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Abstract

For a viscous Klein-Gordon equation with quadratic nonlinearity, we prove that
small solutions exist on exponentially long time scale. Our approach is based on the
space-time resonance method in a diffusive setting. It allow to identify, through a
simple computation, which of the non-linear effects are critical. The main technical
challenge is to handle the interaction of two oscillating and diffusive modes.
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1 Introduction

1.1 Main result

We consider the Klein-Gordon equation with viscoelastic dissipation, given by
(1) Uy + a1t — apd?u — a30?up = N(u),

with x € R, t > 0, u(x,t) € R, positive parameters a1, ag, oz, and where

(2) N(u) = s’ + Bu?,

with (x,8) € R? and & # 0. The original model [14, 9] with a3 = 0 describes the evolution
of a 0-spin particle’s quantum field. After rescaling time, space, kK and 3, we can without
loss of generality assume a1 = ag = 1, so that (1) reads

(3) Uy + u — O%u — ad?uy = N(u)

for some a > 0. We study the impact of nonlinear terms on the existence time of small
solutions. For such question, the case a > 0 has been considered mainly on bounded spatial
domains |2, 3, 6, and references therein| with interests about the well-posedness globally in
time and the vanishing viscosity limit. For unbounded spatial domain, the linear equation
have been studied recently [19, 5|. In the following, we will mainly inspire from and refer
to non-dissipative works o = 0.

Before stating the main result, let us introduce some notation. For each m € N, let

X o= {f € L*(R) : p""f € L*(R) N L>°(R)},
where p: R — R is the algebraic weight p(k) = V1 + k2. We equip X,, with the norm
1l xm = N0™ fllLr + [lp™ fll oo

Theorem 1.1. Let o > 0 and (r,3) € R? with k # 0. There exist positive constants My
and g such that the following holds. Let ¢ € (0,e0) and up, wo € Xo satisfying ||uo|lx, +
|lwollx, < €. Denoting T. = e%0/¢ — 2, there exists a classical solution

ue C([0,T:], Xo) N C*((0,T:], Xo) N C*((0,T:], X2),



of (3) with initial conditions u(0) = ug and ut(0) = wo, which enjoys the estimate

M0€
1+

[u()]| e <

)

~

for all t € [0,T].

Such an exponentially long existence time is typical for the heat equation with cubic
nonlinearity, and we remark that our approach is comparable to [18|. More precisely, we
exploit the absence of time resonances for quadratic terms. Using integration by part with
respect to time, which roughly correspond to a normal form transform at low frequencies,
we are able to improve the nonlinearity into a sum of two cubic terms. Since the latter are
time resonant, further integration by part in time is not possible and global existence of
solution to (3) can not be proven. It is however standard to bound the existence time from
below and obtain a transient decay. We hope that the present approach is robust enough
to be applicable to system, as is considered in [20].

In comparison to the purely dispersive case, working with o > 0 has two main advan-
tages. First, it instantaneously regularize solutions, so that we can afford to work in low
regularity spaces. Second, the spectral situation is drastically simplified, since all frequency
but those close to 0 are strongly damped (only in the linear setting, see Remark 5.1). As a
direct consequence, the study of the resonance phases for a nonlinearity of order n reduces
to the single point (0,0) € R x R"~! instead of the whole frequency space R".

What is not changed by the activation of « is that the frequency 0 is space resonant
for nonlinear terms of any order, thus making the whole argument rely solely on time res-
onances. More precisely, the quadratic contact between spectral curves and the imaginary
axis ensures that both critical modes travel with same zero speed. To this extent, the
present situation is quite different than [15, 19, 4] where the presence of diffusive waves
allow for spatial weight arguments.

With the aim of precisely describing the transformed quadratic term, we investigate
the possibility of its cancellation together with the simple cubic term Bu®. Cancellation of
their resonant parts would lead to existence of solutions globally in time through further
integration by part. Our conclusion is that this scenario never occurs when (&, 8) # (0,0),
meaning that the transformed quadratic term always exhibit different resonances than the
cubic term, see Lemma 4.4 and Remark 4.5 below.

To decide if blow up does happen or not in presence of resonant cubic term is still the
main open question. On the first hand, all known explosion results [13, 7| rely on compact
support of solutions, and thus does not seem to transfer to the o > 0 case. On the other
hand, the closest global existence result to our setting [10, 11| (that is for non-compactly
supported solutions) relies on a precise structure of the problem, that is not immediately
related to transparency conditions. A direct way to obtain global existence would be to
restrict to special families of nonlinearity, as done in [17, 12]. Since we are exclusively
interested into relevant nonlinearity (in the sens of [4]), we refrain to do so here.



1.2 Further comments

Oscillations in time The fact that critical linear modes are oscillatory allow to apply
integration by part in time without condition. In the nonlinear heat equation dyu = 9,u+
kuP with p > 2, the critical linear mode is not oscillatory, which prevents integration in
time of the semigroup e~**t. Such defect can be repaired by an additional structure, often
referred to as transparency conditions. If ku? is replaced by k0. (uP), an extra k? factor
makes k2e**t integrable in time again.

Time resonances In presence of a time resonance, integration by part may still be
available. However, it creates a singularity which counters the gain in nonlinear terms. We
discuss this aspect in section 6.

Interaction of critical modes The takeaway is that, for the viscous Klein-Gordon equa-
tion, interaction of the two critical mode prevent global existence of solutions. Indeed, in
presence of only one single time-oscillatory mode, global existence of solutions is obtained
in [8] through multiple integration by parts.

1.3 Technical summary

We start by showing existence of solutions locally in time. The remaining of the article is
then devoted to extend this existence time as much as possible. To do so, we rely on space-
time resonance method, in the following way. We first decompose the linear dynamic (which
is dominant when solutions are small) as the sum of two critical modes (that correspond
to low spatial frequencies) and strongly damped modes (high spatial frequencies). Then,
we describe how nonlinear terms make these modes interact through very simple objects
called phases (in reference to stationary phase methods). The fact that critical modes are
oscillating in time allows to integrate by part in time with hope to improve the order of
nonlinear terms. This procedure is successfully applied to non-resonant quadratic terms.
However, the presence of the two critical modes prevent to improve the resonant cubic terms.
We then close a non-linear iteration scheme on exponentially long time scales. Finally, we
discuss heuristically what happens if one tries to push this approach one step further by
doing more integration by parts.

2 Notations, local well-posedness

Upon introducing the fully diffusive variables

(4) v= (=) " (w-G0%), U= <Z> ,



we write (3) as the first-order system
(5) U=AU+N(),

where the linear operator A is given by

and the nonlinearity A (U) is defined by
(©) N(©) = (1-82) 7 N () ex,
where e3 is the unit vector e; = (0,1)" and U; denotes the first coordinate of the vector U.

Proposition 2.1. For all Uy € Xy, there exists Tyax € (0,00] and a unique, maximally
defined, classical solution

U € C([0, Trmax): Xo) N C*((0, Tmax), Xo0) N C((0, Trnax), X2),
of (5) with initial condition U(0) = Uy. If Tyax < 00, then it holds

Jim U0, = oc.
Proof. We first observe that the elliptic operator 92 acts on X with dense domain Xo.
Thus, the preconditioner (1 — d2)~! is a bounded linear operator from X, into Xj. We
conclude that A acts on Xy with dense domain Xo.

Then, we bound its resolvent by regarding A as a bounded perturbation of the operator
Ag given by

a 92 92
Bo = <0‘2 4 20 2\—1 1a 62%)
Tax (1—(91) jax

The spectrum of the constant-coefficient operator Ay is determined by the eigenvalues
Xo,+ (k) of its Fourier symbol

4 1+k2

~ —2k2 14 k2
Ro(k) = ( 2 2>,
~2k
which are given by

(7) Mo (k) = —ak®,  Xo4(k)=0.



Thus, we find o(Ag) = (—00,0]. So, the resolvent set p(Ag) contains the sector Xy = {\ €
C:A#1,Jarg(A —1)| < 2%}, The resolvent (Ag — A) ™! possesses the Fourier symbol

o ak? _14k?
1 L+ 2(ak?+) ak2 X
N ok ak? ’

A\ eeEy LT ey

for A € ¥g. For A € ¥y and k € R we have the basic inequalities

A
. <1 -1 < +1< 14++v2).

14 I

1
el k2
> ek ]a +)\‘ >

Hence, there exists a constant M > 0 such that

(o =27, < 5=y
for all A € ¥g. We conclude that Ag is sectorial. By standard perturbation theory of
sectorial operators [16, Proposition 2.4.1], it follows that A is sectorial, since A is a bounded
perturbation of Ag.

Sectoriality ensures that A generates an analytic semigroup on Xy. Furthermore, N is
locally Lipschitz continuous on X, since N € C*(R) and because (1 — 92)~! is a bounded
linear operator on Xy. The result thus follows by standard local existence theory for
semilinear parabolic equations, cf. [16]. O

3 Semigroup decomposition

3.1 Spectrum decomposition

The eigenvalues A+ (k) of the Fourier symbol

1+ e 2
of A read
(8) s (k) = —%akQ Luk), k) = \/ioﬂk“l STy
So, it holds
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Figure 1: Representation of o(A). Both the plain red curve A} and the dashed blue curve
A_ touch the imaginary axis when £ = 0 in a quadratic way. When k — +oo, they go
respectively to _Fl and —oo. For small values of k, the two curves lie on the circle with

center —i and radius /1 + %

We note that the curves AL: R — C are confined to the left-half plane and touch the
imaginary axis only at the points +i for the same frequency k£ = 0. So, for small values of
k, A (k) # A_(k) thus the Fourier symbol A(k) is diagonizable. Hence, there exist ko > 0
and smooth maps Py : (—ko, ko) — C2%2 such that Px (k) is the spectral projection of A(k)
onto the 1-dimensional eigenspace corresponding to the eigenvalue Ay (k) for k € (—ko, ko).
Moreover, there exists 61 > 0 such that it holds

() &xAiw»::—%ak% k€ (—ko, ko),
and
(10) sup R(o(A(k))) < —01, keR\(-%&?).

To separate critical from damped modes and diagonalize the system at criticality we
introduce mode filters. Thus, let x be a smooth cut-off function whose support is contained
in (—ko, ko) such that x(k) = 1 for k € [—ko/2,ko/2]. Given a solution U of (5) we
introduce the functions

~ ~

(11) Ud(t, k) = x(K)U (¢, k), U,=U - U..

In addition to separate low frequency (critical) from high frequency (damped), this decom-
position also allow to separate the two critical modes. Indeed, projections Py are not well
defined for k ¢ [—ko, ko]. Thanks to x(k) = 0 for |k| > ko, we have the decomposition

(12) U=P.U,+P_U.+Us.



3.2 Linear estimates

Our aim is to obtain estimates on the matrix exponential AR for | € R\ (—ko/2,ko/2)

and ¢ > 0. First, setting
k: [2+2V1+ a?
1= D) ’
o

we observe that the eigenvalues A, (k) and A_(k) are distinct for k2 > k2 and, thus, A(k)
can be diagonalized. The associated change of basis is represented by a matrix S(k), whose
columns are comprised of eigenvectors of A(k), and its inverse, which are given by

(), s
S(k)= [ k& pk) ) Sk)™ == n .
1 1 2 _4Zg+)4 1

One readily observes that the coefficients of S(-) and S(-)~! are bounded on R\ (—2k1, 2k;).

On the other hand, it holds
1 1
A_(k) < —iakrg, A (k) < -

for |k| > k1. We conclude that there exists 62 > 0 such that the matrix exponential

MBIt — S(k) 'diag (e)‘+(k)t, e)‘—(k)t) S(k),
obeys the estimate

(13) HeK(WH <e %t g eR\ (~2k1,2k), t > 0.

To bound the matrix exponential e**)* on the compact set J := [—2k1, —ko/2] U [ko/2, 2k1]
we collect some facts from [1, Chapter A-III, §7|. First, since J is compact and A is
continuous on J, the multiplication operator A: f — A f generates a strongly continuous
semigroup (T'(t))¢>0 on C(J,C?), which is given by

(T f) (k) = PPEE), ke

Second, the growth bound of the semigroup (7°(t))¢>0 coincides with the spectral bound of
A. Third, the spectrum of A is given by

a(A) = ] o(A(R)).
keJ
Combining the latter three observations with (10) yields that the growth bound of the

semigroup (7T(t))¢>o is smaller than —@;, which implies [|e*®)|| < e~ for all ¢ > 0 and
k € J. Combining the latter with (13) yields 6y > 0 such that

(14) Hem’f)tH <e % keR)\ (-’Z“?) 1> 0.

8



4 Space-time resonance

4.1 Resonance phases

Nonlinear terms creates interaction between linear critical modes {Xe[\tp_l,_, XeAtP_ } Whether

or not the resulting interaction is further amplified by the linear dynamic will decide the
long time behavior of solutions. As we shall see in the next subsection, evaluating the pres-
ence of such a resonance mechanism comes down to computation of simple objects called
resonance phases.

For quadratic terms For all (k,1) € R2, for j = (jo,j1,j2) € {—1,1}3, let

Qﬁ(kv l) = )‘jo(kj) —Ajt (k—1)— Ajo ().

Heuristically, this phase vanishes when the two modes j; and ja (respectively with spatial
frequency k — [ and [) interact and result in a mode jo with spatial frequency k. Due to
k = 0 being the only non-stable frequency at linear level, it will be enough to describe these
phases for small values of k& and .

Lemma 4.1. There ezists k1 > 0 and 0y > 0 such that for all (k,1) € [—ki,k1]? and all
je{-1,1}°

(15) |63 (k, )| > 6o,
Proof. Remark that for all j € {—1,1}”, we have qb?(0,0) € {-3i,—1,1,3i} due to A+(0) =
+i. Hence |¢? (0,0)] > 1. The lemma then follow from smoothness of gb? O
For cubic terms For k € R, for [ = (I1,12) € R? and j = (jo, j1, jo, j3) € {—1, 1}4, let
$7(k, 1) = Ajo (k) = Mg (k = 1) = Ny (I = 12) = Ajy (I2).
In contrast to the above computations, cubic terms do create resonances in time.
Lemma 4.2. Denoting £1 as simply £, let
T = {(+7 ) +7 +)a (+’ +7 ) +)7 (+7 +> +a _)7
(77 +, = 7)5 (7a -+, 7)’ (77 T T +)} - {715 1}4 .

Then for all j € T, qﬁ?(0,0,0) = 0. Furthermore, there exists k1 > 0 and 0y > 0 such that
for all (k,1) € [—ky, k1]® and all j € {=1,1}*\T,

(16) |67 (k. 1)] = 0.
Proof. Tt is direct to compute that qS;?(0,0,0) € {—4i,—2i,2i,4i} when j ¢ T, leading to
(16) at (k,l1,l2) = (0,0,0). The lemma then follows from smoothness of gbg’ O

9



4.2 Integration by parts

For quadratic terms The exact expression of N/ in Fourier space is easily computed by
insertion of (2) into (6). For k € R, it reads

(17) F(N(U))(k):/RNg(k,l)(A,ﬁ) dl + . Ns(k, 1y, 1)(U, U, U) dly dig,

where Ny and N3 respectively account for the quadratic and cubic terms

Na(k, 1)U, V) < ka Uy(k — ) Vi(l) ez
Ns(k, 1y, 1) (U, V, W) < : fkg Ur(k — 13) Vi(ly — o) Wi(la) ea.
For further use, we remark that
(18) [Na(k, )(T, V)| S [Tk =DV (D).

Ny being the integrand of a convolution. Similarly,
(19) [Ns(k, 11, 12) (O, V, W)] S [0 (k = W)Vl = l2)| [W(12)].

In the duhamel formula
N t . . .
U(t, k) = ™ O Ty (k) + / elt=TAK) / No(k,1)(U(7),U(r))dldr
0 R
t N o~~~
+ / eUDAE) [ Ny (ke 1y, 1o)(U, U, U)dly dly dr
0 R2

the most dangerous term (from the point of view of long-time behavior of small solutions)
is the one involving Na(k,1)(U., U.), recall the definition of U, at (11). We rely on Lemma
4.1 to replace it by a cubic contribution.

Proposition 4.3. For (k,l,11,12) € [~ko, kol* let

QD7) = X REONDPT.PT)

je{-1,13* "7
and

TR T Py (k) 50 P
Qa(k, 1, ) (U, V,W) = 3" 2 Na(k, lo) | Py No(-, 1 = b)(U, V), P, W
, , 07 (k, 12)

]E{_Ll}
Dy, (k)
¢]2( 711)

Ng(k, ll) <leﬁa szNZ(', 12)(‘/}3 W)) .

10



Then for all k € [—ko, ko] and p € [1,400], U. satisfies

Q)

+ / " t=mA® Qs (k, 11, 12)(Te(7), Us(7), Us(7)) dly dlp dr
0

t N o~ —~
+/0 AR O, gy <||UC(T)||LP(R)||UC(T)||?£1(R)) dr,

where the O term stands for a function whose LP(R) norm is bounded from above by
CHUC(T)HLp(R)\\UC(T)\\%l(R) for some constant C > 0 independent of U.

Proof. Recall that U, has support in [—kg, ko], and that projections Py are well defined
there (12). Thus, we can decompose the quadratic term into

/ (t=m)A k)/Nle 7), Ue(7)) dl dr
(20) = X [ [ b el )P0, P D))

je{-1,1}®

Because \j, (k) never vanishes, we are able to integrate by part each summand of (20) with
respect to time. Let first compute, since Na(k, 1) is multilinear, that

8y No(k,1)(U, V) = No(k,1)(0-U, V) + No(k,1)(U, 8. V).

Thus we compute, using the original equation (5) and the Fourier expression (17) of N,
that

6N2(k,l)( P;, U, P;,U.)
= (Njy (k= 1) + Xjy (1)) Na (e, 1) (P, U, P, Ue)

~ ~ ~ ~ ~ ~

/N2 (k, 1) (P, No(-, 1)(Ue, Ue) , Pj,Ue) + No(k, 1) (P}, Ue, Pjy No(-, 1) (Ue, Uc)) dl

~

(22)  + [ No(k,)(Py,Ns(, 1y, o) (Oe, Ue, ), Py, Ue)
R
(23) + Ny(k, 1)(Pj,Ue, PN (-, Iy, 1) (Ue, Ue, Ue)) dly disy.

Let j € {-1, 1}4. Instead of directly integrating by part the j-th summand of (20), we
introduce a function f; : R? — R whose expression will be determined in a few lines, and

11



integrate by part the following expression:
t o~ A~
0 [0 P ) Mol (P D PT) e
0

=) (K) L
e [ 000 P ) Nl (P T P T
S l®) e

t

0

t o(t=T)Ajo (k) o
(24) + /0 W < /R fj(k’ l) (Ajl(k B l) + )‘jz (l)) Pjo (k) NQ(kv l)(le U, PjQUc) dl
+/ £k, D) Q4 (k, 1, 1) (Ue, Ue, Ue) Al dl
RQ
+/Rg £k D(Q(Ue) + Q4 (U)) dLdly dl}),

where Q4 i’l and Qi’Q are respectively the integrand of Pj,(21), P;,(22) and P},(23). By
moving the terms (24) to the left hand side of the above equality, we can factor out a

A (k=D + (1) _ ¢5(k, D)

b )‘jo(k) )‘jo(k) ‘

)‘jo (k)

52 (k1)

Setting f;(k,1) =

summand of (20):

, these terms simplify and we finally get an expression for the j-th

t
/0 (= /RPM Na(k, D)(Py, Ue, P, U) dldr

t
. 1 ~ ~
= - [e(tT)AJO(k)/RWPjO(k) No(k,1)(Pj, Ue, Pj,Ue) dl
] )

t

1 . o~ o~ —~ —~ ~

+/ e(t—fnjo(k)( R NI ATIT]
0 r2 02 (k,1) stk )

1 s 2 -
+ [ sy @00+ @O @ diy ).

0

It is direct to see from the two changes of variables (I,1) = (l2,11 — l2) and (1,1) = (11, 12)
(respectively corresponding to each summand below integral (21)) that

1 _ . e M - ~ o~ o~
> Pjo(k;)/ m@@(k,l,l)(mv,mdml: Q3 (k, 1y, 12) (U, V, W) dly dls.
je(-1,1)° RCA *

We now turn to the bound of higher order terms. Successively applying (18) and (19), we

12



obtain

~ ~

QY (U] S NUelk — 1 = 1) |Ue(ly — )| [Ue(I2) ] |U(1)],
Q2 (U] S |Uelk = DUl = )| |Ue(ly — 1) |Ue(l2)].

Applying the change of variables (I1,12,13) = (I + 11,1 + I,1) to the first and (1,1, l3) =
(I,11,12) to the second, we get

QY (Ue) + QU] S |Uelk — 1) |Uelly — 1) [Ue(lz2 — 13)] |Uc(l3)]-

Since the right hand side is the integrand of a convolution, we can use Young’s inequality:

Ji1 (77 7,2 (77
Uc) + U. ~ ~ ~ ~
J e TR T (N (AR AR AP AT
R3 (bj(v l) LP(R) Lr(R)
f<v HUCHLP(R)HUcH%l(R)-
The term of order four is thus the announced O, and the proof is complete. O

Relying on Lemma 4.1, it is direct to check that ()3 satisfies a similar bound than Nj:

(25) 1Qs(k, 11, 12) (U, V, W) S Uk — 1) [V(lh — Lo)| W ().

For cubic terms After the first integration by part, the Duhamel formula for (5) reads

t

Ut k) = BTy (k) - [e“TW’@ /R Qa(k, 1) (Te(r), Ue(7) dl}
0

te(tf‘r)[\(k) ~ . ~ ) . 7_ R 7_
+/0 (/RNZ(/C,Z)(U( ),U (7)) = Na(k,)(Ue(7), Us(7)) di

~

+/ (Qs3 + N3)(k, 11, 12) (U (1), Us(7), Us(7)) dly dly
]RQ

+ Oy (1T @10 sy )

As we shall see in further sections, remaining quadratic terms are not problematic, so
that most dangerous term is the one involving Q3 + N3. This cubic term can be further
decomposed as

(Q3 + N3)(k, 11, 12)(U(r),U(r), U (1))

= Y W) Tk — 1) D) 0 — 1) (T ) () (Qz;, n Ng) (k, 11, 1)
je{-1,13}*

13



with coefficients

Qg(k>llvl2) = <Q3(k7llaZQ)(/)]'Npj27pj3)7pj0(k)>v
N3 (k, 11, 12) = (N3(k, 11, 12)(Pj1 5 Pjas s )5 Pjo (K))-

The indices j € T correspond to the time resonant terms which can not be integrated by
part in time. However, it could happen that coefficients Q}(k, l1,12) and N3 (k,l;,l2) cancel
each other. If all resonant terms cancels out, the remaining terms can be integrated by
part once more, and global existence of solution is easily obtain by a standard modification
of the nonlinear iteration scheme below. In the following Lemma, we check that such
cancellation can not happen simultaneously for all resonant indices, in the setting of the
viscous Klein-Gordon equation.

Let us comment that cancellation for all (k,I1,l2) € {0} x R? would be enough to close
the non-linear iteration.! In the present situation, inspection of coefficients at (k,l,l3) =
(0,0,0) is enough to obtain a negative result.

Lemma 4.4. With the above notations, for all j € {—1, 1}4,

Ng(o,o,O)zﬁ‘;i?,

j 1
Q (0 ) 0 {Z <¢Johj3( ) ¢]0J1h( )> .

These expressions reduce to the following table of numerical values.

J Ng(0,0,0) Q%(0,0,0)
2
(+a_a+7+) % % %
2
(+7+7_7+) % % -2
2
I T

The coeﬂﬁczents that correspond to remaining indices j € T are easily obtained from the
relations N37(0,0,0) = —NJ(0,0,0) and Q37(0,0,0) = —Q}(0,0,0). In particular, the
system of equation

N{(0,0,0) + @4(0,0,0) =0, VieT
admits no other solution than (k,3) = (0,0).

Proof. 1t is quite direct to compute that

N3(0,0, 0)(pj1;Pj27 Pj3) = fBea.

Tt would bring a k factor in most critical terms, thus improving semigroup decay by a factor (t—T)_l/ 2,
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Decomposing e as ez = 3. (p4(0) — p—(0)) gives the claimed expresion of Ng (0,0,0). We
now turn to the computation of @4(0,0,0). From definition of Q3, we see that

Pjo (O)Q3(07 0, 0)(Pj1 » Pja> Pj3)

P, (0
PO X e Na(0.0)( P NaC. 00 ). P )
he{-1,1}3 "h\7

Py (0)
¢(0,0)

= Z 2Pj0(00)N2(070) (PthZ('vO)(pjupj2)apjs>

hie{-1,1} jOhljs( ,0)

P; (0
+ Z 2]0((0)0)]\72(&0) (le,PhQNQ(',O)(ij,Pjg))-
hoe{—1,1} Jojrha \™

+

N2(07 0) <Ph1pj17Ph2N2("O)(pj27pj3))7

At this point, let us recall that N2(0,0)(pj,,pj,) = ke, and that Py, (0)ex = %phl(O).
This allow to considerably reduce the above:

Pjo(O)Q3(Oa070)(pj17pj27pj3)
P; P;
- Y 2 %0 (0) h1e2 S 52¢h2

—eg,
h1e{-1,1} JOhIJS(O 0) hoe{—1,1} ]O]lhg(o 0)

_Jo h 1 1
=5 PO > 21< ©0,0) " (0, 0)>

he{-1,1} JO’UB JoJ1h

which is the claimed expression of Qé. The table is easily obtained by explicit computations,
for example:

%y, 1<1 11 1)_1(1_1)_2
2T $iie iy oy ot 20\~1 3 3
The relation on Qg 7(0,0,0) comes from the change of variable h — —h and the fact that

Remark 4.5. In the above Lemma, the fact that NJ(O 0,0) and QJ (0,0,0) can not coincide
should be no surprlse Indeed while Ng(U V W) contains an internal symmetry with

respect to U, V and W, the term Q3(U,V, W) lacks a Na(V, Ng(ﬁ7W)) summand to
exhibit the same symmetry.

15



5 Nonlinear integral scheme

To lighten notations, we use nonlinear notations rather than multilinear ones. Let

/Ngk:l WU, U)dl,

Ns(U)(k) = Ng(k I1,1)(U, U, U)dly dl,
Qs (U) (k / Qs(k,1)(U,0)d
Q3(U)(k) = | Qs(k,br,12)(U,U,U)dh db.
Ro

Then from the previous section, the Duhamel formula for solutions of (5) reads

0(t,k) = eAOTy(k) = [eDA0 0 T(r)) ()],

(20) [ A (MO )0) ~ MGl + AT ()
+ QuOLN®) + O (10| ) )

5.1 Nonlinear bounds

Young’s inequality allow to convert the pointwise bounds (19) and (25) into the following
convolution bounds:

(27) N3 (@) oy + 1 Q30 o @y S NT 1l Lo@) 1017y

Similarly, using the pointwise bound (18) together with the non-resonance property (15),
we obtain

(28) [N2(D)|zoe) + 1Q2(Te) oy < N0No 10112 @)
Using that Ny(k,[) is multilinear, we also obtain

(29)  [IN2(Uc + Us) = Na(Uo)ll oy S 10ell 2oy 1 0sl 22 gy + 1Tsll 2oy 105 2.y

5.2 Proof of the main result

Proof of Theorem 1.1. First, note that the pseudoderivatives & (1 — 6%)_1 for j = 0,2 are
bounded linear operators on X of norm < 1. Hence,

= (1-0) " wo - 502 (1-32) o
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is a well-defined element of X satisfying
@ o
”UOHXO < ||w0||X0 + §||u0||X0 < (1 + 5) c.

Set Up := (uo,vp) . By the local well-posedness result in §2 there exist Tinax € (0, 00] and
a unique, maximally defined classical solution

U € C([0, Trmax): Xo) N C%((0, Tmax)> X0) N C((0, Trmax), X4),
of (5) with initial condition U(0) = Uy. If Tinax < 00, then it holds

lim [|U(t)]|x, = oo.
A [[U(@)]x, = oo

Hence, we find that the template function n: [0, Tihax) — R given by

n(t) = st[lg)ﬂuﬁc<r>umm + 1+ DY2Te() |y
T7€|0,
+ (14 7)Y Us (7| gy + 1+ DNTs(7) 21 my

is well-defined, continuous, monotonically increasing and, if Tiax < 00, then it satisfies

li t) = oo.
(30) (im n(t) = oo
Set Eg := ||Up||x, < € and let t € [0, Trnax) be such that n(t) < 1. We estimate the right-
hand side of the Duhamel formula (26). From the bounds (9) and (10) on the spectrum of
A(k), we obtain

. 1ol oormr @) + 1| Q2(Ue(0)) || oo (m
Ul @) S (1+ 1)1/

t R N ~
+/0 N (IINz(U(T)) = No(Ue(m)ll oo ) + [IN3(U (7))l Lo ()

L 1@ Tt 1 2

+19a(0L(r e + 10 w07 s e )
Then applying the nonlinear estimates (27) to (29) it becomes

1Toll oot @) + 100l Loonzr @y 1 Toll 1 )
(1+1t)1/2

[ (0O o [0l )+ 1T 1T ) sy )

o Vi IR @®IEsTIL ®) =@V @) ) dr
2 t 2

< Fo L @) +/ n(7)

A+t)/2 1+t Jo Vi—7(1+7)

< Bo+ n(t)?In(2 + t)

N~ (142

1Tl @) S N AGIS

dr
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In a very similar way, we bound the three other terms of the expression of . Remark that
the O term can always be absorbed into Q3 and N3. We obtain successively

~ ~ ~ ~ n(t)? f(r)?
Ul ey S 0ol + [|Uoll oo ) | Uoll 1 (w) + m + 01 +TdT

< Eo+n(t)*In(2 + 1),

n(t)Q /t 6—6’0(1&—7—)77(7_)2(17_
0

o R
IO Ollecsy S Dol 1+ 10llae) + % 5178 —

< Eo+n(t)?

Finally, we bound

108wy S €= (10l ey + 1Q2(Te(O)lzr sy ) + 1 Q2(TeE)lr ey
t A~ A~ -~
+ /0 e ) (!NQ(U(T)) = Na(Ue(m) 1) + IN3 (O (Tl 1y

SN GAC \Iﬁc(T)\l‘b)dT

2 t —0o(t—7) 2
n(t) +/ e n(7) dr
0

S e oy (L + Vol rm) + 1 +t (147)3/2

< Eo+t Tl(t)2.

~ 14+t
Combining the latter four estimates yields a constant C' > 1 such that for all ¢ € [0, Tipax)
with n(t) <1 it holds

(31) n(t) < C (Eo+n(t)°In(2 + 1)) .
Thus, taking

1
— My =2
€0 < 4027 0 Cu

it follows by the continuity, monotonicity and non-negativity of n that, provided ¢ € (0, &),
we have 7(t) < Moe = 2Ce < 1 for all ¢ € [0, Trax) N [0, x| with T = e%/¢ — 2. Indeed,
given t € [0, Tinax) N [0, Te] with n(7) < 2Ce for each 7 € [0, t], we arrive at

n(t) < C (e +4C%*In(2 + 1)) < 2Ck,

by estimate (31) and the fact that 4C%eIn(2 +¢) < 1. Thus, if (31) is satisfied, then we
have n(t) < 2Ce¢, for all t € [0, Tipax) N [O,Tg], which implies by (30) that it must hold
Timax > T-. Consequently, n(t) < Mye is satisfied for all ¢ € [0, Tg]. Finally,

M0€

1+¢

lu(®)l g < IUO]z < [T@) 11 <

18



completes the proof by noticing that the first coordinate u(t) = Uy (t) of U(t) solves (3) by
construction and dyu(t) = (1 — 82) Us(t) + $02U1(t) € C([0,T.], X2). O

Remark 5.1. We observe that for the nonlinear equation, high frequencies decay is dictated
by the one of low frequencies, in contrast with the linear setting. This connection arises
from the integration by part in time, and more precisely from the boundary term Qz(ﬁc(t)),
that never benefits from the semigroup decay.

Remark 5.2. We comment that to obtain the bound on ||[A]S(t)HL1(R), the O term have to
be estimated in L'(R). Indeed, the Fourier multiplier associated with the semigroup does
not belong to L!(R) since the eigenvalue Ay (k) is bounded when k — 4oc. This fact alone
prevents the use of a generic nonlinear term N(u) = xu? + Bu® + O(u?). Indeed, a O(u?)

term would typically lack a convolution structure in Fourier side, and thus could not be
bounded in L' (R).

6 Discussion on multiple integration by parts

In the above, we saw that cubic terms are time resonant due to vanishing of (ﬁ?(O, 0,0) for
j € T. We remark that integration by part in time is still allowed since A+ never vanishes.
Doing so typically creates a singularity, e.g.

63y (ki )| > (B2 4+ 15+ 15) 7

Indeed, the quadratic touching between A4 (k) and the imaginary axis guaranty that (;51, it
vanishes at least at order two. Together with this singularity, integration by parts improve
terms by providing an extra integral and an extra power of U.

One could be tempted to use the integral to compensate for the singularity, and save
the extra power of U to close the non-linear scheme. In this direction, it is even possible to
do a third integration by parts (quartic terms, as any even power, or non-resonant), thus
improving our current scheme by two integrals, two powers of U , and a singularity of order
at least 2 spreaded along lines, e.g. (k* +13 +12)~! along {k =13 =3 =0} C R%.

However, our conclusions in this direction are fruitless, for the following reasons. Al-
though we do gain powers of U, recall that we work in frequency space, so that the usual
role of L>(R) and L!(R) are exchanged when it comes down to temporal decay of linear
dynamic. In particular, the decay is not provided by powers of U , but rather by integrals,
and more precisely by the convolution structure. Thus, using two integral to erase the sin-
gularity precisely unwrap the improved decay that is expected between a cubic and quintic
nonlinearity.

Finally, let us mention that global existence would be available in cases where the loss
in singularity is strictly less than the gain in integrability, e.g. when space-resonance is
available, or in presence of a transparency condition. As commented above, the former is
excluded here, while Lemma 4.4 ensures that no transparency condition arises.
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