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Abstract
We investigate the properties of static mechanical and dynamic
electro-mechanical models for the deformation of the human heart. Numer-
ically this is realized by a staggered scheme for the coupled partial/ordinary
differential equation (PDE-ODE) system. First, we consider a static and purely
mechanical benchmark configuration on a realistic geometry of the human
ventricles. Using a penalty term for quasi-incompressibility, we test different
parameters and mesh sizes and observe that this approach is not sufficient for
lowest order conforming finite elements. Then, we compare the approaches
of active stress and active strain for cardiac muscle contraction. Finally, we
compare in a coupled anatomically realistic electro-mechanical model numer-
ical Newmark damping with a visco-elastic model using Rayleigh damping.
Nonphysiological oscillations can be better mitigated using viscosity.
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1 INTRODUCTION
Computational modeling and simulation of the cardiovascular system has significantly advanced in the recent
decades [26, 30] and successfully translated to clinical impact in the realms of diagnosis [3], risk stratification [4], ther-
apy planning [24, 32], and intraprocedural support [22]. An overview on mathematical models and numerical methods
is given in [33].

Our goal is to investigate the impact of both modeling and numerical decisions when solving coupled cardiac systems.
We hypothesize that the errors introduced by the respective decisions can be distinguished: Modeling errors should be
visible qualitatively, while numerical errors dominate the solution for coarse simulations.

Computational models are often limited to a single function (“physics”) of the cardiovascular system such as electro-
physiology, solid biomechanics, blood flow in the heart or the circulatory system. These single-physics approaches are
very valuable research tools for cardiac diseases that are mostly confined to a single function. As an example, typical forms
of arrhythmia can be explained, diagnosed and treated purely electrophysiologically. However, single-physics models are
of limited value to eventually improve patient care for complex diseases involving several functions of the heart. There-
fore, multiphysics approaches of high biophysical fidelity are required to empower and qualify computational methods
as a valuable complementary research tool contributing to tackle complex diseases.
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In [14] and [9], a fully coupled multiscale model of the human heart is realized including all four chambers and the
“physics” electrophysiology, mechanics, and a closed-loop circulation. Together with the computational models devel-
oped in [12, 13, 18], this builds the basis for this contribution. To describe the tissue mechanics, we use the transversely
isotropic constitutive law by Guccione [16], which depends on the preferential myocyte direction, also known as fiber
direction, in the cardiac tissue.

Here, we restrict ourselves to an anatomically accurate model of the human ventricles, described by a tetrahedral mesh
in the unloaded reference configuration to study the mechanical properties of the system in detail. For all tests, we use
lowest-order conforming finite elements for the partial differential equations (PDEs) and element-wise constant approx-
imations for the ordinary differential equations (ODEs). We test the convergence of the approximation by comparing the
results on different spatiotemporal refinement levels.

Our main goal is to investigate the properties of the cardiac mechanics solution depending on different model variants
and parameters. In addition, we compare the results for different resolutions of the discretization in space and time.

The remainder of the manuscript is organized as follows. We start by defining the model to be used, followed by an
explanation of the discretization and solution schemes. Then, the following mechanical properties are investigated:

• In the first numerical experiment, we test the convergence of the initial configuration of the cardiac cycle, where the
blood pressure in the ventricles results into a finite elasticity problem with nonlinear Neumann boundary conditions.

• Then, we transfer the setting from the benchmark problem proposed by Land et al. [21], that is, from a simple ellipsoid,
to a more realistic biventricular configuration. Here, we compare the active strain and active stress approaches for
the contraction of the heart muscle [1, 2, 28, 29, 36]. We are interested in determining whether there are substantial
differences between the two active deformation approaches or if similar results can be achieved.

• For the dynamic electro-mechanical model, we compare numerical damping by the Newmark time-stepping scheme
with a physical model using Rayleigh damping. For the electrophysiology, we are using the ten Tusscher et al. cell
model. We especially seek to answer if modeling of a physical damping is necessary within realistic cardiac simulations.

We conclude with a short discussion of our observations and of possible extensions of the presented electro-mechanical
investigations.

2 A COUPLED ELECTRO-MECHANICAL MODEL FOR THE HEART

LetΩ ⊂ R3 be a bounded Lipschitz domain describing the unloaded reference geometry of the heart (see [35, Sect. 2.6] for
details on how to obtain the reference geometry from tomographic imaging data). Let ΩEP ⊂ Ω be the subdomain where
the cardiac electrophysiology is active, that is, the myocardium. InΩ, we compute the displacement u defining the defor-
mation 𝝋(t, x) = x + u(t, x) of the heart, and Ω𝝋 = 𝝋(Ω) is the deformed geometry. The deformation gradient is denoted
by F = D𝝋 = I + Du, the local volume change is given by the Jacobian J = det F, the velocity is v = 𝜕tu, and its gradient
is Ḟ = Dv. The direction of the cardiac fibers in the reference geometry Ω is denoted by f with |f| = 1. The contraction
of the heart is activated by the fiber stretch 𝛾f. The stretch is a result of the active tension developed in the myocytes in
response to the calcium dynamics inside the cell governed by the electrophysiology model in ΩEP, mainly determined by
the difference between the intracellular and extracellular electric potential vm and the vectors of ion concentrations c and
gating variables w.

We study the PDE-ODE system for (vm, c,w,𝝋, 𝛾f) describing the heart’s function during a cardiac cycle (0,T)

𝛽svCm𝜕t (Jvm) = ∇ ⋅ (D𝝋∇vm) − J (𝛽svIion(vm, c,w) − 𝛽svIext) in ΩEP, (1a)
𝜕tc = Gc(vm, c,w) in ΩEP, (1b)
𝜕tw = Gw(vm, c,w) in ΩEP, (1c)

𝜌

(
𝜕

2
t 𝝋 + 𝛼R𝜕t𝝋

)
= div Peff

(
F, Ḟ, f, 𝛾f

)
in Ω, (1d)

𝜕t𝛾f = G𝛾f(𝛾f,F, f, c) in ΩEP. (1e)

The parabolic equation (1a) for the transmembrane voltage vm depends on the surface-to-volume ratio 𝛽sv, the mem-
brane capacitance Cm, the symmetric anisotropic conductivity tensor D0 depending on the fiber direction f, the ionic
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transmembrane current Iion and the external current Iext modeling the electric activation. The equations in the deformed
geometry Ω𝝋EP are computed in the reference geometry ΩEP, so that we need to transform the conductivity tensor to the
deformed geometry by D𝝋 = JF−1D0F−⊤, and potential and currents are scaled with the volume change of the deformation
J, compare [2, Eqn. (2.8)].

The concentrations and gating variables are determined by a coupled ODE system (1b) and (1c) determined by Gc and
Gw depending on the transmembrane voltage, the ion concentrations and the gating variables. In our tests, we use the
ten Tusscher et al. ionic model [41] for Gc, Gw and Iion, and the activation pattern defined in [23] for Iext.

The elasto-dynamic cardiac deformation is determined by (1d), where 𝜌 is the material density, Peff is the effective
activated stress in the deformed configuration combining the Piola–Kirchhoff stress P with the active stress or strain, and
𝛼R is the Rayleigh damping parameter. Here, we utilize the reduced version of the Rayleigh damping as described in [20],
and the hyperelastic transversely isotropic constitutive law by Guccione et al. [16]

ŴGucc(E, f) = 1
2

CGucc (exp(Q(E, f)) − 1) , Q(E, f) = 4c1(f ⋅ Ef)2 + 4c2(Ef ⋅ Ef) + 4c3(E ∶ E) (2)

depending on the Green–Lagrange strain tensor E = 1
2
(F⊤F − I), the fiber direction f in the reference configuration, and

parameters CGucc, bf, bf,s, bs defining c1 =
1
4
(bf − 2bf,s + bs), c2 =

1
2
(bf,s − bs), and c3 =

1
4

bs. Combined with a volumetric
penalty 𝜅vol > 0 to approximate incompressibility, we obtain the elastic potential

Ŵ(E, f, J) = ŴGucc(E, f) + 𝜅volWvol(J) , Wvol(J) =
1
2
(J − 1)2 . (3)

The effective stress in case of the active strain model [28], [33, Eqn. (6.28)] is given in the reference configuration by

Peff
(

F, Ḟ, f, 𝛾f
)
= P

(
FF−1

a , Ė, f
)
, P

(
Feff, Ė, f

)
= FeffDEŴGucc(Eeff, f) + 𝜅volDFWvol(det Feff), (4)

with Feff = FF−1
a and the active strain Fa depending on the fiber stretch 𝛾f

Fa =
⎧
⎪
⎨
⎪
⎩

(1 + 𝛾f)ff⊤ + 1
√

1+𝛾f

(
I − ff⊤

)
, if 1 + 𝛾f > 0,

I, else.
(5)

The active stress model [1], [33, Eqn. (6.23)] is defined by

Peff
(

F, Ḟ, f, 𝛾f
)
= F

(

DEŴGucc(E, f) + Taff⊤
)

+ 𝜅volDFŴvol(det F) , (6)

where the active stress is given by Taff⊤ depending on the chosen model for Ta [15]. Typically, Ta is computed based on
the intracellular calcium concentration and the fiber stretch 𝛾f.

The contraction of the heart is initiated by an increase of the ionic concentration and the resulting fiber stretch is
computed by the ODE (1e) determined by G𝛾f . We use the stretch model introduced by Rossi et al. [37]: denoting the 4th
invariant along f by 𝜄4,f(F) = (Ff) ⋅ (Ff), the evolution of 𝛾f is of the form G𝛾f(𝛾f,F, f, c) = g𝛾f(𝛾f, 𝜄4,f(F), f, cCa) with

g𝛾f(𝛾f, 𝜄4,f(F), f, cCa) =
1

𝜇fc2
Ca

(

𝛼ffk(cCa)RFL(𝓁R,0𝜄4,f) + 𝜄4,f

5∑

j=1
(−1)j(j + 1)(j + 2)𝛾 j

f

)

, (7)

where fk(cCa) =
(

cCa − cCa,0
)2 is the active tension generated by the contractile force of the sarcomere, 𝓁R,0 is the initial

sarcomere length and

RFL(𝓁R) =
⎧
⎪
⎨
⎪
⎩

cFL
0

2
+
∑3

k=1
(

cFL
k sin(k𝓁R) + dFL

k cos(k𝓁R)
)
, 𝓁R ∈ [𝓁R,min,𝓁R,max],

0, else,

is the force–length relationship depending on 𝓁R = 𝓁R,0𝜄4,f.
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4 of 15 FRÖHLICH et al.

The coupled PDE-ODE model is complemented with initial conditions and boundary conditions on the endocardial
wall ΓC ⊂ 𝜕Ω and on the pericardium ΓP ⊂ 𝜕Ω, as well as Dirichlet boundary conditions on ΓD = 𝜕Ω ⧵ 𝜕ΩEP.

For simplicity, we use homogeneous Dirichlet boundary conditions for the displacement on ΓD and homogeneous
Neumann boundary conditions on ΓP for the numerical tests in this work. On the endocardial wall, we apply a pressure
load

Peffn = −pCCof (F)n on ΓC ,

where n is the unit outer normal vector on the boundary of the reference domain 𝜕Ω.
For a full closed-loop model, a coupling to the circulatory system is required, which can be approximated by an addi-

tional ODE system coupled to the PDE-ODE system (1) by the pressure in the cardiac chambers and their volumes. For
more details we refer to [9, 11, 14, 25, 34]. Realistic boundary conditions at the pericardium are given by a free-slip mortar
setting [11]. Alternatively, they can be approximated by normal penalty conditions [9, 31, 40].

3 A STAGGERED NUMERICAL APPROXIMATION SCHEME

Let Ωh =
⋃

K∈h
K be a tetrahedral mesh, and we use lowest-order conforming finite elements

Vh =
{

𝜙h ∈ C0(Ω) ∶ 𝜙h|K ∈ P1(K) for all K ∈ h

}

.

We set Vh = V 3
h and V0,h = {w ∈ Vh ∶ w = 0 on ΓD}. The piecewise constants define the discrete space

Wh = {𝜓h ∈ L∞(Ω) ∶ 𝜓h|K ∈ P0(K) for all K ∈ h} ,

so that ∇𝜙 ∈ W3
h for 𝜙h ∈ Vh. Let Π0

h ∶ Vh → Wh be the L2 projection.
ForΩEP ⊂ Ω, we setEP,h = h ∩ ΩEP, and we assumeΩEP ∩ Ωh =

⋃
K∈EP,h

K. We set VEP,h = Vh|ΩEP
, WEP,h = Wh|ΩEP

,
and in Ω ⧵ΩEP functions in VEP,h and WEP,h are extended by zero.

For the number of time steps N ∈ N, we define ▵ t = T∕N. The fully discrete model is determined by the deformation
𝝋

n
h ∈ Vh, displacement un

h ∈ V0,h, velocity vn
h ∈ V0,h, acceleration an

h ∈ V0,h, deformation gradient Fn
h = I + Dun

h ∈ W3×3
h ,

determinant Jn
h = det(Fn

h) ∈ Wh, stretch 𝛾
n
f,h ∈ Wh, electric potential vn

h ∈ VEP,h, concentrations cn
h ∈ W dc

EP,h and gating vari-

ables wn
h ∈ W dw

EP,h at tn = n ▵ t for n = 0, … ,N. We assume that the pressure in the cardiac chambers pn
C, n = 0, … ,N,

is given; in a full model this depends on the coupling to the circulatory system.
In time we use a staggered scheme. For the initial deformation and stress from the unloaded reference geometry,

we have to solve a static problem for the initial pressure in the cardiac chambers. Then, the dynamic equation for the
displacement is approximated by the Newmark 𝛽-scheme with parameters 𝛽N and 𝛾N resulting in a nonlinear equation
in every time step. The ODEs for the gating variables are solved with an exponential update (see [23] for details) locally
in every element. For the concentrations, we use the explicit Euler method. Then, the parabolic equation for the electric
potential is approximated with the implicit Euler method in time, and finally the ODEs for the stretch are again solved
with the explicit Euler method. For simplicity, we use the same time step for all equations in our experiments, since this is
sufficient for the evaluation of the mechanical properties. Note that reliable simulations for the electrophysiology require
considerably smaller time steps as for the mechanics.

The following algorithm is realized for our numerical experiments:

S0) For n = 0 at t0 = 0, compute u0
h ∈ V0,h by solving

∫Ω
P(I + Du0

h, 0, f) ∶ D𝝓h dx = −
∫ΓC

p0
CCof (I + Du0

h)n ⋅ 𝝓h da , 𝝓h ∈ V0,h .

Set the initial values 𝝋0
h = id + u0

h, v0
h = a0

h = 0, F0
h = I + Du0

h, F0
a,h = I, J0

h = det(F0
h), 𝛾

0
f,h = 0 inΩ for the mechanics,

and for the electrophysiology v0
h = v0, c0

h,k = c0,k for k = 1, … , dc, w0
h,k = w0,k for k = 1, … , dw in ΩEP. Then, set

n = 1.
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FRÖHLICH et al. 5 of 15

S1) Set bn−1
h = 𝜌

𝛽NΔt2 un−1
h + 𝜌(1+𝛼R)

𝛽NΔt
vn−1

h + 𝜌(1−2𝛽N)
2𝛽N

an−1
h and compute un

h ∈ V0,h by solving approximately

∫Ω

(
𝜌

𝛽NΔt2 un
h ⋅ 𝝓h + Peff

(

I + Dun
h, vn−1

h , f, 𝛾n−1
f,h

)

∶ D𝝓h

)

dx =
∫Ω

bn−1
h ⋅ 𝝓h dx −

∫ΓC

pn
CCof (I + Du0

h)n ⋅ 𝝓h da

for all 𝝓h ∈ V0,h with a Newton method. Then, set

an
h =

1
𝛽N ▵ t2

(
un

h − un−1
h

)
− 1

𝛽N ▵ t
vn−1

h − 1 − 2𝛽N

2𝛽N
an

h , vn
h = vn−1

h + ▵ t
(
(1 − 𝛾N)an−1

h + 𝛾Nan
h

)
, un

h = un−1
h + ▵ tvn

h .

S2) Compute wn
h ∈ W dw

EP,h by evaluating

wn
h = G▵t

w
(
ΠK(vn−1

h ),wn−1
h

)
,

locally in every element with

G▵t
w = (G▵t

k ) , G▵t
k (v,w) = wk,∞(v) +

(
w − wk,∞(v)

)
exp (− ▵ t (𝛼k(v) + 𝛽k(v))) , wk,∞(v) =

𝛼k(v)
𝛼k(v) + 𝛽k(v)

.

S3) Compute cn
h ∈ W dc

EP,h locally in every element

cn
h = cn−1

h + ▵ t Gc
(
ΠK(vn−1

h ),wn
h, cn−1

h

)
.

S4) Set Jn
h = det Fn

h and Dn
h = D(Fn

h) = Jn
h (F

n
h)
−1D0(Fn

h)
−⊤. Compute vn

h ∈ VEP,h solving for all 𝜙h ∈ VEP,h

∫ΩEP

(𝜒CmJn
h vn

h𝜙h+ ▵ tDn
h∇vn

h ⋅ ∇𝜙h) dx =
∫ΩEP

(
𝜒CmJn−1

h vn−1
h − ▵ tJn

h𝜒
(

Iion(vn−1
h ,wn

h, c
n
h) + In

ext
))

𝜙h dx .

S5) Compute 𝛾
n
f,h ∈ WEP,h locally in every element

𝛾
n
f,h = 𝛾

n−1
f,h + ▵ tG𝛾f

(

𝛾
n−1
f,h ,Fn

h, f, cn
h

)

.

If n < N, set n ∶= n + 1 and go to S1).

The nonlinear equations in S0) and S1) are solved with a Newton method, where the derivative of the volumetric
penalty is computed by the tensor cross product calculus, compare Appendix. Within the Newton iteration the lineariza-
tion and the linear problem in S4) are solved with a parallel preconditioned GMRES method. For further algorithmic
details, we refer to [12, 13, 23].

4 NUMERICAL EVALUATION OF MECHANICAL MODELS AND
PARAMETERS

The simulation study was conducted on a realistic biventricular geometry of a healthy female volunteer derived from mag-
netic resonance (MR) imaging data. MR images were captured at the University Hospital in Heidelberg. The volunteer
gave informed consent and the study was approved by the institutional review board. The finite element mesh was gen-
erated using MR images during diastasis, that is, the stage in the heart cycle at which the pressures inside the chambers
are lowest (but not zero). To approximate a stress-free reference configuration, we used an iterative approach described
in [39] using physiological end-diastolic pressures of 8 mmHg [8] and 4 mmHg [10] for the left and right ventricle,
respectively.

In all the subsequent numerical experiments, this biventricular geometry is used as the reference geometry. The cor-
responding boundary conditions are shown in Figure 1. The atrioventricular valves, marked in orange, are only included
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6 of 15 FRÖHLICH et al.

F I G U R E 1 Boundary parts ΓD and ΓC = ΓC,RV ∪ ΓC,LV for the unloaded geometry Ω.

to enable cavity volume calculations. They are fixated by a homogeneous Dirichlet boundary condition and do not
contribute to neither electrophysiology nor elasto-mechanics. An endocardial pressure of 4 and 8 mmHg is applied on the
surfaces ΓC,RV marked in green and ΓC,LV marked in yellow.

We use the hyperelastic transversely isotropic Guccione material (2) with material parameters CGucc = 0.29 kPa,
bf = 42, bs = 16.8 and bf,s = 29.4. These parameters were determined by using a reproduced Klotz-curve fitting algorithm
as described in [18, 19].
The numerical simulations are realized in the parallel finite element system M++ [5].

4.1 Initial deformation of the ventricles

Since every cardiac cycle starts with a prestressed geometry that results from the diastolic blood pressure in the ventricles,
our first test studies the inflation of the stress-free reference geometry of the cardiac tissue. This includes a nonlinear
boundary condition, since the normal direction of the pressure force depends on the deformation. Therefore, we will solve
a purely mechanical and static nonlinear elasticity problem, where the unloaded biventricular geometry will be inflated
by applying an endocardial pressure of 8 and 4 mmHg to the left and right ventricles, respectively. To solve this problem,
the pressure will be applied incrementally. However, because we are only inflating the stress-free reference geometry,
there is no active deformation, therefore Ta = 0 kPa for the active stress formulation (6) and Fa = I in the active strain
approach (4).

Here, we want to examine how parameter choices for the volumetric penalty that approximates incompressibility
affect the volume of the deformed geometry and the ventricular volumes as well as the volume of single elements. Using
these distinct volumetric penalties, we are also testing numerical convergence on different mesh resolutions. While other
algorithms for determining the load-free configuration as an estimate of the stress-free reference configuration exist, we
focus on the effect of the volumetric penalty.

Table 1 shows the convergence behavior for linear conforming elements by investigating the initial and deformed
cardiac muscle volume as well as the left and right ventricle volumes at different mesh resolutions. In addition, the
range of local volume change, that is, the volume change for single elements, is given for the deformed geometry. For the
experiments in this section, we test different volumetric penalties 𝜅vol to show its impact and relevance. The ventricular
volumes |Ω𝝋LV| and |Ω𝝋RV| are computed from the boundary using Gauss’s theorem.

Starting with the mesh on level 𝓁 = 0, we study the convergence on a sequence of uniformly refined meshes for level
𝓁 = 1, 2. We can observe that the initial volume of the geometry is preserved up to 0.1% even for the smallest considered
penalty term and the coarsest mesh resolution 𝓁 = 0. This can also be seen in Figure 2 where the reference configura-
tion on 𝓁 = 0 and the deformed geometries for 𝓁 = 0, 1, 2 with corresponding Euclidean norm of the displacement are
shown. As expected, the volume is preserved even better if a finer mesh is used and if the violation of incompressibility is
penalized more.
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FRÖHLICH et al. 7 of 15

T A B L E 1 Starting with the initial volume 168 825 mm3 of the reference geometry, we study the convergence of the cardiac muscle
volume |Ω𝝋| and the left and right ventricle volumes by uniform refinement and for various volumetric penalties; furthermore, we consider
the minimal and maximal local volume changes. DOFs = degrees of freedom.

Level Elements DOFs 𝜿vol (MPa) |𝛀𝝋| (mm3) Left ventricle (mL) Right ventricle (mL) min J max J

𝓁 = 0 144 656 103 578 1000 168 928 142.524 153.879 0.925 1.097

2000 168 877 140.191 150.445 0.947 1.071

10 000 168 836 132.105 140.669 0.968 1.029

𝓁 = 1 1 157 248 703 719 1000 168 926 145.937 159.923 0.905 1.133

2000 168 875 144.802 157.950 0.923 1.099

10 000 168 835 140.669 150.548 0.964 1.046

𝓁 = 2 9 257 984 5 129 589 1000 168 925 147.406 162.807 0.797 1.177

2000 168 875 146.946 161.949 0.859 1.138

F I G U R E 2 Preloading the unloaded reference geometry with Ta = 0 kPa for a left ventricle pressure of 8 mmHg and a right ventricle
pressure of 4 mmHg with 𝜅vol = 1 MPa. (A) Unloaded geometry. (B) Preloaded geometry on 𝓁 = 0. (C) Preloaded geometry on 𝓁 = 1. (D)
Preloaded geometry on 𝓁 = 2.

In contrast to the quasi-incompressibility of the global volume, locally in some elements there are a few outliers where
the penalty is insufficient. The Jacobian determinant differs substantially from its expected value, namely J ≈ 1. This
becomes even clearer if we take a look at the finer mesh resolutions. The range of the local volume change is increasing,
and the deviation gets larger with each level. For example, on 𝓁 = 0, there is a deviation up to 8% and on 𝓁 = 2 the
maximum deviation is about 21%, using 𝜅vol = 1 MPa. Even for a markedly greater penalty, namely 𝜅vol = 10 MPa, there
are still some outliers in the local elements. However, the comparison of the different choices of the volumetric penalty
shows that increasing local volume deviation for uniform mesh refinements gets acceptable for larger penalties. This local
failure is due to the fact that the volumetric penalty is only performing well for the whole geometry volume and not for
every single element.

Investigating the results with regard to the various penalty choices, we can observe that the differences in the volume
changes of the ventricles between smallest and largest chosen penalty is greater than the difference between the uni-
form mesh resolutions under fixed penalty. For example, comparing 𝜅vol = 1 MPa and 𝜅vol = 10 MPa on 𝓁 = 0, there is a
variation in the ventricle volumes of approximately 8%.

The variation of using diverse penalty terms can also be seen in Figure 3, where the deformation of endocardial
and epicardial surfaces under the use of different penalties is shown. In contrast, we can observe linear conver-
gence in Table 1 for fixed volumetric penalty and uniform mesh refinement, which is expected due to the use of
linear conforming elements. However, the large distinction between using different penalty terms, gets less for finer
meshes. Hence, the distinction could be due to the fact of only using and comparing lowest-order conforming ele-
ments. Therefore, the choice of the penalty term is crucial for these kinds of finite elements. We also expect that
using higher-order conforming elements or more stabilized finite elements could improve this behavior. Furthermore,
instead of employing Wvol in (3), it is feasible to examine the impact of investigating diverse volumetric penalty
functions.
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8 of 15 FRÖHLICH et al.

F I G U R E 3 Location of the endocardial and epicardial walls of the ventricles in the preloaded geometry on 𝓁 = 0 (left) and comparison
of the deformed walls using different volumetric penalties on 𝓁 = 0 (right). (A) Lines of interest in the preloaded geometry. (B) Deformed
lines of interest in the preloaded geometry, using different volumetric penalties.

4.2 Contraction by active strain and active stress—a comparison

In this section, we extend the purely mechanic and static benchmark setting of problem 3, introduced in [21], which deals
with the inflation and active contraction of an idealized ventricle, in two ways. On the one hand, we use a more complex
and anatomically more realistic biventricular geometry. The geometry and the sheet and normal directions for this test
are taken from [14]. We apply an endocardial pressure of 8 and 4 mmHg in the left and right ventricle, respectively. More-
over, we penalize the violation of incompressibility by 𝜅vol = 1 MPa. On the other hand, we want to set up a comparison
between the active stress approach, used in [21], and the active strain approach to cause contraction. The active stress
is given by a constant second Piola-Kirchhoff stress in fiber direction (6). For this benchmark configuration, we select
Ta = 35 kPa. This is compared with the active strain using the more general ansatz [33, Sect. 6.2.1], [36] with a scaling
factor s𝛾 ≈ 1

Fa =
⎧
⎪
⎨
⎪
⎩

(1 + 𝛾f)ff⊤ + 1
s
𝛾

√
1+𝛾f

ss⊤ + s
𝛾

√
1+𝛾f

tt⊤, if 1 + 𝛾f > 0,

I, else,
(8)

depending on the fiber f, sheet s, and sheet-normal t. Since ff⊤ + ss⊤ + tt⊤ = I, (8) is identical to (5) for s𝛾 = 1.
However, (8), has more free parameters and therefore more possibilities to adapt the active strain model to the

active stress formulation. To achieve a similar setting as that of the active stress formulation, the cellular stretch
𝛾f is chosen as constant. With parameter studies and fitting for the free parameters in the active strain formula-
tion, namely the stretch and the scaling factor s𝛾 , we aimed to achieve comparable results to those with active
stress. We obtained the closest match for 𝛾f = 0.8 and s𝛾 = 0.9, 1.0. Note that we increment the pressure iteratively
and add simultaneously the whole active stress or active strain at once to solve the quasi-static nonlinear elasticity
problem.

Starting from the initial volume 168 825 mm3 of the reference geometry, we study the convergence by uniform
refinement for the different approaches. Tables 2–4 show that both approaches are converging and lead to meaning-
ful results. Furthermore, we can observe again the globally well-preserved cardiac muscle volume, although the active
strain approach is preserving the volume slightly better, especially for the choice 𝛾f = 0.8 and s𝛾 = 0.9. This aspect
can also be considered for the local outliers. For instance, for the finest mesh resolution, the local volume change is
approximately 70%, whereas the active strain exhibits a deviation of 37%. When comparing the two different active
strain variants, it is noticeable that the ventricular volumes get larger when the scaling factor is increased. However,
despite many parameter studies to approximate the active stress with the free parameters of the active strain, it was
not possible to achieve identical results in this setting. Figure 4 shows the endocardial and epicardial deformed walls
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FRÖHLICH et al. 9 of 15

T A B L E 2 Active stress, Ta = 35 kPa.

Level Elements DOFs |𝛀𝝋| (mm3)
Volume left
ventricle (mL)

Volume right
ventricle (mL) min J max J

0 144 656 103 578 167 402 77.239 83.695 0.791 1.159

1 1 157 248 703 719 167 431 76.499 91.524 0.667 1.206

2 9 257 984 5 129 589 167 448 76.485 93.323 0.306 1.478

T A B L E 3 Active strain, 𝛾f = 0.8 and s𝛾 = 0.9.

Level Elements DOFs |𝛀𝝋| (mm3)
Volume left
ventricle (mL)

Volume right
ventricle (mL) min J max J

0 144 656 103 578 168 494 78.634 90.535 0.819 1.107

1 1 157 248 703 719 168 645 77.261 100.793 0.747 1.139

2 9 257 984 5 129 589 168 721 77.047 105.486 0.632 1.246

T A B L E 4 Active strain, 𝛾f = 0.8 and s𝛾 = 1.0.

Level Elements DOFs |𝛀𝝋| (mm3)
Volume left
ventricle (mL)

Volume right
ventricle (mL) min J max J

0 144 656 103 578 168 286 82.396 92.585 0.824 1.096

1 1 157 248 703 719 168 446 81.584 102.761 0.729 1.146

2 9 257 984 5 129 589 168 530 81.622 107.149 0.648 1.192

F I G U R E 4 Comparison of deformed endocardial and epicardial ventricular walls using the active stress approach with Ta = 35 kPa
and the active strain approach with stretch 𝛾f = 0.8 and different scaling factors s𝛾 on 𝓁 = 1. (A) s𝛾 = 0.9; (B) s𝛾 = 1.0.

of the ventricles under the use of the active stress approach (gray) and the best choices for the active strain approach
(green). We can see that there are differences in several aspects, especially the ventricular volumes are larger for the
active strain approach. This becomes even clearer in Figure 5 where the active stress is compared with the active strain
approach generated with 𝛾f = 0.8 and scaling factor s𝛾 = 1.0 from different views. The deformed geometry under the
use of the active stress formulation is slightly more pointed, the geometry appears more stretched in long axis, whereas
the deformed geometry generated using the active strain approach is more stretched in width. It is necessary to find a
good compromise between similar blood volumes or shapes. Nevertheless, one could also use a different formula for
Fa than (8) or use more stabilized or higher-order elements to enhance the results and eventually attain more similar
outcomes.
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10 of 15 FRÖHLICH et al.

F I G U R E 5 Preloading unloaded geometry under the use of the active stress approach with active tension Ta = 35 kPa and the active
strain approach with 𝛾f = 0.8 and s𝛾 = 1.0 on 𝓁 = 1. (A) Active stress approach with Ta = 35 kPa. (B) Active strain approach with 𝛾f = 0.8 and
s𝛾 = 1.0. (C) Comparison of active strain and active stress approach from different perspectives.

4.3 Comparison of numerical damping with a viscous model

We will examine the coupled PDE-ODE system described in (1). To initiate the system, the unloaded geometry is preloaded
precisely as detailed in Section 4.1. The cardiac cycle is then simulated utilizing the staggered numerical approximation
scheme outlined in Section 3 and specified for the electrophysiology in [23]. We choose the length of a typical heartbeat
(0.8 s) as time interval. For the electrophysiology, we use the ten Tusscher et al. cell model [41] with the same parameters as
in Niederer et al. [27] and the activation pattern in [23]. The corresponding evolution of the electric potential is illustrated
in Figure 6.

The ten Tusscher et al. cell model is supplemented by the stretch model in (7). Due to the utilization of the transversely
isotropic Guccione material, we use, in contrast to [37], 𝜇f = 1000 s 𝜇M−2 and 𝛼f = −10 𝜇M−2 in (7), as obtained from
parameter studies. The remaining parameters in the tension update, namely cFL

0 , … , cFL
3 , dFL

1 , … , dFL
3 ,𝓁R,min,𝓁R,max,𝓁R,0,

are chosen as in Rossi et al. [37]. The calcium concentration cCa is dynamically determined by the ten Tusscher et al. cell
model. The obtained update for 𝛾f is used to adjust the stretch required for the active strain approach (5), which is solely
taken into account in this instance. To achieve quasi-incompressibility, we use a penalty of 1 MPa, and chose the mass
density 𝜌 = 1028 kg m−3 in (1d) for the dynamic nonlinear elasticity equations.

To reduce numerical oscillations occurring in explicit time integration schemes [6], we compare two damping models
for cardiac elastodynamics. The first method, known as the Newmark 𝛽-scheme [17], employs a numerical time-stepping
that incorporates an inherent damping effect, while the second method, the Rayleigh damping [20, 38], is a physical
damping. The Newmark scheme is unconditionally stable for 𝛽N ≥ 0.5, 𝛾N ≥ 0.25 and for 𝛾N > 0.5 it provides a numerical
damping effect [6, Sect. 6.3.3]. Therefore, for the damped Newmark scheme without viscosity (𝛼R = 0 s−1), we are using
𝛽N = 0.3 and 𝛾N = 0.6. For the Rayleigh damping, we use 𝛽N = 0.25, 𝛾N = 0.5, and 𝛼R = 200 s−1. This selection was based
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FRÖHLICH et al. 11 of 15

F I G U R E 6 Evolution of the electric potential vm (in mV) during the cardiac cycle. (A) t = 20 ms. (B) t = 30 ms. (C) t = 40 ms.
(D) t = 60 ms. (E) t = 110 ms. (F) t = 500 ms.

T A B L E 5 Convergence in space and time for Newmark method with numerical damping.

Level Elements DOFs ▵ t (ms) |𝛀𝝋| (mm3)
Volume left
ventricle (mL)

Volume right
ventricle (mL)

0 144 656 103 578 1 168 927 141.764 153.224

0.5 168 922 141.635 147.678

0.25 168 919 141.578 145.796

1 1 157 248 703 719 1 168 912 143.911 156.894

0.5 168 905 142.947 155.888

0.25 168 912 143.983 157.589

2 9 257 984 5 129 589 1 168 921 145.995 161.619

on parameter studies and resulted in good damping properties. In addition, we test the convergence in time for a fixed
mesh resolution in space and the convergence in space with a fixed time step ▵ t.

In Tables 5 and 6, we examine the convergence for the cardiac muscle volume and the ventricle volumes at
the end of the cardiac cycle utilizing the damped Newmark method and the Rayleigh damping for 𝓁 = 0, 1, 2. For
▵ t = 1 ms, we observe that all volumes, especially the left and right ventricular volumes at the end of the cycle, that
is, at time t = 800 ms, are remarkably alike and differ only slightly. The differences can be explained by the occur-
rence of several oscillations that arise with the use of the damped Newmark procedure. This is also demonstrated in
Figure 7, where we plotted the deformed volumes of the left and right ventricles throughout the whole cardiac cycle
on 𝓁 = 1.
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12 of 15 FRÖHLICH et al.

T A B L E 6 Convergence in space using the Rayleigh damping with fixed time step of ▵ t = 1 ms.

Level Elements DOFs |𝛀𝝋| (mm3)
Volume left
ventricle (mL)

Volume right
ventricle (mL)

0 144 656 103 578 168 928 142.522 153.852

1 1 157 248 703 719 168 926 145.940 159.900

2 9 257 984 5 129 589 168 925 147.414 162.762
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F I G U R E 7 Comparison of the Newmark method and the Rayleigh damping for a whole cardiac cycle using ▵ t = 1 ms on 𝓁 = 1.
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= 1; ▵ = 0.25 ms (Newmark; RV)

F I G U R E 8 Comparison of damped Newmark method for a whole cardiac cycle on 𝓁 = 1, using different mechanical time steps and a
fixed time step for electrophysiology of 1 ms.

It should be noted that Newmark’s oscillations decrease when using finer meshes or higher-order elements. How-
ever, the use of Rayleigh damping yields smooth volume curves over time without any oscillations, even when using
lowest-order elements. Therefore, the chosen damping parameters render the numerical Newmark damping insufficient,
even though the oscillations are less noticeable for the left ventricle volume curve. Tables 5, 6 and Figure 7 illustrate that
the ventricle volumes are almost the same as those obtained after preloading the unloaded geometry, as shown in Table 1.
In addition, this aspect confirms the validity of our code and demonstrates convergence for both damping methods. In
Figure 8, no convergence in time for the Newmark method can be observed.
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FRÖHLICH et al. 13 of 15

In summary, physical damping alone is adequate and there is no requirement for supplementary numerical damping.
Nevertheless, there are several options for physical damping; alternatively, one may use a Kelvin-Voigt model or only
boundary damping on the pericardium, as we used with a mortar coupling in [11].

Here we use the active strain model. For the active stress model the tests with and without Rayleigh damping
in [13, App. A] also confirm that viscosity is required to avoid oscillations.

5 CONCLUSIONS

In this paper, we discussed the mechanical properties of purely mechanical and coupled electro-mechanical models. For
all experiments, we used a realistc biventricular geometry. In a static mechanical setting, our numerical experiments
demonstrated that the choice of the volumetric penalty to achieve incompressibility is crucial. Globally, using lowest-order
conforming finite elements, we could observe linear convergence for the chamber volumes. In contrast, single elements
showed outliers in analogy to the locking effect of lowest-order approximations with high volumetric penalties. The con-
sidered volumetric penalty is insufficient for these kind of elements. In an extended benchmark setting for the inflation
and contraction of the heart, we tested the active stress and active strain formulations. We can conclude that there are
several differences between the active stress and active strain approaches. With the used update formula for the active
deformation in the active strain model, it was not possible to obtain identical outcomes to those from active stress. Perform-
ing a full cardiac cycle in the coupled electro-mechanical setting, we compared numerical damping with a visco-elastic
model. We observed that the Newmark damping is not sufficient; physical damping, like Rayleigh damping, is necessary.

To improve the conservation of the local volume change and to avoid locking effects, in the next step we want to
test higher-order conforming elements as well as more stabilized finite elements, for example, discontinuous Galerkin
and enriched Galerkin elements. In addition, we will investigate the effect of using different volumetric penalty func-
tions. Using improved finite element discretizations, we expect to achieve improved local incompressibility. We also plan
to investigate different update formulas for the active deformation Fa in the active strain model and to extend the com-
parison with active stress to the dynamics. Furthermore, considering the coupled electro-mechanical model, we will
compare boundary damping in combination with coupling to the circulatory system to damping in the cardiac tissue by
visco-elasticity using Rayleigh or Kelvin-Voigt models.
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APPENDIX. THE TENSOR CROSS PRODUCT

To evaluate the derivatives of det(Du) and Cof (Du) we use the calculus in [7, Appendix] extending the vector product to
tensors. For matrices A,B ∈ R3×3 and vectors v,w ∈ R3, the matrices v × A,B ×w,A × B ∈ R3×3 are defined by

(v × A)w = v × (Aw) , (B ×w)v = B(w × v) , v ⋅ (A × B)w = (v × A) ∶ (B ×w).

This implies v × A = −A⊤ × v, A × B = B × A, and (A × B) ∶ C = (B × C) ∶ A = (A × C) ∶ B.
In particular, we have Cof A = 1

2
A × A and det A = 1

6
A ∶ (A × A). From this we also get the identity Cof A =

(det A)A−⊤.
For the volumetric penalty we get Wvol(J) = 1

2

(
1
6

F ∶ (F × F) − 1
)2

and thus

DFWvol(det F)[H] = (det F − 1)
(1

6
H ∶ (F × F) + 1

3
F ∶ (H × F)

)

= 1
2
(det F − 1)H ∶ (F × F) = (det F − 1)Cof (F) ∶ H.
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