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The problem of distributed fusion of Gaussian mixture models 
(GMMs) provided by the local multiple model (MM) estimators is 
addressed in this article. Taking GMMs instead of combined Gaussian 
assumed probability density functions (pdfs) as the output of local 
MM estimators can retain more detailed (or internal) information 
about local estimations, but the accompanying challenge is to perform 
the fusion of GMMs. For this problem, a distributed fusion frame-
work of GMMs under the minimum forward Kullback–Leibler (KL) 
divergence sum criterion is proposed first. Then, because the KL di-
vergence between GMMs is not analytically tractable, two suboptimal 
distributed fusion algorithms are further developed within this frame-
work. These two fusion algorithms all have closed forms. Numerical 
examples verify their effectiveness in terms of both computational 
efficiency and estimation accuracy.
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I. INTRODUCTION

Maneuvering target tracking refers to sequentially pre-
dicting and estimating the motion states of the maneuvering
target, which is an indispensable technology in modern in-
formation processing systems [1]. It has broad applications
in military and civilian fields [2], [3], [4], [5], [6]. A key
challenge in maneuvering target tracking is how to estimate
the states of the target with uncertain motion models. For
this problem, multimodel (MM) estimation is generally
considered as one of the most natural and effective esti-
mation approaches [7]. It decomposes a complex problem
into multiple subproblems so as to solve the problem of
target motion uncertainty [8], [9]. In theory, MM estimators
have the potential to obtain globally optimal solutions [7].
Three MM estimators have been developed for maneuvering
target tracking: autonomous MM (AMM) [10], interacting
MM (IMM) [11], and variable-structure MM (VSMM) [12].
They all run a bank of estimators in parallel to update the
target state estimates, each based on a particular model in
the model set [10].

Generally, tracking a maneuvering target with a single
MM estimator is vulnerable to various factors such as
measurement accuracy, reliability, and detection range of
sensors. It has been a hot and difficult subject to find an
effective fusion approach for a bank of parallel running
MM estimators [13]. There are two basic fusion architec-
tures: centralized and distributed, depending on whether
the raw measurements are used directly for fusion [14].
In the centralized fusion architecture, all measurements
from multiple sensors are sent to the fusion center, and the
design of the centralized fusion estimator is equivalent to
that of the single-sensor state estimator but with augmented
measurements from multiple sensors [15]. In the distributed
fusion architecture, individual sensors process their own
measurements first to obtain local estimates and then send
these local estimates to the other sensors or fusion center
to yield a fused state estimate under certain fusion criteria.
Compared to centralized fusion, distributed fusion has the
advantages of scalability and robustness [16], but is also
more challenging. For the distributed fusion of MM esti-
mators, there are two key challenges: 1) how to effectively
use structural information of local estimators; 2) how to
deal with the correlation among local estimation errors due
to common process noise, priori information, etc.

First, taking the IMM estimator as an example, one cycle
of the IMM estimator consists of five steps: calculation of
the mixing probabilities, mixing, model-matched filtering,
model probability update, and estimate and covariance
combination [17]. After a model probability update, we
can get a Gaussian mixture model (GMM). Then, in the
last step, the GMM is approximated as a single Gaussian
assumed probability density function (pdf) using the mo-
ment matching method. Nevertheless, on the one hand, only
when the distance between the means of the components
of the Gaussian mixture is not too far apart, the Gaussian
pdf obtained by the moment matching method is close
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to the GMM [18]. However, for GMMs representing the
state of maneuvering targets, there is no guarantee that this
condition is met. On the other hand, for the recursion of the
IMM estimator, its last step, estimate and covariance com-
bination, is only for output purpose [17]. Comparatively,
however, GMM can keep more inner detailed information
about the local estimator. Therefore, in order to best utilize
the useful information contained in local estimates, a natural
idea is that the GMMs obtained by the local estimators are
directly used for fusion. Similar problems also exist in the
AMM and VSMM estimators.

Second, in distributed fusion, local estimation errors
across sensors may be correlated. For this problem, there
are many results available [15]. A well-known distributed
fusion algorithm is the covariance intersection (CI) [19],
which can provide a consistent fused estimate irrespective
of the unknown correlations. In [20], an extension of CI
fusion for GMMs termed as pairwise component CI (PCCI)
was presented, where the CI fusion was performed inde-
pendently for each cross pair of GMMs. In addition, the
generalized CI (GCI) fusion [21], [22] can also be used
for the fusion of GMMs. The GCI fusion is sometimes
referred to as Chernoff fusion [23], exponential mixture
densities (EMD) fusion [24], weighted exponential product
(WEP) fusion [25], and geometric mean density (GMD)
fusion [26], etc. In [22], an information-theoretic justifica-
tion for GCI was presented, and it was proposed to obtain
the optimal solution of GCI using the Chernoff information
minimization criterion. Under this criterion, the optimal
fused pdf is the “halfway” between the two pdfs to be fused,
where “halfway” is defined in terms of the Kullback–Leibler
(KL) divergence. In [26], the GCI was further justified as
a conservative fusion algorithm. There are other extensive
studies on the approximation of GCI (see, e.g., [27], [28],
[29], [30], [31], and [32]).

Although theoretically appealing, the implementation
of the GCI, especially for the fusion of GMMs, is compu-
tationally extremely expensive. This is mainly caused by
two challenges: 1) obtaining the optimal weight for each
GMM; 2) computing the noninteger power (the weight)
for each GMM. To tackle these two challenges, many
suboptimal fusion algorithms were proposed. For example,
in [33], a fast and consistent GCI fusion was proposed,
which first computes the weights of the local GMMs using
a numerical optimization strategy based on Monte Carlo
importance sampling and then obtains the fused Gaussian
mixture using weighted expectation maximization algo-
rithm. In [34], another GCI approach using a sigma-point
approximation was proposed. This approach approximates
a noninteger power of a GMM as an unnormalized GMM
based on a weighted least squares optimization, and the
fused GMM is obtained using a sigma point approximation.
In [35], the pseudo-Chernoff fusion (PCF) based on a first-
order approximation to Chernoff information was proposed,
which approximates the power of each Gaussian mixture
as a mixture of the powers of its components to reduce
computational complexity and obtains the corresponding
weights by minimizing the determinant of the covariance

matrix of the fused pdf. The modified pseudo-Chernoff
fusion (MPCF) was proposed in [36]. Its main differences
from the PCF are twofold: 1) a merging step is performed
on close components of each GMM; 2) the weights of
the components of the approximated GMM are modified.
In [37], a heuristic approximation algorithm, determinant
minimization CI for GMMs (DCI-GMM), was developed.
The DCI-GMM approximates the power of GMM as a new
GMM with a free parameter and obtains this parameter by
minimizing the determinant of the covariance matrix of the
fused pdf.

Different from the above algorithms, this article is de-
voted to the distributed fusion of GMMs using KL di-
vergence. The KL divergence (also referred to as rela-
tive entropy, cross entropy, KL distance, information for
discrimination, etc.) is defined as the expectation of the
log-likelihood ratio of two distributions [38]. Since the KL
divergence neither satisfies the triangle inequality nor the
symmetry, it is not a true distance. But it is still useful to
quantify the proximity of probability distributions [39]. For
example, the KL divergence between GMMs, as a closeness
measure between the current target and template region,
has been widely used in speech and image recognition
(see, e.g., [40], [41], [42], and [43]). In addition, the KL
divergence has been widely applied in the fields of target
tracking and information fusion.

In [44], a distributed fusion algorithm using forward
KL divergence sum was proposed, which defines the fused
pdf as the one that minimizes the sum of the forward
KL divergences from local pdfs. If different weights are
assigned to local pdfs, then the above is extended to a new
fusion algorithm based on weighted forward KL divergence
sum, which obtains the fused pdf by a joint optimization
with respect to both the fusion weights and fused pdf [45].
The asymmetry of the KL divergence leads to the fact that
minimizing the sum of the reverse KL divergence sum yields
different fusion results. In [46], a linear fusion algorithm
using weighted reverse KL divergence sum, arithmetic av-
erage (AA) fusion, was proposed. However, since there is
no closed form for the KL divergence between GMMs,
it is difficult to obtain the fused pdf by the above fusion
algorithms when the local pdfs are all GMMs. More details
about these KL divergence sum-based distributed fusion
algorithms will be provided in Section III.

In this article, the distributed fusion of GMMs provided
by local MM estimators is investigated for the multisensor
maneuvering target tracking scenario. The main contribu-
tions are twofold.

1) A distributed fusion framework of GMMs under the
minimum forward KL divergence sum criterion is
proposed.

2) To make this framework analytically tractable, two
suboptimal distributed fusion algorithms, all in
closed forms are developed using an approximation
to the KL divergence between GMMs and a heuristic
method.



The rest of this article is organized as follows. Section II
formulates the distributed fusion problem of GMMs pro-
vided by the MM estimators. Section III briefly reviews
existing distributed fusion algorithms using minimum KL
divergence sum criterion. Section IV presents a distributed
fusion framework for GMMs of local MM estimators using
the forward KL divergence sum. Then two closed-form
distributed fusion algorithms are developed in Section V
to make this framework analytically tractable. Illustrative
examples are presented in Section VI. Finally, Section VII
concludes this article.

Notation: For clarity, we use italics to denote scalar
quantities and boldface for vectors and matrices. A lower
or upper case Roman letter represents a name (e.g., “F” for
“fusion center,” “l” for “local estimator,” etc.). We use x′ to
denote the transpose of the vector x. g(x) and p(x) denote
the GMM and Gaussian pdf of x, respectively.

II. PROBLEM FORMULATION

Consider a distributed tracking system with N sensors,
where each sensor runs a MM estimator for handling tar-
get maneuvers. For simplicity, assume the following jump
Markov linear system [47] in the lth MM estimator:

xl
i,k = Fl

i x
l
i,k−1 + wl

i,k−1 (1)

zl
k = Hl xl

i,k + vl
i,k (2)

where superscript l = 1, 2, . . . , N is the sensor index, sub-
script i = 1, 2, . . . , M is the index of models running in
parallel in the MM estimator, xl

i,k ∈ R
dx and zl

k ∈ R
dz are

the state and measurement vectors at time k, respectively,
Fl

i and Hl are known parameter matrices of the ith model in
estimator l , the process noise wl

i,k−1 and measurement noise
vl

i,k are assumed to be mutually independent zero-mean
Gaussian white noise sequences.

In the local MM estimator l , the posterior state estimate
of each model is updated according to the measurement set
Zl

k � {zl
j}k

j=1 in parallel. The intrinsic output of the MM
estimator l is a GMM [48], namely

gl (x) =
M∑

i=1

μl
iN
(
x; x̂l

i , Pl
i

)
(3)

where the time indices k have been omitted for simplicity,
μl

i denote the probability of the ith model in the estimator l ,
x̂l

i and Pl
i are the posterior model-conditioned state estimate

and the corresponding variance, respectively.
For a single MM estimator l , in order to provide the

user with a state estimate x̂l and covariance Pl of the
maneuvering target, the following mean and covariance of
GMM gl (x) can be used [17]:{

x̂l = ∑M
i=1 μl

i x̂
l
i

Pl = ∑M
i=1

[
Pl

i + (x̂l − x̂l
i )(x̂l − x̂l

i )′
]
μl

i .
(4)

Equation (4) is nothing but the last step in one cycle of the
MM estimator. This step is only used to output the tracking
results to the user, but not a necessary part to make the

recursions of MM estimators work [17]. Comparing (3)
with (4), it is obvious that (3) can keep more “detailed
information,” which includes the model probability of each
Gaussian mixture component and the corresponding pdf.

Assume that the local MM estimators have the same
model sets. Then the GMMs provided by these estimators
have the following two characteristics.

1) These GMMs have the same number of components.
2) There is a one-to-one correspondence between the

components of different GMMs. That is, compo-
nents i from different GMMs all refer to the same
motion model of the target.

We refer to the above characteristics as the “structure
information” of GMMs provided by local MM estimators.
In order to make full use of the detailed information and
structure information mentioned above, the GMMs should
be sent directly to the fusion center as the output of the local
MM estimators. In this case, the fusion of GMMs needs to
be performed at the fusion center.

Let gF (x) be the fused pdf. It can be naturally modeled
as a GMM with the same structure as the local GMMs gl (x),
l = 1, 2, . . . , N , due to the fusion of local MM estimators
of the same structure. That is, the fused pdf gF (x) is also of
the form

gF (x) =
M∑

i=1

μF
i N

(
x; x̂F

i , PF
i

)
(5)

where μF
i is the probability of the ith model at the fusion

center, andN (x; x̂F
i , PF

i ) is the corresponding Gaussian pdf.
In this article, our goal is to:

1) obtain the fused GMM gF (x) at the fusion center;
2) compute the fused state estimate x̂F and the corre-

sponding covariance PF with respect to the fused
GMM gF (x) as the output of the fusion center.

III. REVIEW OF EXISTING DISTRIBUTED FUSION US-
ING KL DIVERGENCE SUM

The KL divergence was first defined in [38]. It describes
the information geometry of the density function space and
can be used to measure the similarity between two pdfs.
For two arbitrary pdfs pm(x) and pn(x), the KL divergence
between them is defined as

D(pm‖pn) =
∫

pm(x) · log

(
pm(x)

pn(x)

)
dx (6a)

= Epm (x)

[
log

(
pm(x)

pn(x)

)]
(6b)

where Epm (x)[·] denotes the expectation with respect to
pm(x).

According to (6b), the KL divergence can also be inter-
preted as the expectation (with respect to pm(x)) of the log
ratio of pm(x) and pn(x). When both pm(x) and pn(x) are



Gaussian pdfs, (6) has an analytic form

D(pm‖pn) = 1

2

( (
x̂m−x̂n

)′ (
Pn
)−1 (

x̂m−x̂n
)− dx

+ tr
((

Pn
)−1

Pm
)

+ ln

( |Pn|
|Pm|

))
(7)

where x̂m and x̂n are the means of the Gaussian pdfs pm(x)
and pn(x), respectively, Pm and Pn are the corresponding
covariances, dx is the dimension of x, and tr(·) denotes the
trace of a matrix.

The KL divergence is not symmetric, i.e., D(pm‖pn) �=
D(pn‖pm). As a result of this, the distributed fusion using
KL divergence sum can be divided into forward and reverse
classes.

A. Distributed Fusion Using Forward KL Divergence Sum

Given N local pdfs pl , l = 1, 2, . . . , N , the distributed
fusion using minimum forward KL divergence sum is de-
fined as [44]

p̂F
FKL(x) � arg min

p

N∑
l=1

D
(
p‖pl

)
(8)

where p is an arbitrary pdf to be optimized, pl is the posterior
pdf provided by local estimator l , and p̂F

FKL is the optimal
fused pdf under this criterion.

When the local and fused pdfs are all Gaussian, i.e., pl =
N (x; x̂l , Pl ) and p̂F

FKL = N (x; x̂F , PF ), the fused estimate
x̂F and covariance PF can be obtained analytically [44]⎧⎨

⎩
x̂F =

(∑N
l=1

(
Pl
)−1
)−1∑N

l=1

(
Pl

i

)−1
x̂l

PF = N ·
(∑N

l=1

(
Pl
)−1
)−1

.
(9)

When the local pdfs are all Gaussian mixtures, there is no
closed form for (8) because the KL divergence between
Gaussian mixtures is not analytically tractable. In Sec-
tion IV of this article, suboptimal fusion algorithms with
closed forms will be proposed under this criterion.

Given N local pdfs pl and the fusion weights ωl , l =
1, 2, . . . , N , the distributed fusion using minimum weighted
forward KL divergence sum is defined as [49, Definition 1]

p̂F
WFKL � arg min

p

N∑
l=1

ωlD
(
p‖pl

)
(10)

where 0 ≤ ωl ≤ 1 and
∑N

l=1 ωl = 1. We refer to distributed
fusion under this criterion as weighted forward KL diver-
gence average (WF-KLDA).

In [49], it has been proven that (10) turns out to be

p̂F
WFKL =

∏N
l=1

[
pl (x)

]ωl

∫ ∏N
l=1

[
pl (x)

]ωl

dx
. (11)

Note that (11) is the same as the GCI fusion. So the WF-
KLDA actually coincides with the GCI fusion.

When the local and fused pdfs are all Gaussian in (10),
the fused estimate x̂F and covariance PF can be analytically

written as [49]⎧⎨
⎩

x̂F = PF
∑N

l=1 ωl
(
Pl
)−1

x̂l

PF =
(∑N

l=1 ωl
(
Pl
)−1
)−1

.
(12)

Note that in distributed fusion, the fusion weights wl , l =
1, 2, . . . , N , are usually unknown. To determine the fusion
weights and fused pdf simultaneously, the following max-
min optimization problem was formulated

({
ω̂l
}N

l=1
, p̂F

WFKL

)
� arg max

{ωl}N

l=1

min
p

N∑
l=1

ωlD
(
p‖pl

)
.

(13)

A detailed derivation can be found in [45, Section II].
When the local pdfs are all Gaussian mixtures, it is dif-

ficult to obtain the optimal weights ω̂l , l = 1, 2, . . . , N , of
each Gaussian mixture. Some suboptimal algorithms [33],
[34], [35], [36], [37] have been proposed for this.

If the same confidence is assigned to all local pdfs,
i.e., ω1 = ω2 = · · · = ωN = 1/N , then weighted forward
KL divergence sum criterion is reduced to the unweighted
forward one.

B. Distributed Fusion Using Reverse KL Divergence Sum

Given N local pdfs pl and the fusion weights ωl , l = 1,

2, . . . , N , the distributed fusion using minimum weighted
reverse KL divergence sum is defined as [50] and [51]

p̂F
WRKL � arg min

p

N∑
l=1

ωlD
(
pl‖p

)
. (14)

It has been proven that (14) leads to a linear fusion

p̂F
WRKL =

N∑
l=1

ωl pl . (15)

Therefore, distributed fusion under this criterion is also
referred to as AA fusion [51], [52].

When the local and fused pdfs are all Gaussian, the fused
estimate x̂F and covariance PF can be analytically written
as [46]{

x̂F = ∑N
l=1 ωl x̂l

PF = ∑N
l=1

[
Pl + (x̂F − x̂l )(x̂F − x̂l )′

]
ωl .

(16)

However, in distributed fusion, the fusion weights wl ,
l = 1, 2, . . . , N , are usually unknown and hard to be deter-
mined in advance. Thus, optimal determination of the fusion
weights and fused pdf becomes joint optimization problem
with respect to both of them, which can be approximately
reformulated as a max–min optimization problem [46]

({
ω̂l
}N

l=1
, p̂F

WRKL

)
� arg max

{ωl}N

l=1

min
p

N∑
l=1

ωlD
(
pl‖p

)
.

(17)

A detailed derivation can be found in [46, Sec. III].
When the local pdfs are all Gaussian mixtures, it is

difficult to obtain the optimal weights in (17) because the KL



Fig. 1. Distributed fusion framework for multiple MM estimators.

divergence between Gaussian mixtures is not analytically
tractable. Two suboptimal algorithms have been proposed
in [46].

If ω1 = ω2 = · · · = ωN = 1/N , then the weighted re-
verse KL divergence sum criterion is reduced to the un-
weighted reverse KL divergence sum criterion. Correspond-
ingly, (15) boils down to unweighted AA (uAA) fusion. That
is, when the local and fused pdfs are all Gaussian pdfs, the
fused estimate x̂F and covariance PF are{

x̂F = 1
N

∑N
l=1 x̂l

PF = 1
N

∑N
l=1

[
Pl + (x̂F − x̂l )(x̂F − x̂l )′

]
.

(18)

When the local pdfs are all Gaussian mixtures, the fused
estimate and covariance can be obtained analytically as
in [46].

REMARK 1 By comparison, it can be seen that in (9) and
(12), the covariance of each local estimate is taken into ac-
count when computing the fused state estimate x̂F . Whereas
this is not the case in (16) and (18).

IV. DISTRIBUTED FUSION FRAMEWORK FOR GMMS
OF LOCAL MM ESTIMATORS USING FORWARD KL
DIVERGENCE

For the maneuvering target tracking with multiple MM
estimators, a distributed fusion framework is proposed, as
shown in Fig. 1.

This framework includes the following steps.

1) The GMMs gl (x) = ∑M
i=1 μl

iN (x; x̂l
i , Pl

i ),
l = 1, 2, . . . , N , provided by the local MM
estimators are sent as input data to the fusion
center or other sensors.

2) The fused GMM gF (x) = ∑M
i=1 μF

i N (x; x̂F
i , PF

i ) is
obtained under the minimum forward KL divergence
sum criterion.

3) The state estimate x̂F and covariance PF of the ma-
neuvering target are computed by WF-KLDA, and
output from the fusion center.

In the framework shown in Fig. 1, we fuse local GMMs
under the minimum forward KL divergence sum criterion,

that is

ĝF (x) = arg min
gF

N∑
l=1

D
(
gF ‖gl

)
(19)

where ĝF (x) is the fused GMMs under this criterion, gF is
an arbitrary GMM, and gl is the local GMM from estimator
l as in (3).

Since there is no closed-form solution to the KL di-
vergence between GMMs, how to analytically obtain the
solution of (19) is not a trivial problem. This problem is the
key to this article, which will be discussed in detail in the
next section.

Assume that the solution to (19) has been obtained. Then
the next step is how to compute the fused state estimate x̂F

and covariance PF of the maneuvering target from the fused
GMM ĝF (x). One method is to use the moment matching,
just like in the last step in one cycle of the MM estimator.
That is{

x̂F = ∑M
i=1 μF

i x̂F
i

PF = ∑M
i=1

[
PF

i + (x̂F − x̂F
i

) (
x̂F − x̂F

i

)′]
μF

i .
(20)

The same results can be obtained by weighted reverse KL
divergence sum criterion [46].

Another alternative method is the WF-KLDA [18], [53].
That is ⎧⎨

⎩
x̂F = PF

∑M
i=1 μF

i

(
PF

i

)−1
x̂F

i

PF =
(∑M

i=1 μF
i

(
PF

i

)−1
)−1

.
(21)

In (21), the covariance of each model is considered when
computing the fused state estimate x̂F , while it is not in (20).
Therefore, the WF-KLDA is used to get the final output.

V. TWO CLOSED-FORM DISTRIBUTED FUSION AL-
GORITHMS

In this section, in order to obtain the solution to the
optimization problem (19) analytically, two closed-form
distributed fusion algorithms for GMMs are developed us-
ing an approximation of the KL divergence between GMMs,
matched bound approximation [54], and a heuristic method.

A. Distributed Fusion of GMMs Using Matched Bound
Approximation

There exists the following matched bound approxi-
mation [54] for the KL divergence between two known
GMMs

D
(
ga‖gb

)≈ M∑
i=1

∫
μa

i pa
i log ga−

M∑
i=1

∫
μa

i pa
i log gb (22a)

≈
M∑

i=1

μa
i

∫
pa

i logμa
i pa

i −
M∑

i=1

μa
i max

j

∫
pa

i logμb
j pb

j

(22b)

=
M∑

i=1

μa
i min

j

(
D
(
pa

i ‖pb
j

)+ log
μa

i

μb
j

)
(22c)



=
M∑

i=1

μa
i

(
D(pa

i ‖pb
δ(i) ) + log

μa
i

μb
δ(i)

)
(22d)

with

δ(i) = arg min
j

(
D
(
pa

i ‖pb
j

)+ log
μa

i

μb
j

)
(23)

where δ is a matching function that matches a single compo-
nent of the Gaussian mixture gb to a given component of ga

[54]. The approximation in (22b) is based on the assumption
that the component μb

j p
b
j of the Gaussian mixture gb that is

most proximal to μa
i pa

i dominates the integral
∫

μa
i pa

i log gb

[54].
If the GMMs ga and gb are provided by IMM estimators

with the same model set, then according to the structural
information of the GMMs described in Section II, the same
components of ga and gb have the following characteristics.

1) Both pa
i and pb

i are obtained from model-matched
filters with the same motion model. They represent
the pdfs of target moving with the ith model.

2) Both μa
i and μb

i denote the probabilities that the
target is moving with model i.

Therefore, the components of the GMMs have clear
physical implications. Ideally, if local sensors have no mea-
surement errors, or their errors are equal at any time, then
pa

i = pb
i and μa

i = μb
i . Usually, when these two estimators

provide reliable local estimates, it is reasonable to assume
that the model probabilities and model-matched filtering
pdfs of the same components from different GMMs are
closer to each other.

Based on the above analysis, we propose the following
assumption.

ASSUMPTION 1 If the Gaussian mixtures ga and gb are
provided by local MM estimators with the same model set,
then the i-th component of gb is always the matching model
of the ith component of ga, i.e., j� = i.

Assumption 1 is nothing but an approximate solution
for the matching function (23). Its rationality will be veri-
fied through numerical examples in Section VI. Note that
Assumption 1 can also be equivalently written as(
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)+log
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) ∣∣∣
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.

(24)

With Assumption 1, (22) becomes

D
(
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) ≈
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i

]
. (25)

It can be seen from (25) that with Assumption 1, the
matched bound approximation is equivalent to the upper

bound approximation given by Do [55]. This also justifies
the rationality of Assumption 1 to a certain extent.

Back to (19), according to the matched bound approxi-
mation, one has

min
gF

N∑
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.

(26)

Although μF
i and pF

i , i = 1, 2, . . . , M, in (26) are unknown,
the fused gF is modeled as a GMM with the same structure
as the local GMM gl , l = 1, 2, . . . , N . This means that there
is a one-to-one correspondence between the components of
the fused gF and each local GMM gl . Therefore, we use the
same approximation in (25) to simplify (26). Then
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where
∑M

i=1 μF
i = 1.

As can be seen from (27), pF
i only exists in∑N

l=1 D(pF
i ‖pl

i ). Therefore, we can first compute the op-
timal p̂F

i , i = 1, 2, . . . , M, by

p̂F
i = arg min

pF
i

N∑
l=1

D
(
pF

i ‖pl
i

)
. (28)

Since both p̂F
i and pl

i are known Gaussian as

p̂F
i = N (

x; x̂F
i , PF

i

)
, pl

i = N (
x; x̂l

i , Pl
i

)
. (29)

Then the mean and covariance of Gaussian pdf p̂F
i can be

computed by [44]⎧⎨
⎩

x̂F
i =

(∑N
l=1

(
Pl

i

)−1
)−1∑N

l=1

(
Pl

i

)−1
x̂l

i
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i = N ·
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(
Pl

i

)−1
)−1

.
(30)

REMARK 2 Under the minimum forward KL divergence
sum criterion, the pdf of component i of the fused GMMs gF

is obtained by fusing the same components of local GMMs.

Let

ri =
N∑

l=1

D
(
p̂F

i ‖pl
i

)
. (31)



Algorithm 1: MBA-KL.

Require: GMMs gl , l = {1, 2, . . . , N}, of local MM
estimators

Ensure: State estimate x̂F and corresponding
covariance PF of maneuvering target

1: Compute mean x̂F
i and covariance PF

i of
Gaussian pdfs p̂F

i , i = 1, 2, . . . , M, via (30)
2: Compute corresponding model probabilities μ̂F

i ,
i = 1, 2, . . . , M, via (34)

3: Obtain the fused state estimate x̂F and
covariance PF by (21)

4: return x̂F , PF

By substituting ri into (27) and considering the constraint∑M
i=1 μF

i = 1, we can obtain(
μ̂F

1 , μ̂F
2 , . . . , μ̂F

M

)
= arg min
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]
(32a)

subject to
M∑

i=1

μF
i = 1. (32b)

The optimization problem in (32) can be solved using
the Lagrange multiplier method. Let
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where λ is the Lagrange multiplier.
To minimize (33), let ∂ f

∂λ
= 0 and ∂ f

∂μF
i

= 0, i =
1, 2, . . . , M. Then we can get the optimal model probability

μ̂F
i = e

1
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−ri−N+log
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−λ
]
, i = 1, 2, . . . , M (34)

where

λ = log
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e
1
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[
−ri−N+log

(∏N
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i

)]
. (35)

Therefore, the fused GMM can be obtained by (30) and
(34). Then the WF-KLDA is used to get the final output.
This algorithm is referred to as MBA-KL. It is summarized
in Algorithm 1.

B. Distributed Fusion of GMMs Using Discrete Approxi-
mation

It can be seen from (28) that the pdf of each model
of the fusion center is obtained by fusing the pdfs of the
same model across estimators, and the influence of model
probability is not considered in this process. In each local
IMM estimator, the computation of the model probabilities
and model-matched filtering pdfs are interdependent. That
is, when computing the model probabilities, the information
from the pdfs has already been taken into account indirectly,

and vice versa. Therefore, a heuristic method for the fusion
of GMMs is to separately compute the model probability
μF

i and pdf pF
i under the minimum forward KL divergence

sum criterion. Its advantage is that the complicated joint
optimization problem in (19) with respect to both model
probabilities and pdfs can be approximately decomposed
into suboptimization problems about model probabilities
and pdfs alone. In this way, closed form of (19) is readily
available.

For this, let μF = [μF
1 , . . . , μF

M ]′ and μl =
[μl

1, . . . , μ
l
M ]′, l = 1, 2, . . . , N . Then the optimization

problem in (19) can be approximately decomposed into the
following suboptimization problems{

μ̂F = arg minμF

∑N
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(
μF ‖μl

)
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i = 1, and μF
i ≥ 0
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and
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i = arg min
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N∑
l=1

D
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)
, i = 1, 2, . . . , M. (37)

The optimization problem in (36) can be solved using the
Lagrange multiplier method. Let
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where η is the Lagrange multiplier. The minimization of
(38) is a convex optimization problem. Let ∂ f

∂η
= 0 and

∂ f
∂μF

i
= 0, i = 1, 2, . . . , M. Then one can get
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where
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The solution of (37) is the same as that of (28). Interestingly,
by comparing (34) and (39), it can be seen that the solutions
of the model probabilities μF

i are very similar. The only
difference is that there is no item ri in the exponential part
of (39).

After obtaining the fused GMM, the WF-KLDA is used
to get the final output. This algorithm is referred to as DA-
KL. It is summarized in Algorithm 2.

VI. ILLUSTRATIVE EXAMPLES

In this section, to evaluate the performance of the two
newly developed distributed fusion algorithms for GMMs,
some illustrative maneuvering target tracking examples are
presented.

Consider a single target tracking problem. Assume that
the target performs nearly constant velocity (NCV), nearly
coordinated turn (NCT), and NCV motions sequentially in



Algorithm 2: DA-KL.

Require: GMMs gl , l = {1, 2, . . . , N} of local MM
estimators

Ensure: State estimate x̂F and corresponding
covariance PF of maneuvering target

1: Compute mean x̂F
i and covariance PF

i of
Gaussian pdfs p̂F

i , i = 1, 2, . . . , M, via (30)
2: Compute corresponding model probabilities μ̂F

i ,
i = 1, 2, . . . , M, via (39)

3: Obtain the fused state estimate x̂F and
covariance PF by (21)

4: return x̂F , PF

TABLE I
Parameter Settings for Maneuvering Target True Trajectory

TABLE II
Power Spectral Densities in Two

Test Cases

a 2-D plane, and only the target position can be observed
by sensors. The parameters of the target true trajectory are
listed in Table I.

The covariance matrices of the process noise of target
performing NCV and NCT motions are given by

Q1 = ρ1 ·

⎡
⎢⎢⎢⎣

T 3

3
T 2

2 0 0
T 2

2 T 0 0
0 0 T 3

3
T 2

2

0 0 T 2

2 T

⎤
⎥⎥⎥⎦ (41)

Q2 = ρ2·⎡
⎢⎢⎣

2(ωT−sin ωT )
ω3 0 1−cos ωT

ω2
ωT−sin ωT

ω2

0 2(ωT−sin ωT )
ω3 −ωT−sin ωT

ω2
1−cos ωT

ω2
1−cos ωT

ω2 −ωT −sin ωT
ω2 T 0

ωT −sin ωT
ω2

1−cos ωT
ω2 0 T

⎤
⎥⎥⎦ (42)

where ρ1 is the power spectral density (PSD) of the process
noise of NCV motion, ρ2 is the PSD of process noise of
NCT motion, T is the sampling interval of the sensor, and
ω is the angular rate.

The PSDs of the process noise of the target motion for
two test cases are given in Table II.

An IMM estimator is run at each sensor to handle target
maneuvers. The target state to be estimated is defined as

xk � [ xk ẋk yk ẏk ]′ (43)

where [xk yk]′ and [ẋk ẏk]′ are the position and velocity of
the target in the Cartesian coordinate system, respectively.

In each IMM estimator, the NCV and NCT models
are used to track the maneuvering target. The parameter
matrices in (1) are as follows:

Fl
1 =

⎡
⎢⎢⎣

1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

⎤
⎥⎥⎦ (44)

Fl
2 =

⎡
⎢⎢⎣

1 sin ωT
ω

0 − 1−cos ωT
ω

0 cos ωT 0 − sin ωT
0 1−cos ωT

ω
1 sin ωT

ω

0 sin ωT 0 cos ωT

⎤
⎥⎥⎦ (45)

where F l
1 is the state transition matrix of the NCV model

in estimator l , F l
2 is the state transition matrix of the NCT

model in estimator l . The corresponding used covariance
matrices for process noises are the same as in (41) and (42)
with the PSDs in Table II.

Since only the target position can be observed by both
sensors, the measurement matrix Hl in (2) is

Hl =
[

1 0 0 0
0 0 1 0

]
. (46)

The transition probability matrix of the Markov chain be-
tween the NCV and NCT models is taken as

� =
[

0.95 0.05
0.05 0.95

]
. (47)

To verify the effectiveness of these two new distributed
fusion algorithms developed in this article, their tracking
performances in terms of both estimation accuracy and
computational efficiency are compared with the PCCI [20],
MPCF [36], DCI-GMM [37], AA [46], and uAA [46], [52],
along with the local IMM estimators, over 2000 Monte
Carlo runs.

For MPCF, the merging step is performed on Gaussian
mixture components that satisfy the following inequality:(

x̂l
i − x̂l

j

)
Pl

i

(
x̂l

i − x̂l
j

)
< 	 (48)

where 	 is the merging threshold. If (48) does not hold, it
means that these two components of the Gaussian mixture
are separated. As in [36], we let 	 = 4. In order to verify
the effect of the merging step on the fusion algorithm and
whether the components corresponding to different models
can be well separated, the MPCF without the merging step
(i.e., 	 = 0) is used for comparison. For ease of distinction,
we denote the corresponding algorithms as MPCF-4 and
MPCF-0, respectively.

The AA fusion is given by [46]

p̂F
AA =

N∑
l=1

ωl gl =
N∑

l=1

ωl
M∑

i=1

μl
i pl

i. (49)



TABLE III
Rationality Ratio γ Within

10 ≤ K ≤ 100

In [46], the local GMMs gl are first approximated as Gaus-
sian pdfs and then the suboptimal weights ω̂l are obtained
using bound optimization.

If ω1 = ω2 = · · · = ωN = 1/N , then (49) boils down to
the uAA fusion. Either AA or uAA results in a Gaussian
mixture with N × M components via (49) for which the
mean and covariance are given by [46, Lemma 3]{

x̂F = ∑N
l=1

∑M
i=1 μl

i x̂
l
i

PF = ∑N
l=1

∑M
i=1

[
Pl

i + (x̂l − x̂l
i

) (
x̂l − x̂l

i

)′]
μl

i .
(50)

A. Fused Tracking Performance for Maneuvering Target
With 2 Sensors

Suppose there are two sensors, and their sampling in-
tervals are T = 1 s. The covariances of measurement errors
of sensors 1 and 2 are, respectively

R1 =
[

502 0
0 502

]
m2 (51)

R2 =
[

302 0
0 302

]
m2. (52)

The rationality of Assumption 1 will be verified by the
rationality ratio γ defined as

γ =
∑Mc

n=1 cn

Mc
(53)

where n is the Monte Carlo run index and Mc is the number
of Monte Carlo runs. In each Monte Carlo run, if
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and
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hold simultaneously, then cn = 1; if only one of them holds,
then cn = 0.5; if neither holds, then cn = 0.

Assumption 1 is rational if its rationality ratio is close
to 1 (the closer, the more rational); it is not rational if its
rationality ratio is close to 0 (the closer, the less rational).

Fig. 2 shows the rationality ratios of Assumption 1 in
both cases. First, it can be seen that during the initial time,
the rationality of Assumption 1 is relatively smaller, with
γ ≈ 0.6. However, with the update on the state estimates
and model probabilities, the rationality of the assumption
increase quickly. Second, rationality ratios of Assumption 1
decrease slightly when the target is maneuvering.

Fig. 2. Rationality ratios for Cases 1 and 2.

Table III lists the minimum, maximum, and average of
the rationality ratios within 10 ≤ k ≤ 100. It can be seen
that although the PSDs of the process noises of the target
motions in Case 2 are increased by 100 times compared to
that in Case 1, the average rationality ratios are very close
and both are larger than 0.95. Therefore, this assumption is
considered rational.

Fig. 3(a) and (b) shows the root mean square (rms)
position and velocity errors in Case 1. First, it can be seen
that MBA-KL and DA-KL have nearly the same estimation
accuracy and both of them are significantly better than the
other fusion algorithms. This indicates that the proposed two
fusion algorithms make full use of the structural information
about the GMMs from the local IMM estimators, which not
only simplifies the complexity of the fusion algorithms, but
also effectively improves the estimation accuracy. Second,
MPCF-4 and MPCF-0 almost overlap in both rms position
and velocity errors. This means that in MPCF-4, the merging
step is not performed since inequality (48) does not hold.
That is, the Gaussian mixture components output by the
individual IMM estimators are always separated from each
other. This, to some extent, also verifies the rationality
of Assumption 1. Third, the estimation accuracy of uAA
is better than that of AA, which may be due to the fact
that weights computed in AA fusions are suboptimal. In
addition, DCI-GMM and MPCF-4/MPCF-0 are also worse
than MBA-KL and DA-KL. This means that if the optimal
weights are not available, assigning the same degree of
confidence to all local pdfs may be a better choice.

Fig. 3(c) shows the average model probabilities of NCV
motion from local IMM estimators as well as MBA-KL
and DA-KL. The model probabilities of NCT can be easily
known because their summations with those of NCV are
1. First, for the model probabilities of the fused GMMs,
the only difference between the MBA-KL and DA-KL is
that the MBA-KL additionally computes the forward KL
divergence sum ri of pdfs of model-matched filtering. It
can be seen that the model probabilities for MBA-KL and
DA-KL are almost the same. This shows that ri has very little
effect on the computation of model probabilities. The main



Fig. 3. Case 1 with ρ1 = 0.1 and ρ2 = 0.1. (a) Position rms error. (b)
Velocity rms error. (c) Model probability of NCV.

reason is that in local IMM estimators, information of the
pdfs have already been taken into account indirectly when
calculating the model probabilities. Second, when the target
performs NCV motion, the probabilities of the NCV model
computed by both MAB-KL and DA-KL are significantly
greater than 0.5 (about 0.8). This verifies that the model
inference capability of the proposed two fusion algorithms
is effective.

Fig. 4(a) and (b) shows the rms position and velocity
errors and model probabilities of different algorithms in
Case 2. Compared with Case 1, the PSDs of the process
noises of the target motion are increased by 100 times.

Fig. 4. Case 2 with ρ1 = 10 and ρ2 = 10. (a) Position rms error. (b)
Velocity rms error. (c) Model probability of NCV.

First, it can been seen that the estimation accuracies of
all algorithms become worse. However, both MBA-KL
and DA-KL still outperform the other fusion algorithms.
Second, similar to the results in Case 1, the estimation
accuracies of MPCF-4 and MPCF-0 are almost the same,
and uAA is better than AA. Third, in this case, the estimation
accuracy of DCI-GMM, uAA, AA, MPCF-4/MPCF-0, and
PCCI are in descending order. Fig. 4(c) shows the average
model probabilities of NCV motion from MBA-KL, DA-
KL, and local IMM estimators. It can be seen that for the
proposed MBA-KL and DA-KL, the model probabilities for
various segments are consistent with the truth.



TABLE IV
Execution Time of Fusion Algorithms With Two Sensors

To evaluate the computational efficiency of all fusion
algorithms, we compare their execution time relative to that
of DA-KL in Case 1. The optimization toolbox of MATLAB
(R2020b) is used for weights computation of the PCCI, PCF,
MPCF, and DCI-GMM. Tested on a desktop computer with
Intel Core i5-9500 CPU at 3.00 GHz and RAM of 8 GB, the
average execution time of all fusion algorithms per Monte
Carlo run is shown in Table IV.

It can be seen that the MBA-KL, DA-KL and uAA fu-
sion algorithms with closed-form solutions are significantly
more computationally efficient than the other fusion algo-
rithms. Compared to DA-KL, MBA-KL requires additional
computation of the forward KL divergence sum ri of pdfs,
i = 1, 2, . . . , M, which leads to its slightly larger execution
time.

B. Fused Tracking Performance for Maneuvering Target
With Three Sensors

In this subsection, the effect of increasing the number
of sensors on the estimation accuracy and computational
efficiency of distributed fusion algorithms is analyzed.

Suppose there are three sensors, two of which are the
same as in Sections VI–VI-A, and the covariance of mea-
surement errors of the additional sensor is

R3 =
[

602 0
0 602

]
m2. (56)

The PSDs of the process noise of the target taking NCV and
NCT motions are the same as in Case 1, i.e., ρ1 = 0.1 m2/s3,
ρ2 = 0.1 m2/s3. We refer to this case as Case 3. Case 3 just
has one more sensor than Case 1.

For Case 3, if none of
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Fig. 5. Rationality ratios for Cases 1 and 3.

TABLE V
Execution Time of Fusion Algorithms With Three Sensors
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holds, then cn = 0. If only one of them holds, then cn = 1/6.
If only two of them hold then cn = 2/6, and so on.

Fig. 5 shows the rationality ratios of Assumption 1 in
both Cases 1 and 3. It can be seen that the rationality ratios of
Assumption 1 in these two cases almost overlap. Therefore,
when sensors provide reliable local estimates, the rational-
ity of Assumption 1 does not change significantly as the
number of sensors increases.

Fig. 6 shows the rms position and velocity errors and
model probabilities of different fusion algorithms in Case
3. First, it can be seen from Fig. 6(a) and (b) that, com-
pared to Case 1, when the number of sensors increases, the
position estimation accuracies of all fusion algorithms are
significantly improved. MBA-KL and DA-KL have nearly
the same estimation accuracy and are significantly better
than the other fusion algorithms. Note that in this case,
the estimation accuracy of PCCI is better than AA and
MPCF, which is different from the results in Cases 1 and 2.
This shows the potential of PCCI in multisensor (N > 2)
distributed fusion. Fig. 6(c) shows the model probabilities
of the NCV in MBA-KL and DA-KL. It can be seen that both
proposed algorithms can quickly detect target maneuvers
and provide stable and reliable model probabilities.

Table V shows the average execution time of all fusion
algorithms per Monte Carlo run in Case 3. Comparing with



Fig. 6. Case 3 with ρ1 = 0.1 and ρ2 = 0.1. (a) Position rms error. (b)
Velocity rms error. (c) Model probability of NCV.

Table IV, it can be seen that when the number of sen-
sors increases, the execution time of PCCI, AA, MPCF-4,
MPCF-0, and DCI-GMM increases significantly. For PCCI,
it needs to perform CI fusion for all combinations from
different GMM components. Therefore, as the number of
sensors increases, the number of combinations increases
exponentially, resulting in a significant increase in the com-
putational cost of the PCCI. The AA, MPCF, and DCI-
GMM fusion algorithms for GMMs are designed for cases
with two local sensors. They are extended to the cases with
N > 2 sensors by the sequential processing mechanism.

This means that AA, MPCF, and DCI-GMM all need to
perform N − 1 pairwise fusion sequentially, leading to a
significant increase in their computational costs. For uAA,
MBA-KL, and DA-KL, since they have closed forms, their
computational cost is only slightly increased.

Overall, the estimation accuracies of both MBA-KL and
DA-KL are significantly better than the other fusion algo-
rithms in all three cases. And since MBA-KL and DA-KL
have closed forms, their execution time does not increase
significantly with the number of sensors. This means that
MBA-KL and DA-KL have better scalability and can be
used in real-time distributed fusion applications.

VII. CONCLUSION

For the problem of maneuvering target tracking with
multiple MM estimators, we have proposed a distributed
fusion framework under the minimum forward KL diver-
gence sum criterion, in which the local GMMs rather than
their means and covariances from the MM estimators are
used for fusion to retain more detailed and structural infor-
mation of local estimations. Within this framework, we have
developed two suboptimal closed-form fusion algorithms,
MBA-KL and DA-KL, using an approximation to the KL
divergence of GMMs and a heuristic method. Numerical
results have demonstrated that, compared with the existing
PCCI, MPCF, AA, uAA, and DCI-GMM fusion algorithms,
MBA-KL and DA-KL have significantly higher estimation
accuracy for maneuvering target tracking.
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