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Electromagnetic effects in anti-Hermitian media with gain and loss
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Incorporating both gain and loss into electromagnetic systems provides possibilities to engineer effects in

unprecedented ways. Concerning electromagnetic effects in isotropic media that have concurrently electric and
magnetic responses, there is, in fact, a degree of freedom to distribute the gain and loss in different effective
material parameters. In this paper, we analytically scrutinize wave interactions with those media, and, most
importantly, we contemplate the extreme scenario where such media are anti-Hermitian. Considering various

conditions for excitation, polarization, and geometry, we uncover important effects and functionalities such as
lasing into both surface waves and propagating waves, conversion of evanescent source fields to transmitted
propagating waves, full absorption, and enhancing backward to forward scattering ratio. We hope that these
findings explicitly show the potential of anti-Hermiticity to be used in optical physics as well as microwave
engineering for creating and using unconventional wave phenomena.
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I. INTRODUCTION

Non-Hermitian systems have recently engrossed consider-
able attention in quantum and classical physics [1], including
optics [2]. Designing non-Hermitian optical systems with bal-
anced distribution of gain and loss allows to have the salient
feature of parity-time reversal symmetry [3,4], which gives
rise to a multitude of seductive phenomena and applications
such as realizing laser-absorber devices [5—7], single-mode
lasing [8,9], generation of orbital angular momentum las-
ing [10], unidirectional invisibility [11-13], sensing [14-16],
and so forth. Concerning isotropic optical media, parity-time
reversal symmetry is achieved by properly engineering the
effective permittivity (or dielectric constant) in space such
that the real and imaginary parts of this effective parame-
ter are even and odd functions with respect to the position
vector, respectively [17]. However, in contrast to the distri-
bution of the optical gain and loss in space, one alternative
way is to distribute the optical gain and loss in different
effective material parameters. For linear isotropic media, this
is feasible in media possessing simultaneously electric and
magnetic responses such as magnetodielectric materials. If
magnetic polarization processes exhibit losses, the electric
response can bring equivalent gain or vice versa. From this
point of view, complex conjugate media that have been studied
lately [18-21] are an example of such media. An interesting
question is how light interacts with matter in the extreme
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case of vanishing real parts of permittivity and permeabil-
ity in such media [22-25]. In this exotic scenario, since the
Hermitian transpose of the permittivity and permeability re-
trieves the permittivity and permeability with a minus sign,
the medium is called anti-Hermitian [25]. In fact, this anti-
Hermitian medium is the generalized duality transformation
of Tellegen nihility in which the Tellegen parameter is purely
imaginary [25].

In this paper, we thoroughly investigate electromagnetic
wave interactions with anti-Hermitian media and objects. We
examine various electromagnetic effects by studying inter-
faces, slabs with a back mirror, and spherical inclusions, and,
also, by taking different polarizations and excitations into
account. We demonstrate that as a result of anti-Hermiticity
with nonzero gain and loss, the fundamental properties of
evanescent and uniform plane waves dramatically change,
which engenders interesting wave phenomena including a
lasing effect of creating surface waves (as well as propagating
plane waves), full polarization conversion, perfect matching
and absorption, polarization selectivity, and large backward to
forward scattering ratio for small inclusions.

The paper is organized as follows: Section II concentrates
on the problems mainly associated with planar geometries
(interfaces, slabs, and metasurfaces), and Section III consid-
ers wave interactions with anti-Hermitian spherical particles.
Section IV concludes the paper.

II. SCATTERING FROM PLANAR GEOMETRIES
A. Anti-Hermitian interfaces

We start by considering a planar interface between free
space (x < 0) and an anti-Hermitian half-space (x > 0)

Published by the American Physical Society
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FIG. 1. (a) Interface between free space and an anti-Hermitian half-space. An incident plane wave with amplitude A, is partially reflected
and transmitted with reflection and transmission factor r, and #;, where s = TE, TM. (b) Perfect conversion of an elliptically polarized
evanescent wave to a linearly polarized propagating wave at an anti-Hermitian interface. (c) Simulation of an interface between free space
and anti-Hermitian half-space for an evanescent-wave excitation and a propagating transmitted wave with the material parameter x = +2
and k, given by Eq. (5). The green arrows show the time-averaged Poynting vector. (d) Simulation of an interface between free space and
anti-Hermitian half-space for an evanescent-wave excitation and an evanescent transmitted wave for the material parameter y = %2 and

k, = 2.5ko. The green arrows show the time-averaged Poynting vector.

characterized by the relative material parameters

6]

in which y is a real-valued quantity and j is the imaginary
unit, see Fig. 1(a). In the electrical engineering convention
with a time dependence e/, a positive value of x results in
loss in the electric response and gain in the magnetic response,
and vice versa. We are interested in the amplitude reflection
and transmission factors for a plane-wave incident from free
space on the interface. By using a plane-wave ansatz for
the incident, reflected, and transmitted fields, and due to the
continuity of the tangential components of the fields at the
interface x = 0, we achieve Fresnel’s formulas for TE and TM
polarized incident waves

Fjxkix — kox
:tjxklx + k2x ’

& =—ix, Me=]X,

TTE,TM = treom = 1+ rgrv. (2)
These reflection coefficients are defined as ratios of the tan-

gential components of electric fields for TE polarization and
of magnetic fields for TM polarization. Here, k;, = v kg — k?

and k», = v'n*k§ — k? are the normal components of the wave
vectors in the free space and anti-Hermitian half-spaces, re-
spectively, k, is the transverse wave vector component, ky =
w./€oito represents the free-space wave number and n = | x|
is the refractive index of the anti-Hermitian medium. The
upper sign in Eq. (2) corresponds to TE polarization and the

lower sign stands for TM polarization. It is evident that to
switch between the two polarizations, one should exchange x
by —x,i.e., rre(—x) = rrm(x ). The physical meaning is that
TE and TM polarized fields behave in exactly the same way if
gain and loss in the electric and magnetic responses is flipped.
Note that this only holds because in the first half-space the
relative permeability and relative permittivity are equal. Due
to the translation invariance of the geometry along the z axis,
the transverse component of the wave vector k;, is conserved,
and thus identical in both media.

In our paper, we always assume k, to be real, meaning
that the incident, reflected, and transmitted waves propa-
gate in the z direction. Depending on the value of k., the
normal components of the wave vectors ki, and kp, are
either real, corresponding to a propagating wave, or imag-
inary, corresponding to an evanescent wave along the x
direction. Accordingly, this defines four different cases: An
incident propagating or evanescent wave in free space can
be transformed into a propagating or evanescent wave in the
anti-Hermitian medium.

Based on Eq. (2), it is clear that if both &}, and k;, are either
real or imaginary, the magnitude of the reflection factor g v
is unity for both polarizations. An interesting consequence is
the fact that in the case of propagating incident and transmit-
ted waves, although the interface shows full reflection, there
is propagation without attenuation into the anti-Hermitian
medium. Thus, the propagating wave in the anti-Hermitian
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medium should not carry power, and the time-averaged
Poynting vector needs to be zero. For deeper understand-
ing, we write the TE polarized fields as E = Eye’j(kl*”k@:?l’V
and H = (E, /(wpopr))e 302tk (—k 4, + ky,4,) and calcu-
late the time-averaged Poynting vector which is ultimately
given by

|2

1 E,
(S) = SRelE x H' = - 2 _m[j e, (3)
2 2wpox

where Re[...] and Im[...] are the real and imaginary parts of
the expression inside brackets. Equation (3) explicitly con-
firms that the averaged power density in the anti-Hermitian
medium indeed vanishes if &, is real-valued. Interestingly, ac-
cording to Eq. (3), we uncover that in contrast to propagating
plane waves, evanescent waves do carry time-averaged power
since the corresponding normal component of the wave vector
is imaginary for those waves. From a technical point of view,
it means that, counterintuitively, the wave impedance is purely
real for evanescent waves in an anti-Hermitian medium. This
finding will be important later, particularly for explaining
full absorption and lasing. It is worth noting that for TM
polarization, in Eq. (3) we need to exchange (Ey, 1o, x) —
(Hy, &0, —x ), meaning that the qualitative result stays the
same.

If an incident evanescent wave in free space is transformed
into a propagating plane wave in the anti-Hermitian medium
or vice versa, i.e., ki, and k,, are not both real or both
imaginary, the reflection factor Egs. (2) is purely real, and its
magnitude is always larger or smaller than unity, depending
both on the sign of x and the polarization of the incident wave.
In the following, we will investigate each of the four possible
cases. We will mainly focus on evanescent-wave excitation,
because to the best of our knowledge, these cases have not
been discussed before.

Let us first assume the case of an evanescent-wave ex-
citation in free space that is transformed into a propagating
transmitted wave in the anti-Hermitian medium, meaning that
ko < k; < |x|ko. We will denote this case as e — p. It follows
that k;, is real and positive, and kj, = —jlki | = —jV kz2 — ké
is purely imaginary, where the negative sign ensures decaying
fields for x — oco. Using Eqgs. (2) and considering only TE
polarization (recall that TM polarization solutions we obtain
by simply exchanging x with —x), we find

e—>p __ X|k1x| - ka
T Xl ko
We immediately see that the reflection factor Eq. (4) is purely

real, and its magnitude is always larger (smaller) than one for
negative (positive) x. For ky, = x |ki,|, or, equivalently, for

“

2y2

kz=k0 X2+1’

the reflection factor is zero if x is positive and has a pole if x
is negative.

In the case of zero reflection, the interface shows the
remarkable property of perfectly matching an evanescent,
exponentially decaying wave to a propagating wave with a
constant amplitude. This is not possible using conventional
dielectric media, where the reflection coefficient is always

of magnitude one in such a case. Moreover, considering a
TM polarized wave, the electric field is in general ellipti-
cally polarized in free space but linearly polarized in the
anti-Hermitian medium, meaning that this interface allows a
lossless transformation between elliptical and linear polariza-
tions. This case is illustrated in Fig. 1(b).

On the other hand, in the case of infinite reflection, the
interface acts as a laser creating evanescent waves that expo-
nentially decay into vacuum. In other words, an evanescent
incident wave matching the condition Eq. (5) results in an
(ideally infinitely) enhanced surface wave that carries power
only along the z axis. It appears that this is a unique struc-
ture that lases directly into a surface wave. Importantly, the
semi-infinite space filled by an anti-Hermitian medium can
be terminated at any depth by a matched boundary that is
purely reactive because the wave impedance in this medium
is purely imaginary. Consequently, this surface-wave laser
can be realized as a thin (as thin as desired) layer of an
anti-Hermitian medium on a high-impedance surface. For op-
tical applications, the impedance boundary can be realized
as a simple low-loss dielectric slab on a mirror surface. For
microwave applications, there are more compact realizations,
such as mushroom layers, for example.

To confirm the possibility of self-oscillations of this
surface-state lasing structure, we need to show that a com-
plex x = x'+jx” corresponds to a complex pole of the
expression Eq. (2) with a negative imaginary part of the fre-
quency. Negative imaginary part of the complex frequency
corresponds to exponentially growing solutions in the linear
regime. Let us assume that x is complex valued with a small
imaginary part |x”| < |x’| and consider the TE polarization.
Setting the denominator of Eq. (2) to zero, we see that the
equation for the pole jxk;, = —kp, now has the complex
solution kg = k(1 + jé) with a real k{ and a small imaginary
part |§| < 1. To find this §, we express the refractive index n
and the normal components of the wave vector in both media,
keeping in them only the terms of the zero and first orders of
smallness:

I’l2 ~ X/2 +2jX/X//s

] ) k/25
ki & —j\ k2 — k(?(l ~im k'Z)’
0

Z

k/ZX/(X//_,r_(SX/)
koe = 2k — k2| 14222 2 7). 6
2 X Ko Z J szk(/)z _ k? ©)

The real part of the complex pole equation jx k;, = —kp, with
these substitutions reproduces Eq. (5) in the form

2X/2
k, = kg, | ———. 7
Z 0 X/2+1 ( )

Consider the case x’ < 0 and |x’| > 1. Then we have 1 <
k./ki < 1x'l and x" = —|x’|. In this case, the imaginary part
of the complex pole equation delivers the following solution:

X" (@ —1D/x?—a? —|x'|Va? — 1
— <
[x’] VX% — o+ ) |Ve? -1

if x” <0, where we have denoted o = k;/k;. It means that
the imaginary part of the complex frequency is negative.

5= 0, (8
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Similarly, one may prove that, in the TM case, lasing cor-
responds to x' > 0. For one of the two polarizations, the
self-oscillation condition is always satisfied.

We confirm these results with a numerical simulation per-
formed with the software tool COMSOL MULTIPHYSICS, see
Fig. 1(c). The anti-Hermitian parameter is set to x = %2, and
the interface is illuminated by a TE-polarized plane wave with
the z component of the wave vector given in Eq. (5). For
negative x, the interface acts as a surface laser, manifesting
its functionality in strong evanescent fields close to the inter-
face in free space, and a propagating wave with theoretically
infinite amplitude in the medium. The time-averaged Poynting
vector, shown by green arrows, points only along the z axis in
free space and reaches its highest value at the boundary. Inside
the medium, the time-averaged Poynting vector is zero. For
positive yx, the reflection factor is zero, which is seen in lower
values of the electric field and the Poynting vector decreasing
in free space along the x direction.

Let us continue with the case of an evanescent-wave exci-
tation that is also evanescent in the anti-Hermitian medium,
i.e., k; > ko and k; > |x|ko, which we denote as e — e. Both
normal components of the wave vectors in free space and the
anti-Hermitian medium are negative imaginary and we find
the reflection factor for TE polarization as

V%Ee — M — ejlﬁ’ 9)

X |k1x| - ]|k2x|

which has unit magnitude. As stated above, inside the anti-
Hermitian medium propagating waves do not carry power, but
evanescent waves do, which is opposite to the behavior in
free space. Consequently, the evanescent wave in free space
carries power along the z direction (the propagation direc-
tion), whereas the evanescent wave in the medium carries
power along the x direction (the evanescent direction). For
TE polarization, the time-averaged Poynting vector in the
medium given by Eq. (3) points towards the interface in the
—x direction for positive x and points away from the interface
in the +x direction for negative x. This is because for pos-
itive (negative) x, the medium shows an overall gain (loss).
To understand this result, we note that for a TE-polarized
evanescent wave the magnetic dissipated power is always
larger than the electric dissipated power in the anti-Hermitian
medium, |€yx |E|?| < |0 x |H|?|. Thus, the magnetic response
dominates, meaning that gain due to the permeability (positive
x) leads to total gain in the anti-Hermitian medium, and loss
in the permeability (negative x) leads to an overall loss. For
a TM polarized evanescent wave, this conclusion is reversed:
The electric dissipated power dominates, hence the permit-
tivity determines whether the medium shows an overall gain
or loss.

Moreover, this is the fundamental reason why we need to
retain only evanescently decaying fields in the anti-Hermitian
medium, even though it is an active medium and hence an
exponentially growing solution is, in principle, allowed. To
see why, let us consider TE polarization, for which the time-
averaged Poynting vector is given by Eq. (3). The direction of
the Poynting vector is determined by the sign of Im[k;,]/x.
As discussed above, for positive x, the medium acts as a gainy
material and hence radiates power into free space. The Poynt-
ing vector must therefore point in the negative x direction,

which enforces a negative sign of the imaginary part of k.
On the other hand, if x is negative, the medium is lossy and
absorbs power entering from free space. Consequently, the
Poynting vector must point in the positive x direction, which
again enforces a negative imaginary part of k,,. This proves
that there can only be evanescently decaying waves in the
anti-Hermitian medium.

However, there is an apparent contradiction: Both inci-
dent and reflected waves are evanescent and hence, on their
own, do not carry power along the x direction. But inside
the medium, depending on the sign of y, power is flowing
in the +x or —x direction, and due to the continuity of the
x component of the Poynting vector at the interface, there
must be a nonzero x component of the Poynging vector in
free space. But how can power flow in the x direction in free
space? The answer lies in the phase of the reflection factor.
By superimposing forward and backward evanescent waves,
the latter with a phase shift of ¢, as seen in Eq. (9), the
time-averaged Poynting vector shows a nonzero component
along the evanescent decay direction proportional to sin ¢.
Recall that in the case e — p discussed above, the reflection
factor is purely real, and hence the sine of the phase of the
reflection factor is always zero, ensuring a zero time-averaged
Poynting vector in the x direction.

Numerical simulation results for x = &2 for TE polar-
ization are shown in Fig. 1(d). For negative x, the medium
is lossy, and the Poynting vector inside the medium points
away from the interface as the incident power is dissipated.
In free space, the Poynting vector bends towards the interface.
For positive x, the medium is gainy, and the Poynting vector
points towards the interface in the medium. In free space, the
Poynting vector bends away from the interface, as the medium
radiates towards the —x-direction.

The case of a propagating incident wave has been discussed
in some detail in the literature [19,22]. As briefly mentioned
above, if the transmitted wave in the medium is propagating
as well, the reflection factor is a phase factor of magnitude one
and there is no power transfer into the medium. Even so, there
are reactive fields inside the medium, which can be used, e.g.,
for sensing applications.

If the transmitted wave is evanescent, denoted as p — e,
ki is real and positive and ko, = —jlko,| = —jVkZ — x2kj.
This situation can take place only for |x| < 1 and for angles
of incidence larger than the critical angle of total internal
reflection 6, = arcsin (| x|). The reflection factor Eq. (2) for
TE polarization reads

p—e Xklx + |k2x|
g = —/——, (10)
Xklx - |k2x|
and it is always larger than unity for positive x (u, gainy)
and smaller than unity for negative x (u. lossy). As a result,
the interface shows gain for positive y and loss for negative
X, the underlying reason of which was already discussed for
the case e — e. Further, the time-averaged Poynting vector in
Eq. (3) is nonzero in the anti-Hermitian medium and points
towards the interface in the negative x direction for positive
x (the gainy medium radiates back to the free space), and
away from the interface in the positive x-direction for negative
x (the lossy medium dissipates incident power). Setting the
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TABLEI. Summary of reflection factors for an interface between
free space and an anti-Hermitian medium.

Case TE ™
p—>p [rre| =1 [rrm| =1
e—>e [rrel =1 [rm| =1
_|>L x>0 _J>1L x<0
p—¢ |rTEl_{<l,)(<0 |rTMl_{<1,)(>O
_|>L x<0 _J>L x>0
€e=p |rTEl_{<l,)(>0 |rTMl_{<1,)(<()

numerator in Eq. (10) to zero, we find the same condition for
k, leading to infinite or zero reflection coefficient for positive
or negative x as in Eq. (5), which can be converted into an
angle of incidence given by k, = kg sin 6.

It is worth emphasizing that for positive y, any infinites-
imal incident field satisfying Eq. (5) experiences infinite
reflection, which makes this interface a laser without the need
of a resonator cavity. For TM polarization, we again find zero
or infinite reflection coefficients for the condition stated in
Eq. (5) but for the opposite signs of x as compared to TE po-
larization. As a result, for a plane-wave incident at the critical
angle 6;., waves of one of the polarizations experience infinite
reflection, while waves of the other experience zero reflection,
which is an interesting generalization of the Brewster-angle
phenomenon. One might raise a question of what happens
when the incident wave approaches normal incidence, i.e.,
k, — 0, because in that case there is no difference between
TE and TM polarizations. However, as soon as k, = 0, ky, is
real for any value of x, we are no longer in the propagating
to evanescent regime and hence there is no lasing or perfect
absorption possible.

Again, the pole of the reflection factor corresponds to
lasing. The proof is similar to that presented above for the
evanescent to propagating case—assuming small imaginary
parts of x and ky one may show that the pole indeed corre-
sponds to waves growing in time.

Finally, the reflection factors for TE and TM polarizations
for the four different combinations of incident and transmitted
waves are summarized in Table I.

B. Anti-Hermitian slabs backed by a mirror

Next, we consider a slab of thickness d, infinitely extended
in y and z directions, filled by an anti-Hermitian medium. The
volume x < —d is free space and there is a perfect electric
conductor (PEC) boundary at x = 0, see Fig. 2(a). Let a
TE-polarized plane wave with electric field along the y axis
be incident under an angle 6, with respect to the surface
normal of the slab. The electric field in the half-space above
the slab x < —d (region I) is the superposition of incident and
reflected waves Ej = Aj(e *0+d) 4 Rypelh )3 - where
kiy = Vk§ — kZ, Rrg is the reflection factor of the grounded
slab and A is the amplitude of the incident field. Similarly,
the electric field inside the slab (region II) is a superposi-
tion of forward and backward propagating plane waves Ej; =
Ap(e Vkx — elfx0)a - where the PEC boundary condition at

x = 0 is already satisfied, k>, = \/szg — kf, and Ay is the

amplitude of the fields inside the slab. For readability, the
common propagator e % is dropped. From Maxwell’s curl
equation V x E = —jououH, we find the corresponding
magnetic fields in the regions outside and inside the slab, and
by imposing the boundary conditions at x = —d we find the
amplitude reflection factor

_ Xklx tan (k2xd) + k2x
" xkitan (kayd) — ko,

R (11
Following an analogous analysis for TM polarization, where
we make a field ansatz for the y component of the magnetic
field and calculate the electric field from V x H = jwep€,E,
we find the amplitude reflection factor

_ Xklx + k2x tan (k2xd)
 xkix — ko tan (kaxd)

Rym (12)
Comparing Eqgs. (11) and (12), it is evident that fields of
TE and TM polarizations behave fundamentally differently in
this system. The simple conversion rule between polarization
states by changing the sign of x as in the interface problem
is no longer valid, which is because the symmetry of TE
and TM polarizations is broken by the PEC boundary. If the
incident wave is evanescent (kj, imaginary), the reflection
factor for both TE and TM polarization always has magnitude
one, which can be easily verified from Egs. (11) and (12). If
the incident wave is propagating, the reflection factor for both
TE and TM polarizations can, in principle, diverge (lasing)
or go to zero (perfect absorption) for both propagating and
evanescent waves in the slab. Figures 2(b) and 2(c) show
the absolute values of the reflection factor for TE and TM
polarizations, respectively, for 0 < k;/kg < 1, =3 < x < 3,
and the slab thickness kod = 2.

One key result is the fact that for the TM polarization,
lasing can be achieved for an arbitrarily small value of x
at near normal incidence, as long as y is negative. This
branch in Fig. 2(c) corresponds to evanescent waves inside
the slab, as | x| < k,/ko. As discussed for the interface above,
TM polarized evanescent waves are dominated by the electric
response, which is again confirmed by the fact that within
these additional branches for the TM polarization, the slab
shows gain for negative x and loss for positive x. Simulation
results for a TM polarized plane-wave incident under an angle
of 6; = 10.64° on the slab for kopd = 2 and y = £0.06 are
shown in Fig. 2(d). For x = —0.06, the slab acts as a laser, for
x = 0.06 the slab acts as a perfect absorber. The numerical
values for the reflection factor in simulations agree with the
theoretical results calculated from Eq. (12).

For grazing incidence k, — kg, there are exotic points in
the reflection factors for specific values of x, where the in-
finite and zero reflection curves intersect. To understand this
effect, let us see when the reflection factor for TE polarization
Eq. (11) has a null or a pole in the case of k, — ky. We need to
set the numerator or denominator in Eq. (11) to zero, resulting
in the condition

XK — K2 (4323 —2) = £,/ — k2, (13)

where the plus sign is for a pole and the minus sign is for
a null. If we assume x to be finite and not equal to one, we
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FIG. 2. (a) An anti-Hermitian slab at a PEC boundary. An incident plane wave with amplitude A; is reflected by the slab with reflection
factor Ry, where s = TE, TM. (b) Absolute value of the reflection factor for TE illumination of a slab at a PEC boundary for kod = 2 in
logarithmic scale. One can clearly see the regions where the slab acts as a laser (red) or as a perfect absorber (blue). (c) Same as (b) but for TM
polarization. Interestingly, two additional regions for infinite and zero reflection appear for small values of x. These correspond to excitation
of evanescent waves in the slab. (d) Simulation of an anti-Hermitian slab backed by a PEC boundary for TM polarization for an angle yielding
infinite or zero reflection, depending on the sign of x. The slab thickness is kod = 2 and k, = 0.185k,, which corresponds to an incident angle
0, = 10.66°. The green arrows show the time-averaged Poynting vector. (e) Simulation of the anti-Hermitian slab for TM polarization at near
grazing incidence. Here x = —1.79, such that lasing occurs for k, = 0.991k,. (f) Absolute value of the reflection factor for TM polarization as
a function of x for two different incident angles and kyd = 2. (g) Absolute value of the reflection factor for TM polarization as a function of
the electrical slab thickness kod for two different values of x at near grazing incidence k, = 0.999%kj.

see that the right-hand side of Eq. (13) is finite. Since on
the left-hand side the term +/ ko2 — kf tends to zero, we con-
clude that the tangent term must diverge, i.e., d+/ szoz — kf =
w(1/2 4+ m), m € Z. For k, — ko, this condition simplifies
to kody/x* — 1 =m(1/2 4+ m). Note that the tangent term
tends to both plus and minus infinity at these points, which
means that they simultaneously correspond to nulls and poles,
according to Eq. (13). For m = 0 and kod = 2, we find x =
V' 1+ (/4)? ~ 1.27, which agrees with Fig. 2(b). For TM
polarization, we find the analogous condition kod+/x> — 1 =
M.

In Fig. 2(e), the slab is simulated for TM incidence and
x = —1.79, for which lasing occurs at near grazing incidence
k, = 0.991ky [see Fig. 2(c)] or 6; = 82.3°. Compared to the
near normal incidence case Fig. 2(d) where the fields inside
the slab are evanescent, we observe a standing wave pattern
inside the slab along the x direction. Surprisingly, the standing
wave inside the slab carries nonzero time-averaged power in
the x direction. This can be seen as complementary to the case
above in Sec. Il A, where we discussed how the superposition
of two evanescent waves in vacuum (or a dielectric) can give
rise to nonzero averaged power flux, even though a single
evanescent wave cannot carry time-averaged power. In the
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anti-Hermitian medium, the superposition of two propagat-
ing waves may lead to a nonzero time-averaged power, even
though this is not possible for a single propagating wave.

The behavior of the slab for TM polarization at near graz-
ing incidence is illustrated in Figs. 2(f) and 2(g). In Fig. 2(f),
the reflection factor as a function of the anti-Hermitian pa-
rameter x is shown for two different values of k.. The dashed
vertical lines indicate the positions of the poles. In the limit
of k, — ko, the reflection factor approaches unity (this value
is shown by the dashed horizontal line), except for the special
points where the nulls and singularities of the reflection coeffi-
cient merge. At exactly these points, the analytical expression
for the reflection coefficient is not determined, giving the ratio
0/0. We observe that the resonances in the reflection factor be-
come sharper the closer the tangential wave vector approaches
the limiting value of kg. It is clearly visible how the zeros
and poles approach each other in the limit of k, — kq. In
Fig. 2(g), the reflection factor as a function of the electric
slab thickness kod, which for constant d can be regarded
as a measure of frequency of the incident wave, is plotted
for two different values of x and k, = 0.999k. Close to the
degeneracy points, the reflection factor is extremely sensitive
for frequency changes, which could be potentially interesting
for sensing applications. For larger values of yx, the resonances
in the reflection factor become narrower.

C. Anti-Hermitian metasurfaces

Let us next discuss illumination of a PEC-backed layer by
a normally incident wave with k, = 0, meaning that k;, = ko
and kp, = | x|ko. We find the reflection factors from Egs. (11)
and (12) as

. tan § + sgn[x]

= ,  Rtv = —R1g, 14
tan§ — sgn[x] ™ e s

TE
where sgn[x] = |x|/x and § = kod|x|. For positive values
of x, the reflection factors diverge when 6 = (4m + 1)m /4,
where m = 0, 1, 2.... Accordingly, by assuming that x > 1,
the divergence of both Ryg and Rty can take place for m = 0,
resulting in kod = (/4 ) < 1, which means that the slab is
electrically very thin as compared to A = 27 /ky. If the slab is
located in free space, similar divergence of Rrg and Rty holds
at resonances, and the corresponding value kod = (7 /2x)
[22] can be also smaller than unity if x > 1. This result
indicates that one can engineer creation of a normally radiated
wave from an anti-Hermitian metasurface.

However, it is not possible to model metasurfaces (sheets of
negligible thickness) with volumetric material parameters, as
in Egs. (14). To properly describe lasing from anti-Hermitian
metasurfaces formed by single-layer arrays of small particles,
we use the surface susceptibility model, e.g., Ref. [26]. In
our case of a thin magnetodielectric layer, the electric and
magnetic susceptibilities of the metasurface can be defined in
a scalar form, relating the surface densities of polarizations
with the tangential fields: x.. = P;/(E) and y,,, = M/{(H).
Here, brackets denote averaging of macroscopic £ and H
fields taken on both sides of the metasurface. Expressing the
susceptibilities in terms of the material parameters of the slab,
we find that for an anti-Hermitian metasurface x,,,, = £j&é =
F Xee’?é The reflection coefficient of such a metasurface is

expressed via x.. and x,., in Eq. (4) of Ref. [26]. Equating the
denominator of that expression (in which we should nullify
the bianisotropic susceptibilities) to zero, we easily obtain the
effective parameters of the anti-Hermitian metasurface as
Xmm = @7 Xee = _.i’ (15)
w JNow
which grant lasing from the metasurface in the normal di-
rection. In practice, an anti-Hermitian metasurface can be
realized as a dense array of small resonant electric and mag-
netic scatterers. The electric or magnetic gain in them can be
offered by some pumping, whereas purely lossy magnetic or
electric response arises at the Lorentzian resonance naturally.

We have hitherto discussed how to realize anti-Hermitian
metasurface lasing in the broadside direction. However, one
can also generalize this theory for oblique incidence and find
poles of the reflection coefficients also for other angles. Con-
cerning this scenario, first, by equating the denominators in
Egs. (11) and (12) to zero, we find that it is indeed possible
for both reflection factors to diverge under the conditions
kod < 1 and x > 1. This suggests that there is a possibility
to realize this response by a metasurface with proper values
of susceptibilities. We only need to calculate the analogous
expressions to Eq. (15) to find the metasurface parameters that
provide lasing effect at a particular angle.

Before we move to the next section, we would like to
mention possible realizations of an anti-Hermitian medium
in practice. In general, first, we need metamaterials that si-
multaneously provide electric and magnetic responses (e.g.,
using wire media and split rings or racemic mixtures of
spiral inclusions or using arrays of dielectric particles exhibit-
ing electric and magnetic dipolar responses). Second, since
the real parts of the permittivity and permeability are zero,
we are required to choose resonant designs and work at
the resonance frequency, where the real parts cross zero.
In the literature, there are many works on epsilon-near-zero
(and/or u-near-zero) materials and metamaterials, see, e.g.,
a review in Ref. [27]. Comparing to those works, to realize
anti-Hermitian media it is necessary to make zero only the real
parts of the material parameters (which is always possible at
resonance), while usually it is required that also the imaginary
parts would be negligibly small. Finally, one of the two frac-
tions (electric or magnetic) should be pumped by an external
source to provide the required gain. Within the microwave
regime, we believe that it is viable to satisfy the above two
conditions by employing for example split-ring resonators
loaded by active electronic devices that realize effective neg-
ative load resistance. At high frequencies, it is known that,
for example, particular photonic crystals constructed from
cylinders give both electric and magnetic responses, with loss
and gain, and with zero real parts for the permittivity and
permeability (e.g., see Ref. [23]).

III. MIE SCATTERING FROM AN ANTI-HERMITIAN
SPHERICAL PARTICLE

The interaction of light with objects having spherical
symmetry, as depicted in Fig. 3(a), can be analyzed using
the classical Mie scattering principles [28-30]. Measures for
the effect of the particle on the incoming radiation are its
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FIG. 3. (a) Plane-wave scattering by an anti-Hermitian sphere. (b) The absorption efficiency Q,s of an anti-Hermitian sphere as a function
of both the material parameter 0 < x < 3 and the size parameter x up to the value of 2. (¢) The back-to-forward scattering cross section ratio of
an anti-Hermitian sphere as a function of its size parameter x and the material parameter x . There is a singularity for x = +/2 as the sphere size
approaches zero. (d) Forward and backward scattering efficiencies as a function of the sphere size in the dipolar limit for three different values
of x, which are close to +/2. The forward scattering efficiency is very sensitive to changes in x, whereas the backward scattering efficiency is
approximately constant.

scattering, absorption, and extinction cross section. Depending on the relative permittivity €, and relative permeability u, of the
material from which the sphere is made and, also, the optical size parameter X = 2w a/X (A is the wavelength in free space, and
a represents the radius), the three normalized efficiencies read

Csca 2 > 2 2
sca — Ta2 = ﬁ ;(Zn + 1)(|an| + |bn| )s
Cext 2 > (16)
Qe = —3 = 35D _(n+ DRela, + by,

n=1

and Qups = Qext — Osca. Here, Cyy, and Cgy are the scattering and extinction cross sections, respectively. The electric and
magnetic Mie coefficients appearing in these expressions are given as functions of the primary parameters of the sphere by

a = \/E_rl/fn(«/ﬂurx)lﬂ,’l(X) - \/lTr%(X)l/f,’l(«/ € X)
" VaUn (Ve X)E X)) — e EdCOYL (e X)

y NIV (ET X0 = & XY, (Ve X) a
" SV (Ve X)ENX) — /& ECOVL (e X)

(

Based on these formulas, Fig. 3(b) illustrates the Mie
scattering theory prediction for the absorption efficiency Qaps
of an anti-Hermitian sphere in the parameter space (x < 3
and X < 2). Remarkably, the absorption efficiency is neg-

The Riccati—Bessel functions ¥, and &, are expressed as

Ua(0) = p ju(p), &) = phP(p), (18)

by using the ordinary spherical Bessel (j,) and Hankel (4,)
functions. It is worth noticing that in the electrical engineering
convention that we use in this paper, the Hankel functions of
second kind with an asymptotic form exp(—jp)/p as p — o0
must be employed for outgoing spherical waves.

ative for all values of X and yx, meaning that the sphere
always exhibits gainy behavior. Thus, although the mate-
rial is magnetoelectrically symmetric in terms of gain and
loss, a finite object displays a global gain. Moreover, the
sphere treated in Fig. 3(b) is characterized by loss in the
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permittivity and gain in the permeability. However, there ex-
ists a true symmetry: Recomputing the absorption efficiency
for a dual sphere where permittivity is gainy and permeability
lossy with the same amplitudes returns us exactly the same
plot as in Fig. 3(b). This is understandable considering that
the electric (a,) and magnetic (b,) Mie coefficients (which
add up equally in the efficiency expansions) are dual in the
sense that they exchange values when permittivity and perme-
ability are swapped: a,(€;, u,) = b,(U;, €), as is clear from
Eq. (17). Here, we stress that besides absorption efficiency,
we calculate also the scattering and extinction efficiency of an
anti-Hermitian sphere for the completeness of the study. The
results are briefly discussed in the Appendix of the paper.

Let us investigate how the anti-Hermitian characteristic
affects the backward to forward scattering ratio Qy/Qy for
optically small particles. At small values of X, we use the
dipole approximation, retaining only the terms n = 1. By
employing the Taylor expansion of spherical Bessel and Han-
kel functions, we infer that a; = —(2X>/3j)(e; — 1)/(e; + 2)
and b; = —(2X3/3j)(ur — 1)/(iur + 2). If we substitute these
expressions into the ratio given by Qy/Qr = |a; — b1|*/|a; +
b, |2, we find that

% _ Oler — /1«r|2

Qf |€r+/’(/r+26rﬂr _4|2’
see, e.g., Ref. [30]. This relation is general and is not limited
to the anti-Hermitian sphere. Obviously, backward scattering

vanishes if €, = u,. Forward scattering vanishes when the
denominator is zero, which takes place when

19)

4 — 4—e
€& = or = .
= T 2,

1+ 2u, 20
This is the so-called second Kerker condition [31]. For pas-
sive spheres, this condition can be satisfied only for lossless
particles [30], and the apparent contradiction with the optical
theorem (zero forward scattering while the extinction cross
section is not zero) is resolved by accounting for higher-order
terms in the Mie expansion [32].

If ur = 1, then €, = 1, which means that for dipolar non-
magnetic spheres, zero forward scattering is not possible even
for active particles. It was shown that active dielectric scatter-
ers usually provide higher values of Qy,/Qy, but this occurs
for only larger values of X [33]. However, using Eq. (20),
we readily prove that if x, and €, are purely imaginary, the
second Kerker condition is satisfied at €, = —u, = :I:jﬁ. It
is expected that this peculiar value results in having tremen-
dous amount of backward scattering compared to the forward
scattering. To confirm this theoretical derivation, we made
corresponding full-wave simulations and plotted Qy,/Qr with
respect to x and X. As seen in Fig. 3(c), near x ~ «/5, the
ratio is indeed very large. This is because the forward scatter-
ing efficiency approaches zero, while the backward scattering
efficiency is finite. In Fig. 3(d), the forward and backward
scattering efficiencies for a small sphere (X < 0.2) and sev-
eral values of x being close to /2 are shown separately. We
clearly observe that the forward scattering efficiency has a
local minimum that shifts considerably to lower values of X as
x is slightly decreasing and becoming close to /2, while the
backward scattering efficiency is approximately insensitive
to those changes in the value of y. Thus, first, this local

minimum for the forward scattering efficiency gives rise to
the large backward to forward scattering ratio, and, second,
the forward scattering efficiency reaches zero only at exactly
x =~/2forX — 0.

For comparison, a conventional dielectric sphere with a
refractive index of /2 shows approximately equal amounts of
forward and backward scattering in the dipolar limit. This is in
stark contrast to the anti-Hermitian sphere, where the forward
scattering is strongly suppressed.

Another interesting feature in Fig. 3(c) is the fact that
the backward to forward scattering ratio approaches zero for
x — 0, for any value of X. This is because the backward
scattering efficiency tends to zero in this scenario, which can
be explained by the fact that the relative permittivity and
relative permeability approach each other. Then, from Eq. (17)
it is clear that a,, and b, approach each other, resulting in zero
backscattering. Lastly, for higher values of X and yx, there is a
region in Fig. 3(c) where the backward to forward scattering
ratio is close to zero, which is because the backward scattering
efficiency shows a local minimum there.

IV. CONCLUSIONS

This paper contemplates electromagnetic effects in anti-
Hermitian objects with planar and spherical geometries. We
have shown the behavior of both evanescent and propagating
plane waves, that are incident on an interface between free
space and an anti-Hermitian medium. If incident and trans-
mitted waves are of the same kind (both evanescent or both
propagating), the reflection factor is of magnitude one. How-
ever, if a propagating wave is transformed into an evanescent
wave or vice versa, both lasing and perfect absorption can
occur, depending on the polarization and the sign of the anti-
Hermitian parameter. In the lasing case, the lasing mode in
free space is an evanescent (propagating) wave for an evanes-
cent (propagating) incident wave. This phenomenon allows
for a unique type of thin-layer laser if the anti-Hermitian
medium slab is terminated by an impedance boundary
matched to the wave impedance. Of special interest is the pos-
sibility of a thin anti-Hermitian sheet creating an evanescent
surface lasing mode that is tightly bound to the interface.

Another interesting scenario is an anti-Hermitian slab
backed by a PEC mirror. We have found that such a slab can
act both as a laser and perfect absorber, depending on the
slab thickness, polarization of the incident wave, and sign of
the anti-Hermitian parameter. For TM polarization, lasing and
absorption can seemingly occur at arbitrarily low values of
the anti-Hermitian parameter, which is of paramount practical
interest. Furthermore, the anti-Hermitian slab can be reduced
to a metasurface, allowing for lasing or perfect absorption at
an arbitrarily thin anti-Hermitian sheet.

Finally, scattering of light by an anti-Hermitian sphere
using Mie theory was studied. Within the parameter range
analyzed here, the sphere always exhibits gain. This means
that, even though microscopically the gain and loss in the
medium are balanced, a macroscopic object like a sphere
shows an overall gain. Moreover, for small sphere sizes, the
backward to forward scattering ratio diverges for x close
to +/2, which is due to the forward scattering exhibiting a
local minimum. Compared to a conventional small dielectric
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sphere with refractive index of \/5 the forward scattering in
an anti-Hermitian sphere is strongly suppressed.
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APPENDIX

The scattering efficiency of an anti-Hermitian sphere Fig. 4
shows very similar features compared to the absorption

0 0.5 1 15
X

FIG. 4. Scattering efficiency of an anti-Hermitian sphere as
a function of the size parameter X and the anti-Hermitian
parameter x.

efficiency in Fig. 3(b). There are strong resonances, with the
difference that the strong peaks are positive for the scattering
efficiency while the resonances in the absorption efficiency
display negative values (in other words, gainy behavior). It is
worth noting that the position of these peaks, although appear-
ing approximately at the same values of the size parameter
X and material parameter value x, do not coincide exactly.
Hence, the variation in the extinction efficiency (the sum
of absorption and scattering efficiencies) is characterized by
smaller amplitudes overall but with varying signs, depending
on the material parameters; see Fig. 5. It is interesting to note
that at the resonances, the extinction efficiency is negative,
which means that the magnitude of the negative absorption
efficiency is larger than the magnitude of the scattering effi-
ciency there.

FIG. 5. Extinction efficiency of an anti-Hermitian sphere as
a function of the size parameter X and the anti-Hermitian
parameter .
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