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The note presents a counter example to Li (2023).

In this note we present a counterexample to Lemma 1 in Li (2023).
Lemma 1 in Li (2023) states that any locally maximal weakly separated
system of sets is an ideal. (All definitions are taken from the paper by
Li (2023); see Definitions 18 and 19 for the notion of a locally maximal
weakly separated set-system, and Definition 11 for the notion of an
ideal.)

We will now exhibit a system of subsets on the set [5] := {1,2,3,4,5}
that is locally maximal weakly separated but not an ideal. Consider the
graded system S :=U}_S; where

Sy = {1} {2}, {5}},

Sy = {{1,2},{2,4},{2,5}.{4,5}},

Sy = {{1,2,3},{1,2,4},{2.3,4},{2.4,5}.(3,4.5}}.
Sy =1{{1,2,3,4}},

Ss = {{1,2,3,4,5}}.

This is not an ideal since the sets {2,4,5} and {3,4,5} do not have
corresponding supersets in .S of cardinality 4. Let us check that S is
locally maximal weakly separated. We need to consider for every triple
{i,j,k} of pairwise different elements of [5] the reduced set system

St =1Xn{i,j,k} | X €S, and {i,j, k} C [5]},

and show that it has cardinality 7 with either a singleton or a pair
missing from 2{/¥}. We have:
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Stz = 18,{1},{2}, {3}, {1,2},{2,3},{1,2,3}} and {1,3} is absent,
Sti24y = 18,{1},{2}, {4}, {1,2},{2,4},{1,2,4}} and (1,4} is absent,
Stisy = 18, {1}, {2}, {5}, {1,2},{2,5},{1,2,5}} and {1,5} is absent,
Stiaay = 18,{1},{4},{1,3},{1,4},{3,4},{1,3,4}} and {3} is absent,
Siissy = 18.{1}, (3}, {5}, {1,3},{3,5},{1,3,5}} and {1,5} is absent,
Stasy = 18,{1},{4},{5},{1,4},{4,5},{1,4,5}} and {1,5} is absent,
Sia34y = 18.{2},(4},{2,3},{2,4}.{3,4},{2,3,4}} and {3} is absent,
S35 = 18,{2},{5},{2,3},{2,5},{3,5},{2,3,5}} and {3} is absent,
Sioasy = 18.{2},(5},{2,4},{2,5},{4.5},{2,4,5}} and {4} is absent,

Sas) = {@,{3},{4},{5},({3,4},{4,5},{3,4,5}} and {3,5} is absent.

Hence S is locally maximal and weakly separated but not an ideal.
Thus, Lemma 1 in Li (2023) is not correct. Since Lemma 1 represents
a pivotal step in the analysis of that paper, most of the proofs in
Sections 3 and 4 of Li (2023) are therefore incomplete.
Indeed, in Section 3, the proof of Lemma 2 relies on Lemma 1; the

proof of Theorem 1, in turn, relies on both Lemmas 1 and 2; the proof
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of Lemma 4 relies on Theorem 1; the proof of Theorem 2 relies on
Lemma 4; the proof of Lemma 5 relies on Lemma 1 (via Theorem 1); the
proof of Corollary 1 relies on Lemmas 4 and 5, as well as Theorems 1
and 2; the proof of Lemma 6 relies on Corollary 1, and the proof of
Corollary 2 relies on Corollary 1 and Lemma 6.

In Section 4, the pivotal statement is the aforementioned Corollary
1 from Section 3 which is used to prove both Lemmas 8 and 9. The
proof of Theorem 3 relies on Lemma 9, and the proof of Theorem 4
uses both Theorems 2 and 3.
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