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ROBUST FULLY DISCRETE ERROR BOUNDS FOR THE
KUZNETSOV EQUATION IN THE INVISCID LIMIT

BENJAMIN DORICH! AND VANJA NIKOLIC!

ABSTRACT. The Kuznetsov equation is a classical wave model of acoustics that incorpo-
rates quadratic gradient nonlinearities. When its strong damping vanishes, it undergoes
a singular behavior change, switching from a parabolic-like to a hyperbolic quasilinear
evolution. In this work, we establish for the first time the optimal error bounds for
its finite element approximation as well as a semi-implicit fully discrete approximation
that are robust with respect to the vanishing damping parameter. The core of the new
arguments lies in devising energy estimates directly for the error equation where one can
more easily exploit the polynomial structure of the nonlinearities and compensate inverse
estimates with smallness conditions on the error. Numerical experiments are included to
illustrate the theoretical results.

1. INTRODUCTION

We consider quasilinear wave equations of the following form:
(1.1) (1 + KOyu)d}u — > Au — BAGu + (N - Vou = f.

This model arises in nonlinear acoustics under the name Kuznetsov equation [24]. It
describes propagation of sound waves through fluids and can be understood as an approx-
imation to the Navier—Stokes—Fourier system of governing equations of sound motion that
is more accurate than Westervelt’s equation [37]. In the context of nonlinear acoustics,
u = u(x,t) in (1.1) is the acoustic velocity potential, ¢ > 0 denotes the speed of sound in
the medium, and x € R and ¢ € R are the nonlinearity coefficients. The quadratic gradi-
ent nonlinearity (that is, (3¢|Vu|?);) captures local (non-cumulative) nonlinear effects in
sound propagation, which may be prominent, for example, close to the sound source; see
the discussion in [14, Ch. 3] for more details on modeling.

Equation (1.1) is strongly damped when the parameter 3, known in acoustics as the
sound diffusivity, is positive and it exhibits parabolic-like behavior leading to an expo-
nential decay of the energy of the solutions as time grows; see, e.g., [18, 28] for its well-
posedness analysis in this parameter regime. In the case 8 = 0, however, smooth solutions
are only expected to exist locally in time after which a gradient blow-up is expected; see
the analysis in [9], [19], and numerical experiments conducted in [36]. In practice, sound
diffusivity is small and it may become negligible in certain (inviscid) propagation media.
Investigation of the singular inviscid limit of a Dirichlet boundary-value problem for (1.1)
has been conducted in [19]. However, the questions of stability and asymptotic behavior
of approximate solutions of (1.1) as 8 — 0T are open in the field.

2020 Mathematics Subject Classification. 65M12; 65M15, 35172, 656M60.

Key words and phrases. asymptotic-preserving error estimates, full discretization, Kuznetsov equation,
nonlinear acoustics.

T Institute for Applied and Numerical Mathematics, Karlsruhe Institute of Technology, 76149 Karlsruhe,
Germany, (benjamin.doerich@kit.edu) .

fDepartment of Mathematics, Radboud University, 6525 AJ Nijmegen, The Netherlands
(vanja.nikolic@ru.nl) .

The first author is funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Founda-
tion) — Project-ID 258734477 — SFB 1173.

1


benjamin.doerich@kit.edu
vanja.nikolic@ru.nl

2 BENJAMIN DORICHT AND VANJA NIKOLIC?

The first aim of the present work is to establish S-robust error bounds for the finite ele-
ment and full discretizations of (1.1). As it turns out, the robust discretization is possible
when using (at least) quadratic finite elements. Secondly, we determine the behavior of
the (semi-)discrete solutions as 3 — 0%, and the conditions under which it asymptotically
preserves the order of convergence of the exact solution established in [19]. In addition,
we determine how one has to couple the spatial discretization parameter, time step size,
and the damping parameter to allow also linear finite elements in space.

To the best of our knowledge, this is the first work dealing with the robust numerical
analysis of the semi-discrete Kuznetsov equation, and the first work analyzing a fully dis-
crete scheme for it. For the strongly damped Kuznetsov equation (with 8 > 0 fixed), where
one can exploit the parabolic-like evolution, a priori analysis of a mixed-approximation
has been conducted in [27] and an a priori analysis of a discontinuous Galerkin coupling
for a nonlinear elasto-acoustic problem based on this model has been performed in [29].

In contrast, quasilinear equations of Westervelt type given by

(1.2) (1+ Riu+ @atu)afu — AAu— BAGu + m(atu)z =f, ki,ke €R

are by now much better understood from the point of view of the numerical analysis as
they do not involve quadratic gradient nonlinearities. Again here, the cases § = 0 and
B > 0 are qualitatively different. Concerning the spatial discretization, the results in
[15] yield optimal order of convergence of space discrete solutions in the energy norm for
B = k2 = 0. A S-uniform analysis of a mixed approximation of (1.2) with k1 = 0 has been
conducted in [27]. Fully discrete schemes for (1.2) with 8 = k2 = 0 have been analyzed
in [10, 25]. We also point out the works [8, 20, 22, 35|, where existence of solutions to
undamped quasilinear and nonlinear evolution equations of this type is established, and
one can find approximation rates of the implicit and semi-implicit Euler methods. Within
an (extended) Kato framework, optimal order for these methods has been determined in
[16] and rigorous error bounds for the time discretization by higher-order Runge-Kutta
methods are derived in [17, 23].

For the strongly damped Westervelt equation with 8 > 0 fixed and ko = 0, optimal
order of convergence of continuous Galerkin methods has been established in [31]. Re-
cently also Westervelt’s equation with time-fractional dissipation instead of —5AQd;u has
received attention. A time-stepping method for such a model has been analyzed in [2],
and a [-robust finite element analysis for both time-fractional and strongly damped West-
ervelt’s equation has been performed in [30], together with establishing the vanishing [
convergence rates of the approximate solution.

We mention also that other quasilinear wave models have been rigorously investigated
in the literature. In [13], trigonometric integrators have been analyzed for nonlinear wave
equations in the form of

Otu = %u — u + ka(u)du + rg(u, O,u)

in one space dimension under periodic boundary conditions. Analysis of different time
stepping schemes for nonlinear hyperbolic problems can also be found in [3, 4, 11, 33], and
two-step methods are considered in [5]. For a class of linearly implicit single-step schemes
as well as a linearly and a fully implicit two-step scheme, optimal error bounds are derived
in [26].

Compared to the available works, the main challenge here comes from treating the
nonlinear term {Vu - VO,u after discretization, in combination with having to guarantee
that the discrete version preserves the non-degeneracy condition:

1+ khu>%>0

and that the bounds are uniform with respect to 8. To guarantee 8 uniformity, we have
to work also with the time-differentiated version of the (semi-)discrete problems, which
introduces (a discrete version of) the term (Vu - VO?u. A fixed-point argument along the
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lines of existing results on the damped Kuznetsov equation in [27, 29] would then not allow
us to match the order of convergence in the fixed-point iterates. We will instead first show
the existence of a unique approximate solution on a discretization-dependent time interval
and then derive uniform bounds to extend it beyond it, in the spirit of [15]. To tackle the
quadratic gradient nonlinearity, the main idea here is to devise energy estimates directly
for the error equation where one can more easily exploit the polynomial structure of the
nonlinearities so as to mimic the following identity from the continuous setting:

(VU . V@tzu, afu)L2(Q) = (Au afu, afu)LQ(Q)

1
2
and then compensate inverse estimates with smallness conditions on the error. We refer
to Proposition 3.4 for details.

Organization of the exposition. The rest of the manuscript is organized as follows.
We first state our main results in Section 2, both for the spatially semi-discrete and the
fully discrete problem, and present numerical experiments which corroborate the theory.
In Section 3, we conduct the finite element analysis and establish the S-robust optimal
error bounds in the energy norm when using quadratic or higher-order elements as well as
the S-limiting behavior of the finite element solution. Section 4 is dedicated to the stability
and error analysis of a fully discrete problem based on a semi-implicit Euler method for
the time discretization. An extension to linear finite elements is given in Section 5 with
non-robust estimates with respect to j.

Notation. Below we use & < y to denote z < Cy, where C > 0 is a generic constant that
does not depend on the discretization parameters nor on the damping coefficient 8, but
may depend on the exact solution and the final time 7. We use (-, ) 12(q) to denote the

scalar product in L?(£2). We omit the temporal domain when writing norms; for example,
| |ze (za(e)) denotes the norm on LP(0, T L1(R2)). We use ||-||zr(z4(q)) to denote the norm
on LP(0,t; L1(2)) for some t € (0,7).

2. STATEMENTS OF THE MAIN RESULTS

In this section, we present the main results of this work. To this end, we first discuss
the assumptions on the exact solution. As we are interested in the vanishing 8 dynamics,
we may assume that 5 € [0, 8] for some fixed 8 > 0.

2.1. Assumptions on the exact solution. Throughout, we assume that the initial data
and source term are sufficiently smooth and small and the final time 7" > 0 short so that
the initial boundary-value problem

(1 + KkOu)d2u — A Au — BADu+ INVu - Vo = f in Q x (0,T),
(2.1) ulon = 0,

(u, ut) =0 = (u0,v0),
has a unique solution in
U=L>®0,T; W>>(Q)) N H*(0,T; H*H(Q) n W2 (Q) N H(Q2)) N W(0,T; H*(R2))

N H*(0,T; L*(Q)),

for k> 2 (or k > 1 in Section 5), with S-uniform bounds:
(2.2) |lull < C, 1+ Kx0u>%>0 forall (x,t) € Qx[0,T].

Note that the 4-bound in (2.2) guarantees that the leading term in the Kuznetsov equation
does not degenerate. The S-uniform well-posedness analysis of (2.1) with f = 0 can be
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found in [19]. Compared to the results of [19], we require more smoothness from the
solution. More precisely, assuming the domain 2 is sufficiently smooth, the results of [19,
Thm. 6.2] provide uniform well-posedness in the following space:

H?(0,T; Hg () N W0, T; Hg () 0 H()) N WH(0,T; H () N L0, T H, (),
where we have denoted
H3(Q) = {ue H*Q) : ulogg =0, Aulpg =0}, HL(Q) = H Q)N HE(Q).

However, we expect that the techniques in [19] can be extended in a relatively straightfor-
ward manner to rigorously prove higher-order uniform well-posedness in U for sufficiently
smooth and small data, as assumed in the present numerical analysis. We also note that
the higher regularity for the strongly damped Kuznetsov equation (i.e., with 8 > 0) follows
by the results of [21].

Our main contributions concern robust error bounds for a finite element discretization
of (2.1) and a fully discrete scheme, as well as establishing asymptotic-preserving behavior
of respective solutions as § vanishes; we illustrate them in Figure 1.

7,h — 0, Theorem 2.3

P T S0 , Theorem 2.1 Y
8—=0 8 —0 68 —0
Theorem 2.4 Theorem 2.2 [19]
"~ h— 0, Theorem 2.1
U p=0 ul=o uP=0

7,h — 0, Theorem 2.3

FIGURE 1. Diagram representing the main contributions of this work

2.2. Main results for the finite element discretization. In the present work, we
employ Lagrange finite elements and consider a quasi-uniform triangulation 7 and the
space

Vi = {pn € C(Q) | pn|x € Pi(K) for all K € Ty}

of piecewise polynomials of degree k. To conduct the error analysis bellow in a S-uniform
manner, we assume that & > 2. The case k = 1 with non-uniform bounds is treated
separately in Section 5. We introduce the Ritz projection defined for ¢ € H'() via

(Ve,Venr)re) = (VRre, Veor) 2(q)

for all ¢, € V3. Further, we make use of the nodal interpolation operator Ij,: C(2) — Vp,
and define the discrete Laplacian operator Ay : Vi, — V3, for ¢y, o), € V3, via the relation

(Antbns pn)r2) = —(Von, Vor) r2(q).-
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With these preparations, we consider the spatially discrete Kuznetsov equation

(2.30) ((1+ KOwun)Ofun, n)r2(q) — (ARuA, ©1)12(0) — (BARO A, ©1)12(0)
+ (Vup, - Vorun, on) 2y = (fr 0 12(0)

for all ¢, € V4, supplemented by approximate initial data
(2.3b) (un, Opun)li=o0 = (uon, u1n)-

Our first main results establishes a priori error bounds for uy, in the energy norm that are
uniform with respect to the damping parameter .

Theorem 2.1 (Robust finite element estimates). Let k > 2 and 3 € [0, 5] for some 3 > 0.
Furthermore, assume that f, fr, € HY(0,T; L*(Q)) are such that

(2.4) I1f = fullm 2oy S AF
and that the approrimate initial data are chosen as
(2.5) up(0) = Rpug, Orup(0) = Ry,

where u € U is the solution of (1.1) satisfying (2.2), and 0?up(0) is given by

((1 + KOpup(0))07un(0), o) r2) — (Apun(0), ¢r)r2(q)
(2.6) — (BARIrun(0), o) r2(q) + {(Vun(0) - VOun(0), r)r2(q)
= (fn(0), )20

for all gy, € V. Then, there exists hg > 0 and a constant C' > 0, independent of h and f3,
such that for all h < hg, the following error bound holds:

107 u(t) — 0fun(t)l|72(q) + I VOu(t) — Vopun(t)|72(q)

1) : , .
+ [ IVus) = Vun(5) s ds < Ch
0

for all t € [0,T].

A non-robust variant of this result for & = 1 is presented later in Theorem 5.1. The
second main result confirms that, in the setting of Theorem 2.1, the finite element solution
preserves the asymptotic behavior as 8 — 0 of the exact solution established in [19].

Theorem 2.2 (Asymptotic-preserving behavior in the inviscid limit). Under the assump-
tions of Theorem 2.1, for h € (0, ho], the family {uﬁ}ﬁe(oﬁ] of finite element solutions

of (2.3) converges in the energy norm to the finite element solution u? =0 of the inviscid
semi-discrete problem (i.e., with 5 =0) at a linear rate as B — 0. In other words,

ey, = Bruy " | poe 2 + IV (g, =y Mlpes(z2( < CB,
where the constant C > 0 is independent of B and h.

2.3. Main results for a fully discrete semi-implicit Euler method. Our next results
concern a full discretization of (2.1) based on a semi-implicit Euler method. To present

it, we introduce the discrete derivative 0, as follows:
1

(2.8a) Ora™ = =(a" —a" ), n>1, OFta™ = 9.0%a™, k>0,
T

and the notational conventions

(2.8b) d-a® = a°, ortigh = 9ta", j>0.
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Then for 1 <n < N with (N + 1)7 < T, we consider

(1 + wO-up)O2up ™ on) 2y — (EARup ™, on) 120) — (BARI-up Y on) 2@
+ (OVup - Vo on) ) = (7 en)12(0)-
for all ¢, € V;,. We set the initial conditions as

(2.9)

2

-
(2.10a) u) == Ryuo, up =Ry, (uo 4+ TUg + ?wo),

using the approximation wg ~ 9?u(to) defined as
(2.10Db) wo = Rh<(1 + Kkvg) ! (chuo + BAvg — €N ug - Vg + f)),

such that u,ll resembles a projected Taylor approximation to u(t1). The quadratic gradient
nonlinearity forces us to assume the following CFL condition:

(2.11) T < Cpitd/6+2e

- %)7

N[ =
—

for some arbitrarily chosen € > 0. Without loss of generality, we assume ¢ € (0,
such that 1+ d/6 + 2 < 2.

Theorem 2.3 (Robust fully discrete error bounds). Let k > 2 and 8 € [0, 8] for some 3 >
0, and let the CFL condition (2.11) hold. Furthermore, assume that f, f, € C1(0,T; L?(Q2))
are such that

(2.12) If = fullerrz@y) S Y,

and the initial values are chosen as in (2.10). If up is the solution of (2.9), and the
solution uw € U of (1.1) satisfies (2.2), then for for h < hg and 7 < 79, it holds

107 u(tn) — OFupll72 () + [V Ou(tn) — VO ubll7a )
+7 Y [IVulty) = Vi [ 60y < C(7 + )2,
j=1
forallm=2,...,N 4+ 1, where the constant C is independent of h, T, and (.

A non-robust variant of this result for £ = 1 is presented later in Theorem 5.3. As in
the semi-discrete case, our fourth main result confirms that, in the setting of Theorem 2.3,
also the fully discrete solution preserves the asymptotic behavior as 5 — 0 of the exact
solution established in [19].

Theorem 2.4 (Asymptotic-preserving behavior in the inviscid limit). Under the assump-
tions of Theorem 2.3, for h € (0, ho] andn € {2,..., N +1} fived, the family {uj; 5} sc (0,3
of finite element solutions of (2.9) converges in the discrete energy norm to the finite
element solution uj 5_ of the inviscid fully discrete problem (i.e., with 5 =0) at a linear
rate as  — 0. In other words,

10rul g — Orup, g—ollr2(0) + IV (uf g — uf p=o)llr2(0) < CB,
foralln=1,...,N + 1, where the constant C' > 0 is independent of 3, h, and .

2.4. Numerical results. In this section, we illustrate our theoretical findings with three
numerical experiments. We first study the case of a smooth (a priori known) exact solution
u to show the optimality of the derived convergence rates. In the second experiment, we
verify the convergence with respect to the vanishing damping parameter 8 for given data
without a known solution. Thirdly, we study a more realistic scenario of a traveling
Gaussian pulse. In all experiments, we observe the optimality of our main results.
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Discretization. For the discretization in space with Lagrangian finite elements, we use
the open-source Python tool FEniCSx, (https://fenicsproject.org/); see [6] and [1].
For a stable implementation, we introduce the auxiliary quantity for the discrete derivative

UZ+1 = 8Tuz+1, n > 0.
We reformulate this as an update step
(2.13) uptt =y 4 ot

once we have computed v, Note that by (2.10) it holds

’U]ll =Ry (’U(] + %wo).

With (2.13), we eliminate u}™" in (2.9) and obtain the following relation for n > 1:
(14 wvp) D)™, o) r20) + 7 (Vop ™, Von) 12y + BVor !, Veon) r2) + L(Vuh - Voprt, on) 120
= — A(Vup, Veu)rz) + (1 en) 12,
which in turn yields the system
(L + sop)op ™™ on) 2y + ATV Vop) r2) + 78V, Ven) 2o
(2.14) + 7(Vuy, - VUZ—H, ©n)2(Q)
= (1 + rop)vpt, on)r2) — TE(VUp, Vor) o) + (7 on) 2 )
Since the mass and stiffness matrix change in each time step, the routines in FEniCSx

assemble the mass and stiffness matrix and use the PETSc linear algebra backend to solve
the linear system (2.14). The codes to reproduce the results are available at

https://doi.org/10.35097/1871.

2.4.1. Smooth solution. In the first example, we consider the domain Q = [0, 1] x [0, 1] and
choose initial data as
(2.15) up(x) = csp sin(mzy) sin(wza), vo(z) = CspCtime sin(mz1) sin(rzz),  Csp, Ctime > 0
with the parameters
k=0.7, =1, (=2,
and vary 8 > 0. The forcing term f is chosen such that the exact solution is given by
(2.16) u(z,t) = cspemet sin(rry) sin(mag).
In Figure 2, we present the computed error
E(t) = [[VOu(t) — VOyun(t)| L2(q)

for the semi-discrete method (2.3) at time ¢t = 0.8, using a small time-step size 7 =
1.5-1073. We perform experiments for the space and time discretization with elements of
order k =1,2,3.

We observe convergence of order k until a plateau caused by the temporal discretization
is reached. For smaller time-step sizes the plots look qualitatively similar with a lower
plateau. Further, we observe that the plots for 8 = 0,1073, 1072 have no visible difference,
which is in alignment with Theorem 2.1. Note that the case & = 1 is not covered by
Theorem 2.1, but appears to work well in practice even for g = 0.

In Figure 3, we present the computed error
E(ty) = [VOyu(tn) = VOrup| L2 ()
for the fully discrete method (2.9) at n = N + 1 with elements of order ¥ = 2 and

h ~ 1.1 -1072. As predicted by Theorem 2.3, we observe convergence or order O(r)
independent of the damping parameter 3.
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6 =0.001

101

1072

1073 |

1074

10_57\\\\\‘//\ \\HH/\‘ T T 10_57\\\\\‘//\ \\HH/\‘ T T 10_57\\\\\‘/ T \\\HH‘ T T

1072 107! 1072 107! 1072 107!
mesh width h mesh width h mesh width h

2-k=1 ——k =2 ——k=3

FIGURE 2. Convergence of (2.3) with ||VOyu(t) — VOun(t)[ 2y at t = 0.8
with the parameters ¢gp = 0.1, ¢time = 0.5 in (2.16) for elements of order
k=1,2,3and 7 = 1.5- 1073 and damping parameters 3 = 0,1073,1072
(from left to right). The dashed lines indicate order O(h¥) for k = 1,2, 3.

B=0 B8 = 0.001 B =0.01

T T T 1T T TTTTI TTTT T T TTTTIm T T TTTI TTTT T =T T T T T 1T TTTT
1073 1072 107! 1073 1072 1071 1073 1072 107!
step size T step size T step size T

FIGURE 3. Convergence of (2.9) with |[VOu(t,) — Vorup| 12(q) for n =
N + 1 with the parameters cg, = 0.1, ctime = 0.5 in (2.16) with k = 2
and h ~ 1.1-1072 and damping parameters 3 = 0,1072,1072 (from left to
right). The dashed lines indicate order O().

2.4.2. Convergence in the inviscid limit. In the next experiment, we verify the sharpness
of the results in Theorems 2.2 and 2.4. Here, we use the same domain 2 and initial data
as in (2.15), but parameters and source term are chosen as

k=0.3, =1, (=2, f=0,

with cgp = 0.01 and cime = 1.

Since the estimates only compare the numerical solution, we do not need an exact or a
reference solution. We use £ = 2 and compute the difference between (u} g=0s Orup, 5:0)

and (uj 5, 0-uj, 5) in the H'(Q) x L?(Q)-norm, i.e.,

E(tn) = [|Vup 50 — Vup gllr2) + 107up g—o — Orup gll2 (o),
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101 3
— 1072 4
o0 E
S ]
B 1073 4
E ——7=0.1, h=0.3535
104 - —— 7 = 0.025, h = 0.08839
—a— 71 = 0.00625, h = 0.02210
\\\ \\\\\\ \\\\\\ T \\\\\\
1073 102 1071 10°

B

Ficure 4. Convergence of (uj 5_q, Orup 5_) and (up 5,0-up 5) in the
H(Q) x L?(2)-norm at the end time ¢ = 0.8 for different values of h
and 7. The dashed line indicates order O(f).

for different values of 8 at the end time n = N + 1.

We observe in Figure 4 that for varying values of h and 7, the convergence in § is
uniform of order O(3). Different values of h and 7 lead to qualitatively similar pictures,
with a clustering at the dashed line for finer resolutions which confirms the assertions in
Theorems 2.2 and 2.4.

2.4.3. Gaussian pulse. In the last experiment, we simulate the propagation of a Gaussian
pulse on the larger domain = [—4, 4] x [—4,4]. We use the initial states

uo(x) = —e*mz, vo(z) = 0,

where although ug is not zero on the boundary of €2, by the size of the domain it is still
within machine precision. Further, we take the following parameters and source term:

k= —0.29, =1, (=2, f=0,

and vary $ > 0. Here we have to choose xk > —0.3 in order to prevent 1 + k0;uj < 0
after a short time. Since we do not have an exact solution, we first compute a reference
solution with finer spatial and temporal resolution, i.e., hyet = 4 - 1072 and Trep = 4- 1074,
Due to the larger domain, we have to increase the number of elements by a factor 16, and
hence compute the errors only for a coarser resolution.

In Figure 5, we observe that also in this example we have convergence of optimal order
uniformly in the damping parameter 3.

3. UNIFORM FINITE ELEMENT ANALYSIS

In this section, we conduct a [-uniform analysis of the semi-discrete problem (2.3a)
with approximate data (2.3b). We begin by discussing the general strategy. Due to the
type of quasilinearity present in the problem and the need to conduct estimates uniformly
in 8, one would have to resort to higher-order Sobolev spaces to mimic the approach of
the S-uniform well-posedness analysis of the Kuznetsov equation in [19]. As we cannot
exploit such global spatial smoothness arguments for the approximate solution, we rely
instead on inverse finite element estimates in careful combination with working with a
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10! 4 10! E
10° 4 10° 4
£9) E ]
S ] ]
= 1071 5 107! 3
10727:\\‘ T T TTr] 10_2 :HHH T T TTTTTI] T T TTTTTI] LI
1071 10° 103 1072 107!
mesh width h step size T

—+-3=00 e 3=0001 -2 B=0.01

FIGURE 5. Left: Convergence of (2.3) with [[VO,u(t) — Vouup(t)|| 2 at
t = 0.8 for elements of order ¥ = 2 and 7 ~ 7.8 - 10~* and damping pa-
rameters 3 = 0,1073,1072. The dashed line indicates order O(h?). Right:
Convergence of (2.9) with [|[VOu(t,) — VOrup|lr2q) for n = N + 1 with
k=2and h ~9-10"2 and damping parameters 8 = 0,1072,1072. The
dashed line indicates order O().

time-differentiated problem given by

(1 + £Oyup) O un, on) r2(0) + £((OFun)?, en) r2(0) — (¢ Andiun, on)12(0)
(3.1) = (BARD U, o) r2(0) + UV Osup, - VOun, on)r2(q) + L(Vup - VOFun, r)12(q)
= (Ocfns o) L2()-

The “problematic” nonlinear term in (3.1) is the one involving £Vuy, - VO?uy,, and it has to
be treated as a right-hand side perturbation. In the literature, error bounds for nonlinear
(wave-type) problems are often established via some variant of a fixed-point argument for
the numerical solution uj, which combines existence and error analysis; see, e.g., [26, 31—
33| and the references provided therein. However, such strategies do not transfer easily to
our setting as applying an inverse bound to estimate V9?u;, would prevent the fixed-point
iterates to match in the order of h-convergence.

Our finite element analysis instead builds upon that of [15] to first show that an accurate
approximate solution exists uj, on a discretization-dependent time interval [0, ¢}]. We then
derive uniform estimates for

ep, = Rpu — up,

which in turn allow extending the existence interval and optimal error bounds to the whole
time interval [0, 7. Crucially, with this approach we can exploit the polynomial structure
of the nonlinearity and the fact that

83€hvageh = %V(&feh)z

to compensate inverse estimates with smallness conditions on the error ej; see Proposi-
tion 3.4 for details.

3.1. Auxiliary results. Before we turn to the proofs of the main results in this section,
we recall the relevant known estimates from the literature that we employ frequently
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within our analysis. We rely on the approximation properties of the Ritz projection for
0<t<k:

{41 0+1
(3:2)  llo = Rupllio) + hlle = Rupllwio@) < ChT ollwern), € WHP(Q),

for all 2 < p < oo; see, for example, [7, Thm. 8.5.3]. In addition, we have the following
bounds for the interpolant:

le = In@llo) + hlle — Inpllwis@) < CR T @lwennq), @ € WHP(Q),
for2<p<occand1</l<Ek.
For ¢y, € V}, also the discrete Sobolev embedding

(3.3) lenllLoe ) + llenllwre) < CllARenllL2 (@)

with a constant C' independent of h is heavily used, see for example [10, 12, 34]. Further-
more, we rely on the following inverse estimates:

(3.4a) IVenllrz) < ChHlenllr2 (o)
(3.4b) ARl 20y < ChHIVenll2e)
(3.4c) lenll ooy < Ch™P|lnll 1o ()

for ¢y € V}, and p € [1, 00|, with constants independent of h.

3.2. Finite element analysis. We begin the analysis by defining the (possibly h-dependent)
time ¢} as follows:

t}, = sup {t € (0,77 | a unique solution u, € H3(0,t;V},) of (2.3) exists, and
W80 en(s) | 2oy < Co,
h_l_d/6||V8teh(s)||Lz(Q) < Oy for all s [O,t]}
for some Cjy > 0. Our first task is to establish that this set is non-empty. To this end, we
estimate ||at26h||L2(Q) and [|[VOen| r2(q) at initial time.

Lemma 3.1. Under the assumptions of Theorem 2.1, with approximate initial values
chosen to be the Ritz projections of the exact ones as in (2.5) and uy(0) determined by
(2.6), the following estimate holds:

167en ()l 220y + [V ren(0)] 20y < CA®

with a constant C' > 0 independent of h and (.

Proof. With our choice of the approximate initial data, ey (0) = d;e,(0) = 0 and thus
trivially
”V@t(‘jh(O)HLQ(Q) < Chk

It remains to estimate 92e;(0). We note that the Ritz projection of u satisfies the following
problem at t =0 :
(3.5)
((1 + KOpup(0))97Rpu(0), o) r2(0) — (ARRAu(0), ¢r) 12(0) — (BARORAu(0), 1) 12
+ U(Vun(0) - VORpu(0), on)r2() = (fh( )sen)r2) + (0n(0), soh) )

for all ¢, € V3, with the defect at zero satisfying
(50(0). 1) (0 = (1 + Ry (0)7 Ryu(0) — (1 -+ kdyu(0))3fu(0). on) ()
+ £(Vup(0) - VORpu(0) — £Vu(0) - VOru(0), vn) r2(q)
+ (f(0) = fr(0), ¥n)r2(0)-
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Since 02uy,(0) is determined by (2.6), by subtracting (2.6) from (3.5) and using the fact
that e;,(0) = dyen(0) = 0, we see that 97ey,(0) solves

(3.6) (1 + KOun(0)07en(0), 0n) 120y = (0(0), @n)r2(0)

for all ¢, € Vj,. By the inverse estimates (3.4) and the approximation properties of the
Ritz projection stated in (3.2), we have

18run (0) L () < [voll Lo (@) +Ivo—Tnvo l oo o)+ Tnvo—Ravol| Lo (@) < lvol| Lo @) +Ch' ™ {lvollwraq).
Thus, for sufficiently small h < hq (relative to vg), we can guarantee that
010 (0) < ) < 1.
This further implies that there exists v > 0, independent of h and 3, such that
(3.7) 1+ kOrup(0) >~y > 0.

By the approximation properties of the Ritz projection, and the accuracy of fj assumed
in (2.4), we have

(3.8) 161.(0)]| 20y < AF

Therefore, by using ¢ = d2e,(0) in (3.6) and relying on (3.7) and (3.8), we immediately
obtain
107en(0)]| 20y S h¥,

which concludes the proof. O

We next aim to prove that ¢t} > 0 by applying a local version of the Picard-Lindelof
theorem to the time-differentiated semi-discrete problem.

Lemma 3.2. Under the assumptions of Theorem 2.1, we have t; > 0.

Proof. For the purposes of stating the time-differentiated problem in a compact manner,
we introduce the discrete multiplication operator A\, = Ap(Opup): Vi, — Vj, defined by

(Awspns V) 2() = (14 KOun)en, Yn) L2 ()
for pp, ¥ € Vi, which is invertible at ¢ = 0 by (3.7). The time-differentiated semi-discrete
problem can then be written as

(3.9) 8fuh = (/\}71 (C2Ahuh + BAROsuy — £Nup, - OV Osuyp, — fh))t

and further rewritten as a first-order problem for (up, dyup, O3uz)”. Unique solvability
then follows by a similar reasoning to that of [15, Lemma 4.2] using a local version of the
Picard—-Lindel6f theorem on the open set
(3.10)
Up = {(un, Oyun, 07up) € (C([0,); Vi) = 5] 0un(s) ]| ooy < 1,
W10 en (s)| L2y < Co,
h 18V den (s) | 2y < Co, s € [0,t]}.
We check first that (uy,(0), yup,(0), 02up(0)) € Up. As concluded in the proof of Lemma 3.1,
for h < hg small enough, we have
£l 0run (0)]] o () < 1.
By Lemma 3.1, we also have
107 en(0) L2 () S h*-
Therefore, since dyep,(0) = 0, for h < hg and k > 2, we conclude that

/6 max{||07ex(0)| z2(), | VOren(0)|| 12(q)} = h_l_d/GHageh(O)HB(Q) < Cp
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and thus (up(0), Opun(0), 02up(0)) € Uy.

Equation (3.9) rewritten as a first-order system in time is driven by a locally Lipschitz
continuous right-hand side. Indeed, Lipschitz continuity of the right-hand side follows
analogously to the arguments of [15, Lemma 4.2] by the fact that V}, is a finite-dimensional
space and that we can use inverse estimates (3.4) for functions in Vj.

Thus by the local version of the Picard—Lindel6f theorem, a unique solution u, €
H3(0,t5; Vi) = C2([0,T); V3) of (3.9) supplemented with initial data exists on [0,] for
some t > 0. Time integrating (3.9) and using (2.6) shows that uy, solves (2.3a), (2.5). We
therefore conclude that ¢} > 0. O

We have shown that a unique approximate solution exists on [0,¢;]. The next result
establishes additional uniform bounds on this time interval.

Lemma 3.3. Let the assumptions of Theorem 2.1 hold. On the interval [0,t}], the fol-
lowing bound holds for sufficiently small h:

(3.11) [un | Lo (oo () + 1V Bsunl| oo (Lo 0y + 107 unll oo (noe () S 1-
In addition,
(3.12) 1+ kOpup > v >0, (z,t) € Qx]0,t7],

where v > 0 does not depend on h, 3, ort}.

Proof. Using the stability properties of the Ritz projection in (3.2) and the definition of
t;, we obtain the following bound:

unllwiee@) S IRaull Lo @) + [[VRuu oo () + llenllwre o)
S Nullwroo iy + b2 Venll 12y < C,
since d/2 > 1+ d/6, as well as
102un | 1o ) < 107 ullwre 0y + Ch™ 2|02 en 20y < C
on [0,t;]. Furthermore,
IVOuun oo () S 10RAu]lyroo )+ Vel o0y S 10pullwroey+h™ Y2 Vhen| 2y < C

for all t € [0,¢}]. The bound (3.12) follows by the solvability of the (differentiated) semi-
discrete problem in Uy; cf. (3.10). O

Our main task in the remaining of this section is to prove that
(3.13) 107 en (i)l 2y + IV Oeen(ti) |20y S ¥,
where the error e, = Rju — uy, satisfies
((1+ KOpup)07 en, n)r2() + K(Orend; Rau, on) r2() — (2 Anen, ©r)r2(q)
(3.14) — (BAROen, on) 12()
= —L(Vuy, - Vosen + Vey, - VORuu, o) r2(0) + (On, 01) 12(0)
and the defect is given by
(O en)r2@) = (1 + Kpup) 97 Ryu — (1 + k) u, @) 120
+ U(Vup - VORpu — (Vu - VO, pn) 2y + (f — frson)L2(0)

for all ¢ € V3. The bound (3.13) will allow us to extend the existence interval beyond
[0, ;1.

(3.15)

To prove (3.13), we use a two-step testing procedure. In the first step, we test the
time-differentiated error equation with 62ey,.
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Proposition 3.4. Let the assumptions of Theorem 2.1 hold. Fort € [0,t}], it holds

t
102en(®) 22 + IV 0en(®)]22(g) + B /0 IV 02enlZ2(q
t
(3.16) < [[6en(0) 2y + / 19 0ken() 2 + 192en() 2y + 1806 (3)] 22y s
0

t
o [ 18nen(s)]aq ds
0

for allt € [0,t;] and a > 0, with the hidden constant independent of h, t;, and f.

Proof. As announced, we test the time-differentiated error equation with ¢, = 02y (t):
(1 + KByun)den, O en) 2y + w(Fundien, O en) L2(qy + w0 endi Ruu, 87 en) r2(q)
+ k(Den 0P Ryu, 8feh)L2(Q) — (CQAhateh,ﬁfeh)Lz(Q) — (BAR?ep, 81526;1),;2@)
— U(Vyuy, - Vyen + Voen - VORyu, 0fen) 120y — £(Vup - VOie, + Ve - VO;Ryu, 0fen) 12 ()
+ (O¢0n, O en) 12(q)

for all ¢ € [0,¢7]. Using integration by parts in time and Young’s inequality yields the
following estimate:

Oul|(1 + KOrun) ' * O enll72 0y + O VOien! T2 + BIVIenlF2
S 0 undienl| o) + 107 endiRuull72(q) + 10eend; Ruull72 oy + l|0cenll72 (0
+ 2|V - Vohen|72(0y + £V Oien - VORpulT2 (0
+U(Vuy, - Vi en, 8Fen) 2y + 2| Ven - VO Ryull72 (o) + 10:0n] 720

for 0 <t < t;. We can rely on the bounds on uj, obtained in Lemma 3.3 to further estimate
the right-hand side terms. First, using also the embedding H'(Q2) < LP(Q), p € [1, 6], we
estimate the first three terms on the right-hand side of (3.17) as follows:

(3.17)

107 undF enll72(qy + 107 endf Ruull T2 + [10rend} Ruul| 22 q)
S 07 unllF e o 107 enll 2y + 1107 en 22 () 107 RuullT e ) + 10ren | Fo o) 107 Ruull 73
S 102 enl 2 + 10eenllip o

where we have employed [|07u(t)|| () < 1 on [0,¢}]. Next, we can bound the £% terms
in the following manner using (3.11):

(3.18) CIIVOun - Voren| T2 i) S IVOunllT o) IVOenlZ2iq) S IVOenllT2
Similarly, using (3.2),
C|Voren - VORuul 7210y S IIVOenll720)IVORRUIT < () S 106ullfi1.00 o IV Orenl|72 (0

and
(3.19)
C|Ven - VO Ryull720y S 1Venl T2 IV RA] T oo ) S 107 ullF1.00 0y | VenllTz oy

The most salient point of the proof lies in estimating the term £(Vuy, - VdZey,, 6t26h)L2(Q) in
(3.17). To bound this term, we split the scalar product into three components by involving
the exact solution:

(3.20)

(Vup - VOien, 0fen)r2()

= (VU . V@feh, 8§6h)L2(Q) — (V(u - Rhu) . V&feh, afeh)LQ(Q) - (Veh . V@feh, 81526]1)[/2(9).
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We can then use the fact that
1
8,526hvaf/26h = §V(a,52€h)2
and integration by parts to rewrite the first term on the right-hand side of (3.20) as
1
(Vu-Voien, 0fen) 2 () = —i(Au Ofen, 0fen)r2()-

Employing Hélder’s and Young’s inequalities in (3.20) then yields
(3.21)
(Vup, - VOien, 0fen)12()

1
= — i(Au 8tzeh,8t26h)L2(Q) — (V(u — Rpu) - VoZey, Gfeh)Lz(Q) — (Vep, - V@feh,ﬁfeh)p(m
S HAUHLOO(Q)”athhH%Z(Q) + (||U - RhUHlew(Q)) ||Vat2€h\|L2(Q)H3t2€h||L2(Q)
— (Ven - Voien, Oen)r2 (o)
S ([1Au] ooy + P Hlw = Ruullwroo @) 107 enll 22 () — (Ven - Vien, 0 en) 2 ()

where we have also used the inverse estimate (3.4) on ||V9Zes|| £2(q) in the last line. After
integrating in time, we can estimate the last term on the right-hand side of (3.21) as
follows:

t
/0 len(8) o ) V02 () L2 |02en ()| 2 ds
t
S h_l_d/ﬁ/o len(s)lwro(o)l07en(s) | 2 |07 en(s) |l 12() ds

t
< (sg[lggg}h_l Y007 en(s )HL2(Q))/O 1ARen(s)]l 2 () 97 en(s)]l 2 () ds

t
<a /0 I8nen(s) sy s+ Cor [ 10Fen(s) e ds
for any a > 0, where we used the definition of t;. From (3.21), relying also on the estimate

hH|u(t) = Rpu(t) I @) S b7 Allut) wzee ) S lult)lweee), t € 10,7,
(which holds by (3.2)), we then have

t
f/ (Vuh . Vc‘)feh, 8feh)Lz(Q) ds
0

t t t
< /0 () =y 192 () |2y s + @ /0 |Anen(s) 2z ds + Ca /0 102en(8)]122 g ds

for any o > 0. Integrating over (0,t) in (3.17) and using this estimate together with
(3.18)—(3.19) yields (3.16). O

Note that we cannot yet control the Ape;, term on the right-hand side of (3.16). There-
fore, in the second step, we additionally test the error equation (3.14) with —Apep,.

Proposition 3.5. Let the assumptions of Theorem 2.1 hold. Fort € [0,t};], it holds
IGFenEEqa) + V0N + Smen@ey + 5 [ 18066

3.22
(3.22) SCHafeh(O)H%z(g)JrC/(Hvatffh(S)\%mﬂr||9t26h(8)\\%2(9)+Hat5h(8)|!%z(m
0

+10n() 172 () + 1VBien(9) 1720y + IVen()1172(q)) ds
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for allt € [0,t;], with a constant C' > 0 independent of h, t;, and .

Proof. Testing the error equation (3.14) with ¢, = —Ayey, integrating over (0,¢), and
using e (0) = 0 yields
(3.23)

t
02/0 1ARen(5)][72(0y ds + Bl Anen(®) 172
t
= / ((1 + KOpup )07 en + Kdren0f Ryu + (N uy, - Ve, + Vep - VORyu — 64, Apep) r2(0y ds.
0

We use Young’s inequality to bound the right-hand side:
(3.24)

t
/ ((1 + /iatuh)&?eh + Iiatehathu + N uy, - Vosey, + Ve, - VO:Rpu — 6p, Aheh)LQ(Q) ds
0

1
< 2762”(1 + K@tuh)afeh + m@tehathu + INVuy, - Vorep, + Vep, - VORpu — 5’1”%%@2(9))
c? 9
+ 3 IAnenlz 2@
We can conclude similarly to before by using (3.18)—(3.19) that
(1 + /fatuh)afeh + K@tehﬁthu + ¢Vuy, - Vorep, + Vep, - VO Rpu — 6hHL?(L2(Q))
S0Zenll 22y + IVOenl 2 r2()) + IVenll 22y + 19nll 22 (r2 ()

for t € [0,¢;]. Using absorption via the ¢® term in (3.23), we arrive at

02 t
5 | 18en ey s+ Bl nen ) e

t

< /0 (|\a§eh<s>||%2(m +110n(8) 720y + IVren ()72 + HVeh(s)H%m)) ds.

(3.25)

Then adding estimates (3.16) and (3.25) and choosing o > 0 small enough (independently
of h, t;, and /) so that the corresponding term can be absorbed by the left-hand side
leads to (3.22). O

To show (3.13), it remains to estimate the defect terms on the right-hand side of (3.22).

Lemma 3.6. Let the assumptions of Theorem 2.1 hold. On [0,t}], the defect satisfies the
following bounds:

(3.26)
19011 2220y < C(w) (B* + [10renll 2220y + [ Venll 2z2(0y))
(u) (B* + |10enl| g (L2 () + 107 enll 22200y + IV enl go (20

+IVoenll 22 ()

<C
10e0nl L2 L2y <C

where C(u) = C(1 + |lul| gs .o ) lull g3 (e () does not depend on b or 3.

Proof. We can rewrite the equation for the defect in (3.15) as follows:
(Onen) r2@) = (1 + KORpu) (07 Rpu — O0fu) + K(ORuu — ) 07w, on) r2()
- Ki(ateh athu, (ph)Lz(Q) + (fVRh’LL . V&tRhu —/NVu- Vatu, SDh)LQ(Q)
—U(Ven - VORpu, on)r2) + (f = frr on)120)-
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Using estimate (3.2) for the Ritz projection several times and the assumption on f — f,
we arrive at the first bound in (3.26).
The time-differentiated defect solves

(0401, o) 12(0) = (1 + KORpw) (05 Ryu — fu) + kO Rpu(07Ryu — Ofu)
+ k(0P Rpu — 02u)d%u + Kk(ORpu — Opu)0u — KkdPen, OFRpu — KOsen OFRpu
+ (VO Ryu - VORyu — (N - Voyu + (VR - VO Ryu — (Vu - Voiu
— (N 8en - VORuu — Ve, - VOIRpu + 0i(f — fu), on)12(0)

for all ¢, € Vj,. We can similarly bound 9,6, in L?(0,¢}; L?(£2)) using the stability and
approximation properties (3.2) of the Ritz projection to arrive at the second estimate in
(3.26). O

We now have all the ingredients to prove our first main result on the robust finite element
bounds stated in Theorem 2.1.

Proof of Theorem 2.1. Using the bounds derived in Lemma 3.6 on the defect in (3.22),
together with

10senllLe(r2()) < VTN0Fenllara(yy:  IVenlle @@y < VTIVOenll 220y
(since e (0) = e, (0) = 0) and Lemma 3.1, by employing Gronwall’s inequality, we arrive
at
t
(3.27) 107 en )72y + IV ren ()72 +/0 1Aen ()1 72(q) ds < Ch**
for all ¢ € [0,t;]. Therefore, estimate (3.13) holds. In turn, we conclude that for h < hg
and k > 2, the following estimate holds:
WY max{[|07en(t) || 2 [ Vsen () | 2} < Co.

Along the previous lines of reasoning, we also have |k|||Oyun(t})|| (@) < 1. Altogether,
we have shown that

(un(t}), Bpun (1), O un(t})) € Uy,
which means that the solution can be extended beyond ¢;. Hence, we can conclude that
t; = T. Since the constant in (3.27) does not depend on ¢}, the bound on ey is valid on
[0,7].
Then writing the overall error as
u—up = (u—Rpu) + ep,

and using the approximation property of the Ritz projection (3.2) yields the bound in
(2.7). O

3.3. The inviscid limit of the finite element solutions. By using the established (-
uniform finite element error bound in Theorem 2.1, we can also determine the asymptotic
properties of the semi-discrete solution as 8 — 0. The difference @), = =0 — uf of the

semi-discrete solutions uﬁzo of the undamped

((1+ m@tu’gzo)@fugzo — czAhugzo + KVUQZO . V@tu’gzo, (Ph)LQ(Q) = (fn, (ph)LQ(Q),
and ug of the damped problem

(1+ liatui)@fug — CQAhui — 5Ah8tu§ + EVUf : vatuia en)r2@) = (fren)L2(0)
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solves
(3.28)
(1 + 6Oy =)0y, + kdyandfuy — ARty + IV Ty, - Vopuy +0Vu, " - Voyin, ¢n)12()
= —ﬁ(Ahatu§7 ©n)r2(Q)

for all ¢, € Vj, on [0,T]. We next prove the statement of Theorem 2.2 on the inviscid
limit of the finite element solutions.

Proof of Theorem 2.2. The proof follows by testing the difference equation (3.28) with
Oytip,. We can rely on the identity

t
/ ((1 + f@@tufzo)afﬂh, atﬂh)L2(Q) ds
0

1
2

and the estimate

_ 1/t _
(1 + k) =°)Bytin (t), Oyin () 12() — 5 / (kOF ) =By, Bytin) 12 () ds
0
¢ B=042 23 2, B=0 2
/0 (KO, OF uy,, Optin) r2(0) ds S (107w, HLOO(LOO(Q))||8tﬂh||L2(L2(Q))'

We note that thanks to the previous analysis and the assumptions on the exact solution
the following uniform bound holds :

1024 =" oo (oo () S 1107UP=0| oo (o)) + B~ Y21 02€) =" || oo (120 < C-

To estimate the £ terms, we rely on a rewriting with the help of the exact solution and
integration by parts in space:

t
/ (EVﬂh . Vatuf + EVufZO - Vouy, &ﬂjh)Lz(Q) ds
0

t
1 _ _ -
= / {(ﬂVﬂh . Vatuf, 8tah)L2(Q) + 5(£Auf3—08tah, atah)L2(Q) — (KV(’LLB_O — u'gio) - Voyup, atﬁh)L2(Q)} ds.
0

We can further transform the last term on the right by decomposing it via the Ritz
projection:

t
/ (EV(uﬂZO - ug:o) - Vouup, 8tah)L2(Q) ds
0
t
= / (fV(uﬂzO - Rhu,B:0> - Vouuy, 8tﬂh)L2(Q) + (EVefZO - Vouy, 8tah)L2(Q) ds
0

t
< Ch”uﬁzOHLoo(WQ,oo(Q))h_lHatahH%Q(LQ(Q)) + A ‘(£V€§:O - Vouuy, atﬂh)[g(g)’ ds.

Furthermore, in the last term, we have for any a1 > 0
t -0
/ [(Ve), ™ - Vo, Oytin) 12(0)| ds
0
t
5/ hflfd/GHAhef:OHLz(Q)HatﬂhH%%Q) ds
0

t t
u —1= = 1/2 - s
< ma 00 9) o™ 18 ey 45) 72 ([ 1000 ey 05)
< a1 max ”atﬂh(S)H%g(Q) + Cahk—l—d/e

oy 194 ()1 72120
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where we have used the uniform bound on HAhegon r2(z2(q)) by Theorem 2.1. Thanks

also to the (assumed) uniform bound on HuﬁZOHLw(sz(Q)), we arrive at an estimate of
the form

10 () Z2(q) + IVan(®)] Z2(q)
t
8 _ _ _ _
B ‘/0 (VOyuy,, VOyun) 12 (q) dS‘ o max 10an ()1 720y + 10vnlT2 12y + IVERIT2(12(0)-

Observe that we cannot absorb Vo4 by the left-hand side. In the § term above we thus
integrate by parts in time:

t t
5\ / (Voyuy,, Vohin) 120 ds‘ = 5‘(vatu§j (1), Vin () r2() — / (VORuy, Vin) 12 () ds|.
0 0
We can then rely on the uniform bounds

(3.29) IV sy | oo 120y SNV |l oo (oo () + B |Okenl| e (z2(c)) < C
V02 | 122 () SIVOFP | L2 (noe () + hHI0Fen | L2120y < C

and Young’s inequality to obtain
(3.30)

10t (1) 132y + VA (8) 320

562 + aq srél%,}i] ||atﬂh(5)||%2(9) + Qo sfgﬁ)\ﬁ ||Vﬂh(5)”%2(9) + ||3tﬂh\|%§(L2(Q)) + ”Vfﬁh”%g(m(m)

for any a1, az > 0. From (3.30) by taking the maximum over ¢ € (0,%) for some t < T,
choosing a2 > 0 small enough (independently of h and ) so that the corresponding
terms can be absorbed, and then applying Gronwall’s inequality, we arrive at

1851700 (12(y) + VARG 1200y S B

as claimed. O

We note that this result matches the convergence order of the exact solutions of the
damped Kuznetsov equation as § — 0; see [19, Thm. 7.1].

4. ROBUST SEMI-IMPLICIT TIME DISCRETIZATION

We now turn our attention to the analysis of a fully discrete scheme given by (2.9) with
the aim of proving Theorems 2.3 and 2.4. We first collect several useful results when using
the discrete derivatives 0, defined in (2.8). We state relations which mimic the product

rule:
(4 1) 87— (an+1bn+l) — (aTan+l)bn+1 _i_an(aTanrl)
. _ (aTan+1)bn +an+1 (aTbn+1)7

the integration by parts formula:

N N
(4.2) T Z a" T o bt = (NN glpt — 7 Z dra"tpntt
n=1 n=1
as well as the fundamental theorem of calculus:
N
(4.3) HGN”%z(Q) - HGOH%Q(Q) <27 Z(a378TCLJ)L2(Q);
j=1

see, e.g., [16]. However due to the nonlinear structure in the highest order term, we need
the following extension of (4.3).
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Lemma 4.1. Let max lwjll oo (@) + 107wj || Loo () < Cu be uniformly bounded from above
J=L

and from below with I{linNon > a > 0. Then, it holds
J=15

N

la¥ 122y S lal220) + 73 (wjal, 0,09 2y + 107 |22y,
j=1

with constants that only depend on C,, and «.

Proof. Simply setting a; = ,/wj;a; in (4.3) and using (4.1) leads to the claim. O

In addition, we need the following error bounds in the defects. We state the result here in
a general form, but postpone the proof to the Appendix A.

Lemma 4.2. Let m >0 and u € H™1(0,T; H*(Q)). Then, for 0 < £ < m, it holds

108u(tn) | () < Cllull grevr i ay)
with a constant C' independent of 7, and for 0 < £1,€s < m it holds

tn
H@:_”—haflu(tn) — 8:1_[2852”(75")”1%116(9) < CmT/t Hé?Z”HU(S)II?{k(Q ds

n—m

)

with a constant Cy, that only depends on m. If uw € H™2(0,T; H*(Q)), then we further
have

107~ 0 w(tn) — 07202 u(tn) |l () < OTllull grmsa a0y

These identities will be used throughout the proofs in the following section. Analogously
to the approach in the finite element analysis, we define the fully discrete error by

(4.4) e = Rpu" —up
with u™ = u(t,), and proceed to investigate it.

Proposition 4.3. Under the assumptions of Theorem 2.3, for alln = 2,...N + 1, the
approzimation uj defined in (2.9) exists and the error defined in (4.4) satisfies

n n = 1 2
(4.5) 102€R 172 () + IVOreqrlTaiy + 7 D I1Anep 720y < C (7 + %),
j=1
as well as
W52 02 12 ) < Co,

h~1457E) V0, eft || 120y < Co,

W5 (237 A 200)) 2 < Co,
j=1

(4.6)

with some constants C', Cy > 0 that are independent of h, 7, n, and .

The rest of Section 4 is devoted to the proof of Proposition 4.3 which we conduct via
induction over n. In Section 4.1, we first show that the statement holds in the case n = 2
as induction basis. In the following Section 4.2, we perform the step from n to n + 1 to
conclude that the statement of Proposition 4.3 holds. Then Theorem 2.3 will follow in a
straightforward manner.
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4.1. Induction basis. This part is dedicated to the induction base n = 2. We first study
the error induced by the initial values for e}l, and then proceed to bound e% in a series of
lemmas. To keep the presentation short, we formulate several of them such that they also
apply to the induction step, assuming that the bounds in Proposition 4.3 already hold up
to some n > 2.

Lemma 4.4. Let the assumptions of Theorem 2.3 hold, and let the initial values be defined
by (2.10). Then, €) =0 and

‘872—6}1LHL2(Q) + ’7'_1”(97—v€:}lL”L2(Q) + T_2HAh€f1LHL2(Q) <74k

where the constant is independent of h, T and (3.

Proof. Recalling that by (2.8) we have 02e} = O-¢},, the estimate directly follows from the
definitions of u), u}, and wy in (2.10). O

Along the lines of Lemma 3.3 in Section 3, we next derive some useful bounds on the
numerical solution.

Lemma 4.5. Let the assumptions of Theorem 2.3 hold. If the assertions of Proposition 4.3
hold for up to n, then the following bound holds for j =1,... n:

[ llwr.o ) + VO3 || Lo (o) + 1020, | oo () S 1,
and, in addition,
(4.7) 1+ rdou) >v>0, j=1,...n,

where the constant v does not depend on h, T, n, or B.

In the next steps, we derive the equation solved by eZH. To this end, we insert the

projected exact solution Ryu™ into (2.9) to obtain for n > 1
((1+ KO- OZR U™ = AR — BARORRU" ! + (VU - VORAG™, 04 12(q)
= ( I?H + 5Z+1’ Pn)L2(Q)
with defect 67" given below in (4.12). This leads us to the error equation:
(1 + kOrup)O2ey™ — ARl ™ — BARO-ef ! + (Vuf - VO-ef !, on) 120
= (6 en) 2 ()

for n > 1. In the fully discrete case, we cannot use a Picard—Lindelof theorem, and hence
we explicitly have to show the existence of the approximation u’,l’“. By (4.4), it is sufficient

(4.8)

to show the unique solvability of (4.8) or, in other words, existence of a unique eZ'H. By

multiplying (4.8) with 72 and solving for eZH, we rewrite the problem as a linear system

of the form

(4.9a) (R™e ™, on)r2) = (F™,0n) 120
where

(4.9b)
R" = (1 + kOrup)I — AN — T8A, + TNy -V,
(4.9¢) f*=2(1+ kdrul)er + (1 + kdrul)er ™ — TBALD el 4+ TIVUY - VO ef + 7200+,

and I is the identity operator. This rewriting enables us to prove the following existence
result.
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Lemma 4.6. Let the assumptions of Theorem 2.3 hold.
(a) There exists a unique solution ui of (2.9) for n = 2.

(b) If the assertions of Proposition 4.3 hold for up to n, then there exists a unique
solution uZH of (2.9).

Proof. Since we consider a finite dimensional solution space, it is sufficient to show injec-
tivity of R™. We only present the proof of part (b) as part (a) can be proven along the
same lines. For ¢j € Vj, by using the lower bound in (4.7), we compute

(R"@n, 1) 2(0)
= (1 + kO-u})pn, pn) 120 + (776 + 18) IV enll720) + TUVU] - Voo, ¢n) 120
>llenllzz) + (726 + 18) IV enlliz) — T(VUR - Veon, on) 2@l
and thus it holds
eenlliz + (72 + m8)IVenlZaiq) < (R™ens n)r2i) + TVl - Veon, on) 2@l

We expand the last term and rely on inverse estimates (3.4) and the discrete embedding
(3.3) to obtain

T|(Vup - Von, on) L2
(4.10) =7] = (AU @n, on)r2(0) + (V(RAUE" = @")Veon, o) r2) — (VeRVon, ¢n)r2 )|
<Cr(1L+ P lenllFa i) + 70| Aneill 2@ lonll 72 )

We absorb the first term for 7 sufficiently small, and estimate the second term with the
Co bound in (4.6) and the CFL condition (2.11)

Th S Ape 2oy < TR (7 Y 1A ) < o2,
j=1
Hence, this term can also be absorbed, such that we obtain for some o > 0
(4.11) ||90h||%2(9) + (7202 + Tﬁ) ||V(10hH%2(Q) < a(R"pn, ‘Ph)LQ(Q)a

where « is independent of h, 7, n, and S. O

The following lemma provides an estimate of the defect. Again here, we state it in its
full generality to be used not only for proving the induction basis n = 2 but also later for
completing the induction step.

Lemma 4.7. Let the assumptions of Theorem 2.3 hold. If the assertions of Proposition 4.3
hold for up to n, then

PSS Bay < Clus (R +7)7 +7 5 (10r€d 220 + IV 2y
j=1 j=1

and

7Y 10:8, 720y < Clu, £)(h* +7)
j=1

+ TZ(”&'B%”%?(Q) + ||636;L||%2(Q) + Hvei”%%g) + ||67V€{L||%2(Q))
j=1

with constants independent of h, T, n, and (.
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Proof. 1t is straightforward to check that the defect in (4.8) is given by
52*1 = (1 + KO, RLA™M)?Rpu™ ™ — (1 + wOu™ ™02 a" ™ — k0, el 0?Ry,u™ !

(4.12) + (A" — ADTT) + ftngr) — £
+ VR " - VO, Rpu™ ™t — eva"tt . vo,uttt — ivel - Vo, Ryu .

Most of the terms were already estimated in Lemma 3.6. Using also the estimates provided
in Lemma 4.2 and the approximation properties of f}' assumed in (2.12), we obtain the
first bound. Using the product rule (4.1) several times, by the same strategy, we arrive at
the second bound for 8T5Z+1. O

With this preparation, we can show that estimates (4.5) and (4.6) hold for n = 2 and
thus complete the induction basis.

Lemma 4.8. Let the assumptions of Theorem 2.3 hold, and let the initial values be defined
by (2.10). Then, the error el satisfies the following bounds

102eq ] 20 + 10-Verll 2@ + 1Anenll 2@ S 7+ 1",

with a constant independent of h, T, and (3.

Proof. We employ the estimate (4.11) in Lemma 4.6 and use n = 1 in (4.9) to obtain

leillrz@) + TIVerllnz@) S IR ez
< llenlirz@) + lenllz) + T8I ARdrepll 2o
+ 7||Vorenlir2@) + 72104 2

S 7T+ b,
where we have used e(,)L = 0, Lemma 4.4, and for estimating the defect, Lemma 4.2 with
0 <m < 2. The first two terms can then be bounded using

10-Verllz < 7 (IVerllinz@) + IVenlln2@)
102ex Nl 2) < 72 (llenll 2 + 2llenllz@) + lenllz2q))-

Using the inverse estimate (3.4) and the CFL condition (2.11), we additionally have

IAReq 2 S P 2lerllrz ) S 7 2lerll 2w

and conclude the desired bound. OJ

We thus conclude that estimate (4.5) holds for n = 2. Estimates (4.6) for n = 2 then
directly follow by exploiting the CFL condition in (2.11). Altogether, we conclude that
the statement of Proposition 4.3 holds for n = 2.

4.2. Completing the induction step. We next perform the induction step needed to
prove estimates (4.5) and (4.6). Note that by Lemma 4.6, we have already shown the
existence of uzﬂ. To prove (4.5), we proceed similarly to Propositions 3.4 and 3.5 in two

testing steps. First, we test the equation for effl with —Aheiﬂ in Proposition 4.9, and

then test the discretely differentiated version with 872.6?;’—1 in Proposition 4.10.



24 BENJAMIN DORICHT AND VANJA NIKOLIC?

Proposition 4.9. Let the assumptions of Theorem 2.3 hold. If the assertions of Proposi-
tion 4.3 hold up to n, then

TZ 12nel ™ 72y + Bl Aner 1720

(4.13) =

< BlAnehlZ ) + 7 (1026 By + 1V el M 220y + 155 220y
j=1

with constants independent of h, 7, n and 5.

Proof. As announced, we test the error equation for e{fl with pp, = —Ahe?fl to obtain
EllAne 2 + AR Arel ) 120
= ((1+ k0, uh)82e]+l Apel ) 2y + (V] - Vorel ™ Apel ™ 2y + (617, Anel ) L2 ()

Note that since the assertions of Proposition 4.3 hold up to n, we can rely on the uniform
bounds stated in Lemma 4.5. Thus, summing from 1 to n, using Lemma 4.1 as well as
Young’s inequality and the uniform bounds in Lemma 4.5, leads to estimate (4.13). ]

We next need a discretely differentiated version of the error equation (4.8), analogously
0 (3.1). We use the discrete product rule (4.1) to obtain

(4.14) (1 + KO;up)O2ef ™ + kO2uj2e) — P ApOre) ™ — BALIZeNT!
+ (VU - V2T + VO - Vel on) 2 (0) = (375,?1,%%2(9),

for n > 2. Further, we introduce the notation

la Nl e 1, m, 22(02)) = max llaj, |l 20

which allows us to formulate the next proposition.

Proposition 4.10. Let the assumptions of Theorem 2.3 hold. If the assertions of Propo-
sition 4.3 hold for up to n, then for any o > 0 it holds

02t 1 Faqy + 10-Ver oy + 78 V02 2y
=2

(4.15) S o ||33€%||§oo(2,n+1,L2(Q)) + 102631172 () + 10-Verl 72

n
+1 i+1 i+1
+7 > (102 1520y + V0765 7200y + 10:00 172 (0)
with constants independent of h, 7, n and 5.

Proof. We test the discretely differentiated error for efl with pp, = 836%“ to obtain
(1 + w0-up)02el ™ 07l ™) () + A (Vore " V2 ™) 120y + BIIVOZeL (g
< k|(0%u 8th,82 '7+1)L2(Q)‘ + 6\(Vufl : V826j+1 826j+1)L2(Q)]
(VO] - V0,ch, 026 ) prioy] + 10,67, 026 12
S H@?ehHLz(Q) +[IVo- €]+1HL2(Q + (10~ 5J+IHL2(Q) + Wvuh V@feﬁl,afe{fl)m(m\,
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where we have also used the uniform bounds on uj stated in Lemma 4.5 in the last line.
We sum these inequalities from j = 2,...,n and use Lemma 4.1 to conclude that

102¢ nHHH(Q) + 116 ven+1HL2 +TZﬁ||V62 n+1||L2(Q)
j=2

(416) ST (102  Baoy + Ve Baiy + 1060 2eiey) + 10262 2y

n
+ 18- Verll72) + TZ (Vug, - VZel ™ 02¢) ™) 12 -
It remains to bound the last term. To this end, we use the expansion from (4.10) to obtain

TZ] Vu) - Vo2l t 92l 2(0)]
Jj=2

1 1 —1— j 1
ST (1026 e ) + IVO-ed ™ 1 F2i0)) + 270> 1 Awe) 2@ 102¢) 120
: =

Since the assertions of Proposition 4.3 hold up to n, by the Cy bounds in (4.6) and Young’s
inequality, we have

n
WS N Aned 2o 102e) 720
=2

i I - i 1/2 - 1/2
<1026 [l o, mi1, 220 h V0 (7 S 18R] 22i0y) 2 (7 Y 102 12 20)
j=2 =

<04H82€h”eoo 2, n+1, L2(9)) +TZ 027, ”L2(Q)=
Jj=2

where a > 0 can be chosen arbitrarily. Employing this bound in (4.16) leads to (4.15). O

We now combine all previous results in this section to arrive at the statement of Propo-
sition 4.3.

Proof of Proposition 4.3. Recall that the statement of Proposition 4.3 holds for n = 2 by
the results of Section 4.1. We complete the induction step by showing the existence and
proving the estimates (4.5) and (4.6). Since the assertions in Proposition 4.3 are assumed
to hold up to n, by Lemma 4.6 we have existence of the solution uzﬂ of (2.9). In addition,
by Proposition 4.9 and Proposition 4.10, we have

||82 n+1||L2(Q) + Ha venJrlHLz + TZ ||Ahej+1‘|L2(Q) + 57-2 ||V872'e‘}71+1”%2(9)
=2
+ Bl Aner 22

n
j +1 j+1
S @Hazeingoo(zrlﬂ,p(g)) + 72(1‘8263 ||L2 @ T IVO; ej HL2 )
=1

1026 32 + 10- VR 22 + Bl Aneh iy + 7 (1577 1220y + 10:67 122()
j=1
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with the hidden constant independent of h, 7, n, and 5. From here using Lemmas 4.4, 4.7,
and 4.8, together with

lerll2) S IVer iz, Vel |12 < TTZ IV0-€] 1720
k=1

due to 62 =0, we infer for m=n+1

m—1
1025172y + 10-VerZogy + 7 Z 1Rl M 32 + BT Y IVO2e] ™ 1720y
j=2
+ B Ane 720
m—1
: 2
S allO2e 5o ,m, 12y + (T +15) +7 Y (1026} 17210 + V-, 172(0)
i=1

for any a > 0. It is straightforward to prove that analogous estimates hold for m < n.
Therefore, taking the maximum of this inequality over m = 2,...,n + 1 and choosing «
sufficiently small, together with a Gronwall argument yields the error estimate stated in
(4.5) with a constant independent of n.

We then use the bound in (4.5), which is uniform in n, and the CFL condition in (2.11)
to obtain estimates in (4.6). This step closes the induction argument. O

The statement of Theorem 2.3 now follows immediately.

Proof of Theorem 2.3. Using the embedding in (3.3) and the best approximation proper-
ties of the Ritz projection in (3.2), we obtain the claimed estimate. O

4.3. The inviscid limit of the fully discrete solution. We next study the limiting
behavior of the fully discrete problem as f — 0 and prove Theorem 2.4. Similarly to
Section 3.3, we emphasize the 8 dependence of the fully discrete solution by using the

notation uy 5 when f§ € (0, 8] and upy 5_q in the inviscid case § = 0.
We define the quantity

Uy, = U g—o — U B,
and estimate it to arrive at Theorem 2.4.

Proof of Theorem 2. 4 By subtracting the equation for th% from the equation for uf%lzo,

we conclude that uh ! satisfies
((1+ kO U‘}jl B= )821’;{1“ — CQAh'IfL;;rl, (Ph)LQ(Q)
= (—kO-W02u) ) — (VU] 4o - VOul ™ — (V] - Vorul s — B on) 2o

for j =1,...,n. We test this problem with ¢ = 8711% , sum from j =1,...,n, and use
Lemma 4.1 to obtain

18-y 172y + VR 720

(4.17) S TZ HaT_]JAHL? + ||Vu ||L2(Q)) + |€(Vuh,8 0 Vo “h o a7'_]+1)L2(Q)|
. j:1

+ 187> (Vo) Vw2,
j=1
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where we have also used the uniform bounds on uZEl guaranteed by Lemma 4.5. We
proceed to estimate the right-hand side terms. Using the expansion in (4.10), we estimate

TZM Vup 5o VOr u]+1 Or u3+ )2 ()]
j=1

1 1
S TZ 10-3, 1720 + 107l 2,1, L2 ™" ‘“672 1Ane, 5ol 2@ 107 | 120
J=1

_J+1
N TZ 107217 2y + |08l (2, ms1, 2200

for any a; > 0. It remains to bound the term involving § in (4.17) to set up a Gronwall
argument. To this end, we employ the summation by parts formula (4.2) to obtain

187 (Vorul s, Vorut) 2ol

n

= \5((Varu2ffgl,V@Z+l)L2(Q) (VOrup, 5, Viig) r2(0) Z ﬂ;l, ]+1)L2(Q)|

</32(H CaT h 1HL2 || ;6‘ru111,ﬁ||%2 7 |52 v uj 1HL2 Q ) H ;uh||L2
Q)
7=1

+ o Va7 q +TZ IVa, ™ 720

for any ae > 0, where we have also relied on the Cy bounds given in (4.6). Similarly to
the reasoning in Section 3, by Lemma 4.5 we have uniform bounds for the first two terms
multiplied with 52 on the right-hand side, and we can proceed similarly to (3.29) to bound
the third term. Further, by (2.10), it holds

)
||vai||L2(Q>:ﬁ IRA(1 + rv0) " Avoll 2y < Cllully) - 728

and we can conclude by reducing «g that

07t H 72 () + IV 172 )
n
< CB + Can |07 170 0, 1. 12(62)) + O O (10 1720y + IV 17 20) -
j=1
We now take the maximum of this inequality over n = 2,..., N + 1, and for small enough
a1 apply a Gronwall argument to obtain

H3 up g — Orup gollL2(Q) + _Inax IV (up g — up g—0)ll2() < CB,

n—1, ., =1,...,N+1

as claimed. m

We see that, under the assumptions of Theorem 2.3, also the fully discrete problem
preserves the asymptotic behavior of the exact and semi-discrete solutions as § — 0.

5. NON-ROBUST ESTIMATES FOR LINEAR FINITE ELEMENTS

In this final section, we extend the results presented in Section 2 to the case of linear
finite elements, i.e., k = 1. We can prove the qualitatively same error bounds with
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constants that do not depend on the damping parameter 8 > 0, as long as we couple the
discretization parameters with the damping parameter correctly.

5.1. Semi-discretization. We first consider the error bound for the semi discretization
in space, and state a variant of Theorem 2.1 that takes 8 > 0 into account. We first state
our theorem, and devote the rest of this section to its proof. Since several arguments are
unchanged compared to Section 3, we only present the key estimates here.

Theorem 5.1 (Non-robust finite element estimates). Let the assumptions of Theorem 2.1
hold, but replace the assumptions on k and B with k > 1 and 8 > 0, satisfying the relation

(5.1) h=d/6-2 < 1\ /3,

for some Cy, € > 0 which are independent of h and B. Then there exists hg > 0 and a
constant C' > 0, independent of h and [, such that for all h < hg, the following error
bound holds:

(5.2)

¢
I02u(0) ~ O (0 + [9000(6) ~ VOuun Oy + [ 190(5) = Fun(s) e ds < OB
for all t € [0,T].

The key idea of the proof remains the same as before, and hence analogously to Section 3,
we work on the time interval [0, 5] with

th.g = sup {t € (0,7) | a unique solution uy, € H?(0,t;V},) of (2.3) exists, and
571/271761/675”63@11(3)HL2(Q) < Cb,
BY2RT5E| |V ohen (s) |l 120y < Co,
W52 Apen(s) 12y < Co for all s € [O,t]},

(5.3)

for some fixed Cy > 0 and ¢ as in (5.1). We then conduct the error analysis on this
interval, with the aim of later extending t;;’ gtoT, analogously to before. By arguing as in
Lemma 3.1, we can prove that tj ; > 0, as well as obtain the correct estimates for en(0),

Oren(0), and 02ep,(0). We omit those details here.
Lemma 5.2. Let the assumptions of Theorem 5.1 hold. Then, we have
(5.4) 1+ kOup >y >0, (z,t) € Qx]0,tr],

where v does not depend on h, B, or t;‘Lﬁ.

Proof. Using the stability properties of the Ritz projection stated in (3.2), we obtain
10vun (®) | 20y S 10eu(t)| ooy + 1T — Ri)Osu(t) || oo ) + Y6V dpen(t) | 2oy
< )| 0wu(t)|| oo () + CR® + CBY 20

for all t € [0,¢;]. Hence we have the uniform lower bound in (5.4) that guarantees non-
degeneracy as well as uniform boundedness of || Oyup || poc (Lo (02))- O

We are now ready to derive the relevant estimates and prove the error bound in (5.2).
Before, we briefly comment on the changes compared to Section 3.

By the bounds in Propositions 3.4 and 3.5, one obtains

t
(55) 8 [ 193Ben(s) oy s+ Bl Anen(0) e < CH-
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However, in order to stay uniform in 3, these bounds were not exploited in the analy-
sis of Section 3. If we consider now fixed 5 > 0, this enables us to employ (5.5) while
paying with inverse powers of § via Young’s inequality. The coupling condition in (5.3)
allows us to close the proof even for £k = 1. More details can be found in the following proof.

Proof of Theorem 5.1. Below whenever the temporal argument is skipped, we assume that
the given (in)equality holds for all ¢ € [0, ¢} [3]. We proceed in two steps.

(a) Starting from the estimate in (3.17) and using the uniform lower bound in (5.4), we
obtain

0| (1 + wOyun)' 20 en 721y + PO Vrenl| 20y + BIV; enll2o
S0P undienl|72q) + U(VOpun - Vosen, O en) 2| + U(Vun - Vien, 87en) 2ol
+ 107 enlZ2 () + IV Oenl| 7o) + 100n]72q)

and have to treat the terms involving uy separately. Now exploiting 5 > 0, we estimate
107 undienl T2 ) S 107 endienl| iz gy + 107 Rau 8 enl| 72 q)
< Hat2€h||%3(9)||at2€h||%6(§z) + HatQQhH%?(Q)
S (BT 02 enl T2 (q) BIOFVenl iy + 107 enll72 ()
< 2 10RVenlaiay + ClloFenlagoy
where we have used the Cp bounds in (5.3) in the last step. Next, we estimate

(VOpun - Voren, 0Fen) 120y
S IVorenlla o) 107 enll L) + I VORA] Lo o) [ VOeenl 12() |07 enll 2 0
S B2V kel ) BP0 enl| 20 + [V Ohenl oy |1 enl 2o,

We further estimate the first term in the last line above by using the Cy bounds in (5.3)
for h < hy:

5_1/2h_d/6||V5t€h||%2(Q)51/2||V3t2€h||L2(Q)
= (B2 Y8V dren|12(0y) B2V OFenll 120 | VOeenl 12(q)

< IV enlZa) + CIVOE (e
Next, proceeding as in (3.21) results in
Vuy, - Ve, 07 < (|07 enl|? Vey, - Vjen, 07
|(Vup - Voren, Ofen) 2| < 10renllz2) + (Ven - VOien, 0ren) r2(a),
and further with the discrete embedding (3.3) we have

[(Ven - VOien, 0Fen) 2yl < IVenll () IVO7enl 2o 107 enl 2o
< I Venllzo B2 IVO2en| L2y (B~ 2h~ Y5 |02 en] 12 (s))

i B
< CCgh2 HAhehH%Z(Q) + Zuvafeh"%Q(Q)’
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where we have used the Cp bounds in (5.3). For h < hg, we have thus again derived (3.16)
with constants independent of h and 3.
(b) Testing the error equation (3.14) with ¢, = —Aey, yields with Young’s inequality
Al AnenlZ2iq) + B0 Anenllz2()

c?
ZHAheh”L?(Q +C (Hatehﬂm @ T 102enlF2 () + 10nl172() + ((Vun - Vdsen, Aheh)L2(Q)> ;
f. (3.24). The last term is here estimated via

|(0Vup, - Vsen, Anen) 2|

< ](ﬁVeh . Vateh, Ah@h)LQ(Q)’ + ’(EVR}LU . V@teh, Aheh)L2(Q)|
2
_ C
< (5 Apenllzz)) IV Oen| 2y | Anenl 2y + IV OeenlZ2 ) + ZHAhehH%Z(Q)

2
C
S IVorenl[72iq) + §\|Ah€h”%2(9)v

where we have relied in the last step on the last Cy bound in (5.3). We absorb the
| Anenll?s () terms and conclude as before by Grénwall’s inequality that

t
107 en ()| 72(q) + IV Oeen )72y + Bl Anen()l72q) + 5/0 IVO;en(s)lI2(q) ds

t
4 / |Anen(s)[22 0 ds < Ch2
0

on [O,t,’; ﬁ]. Thanks to this uniform bound, we can reason as in Section 3 to close again
the arguments with (5.1) and obtain t; 5 =T O

5.2. Non-robust estimates for a full discretization. Our last main result for the full
discretization is a variant of Theorem 2.3 in the case of fixed 5 > 0. The strategy of the
proof is similar to the one on Section 4. In order to compensate the inverse powers of [,
we have to assume the following coupling:

(56) < Clﬁ1/2hd/6+2€, hk*d/6*2€ < Clﬂl/Q,
for constants C1, € > 0 which are independent of h, 7, and .

Theorem 5.3 (Non-robust fully discrete error bounds). Let the assumptions of Theo-
rem 2.3 hold, but replace the conditions on k and § with k > 1 and 0 < 8 < . Under the
coupling conditions (5.6), for h < hg and T < 19, it holds

107 u(tn) — O2uhl|Z2 () + [V Oru(tn) = VOrui |72 ()
n . 9
+ TZ IVu(tn) = Vup|Fe) < C(r+h*)7,
where the constant C > 0 is independent of h, T, and (.

In order to prove the result, we set up an induction argument as before, and show that
forn=2,..., N + 1 the solution uj} exists, and similarly to (4.5), it holds
(5.7)

10Z€q 1720y + IV Orerl T + Bl AR 172 +TZHAhehHL6 < O(r+1*),
7j=1
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as well as, analogously to (4.6),
BY2pmdf6—2 ) 92 M2 < Co,
BP0 54|V, e[ o) < Co,
(5.8) h= 572 | Al 20y < Co,

12, —d/6— a ; 1/2
B 2R/ E(TZHAhdLH%Q(Q)) / < Co,

J=1

with some constants C, Cy > 0 that are independent of h, 7, n, and 8 and ¢ chosen as in
(5.6).

Lemma 5.4. Under the assumptions of Theorem 5.3, the assertions of Lemma 4.4,
Lemma 4.6, Lemma 4.7, and Lemma 4.8 hold true, and in particular (5.7) and (5.8)
hold for n = 2.

Proof. The bounds in Lemmas 4.4 and 4.8 directly follow from the conditions in (5.6). For
the existence statement in Lemma 4.6, we estimate the term in (4.10) now via

TI(Vupt - Veon, on) 2y S TR Y0 Aneltll 2o Veonll 2@ Jlenllzz) + TlenlZ2q
<a(llenllzz@) + T IVeRlliz @)

for any o > 0, where we have used (5.8) in the last step. O

Further, we have the crucial result in the leading nonlinear term which prevents degen-
eracy of the problem also for k = 1.

Lemma 5.5. Let the assumptions of Theorem 5.1 hold. If the estimates (5.7) and (5.8)
hold up to n > 2, then we have

(5.9) 1+ ko) >v >0, j=2,...,n,

where vy does not depend on h, T 3, or n.

Proof. Along the lines of Lemma 5.2, we have
107} | ey SN0 |l () + (L= Ri)O@ | ow @ + BV P l|Ohenl| ooy
< |Oul| oo (£oo (@) + ChF + CBY 20

and hence the lower bound in (5.9) follows as well as boundedness of ||9-up|| o (q)- O

With this result, we can prove the principal result on a non-robust fully discrete bound.
As already explained in Section 5.1, the appearance of the inverse powers of 8 comes in
by exploiting the following bounds from Proposition 4.9 and 4.10:

BlAner ™ 720 +7—BZHV82€J+1HL2(Q < C(r+h*),
7j=2

and applying the relations in (5.6).

Proof of Theorem 5.3. We conduct the proof in two testing steps.
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(a) We proceed as in Proposition 4.10 and test the differentiated error equation (4.14)
with ¢} = BQeng to obtain

(14 K0-up)02el ™, 021 ) 2() + A(VOre) T V26l ™) 12 () + BIVOZE, ™ 1720
< K|(0%u), 02}, 0%e) ") 12 |+e|(vug;-va$e§j1 02l ) 120y
+U|(VOruf, - Vore], 021 ) )| + [102¢) ™ 720y + 10:00 1320
and estimate the three terms separately. We use the Cy bounds in (5.8) to conclude
K(02u) 02, 0%¢)" ) 120
S (BP0 02¢) || 2 () 102€h Nl 22y B IV D2, I 20y + 102€) 7200y + 10260 1720
< DIV 2y + CIRE] g + 02 2

and absorb the 8 term by the left-hand side 5 term. We sum from j = 2,...,n and obtain
by the expansion in (4.10)

Ty UV, - Ve, 02l ) )
j=2

_ _ " 1 1/2 = 1 1/2 1
ShO 12 (237 1 Aned2) P (78 Y IVO2e, 12 0(0) 2102 o 2, min, 120
Jj=2 j=
+7 311026} 1320
j=2

j B < 1 1
SalH872-e€1||€°°(27n+1,L2(Q)) + ZTZHVaZ e ”L?(Q JFCTZ:H(?Q@]Jr HL2
j=2 j=2

for any oy > 0 by the bounds in (5.8) for h < hg and 7 < 79. Finally, we estimate
(VO - Vel 026l ™) 20| < [U(VDre], - VOred, 02el ™) 121y
+ Vo, €j+1HL2(Q + 107 j—HHL?(Q)
and with this, by the Cy bounds in (5.8),
|6(VDre), - Vre),, 026} 12| S V06| L2 VO] | 2y~ OV D2, | 2oy
< DIV 82 o) + CIV O e

Lemma 4.1 then yields (4.15).

(b) We then test (4.8) with ¢y, = —Ahei+1 to obtain
CllARe, 720y + B, Anel ™) 20
(( + KOy uh)826J+1 Aheﬁl)Lz( Q) (EVuh Vo, eﬁl A e]+1)L2(Q) + (5%+1,Ahei+1)Lz(Q)

< S 8ne] By + € (1905 By + 10261 iy + 15 By + (69 - V0, At o)

For the last term, we use the Cp bound in (5.8) on HAhehHLz to conclude that

(eVe], - Vorel ™t Anel ™) 2oyl S Y Anel 12 ch’) el 2@l Anet | 2 (e

< C|Vore) 720 quhe N320)-
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We can absorb the HAheffl H%Q(Q) terms by the left-hand side and reason as in the proof of

Proposition 4.3 to arrive at (5.7). The coupling in (5.6) then implies (5.8), and the claim
follows by induction. O

APPENDIX A. ESTIMATES FOR DISCRETE DERIVATIVES

In order to keep the presentation self-contained, we include the proof of Lemma 4.2 here
in the appendix.

Proof of Lemma 4.2. For the sake of readability, we just consider a generic norm a and
assume without loss of generality 1 < fo to obtain

o =fopan — oo ur| = (07" (9ot — 9 un) |.

Applying the fundamental theorem of calculus ¢-times gives

LT
olar = / / Ofultn—¢+014...+07)doy ... doy,
0 0

T p;

and similarly

1 1
o, uk — gk = —T/ / qu(tk,l + 7n) dnds.
0 s

With the estimate

1 1 ¢
’/ / u(or+...+0g)doy ... dO’g’ g/ |u(oy)|doq,
0 0 0

we may write
ly—1 )
o2 (oo — o) = 3 (0 - a0 (o7 ofr)
=4
lo—1

1 1 1 1
= -7 Z 8?+1U(tn—(m—j) +7(n+ o1 +---+Um—1—j))d77d8d01--- doy,—1-5
0 0 JO Js

Jj=b
and hence
o=tz (o=t afran — ofar)|

lo—1

1 1

<7 Z / . / ||8tm+1u(tn_(m_j) +71(n+o1+...+om_1—4))|dndor... dopm_1—;
j=6"0 0
-1

m—j
<y /0 108Vt gy + 7) |
Jj=b

m
<rm / 187 st + ) |
0
and with this

tn
o=t ofar — o) P < vt [ o) as,

which concludes the proof. ]
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