operators T* all with
phase ¢ and of type (1, 1, C) data (see Definition 3.1) such that

N min(é,0")

}L —_
(71) | Eell ity oy v 1T Mgy + 472 1112

holds for some T € T*. The family T* has cardinality On(1) and is inde-

*

pendent of B(x; K?).
To apply the narrow decoupling to Exfy, we need the constant coefficient phase
hie(u) = Oy, " (6 W (1)
to be K-flat.

Definition 7.4. Let K > 1. We say that a reduced homogeneous phase
¢ R* x R"~1\{0} — R is K-flat, if all its constant-coefficient approximations h;
for x € X are K-flat and ¢ satisfies
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e forl <k<n—1land = (B, fu1) e Ne~! with || < Np+5and |f| > 2:
(72) 05 bpll sz < K74,

o for f=(f, fu_1) € Ni7! with || < No+5 and |f| > 3:
(73) 185,05 ll Lexxm) < K%

The derivative bounds are used to facilitate induction: They will allow us to
argue that the rescaled phase function becomes “flatter”. The choice of size of
in (72) and (73) will become clear from the formula for the phase function after
rescaling. The size conditions (72) and (73) (but not the number of derivatives!)
are more restrictive than the definition of a reduced phase function. We remark
that with this definition, Proposition 7.5 now follows from the constant-coefficient
decoupling and the approximation by constant-coefficient operators provided by
the previous lemma.

Regarding the choice of N in Lemma 7.3: We choose N = N(J) = N(¢) > No+5
(since § = d(¢)) such that the error term A~°V/2||f||, becomes manageable when we
carry out the induction on scales.

Proposition 7.5 (Narrow variable coefficient decoupling). Suppose that T*
is an oscillatory integral operator with reduced (C1) and (C2%) phase ¢, which is
K-flat, and let B> € B(O, ') with 1 < K2 < A27°,0 <5 < 1/2. IfVC R" is
an m-dimensional linear subspace, then for 2 < p < nz_"z and any 6 > 0 one has

> Tg.

eV

L/(Byo)

1
<sx max(l, K™2G=))go (Z 1728 el ) +A7 2 llglle
eV

provided that N is chosen sufficiently large depending on n, 6, and p. Here, the
sum ranges over sectors t for which /(G*(x; 1), V) < K™2, where X is the centre
of Bx2 and wp , = (1 + K %|x — x|)7V is a rapidly decaying weight off Bx>; T? is
an oscillatory integral operator with phase ¢ and some amplitude a, chosen from
a family of On(1) many amplitudes. The amplitudes a. are reduced after uniform
decomposition of the support of a..

Proof. We apply (70) from Lemma 7.3 to approximate T* with Ex:

> T, Et) fir

eV HLP(BKZ) eV

_ON
A7 2 I N2

L(wg,,)

(74)
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Since by our assumption on ¢, the underlying phase &y for E; is K-flat. Moreover,
the transformed functions f; ; are disjoint sectors by the diffeomorphism property
of W*(x;-). Hence, we can apply the narrow decoupling for K-flat constant-
coefficient phase functions by [10]:

> Eifi-

eV

1

r
<s K° max(1, K™~ 2G-, ))<Z | Exf, r“lj’(wg ))

L(ws ) eV

(75)

We can apply (71) from Lemma 7.3 to find that
_ON
(76) IES el s ) Son ||Tffz||u>(wBK2) +A7 2 fell e

Recall that 77 is a variable-coefficient extension operator from a family T#, which
is of size Oy(1). The operators from T* have phase ¢, but possibly different
amplitude a,, which is independent of x, but still satisfies the bounds

|6¢a. Sy 1 fora e N§™', |al < N.

Hence, taking the p-th power, summing over the sectors, and pigeonholing in T
yields

1 1

<ZIIE;7%TIIU(H,B ) Sow <Z|| el )> + 272 fllw.

We take (74), (75), and (76) together to find that

2. T'f:

eV

1(By2)
1
5 2 _ y) p n__oN
S K2 max(1, K24 ”)>(Z A, >>) A7 Wl

We choose N = 5n/d, which keeps the error term A= llgll;> manageable even
after summing over the balls.

The technicality of dealing with different amplitude functions is handled by
considering an appropriate class of data (¢, a), for which the induction on scales
is carried out:

Definition 7.6. For 1 < p < coand R > 1, let O, 5(R) denote the infimum
over all constants C for which the estimate

y
ITfllro,m < CIfllr@a-n

holds for 1 < r < R < 1 and all oscillatory integral operators T* built from reduced
data (¢, a) with A°-flat phase function.
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7.3 Parabolicrescaling. In this section we shall see how parabolic rescal-
ing flattens the phase function. Moreover, we observe how for functions supported
on a small sector, we can apply the estimate from the previous definition on the
smaller scale.

7.3.1 Change of spatial variables. For the parabolic rescaling we also
make use of a change of variables on the spatial side.

Lemma 7.7 (Change of spatial variables). Let x=(x", x,_1, x,) eER" 2> xR xR
and ¢ be a reduced phase function. For x, € T, w € E there is a smooth mapping
Y(-, x,; w), which satisfies

O (Y (X', X3 ), X3 0) = X" and (Y (x; ), Xp; ©) = X,_1.
Moreover, we have the uniform derivative bounds:

77 |0v Y] < Cr.

Proof. We shall apply the implicit function theorem. We consider the defining
equations

F(T(x/’ X 0), Xp; ) = <aw/¢(T(x’, xn;a)),xn;a))> _ < v )

DY (x; ), Xp; ©) Xn—1
and differentiate:

2 PO, X o
eoP(YO Xy ), X3 0D o () = 1y,
Ov (VX , X3 @), X3 )

~ ~ -
A

By 1-homogeneity we have

n—1
Ovpx ) =Y ;- Flyy Px; ).
=1

—

Thus, for each x, € T and w € E, the Jacobian determinant of the map

X' = ((Owp(x; @), px; @)

is given by w,_ - det &2,.¢(x; ®) and hence is non-vanishing. In fact, it is uniformly
bounded from above and below for reduced phases.

Hence, o F(Y (X', x,,; w), x,; ) is invertible, and therefore Y(-, x,,; w) exists for
x, € T, w € E. We obtain by Cramer’s rule

G QIESE w))) - _ad(A)

oYX, X3 @) = < v (X, Xo; ) ~ det(A)’
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By reducedness of ¢, we have detA ~ 1. Secondly, the components of &2,¢ are
uniformly bounded for a reduced phase function and by homogeneity,

n—1

6x’¢(x,a Xns a)) = Z a)iaiwl¢(x’, Xns C())

i=1

This also gives a uniform estimate on d, ¢ for a reduced phase function. O

7.3.2 Phase and amplitude function after rescaling. We carry out the

parabolic rescaling 7*g for a function g supported in a p~!

-sector. In [2] the phase
function was computed. It was shown how after rescaling we find the bounds for
higher order derivatives introduced in Section 3.1 to hold. For an arbitrary phase
function ¢, p has to be chosen large enough depending on ¢. For phase functions,
which are reduced before rescaling, p can be chosen uniform; see also Lemma 7.8
and its proof. Since we need some expressions from [2] to verify that the phase is
“flattened” in the sense of (72) and (73) upon rescaling, some details are repeated.
Furthermore, the amplitude and its derivatives satisfy stronger bounds as well.
However, the scale of the amplitude exceeds the scale of the phase function, but
this can be remedied by an argument due to Guth—Hickman—Iliopoulou [14]; see
the end of the proof of Lemma 7.9.

Let w € B,_»(0, 1) with (e, 1) the centre of the p~!-sector encasing the support
of g:

é/

n—1

supp() € {(¢, &) e R 1 1/2 <&,y < 2and

— a)} < p_1 }
We perform the change of variables
(&, &1) = Um0+ p~ ', ),

after which follows
T g(x) = / 1™ D G (o o+ p N e )@,
Rn—l

where g(n) = p~ "2 g(y,—100+p~'#', y,—1) and supp(g) C Z. By Taylor expansion
and homogeneity of the phase, we find that

PO 10+ p~ o7, 1)
= P(; 0, Dijpey + p~ 0w Pp(x; 0, 1), 1)

1
+p /0 (1= @20y 05 a0+ 1™ tlamf s 1 )l
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Let Yo, ¥u) = (YO, Yus @, 1), ) and YA, ) = 2Y o3/ 2, Y/ %) and consider
anisotropic dilations

Dy, Y1, Y0) = (pY"s 1, P2y) and - D (¥, yum) = (7Y, p7ync1)
on R” and R"~!, respectively. By definition of Y, we find that
(78) T’goY.oD,=T""g

where

~9 02 T2 (o) -
S OF /]R POy g(nen

for the phase ¢(y; n) given by

1
o+ /0 (1 = 12X Dy s yu)i nmrco+ rp~ s ) Y

and the amplitude a(y; ) = a(Yo(D), 1Y, Y); fha—10 + p~" ', 1a—1)-
We make a harmless linear change of variables: Let L € GL(n — 1;R) be such
that Le,_; = e, and
Oy 03, (0, 03 €4m1) = s,

where
P m) = ALY, yus L)
It suffices to analyze Té/ ’ 2§L with TZ”/ ?* defined with respect to the data (¢, d;)
for ¢, as above, d(y; n) = @™y, y,; Ly) and g, = |detL|g o L.
To see that ¢; is still a reduced phase, we use the representations

(79 i) = PP (XD 0 LY, yu)s Yoy v+ p~ L'y, 1)

and

1
)+ / (1—r
80) Oom=+ |
X <6i,w,¢(Ta,(D’p,l o LYY,y i+ rpT L'y, L'y, L'y dr,

where L’ denotes the (n — 2) x (n — 2)-submatrix of L, containing the first n — 2
rows and columns. We can argue like in [2], that ¢; is again a reduced phase
provided that ¢» was a reduced phase. Note that the notion of reduced phase is
slightly weaker in [2]. We have strengthened the second condition in D1) for
technical reasons. For reduced phase functions the components of L are uniformly
bounded (see [2]). Regarding K-flatness of the rescaled phase functions, we have
the following:
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Lemma 7.8. Suppose that ¢ is a reduced K-flat phase function supported in a
sector of aperture ~ p~'. Then ¢y is a reduced cszlt -flat phase function provided
that p is chosen large enough.

Proof. We begin with the verification of (72). Let

p~l, m=1,...,n-2,

-2

Cppt =
p~°, m=n-—1.

From the representation (79) we find fork =1, ...,n — 1 that

n—1

Oy =p" Y Oy p(Yo(Ds 0 LY, y)s 100+ p~' L'nf, )
=1

0
x ayknr"(D’p,l oL7Y, yuim, 1)

n—1

=p* > 0y d(Yo(D)s o LYY, yu)i 10+ p~ ' Lif', a—1)

£,m=1
ot
X
a:y}’ﬂ
We take derivatives in 7', which gives factors of p~" and components of L: Recall

that these are uniformly bounded. We obtain by C,,, ,-1 < p~!and |8Y| < Cy for
2 < |a] £ Ny + 5 by hypothesis:

(D,/u—l o L_ly/, Vs @, I)Cm,p*'Lr;ll'

1

00 fel < p?p~ pTICT Y Z |6y, )¢
la|=la| €=1

< p1_|a|C|La|+1CTCN0K_4-

Taking derivatives in 7,—; only changes the result by a constant (use, e.g., ho-
mogeneity in #,-1): For 2 < |a]| < Ng+5and 0 < |f] < Nop+5 — |a]| we
obtain

|aﬂa’7 a’?n ¢L| < pl—lalc}jl|+|ﬁ|+1 CYCN(JK_4'

For p = p(Ny, n, Cy) large enough this verifies (72) with cpzl*K instead of K.
We turn to the proof of (73). By the chain rule

n—1

By LM =p> Y By p(X oDy o L7y, v hurw+ p~ L' 1a1)
k=1

aTk
ox,

+ p? 0y, (X oDy o LY, ya)s nurco+ p~ ' L', ).

(D), o LY, ya)
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We find when taking derivatives in #':
1858y, Ly M < p*CP p71Cy Z 10,8y |

For |a| > 3 we find by hypothesis
10%8y,pL(v: | < P71 CrCyy uK

This suffices to conclude like above. Likewise the argument with additional
derivatives in #,, applies.

To show K-flatness for the constant-coefficient approximations, we first suppose
that w(x; u) = u. Then we find that

n—1 ,

B = 19”0 " (Ti)(D,p" oLy, y)iw+pT 'L ;77] V 1)
k=1 n—

aTk

axn

_ _ L/ /
11?00, ¢ (THD) o L7 v+ p7 1),

(D)) o L7, yn)

We need to prove boundedness of

B =pkt S 0 [ =@ et

jai=3 ¢ -

By (72) and (73) we find that
(81) |62’Eh;(11)| <1 for0 < |a| < Np.

However, in the general case w(x;-) is not the identity mapping, and we need to
prove bounds for the derivatives up to order Ny + 3.
We show that

luw(cu)| <1 and  [%w(u)| S p~! for2 < |al < No+3.
The first estimate is immediate from
u g’ (6 p(6 w) = 1 = 0%, P (% (6 u) (X u) = 1,1

Hence, 8, y(x;u) = (62,4 (x; w(x; u)))~'. This proves the first estimate since ¢ is
a reduced phase.
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For the second estimate we consider

1
ui= @ W+ Cppm Gy /O (1=
t

n—1
X D 000y P(LoD)yer 0 LY, y)s yiumr+ rp ™ y/ (6 )y (65 0))
k=1

oxe

X WD)y o LT, yn) yi6 w)y(es wydr:
14

From this expression we can argue by induction that
Py u) = O(p Nl wiCu) + O(p™")  for2 < |a| < Ny +3.

Here we use (72), Lemma 7.7, and the chain rule. This yields

|aZ Wl(-x_:; u)l sT,N(),n p_l
and extends (81) to the general case. ]

Lemma 7.9 (Parabolic rescaling). Let supp(f) C Z be supported in a p~'-

sector and ¢ be a reduced phase, that is 1°-flat. Then, forany 1 < p < R < A:

/ 20—1) _
(82) IT*flr@so.ry So RO QpsR/p)p 7 " 2Ifllr.

The proof combines arguments from [2] and [14]. With many preliminaries
already settled in Lemma 7.8, we shall be brief.

Proof. By a change of spatial variables, we find from (83) that

i n
(83) 1T gl S pr ITH? 8llrriop,) -1 (Br))-

We have proved in Lemma 7.8 that the phase ¢; used for the operator T is still
reduced and cpzl* 2° flat with c a universal constant. In particular, for p large enough,
the phase function is (1/p%)°-flat.

We want to use the definition of Q, s(R/p?) with 1/p* playing the role of .
However, (Y4 o D,,)_l(BR) is an approximate ellipsoid of dimensions

~R/px---xR/pxRxR/p?

and possibly not contained anymore in B(0, 1/p*). Nonetheless, in [14] it was
argued for a different class of phase functions that the estimate

1T Flro) Sor Qp.s(RRY I Il
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still holds for an ellipsoid with 1 < R" < RandR < A:

pe={rem: (WY (lly o)

The argument is based on discretization by the essentially constant property and
orthogonality between balls of size R, on which the estimate at smaller scale can
be applied. In the present context the balls of size R/p? are centred at the origin
such that the containment in B(0, 1/p?) is achieved. The arguments from [14,
Section 11.2] extend without significant change to the present case, for which
reason the details are omitted. This completes the proof. (|

7.4 Proof of Proposition 7.1. With the narrow decoupling and parabolic
rescaling at hand, we can now derive linear estimates from broad estimates:

Proof of Proposition 7.1. Let¢ > 0. By interpolation it suffices to prove
the linear estimate for p satisfying the additional constraint

plk,n) <p.

In the first step, for 4 >> 1, we carry out a parabolic rescaling depending on the
phase so that we can reduce to A°-flat phase functions by Lemma 7.8. This loses
a factor C(MIO"(S by partitioning = into sectors, which will be admissible provided
that

(84) 1016 < ¢/10.

We shall next prove that Qp, 5(R) < CeR Y. In the following let K = KoR" < 29
with K( and # to be determined (see (91)).
By the assumed k-broad estimate, we find that

: Agp ~ C. p¥ p
(85) > min max [ TAP < CRORE I
By2€B o, ‘ K2
B2NB(O,R)#D

where Vi,...,V, are (k — 1)-planes and 7 ¢ V,, is shorthand for
LG X7, Va) > K72,

with x being the centre of Bx.. Moreover, we can suppose that R < 1'% by
covering B(0, A) with R-balls and losing an additional factor 1'% which is
admissible provided that

€
86 10n0; < .
(86) nor < 4
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We choose V1, ..., V4 for each Bg2, which attains the minimum in (85). By
this, we may write

A
| sk [ e [
By #Va By a=1 Y Bx2

K

pr

> T,

eV,

By summing over Bg: and using (85), we find that

A
LSy LR DD O
B(O,R) B2

B K2 eB k2> a=1
By2NBO,R))

p

2 T'f:

eV,

By the decoupling result Proposition 7.5, we find for any J; > 0, provided that
K < 2% and Bg2 C B(0, 2'7%), that

| =7

eV,
and summing over a and By, we find that

SISy BbEEE

(87) Bkze'BKz a=1 TEVa

— 2—-1 A
o, KOO0 S g i,
K1 B(O R)

P NN
k—=3)(5 —1),0)+5 A n=r1
S5, KPS0 S [T P, 4 06D
Rll

eV,

K2

p

Here we make use of the choice N = N(d;) large enough. We shall choose
01 = 01(¢, p, k, n). Thisrequires to possibly increase N above the needs of Section 6.
The separated expressions TZf, are amenable to Lemma 7.9, which gives

(88) /B oo TP So, (Q, s(R)RPK=D=C=2P 117

Let
_ 1) — (n— _n(P _
—e(k, p) = 2(n — 1) — (n — 2)p + max ((k 3)(2 1), 0).
Plugging (88) into (87), we find that
/B on 1T 17 < (K" C.KER2 + Cs,.5,(Q, s(R)RZK™CP D)1, .
This yields

(89) (Q,5(RY < K'"C.K“R** + C55(Q, 5(R)WRK=EP
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&

Since p is as in (66), we find e(k, p) > 0, and may choose d; = min(e(k, p)/2, |5,,)>
so that the K exponent in the second term on the right-hand side is negative and (86)
is satisfied.

Moreover, we can choose d, small enough such that

2 10no
(90) % Cgspg and nzggspg.
e(k, p) 8 2e(k,p) = 60 = 8
If
91) K = KoRe»

for a sufficiently large Ky, depending on ¢, d, = d(¢), p and n, (90) ensures for the
first term on the right-hand side of (89) that

K'"KCRr? < G ORY = D,RY .

We find for the second term on the right-hand side of (89):

e(k,p)

o o N 20
Cs,.5,(Q, (R R K=“®P"01 < Cj 5.(Q, 5(R)R™(KoR 0 )™ "2
__etkp)
2

1
= CoKy 7 (Qus®) = (Q, 5(R)Y.

The ultimate estimate follows from choosing Ky = Ko(d1, 02, k, p, n) = Ko(¢) large
enough.

It remains to make sure that K < A% to apply the narrow decoupling result: By
choosing 6 = 6(3,:?;) and 4 > Ay(¢) such that 29 > Ko/le(zk';.%, the proof is complete
because (84) is ensured by

301’152 _ 101’152 &

10nd = = < .
" ek, p) T 2e(k,p) = 10 O

Remark 7.10. We can similarly prove an estimate

a
1T fllr@o.r) Sepa RENf L,

for which we have to modify the induction quantity to work with RI-flat phase
functions.

8 e&e-removal away from the endpoint

In the following we prove the estimate

(92) IT*f Nl @y Spa Wiy
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for p > p, with p,, defined in (7). The argument is essentially well-known in the
literature [34, 35, 14] and we shall be brief. The detailed argument from [14]
cannot be applied directly because it relies on non-degenerate curvature properties
(H2) of the phase function. However, we shall see that the partial non-degeneracy

(93) 3 non-vanishing eigenvalue of &2, (8,¢"(x; ), G*(x; ©0)) | w=w

suffices for the argument. In the following we suppose that the phase ¢ satisfies the
non-degeneracy (C1) and (93). We shall prove that, if for p > 2 and for all ¢ > 0
the estimate

(94) 1T F @ Seda RENF o

holds for all p > p, all R-balls Bg, and any amplitude, then we find the global
estimate (92) to hold for all p > p. The following notion plays an important role
in the argument:

Definition 8.1 (Tao [35]). LetR > 1. A collection_{B(xj, R)}j’\i1 of R-balls
inRis sparse if {x1, ..., xy} are (RN)C-separated. Here C > 1 is a fixed constant,

chosen large enough to satisfy the requirements of the forthcoming argument.

Like in previous instances of the argument, it suffices to analyze sparse families
of balls.

Lemma 8.2 ([14, Lemma 12.2]). To prove (92) for all p > p, it suffices to
show that for all ¢ > 0 the estimate

(95) T fllrs) Sea BE I iy

holds whenever R > 1 and S C R" is a union of R-balls belonging to a sparse
collection, for any choice of amplitude function.

The key ingredient in the proof of Lemma 8.2 is the following covering lemma
due to Tao [34]:

Lemma 8.3 (Covering lemma, [34, 35]). Supposethat E C R" is a finite union
of 1-cubes and N > 1. Define the radii R; inductively by Ry = 1 and R; = (Rj_; |E])€
for1l <j < N. Then, foreach 1 < j < N, there exists a family of sparse collections
(Bj.w)aca; of balls of radius R; such that the index sets Ay have cardinality O(|E|'/N)
and

N
EC U U Sj,aa
Jj=1 a€A;

where S; , is the union of all the balls belonging to the family B; .
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With Lemma 8.3 at hand, the proof of Lemma 8.2 from [14] applies. It remains
to establish the estimates for 7* over sparse collections of R-balls.

Lemma 8.4. Let ¢ satisfy (C1) and (93). If p > p, then the estimate

IT* sy Sepa REN N

holds for all ¢ > 0 whenever S C R" is a union of R-balls belonging to a sparse
collection.

Proof. Let (B(x;, R))jl\i1 be a sparse collection of balls. We can suppose
that R < 4 and that all B(x;, R) intersect the x-support of a*. Fix n C?"(R"_l)
satisfying 0 < 5 < 1, supp(y) € B" ! and 5(z) = 1 for all z € B(0, 1/2).
For R, := CNR, where C > 1 is a large constant, define #g, (z) = #(z/R1).
Let w € CX(R™!) satisfy 0 < yw < 1, supp(y) C Q and w(w) = 1 for w
belonging to the w-support of a*. Fix 1 < j < N and write

€i¢A(Xj;.) l//f - ij_'_ (ei¢/1(xj;-) V/f — P}f) =: ij +ﬁ’oo,

where Pif = fig, * [¢" @) yf]. Arguing like in [14], it suffices to show that

N ;
(Z ||P;f||’zp) S Wil
j=1

This follows via interpolation between p = 2 and p = co. For p = oo, this is a
consequence of Young’s inequality. The estimate for p = 2 is by duality equivalent

v :
< (Z ||gj||iz) .
j=1

to

N

—2 i (- A
Ze 2migp (x],)l/,‘ [7ir, * &j]
j=1

[2(Rd-1)

By squaring the left-hand side, we find that

N

Z /Rd—l Gjl»jz(w)ﬁRl * gjl(a))f]R1 * gjz(CO)da)

Ji.j2=1

with Gy, (@) = ¥ 51O 80 2

By the Van der Corput-lemma [32, Proposition 5, p. 342], we still find due to (93)
that
v 1
1Gj1i DI S 1, — x5,172.
This suffices to estimate the absolute value and straight-forward summation of the

off-diagonal terms. The contribution of the diagonal terms is easier to estimate.
For details we refer to [14]. O
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9 Improved local smoothing for Fourier integral oper-
ators

In this section we improve L”-smoothing estimates for solutions to wave equations
on compact Riemannian manifolds (M, g) with dim(M) > 3: We consider

6t2u— Agu=0, (x,1)eRxM,
I/l(', 0) =f05 u(o 0) =f19

(96)

with the solution u to (96) given by

sin(t\/—Ag)
\/_Ag S

Parametrices for the half-wave equation are provided by Fourier integral oper-

u(t) = cos(t\/ — Ao+

ators (FIOs); see below.

Gao et al. [10] improved the previous results on Euclidean local smoothing
ford > 3 and p < 2;‘1_"11)
Presently, we extend their arguments to the variable-coefficient case.

Letd > 3 and

due to Bourgain—Demeter by a broad—narrow iteration.

2. 3% ford odd,

3d+6
2. 3d+2

G2 Dd

for d even.
We show the following:

Theorem 9.1 (Improved local smoothing on compact manifolds). Let (M, g)
be a compact Riemannian manifold with dim(M) > 3. Let s_p =(d— 1)|; — !l)l,

2 _ é Let u be a solution to (96). Then,

Pa<p <oowithpdasin(97)anda<p

the following estimate holds:

(98) Null 221,200 Smgp.o Wfoll 2

sp—o

on + A HL’:ip_JH(M)-

Like in [10], we can interpolate with the trivial L?>-estimate and the sharp local
smoothing estimates for p > 2201;11) following from decoupling due to Beltran—
Hickman—Sogge [2] to obtain an extended range of estimates. This gives the same
range of estimates like in [10, Corollary 1.3].

It is well-known (cf. [31, Chapter 4], [23, p. 224]) that local parametrices
for (96) take the form of FIOs

(99) ), 1) = /IR P atx, 5 Of(Ode
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with phase functions ¢ € C®°(R4*! x R?\{0}), which are 1-homogeneous in ¢ and
satisfy (C1) and (C2%). a € S°(R%!) is a symbol of order zero. Recall that this
means a € C®(R! x R*!) and

Va, p e Ng*': |0f,  ola(x, 1, &) Sap (&)

Moreover, we assume that a is compactly supported in (x, r) € R4+,
It turns out that for the proof of Theorem 9.1, it suffices to prove bounds for
rescaled operators

(100) FHxn = /R P0G (1 Of e

with a* and ¢* defined like in previous sections. Theorem 9.1 is a consequence of
the following (cf. [2, Section 3]):

Proposition 9.2. Let F be an FIO as in (99) and py as in (97). Then, the
following local smoothing estimate holds for p; < p < 0o:

A a1
(101) 1F Nl ety Seagia A% 7PN |-

Proposition 9.2 improves on the previously best estimates due to Beltran—
Hickman—Sogge [2], which read

’) d—1,1_1 1
)4 (Rd+l) N8,¢,a tpte U’(R‘l)
IF N p ety Seupa 42 G700 f]

for2 <p < 2;‘1_*11). Beltran—Hickman—Sogge [2] extended the decoupling inequal-
ities in the constant-coefficient case [6] to variable coefficients. This argument also
yields local smoothing estimates for FIOs, which do not satisfy the convexity con-
dition (C2%). Indeed, the FIOs, for which decoupling yields the sharp smoothing
estimates (cf. [2, Section 4]), are the ones with d odd, and

@é <6(X,I)¢(x, t;8), Go(x, t; 50» |¢f=§0

having dgl positive and dgl negative eigenvalues. Recall that the generalized
Gauss map is defined by

d
Go(x, 1:8) = 0oy 5y X, EEY A+ AT b, 1:8) € \RU = R
i=1
For the proof of Proposition 9.2, we run almost the same iteration as in the
proof of Theorem 1.1. The following lemma based on finite speed of propagation
allows us to convert L?-estimates for 7% into I”-estimates for F* by Plancherel’s
theorem and Holder’s inequality (see [10, Section 2.2]):
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Lemma 9.3. Let (¢,a) be reduced data and v € SR?) such that
supp(y) C B(0, 1), 3" ycza w(x — €) = 1 for any x € R Assume supp(f) C A9,
Then, for any 6 > 0, the following estimate holds true:

1FAF e, )] S 1T (Wrssp /)X, D)

+RapDec(R) Y (1 + )™M [If1ye(- — %012 1o
[¢]>R®

(102)

B%(x[)))
for (x,t) € B(xg, R) x [-R,R], 1 < p < oo, where

YRt () = Y (R (x —x0) — ).
|| <R?

Proof. The claim follows from a kernel estimate. We have
0= [ 000 Of e

1

= 2y [ e oDt oyt

We set
Ko tiy) = [ 00000, 1 e

Let ®*(x, v, & 1) = ¢*(x, ;&) — (, &). We have
véq)X(x’ Yy, 63 t) = v§¢)»(x, L 6) -
At
Ve 00 =x Ve = Ve [ adisddsex
0

By |Ve0,¢(x, ;)| < 1 for a reduced phase function, we find for [¢7| < R and
|x — y| > R rapid decay by non-stationary phase. We have the estimate

IK*(x, £;y)] < Cy(1 +Rlx —y)~™.

For reduced data (¢, a), Cy can be chosen uniformly. This follows from estimates,
which hold because « is reduced and due to Lemma 3.2:

l0%a(x, )llz=xxz) < Camp and [6,0%¢llxxz) Sy 1 fora € N§, |a] < N.

This yields (102). ]

By the same arguments as in Section 7, we can show the following narrow
decoupling (cf. Proposition 7.5):
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Proposition 9.4. Let By> CB(0, A'=9) CR¥! be a K?-ball centred at x e R4,
Let (¢, a) be reduced and ¢ be a K-flat phase function. Let k > 3 and V be a
(k — 1)-dimensional vector space. Suppose that supp(f) C U, S, where (S,), is a
family of K~ '-sectors S, centred at t, such that /(G*(x;1,), V) < K2 Letﬁ be
the localization of f to S,. Then, the following estimate holds:

A
NT7f Nl rs,.)

(103) 1_1 A~ I/p min(d,0" )N
0 k—=3)(,—),0 A - ;
<, KO3 ><Z ||T*fv||‘,;(w5ﬂ)> + 27" W
v

for2 < p <
off Bx>. The operator T3 is built from a reduced amplitude function; a* and the

2(kk__3l). Above, wg , denotes a weight, which decays polynomially

same phase ¢. a* can be chosen from a family of size Oy(1). The family is uniform
over balls Bg> C B(0, A'=%).

Remark 9.5. Note that (103) can be written as

__ min(3,0 )N

l/p
gl & prmax((k—3)(L—1),0) Jg P
15 f |0y So KK 27 (ZII?JUIIU(wBK2)> +27 Il
v

simply by definition of T* and *. We used the formulation in Proposition 9.4 to
highlight the parallel to Proposition 7.5.

The discrepancy in the amplitude functions will be remedied by carrying out
the induction on scales for an appropriate class of phase and amplitude functions.

Definition 9.6. Let Q) 5(R) be the infimum over all constants such that

15 flr@ory < QpsRR™ T2 |f Iy
for 1 < R < J and all FIOs JF with reduced (¢, a) and 1°-flat phase ¢.
As further ingredient we use the following parabolic rescaling for FIOs.

Lemma 9.7 (Parabolic rescaling for FIOs). Let (¢, a) be reduced with ¢ a

1

A9-flat phase function and g supported in a p~'-sector in A%. Then, for any

1 < p < R < 4, the following estimate holds:

2d+1) _y

/ 1_1
(104) 1Tl r@o.ry So RO Qps(R/pHRT0p "0~ gl 1.
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Proof. The proof has much in common with the proof of Lemma 7.9. How-
ever, after rescaling, we use almost orthogonality in space-time, which comes from
finite speed of propagation (cf. Lemma 9.3). Let w € B;—1(0, 1) with (o, 1) the
centre of the p~!-slab encasing the support of §:

4

supp(@) € {(¢ & e B 1/2 < &y < 2and |

— a)‘ < p_1 }
We perform the change of variables

(&, &) = (nao+ p~ "0, na),

after which it follows that

(Fo)x, 1) = /R 1 D™D g (1 e + p L na)8(mdy,

where g(n) = p~ 9 Va(naw + p~'/, n4) and supp(g) C Z. By Taylor expansion
and homogeneity of the phase, we find that

P, a0+ p~ o, na) = dx, tw, Digg+ p~(82¢(x, o, 1), 1)
1
+ p_2/0 1- r)<6§,§/¢(x, tinaw+rp~ 'y, non', v')dr.

Let Y,(x,t) = (Y(x,t;m,1),x;) and Tg})(x, 1) = AY,(x/4,t/2) and consider
anisotropic dilations

1 -2
X, pTxa)

Dy, xa,1) = (px', Xa, p*1) and D), (x¥', xq) = (p~
on R¥! and R, respectively. By definition of Y, we find that
FrgoX:oD,=F""g,
where

2 T (o) 2
F gy, 1) = /Rlewj TTNE (y, T mg(ndn

for the phase @(y, 7; #) given by

(v, m) + /0 - (2 (XD, 03 nac +rp ™" s na)n, o )dr
and the amplitude
aly, ;) = a(Xo(D,1y; 0 fa + p~ ' 1, na).
By change of space-time variables, we find that

1 d+l =0
(105) |15 g”IJ’(BR) §P »||F /P g”U’((Tfuon)—l(BR))-
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Note that (Té,on)_l(BR) = Drisroughlyasetofsize R/px---xR/pxRxR/p>.
We want to apply an estimate at a smaller scale R/p?, to which end we use
finite speed of propagation: Since the time-scale is R/p?, we can decompose
~ R/p x ---R/p x R x R/p? into balls of size R/p* and correspondingly, the
support of g into balls of size R/p>. We have almost orthogonality between the
localized pieces by Lemma 9.3, which yields

~ o L1y
(106) 1547 8l ey So R Qps(R/ PR/ pH™ 272|131
Since g(x) = g(px’, x; — wx’), we find that

_d-1
(107) 18l =p~ " llgl.

Taking (105), (106), and (107) together, (104) holds.
We are ready for the proof of the following proposition:

Proposition 9.8. letd >3,2 <k <d and A > 1. Let

_ 00, 2<k<3, o A =2,
pldy<p<q = | with plk, d)=§ 4 "
2'/(—3’ k=4, 2'2d—k+3’ k=

Suppose that for all ¢ > 0, FIOs with reduced (¢, a) obey the following k-broad
estimate forall 1 < K < R < 4 and choice of A = A;:

A = ; d()—1
1F*F N2z oy < CoK“RERCTP|f 1

Set (@, a) with é a 1-homogeneous phase function that satisfies (C1) and (C2%)
and a € SO(R**Y), which is compactly supported in (x, t). There is D, ; ; such that
for the FIO F built from (&, Q) the following estimate holds:

) dcl—1
(108) 1Ff N pgasy < Dy 5. ah "7 NI Nl 1o ey

The k-broad estimate is valid by Theorem 1.2 (see also Remark 7.10) and an
application of Lemma 9.3.

Proposition 9.2 follows from Proposition 9.8 by choosing k = d-55 for d odd
and k = d;"‘ for d even. Hence, the proof of Theorem 9.1 will be complete once
Proposition 9.8 is proved.

Proof of Proposition 9.8. The proof has much in common with the proof
of Proposition 7.1, and we shall be brief. By one parabolic rescaling depending on
the phase as in the beginning of the proof of Proposition 7.1, we can suppose that
(¢, @) is J9-flat, and R < A1~ ia.
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Recall that Qp, 5(R) denotes the smallest constant such that for reduced (¢, a)
with A9-flat phase functions, we have

dcl—1
IF £ l@o.ry < R0, SRl

It suffices to prove that for any & > O there is C, > 0 such that Qp’ 5(R) < C.R? for
any R < A1= 16, We shall choose

(109) K = KoR"

with Ky and # to be determined later. This is similar to the argument in the proof
of Proposition 7.1.

For a given ball Bg- C B(0, R), let V1, ..., V4 be (k — 1)-dimensional linear
subspaces which achieve the minimum in the definition of the k-broad norm. Then,

/ |F*f(x, D) Pdxdr < KO max / |F*F5(x, 0)|Pdxdt
Bd

TéVe

> TS0 ’

eV,

dxdt.

+Z/

K2

Summing over a finitely overlapping family (BKz) = B2 covering B(0, R) yields

/ |F*f(x, IPdxdt < KOV " min max / |F*F5(x, 0)|Pdxdt
B(O,R) 4 - B

.V
BKZGBKZ 1, Va T¢Vy
1 P
+ 0y Z / > FH(x, 1) dxd.
B ze'B > a=1 K2 teVy

By the broad norm estimate, we find that

> min max / |FF7(x, P dxdt < C,KSRTRYC=D (|1,
B

The narrow contribution is estimated by Proposition 9.4:*

Z/ Zfﬂ “n)|

21zeV,
N oyl 1
< CélK()leax((k 3} p)p,O)Z/ Wy |F ¥ (x, P .
— JRrant K

dxdt

(110)

4Here we omit the error term, which can be handled like in the proof of Proposition 7.1.
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Summing over Bg: € By in (110), we find

A
A LT
3 Z/BMZ? (x, 1)

BK2€BK2 a=1 k2 'teVy

P
dxdt

1 1
S CélKéleax((k—3)(2—,,)p,O) Z /d l wB(O,ZR)lgrllfT(x, l‘)|dedt
R+
T

By Lemma 9.7, we find that

/ |FHf7(x, 1) |Pdxdt
(111) B(0,4R)
So, K2GT0P200 (R/KDRTETD 7|2 + RapDec(RIIf 1.

We have the following estimate for 2 < p < oo:

(112) (Z uffug)” < IWfll-

For p = 2 this holds by Plancherel’s theorem, for p = co by a kernel estimate, and
the remaining cases are covered by interpolation.
Hence, summing (111) over 7 yields, by (112),

/ |Ff e, D dxer < CKOD*ERPC=DH 7)1,
B%H
+ C(51,52K61de(;_‘l’“&zK—e(p’k’d)Qz 5(R/K2)||.f||ll)1’
with
. 1 1 11 1 1
e(p, k, d) = m1n{2d<2 _ p)p —2, 2d<2 _ p)p —2— (k- 3)(2 _ p)p}.

We find that e(p, k, d) > 0, if

2(d+1) _
p > d B} k - 29
= 2d—k+5
2- 2d—k+3° k=>3.

By the definition of Q, 5, we have
Qi S(R) = KO(I)CN'SKCER? + C(51,(52R52Q§ S(R)K_e(p’k’d)+5l .

Similar to the end of the proof of Proposition 7.1, we can choose d;(g), d(¢),
and Ky and # (from (109)) to finish the proof. ]
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