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The stability of a quantum critical point in the O(N) universality class with respect to an elastic
coupling, that preserves O(N) symmetry, is investigated for isotropic elasticity in the framework
of the renormalization group (RG) close to the upper critical dimension d = 3 − ϵ. With respect
to the Wilson-Fisher fixed point, we find that the elastic coupling is relevant in the RG sense for
1 ≤ N ≤ 4, and the crystal becomes microscopically unstable, i.e., a sound velocity vanishes at a
finite value of the correlation length ξ. For N > 4, an additional fixed point emerges that is located
at a finite value of the dimensionless elastic coupling. This fixed point is repulsive and separates
the flow to weak and strong elastic coupling. As the fixed point is approached the sound velocity is
found to vanish only asymptotically as ξ → ∞ such that the crystal remains microscopically stable
for any finite value of ξ. The fixed point structure we find for the quantum problem is distinct from
the classical counterpart in d = 4 − ϵ, where the crystal always remains microscopically stable for
finite ξ.
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I. INTRODUCTION

In the solid state, any degree of freedom invariably
interacts with the low-energy fluctuations of the atomic
crystal lattice, i.e., the acoustic phonons. Often, this in-
teraction does not lead to qualitatively new behaviour
as it is effectively weak. Notable exceptions are materi-
als close to certain second-order phase transitions. Here,
it is important to distinguish whether the symmetry al-
lows a bilinear coupling between strain and the order
parameter of the phase transition or not. In the former
case, the order parameter hybridises with the elastic de-
grees of freedom and the critical behaviour is strongly
affected by critical elasticity1–3. Examples include piezo-
electric ferroelectricity4,5, Mott criticality6,7, metamag-
netic criticality8 or nematic quantum criticality9,10.

In case that the bilinear coupling is not allowed the
situation is more intricate. For classical criticality, this
problem was intensively investigated from the 1950ies to
the 70ies11–22, see Ref. 23 for a review. It was pointed
out by Rice already in 1954 that a critical system with a
diverging specific heat should exhibit a non-perturbative
elastic coupling11. In the absence of any common sym-
metries, the strain tensor εij might only couple linearly
to the square of the order parameter, i.e., the energy den-
sity of the critical degrees of freedom. Perturbatively in-
tegrating out the latter leads to a renormalization of the
elastic constants proportional to their equal-time energy
density autocorrelations, i.e, the critical specific heat. As
a consequence, this perturbative treatment necessarily
breaks down if the critical specific heat, Ccr ∼ |T −Tc|−α

diverges with a positive exponent α > 0 as the tempera-
ture T approaches the critical temperature Tc. Assuming
hyperscaling α = 2 − νd with the correlation exponent
ν and the spatial dimension d, the criterion for a non-
perturbative elastic coupling amounts to 2− νd > 0.

In order to determine the fate of the system for α > 0,

it is essential to take into account both the elastic moduli
as well as the local rigidity of the crystal, which must be
all positive to ensure, respectively, its macroscopic and
microscopic elastic stability24. Importantly, the strain
tensor εij comprises a uniform part, Eij ∝

∫
dr εij , as

well as a non-uniform part carrying finite wavevector
q. The eigenmodes of Eij are determined, on the one
hand, by the elastic constant tensor Cijkl whose eigen-
values are the elastic moduli. The elastic rigidities, on the
other hand, are given by the acoustic phonon velocities,
which are obtained via the eigenvalues of the dynami-
cal matrix Dik = qjqlCijkl for wavevectors q. Elastic
coupling to criticality poses the challenge that infinite-
range interactions among the critical degrees of freedom
are generated in both cases, when integrating out the
macroscopic strain Eij as well as when integrating out
the non-uniform phonon degrees of freedom.

This challenge was successfully addressed first by
Larkin and Pikin15 for an isotropic elastic system. Using
a Hubbard-Stratonovich transformation, they succeeded
to decouple the infinite-range interactions yielding an
effective non-analytic Landau theory for a macroscopic
auxiliary field. The result for α > 0 crucially depends
on the imposed boundary conditions: the phase tran-
sition turns from second- to first-order at constant hy-
drostatic pressure P , whereas at constant volume V a
modified critical point might be reached that is charac-
terized by Fisher-renormalized exponents14. In particu-
lar, the critical part of the specific heat behaves in this
case Ccr ∼ |T − Tc|−αF with αF = −α/(1− α) < 0.
Subsequent works essentially confirmed this scenario

but further elucidated the subtle importance of boundary
conditions18–20. Bergman and Halperin19 pointed out
that the boundary condition of constant volume in an
isotropic elastic system might not be sufficient to reach
the Fisher-renormalized critical point. Instead, pinned
boundary conditions need to be imposed, that fix each
unit cell of the crystal at the surface, and, in addition,
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an internal fracture of the sample must be prevented.

It is interesting how this physics is captured in the
framework of a renormalization group (RG) analysis.
In the literature, two distinct approaches can be found
treating a classical critical ϕ4 theory with O(N) sym-
metry in d = 4 − ϵ dimensions and isotropic elasticity.
Similar to the work of Larkin and Pikin15, the first ap-
proach considers an effective theory for criticality after
integrating out all elastic degrees freedom at the cost of
infinite-range interactions16,17,20,22. For ϵ > 0 and in the
absence of an elastic coupling the RG trajectories are
governed by the stable Wilson-Fisher (WF) fixed point
with a specific heat exponent α = ϵ(4 − N)/(2(N + 8))
whose sign depends on the number of order parameter
components N . Consistent with expectations, the WF
fixed point becomes unstable with respect to the elas-
tic coupling for N < 4 when α > 0. Depending on the
applied boundary conditions, the RG flow is either to-
wards a stable Fisher-renormalized Wilson-Fisher (FR-
WF) fixed point for constant volume V or one finds run-
away flow for constant pressure P , that is interpreted as
a sign for a first-order transition25.

The second approach treats the critical and elastic de-
grees of freedom on the same footing19 leading to a more
transparent interpretation. Here, one also finds for ϵ > 0
both fixed points, WF and FR-WF, whereas the former
becomes unstable again for N < 4. In this approach, the
microscopic degrees of freedom, that includes the elastic
rigidity of the phonon modes, then always flow towards
the stable FR-WF fixed point. Upon approaching this
fixed point, the velocity of longitudinal phonons asymp-
totically vanishes as a function of the correlation length
ξ with a power law. Microscopically, the crystal thus
only destabilizes asymptotically for ξ → ∞ but remains
stable at any finite distance to the FR-WF fixed point.
In contrast, the macroscopic stability is determined by
the bulk modulus that is found to reach zero at a finite
distance to the FR-WF fixed point. Whether the macro-
scopic instability develops or not depends however again
on the imposed boundary conditions. Moreover, if elastic
anisotropies are taken into account, the crystal becomes
microscopically unstable at a finite value of ξ leading to
a first-order transition irrespective of the boundary con-
ditions.

It is an obvious question in which sense these results
generalize to quantum criticality. It is rather straightfor-
ward to obtain the criterion for a non-perturbative elastic
coupling to quantum criticality3,26. Generally, close to
a second-order quantum critical point the ground state
energy varies as a function of the tuning parameter r
as δE0 ∼ |r|2−αq with the exponent αq. If the tuning
parameter either depends on pressure or volume, this
amounts to a correction to either the compressibility or
the bulk modulus proportional to ∂2

rδE0 that diverges
for r → 0 if αq > 0. The exponent αq is thus the quan-
tum analogue of the specific heat exponent α for classical
criticality. Assuming hyperscaling with the dynamical
critical exponent z and the correlation length exponent

ν of the quantum phase transition, the criterion for a
non-perturbative elastic coupling to quantum criticality
amounts to

αq = 2− ν(d+ z) > 0. (1)

This can be also formally obtained from the classical cri-
terion by replacing d → d+ z.
In Ref. 26 it was pointed out that the criterion

(1) might be fulfilled at quantum critical points of
low-dimensional spin systems. Moreover, the criti-
cal temperature for the elastically-induced, putative
first-order transition was estimated for the field-driven
quantum critical point of the spin-ladder compound
(C5H12N)2CuBr4. The criterion is also marginally ful-
filled at a quantum Lifshitz transition in d = 2 and, in-
deed, a large lattice softening as a function of temper-
ature was recently observed at the two-dimensional Van
Hove singularity of Sr2RuO4

27. An interesting scenario of
a quantum annealed criticality was proposed in Ref. 28,
which involves a quantum critical point that does not ful-
fil the criterion (1) and stays second-order but terminates
a line classical phase transitions, which are converted to
first-order by elastic coupling.
A first serious study going beyond perturbation the-

ory and considering quantum criticality in the presence
of a coupling to isotropic elasticity was carried out by
Chandra, Coleman, Continentino and Lonzarich28. They
considered a Lorentz invariant Ising ϕ4 theory with dy-
namical exponent z = 1 that exhibits a Wilson-Fisher
(WF) fixed point in d = 3 − ϵ dimensions for ϵ > 0.
They followed the approach of Larkin and Pikin15 and
first integrated out all elastic degrees of freedom. This
results in an effective quantum theory for the order pa-
rameter that contains (i) an infinite-range interaction in
space-time and (ii) an interaction that is non-analytic in
frequency-wavevector space. From the latter (ii), only
the zero frequency limit was retained that just renor-
malizes the local interaction while the rest is disregarded
claiming that it is irrelevant with respect to the WF fixed
point. Remarkably, the authors find that the interaction
(i) is not only of infinite-range in space as in the classi-
cal problem but simultaneously of infinite-range in time.
Decoupling this infinite-range interaction via a Hubbard-
Stratonovich transformation, the authors arrive at a non-
analytic Landau theory for an auxiliary field generalizing
the result of Larkin and Pikin to the quantum realm.
This suggests, in particular for ϵ > 0, the existence of a
quantum version of a Fisher-renormalized Wilson-Fisher
(FR-WF) fixed point.
Another investigation of the O(N) symmetric version

of the same model was recently performed by Samanta,
Shimshoni and Podolsky29. Elastic degrees of freedom
were also integrated out but the infinite-range interac-
tion (i), which is key to this problem, was now omitted.
The interaction (ii), that is non-analytic in frequency-
wavevector space, was expanded in terms of a spheri-
cal harmonic decomposition and truncated at some or-
der. The resulting theory was analysed in terms of a RG
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treatment in d = 3 − ϵ dimensions. It was found that
the interaction (ii), in contrast to the claim of Ref. 28,
destabilizes the Wilson-Fisher fixed point for N < 4.

Given these two contradicting theories, the fate of a
quantum critical point in the presence of an elastic cou-
pling is currently unsettled. Various questions arise: How
does the quantum system behave if the criterion (1) is
fulfilled? Does the crystal necessarily undergo a first-
order isostructural transition or can it be stabilized by
pinned boundary conditions? Does a quantum version of
a FR-WF fixed point exist as suggested by the results
of Chandra et al.28? Could the crystal become unstable
even if the perturbative criterion (1) is not fulfilled? In
order to shed light on these questions, we also consider
in the present work the Lorentz invariant quantum crit-
ical ϕ4 theory with O(N) symmetry and a coupling to
isotropic elasticity. Following the approach of Bergmann
and Halperin19, we perform a RG analysis of the quan-
tum problem at temperature T = 0 treating both critical
and elastic degrees of freedom on the same footing.

The following sections are organized as follows. In sec-
tion II the field theory is defined, and its infrared sin-
gularities are discussed in subsection IIA. The one-loop
RG equations are presented in subsection II B and dis-
cussed in subsection IIC. The macroscopic stability of
the crystal is analyzed in subsection IID. In Section III
the results are summarized and discussed.

II. QUANTUM CRITICAL ϕ4 THEORY
COUPLED TO ISOTROPIC ELASTICITY

We consider an Euclidian field theory, S =∫ β

0
dτ
∫
drL, for the N component vector field ϕ(r, τ)

and the displacement field u(r, τ) governed by the La-
grangian density L = Lϕ + Lε + Lϕ−ε,

Lϕ =
1

2

[
(∂τϕ)

2 + c2(∂iϕ)
2 + rϕ2

]
+

u

4!
(ϕ2)2, (2)

Lε =
1

2
ρ (∂τu)

2
+

1

2
εijCijklεkl, (3)

Lϕ−ε = λϕ2 tr{εij}. (4)

The critical part Lϕ is given by the Lorentz invariant
ϕ4 theory with velocity c, tuning parameter r and self-
interaction u. The elastic part Lε depends on the mass
density ρ and the elastic constant tensor Cijkl. For a
cubic crystal, it possesses only three independent com-
ponents, i.e., C11, C12 and C44 in Voigt notation. They
are related to the bulk modulus K and shear modulus µ,

K =
1

3
C11 +

2

3
C12, µ = C44. (5)

The anisotropy of the cubic lattice can be quantified by
the anisotropy index A = 2C44/(C11 − C12), and, in the
following, we focus on an isotropic crystal A = 1. The
strain tensor in terms of the displacement field is given by
εij(r, τ) =

1
2 (∂iuj(r, τ)+ ∂jui(r, τ)). As already alluded

(a) (b) (c)

FIG. 1. Self-energy diagrams (a) and (b) for the order pa-
rameter field ϕ, and (c) for the phonon field u. The solid and
dashed lines are ϕ and u propagators.

to in the introduction, the uniform part
∫
dr εij(r, τ)

plays a particular role; its effective potential determines
the macroscopic stability of the crystal. Finally, λ is the
elastic coupling that maintains O(N) symmetry of the
order parameter field.
At zero temperature and spatial dimensions d = 3,

both the self-interaction u as well as the elastic coupling
λ are marginal with respect to the Gaussian (G) fixed
point at r = 0. For λ = 0, the theory for the order
parameter possesses Lorentz invariance with dynamical
exponent z = 1, and it is at its upper critical dimension
d+ z = 4. As a consequence, for ϵ = 3− d > 0 the cou-
pling u becomes relevant, and the Gaussian fixed point is
unstable towards the Wilson-Fisher (WF) fixed point. In
the following, we will determine the influence of a finite
elastic coupling λ on the RG flow. We will concentrate
on the non-condensed phase r ≥ 0 at zero temperature.
The fluctuations of the order parameter around the

Gaussian fixed point are characterized by the Green func-
tion

G
(0)
αβ(q, ω) =

δαβ
ω2 + c2q2 + r

, (6)

where α, β ∈ {1, .., N}, q = |q| and ω is a bosonic Mat-
subara frequency. The fluctuations of the non-uniform
strain component with q ̸= 0 are governed by the phonon
Green function,

D
(0)
ij (q, ω) = ((ρω2 +D(q))−1)ij

=
1

ρ

[ q̂iq̂j
ω2 + c2Lq

2
+

δij − q̂iq̂j
ω2 + c2T q

2

]
, (7)

where i, j ∈ {1, 2, 3} and q̂ = q/q. The dynamical matrix
Dik(q) = qjqlCijkl, and the longitudinal and transversal

sound velocities are given by cL =
√

(K + 4µ/3)/ρ and

cT =
√
µ/ρ, respectively. As the strain enters the elas-

tic coupling only via its trace, only longitudinal phonons
couple to the order parameter field.

A. Logarithmic singularities at one-loop order

In the following, we determine the logarithmic singu-
larities generated by one-loop self-energy and vertex cor-
rections in d = 3. The self-energy diagrams are displayed
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(a) (b)

(c) (d)

FIG. 2. Vertex diagrams for the ϕ4 interaction. (a) is the
bare vertex u and (b)-(d) are vertex corrections.

(a) (b) (c)

FIG. 3. Vertex diagrams for the elastic coupling. (a) is the
bare elastic coupling λ and (b)-(c) are vertex corrections.

in Fig. 1 where the solid line and dashed line corresponds
to a G and D Green function, respectively. The dia-
grams (a) and (b) contribute to the self-energy for the
ϕ field, G−1(q, ω) = (G(0)(q, ω))−1 − Σ(q, ω), and dia-
gram (c) contributes to the polarization for the phonons
D−1(q, ω) = (D(0)(q, ω))−1 −Π(q, ω). We obtain

Σ(q, ω) = −2(2N + 4)
u

4!
I1 + 4λ2I2(q, ω), (8)

Πij(q, ω) = 2Nλ2I3qiqj , (9)

where the integrals Ij with j = 1, 2, 3 are specified below.
We neglected already the wavevector and frequency de-
pendence of I3(q, ω) ≈ I3(0, 0) = I3 because it does not
give rise to singular corrections.

The vertex diagrams for the self-interaction of the ϕ
field and the elastic coupling are listed in Figs. 2 and 3,
respectively. By power counting, singular corrections are
only expected for the local interaction u → u + δu and
λ → λ+ δλ and we find

δu = −(4N + 32)
u2

4!
I3 + 24λ2uI4 − 96λ4I5, (10)

δλ = −(4N + 8)
uλ

4!
I3 + 4λ3I4, (11)

with additional integrals Ij with j = 4, 5.

The integrals are explicitly given by

I1 =

∫
dqdω

(2π)d+1

1

ω2 + c2q2 + r
, (12)

I2(q
′, ω′) =

1

ρ

∫
dqdω

(2π)d+1

1

ω2 + c2q2 + r
(13)

× (q′ + q)2

(ω′ + ω)2 + c2L(q
′ + q)2

.

Moreover, I3 = −dI1
dr , I4 = −dI2(0,0)

dr and I5 = − 1
ρ

dI4
dc2L

.

We found it convenient to evaluate the integrals over the
full frequency range but to introduce a UV cutoff Λ for
the wavevector integrals. Extracting the cutoff depen-
dence from the integrals, we obtain

I1 ≃ 1

8π2c3
[
c2Λ2 − r log Λ

]
, (14)

I2 ≃ 1

8π2ρ

1

c3cL(c+ cL)

[
c2Λ2 − 2c+ cL

c+ cL
r log Λ

]
− 1

4π2ρ

1

ccL(c+ cL)3

(
ω2 − 1

3
c2q2

)
log Λ. (15)

Using these results, we will derive the renormalization
group equations in the next section using a Wilsonian
scheme. The dependence of the integrals Ii on Λ2 will
only influence the initial RG flow. In the following, we
concentrate on the log Λ dependences that will control
the flow at large wavelengths and low energies. We ver-
ified that the same one-loop RG equations are obtained
by using instead a dimensional regularization scheme.

B. Renormalization group equations

We perform a Wilsonian RG analysis by subsequently
integrating out simultaneously ϕ and u modes with large
wavevectors. After integrating out a momentum shell q ∈
[Λ/b,Λ] with b > 1 and log b ≪ 1 we rescale wavevectors
and frequencies according to

q = q′/b, ω = ω′/bz, (16)

where we find it convenient to rescale frequencies with an
arbitrary dynamical exponent z. In addition, the fields
are rescaled,

ϕ(q, ω) =
√

Zϕb
d+3z

2 ϕ′(q′, ω′), (17)

u(q, ω) =
√

Zub
d+3z

2 u′(q′, ω′), (18)

where Zϕ and Zu are wavefunction renormalizations and
d is the spatial dimensionality. Finally, the parameters
are rescaled according to

c2 = c′2/(Zϕb
(2z−2)), c2L = c′2L/(Zub

(2z−2)),

u = u′/(Z2
ϕb

(3z−d)), λ = λ′/(Zϕ

√
Zub

(5z−d−2)/2),

r = r′/(Zϕb
2z). (19)
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Imposing the renormalization group conditions

G−1(0, ω)|r=0 = ω2, D−1(q, ω)|r=0
q→0→ ρω2, (20)

we obtain the following set of differential RG equations
up to one-loop order

d logZϕ

dℓ
= − 1

π2ρ

λ2

ccL(c+ cL)3
, (21)

dr

dℓ
=

(
2z − 1

π2ρ

λ2

ccL(c+ cL)3
+

1

2π2ρ

2c+ cL
cL(c+ cL)2

λ2

c3
− N + 2

48π2

u

c3

)
r, (22)

dc2

dℓ
=

(
2z − 2− 4

3π2ρ

λ2

ccL(c+ cL)3

)
c2, (23)

dc2L
dℓ

=

(
2z − 2− N

4π2ρ

λ2

c2Lc
3

)
c2L, (24)

du

dℓ
= (3z − d)u− (N + 8)

48π2

u2

c3
+

1

π2ρ

4c2 + 9ccL + 3c2L
c3cL(c+ cL)3

uλ2 − 12

π2ρ2
c2 + 3ccL + c2L
c3c3L(c+ cL)3

λ4, (25)

dλ

dℓ
=

(
5z − d− 2

2
+

1

2π2ρ

3c+ cL
c3(c+ cL)3

λ2 − N + 2

48π2

u

c3

)
λ, (26)

where we abbreviated ℓ = log b. In addition, we find d logZu/dℓ = 0 at this order. The first equation (21) generates
an anomalous dimension for the order parameter field ϕ. The second equation (22) describes the flow of the tuning
parameter r and determines the correlation length exponent of the transition. Equations (23) and (24) represent,
respectively, the flow of the velocities of the ϕ field and the longitudinal phonons. The elastic coupling λ explicitly
breaks Lorentz invariance triggering the flow of c and cL. Note that this can be also interpreted as a correction to the
dynamical exponent z ̸= 1 by demanding the vanishing of one of the corresponding β functions. Choosing however
z = 1, both velocities will decrease under RG transformation. Finally, equations (25) and (26) describe the flow of
the vertices.

The RG flow of the four equations (23), (24), (25) and (26) is coupled. It turns out that the flow can be simplified
and the four coupled equations can be reduced to only three by introducing the dimensionless parameters

ϑ =
cL
c
, ũ =

u

4! c3
, λ̃2 =

λ2

2ρc2Lc
3
, (27)

where ϑ is the ratio of the two velocities. Their RG flow is governed by the closed set of equations

dϑ

dℓ
=

1

4π2

(
16

3

ϑ2

(1 + ϑ)3
−Nϑ

)
λ̃2, (28)

dũ

dℓ
= ϵũ− N + 8

2π2
ũ2 +

6

π2

ϑ(2 + ϑ)

(1 + ϑ)2
ũλ̃2 − 2

π2

ϑ(1 + 3ϑ+ ϑ2)

(1 + ϑ)3
λ̃4, (29)

dλ̃2

dℓ
= ϵλ̃2 − N + 2

π2
ũλ̃2 +

1

2π2

(
N + 4− 4

(1 + ϑ)2

)
λ̃4, (30)

where we have set d = 3 − ϵ. Note that, remarkably,
these equations do not depend on the so far arbitrary
dynamical exponent z.

For completeness, we also list the RG equations for
Zϕ, the tuning parameter r and the velocities in terms of

dimensionless variables,

d logZϕ

dℓ
= − 2

π2

ϑ

(1 + ϑ)3
λ̃2 (31)

d log r

dℓ
= 2z − N + 2

2π2
ũ+

1

π2

ϑ2(3 + ϑ)

(1 + ϑ)3
λ̃2, (32)

d log c2

dℓ
= 2z − 2− 8

3π2

ϑ

(1 + ϑ)3
λ̃2, (33)

d log c2L
dℓ

= 2z − 2− N

2π2
λ̃2. (34)
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C. Renormalization group flow and fixed points

For a vanishing elastic coupling λ = 0, the equations
reduce to the well-known RG equations of the ϕ4 theory
with a Gaussian (G) and a Wilson-Fisher (WF) fixed
point at r = 0, see Table I. Note that at both fixed
points the dynamical exponent is z = 1; this ensures
that both velocities, cL and c, remain invariant under
RG transformations.

The scaling dimension of the dimensionless elastic cou-
pling at λ̃2 = 0 is

d log |λ̃|
dℓ

∣∣∣
λ̃2=0

=
ϵ

2
− N + 2

2π2
ũ. (35)

The elastic coupling is relevant and non-perturbative
if the right-hand side is larger than zero. This in-
deed coincides with the criterion given in Eq. (1), αq =
2 − ν(d + z) > 0 as we demonstrate in the follow-

ing. At λ̃2 = 0 the correlation length exponent reads
1/ν = d log r

dℓ |λ̃2=0 = 2 − N+2
2π2 ũ and z = 1. So we get up

to corrections of order O(ũ2, ũϵ),

αq|λ̃2=0 =
ϵ

2
− N + 2

2π2
ũ. (36)

At the Gaussian fixed point, ũ = 0, and the elastic
coupling is relevant for ϵ > 0. At the WF fixed point

ũ = 2π2

N+8ϵ and the elastic coupling is relevant for N < 4.

For finite λ ̸= 0 and N ≥ 1, the velocity ratio ϑ always
flows to smaller values, and its RG equation Eq. (28)
only vanishes for ϑ = 0. As both velocities decrease un-
der RG, it follows that the longitudinal phonon velocity
cL decreases faster than c. The flow is towards an insta-
bility of the crystal as will be further discussed below.
Interestingly, Eq. (28) also vanishes for a finite ratio ϑ
provided that N ≤ 64

81 ≈ 0.79 potentially giving rise to a
non-trivial fixed point. In the following, we focus how-
ever on N ≥ 1.

In the limit ϑ → 0, an additional fixed point WF∗

arises in the set of RG equations (28)-(30) with a finite

value for the dimensionless elastic coupling λ̃2, see Ta-
ble I. This new fixed point is only present in case that
λ̃2 is irrelevant with respect to the WF fixed point. If
λ̃2 however exceeds a threshold value, it enables a flow
towards strong coupling, as will be discussed in more de-
tail below. Interestingly, WF∗ can be characterized by a
renormalized dynamical exponent for the phonon degrees
of freedom, zphonon ̸= 1, by demanding that the scaling
dimension of the longitudinal phonon velocity vanishes,
see Eq. (34).

The direction of the RG flow within the (ũ, λ̃2) plane

WFG

FIG. 4. RG flow for d = 2.99 dimensions (ϵ = 0.01), ϑ ≪ 1
and 1 ≤ N ≤ 4. Both, the G and WF fixed point are unstable
with respect to λ̃2 resulting in runaway flow. For N = 4, the
elastic coupling is only marginally relevant with respect to
WF.

is determined by the matrix(
∂
∂ũ

dũ
dℓ

∂
∂λ̃2

dũ
dℓ

∂
∂ũ

dλ̃2

dℓ
∂

∂λ̃2

dλ̃2

dℓ

)
(37)

ϑ→0
=

 ϵ− N+8
π2 ũ 0

−N+2
π2 λ̃2 ϵ+ 1

π2 (Nλ̃2 − (N + 2)ũ)

 .

In the limit ϑ → 0, the flow is along the two directions
(0, 1) and (6ũ + Nλ̃2, (N + 2)λ̃2) with eigenvalues ϵ +
1
π2 (Nλ̃2−(N+2)ũ) and ϵ−N+8

π2 ũ, respectively. Using the

respective fixed point values for ũ and λ̃2, this specifies
also the scaling fields and scaling dimensions of each fixed
point. In the following, we will discuss in more detail the
RG flow for various representative examples.

1. RG flow for d=2.99 dimensions

Below three spatial dimensions, ϵ > 0, the Gaussian
fixed point is unstable with respect to both ũ and λ̃2.
The flow for λ̃2 = 0 is towards the stable WF fixed point,
but for finite λ̃2 > 0 it depends on the number of compo-
nents N . For 1 ≤ N < 4, on the one hand, the WF fixed
point is unstable and the flow is always towards strong
coupling, see Fig. 4. For N > 4, on the other hand, the
WF fixed is perturbatively stable, see Fig. 5. In this case,
however, the repulsive fixed point WF∗ emerges such that
the flow is towards strong coupling for sufficiently large
λ̃2. The separatrix within the (ũ, λ̃2) plane, that sepa-
rates weak from strong coupling flow, possesses the slope
(N − 4)/N for ϑ → 0, which can be obtained from the
scaling variables of WF∗, see Eq. (37). For N = 4 this
slope vanishes and the two fixed points WF and WF∗

merge while λ̃2 remains relevant albeit only marginally.
In the following, we will further elaborate on the RG

flow for N > 4 where both fixed points, WF and WF∗,
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Fixed point ϑ ũ λ̃2 zPhonon
d log |λ̃|

dℓ
|λ̃2=0

G R>0 0 0 1 ϵ
2

WF R>0
2π2

N+8
ϵ 0 1 1

2
4−N
N+8

ϵ

WF∗(N > 4) 0 2π2

N+8
ϵ 2π2(N−4)

N(N+8)
ϵ 1 + N−4

2(N+8)
ϵ n/a

TABLE I. Three fixed points characterize the RG flow in d = 3 − ϵ spatial dimensions. At zero elastic coupling λ̃2 = 0,
there exists the conventional Gaussian (G) and Wilson-Fisher (WF) fixed point of the ϕ4 theory with a vanishing or finite
self-interaction ũ, respectively. At G and WF, the ratio of velocity ϑ = cL/c assumes a finite value, ϑ ∈ R>0. For ϵ > 0, the

elastic coupling λ̃2 is relevant with respect to G and with respect to WF in case N < 4, see last column. An additional fixed
point WF∗ then arises in the limit ϑ → 0 for which the elastic degrees of freedom can be characterized by a dynamical exponent
zphonon ̸= 1.

WFG

WF*

FIG. 5. RG flow for d = 2.99 dimensions (ϵ = 0.01), ϑ ≪ 1
and N > 4. The G and WF fixed points are unstable and
stable, respectively. The additional fixed point WF∗ is repul-
sive with respect to λ̃2 leading to runaway flow for sufficiently
large elastic coupling.

are present. In order to elucidate the physics of the run-
away flow, we present in Fig. 6 the flow of the dimen-
sionful variables cL and λ as well as the dimensionless
coupling λ̃2 for starting values below and above the sepa-
ratrix. The flow of the longitudinal phonon velocity cL is
always towards smaller values. For starting values above
the separatrix, the flow of λ̃2 is towards strong coupling
and the phonon velocity cL vanishes at some finite RG
scale ℓ, see panel (b). For starting values within the basin
of attraction of the WF fixed point, see panel (c), the di-

mensionless elastic coupling λ̃2 flows sufficiently fast to
zero such that the flow for cL stops and the phonon ve-
locity remains finite at lowest energies. Note however
that this does not automatically imply that the crystal
remains macroscopically stable, see section IID.

The influence of the WF∗ fixed point materializes if
the initial values are located on or very close to the
separatrix. In this case, the phonon velocity eventually
decreases as cL(ℓ) ∼ e−δz ℓ that can be interpreted as
a correction to the dynamical exponent of the phonons
zphonon = 1 + δz, see Table I, where δz = 1

2
N−4
N+8 ϵ. This

FIG. 6. RG flow for d = 2.99 and N = 5 of the phonon
velocity cL, the elastic coupling λ, and the dimensionless elas-
tic coupling λ̃2 using starting values c0 = 1, c0,L = 0.1 and
u0 = 0.5. The starting value for panel (b) λ0 = 0.015 is
located above the separatrix as indicated in (a), leading to
runaway flow: the phonon velocity vanishes at some finite
RG scale ℓ. The starting value for panel (c) λ0 = 0.009 is
located below the separatrix, and the flow is towards the WF
fixed point. Here, the velocity cL saturates at a finite value.

is illustrated in Fig. 7.

2. RG flow for d=3 dimensions

At the upper critical dimension d = 3 both couplings
ũ and λ̃2 are marginal and the RG flows only logarith-
mically. In general, the solution of the three coupled
equations (28) - (30) is involved but it simplifies in the

limit of small ϑ ≪ 1. The flow within the (ũ, λ̃2) plane
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FIG. 7. RG flow for d = 2.99 and N = 5 illustrating the
influence of the WF∗ fixed point. Starting values just below
the separatrix are chosen, c0 = 1, cL,0 = 0.3, u0 = 0.1 and

λ0 ≈ 0.0163. The resulting flow within the (ũ, λ̃2) plane is
shown in panel (a). Panels (c)-(f) display the phonon ve-
locity cL, the dimensionful interactions u and λ, as well as
the dimensionless elastic coupling λ̃2 as a function of the RG
scale ℓ, respectively. The shaded region indicate the range of
ℓ governed by a specific fixed point whereas the white regions
correspond to crossovers. Initially, the flow is still influenced
by the Gaussian fixed point G. There is an extended range of
ℓ where the flow is dominated by WF∗ leading to a power-law
dependence of the phonon velocity with the expected expo-
nent δz = 1

2
N−4
N+8

ϵ ≈ 3.846× 10−4, as shown in more detail in

panel (b). Eventually, the flow is governed by the WF fixed

point when λ̃2 drops quickly to zero.

G

FIG. 8. RG flow at the upper critical dimension d = 3 for
ϑ ≪ 1 and N > 4. There exists a separatrix below which the
flow is towards the Gaussian fixed point. Above the separatrix
the flow is towards strong coupling.

FIG. 9. RG flow for d = 3 and N = 5 of the phonon velocity
cL, the elastic coupling λ, and the dimensionless elastic cou-
pling λ̃2 using starting values c0 = 1, cL,0 = 0.1, u0 = 0.1.
Panel (a) illustrates the choice for the starting value of λ. For
panel (c)-(d) the starting values λ0 = 0.006, λ0 ≈ 0.0045, and
λ0 = 0.003 are chosen that are located above, on, and be-
low the separatrix, respectively. Above the separatrix (c) the
phonon velocity vanishes at a finite RG scale. On the sepa-
ratrix (d) the phonon velocity cL ∼ ℓ−# vanishes logarithmi-
cally with exponent # = N−4

2(N+8)
= 0.03846.., as illustrated in

panel (b). Below the separatrix (e) cL saturates in the large
ℓ limit.

is then asymptotically decribed by

dũ

dℓ
≈ − (N + 8)

2π2
ũ2, (38)

dλ̃2

dℓ
≈ − (N + 2)

π2
ũλ̃2 +

N

2π2
λ̃4. (39)

The first equation is independent of λ̃2, and it possesses
the solution

ũ(ℓ) =
ũ0

aũ0ℓ+ 1
, (40)

where ũ(0) = ũ0 and we abbreviated a = (N+8)
2π2 . This

implies that ũ, on the one hand, is always marginally ir-

relevant with the asymptotic behavior ũ ∼ 2π2

(N+8)ℓ . The

Gaussian fixed point, on the other hand, is always un-
stable with respect to the elastic coupling. Solving the

second equation at ũ = 0 one finds λ̃2(ℓ) = λ̃2
0/(1−

λ̃2
0Nℓ
2π2 )

with a pole at the RG scale ℓ = 2π2/(λ̃2
0N) with the ini-

tial value λ̃2(0) = λ̃2
0. The dimensionless elastic coupling

thus reaches infinity at a finite RG scale ℓ indicating that
the phonon velocity cL vanishes at a finite scale ℓ.
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The behaviour within the (ũ, λ̃2) plane away from the
two axis depends on the number of components N remi-
niscent of the behaviour for finite ϵ. The general solution
reads

λ̃2(ℓ) =


N−4
N ũ0(

N−4
N

ũ0
λ̃2
0
−1

)
(aũ0ℓ+1)

2(N+2)
N+8 +aũ0ℓ+1

for N ̸= 4

3ũ0λ̃
2
0

(aũ0ℓ+1)(3ũ0−λ̃2
0 log(aũ0ℓ+1))

for N = 4.

(41)

For 1 ≤ N ≤ 4, we find that the elastic coupling λ̃2

diverges at a finite RG scale implying that the axis λ̃2 = 0
is unstable with respect to a small elastic coupling. For
N > 4 the flow is only towards strong coupling provided
that the initial value of the elastic coupling exceeds the
threshold value,

λ̃2
0 >

N − 4

N
ũ0, (42)

which also defines the separatrix separating the flow to
strong and to weak coupling. This is illustrated in Figs. 8
and 9.

D. Microscopic and macroscopic instability of the
crystal lattice

The RG flow discussed in the last section character-
izes the microscopic fluctuations of the ϕ field as well
as the longitudinal acoustic phonons within the bulk of
the system. When the flow of the dimensionless elastic
coupling is towards strong coupling, λ̃2 → ∞, we found
that the longitudinal phonon velocity, cL, vanishes at a
finite RG scale, see for example Fig. 6(b) and Fig. 9(c).
This signals a microscopic elastic instability within the
bulk of the crystal. Such an instability will generically
trigger a first-order isostructural transition irrespective
of the boundary conditions.

If the RG flow of λ̃2 is either towards weak coupling
λ̃2 → 0 or towards the fixed point value of WF∗, the lon-
gitudinal phonon velocity cL, respectively, remains finite
at all scales, see Fig. 6(c) and Fig. 9(e), or it vanishes
only asymptotically for ℓ → ∞, see Fig. 7 and Fig. 9(d).
This implies that at any finite RG scale ℓ the microscopic
phonon degrees of freedom are stable.

However, this does not imply that the crystal also re-
mains stable macroscopically. The macroscopic elastic
stability of a crystal is generally determined by the elas-
tic moduli, which are required to be positive. If the bulk
modulus K vanishes for free boundary conditions, i.e., at
constant hydrostatic pressure P , the crystal becomes un-
stable. This isostructural instability generically results
in a first-order transition because the Landau potential
for the bulk strain possesses a cubic term. For vanishing
K and isotropic elasticity, however, the crystal might still
be stabilized by pinned boundary conditions as specified
by Bergmann and Halperin19.

FIG. 10. Diagram with a closed loop of the ϕ propagator
(solid line) that generates an internal hydrostatic pressure.

For isotropic elasticity, the longitudinal and transversal
sound velocity, see Eq. (7), are given in terms of the bulk
and shear moduli by

c2L =
1

ρ

(
K +

4

3
µ

)
, c2T =

1

ρ
µ. (43)

Importantly, at a macroscopic instability where the bulk
modulus K vanishes and eventually turns negative both
phonon velocities remain finite. As a result, the isostruc-
tural transition of a crystal is a genuine mean field
transition without critical phonon fluctuations1. As the
transversal phonon modes do not couple to the ϕ critical
degrees of freedom, cT is invariant under RG transfor-
mation and so is the shear modulus µ. The RG flow of
the bulk modulus K is therefore determined by the one
of the longitudinal velocity

K(ℓ) = ρ

(
c2L(ℓ)−

3

4
c2T

)
. (44)

Note, in particular, that this holds because we obtained
at one-loop order Zu = 1 for the wavefunction renor-
malization of the phonons. As cL decreases under RG
the bulk modulus vanishes at an RG scale ℓ∗ where
c2L(ℓ

∗) = 3
4c

2
T . Due to the finite shear modulus, the

macroscopic elastic instability of the crystal, in general,
preempts the microscopic instability.
When the dimensionless elastic coupling λ̃2 flows to

strong coupling, there exists always a finite scale ℓ∗ where
K(ℓ∗) = 0 and the crystal becomes macroscopically un-
stable at constant P before the microscopic instability
develops. However, such a macroscopic instability can
also exist even when the flow of λ̃2 is towards weak cou-
pling. In this case, cL decreases during the RG flow as
long as λ̃2 is finite but cL eventually saturates at a fi-
nite value, see Fig. 6(c) and Fig. 9(e). If this saturation
value implies a negative bulk modulus K(ℓ) < 0, there
exist even in such a case a critical RG scale ℓ∗ where
the macroscopic instability develops. We conclude that
a macroscopic elastic instability can occur even when the
microscopic elastic degrees of freedom remain non-critical
and the flow of λ̃2 is towards weak coupling.
A special situation arises when the elastic coupling

flows towards the WF∗ fixed point. In this case, the
longitudinal phonon velocity cL(ℓ) ∼ e−δz ℓ vanishes as a
function of increasing correlation length ξ = ξ0e

ℓ with a
power law

cL ∼ ξ−δz (45)

with δz = zphonon − 1 = N−4
2(N+8) > 0, see Table I. In

this case, a critical RG scale ℓ∗ also exist where the bulk
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modulus vanishes. For free boundary conditions at con-
stant hydrostatic pressure P , the vanishing of the bulk
modulus will trigger a first-order transition thus pre-
empting the flow towards WF∗. However, for pinned
boundary conditions the first-order transition might be
avoided such that the asymptotic properties of the new
fixed points become accessible.

At the upper critical dimension d = 3, the flow is al-
ways towards strong coupling for N ≤ 4. For N > 4 it
depends on the initial conditions, and the flow is only to-
wards strong coupling for sufficiently large values of λ̃2.
The weak coupling flow on the separatrix is governed by
the asymptotic behavior, see Eq. (41),

λ̃2(ℓ) ≈ 2π2(N − 4)

N(N + 8)

1

ℓ
. (46)

Plugging this into the RG equation for the phonon ve-
locity Eq. (34), we obtain

cL ∼ [log(ξ/ξ0)]
− N−4

2(N+8) , (47)

as a function of ξ = ξ0e
ℓ. On the separatrix the phonon

velocity thus vanishes logarithmically reminiscent of the
behavior in Eq. (45), see Fig. 9. Below the separatrix the
flow of cL is found to saturate at a finite value. Whether
an elastic first-order transition develops for the weak cou-
pling flow again depends on the value of the shear mod-
ulus and the boundary conditions.

The ϕ degrees of freedom also generate an internal hy-
drostatic pressure on the bulk strain. This pressure is
proportional to the closed loop of the ϕ propagator, see
Fig. 10. The resulting response of the system also de-
pends on the boundary conditions. For pinned boundary
conditions, this internal pressure is compensated by the
external forces imposing the boundary conditions. For
free boundary conditions at constant P , the macroscopic
bulk strain E will respond to the internal pressure. In
this manner, the critical ϕ degrees of freedom cause a
non-analytic dependence of the expansivity E(r, T ) on
the tuning parameter r and the temperature T . This
results in a bulk thermal expansion ∂TE with charac-
teristic quantum critical signatures30,31. However, if the
bulk modulus becomes small and the system is close to
the isostructural instability, Hooke’s law will break down
and the elastic response will be non-linear.

III. SUMMARY & DISCUSSION

A stability analysis of a second-order quantum critical
point with respect to an elastic coupling predicts a break-
down of perturbation theory if the criterion of Eq. (1) is
fulfilled, i.e., αq = 2− ν(d+ z) > 0. In the present work,
we confirmed this explicitly for the ϕ4 theory with O(N)
symmetry and dynamical exponent z = 1 close to spatial
dimensions d = 3 − ϵ assuming isotropic elasticity. The
Wilson-Fisher fixed point (WF) possesses the exponent

αq = ϵ 4−N
2(N+8) and, consistent with expectations, it is un-

stable with respect to an elastic coupling for 1 ≤ N < 4.
We found that this coupling flows under RG transforma-
tion towards strong coupling, λ̃2 → ∞, see Fig. 4. In this
case, the longitudinal phonon velocity vanishes at a finite
RG scale triggering a microscopic elastic instability. As
a result, the crystal becomes microscopically and macro-
scopically unstable resulting in a first-order isostructural
transition for any boundary conditions, in particular, for
both constant hydrostatic pressure P and constant vol-
ume V . For N = 4 we find that the elastic coupling
remains relevant but only marginally.
For N > 4, the exponent αq < 0 and the impact of an

elastic coupling is expected to be perturbative. Consis-
tent with this expectation, the RG flow for small λ̃2 is
found to be towards weak coupling, λ̃2 → 0, see Fig. 5.
However, if λ̃2 exceeds a threshold value the situation
turns out be qualitatively different. The presence of a re-
pulsive fixed point WF∗ gives rise to a separatrix beyond
which the flow of λ̃2 is again towards strong coupling,
that again induces a first-order transition for any bound-
ary conditions. On the separatrix the flow is towards
the fixed point WF∗, and the dimensionless elastic cou-
pling flows towards a constant value. As a consequence,
the longitudinal phonon velocity will decrease as a power
law with increasing correlation length, cL ∼ ξ−δz, where
the exponent δz = zPhonon − 1 can be interpreted as a
correction to the dynamical exponent of the phonons, see
Table I. In this case, the velocity cL vanishes only asymp-
totically such that for any finite ξ the crystal remains
microscopically stable. However, the bulk modulus van-
ishes at a finite value of ξ and whether the crystal remains
macroscopically stable depends on the boundary condi-
tions. For free boundary conditions, i.e., at constant hy-
drostatic pressure P a first-order transition is expected,
while for pinned boundary conditions the macroscopic
elastic instability might be avoided stabilizing the criti-
cality of the new fixed point WF∗.

If the flow of λ̃2 is towards weak coupling, the phonon
velocity cL saturates at a diminished but finite value, and
microscopically the crystal remains stable. Depending
on the shear modulus, a macroscopic instability can still
develop in case that the bulk modulus turns negative,
see Eqs. (43). Similarly as before, it depends on the
boundary conditions whether the system then undergoes
a first-order isostructural transition or not.

At the upper critical dimension d = 3 all fixed points,
G, WF, and WF∗ merge. Here, the flow of the elastic
coupling λ̃2 for 1 ≤ N ≤ 4 is towards strong coupling in-
ducing an elastic first-order transition irrespective of the
boundary conditions. For N > 4 a separatrix still sepa-
rates the flow to strong and weak coupling, see Fig. 8,
reminiscent of the case for ϵ > 0. We find that the
flow of the longitudinal phonon velocity on the separatrix

now vanishes logarithmically cL ∼ [log(ξ/ξ0)]
− N−4

2(N+8) ,
whereas below the separatrix the flow of cL saturates
at a finite value. Here, the macroscopic stability of the
crystal again depends on the boundary conditions.
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G WF

FR-WF

FR-G

FIG. 11. RG flow of the classical problem19 for d = 4 − ϵ
with ϵ = 0.01 and 1 ≤ N < 4. There are four fixed
points: Gaussian (G), Fisher-renormalized Gaussian (FR-G),
Wilson-Fisher (WF) and Fisher-renormalized Wilson-Fisher

(FR-WF). The FR-WF fixed point is stable within the (˜̃u, λ̃2)

plane, where ˜̃u = ũ − λ̃2, and there is no runaway flow. For
N ≥ 4, the WF fixed point is instead stable with respect to
the elastic coupling λ̃2 (not shown).

The sensitivity of the second-order quantum critical
point with respect to the elastic coupling, that we find,
is thus rather distinct from the classical case. In the clas-
sical problem for d = 4− ϵ, runaway flow towards strong
elastic coupling never occurs because there always exist
stable fixed points19. Depending on the number of com-
ponents N either the WF or the Fisher-renormalized WF
fixed point is stable for ϵ > 0. It is interesting to com-
pare the RG equations for the dimensionless couplings
Eqs. (28) - (30) of the quantum problem to the classi-
cal case. As shown in Ref. 19, in the classical problem
only the RG equations for the dimensionless parameters
ũ and λ̃2 are coupled. If the theory is restricted to the
zero Matsubara modes, the integrals of Eqs. (12) and (13)
instead read

I1 =
1

β

∫
dq

(2π)d
1

c2q2 + r
, I2(q

′, ω′) =
1

ρc2L
I1, (48)

with the inverse temperature β. Extracting their infrared
divergences, the RG equations for the same dimensionless
couplings (27) but in d = 4−ϵ dimensions are obtained19

∂ũ

∂ℓ
= ϵũ− N + 8

2π2βc
ũ2 +

6

π2βc
ũλ̃2 − 2

π2βc
λ̃4, (49)

∂λ̃2

∂ℓ
= ϵλ̃2 − N + 2

π2βc
ũλ̃2 +

N + 4

2π2βc
λ̃4. (50)

They can be decoupled, however, after introducing ˜̃u =
ũ − λ̃2, that amounts to a reduced local self-interaction

caused by the elastic degrees of freedom. The RG equa-
tion for the shifted ˜̃u then assumes the same form as in
the absence of an elastic coupling such that ˜̃u converges
to its value at the WF fixed point for ϵ > 0, provided
that the theory is stable ˜̃u > 0. The remaining RG equa-
tion for λ̃2 then gives rise to two solutions such that in
total four fixed points are obtained: G, WF, FR-G, and
FR-WF, see Fig. 11.
In the quantum case, the velocities of both the critical

ϕ and phonon degrees of freedom, c and cL, flow under
RG because the elastic coupling explicitly breaks Lorentz
invariance. Their ratio ϑ = cL/c also flows and influences
the RG trajectories of both dimensionless couplings ũ
and λ̃2 signalling that space and time are intertwined at
the quantum critical point. Interestingly, if we consider
the limit ϑ → ∞ in the RG equations for ũ and λ̃2,
Eqs. (29) and (30), they acquire the same form as in the
classical problem. This is consistent with the result of
Ref. 28 that suggests that in the limit of vanishing mass
density ρ → 0, i.e., ϑ → ∞, the quantum problem in d =
3−ϵ possesses the same fixed point structure as Eqs. (49)
and (50). The fact that we found distinct behavior in
the quantum theory can thus be traced to the RG flow
of ϑ that does not flow to infinity but rather towards
zero under RG transformations for N ≥ 1. Note that
the flow ϑ → 0 is characteristic for the quantum critical
point considered in this work; for other quantum phase
transitions the ratio of velocities could exhibit different
scaling behavior, see for example Ref. 32.
In this study, we limited ourselves to isotropic elastic-

ity. In the classical case, it was found that anisotropic
elasticity increases the tendency towards a microscopic
elastic instability and thus towards a first-order isostruc-
tural transition19–21. We leave it for a future study
whether the same holds true in the quantum case. With
the caveat of isotropic elasticity, our results directly ap-
ply to certain dimerized antiferromagnets like TlCuCl3

33

that exhibit a quantum phase transition in the O(3) uni-
versality class and z = 1. We predict that the latter is un-
stable with respect to an elastic coupling. The quantum
fluctuations will induce a microscopic elastic instability
eventually leading to a isostructural first-order transition
masking the putative quantum critical point in these ma-
terials.
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