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Abstract

This dissertation presents theoretical advancements in the study of linear light-matter
interactions, emerging from the enhancement of the well-established T-matrix method
through the application of group representation theory.

The main contributions are threefold. Firstly, the monochromatic T-matrix method is
expanded into the polychromatic domain, enabling the description of linear interactions
between pulses and objects, both at rest and moving with relativistic velocities. Numerical
simulations demonstrate the theory’s applicability, particularly in computing the transfer
of energy and momentum between the pulse and a moving object.

The second contribution focuses on the description of the object’s chirality. The
challenge of differentiating between enantiomers is addressed with a novel quantity called
chirality signature. This measure, for the first time, captures the infinite-dimensional
nature of chirality, allowing for the continuous distinction between any pair of enantiomers.
Additionally, its conformal invariance is established.

The third contribution introduces a novel method of describing linear light-matter
interactions by representing a scatterer’s action as a sum of symmetry transformations.
The coefficient of this decomposition, named the scattering function, is defined on the
symmetry group manifold and is bijectively connected to the T-matrix. It has been shown
that the scattering function’s values can reflect the positions of objects within a cluster.
This insight opens up two promising avenues for advancement: the first involves the use
of the scattering function in imaging and inverse object design, and the second suggests
progress in understanding the Rayleigh hypothesis. Unlike the T-matrix, the scattering
function is not constrained by the sphere circumscribing the object.
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1 Introduction

Interaction between electromagnetic radiation and matter represents an example of a
physical phenomenon that surrounds us in nearly every aspect of our lives. Advancements
that we experience daily, from fast telecommunications and efficient capturing of the
solar power, to the progress in medical imaging, are possible because of our increasing
understanding of this physical phenomenon.

One of the well-established methods to describe a large class of linear light-matter
interactions is the T-matrix formalism, developed by Waterman [1]. It provides an accurate
and efficient numerical method to describe electromagnetic scattering by means of a linear
operator. Given an incident illumination, the T-matrix of an object or a cluster of objects
produces the corresponding scattered field. Usually, the incident field is expanded in
the regular multipolar fields, while the scattered field is decomposed into the irregular
outgoing multipolar fields. The T-matrix maps between these two sets of coefficients but
is independent of the specific incident field. This formalism has proven to be a powerful
method that continues to inspire a wide range of applications [2, 3].

Despite its advantages, the T-matrix method has limitations, such as the questionable
validity of the expansion of scattered fields inside the smallest encompassing sphere
of an object [4, 5, 6, 7, 8, 9, 10]. This hinders the description of scattering by clusters
of objects, whose circumscribing spheres intersect. Another limitation concerns the
monochromatic character of formalism: it has been defined and systematically developed
only for monochromatic fields, with equal frequency for both incident and scattered fields.
The present dissertation addresses this particular limitation. The linearity of Maxwell’s
equations allows to represent the incident and the scattered fields in their most general
polychromatic form as a superposition of monochromatic fields with different frequencies.
Here, the first systematic development of the polychromatic T-matrix formalism is presented,
which extends the range of its application to new classes of problems.

First, this is the direct description of objects interacting with electromagnetic pulses,
which has significant practical applications in various fields such as pulsed optical tweezers
[11], control of matter magnetization [12], and refractive index measurements [13]. The
second class of problems includes linear light-matter interactions, where the frequency of
the scattered field is not identical to the frequency of the incident field. For example,
the interaction of a monochromatic light with a constantly moving object produces
a polychromatic scattered field that includes frequencies not present in the incident
illumination. The polychromatic T-matrix allows one to solve such a problem directly by
applying the Lorentz boost transformation to the operator. Another example is Raman
scattering, where the action of the internal vibrations of the object adds or subtracts energy
from the incident field, thereby changing its frequency.

My work is guided by the ideas from group representation theory, a subject that studies
symmetry transformations of physical systems [14]. One of its core ingredients, relevant for
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the T-matrix, is the concept of irreducible representations of a group of transformations.
Its meaning for the scattering that can be understood by decomposing the field into
the irreducible parts. The T-matrix then can be seen as an operator connecting these
simplest elements of the field. Peterson and Strom [15] used these ideas to show that the
monochromatic T-matrix acts between irreducible representations of the symmetry group
of the 3D Euclidean space. This group consists of spacial rotations and translations, the
irreducible representations of whose allowed to conveniently formulate the transformation
laws of the T-matrix under these transformations, as well as to compute T-matrices of
composite objects.

However, the 3D Euclidean group does not provide the group-theoretical ground for
the most general polychromatic electromagnetic fields. As it was shown by Wigner [16],
physical fields describing elementary particles such as electrons and photons arise from
the irreducible representations of the Poincaré group, which is the group of isometries
of the 4D Minkowski spacetime. This group consists of the 3D Euclidean group together
with time translations and Lorentz transformations, also called Lorentz boosts. The latter
describe changes from the stationary reference frame to the one moving with constant
velocity. They also change the frequency content of the field, as exemplified by the
Doppler effect. In addition to providing simple formulations of transformation laws for the
electromagnetic field, the group-theoretical perspective allows one to introduce the unique
scalar product of two arbitrary fields [17], with the defining property that the value of
such scalar product is invariant under all actions of the Poincaré group (and even under a
larger group, the group of conformal transformations [17]). The scalar product allows one
to represent electric fields as states in a Hilbert space and gives access to the convenient
Dirac bra-ket notation. In this setting, one may benefit from the simple formulas for
fundamental quantities [18, §9, Chap. 3], such as energy and momentum, contained in the
field, as well as their conservation laws in scattering [19].

The decomposition of the regular electromagnetic field into irreducible parts with
respect to the Poincaré group was first studied by Moses [20], and here his results are
further generalized to the case of irregular fields, which are necessary for the description of
outgoing and incoming electromagnetic fields. Motivated by the simple group-theoretical
arguments, this dissertation introduces new definitions for the polychromatic multipolar
fields, the defining property of which is the unitary behavior under all actions of the
Poincaré group, including the Lorentz boosts. For the first time, the closed-form expression
for the Lorentz boosts in multipolar basis is derived, which allows to relativistically describe
scattering by moving objects, formulated within the new polychromatic T-matrix method
[21]. This approach is applicable to general objects, given their T-matrix at rest, while
previous developments were limited to the relativistic motion of spherical objects [22, 23].
Since the polychromatic domain encompasses electromagnetic fields of arbitrary time-
dependence, the polychromatic T-matrix formalism presents a new theoretical method of
describing time-dependent scattering, complementing existing approaches [24, 25].

The T-matrix contains the complete information of an object that can be accessed via
light-matter interactions. This fact, combined with the framework of symmetry groups,
provides a powerful language for studying complex attributes of matter, such as chirality.
The concept of chirality describes the phenomenon that all objects in the world fall into
two categories: objects that can be superimposed into their mirror images, and those that



can not. Entities from the latter category are called chiral and they exist in pairs, called
enantiomers: an object and its mirror version.

Chirality is a fundamental concept influencing a broad range of phenomena, from the
left-right asymmetry of the weak interaction in particle physics to the chiral magnetic
fields of galaxies. In pharmacy, it is crucial to select a particular molecular enantiomer
from a chemical reaction, and to discard its undesired counterpart, since they are typically
simultaneously produced in the same reaction. Theoretical challenges in the field of
chirality analysis are related to the quantification of chirality. If an object is chiral, can
one assign a quantity that describes how chiral it is? Given two enantiomers, how can one
label them and distinguish one from the other? The idea of chirality has been transferred
to the context of light-matter interactions, and formulated with the help of the T-matrix
formalism in [26]. The new property, called electromagnetic chirality (em-chirality), was
introduced in relation to the difference between an object’s interaction with fields of
opposite polarization handedness. The scalar measure of em-chirality as a function of
the T-matrix y(T) was introduced as well, which can take values between [0, 1] with 0
standing for electromagnetically achiral objects and 1 for maximally em-chiral objects.

In this thesis, a further development of [26] is presented, which solves the question of
labeling both enantiomers of a chiral object. It is well-known, that despite their widespread
adoption, the terms ’left-handed’ and ’right-handed’ are not universally applicable to
all chiral objects [27, 28]. The reason is that a sufficiently complex chiral object can
undergo a continuous transformation into its mirror image while maintaining its chiral
nature throughout the transformation process [29]. This phenomenon is known as the
chiral connectedness property. It presents the main challenge for the differentiation
of enantiomers: any one-dimensional label that is introduced to continuously label the
handedness of an object will encounter a chiral object without a well-defined handedness.
This phenomenon stems from the infinite-dimensional nature of chirality [27]. In this
manuscript, the first quantitative description of chirality is introduced, which captures
its infinite-dimensional nature entirely. The introduced quantity is called the chirality
signature, and it solves the problem of differentiating between any pair of enantiomers.

Another advancement in understanding electromagnetic scattering from the group-
theoretical point of view is presented in the last chapter of this dissertation. There, a
novel description of linear electromagnetic scattering is introduced, formulated with the
help of a complex-valued function, called the scattering function. This new function is
defined on a manifold of symmetry transformations and contains the same information
as the T-matrix, being bijectively connected to it. Its physical role manifests through the
decomposition of the T-matrix into the actions of the corresponding symmetry group, such
as rotations and translations. Remarkably, the profile of the scattering function reflects the
geometry of the cluster, which highlights its potential value in inverse design and image
reconstruction applications.

The dissertation is structured as follows. Chapter 2 introduces the relevant concepts
of the group theory, Chapter 3 provides a detailed group-theoretical view on regular
electromagnetic fields, and Chapter 4 generalizes it to irregular fields. In Chapter 5, the
theory of polychromatic T- and S-matrices is presented. Chapter 6 discusses its applications
to the transfer of physical quantities between electromagnetic fields and objects, both at
rest and moving with constant speed. Chapter 7 is devoted to electromagnetic chirality
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and to the solution of the problem of enantiomeric differentiation with the introduction
of the chirality signature. Chapter 8 presents a new approach to scattering based on the
decomposition of the T-matrix into actions of symmetry transformations.



2 Relevant aspects of group representation
theory

One of the fundamental elements of this thesis is the theory of group representations.
While this manuscript is written to be accessible for people without prior knowledge of
this theory, readers who seek a deeper understanding are referred to the book by Wu-Ki
Tung [14]. It provides a pedagogical introduction with a focus on applications in physics.

2.1 Projection into irreducible components

The primary aim of this section is to familiarize the reader with the idea of decomposing a
function into irreducible parts with respect to the actions of a given transformation group.
This method is best illustrated with the help of some elementary examples.

Consider an arbitrary function f : R — R. A well-known procedure is to decompose
such function into even and odd parts:

f=r+f (2.1)

with
filx) = ]w (2.2)
f~(x) = Jw (2.3)

such that the new parts change under the parity transformation I, in an elementary
manner

Lfi=fi (2.4)
Lf =-f. (2.5)

In terms of the identity operator 1 and the parity operator, the decomposition may be also
written as

fi= (%]l+%lp)fzﬂ+f (2.6)
f= (%]1 - %Ip)f =ILf. (2.7)

In the context of group representation theory, this decomposition is called projection into
irreducible components for the group of transformations { 1, I, }. Note that expressions in
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the brackets do not depend on f or on the space where f is defined. They would be the
same if the same parity decomposition would be conducted, say, for a three-dimensional
vector field.

The generalization of this procedure to the case of more complex transformations than
parity is one of the important tasks of the group representation theory. The core ingredient
here is the abstract group of transformations (defined solely by group multiplication law),
while the spaces where it may be represented may be different. It means that one may use
well-studied groups, in particular their projectors II, and apply them to the distinct systems.
One of the beneficial results of such application is the access to the elementary building
blocks that have the simplest possible transformation laws under given transformations.

Two following examples illustrate how the representation theory of the same group
may lead to a variety of results, depending on the spaces where its action is considered.

For the group of rotations SO(2) parametrized by a single rotation angle a, the projectors
are known to be

1 2 )
I, = — da e R(a), (2.8)
27 Jo
with integer m and R(«) being rotation by « in a given representation space. The form of
the projector is general, while the action of R(«) depends on the representation space (or,
equivalently, on physical context) and has to be defined or postulated additionally.
First, consider a representation space that consists of functions f defined on a circle,
with rotations acting as

R(a)f(¢) = f($ - ). (2.9)
The application of a projector gives
2

Maf(¢) = — [ dae™R(a)f(¢)

27 0

2

= [ daemf(p-a)
27 Jo

1 ¢—27T

=—— da eim(¢_“)f(a)
27 ¢

1 2 )
= e’m‘ﬁﬁ / dae ™ f(a)
0

= e™q,, (2.10)

where the substitution ¢ —a — « and the periodicity of the circle were used. The resulting
projection consists of two parts: one is the function e™? that transforms in a ‘simplest’
manner under Eq. (2.9) — the rotation for it is just multiplication by a complex number, —
and the other is the decomposition coefficient. The sum of all projected parts gives the
initial function, as in Eq. (2.1), producing the well-known Fourier series:

(o)

f(@) = i Maf(@)= Y e™ap. (2.11)

m=—oo m=—0oo
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For the second example consider a space of complex functions analytical on some
annulus, with rotation acting via

R(a)f(2) = f(e"%2). (2.12)
Now application of the projector gives
1 21

Mof(z)=— [ dae™R@f(2)

27 0

2
—/ dae™ f(e7%z). (2.13)
27 0

Parametrization of a complex curve £ = e™'* allows to write the last expression as a contour

integral over the unit circle (note the first integration is clockwise):

o) =g, FEnE)
1

= ¢ dEETf(E). (2.14)

27E J =1

Substituting £z — & gives

i@ =5 f S (3)"

27‘[1 E|=2] Z
()
an % éYé:m+l
= zZ"cpm, (2.15)

where the integral value is the same for any simple closed curve in the annulus. Again, z™
transforms in an elementary way under rotation Eq. (2.12) and the sum of all components
provides the decomposition of the function in the Laurent series:

[e9)

f(z) = i I, f(2) = Z Z"cm. (2.16)

m=—0oo m=—0oo

Numerous well-known decompositions in physics, such as those involving Bloch waves
or multipolar fields, have a similar interpretation in terms of group theory. Establishing
a connection between a physical theory and the theory of group representations can
provide new and insightful perspectives. This dissertation focuses on the transformation
of electromagnetic fields under the group of 4D space-time symmetries, also called
the Poincaré group. The decomposition of the electromagnetic field into irreducible
components with respect to this group was first explored by Harry Moses [20]. This
manuscript builds on his work and that of others, to enhance and generalize some of the
existing methods relevant to the study of electromagnetic scattering.
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2.2 Poincaré group

All transformations of the Minkowski space-time that leave the scalar product x*y, =
—x%y® + x - y invariant constitute the 10-parameter Poincaré group. 3 of its parameters
are responsible for translations in space, 1 for translation in time, 3 for rotations in space,
and another 3 for Lorentz boosts. The latter relativistically describe the change of the
reference frame to the one that moves the a constant speed. The next section provides a
brief overview of Lorentz boosts.

2.2.1 Lorentz boosts

First, it is important to distinguish between the transformation of the reference frame
and the transformation of the object. In the first case, the transformation is called active,
and in the second it is called passive. Throughout the article, unless stated otherwise,
transformations are assumed to be active.

Active Lorentz boosts provide a relativistic description of an object in uniform motion
with velocity v, possibly close to the speed of light c. A 4-vector of a point in Minkowski
space-time is transformed under a Lorentz boost in the z-direction via [14, Chap. 10]

ct cosh(é) 0 0 sinh(é)\ [ct
1 1

u_|x Loy 0 10 0 x

W=l | P L@V =g o |2 ] (2.17)
x3 sinh(§) 0 0 cosh(¢)/\x®

where the boost parameter is called rapidity and is connected to the velocity via & =
arctanh(v/c). Rapidity provides a natural parametrizaation of boosts, making a lot of
formulas more compact, compared with formulation with v. However, the speed of the
boost will be also used in this text.

A general Lorentz boost in an arbitrary direction i1 can be expressed as a composition
of a boost in the z-direction and spacial rotations:

Li(&) = R(¢,0,0)L(£)R7' (¢, 6,0). (2.18)

Here the direction of the boost 71 is parametrized by polar angle 6 = arccos (k,/|k|) and
azimuthal angle ¢ = atan2 (ky, kx), with the rotations R parametrized via Euler angles in
zyz-convention.

For a massless 4-wave vector k* with k*k, = 0, or k° = |k| =: k, the z-direction boost
implies

k| cosh(&)|k| + sinh(&)k,

kH = i’; - Z = kM. (2.19)
k, sinh(¢)|k| + cosh(é)k,



2.2 Poincaré group

The angles and the wave number of the boosted wave vector can be written in terms of
the old ones via ¢ = ¢ and

cos(6) cosh(§) +sinh(&)  cos(0) + tanh(¢)
cosh(£) + cos(6) sinh(£) 1+ cos(6) tanh(¢)
k = k(cosh(&) + cos(6) sinh(¥)). (2.21)

cos(0) =

(2.20)

The transformation properties of electric and magnetic fields do not follow from the
transformation rules of the points in space-time, but they have to be defined additionally.
Specifically, the active Lorentz boost with velocity v of real-valued electromagnetic fields
is defined as [30, Sec.11.10]

2

E(rt) = y&(7 ) — yo x B(F 1) - ﬁv L& D) (2.22)
B(r,t) = yB(# 1) + Cizyu x &7, ) — %v - B(#, 1) (2.23)

with inversely transformed space-time point Ci.t =L71(¥) Crt and y = (1 —0%/c?)71/2,

The passive version of the Lorentz boost, i.e. the boost of the reference frame instead
of the field, differs from Eqs. (2.22-2.23) by the substitution ¥ — —v and should not be
confused with the active version.






3 Electromagnetic fields: wave function
and Hilbert space formalism in the plane
wave basis

In the frequency domain, Maxwell’s equations for the electric field E(r, k) and magnetic
field B(r, k) in vacuum, written in SI units, are

V x E(r, k) = ickB(r, k), V x B(r, k) = —i—I;E(r, k), (3.1)
V.-E(r,k)=0, V- B(r,k) =0, (3.2)

where ¢ = 1/+/éop is the speed of light in vacuum and for convenience the frequency is

expressed in terms of the absolute value of the wave vector k = Vk - k = |k| = w/c. Since
the magnetic field is entirely determined by the electric field, our focus will be solely on
the latter.

It is convenient to start from the complex-valued electric field in the space-time domain.
It is defined by setting the components of negative frequency in the Fourier decomposition
of the field to zero:

27

_L ® —ikct T
Brt) = o= /0 dk e B (r, k). (3.3)

Then the real-valued electric field can be restored via

E(r.t) = E(r,t) + E*(r,1) = 2R[E(r, 1)]. (3.4)

3.1 Plane waves |k1) and wave function f; (k)

One can express the electric field as a sum of plane waves of right-handed circular
polarization, helicity A = —1, and of left-handed circular polarization, helicity A = 1,
using polarization vectors as defined in [31] (Sec. 1.1.4)

e, (k) = —%(/169(127) + iey()) (3.5)

—Acos¢cosf +ising
—Asingcos@ —icos¢ |,
Asin@

(3.6)

Sl-
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3 Electromagnetic fields: wave function and Hilbert space formalism in the plane wave basis

where ey, e, are spherical basis vectors, k is the unit vector along the direction of the
wave vector, with 0 = arccos (k;/|k|) and ¢ = atan2 (k, ky) being its polar and azimuthal
angles.

The vectors e, (k), A = %1 together with eo(k) := k form a local orthonormal basis at k.

; B _ ihkx,
They serve as eigenvectors of the helicity operator A = ==:

ihkx

e, (k) = Ane, (k) , for 1 = —1,0,1. (3.7)

The basis vectors with helicity A = +1 are suitable for decomposing transverse fields into
components of definite circular polarizations, as the A = 0 fields have zero curl and do
not occur in k > 0 Maxwell fields. To achieve the decomposition, the first step involves
performing the 3D Fourier transform of the complex electric field

/ d’k E (k) e ket etk (3.8)

E(r,t) =
(2m)?

with the absolute value of wave vector k = |k| = w/c. The next step is to project the
polarization vectors of helicity A = +1 onto E(k), using dimensional constants chosen for
future convenience:

filk) =2 —ez(k) - E(k), (3.9)

resulting in E(k) = 260 N S ﬁ(k)e;t(k) This leads to the decomposition:

_ i(k-r— ckt)
E(r,1) _,/260\/@;1/ k) key(k)e (3.10)

where the coefficients f; (k) follow the transformation laws of a photon wave function
according to [20].

The independent helicity A = +1 components of the electric field, representing left- and
right-handed polarization, are described by the two complex Riemann-Silberstein vectors:

Fi(r,t) = (E(r,t) + iAcB(r, 1))/ V2, (3.11)

which can be written in terms of the wave function coeflicients as

E(k) + l/ch(k)
Fi(r,t) = / &k gier—ckt) (3.12)
V(Zﬂ)3
kx
-1 Ik E(k)+1/1 E(k)) i(k-r—ckt) (3.13)
V2 \/(271)3/

ch 1

o T

+ /1f+(k)e+(k) - lf_(k)e_(];))ei(kr—ckt)

_ @ 1 &’k 7. i(k-r—ckt)

k= (i Rres ) + £ (0
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3.1 Plane waves |kA) and wave function f) (k)

Here, the Maxwell equation in the wave vector space k x E(k) = ckB(k) is used in the
second line of Eq. (3.14). Given that the complex-valued form of electric and magnetic
fields is considered, the two Riemann-Silberstein vectors, F_ for waves of the right-handed
circular polarization and F, for the left-handed, are independent and together provide the
complete description of the electromagnetic field.

The proposed definition for the electromagnetic plane wave is

lkA) = Ok, r,t) (3.15)
— @ i 1 -\ ,—ikct jik-r
"\ ﬁmkea(k)e e’ (3.16)

so the decomposition of the electromagnetic field can be written compactly as

3
E(r,t)= ) / 4K o (k) Qukr 1), (3.17)

A==%1 k

The factor k in the definition of the plane wave in Eq. (3.16) is significant. This
factor arises from the transition in Eq. (3.10) from the integration measure d°k of the 3D
Fourier transform, to the Lorentz-invariant integration measure in he light cone dSTk (32,
Eq. (2.5.15)][14, Sec. 10.4.6]. This change introduces a factor of k in the definition of the
plane wave in Eq. (3.16). As demonstrated in Sec. 3.5, this specific factor of k ensures
that Q,(k,r,t) and f; (k) transform as massless unitary irreducible representations of the
Poincaré group with helicity A = +1. These transformation properties align with the
requirements for the photon wave function according to Wigner’s classification [16]. The
transformation rules are provided in [14, Eqgs. (10.4-23), (10.4-24)]:

T(a") |k A) = |k A) e '@ke (3.18)
R(a, By) [k A) = kAye ™, k=R(apyk (3.19)
L,(§) |k A) =K' A), k' =L (&k (3.20)

where T(a") is a 4D translation in Minkowski space-time with metric signature (— + ++),
so alk, = —a’|k|+a-k. The operator R(a, B,y) = R ()R, (B)R;(y) stands for rotation with
corresponding Euler angles. The angle i/ satisfies R(0, 0, ¢/) = R(d;, 6,0)"'R(a, B,Y)R(¢,0,0),
where ¢, 0 are spherical angles of the rotated wave vector k = R(a, B, y)k). Operator L, (£)
is a Lorentz boost (App.2.2.1) along the z-axis with rapidity £. Since a boost along an
arbitrary direction can be decomposed into rotations and a boost in the z-direction with
Eq. (2.18), only the boost along the z-direction is explicitly considered.

In this representation, plane waves undergo transformations under parity and time
reversal® as follows:

L kA = |~k — A) (3.21)
I kM) = |—k A) . (3.22)

The time reversal is represented anti-unitarily by an operator I, satisfying (I;¢|I;/) = ($|¥)* = (¢|4).
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3 Electromagnetic fields: wave function and Hilbert space formalism in the plane wave basis

The integration measure f dkk is invariant under the actions of the Poincaré group,

which enables the formulation of field transformations via transforming the coefficients
fi(k) in a way similar to transforming the basis vectors [14, Secs. 7.6 and 10.5.1]. For
example, for a boost in the z-direction Eq. (3.20), the invariance of the measure implies

that
PL Ok
/ k=) ok (.23

This, combined with the linearity of the boost operator and Eq. (3.20), leads to:

3
L@1N =Y, [ 5 A0 Lk

A==+1

d3LZ_1(§)k 1
k) |kA
AZ/ T AU O k)

= / 4K B k) k). (524)

A==+1

The complete list of transformation rules for the coefficients f; (k) is as follows:

T(a")fi(k) = fa(k)e ", (3.25)
R(a, B V) falk) = filk)e™,  k=R"(ap )k (3.26)
L:(§) falk) = fi(K), K =L (k. (3.27)

Here, ¢ is determineNd from R(0,0, ) = R(¢,0,0)"'R(a, B, y)R(gi;, é 0), where 95 0 correspond
to the wave vector k = R™!(a, f, y)k. The transformations under parity and time reversal
are expressed as:

Lfa(k) = fa(=k) (3.28)
Lfi(k) = f; (=k). (3.29)

The transformation properties of the defined plane waves and coeflicients in the
decomposition Eq. (3.17) validate the representation of the electric field as a ket:

DEDW ETICYS (330)

A==%1

3.2 Scalar product in plane wave basis

The coefficients f) (k) are associated with a Hilbert space of states with finite norm with
respect to the scalar product

G=Y, [ 5 w0 (331)

A==%1
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3.3 Representation of vector potential

Wave functions that possess infinite norms are not physical, since they correspond to
fields with an infinite number of photons. Because of the additional dimensional factors
in Eq. (3.9), the coefficient function f) (k) has the units of length: [ fj (k)] = m. The scalar
product Eq. (3.31) is consequently dimensionless, aligning with the physical interpretation
of (f|f) as the number of photons [33] that are contained in the field described by |f).
The integral in [33, Eq. (1)] offers a distinct representation of the same scalar product, as
can be seen by comparing Eq. (3) and Eq. (6) in [17].

This scalar product also serves as a tool to quantify fundamental quantities carried
by the field, such as energy, linear momentum, and angular momentum, through the
evaluation of expectation values (f|I'|f), where T stands for the self-adjoint generator
of the corresponding symmetry transformation: time translation for energy, spatial
translation for linear momentum and rotation for angular momentum.

It is well-established [17] that the scalar product in Eq. (3.31) remains invariant under the
conformal group, which stands as the largest group of invariance of Maxwell equations [34].
This group encompasses the Poincaré group and includes special conformal transformations
and dilations.

In the next section, it is discussed how the same analysis done in this section for the
electric field may be applied to the formulation in terms of the electromagnetic vector
potential. In particular, why the plane waves for decomposing the vector potential do not
feature the extra factor of k.

3.3 Representation of vector potential

The transverse part of the vector potential determines the transverse electric field as

follows:

0A*t(r,1)
ot

independently of the gauge [35, Eq. B.26]. In the wave vector space, one consequently

finds

E(r,t) = — (3.32)

—iE(k)
ck

and the decomposition analogous to Eq. (3.10) can be expressed as

i _ n — d3_k i(k-r—ckt)
AL(rt) = ‘/"‘EOWWAH fik) ex(f) e , (3.34)

where the coefficients of the decomposition f; (k) are the same as those of the corresponding

At (k) = (3.33)

electric field. To maintain the invariant measure 2%, the decomposition in Eq. (3.34) gives
rise to a definition of plane waves for the Vector potentlal that differs from one of the
electric plane waves by the factor of ik/c:

n h 1 .
O (k,r,t) = —i e; (k)e ketelkr (3.35)

o VYT
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3 Electromagnetic fields: wave function and Hilbert space formalism in the plane wave basis

Plane waves of the vector potential are ruled by the same transformation laws Eqs. (3.18-
3.20) and Eq. (3.21), with the exception of time reversal. In time reversal, the presence
of the imaginary unit i introduces an additional factor of (—1) on the right-hand side of
Eq. (3.22). The differentiation % in Eq. (3.32) also hints at the difference in time-reversal
transformation properties. The factor of k exactly compensates for the different way that
A*(r,t) and E(r,t) transform under Lorentz boosts, namely as the space component of a
four-vector, and as the space-time component of an anti-symmetric tensor, respectively.

3.4 On basis states and the Hilbert space

The Hilbert space is defined to contain states |f) that possess finite norm

(f1f) < oo. (3.36)

A plane basis state |kA) is not in the Hilbert space, because its wave function contains the
Dirac delta distribution

3.7
kM) = Z / %m,ka@(k’—k) IK'A’Y, (3.37)
A=%1

and its norm is infinite:

317
(kAkAY = Z / dk’f [820 k8B (K = k)] 830 k 8P (K — k) (3.38)
AM==%1

=k 59(0). (3.39)

This makes it physically unrealizable and not belonging to the Hilbert space. Similar issues
arise for states from any continuous spectrum, as opposed to the discrete spectrum. This
reflects the well-known fact that the Hilbert space formalism is not sufficient to describe
Dirac’s bra-ket notation for operators with continuous spectrum. A mathematically
complete treatment of the Dirac formalism involves the construction called rigged Hilbert
space, also known as Gel’fand triplet, which is a triad of spaces: a Hilbert space, a space of
distributions, and a space of test functions. A short pedagogical introduction to this topic
is given in [36].

In the current work, the Dirac formalism is only used as a convenient way of writing
and proving formulas that work for physically realizable states. Distributions arise only in
intermediate steps before being eliminated by integration to produce a finite result.

3.5 Lorentz boost of plane waves

Here, the transformation of Q; (k, r, t) under an active boost in the z-direction with rapidity
& is explicitly derived. First, one notes that the Riemann-Silberstein vectors in Eq. (3.12)
transform under active Lorentz boosts as:

2
ﬁv -Fy(7,1). (3.40)

- . iA -
Fi(r,t) = yEA(F, ) + Lo x Fy (7, ) -
C

16



3.5 Lorentz boost of plane waves

The transformation rule for general electromagnetic fields in [30, Eq. (11.149)] is used to
derive the action of the boost (see also Eq. (3.40)):

. 2
Q/l(k9 r, t) = YQA(ka ;'s Z) + M_yv X Q/l(k9 i" E) - y—vv : Ql(k’ i;’ E)
c (y + 1)c?
_ idy Yoo .
= (y]l + TU X —WU . )Q}L(k, r, t), (341)

where in Eq. (3.41) Q, is factored out and, leaving the sum of three linear operators 1,
vX, and v v- in brackets. Here v = ve, = ctanh(e,, y = (1 — v?/c?)™/? = cosh(é),
yv = ¢ sinh(¢) and space-time coordinates are inversely transformed via

cosh(é) 0 0 —sinh(&))\ [ct

ct _ ct 0 10 0 by
(f):Lzl(f)(r): 0 0 1 0 y | (342)

—sinh(&) 0 0 cosh(¢) /\z

It is crucial to distinguish between the passive and active versions of the Lorentz boost. In
the passive version, where the reference frame is boosted instead of the field, Eqs. (3.41-3.42)
incorporate —v in place of v (and, equivalently, —¢ instead of ¢).

The helicity basis vectors e, (k) can be obtained by rotation of the reference helicity
basis vector pointing in the z-direction: e, (k) = R(¢,0,0)e,(2), in particular

R(a, By)es(k) = ) DLy(apy)es(k). (3.43)

o=%1,0

Here D{;m(a, By) = e"'m“d,];m (B)e™™ are Wigner matrices and d{nn (p) are small Wigner
matrices, as defined in [14], Sec. 7.3. Continuing the derivation:

idy Yo R
(}/]1 + TU X _WU : ) keA(k)
o sinh?(9)e, 1 A
= (cosh(f)]l + idsinh(&)e, X —mez . ) Z D_,(¢,0,0) kes(2)
o=-1,0,1
_ . Sinh2(§)500 N
_ J:Z;O’l DL, (¢,0.0) ( cosh({) + Ag sinh(#) - o ST ) keq(2) (3.44)
_ —igo 1 . cosh(£) + cosh?(¢) — sinh?(£)8o, .
_ U:ZI;OJ e dU)L(G)(a/I sinh(¢) + osh(5) 1 ) ke, (2)
= ), e d (B ke, (2) (3.45)
o=-1,0,1
_ Fey (k). (3.46)

For the step leading to Eq. (3.44) one uses e, Xe,(2) = —ice,(2) and e, (e, e;(2)) = Soses(2)
for 0 = —1,0, 1. Eq. (3.45) follows from the transformation rules for the wave vector k as

17



3 Electromagnetic fields: wave function and Hilbert space formalism in the plane wave basis

discussed in Sec.2.2.1:
Ak
V2

that holds for A = +1, 0 = 0. In case A = 1, 0 = 1, the following holds:

k@w%;%gm@: sin(0) = k dg, () (3.47)

£¢M®:§u+ﬂam®) (3.48)

_ k( cosh(&) + cos(0) sinh(¢)) . /ICOS(H) cosh(¢&) + sinh(¢)
B 2 ( T cosh(&) + cos(0) sinh(f))

(cosh(€) + cos(0) sinh(&) + aA(cos(0) cosh(€) + sinh(¢)))

NN R

= — (1+ oA cos(0))(cosh(¢) + oA sinh(£))
=k d;A(Q)(l + oA sinh(¢)). (3.49)

The final step follows from the fact that Lorentz boosts L preserves the norm of the
4-vectors:

ek (LT10u = i L), (3.50)
which implies Eq. (3.20):
)L 2.2 . - ~
(y]l L GO )Qa(k, 1) =0, (k,r,1). (3.51)
c ( +l)(,‘2

This derivation relies on the extra factor of k in the definition Eq. (3.16), and the plane
wave would not transform according to the unitary representation in Eq. (3.20) without it.
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4 Electromagnetic fields: wave function
and Hilbert space formalism in the
angular momentum basis

The multipolar fields play a central role in the scattering formalism: they constitute the
convenient basis with respect to which the fields are expanded. Opposite to the plane
wave fields, the multipolar basis fields are labeled with discrete indices, which makes
them convenient entities to use in numerical approaches. In the beginning, the regular
multipolar basis is discussed, which is unitarily connected to the plane wave basis, and
then the irregular basis is introduced, derived in relation to its regular counterpart.

4.1 Regular fields

4.1.1 Angular momentum basis for regular fields |k jmA)

There are multiple types of bases in which states |f) can be expanded. Apart from the
plane wave basis that has been discussed so far, the angular momentum basis constitutes
a useful type of basis as well. The connection between the latter and the former is well
known [14, Sec. 8.4.1]:

Ik jmA) = ,/21;1;1 /0 md(,b [ :d(cose)D{n (,6,0)" [kA) (4.1)
kM) = Z Z',/ZZ 1Din/1(¢, 0,0) |k jmA) . (4.2)

Jj=1m==j

The corresponding connection between coefficients in the angular momentum and the
plane wave basis is written as

: 2 1 )
fima () = {222 /0 dg / d(cos) D;,,(6,6.0) fi(k) (43)
=3 D \JLEEDL,6.6.00 fimb). (44)

j=1 m==j
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4 Electromagnetic fields: wave function and Hilbert space formalism in the angular
momentum basis

and follows from the orthogonality and completeness relations of the Wigner matrices:
D D S Dh(en Buyn)D) (o o y2)* = 8(ar = a2)3(cos B = cos f)3(y1 = v2)

. 82
J=1 m==j

(4.5)

/ da / dcos / dy 372 Dyyn, (& B, Y) Diyny (06 B,Y)" = 8y jyOmumy Onimy - (4:6)
0 -1 0

The labels of basis vectors |k jmA) are quantum numbers that correspond to eigenvalues
of Hermitian operators of energy H, total angular momentum J? = J? + ]y2 + J2, angular
momentum along z-axis J,, and helicity A:

H |kjmA) = hick |kjmA)

JAkjmAY = R2j(j + 1) |kjmA)y, j=1,2,...

J: |kjmA) = him |kjmA), m=—j,—j+1,...,j
AlkjmA) = hd |kjmA), A==l

In common terminology, j = 1 states are called the dipolar fields, j = 2 the quadrupolar
fields, and so on.

A general state can be represented in the angular momentum basis by using Eqs. (4.1-4.4)
in Eq. (3.30), which leads to

) 0
= [k 33D fmh) lkimd, @)

A=+1 j=1 m=—j

and the scalar product in Eq. (3.31) can correspondingly be written in the angular momentum
basis as

00 o
=Y, [ akEY D 50fmh), @s)

A=+1 j=1 m=—j

The coefficients fj,,1(k) have the units of meters just as f; (k).
This construction allows one to compute the representation of the angular momentum
basis vector fields in (r, t)-space for the regular electromagnetic fields:

. 2 1
Rima (k.. 1) ::w/2’4;1 /0 dé /_ d(c030) D,(6.60.0)'Qa(ksr 1)

_en ke ket [aj41 27 1 . .
B E_Oﬁm 47 ‘/0 d¢ /_vld(COSQ)DZM(Q{),@,O) e (k)e™m. (4.9)

Here, the integration proceeds over the polar and azimuthal angles (0, ¢) of the wave
vector. The result of the integration is

i keiket L 1
Rimp(k,r,t) = | ————— 2L+ 1itjp(kr) C) YR (7 4.10
ki) =% \/E\/ZJTL;;\/ je(kr) Cly Y5 (®) (4.20)

J

= |kjmA),
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4.1 Regular fields

with Clebsch-Gordan coefficients Cj3m3 j,m, and vector spherical harmonics as defined in
[31, Sec. 7.3.1]:

YL (7) = ,/2“1 > ea(2)Dh_4o(9.0.00°C"_ . (4.11)

o=%1,0

The regular electromagnetic field E(r, t) can then be decomposed into the multipolar
components in accordance with Eq. (4.7):

o0 o j
E(r,t):/o dkkzz Z Fimi () Rima (K, 7, 7). (4.12)

A==%1 j=1 m=—j

To find the relation between constructed angular momentum basis vector fields R, (k, 7, t)
and the well-known usual regular electric and magnetic multipoles

1
2ra 1l ()= kr)y/ - Tt (I BNCRT)

My, (kr,7) = ]j(kr)Yij(r) (4.14)

+
Nim(kr,#) = ijj_1 (kr) J

one can use the expression for Clebsch-Gordan coefficients

ﬂ’m, lfL—_]+1

il . .
Clon = —%, ifL = j (4.15)

(j+1) . _
‘lz(éj—l)’ ifL=j-1

for A = +1. The fields Rj,, (k. 7, t) are then connected to the usual regular electric and
magnetic multipoles via

|kjmA) = Rjmp(k, 7, t)

1 .
= L ki (e N (ke F) + A e R M (kr 7)), 4.16
- ( (k7Y + A e ](rr)) (4.16)

The corresponding inverse relations read

. [e 1 —i)/V2
o~ iket ij(kr, 7 =- 6_%—(ij+(]<, r,t)+ ij_(k, r, t))% (4.17)

ch?2
ket M (kr, #) = _\/gi( im+(k,r,t) = Rjm_(k,r, t))% (4.18)

The extra factor of k in the plane wave definition of Eq. (3.16) leads to the extra factor
of k in the definition of the angular momentum basis in Eq. (4.16), contrasting with the
usual definition of multipolar basis M and N. This distinction guarantees that the fields
Rjpp(k, 7, t) have the same transformation properties as the abstract |k jmA) under the
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4 Electromagnetic fields: wave function and Hilbert space formalism in the angular
momentum basis

action of the Poincaré group (see Sec.(4.1.3)). R (k, r, t) transform unitarily, in particular
under Lorentz boosts, because they are unitarily connected to Q, (k, r, t) via Eq. (4.9), and
it has already been shown that Q, (k, r, t) transforms unitarily under Lorentz boosts.

The next section presents the derivation of the closed-form matrix element of the Lorentz
boost in the angular momentum basis. It can be used to apply Lorentz boosts directly to
the regular multipolar fields, and, as it is shown later, to the irregular multipolar fields as
well.

4.1.2 Matrix element of Lorentz boost

Here, the matrix element of the Lorentz boost along the z-direction in the angular
momentum basis is derived. The core idea of the derivation consists in switching to
the plane wave basis via Eqs. (4.1)-(4.2) and utilizing the known transformation property
of the plane waves Eq. (3.20) before switching back to the angular momentum basis. The
plane wave basis states |kA) will be referred to as |k6¢A) for convenience. First,

L:(&) [kjmA) =

_ 2j+1 [2" 1 ) )
~ Loy [Tap [ atcoso bl .00 ko

; 2 1 )
:\/2]421 / 49 / d(cos6) D;,,($,6,0)" [K''$2) (4.19)

with boosted plane wave |k’'n’$A) according to Eq. (3.20). Its azimuthal angle is unchanged,
the wavenumber and the polar angles are transformed according to Egs. (2.20), (2.21):

cos(60) + tanh(¢)
1 + cos(0) tanh(¢)
= k(cosh(¢) + cos(0) sinh(¢)). (4.21)

Writing the transformed plane wave in the angular momentum basis gives

L(®) lkjm) = \/ hs / " ag / d(cos0) D! (4,6,0)
w/2] “Df I (6,0,0) |k /'mA) (4.22)
J 1m’——J

:5/ d(cos@)Z\/2j+1\/2j’+l & (Od (0)Kjmly,  (423)
_1 j,:1

where the last step involved integration over ¢. It is possible to write this expression in
terms of the integral over wavenumber by substitution defined via Eq. (4.21):

cos(0) = (4.20)

ke®

L, (&) |kjmA) = 1/ke . ksmh(g)Z\/2]+ V2j +1 d] (G)d] (0) k' j'mA)y  (4.24)

1 kelél K N
B /ke [ ks1nh(|§|) Z V2" +1N2j + 1 d] (Q)d] (0) [K'j'mA) . (4.25)
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4.1 Regular fields

Both of the last equations hold for both positive and negative ¢ that correspond to the
movement in positive and negative z-direction. The matrix element of the Lorentz boost
is defined to satisfy

L (&) |kjmA) = / dK’ K’ Z Z Z K7 m Ay (K7 m X | L (O)kjmA)y . (4.26)

N=%1j=1m'=-j

Bringing Eq. (4.25) in this form leads to

/ -/ / I4 . ’ 1 2j+
L, (&)|kjmA) = 6y ) 0mm®O(|E| — |In(k"/k 0")d’ (6
(K m VAL k) = 826 @181 - Ik ) LN (01,0,
(4.27)
with
k' cosh(¢) — k
0 = ——— 4.28
cos k' sinh(&) (4.28)
k" — k cosh(¢)
= 4.2
cos 0 ksinh (D) (4.29)
The Heaviside function
1, ifx>0
® = 4.30
) {O, ifx <0 ( )
accounts for the correct spectrum of boosted wave numbers e ¥l < k’/k < el¢l:
00 kel?!
/ dk’ ©(|¢] - [In(k’'/k)|) = / dk’. (4.31)
0 ke 1€l
Eq. (4.24) is the closed-form expression equivalent to Eq. (5.15) in [37].
Setting rapidity & = 0 in Eqgs. (4.20), (4.21), (4.23) leads to
1 - ! ; ”
L,(0) |kjmA) = > V2j+1 Z V2j + 1/ d(cos ) dfml(e) dan(G) |kj'm’A)
= -1
= > 8pjlkj'mAy = [kjmA), (4.32)

=

where the well-known orthogonality of small Wigner matrices is used:

1 ! ~ .
5\/21' +14/2)" + 1 [1 d(cos0)d! (O)d’ ., (0) = ;. (4.33)

This validates the expected result that the zero velocity Lorentz boost acts as the identity
operator.
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4 Electromagnetic fields: wave function and Hilbert space formalism in the angular
momentum basis

The derived law for transformation of |kjmA) describes the transformation properties
of basis vector fields R, (k, r, t) for all space-time points (r, t).

The corresponding transformation properties of the wavefunction coefficients fjm, (k)
can be derived, for example, by using Eq. (4.26)

L@ = [ dkk YYD im0 lkimi) (439
0 A=%1 j=1 m=—j
o0 00 j . o i
[t 25 [ 5 5§ e
0 A=+1 j=1 m=—j 0 N=%1j'=1m'=—j
X 831 Smm® (1] = In(k’ /) ) =2 o (0)3,(0) (4.35)
o0 00 Jj’
:/ dk’ kK’ Z Z Z |k/j/m/ />
0 N==+1j=1m'=—j’
k/e‘ﬂ (o) \/2,7 - . .
J +1 \/2_] +1 i’ N gj
im' A/ 4.
X </k"e|§| dk k 2%’k Smh(|§|) dmr/y(e )dm/l(e)f}ml (k) ( 36)

j=1
e 0 j,

= / A’ YN KM £ (), (4.37)
0 N=x1j=1m'=—j

with the coeflicient of the transformed field fj’,m, A,(k'). After renaming primed and
unprimed variables it can be written as

2kk’ sinh(|¢])

Fra) = [ K K O(18 = in(h/1) OO @) (K)  (438)

kel : :
— y o N2+ 1IV2 +1 5 ;o ,
) /kem KK e smnqan m (Odm () fr (). (4.39)
Here,

_ kcosh(¢) - K
cosf = Th('f) (4.40)

, k=K cosh(§)
st = k@ (4.41)

Substituting k” from Eq. (4.40) gives alternative form

o0 1 ) ,
fl(k) = %w/z Jr1y V2 / d(cos0) d (O d (O frmK), — (442)
= -

with k’ given by Eq. (4.40) and 6’ by

cos(0) — tanh(¢)

cos(0) = 1 — cos(6) tanh(&)”

(4.43)
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Wavefunction fj,, (k)

4.1 Regular fields

Equation (4.42) can be illustrated graphically. Consider a multipolar pulse with a 50 fs
Gaussian time width defined by a wavefunction fj,, (k) with j=1,m=1and A = 1:

(k—k)?

fin(k) =e %, (4.44)

deﬁned on the wavenumber domain 8.72 ym™! < k < 9.23 ym™!. The center wavelength
is k = 700 nm and —— = 50 fs. The coefficients f7;; (k) of the Lorentz boosted field are
computed numerlcally via Eq. (4.42) and deplcted in Fig. (4.1). The boosted coefficients
have non-zero components for all j € N, however, only the first 6 are plotted.

Lo o knn)f) n 10 N === (k111|f)
1
o (k111|f") i o A (k111|f7)
N - 2 1 1 : ! 1 R ’
(k211|f,) ;, \\ = ." ' <k211|f,>
06 — (k311lf) . 06 o — (k311|f)
— (ka11|f") [ ‘;‘ ’.’ ! — (k411(f")
1
04 — (sulfy L4 2 o4 o — (ks11]f")
(k611|f") i \ i ! \ (k611[f")
0.2 ! g 0.2 ) \
<
3
0.0 — 0.0
-0.2 -0.2
8.25 8.50 8.75 9.00 9.25 9.50 9.75 8.25 8.50 8.75 9.00 9.25 9.50 9.75
Wavenumber k, ym™? Wavenumber k, ym™!
(a) (b)

Figure 4.1: Active Lorentz boost of a wave function in z-direction [f") = L,(¢) |f) with
positive rapidity & = 0.05 (a) and negative rapidity & = —0.05 (b). The initial
wave function (dashed) describes a multipolar pulse with quantum numbers
j =1, m= 1,1 =1 and Gaussian spectral profile. The boosted coefficients

= (jmA|f’) are shown for multipolar order up to j = 6. Apart from the
change of the wave functions’ values under the Lorentz boost one may also
observe the spreading of the wave function in the wavenumber domain.

4.1.3 Complete list of transformations for |k jmA) and f;,,1 (k)
For future reference, the complete set of transformation laws for the angular momentum

basis states under the isometries of Minkowski space-time is included in this section. Apart
from the Lorentz boost, these transformation properties are well-known and can be found,
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for example, in [14].

T,(7) |kjmA) = |kjmA) e’k (4.45)
L@ kjmiy = S [+ 3 2l + 1) (=) jy(ak)CI™ Ok j'maA 446
()| Jm>—Z1 2j+1”2|( DD aR)CE ol KImA), - (4.46)
J= =[j-J
j .
R(a, ,y) lkjmAy = > Dl (a,B,y) kjm'A) (4.47)

m =

m'=—j

L, (&) |kjmA) = \/2]+ Z V2j' +1 / d(cos6) dJA(Q)d /1(0)| jmA)y,  (4.48)

where 0’ and k’ are related to 6 and k via Egs. (4.20-4.21). T;(7) represents time translation
by 7, T;(a) denotes translation in the positive z-direction by a, and the translation in the
general direction 7i(a, ) can be described by T;(¢) = R(a, 8,0)T,(a)R™ (e, f,0) in the
similar way as general Lorentz boosts.

The actions of parity and time reversal are given by

L |kjmAy = |kjm — 1) (=1)/ (4.49)
I |kjmA) = — |kj — mA) (=1)7%™. (4.50)

The corresponding rules for transformations of coefficients are

T(0) fimi (k) = fma(k)e™eT (4.51)

L@fm(b) =) o Z @1+ ) (=D i @)Cn O frma (), (452)
J=1 l lj=J’l

R(a, B, ) fima (k) = Z D} (@ B.y) fima(K), (453)

m'=—j

L(®) fyma () = 5 V271 Z\/2J+ / d(cosO)d! (6)d! (0 frm(K) — (454)

with " and k’ given by

cos(0) — tanh(¢)

cos(¢") = 1 — cos(0) tanh(¢)’ (4.35)
k' = k( cosh(&) — cos(0) sinh(¢)). (4.56)
The actions of parity and time reversal are
Iifima (k) = fim-a (k) (=1)! (457)
Lfimi(k) = £} 1 (k) (1), (4.58)
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4.2 Irregular fields

4.2 Irregular fields

The discussion has been conducted so far for regular fields, which are solutions to Maxwell’s
equations in the whole space without sources. It is however not sufficient to consider such
fields for the complete description of electromagnetic scattering. The necessary extension
contains irregular fields, which can describe electromagnetic fields that are absorbed or
emitted (called incoming and outgoing). Mathematically, such fields are not defined on the
whole space domain, but on a subset of it. The excluded part of the space hides singularities
of functions that describe irregular fields.

4.2.1 Angular momentum basis for irregular fields |k jmA)™out

The angular momentum basis is highly convenient for the description of the incoming and
outgoing fields. The extension of the regular formalism consists in considering fields similar
to Eq. (4.10), with one difference in the function responsible for the radial dependence of
the field. Namely, the basis for the new type of fields has spherical Hankel functions in
place of the spherical Bessel functions. Here, the definition with an additional factor of
1/2 is introduced:

|k]m/1>1n/out Sln/out(k r, t)

1 [ch ke ket L Lii i
=\ e Va2 VAL ) €LY ). | (459
L=j-1

The functions hiL“/ °ut — j; Finy are spherical Hankel functions with n; standing for spherical

Neumann functions. The factor of 1/2 in the definition of Eq. (4.59) leads to

Sh o+ Sy = Rjmi. (4.60)
The convenience of defining the irregular basis field in this way will be explained in
Sec. 4.2.3.

The purpose of this chapter is to prove that the basis fields in Eq. (4.59) transform under
the action of the Poincaré group just as their regular counterparts do and to connect these
fields to the group-theoretical formalism under the name |k jmA)™°4 = Sm/ Out(k r,t). This
will provide an important part of the theoretical foundation for polychromat1c scattering.

In the monochromatic setting, the incoming/outgoing electric and magnetic multipoles
are defined by substituting spherical Hankel functions of the second/first kind instead of
the spherical Bessel functions in the regular multipoles in Eqs. (4.13 -4.14):

2 = ;ml() b2 (k) Y +1 YUI#) (461)

in/out A\ _ rpin/out Jj
M, (kr,r)—hj (kr)ij(r). (4.62)

in/ou ~ m/ou
I\ Ykr,#) = zh Y(kr)
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The |kjmA)Y™°" can be connected to them as:

i 1 [ch 1 o . . .
in/out __ - -j [ ,—ikct pyin/out - —ikct 3 gin/out -
Sj (k,r,t) = ki (e N, (kr,7)+ e M, (kr, r)) (4.63)

mA 2\ € Vor

The role of M™°ut and N'™/°u i the context of monochromatic scattering and their
connection to the theory of representations of the 3D Euclidean is discussed in [15]. One
implication of this work is the fact that irregular basis states such as Si.rr‘r/L zut transform as the
regular fields Rj,,) under spatial translations. It follows from the definition Eq. (4.59) that
incoming and outgoing multipolar fields also transform as their regular analogs under time
translation. The next section is devoted to the proof that the irregular fields |k mA)m/out
transform under Lorentz boosts as the regular |kjmA), which will complete the picture
of their transformations under all isometries of the Minkowski space-time. This result is
necessary for properly connecting the T-matrix and S-matrix formalisms to the Poincaré

group.

4.2.2 Lorentz boost of irregular fields

In this section, it is proved that the irregular basis vectors S;‘:ri E’Ut(k, r, t) transform under
boosts in the same way as the regular basis vectors Rj,,,(k, 7, t). Since the same statement
holds for rotations, it is sufficient to prove the statement for Lorentz boosts in the z-
direction, and the general statement will follow from the decomposition of a Lorentz boost
into rotations and the Lorentz boost in the z-direction. Hence, the statement to prove is

i 1 N ! j i o7\ gin/out (7.7
Sie(kor ) > 2 2j+1 ) N2 +1 /1 d(cos0) d),(0) &, (6) SO (K, ),
j=1 -
(4.64)

which comes from Eq. (4.23) but is written in terms of irregular fields.

First, recall the definition of Lorentz boost for electromagnetic fields, which is formulated
in the space-time domain and holds for electromagnetic fields of all types. Written in the
form of Eq. (3.40), it implies that

-
in/ou o sinh”(¢)e, infout sy =
Sjmj Yk,rt) — (cosh(f)]l +iAsinh(¢)e, X —mez . )Sjmj (k7). (465)

Lorentz boosts in the z-direction form a one-parameter Lie group, hence it is enough to
prove the equality of derivatives with respect to the boost parameter ¢ at zero:

1 - = y ! j i’ ¢ pry ginfout (7.
8,55‘/2J * 1; \/2] i /1 d(cos 9) dml(e) dm)t(g )SJ""?/{l (k k t))gf:o

. ] hz z in/out ~ 7
= 8,;( cosh(&)1 + iAsinh(&)e, X —%Q . )S}.n;1 (k,r, t)) . (4.66)
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4.2 Irregular fields

The task is further simplified by the fact that regular fields already satisfy this condition.
The only difference consists in the functions governing radial dependence, with spherical
Hankel functions replacing spherical Bessel functions. Lengthy but straightforward
calculations allow one to re-write Eq. (4.66) — as well as its counterpart for regular fields
— by separating the radial and angular dependencies on both sides:

N
PR (r) A, £) + PR (1) B(#, 1) + ) B () Cl(F 1)
=0

N
= rhVOU () A’ (7, 1) + TR () B (7, 1) + Z HYOu (1) C; (7, 1), (4.67)
1=0

where A, B, C, A/, B, C’ are some coeflicient functions, the exact form of which does
not play a role in this derivation. The decomposition with primed coefficient functions
corresponds to the right-hand side of Eq. (4.66) and the unprimed one to the left-hand
side. N is some natural number, and for readability and without loss of generality the
wavenumber k is set to 1.

Since the statement in question already holds for regular fields, the same coefficients
solve the equation for spherical Bessel functions:

N
rio(r A D) + (B D) + ) il(NCi(#,1)
1=0

N
= rjo(r) A (7, £) + i () B/ (7, 1) + > (1Tl (7 1). (4.68)
1=0
Writing

sin(r)

N
sin(r)A(F, 1)+ (25 = cos(r) | B, 1) + Y ji(1Ci(F, 1)
1=0

sin(r)

N
= sin(r) A’ (7, 1) + ( - cos(r))B’(f”, 0+ > irC (1) (4.69)
=0

allows one to use the fact that the spherical Bessel functions and w vanish in the limit

r — oo. Therefore, the coefficients at sin- and cos-functions must coincide: A(r,t) =
A’(r,t) and B(r,t) = B'(r,t). Next, from

N N
DL i(GE ) = Y i(rC 1) (4.70)
=0 =0

and from the orthogonality of spherical Bessel functions it follows that C;(7, t) = C/(F, 1)
for all I. This concludes the proof that the statement in Eq. (4.67) holds for the Hankel
functions as well. A similar implication also holds for any functions that satisfy the same
differential equation that defines spherical Bessel functions.
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4.2.3 Relation between incoming, outgoing, and regular multipolar fields

In this section the inclusion of the additional factor 1/2 in the definition of irregular basis
fields S™°ut js motivated, and the implications are discussed.

Consider a regular electromagnetic pulse with a Gaussian spectral profile of width A:

k—kg)?

o (k=ko)
Ey(r,t) = A / dkke o Rk, r,t), (4.71)
0

with some normalization constant A. This pulse is constructed as a spectral superposition
of regular basis vector fields R, (k, r, t) with some fixed j, m and A. It can be decomposed
into incoming and outgoing parts using the connection between spherical Bessel and
Hankel functions j = (A™ + h°*)/2 as

Ey(r,t) = E))(r,t) + EJ"(r, 1) (4.72)
with
in * MU in
Ej(r.t)=A i dk ke a2 Sjm/l(k’ r,t) (4.73)
out ® —(k_kO)Z t
Ex*(rt) = A/ dkke 22 S;’;A(k, r,t) (4.74)
0
for |r| > 0.

The finite length of the regular pulse E,(r, t) allows one to define two distinct time
periods: the one before the pulse initially reaches the origin at r = 0 and the one after the
pulse has completely traversed the origin. During the first period, the pulse is entirely
composed of the incoming part:

Ey(r.t) = EX'(r.1) (4.75)

while Egut(r, t) = 0. On the other hand, during the second period, the pulse solely consists
of the outgoing part:

Ey(r,t) = E*(r,1t) (4.76)

while E;n(r, t) =0.

An illustrative example is presented in Fig. (4.2), where numerically computed values
of specific Gaussian pulses are defined by Eqs. (4.71),(4.73) and (4.74) are shown. These
pulses have a center wavelength of % = 400 nm, Gaussian width A™! = 300 nm, total
angular momentum j = 1, angular momentum around the z-axis m = 1, and helicity A = 1.
The integrals are confined to the region 5ym™ < k < 26 ym™!, covering the Gaussian
profile of the wave function while excluding a negligible portion. Integration is computed
using a Riemann sum with N = 150 equidistant points. The displayed space region has a
radius of 6.4 ym. Points near the origin are omitted in the plots of irregular fields due to
the divergence of the Hankel functions. In the scattering scenarios, the singularities will
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4.2 Irregular fields

be inside the excluded region that contains the scatterer, and the evanescent fields will be
present in the near-field for the times when the object still interacts with light.

The time stamps are chosen to be within the two defined periods, where irregular pulses
are either identical to the regular pulse or equal to zero. In these periods, the substitution
of irregular basis fields with regular counterparts does not change the value of the total
field of the pulse. This can be useful in practical applications because the spherical Bessel
functions in regular fields exhibit better numerical behavior than the spherical Hankel
functions [38, App. B]. The distinct separation illustrated in Fig. 4.2 does not happen for
monochromatic fields. In such beams of infinite duration, the regular field at each point in
time and space contains contributions from both incoming and outgoing components.

In general, the relation between regular and irregular fields that is depicted in Fig. 4.2
exists in regions of space-time when the field is known to contain only an incoming or
only an outgoing part.

Now consider a general situation: given a wave function fj,,,(k) with a finite norm
(f1f), then its combination with regular basis fields R represents a freely propagating
physical field. When these coefficients are used in combination with outgoing basis fields
S°U they characterize an emitted electromagnetic field that has zero values before the
start of its emission and corresponds precisely with the regular field after the process
responsible for emission ends. Analogously, when fj;,; (k) is combined with incoming
basis fields S, the resulting electromagnetic field will be the field to be absorbed in a
certain time span. This field will coincide with the field generated by the same coefficients
that are combined with a regular multipolar basis. After the absorption ends, the field
is zero everywhere. This connection between regular and irregular fields allows one to
use the scalar product Eqgs. (3.31), (4.8) for emitted and absorbed fields, while initially it
was defined only for regular fields. In particular, this allows computations of emitted or
absorbed quantities such as energy, momentum, angular momentum, etc.

While using bra and ket notation, one should differentiate between incoming and
outgoing field types sharing the same coefficients fj,, (k) by using superscripts |f Y or
|£)°", as opposed to the regular type |f). Scalar product values are computed via the same
formulas Eqgs. (3.31), (4.8), i.e. {f|g) = ™(flg)™ = °"(f|g)°"* for any coefficient functions
f and g. It should be emphasized that this unified formalism is universally applicable for
regular, incoming, and outgoing fields due to the additional factor of 1/2 in the proposed
definition of $™/°", This motivates the deviation from the conventional ways of defining
irregular basis fields like in [39].

4.2.4 Practical way of computing scalar product between irregular fields in
finite space domain

The scalar product is defined in terms of the decomposition coefficients of electromagnetic

fields, which can be obtained through experiments or numerical simulations. The step of

decomposing the fields into wave functions can be bypassed by employing the formula
proven in [40]:

H=-m2 3, [ [ s [Beny x6ien), (.77)

he A==%1
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where it is important to note that both fields are irregular. Here, F) and G, represent the
Riemann-Silberstein components of the fields, as defined in Eq. (3.12). The integration
domain is the surface of a volume enclosing the sources or absorbers. The shape of this
integration surface can be arbitrarily chosen, even in proximity to the radiating object,
which may be particularly advantageous in simulations using software like COMSOL.

4.2.5 On the convergence regions of irregular fields

In the preceding sections, the irregular fields were generated as linear combinations of
coefficient functions and irregular basis fields. Such linear combinations do not converge
in the whole space. Particularly for irregular multipolar fields, the convergence region of
physical fields excludes a sphere near the origin, whose radius is defined by the concrete
physical situation. For example, if electromagnetic scattering is considered, then the
expansion of the scattered field into the outgoing basis fields is valid outside of the sphere
that encloses the scatterer [39]. Another example is the translated multipolar field of
irregular type. There, the transformed field can be expanded in the irregular basis fields
in the reduced region, which consists of points outside of the sphere with a radius larger
by the length of the translation. One should use different expansions to describe fields
inside the excluded regions. In the case of the translation of irregular fields, there is
another branch of the expansion that features regular fields [41, Eq.(47ab)]. In the case
of scattering, the values of the fields at points between the object and its circumscribing
sphere can be evaluated with more complicated expansions [4, 5, 6, 7, 8, 9, 10]. Similarly,
the Lorentz-boosted irregular electromagnetic field in Eq. (4.64) will not converge for all
the (r, t) outside of the far-field branch.

Despite the occasional need for expansions with additional branches, it is crucial to note
that far fields provide sufficient information to determine the field everywhere outside
material objects [42, Theorems 6.9 and 6.10]. Since the wave function and the far field are
bijectively connected, the knowledge of the former contains the complete information as
well. It should also be noted that for a large class of physical problems, consideration of
the problematic branches is not required (such as for computation of transfer of quantities
between field and matter), and the far-field branch can be directly used for the solution of
the problem.
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Figure 4.2: Comparison of Gaussian pulses, each with a center wavelength %T = 400 nm
and a Gaussian width of A™! = 360 nm, constructed as spectral superpositions
with the same coefficients of basis fields of different types: regular Rjn, (k,r, t)
(top), incoming Sj'rrlnﬂt(k’ r,t) (middle) and outgoing S;')rlrlzt/l(k’ r,t) (bottom), for
quantum numbers j = 1, m = 1, and helicity A = 1. The figures show the
absolute values of the electric field in the zx-plane (z-axis points horizontally
to the right, x-axis — vertically to the top) at different points in time. The
incoming pulse is computed to be identically zero after the end of its absorption
in the origin, and its values are equal to the corresponding regular field for times
before the start of its absorption. Conversely, the outgoing pulse is computed
to be zero before the start of its emission from the origin and is equal to the
corresponding regular field for times following the end of its emission.
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5 Polychromatic T-matrix and S-matrix

All the essential components are now established to define the polychromatic T-matrix.
Subsequently, the polychromatic S-matrix will be introduced. Both operators contain
identical information and are bijectively linked, yet they connect distinct parts of the
overall electromagnetic field. The T-matrix connects the regular illumination field, referred
to as the incident field, to the irregular outgoing field, referred to as the scattered field.
Conversely, the S-matrix connects irregular incoming fields to irregular outgoing fields.

5.1 Polychromatic T-matrix

The usual definition of the monochromatic T-matrix [39, Sec. 5.1] is based on the fact
that the total electromagnetic field outside of the sphere that encloses the scatterer can be
written as a sum of the regular and outgoing multipoles. For time-harmonic fields, this is
formulated as

0o
E(k,r,t) = e ket Z Z @jm Nim (kr, #) + bjm Mjm (kr, 7)

j=1 m=—j
+e RN pim Nt (kr, ) + qjm Mo (K7, ), (5.1)
j=1 m=—j

where the convergence region for the second part of the equation consists of points outside
of the smallest sphere enclosing the object. The first, regular part of Eq. (5.1) is called the
incident field and the second, irregular outgoing part is called the scattered field.

In the case of a monochromatic field, the usual monochromatic T-matrix is defined
as the matrix that linearly connects the coefficients of the incident and the scattered
electromagnetic fields:

a
5) . (5.2)

Coefficients with arrows stand for ordered sequences {a;,, }, while bold letters signify
vectors in 3D space. The most general linear scattering scenario, however, involves the
interaction of a polychromatic field with an object. In this situation, the total field is the
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spectral superposition of monochromatic fields:

o] G J
E(k,r,t) = / dk e~ ket aim(k) Nip(kr,#) + b (k) M, (kr, 7)
; Z Z j j j j

j=1 m=—j

00 © J
—ikct out A out A
+ /0 dk e NN pim(K) NoSt(kr, #) + qjm (k) MSS (kr, 7). (5.3)

j=1 m==j

The fundamental distinction from the monochromatic perspective lies in the ability of a
general linear operator that connects the incident and the scattered fields to describe the
coupling of different frequencies. An example of such coupling is scattering by moving
scatterers: a monochromatic beam striking an object in motion will generate a scattered
field with components of different frequencies. This can be seen, for example, by switching
to the frame of reference of the moving object, computing the scattered field, and then
boosting back to the laboratory frame using Eq. (6.37).

Continuing along the path suggested by representation theory, one can connect electric
field to the wave function formulation in terms of the basis fields R, (k) and S°Ut 5 (k):

o

E(rt) = /Ooodkk DD Fmk) Rima(kr, )

A=+1 j=1 m=—j

(o)

00 J
+/0 dk k Z Z Z gima (k) S50 (k. 1), (5.4)

A=%1 j=1 m=—j

or, equivalently

o
g™ = [ dkk Y DS fim®) limd) 55)
A==x1 j=1 m=—j
00 st J
+ / 23393 Z Gima (k) [kjmA)yt (5.6)
A=+1 j=1 m=-
The coefficients f and g are connected to a and b via relations
7T€o( i)/
fim () = =22 =2 (i (K) + Ay () 67)
2me i
i) =~ 22 0 o ) + g ). 69

which follow from Egs. (5.4), (4.16) and (4.63). The asymmetry in relations is due to the
difference in the definition of outgoing basis fields (see Sec. (4.2.1))

The crucial benefit of using f and g is the compatibility with the scalar product Eq. (4.8).
In linear light-matter interactions, the coefficients of the scattered field g;n, (k) are related
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to the coefficients of the incident field fjm) (k). The polychromatic T-matrix is defined as
the linear operator mapping the regular incident field to the outgoing scattered field via

9" =TIf), (5.9)
which implies for the coefficients [21]:
gm0 = [ k'K Y, 3 T (e K) frmr (K, (5.10)
0 N=+1j=1m'=—j’
where
Tj"rf,/l,(k, k') = “kjmA|T|K' j'm'A"). (5.11)

The emergence of the factor k in the measure fooo dk k is dictated by the scalar product in
Eq. (4.8). Also, although the integration in k is defined on the unbounded domain, this
does not pose any computational limitations: physical scatterers typically only interact
within specific bounded frequency ranges. Therefore, truncation of the integration domain
is possible when computing the scattered field.

5.2 Monochromatic T-matrix as a special case of the
polychromatic T-matrix

A significant portion of scattering processes falls into the category of frequency-preserving
scattering when the frequency of the electromagnetic waves does not change throughout
the light-matter interaction. Such processes can be described by polychromatic T-matrices
that are diagonal in frequency. Here, it is demonstrated how T-matrices that do not mix
frequencies are described as a special case of the polychromatic T-matrix. An additional
focus is made on constructing the polychromatic T-matrix that is diagonal in frequency
from conventional monochromatic T-matrices defined in [39].
Consider the scattering of an incident field

Einc(r,t) = / dk —lkcfz Z Nim(kr, 7) ajm(k) + Mjm(kr,#) bjm(k)  (5.12)

Jj=1 m==j
to a scattered field

e} R J
Eeo(r,t) = / dik e " N N (kr, 7) pjm(K) + MO (kr, ) qjm k), (5.13)

0 j=1 m=—j

where the incident coefficients at each frequency w = kc are connected to the scattered
coefficients of the same frequency via the usual monochromatic T-matrices

p(k) _ a(k)\  (TNN(k) TNM(k))\ (@(k)
(67(’0) = (E(k)) ) (Tf’“(k) TuMM(k)) (E(k))' (5:14)
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5 Polychromatic T-matrix and S-matrix

In accordance with Eq. (5.10), the same scattering is realized by the following polychromatic
T-matrix (written in helicity basis):

ij)t (k, k/) —

Jj m’/l’

P(S(k — k) (TLfVN(k’)j,’fn, FATIN (KM + VTN R, - AT (R ) (5.15)

where the Dirac delta ¢ is responsible for the diagonal behavior of the operator. Equation (5.15)
follows from Egs. (5.12-5.13), Eq. (5.8), and accounts for the extra factor of 2 that comes
from the modified definition of the outgoing basis fields.

5.3 Polychromatic S-matrix

The S-matrix method provides a description of scattering which is equivalent to the T-
matrix formalism. It is based on the decomposition of the total electromagnetic field around
the scatterer into the incoming and outgoing parts [39, Eq. (5.47)]. Here, similarly to the
previous section, the generalization of the usual monochromatic approach is presented.
Expressing the total field as the spectral superposition of monochromatic fields

o0 o j
E(r,t) = /0 dke—”“fz Z ajm (k) N2 (kr,7) + bjm (k) M, (kr, 7)

=1 m==]

+/0 —iket Z Z pjm(k) Nt (kr, 7) + qjm (k) My (kr, ), (5.16)

Jj=1 m=-j
e : in/out,
one can proceed by writing the total field Eq. (5.16) in terms of Sjm 1

0 J

E(r,t):/o dkk > 3" fima(k) Sn (ko7 1)

A=+1 j=1 m=—j

s J

+/ dk k Z Z Z hima (k) S (k.. 1), (5.17)

A==%1 j=1 m=—j

or equivalently

0
et = [ akk YYD Sk ki) (5.18)
A=+1 j=1 m=—j
o) 0 J
+/ dk k Z Z hjma (k) [kjmAyest. (5.19)
0 A=%1 j=1 m=—j
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5.3 Polychromatic S-matrix

The relation between coefficients follows from Eq. (5.16) and Eq. (4.63)

Fa k) =~ 22D 1 8) + Ay ) (5:20)
Ay () =~ 222 O3 ()00 + dqym ). 6521)
(5.22)

The coefficients f and h are the wavefunctions compatible with the scalar product in
Eq. (4.8).

In linear light-matter interactions, the outgoing field is linearly related to the incoming
field. The polychromatic S-matrix is defined as a linear operator mapping the coefficients
of the incoming field to the coefficients of the outgoing field via

) =S [f), (5.23)
which implies
00 e j/ i
a0 = [ KK 3D N S () e () (5.24)
0 N=£1j'=1m'=—j’
with
sf]'.’,’jﬁ, (k) =l jmAIS|K ' m/ )™, (5.25)

The relation between the polychromatic T-matrix and S-matrix formalisms follows from
decompositions of the total field Eq. (5.4) and Eq. (5.17). The T-matrix decomposition of
the total field into the incident and the scattered parts can be divided into the incoming
and outgoing parts as

1) + 1) = |/)™ + [£)° + ). (5.26)
This allows one to use the definition of the S-matrix:
SIFY™ = 1F)° 1) = ) (5.27)

while the T-matrix maps the fields as

TIf) =1g°™". (5.28)

In the new convention, the wave functions of the incident and of the incoming fields
are equal, namely fj,,;(k), and the wave function of the outgoing field is related to the
wave functions of the incident and of the scattered fields via

hima(k) = fima(k) + gjma (k). (5.29)
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5 Polychromatic T-matrix and S-matrix

Eqgs. (5.27-5.28) determine the relation between the T-matrix and the S-matrix to be

SIH™ =11 +TIf) (5.30)

for arbitrary coefficients fj,(k). Numerically, when the elements of the T-matrix are
known, the elements of the S-matrix may be computed straightforwardly using the simple
relation

S=1+T, (5.31)

as the distinction between incident, incoming, and outgoing fields becomes relevant only
when combining coefficients with corresponding basis elements to build the physical field
E(r,t).

Eq. (5.31) also allows to straightforwardly obtain results identical to Sec. 5.2 for the
S-matrix which is diagonal in frequency.

Note that Eq. (5.31) deviates from a more common formula

Sy =1+2T,, (5.32)

where the subscript "u’ denotes the usual way of defining basis states. The distinction
arises from the new definition of outgoing basis fields S;’r‘r‘lt/1 with additional division by 2
compared to the regular basis fields Rj;.
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6 Transfer of fundamental quantities
between light and matter

6.1 Transfer of momentum and energy between a light pulse
and an object

The first application example of the proposed theory concerns the interaction of electromagnetic
pulses and matter at rest. In particular, the amount of energy and linear momentum
transferred between a light pulse and a silicon sphere. The latter is represented with a
frequency-diagonal polychromatic T-matrix defined by Eq. (5.15).

The quantities will be computed with the help of a scalar product defined by Eq. (3.31)
and Eq. (4.8). The amount of fundamental physical quantities carried by the field |f) can
be written as

(T) = (fIT1f) - (6.1)

Here T is the Hermitian operator that corresponds to the physical quantity: generator of
time translations cP° = H for energy, generators for spatial translations P, (a = x, y, z) for
linear momentum, and generators of rotations J, (« = x, y, z) for angular momentum. The
core idea lies in computing the difference between the quantities contained in incoming
and outgoing fields. This difference is equal to the amount of the quantity received or
extracted from the object, due to the corresponding conservation law. Using the S-matrix
formalism, this difference can be written as follows.

For the incoming field |f)™ and the outgoing field |h)°"" = S|f)™", the transferred
amount (ATl') is [19, Eq. (3)]:

(AT) = "(fIT| )™ = ([T |h)*" (6.2)
= "(fIT - S'TS|f)". (6.3)

Alternatively, in terms of the T-matrix, from Eq. (5.30):
(AT) = =*(fITT|f) — (FITTTI ™ ~(FITTTTIf). (6.4

The superscripts describe the correct types of the fields, however, as explained in Sec. (4.2.3),
the values of the scalar products are independent of field types.

To illustrate the transfer of quantities one illuminates the sphere with a left-handed
(A = +1) circularly polarized pulse that has a Gaussian spectral profile. It is described by
the wave function at positive cos 0 as

fi(k) = Ae cos (1 + cos 0) g~ (k=ko) e /2 o=k (1—cos® O)AL /2 (6.5)
f(k) =0, (6.6)
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6 Transfer of fundamental quantities between light and matter

while set fj(k) = 0 for cos @ < 0. The angles 0, ¢ are the polar and azimuthal angles of
k. The time width of the pulse is chosen to be A; = 15 fs, spacial parameter A, = 1 pm,
and the central wavelength is %T = 400 nm. The constructed pulse is focused along the
z-direction, such that the values of the coefficients that correspond to polar angles with
cos 0 < 0.975 are vanishingly small. This will be used for more efficient discretization of
the integrals in the plane wave basis.

The normalization constant A = 1.77 X 10! nm is set to fix the energy of the pulse to
5 mJ via Eq. (6.1):

3
(FIHIfY = Y / %| fulk)[2chik = 5.00 x 107° ], (6.7)

A==%1

Here and in the following, the integration over k is truncated outside of the region
14.9 yum™! < k < 16.6 um™'. At points excluded from this region, the values of the
pulse are negligible (see green part of Fig. (6.2a)). The integration over wavenumber k is
conducted via a Riemann sum with N = 150 points placed equidistantly. The integration
over angles of the wave function is truncated to the region fOZH d¢ /(;975 d(cos 0) with
discretization parameters Ny = 200 and Ncos¢9 = 300. The maximal multipolar order of
the sum over j is set to jmax = 2, above which the T-matrix elements are negligible in the
relevant wave number band, see Fig. (6.1).

—_
(=]

O

~

Interaction cross-section ||T(k)]||?
(o]

8.50 8.75 9.00 9.25 9.50
1

Wavenumber k, pm™

Figure 6.1: Interaction cross-section of a silicon sphere with a radius 100 nm at different
wave numbers. The interaction cross-section is computed as the Frobenius
norm of the monochromatic T-matrix at different truncation orders jy.x. The
multipole orders higher than jn,x = 2 do not contribute to the precision
significantly.
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6.1 Transfer of momentum and energy between a light pulse and an object

Similarly, the momentum in z-direction that is carried by the field is

(FIP,If) = Z/dg—km(kn fik cos§ = 1.66 x 107 kgms ™. (6.8)

A==%1

Now consider a silicon sphere of radius 100 nm that is put in the origin of the reference
frame. The optical parameters of silicon [43] are depicted in Fig. (6.2a), together with the
photon density per frequency w = kc of the illumination pulse:

2
N(w) = d¢ d(cos 0)|fi(k)|*. (6.9)
S Z [ e

To compute the transfer of the energy and of the momentum in the |kjmA)-basis, one
requires the generators of the transformation laws Eqs. (4.45-4.46), which read

Hf)m)k(k) = thf]m}.(k) (6.10)
sz}'m)l(k) =
Jj+1
k2] + 1(=1)™* Z V2j + 1 ( )(JA L O)fjm(k) (6.11)
Pt

Here ( rfl ! rizz rf are the Wigner 3-j symbols. The monochromatic T-matrices of the
1 mz m3

sphere are generated for different wavenumbers for jm,x = 8 with the treams python
package [44, 45], which is publicly available at https://github.com/tfp-photonics/
treams, and use Eq. (6.4). The transfer of energy and momentum to the object is computed
to be:

(AH) =4.98x107°] (6.12)
(AP,) =3.39x 107 kgms™". (6.13)

A more detailed view on the transfer is provided in Fig (6.2b). The density with respect
to the frequency is plotted for both energy (AH) (w) and momentum (AP,) () transfer.
The total transfer transfer is written in terms of these densities as

(AH) = / " do (M) (o) (6.14)
0

(AP,) = / " do (AP) (o). (6.15)
0

The presented method allows one to efficiently achieve accurate results by benefiting
from the group-theoretical principles. In particular, from the scalar product for the
wave functions Eq. (4.8), which is very easy to implement numerically using any linear
algebra package. This approach differs from the alternatives that make use of Maxwell’s
stress tensor [46, 47]. The approach used in [47] extends the Lorenz—Mie theory to the
polychromatic setting and is only applicable to spherical objects.
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6 Transfer of fundamental quantities between light and matter
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Figure 6.2: (a) Photon density with respect to the frequency of the incident field (green),
together with refractive index n(w) and extinction coefficient x(w) of silicon
as a function of frequency (blue). (b) Transfer of energy between the pulse and
the object per frequency (blue), together with the transfer of linear momentum
in z-direction from the pulse to the object per frequency (green). The total
transferred quantities are the integrals of the corresponding functions.

The presented results may be straightforwardly validated by directly using the definitions
of quantities that are contained in a localized field at a fixed time. For example, the energy
Eepn:

Eem = %/d3r|8(r, HI*+|cB(r, 1) (6.16)

which can be alternatively written in terms of helicity components of the field using
Eq. (3.14) and Eq. (3.4):

Eem = 60/d3r|F+(r, 1) + F*(r, 1)|2. (6.17)

Given the wave functions of the incident fj,,;(k) and the scattered field g;,,(k), the
equivalent incoming and outgoing coefficients read (see Sec. 5.3):

Fima (k) = fima (k) (6.18)
(1) = fim(K) + g (K). (6.19)

To get the required F,(r,t), one combines them with the incoming and outgoing basis
fields in Eq. (4.59), and using Eq. (3.14) arrives at:

o

Fin/out(r, t) — VEA dk k Z Z Z fjirrrll//lout(k)s;lrlézut(k, r, t)' (6.20)

J=1 m=—j A=+1
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6.2 Interaction of a light pulse and a relativistically moving object

Again, the integrals are truncated to the region 14.9 ym™! < k < 16.6 yum™'. Since the
scatterer does not interact with the parts of the field with j > jn.x = 4, a higher multipolar
component of the outgoing field will be the same as the corresponding components of the
incoming field. Hence, the difference of their carried energy will be zero, and they do not
contribute to the energy transfer. This allows one to focus on the transfer of energy due
to j < jmax = 4 components of the field.

The energy density of the j < 4 components of the incoming and the outgoing fields at
specific times is depicted in Fig. (6.3).
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Figure 6.3: Energy density of the incoming (left) and the outgoing (right) parts of the total
field for multipole order up to jmax = 8, plotted in the zx-plane with horizontal
z-axis and vertical x-axis. The radial dimension of the plot is 55 microns, the
incoming field is plotted at time —150 fs and the outgoing field at time 150 fs.
The white circle in the middle represents the silicon sphere of radius 100 nm.

Numerical integration of Eq. (6.17) is conducted in spherical coordinates as a Riemann
sum in r € [0,55]um, 6 € [0, 7], and ¢ € [0, 2x], for N, = 250, Ny = 500 and Ny = 201
equidistant points, preceded by the integration of Eq. (6.20) over Ny = 150 equidistant
points. The incoming field is considered at time t = —150 fs and the outgoing at ¢ = 150 fs.
The resulting energy difference is

EM — E% = 136061 x 107°] — 1.31058 x 10™*J = 5.00277 x 10™J, (6.21)

which is in very good agreement with the value given by the scalar product approach
4.9833 x 107°]. The small difference can be further reduced by using finer discretization.

6.2 Interaction of a light pulse and a relativistically moving
object

The foundation of the polychromatic T-matrix formalism is tightly connected to the
symmetry group of the Minkowski space-time, the Poincaré group. This group includes
Lorentz boosts, transformations that are responsible for changing to the frame of reference
moving with constant speed. Similarly, they may be used to describe moving objects. In
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6 Transfer of fundamental quantities between light and matter

this section the focus is set on the interaction between light and a moving silicon sphere,
in particular on the difference of energy and momentum contained in light before and
after the interaction with the object. First, the interaction is computed in the reference
frame of the scatterer (the co-moving frame), and second, in the laboratory frame.

6.2.1 Co-moving frame of reference

Consider an incident field | f) present in the laboratory frame, defined by the wave function
in plane wave basis similarly to the previous section as

fi(k) = Ae cos (1 + cos 0) ¢~ (kko)* At 2 =k* (1=cos* 0)AL /2 (6.22)
f-(k) = 0. (6.23)

The angles 6, ¢ are the polar and azimuthal angles of k. The time width of the pulse is
now chosen to be A; = 20 fs, spacial parameter A, = 1 pm, and the central wavelength
2L =700
W = nm.

Setting the normalization constant A = 2.095 X 10! nm fixes the energy of the pulse to
5 m]J via

(fIH|f) = Z / dg—km(k)ﬁchk =5.00x 107 J. (6.24)

A==%1 k

Consider the interaction of the pulse with a silicon sphere that moves along the z-axis
at some constant speed v = ¢ tanh £ away or towards the pulse. In the co-moving frame,
the object is stationary and is described by the frequency-diagonal T-matrix. Note that
the scatterer perceives the incident field to be Lorentz boosted in the opposite direction
L= If).

The numerical computations are conducted for the span of velocities —0.8 < v/c < 0.8
with 0.8 ~ tanh(1.1), corresponding to the rapidity range between &naxmin = *1.1.
Positive v corresponds to the sphere moving in the positive z-direction, and negative v to
the movement in the negative direction. Since for each velocity, the transformed field has
significant components in different parts of the frequency spectrum, the maximal multipole
order of the T-matrix that is required for the precise scattering simulation may change as
well. This is the case when the scatterer moves toward the pulse and perceives smaller
wavelengths. If the pulse in the laboratory frame is completely described on the wave
number domain kp,in < k < kpax, then the optical properties of the object should be known
at least in the wave number region et kmin < k < € kmax. Fig. (6.4a) depicts the optical
properties of the silicon sphere on the total wave number band required for computation
in the chosen range of velocities. Fig. (6.4b) illustrates the interaction cross-section of
the T-matrix at different maximal multipole orders on the same domain, justifying the
truncation order to be jy.x = 6.

The transfer of energy and momentum in the z-direction between the field and the
object are computed in the same manner as in the stationary case in the previous section
but with fields boosted in the direction opposite to the movement of the object L,(—¢) |f).
It is important, that the wave function |f) is defined analytically in the plane wave basis
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6.2 Interaction of a light pulse and a relativistically moving object
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Figure 6.4: (a) Refractive index n(k) and extinction coefficient x (k) of silicon as functions of
wavenumber on the whole domain required for the computation. (b) Interaction
cross-section of a silicon sphere with radius of 150 nm as a function of
wavenumber, computed via the Frobenius norm of the monochromatic T-matrix
at different maximal multipolar orders jpyax. The brown line corresponding to
Jmax = 6 completely covers the purple line of j.x = 6, bringing no additional
precision.

and has the number of significant angular momentum components which is larger than
the chosen jyax. This means that the Lorentz boost should be applied before the truncation
of the maximal multipolar order in the wave function. Otherwise, significant angular
momentum components of the boosted pulse will not be accounted in the scattering.
Practically, using [14, Eq. (10.4-24)] one may boost fields in plane wave basis via

L(§) fulk) = fu(K") (6.25)

with K’ = L;!(é)k, which loses no information about the wave function. Only after
this transformation the relevant (up to jmax) angular momentum components fjm (k) =
(kjmA|Lg(2)|f) should be extracted and considered for the interaction with the scatterer.
In our convention S = 1 + T, so the coefficients of the incoming field are equal to the
coefficients of the incident field, and the outgoing part of the field is computed as

hjma(k) = fima(k) + (Tf)jma (k) (6.26)
o J
= fim(R)+ Do > > T ) frmea (k). (627)

N==+1j=1m'=—j’

Transfer of energy and momentum to the scatterer is computed as the difference between
the quantities contained in the incoming and the outgoing parts of the field:

(AH) = (fIHI|f) = <h|H|h) (6.28)
(AP;) = (fIP:|f) = (h|P:|h) . (6.29)
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6 Transfer of fundamental quantities between light and matter

The final results for the transfer of energy and momentum are depicted in Fig. (6.5a)
and Fig. (6.5b).
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Figure 6.5: Transfer of (a) energy and (b) momentum in the z-direction from the
electromagnetic pulse |f) to the silicon sphere that moves at different velocities
along the z-axis. Computed in the reference frame of the sphere. The positive
sign of v/c corresponds to the movement of the sphere in the positive z-
direction, when observed in the laboratory frame.

The number of equidistant discretization points for the wave function in the plane
wave basis f)(k) is chosen to be Ny = 400, Ny = 100, Ny = 400. After the transformation
L, (&) fa(k) via Eq. (6.25), the domain stops being equidistant in k and 0. After extracting
the required angular momentum components of the boosted wave function, one must
make sure that the correct T-matrix is used, i.e. it corresponds to the transformed wave
number domain. This allows the computation of outgoing coefficients via Eq. (6.26). The
final result is evaluated for rapidities between &nin = —1.1 and &ax = 1.1 in equidistant
steps for Ny = 300 points using

i =Y, [ SEinoren (6.30)

A==1

ien = Y [ GEno Pk coso (631)

A==1

The shape of the transfer profiles in Fig. (6.5) can be explained with the help of the
interaction cross-section of the silicon sphere at rest. For each Lorentz boost parameter,
the center wavelength of the pulse k is shifted, making the position of the new center
wavelength depend on the rapidity (or, equivalently, on speed):

kp ~ ko(cosh(£) — cos(0) sinh(¢))
— koe—§ = koe~ arctanhv/c, (6.32)
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6.2 Interaction of a light pulse and a relativistically moving object

where the approximation holds only because the incident pulse is focused along the
positive z-axis. The pulse interacts with the sphere in the wave number domain around
the new center wavelength, which makes the interaction stronger or weaker depending
on the velocity. The interaction cross-section of the silicon sphere at each wavelength that
corresponds to the boosting velocity is shown in Fig. (6.6), the resonances of which are
clearly reflected in Fig. (6.5).

Do [ (=) o]
(=) (=} (=) (=}

Interaction cross-section [|T(k,(v/c))| |2

(=)

-0.5 0.0 0.5
v/c

Figure 6.6: Interaction cross-section of the silicon sphere as a function of the Doppler
shifted wavenumber of the pulse’s peak. One may observe correspondence of
some local maxima of its profile to that of the transfer profiles.

6.2.2 Laboratory frame of reference

Now the transfer of quantities is computed in the laboratory frame of reference. One
may use the transformation properties of generators responsible for the corresponding
quantities: H = cP° for energy and P, = P? for momentum in the z-direction. From [14,
Eq. (10.2-5)] follows

L, (§)HL;' (&) = cosh(§)H — csinh(&)P, (6.33)
L(®)PL(§) = = sinh()H + cosh ()P, (6:34)

which implies the connection between the scalar product values in two frames to be
(AH)Y = cosh(&) (AH)®Y — ¢ sinh(&) (AP,)°" (6.35)

(AP,)5b —% sinh(&) (AH)® + cosh(&) (AP,)* | (6.36)

The values for the interaction in the laboratory frame are shown in Fig. (6.7).

An interesting effect is observed at negative v, where in the reference frame of the object
the electromagnetic pulse gains energy. Together with the absorption of the energy by the
object, this is accounted by the loss of the kinetic energy of the scatterer.
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Figure 6.7: Loss of (a) energy and (b) momentum in the z-direction from the
electromagnetic pulse |f) caused by scattering on a silicon sphere that moves
at different velocities along the z-axis. Computed in the reference frame of the
sphere. A positive sign of v/c corresponds to the movement of the sphere in
the positive z-direction.

6.2.3 Lorentz boost of a frequency-diagonal T-matrix

The scattering in the laboratory frame of reference can also be described via the boosted
T-matrix, which acts on the unchanged incident field |f). In this section, the Lorentz
boosted T-matrix of the silicon sphere is numerically computed and used to evaluate the
change of momentum and energy of the pulse, as seen in the laboratory frame.

The matrix element of the Lorentz boost in the angular momentum basis, as derived in
Eq. (6.37), is

(K'j'm XLz (&) |kjmA) =

= 512 8mm® (18] — [In(k k) ) 2L V2T * 1

2k’k sinh(|£])

& (0)d(6), (6.37)

can be used to transform a T-matrix via T = L, (&) T L;1(é):

T (e kp) = (e jimida|Lo(8) T LT (8) lkajama ) (6.38)
/ di, k| / dk, kZZ Tjjlr;”lle(k’,k;)x (6.39)

Ji=1j5=1

|§|—|ln(k1/k’)|) i

\/zh+ J2j +1 6 ok & RCAY AN (A (6.40)
Ol = In/k) i

‘/zjz+1\/zz o inh L@k (0,). (6.41)
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6.2 Interaction of a light pulse and a relativistically moving object

Here 0,5, 0/, are defined via
2> Y12

kicosh & — k] ki —kjcosh¢

0, = 0 = ——M—— 6.42
T Tsinhe 0 T T ksinhE (6.42)
k), cosh & -k, k!, — ks cosh &
g = _zcoshi ke g, = 2~ Kecoshe 643
o8 kysinhg = 7 ky sinh & (6.43)

Since the T-matrix of the sphere is diagonal in frequency, this general expression can be
simplified. Using

T ka) = T (k) = 8k = ko), (6.44)
the transformed T-matrix is written as
T (ks kp) = (6.45)
/ di K, / dk, kzz ler’:ljl(k) 5(k’ K))x
Ji=1j5=1

O(I¢] = lIn(ky /kDI) 5, .
\/2]1 +14/2j]+1 klk’|s1nhl§| ) & i, (01) & i, (01)

O(|¢] - [In(ky/k,)] i
1/2]2+1\/2]2 kékz|znh§|2 ) L0 d (6y). (6.46)

Integration over the wave number eliminates k;, and one of the Heaviside functions
truncates the integral in k;:

A ’ 1 11"117L
T (s, 1<2)_/O dk; K, ZZT ' (kp)

J1=1j5=1
— |In(k; /K,

Ve T i 'i'lkf'ﬁflﬁ g 0d, @
— [In(k}/k

TN LT

kelél
1€ ml/h

= dk, Kk, Z Z lem (k)

-1&
kle 1€l _1]2

\/zh+1 zjl+1klk,| T & O)d ()
O(|¢] = In(ky/ka)l) ;) ,
\/212 +1+2j2+ K kolsinh €] 2l dy; . (02) d" oy (02); (6.48)
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6 Transfer of fundamental quantities between light and matter

with
g_klcoshg—k; 9,_k1—k;cosh§
VT Thsinng 7 T T kjsinhE
k), — ky cosh & k) cosh & — k,
[ A — 0, =2 > *° 6.49
s kysinhé =~ 2 K, sinh & (6.49)

One may see that the Lorentz boost of the frequency-diagonal T-matrix of the silicon
sphere makes it non-diagonal in frequency, as expected for moving objects. The element of
the boosted T-matrix with j;» = 1, my2 = 1, A2 = 1, as a function of incident wave number
k; and scattered wave number k, is illustrated in Fig. (6.8). The values are computed for
rapidity & = 0.005 and 0.015.

The difference of momentum between the outgoing and incoming fields is found similarly
to the stationary case:

(AP;) = (fIP:|f) = (h|P:|h), (6.50)

but now the computation of the outgoing field involves integration over the incident wave
number:

j max J

Bjma (k) = fima (K) + / Ak 3 T k) e (K). (651)

M=+1 j'=l m/:_j/

The integral in k" can be truncated to the region of the significant part of the Gaussian
wave number profile of f.

Finally, the transfer of momentum is computed for a number of rapidities £ = 0.0001,
0.005, 0.01, 0.015, and the results are depicted in Fig. (6.9), next to the reference computed
in the last section.

It should be noted that the T-matrix of the moving object has significant elements for
all values of the total angular momentum j € N, because the interaction may happen
arbitrarily far from the origin of the reference frame. Therefore, the range of the multipolar
order can not be truncated without loss of the information about the scatterer as it is often
done for the T-matrix of a stationary object. Practically, this means that the value of jyax
in Eq. (6.51) is dictated by the character of the incident field. In particular, jyax should
encompass a region around the origin large enough to completely account for the spacial
domain of the interaction between the field and the scatterer. For example, consider an
interaction of a localized pulse hitting a moving object when they both are near the origin
of the reference frame. A smaller ji,y is required in this case compared to the interaction
of the same moving object with a pulse designed to hit the object further from the origin.
Similarly, it is impossible to find a j,x to completely describe the interaction of a plane
wave with a moving object, since there will be points in space where the interaction is
happening and that are arbitrarily far from the origin.

One must note that the computation of the boosted T-matrix Eq. (6.48) is highly expensive
from the computational point of view. The reason is that for each incident wavenumber
k, and for each scattered wavenumber k; one must compute one integral in k, the domain
of which changes with k, (or, alternatively, with k;). Also, given the monochromatic
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Figure 6.8: Real and imaginary parts of T,}'! (ki, k) element of the polychromatic T-matrix
for the silicon sphere, boosted with (a) £ = 0.005 and (b) £ = 0.015. The higher
the velocity, the wider the spreading of the scattered wave number for a fixed
incident wave number.
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Figure 6.9: Transfer of momentum P, between the electromagnetic pulse |f) and the
moving silicon sphere in the laboratory frame, computed via the polychromatic
T-matrix (black) and via transformed quantities from the co-moving frame
(blue) as reference.

T-matrix on an initially discretized wavenumber domain, each of the mentioned integrals
demands new computation or interpolation of the T-matrix on the new set of wavenumbers.
Moreover, the higher the velocity of the object, the higher the multipolar order jyay is
required to encompass the region around the origin where the interaction with the pulse
takes place, which further complicates the calculations. Since computations in the co-
moving frame lack the mentioned disadvantages, the object’s frame should be preferred
over the laboratory frame for the computation of light-matter interactions.
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7 Analysis of chiral objects

The phenomenon of chirality manifests itself in a diverse array of physical phenomena,
from the left-right asymmetry of weak interactions in particle physics to the chiral magnetic
fields of the early universe. In practice, the ability to differentiate and select specific
molecular enantiomers is crucial in fields such as pharmacology: often, chemical reactions
yield both enantiomers of a chiral molecule, yet typically only one of these isomers
possesses the desired medical properties. The ability to influence such reactions is another
practical question.

There are also a number of theoretical questions related to chirality, one of which is
the quantification of chirality. If an object is chiral, how chiral is it? And how can one
quantitatively distinguish between two versions of the chiral object?

Since the T-matrix contains the complete information about the object that is relevant
for its interaction with the electromagnetic field, it is convenient to formalize chirality
measures as functions on the set of T-matrices. The question of how chiral is a chiral
object on a scale from 0 to 1 was answered in such a manner in [26]. In the current chapter,
a further development [48] is presented, which aims to answer the question: given the
T-matrices of two enantiomers, how can one distinguish one from another? A label called
chirality signature is proposed, and its invariance under the largest group of symmetry of
Maxwell’s equations is investigated.

7.1 Electromagnetic chirality

First, it is necessary to briefly explain the method introduced in [26]. The notion of chirality
is re-formulated in the context of light-matter interactions with the help of a T-matrix. Its
parts that are responsible for mapping between fields of definite helicity

T++ T+—
() o

are considered as operators on their own, T*'. A scatterer is then said to be electromagnetically
achiral if

T =U TV,

T™ = U, TV, (7.2)
for some unitary U, and V;,. This definition may be applied to both versions of the
T-matrix, the mono- and polychromatic ones.

This definition of electromagnetic chirality (em-chirality) contains the common geometric
definition, which can be seen from the following considerations. A most general mirror
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7 Analysis of chiral objects

transformation can be decomposed into parity, rotation, and possibly translation. Parity
transformation changes the eigenvalue of helicity to the opposite Eq. (4.50), while rotations
and translations do not change helicity. They all, however, are represented unitarily on
the domain of T*'. Hence the mirror reflection of a T-matrix can be written as

TH T ur—ut urtvt
T= (T—+ T——) — Tmirr = (VT+—UT VT++vT) (7'3)

with some unitary U and V, different because the action of the transformation depends
on helicity. The object defined by T is geometrically achiral if there are rotations and
translations that can transform T into T, which can be written as

(ETH(?T ff:r+—\7T)_(UT"UT UT—+VT) 7.

vr—out vr—vt)  \vrut vr+vt

where U and V are compositions of the new rotation and translation in the helicity
subspaces. One may see that if Eq. (7.4) is satisfied, then Egs. (7.2) are satisfied automatically,
which means that geometrically achiral objects are electromagnetically achiral.

Since the set of all unitary transformations is larger than the set of rotations and
translations, there exist electromagnetically achiral objects that are not geometrically
chiral. For example, in case of polychromatic T matrix, those that fulfill Eqgs. (7.2) with
Lorentz transformations and not with rotations or translations.

The scalar measure of em-chirality y was introduced in [26] to answer the question: to
which degree a given scatterer is electromagnetically chiral? It is defined as

x(T) \/Z (0k(T+) = 0k (T7))? + > (0k(T*+) = 0 (T))? (7.5)
k k

= VIG(T*) = 3(T) ]2 +[5(T*+) - 5(T~H)|> (7.6)

Here 5(T*') denotes the sequence of singular values of T*'. The singular value
decomposition (SVD) of a compact operator is defined as

T = > ou(T) lyn) (gl
n=1

with a unique sequence of non-increasing singular values o} (T*") and two non-unique
families of orthonormal vectors |i/,,) and |¢,).
It is assumed that the operators in Eq. (7.6) have finite Hilbert-Schmidt norm

7| = / dk k / aK k> ST [ < o, (7.7
jm i’
for a polychromatic T-matrix, or

1T s = Z Z T (k, K[! < oo, (7.8)

jm jlm/
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7.1 Electromagnetic chirality

for a monochromatic one. This ensures the existence of singular value decomposition, and
the following equation holds:

s = F(TH) - 3(TY) = i o (T ) 0y (TH). (7.9)

n=1

||T)u1'

One may normalize the definition of scalar em-chirality £(T) to assume values between
0 and 1 by dividing the right-hand side of Eq. (7.6) by the square root of the total interaction
cross-section

Cor= 3 I 710
AN
SO
x(T) = 1D [0, 1]. (7.11)

V Cint

In [48], a new interpretation of Eq. (7.6) is given, as an exemplar from the class of
Procrustes problems [49]. Namely, that the scalar measure of em-chirality solves

(7.12)

X(T) = [minl| T+ = U TV [ + minl| T = Up TV, i,

where the minimization is performed with respect to all unitary U ; and V;,.

The proof uses von Neumann trace inequality for Hilbert-Schmidt operators [50] and
proceeds as follows. First, it is shown that for any two Hilbert-Schmidt operators A and B
the equation holds

min||A - UBV'|[fis = 13(4) - 3(B)/’, (7.13)
where U and V are unitary operators, 6(A) and 6(B) being non-increasing sequences of

singular values, and |6(A) — 6(B)|? := ((A) — (B)) - ((A) — 5(B)).
Using the Hilbert-Schmidt scalar product one re-writes the left-hand side as

an,iJ1||A ~UBV'||%s = (7.14)
= rlrjuvn (A-UBV', A-UBV") (7.15)
= min { (A, A + (UBV', UBV'Y — (A, UBV') — (UBV', A) } (7.16)
= |AllZs + lUBV |2 - max {(UBV',A) + (A,UBV") } (7.17)
= ||Al|4s + IBll3s — 2max {Re (A, UBVT) }, (7.18)

and the problem reduces to maximizing Re (A, UBV"). The von Neumann trace inequality
for Hilbert-Schmidt operators states [50] that any two Hilbert-Schmidt operators X, Y
fulfill the condition

Re (X,Y) < Z T0(X) 0 (Y) (7.19)
n=1
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7 Analysis of chiral objects

with equality holding if and only if X and Y share singular vectors. It is always possible to
find such unitary U and V that transform the singular vectors of B onto those of A by the
following construction. Consider singular value decompositions of A and B:

A=U3,V/ (7.20)
B =Up%yV,. (7.21)

Then for
U= UU] (7.22)
V=V (7.23)

one gets
UBV' = UU U,V (VoV)T = USy V), (7.24)

which according to the von Neumann trace inequality realizes the maximal value

max [Re (A,UBV) } = Z 02(A)on(B) = F(A) - 3(B). (7.25)

n=1

Now, using [|All%s = 6(A) - 6(A) = 3°(A), and, similarly ||B||?,; = 6°(B), one finally
writes Eq. (7.18) as

min]|A — UBV'||%s = 5%(A) + 5*(B) — 25(A) - 5(B) (7.26)

15(A) — 3(B)|% (7.27)

Application of this formula to the definition of the scalar em-chirality (7.6) results in

X*(T) = |3(T*™) = 3(T )P +16(T"7) = (T)? (7.28)
. 12 T — 12
= 1311%/1;1||T++ - UiT" Villfs + rl21‘2||T T — U, T Wyl (7.29)

This property of em-chirality in Eq. (7.29) allows straightforward formulations of T-
matrix-based scalar measures of geometrical chirality. It suffices to restrict the U;/V;
to compositions of rotations and translations. Such an approach was studied in [51].

7.2 Chiral connectedness

Now the attention is turned towards differentiating between enantiomers. Remarkably,
one can not (in general) continuously apply labels ’left-handed’ and 'right-handed’ to all
chiral entities in a given space of objects [27, 28]. The reason is the phenomenon of chiral
connectedness: if the objects under consideration are more complicated than tetrahedrons,
then any chiral object can morph into its mirror image via a continuous transformation,
staying chiral throughout the process [52, 53]. This means that any attempt to define a
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7.2 Chiral connectedness

continuous separation rule for all chiral objects, say into objects with chirality -1 (left)
and +1 (right), will fail due to the intermediate value theorem [29]. There will be a point
in the transformation process, where the object is chiral and the handedness will suffer a
discontinuous jump.

As an example of how such an attempt can fail, consider a modification of the scalar
em-chirality, where it is multiplied by a complex factor:

xe(T) = X(T) exp(ig(T)), (7.30)
with
_ m(ITIP TP - TP - TP
¢(T) = —5( THIE - 1) (7.31)
(2 —
T+ 1T (0. 7]. (7.32)

71

Here and in the following, the Hilbert-Schmidt norm is implied.

The absolute value of the complex em-chirality is the normalized scalar em-chirality
|xc(T)| = ¥(T) and the real part R (y.) will be referred to as the handedness measure of
the scatterer.

The defining property of the phase factor consists in its behavior under arbitrary mirror
transformations. The T-matrix is transformed as

TH T+ T T
Gﬁ TJ_%GF %J, (7.33)

where the tilde indicates a reflection of a T-suboperator, which is a unitary transformation.
The permutation of suboperators is due to the change of the helicity under mirror
transformations.

The phase of the complex em-chirality ¢ changes under mirror transformations according
to

TR+ 0T T2+ 1T+
d(T)=m — T (7.34)
Tk Tk
ITI = [T+ )12 = T |12
7.35
Tk (7:33)
— 7 —$(T), (7.36)

so the mirror transformation reflects the complex em-chirality with respect to the imaginary
axis

X(T) exp(ig(T)) — x(T) exp(i(zx — §(T))), (7.37)

which changes the sign of handedness.
To illustrate the idea of chiral connectedness on a concrete example, consider a chiral
constellation of 7 dielectric spheres as depicted in Fig. (7.1a). The spheres have radii
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Figure 7.1: Continuous transformation of a chiral configuration of seven spheres (a) to its
enantiomer (c) passing an achiral configuration (b): two spheres of the right
leg are rotated by /2 about the y-axis. The configuration (b) is achiral since it
is mirror symmetric with respect to the plane z + x = 0. The configuration (c) is
the mirror antipode of the configuration (a): the mirror reflection of the initial
configuration (a) with respect to the xy-plane followed by a rotation about the
y-axis by /2 results in the final configuration (c).

r = 100 nm, relative permittivity €} = 4 and centered at points (—a, a, 0), (—a, 0, 0), (0,0, 0),
(0,0,a), (0,a,a), (a,0,0) and (a, —a, 0), with a = 500 nm.

Two transformations will be compared. In the first one, as depicted in Figs. (7.1a-7.1c),
the right leg of the configuration is continuously rotated around the y-axis in the positive
direction by 7/2. The final state in Fig. (7.1c) is the enantiomer of the initial one in
Fig. (7.1a). This can be seen by reflecting the starting configuration with respect to the
xy-plane and then rotating the resulting object about the y-axis by 7/2. The middle point
of the transformation Fig. (7.1a) is an achiral state since the system has a mirror symmetry.

The second transformation, shown in Fig. (7.2), is designed to avoid achiral arrangements
by breaking the mirror symmetry of Fig. (7.1b) while having the same starting and ending
configurations as the first transformation.

Application of complex em-chirality y, to the T-matrix of the system at all points of the
first transformation is depicted in Fig. (7.3a). The starting configuration is right-handed
R (xc) < 0and the final configuration is left-handed R (y.) > 0. The zero value of complex
em-chirality corresponds to the arrangement of Fig. (7.1b), which is geometrically achiral
because of its obvious mirror symmetry. As mentioned previously, geometrically achiral
objects are electromagnetically achiral, which is the reason for vanishing y..

The trajectory of complex em-chirality y. for the second transformation process is
depicted in Fig. (7.3b). It is seen that at no point of this transformation the configuration
becomes electromagnetically achiral. The existence of such transformations is guaranteed
by the chiral connectedness property. If one tries to apply the introduced definition of
handedness to the states of this process, the so-called "false chiral zero" arises. The point at
the intersection of the trajectory with the imaginary line describes a chiral state, however
the handedness can not be assigned to it since the real part of y, is zero. In other words, a
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Continuous transformation of the initial chiral configuration (a) to its
enantiomer (f) avoiding any intermediate achiral configurations. The
transformation is similar to that of Fig. (7.1), but the achiral state Fig. (7.1b) is
avoided as follows. First, the right leg is rotated about the y-axis by 97/40 (b).
Then, the furthest top sphere is shifted by 50nm along the negative direction
of the y-axis (c) — the transparent blue sphere depicts the position of the
sphere before the shift (also enlarged in the top right corner). Then the right
leg is rotated by an extra 27/40 (d). Afterwards, the shifted top sphere is
brought back to its initial position (e) and finally, the right leg is rotated by the
remaining 977/40 onto the final configuration. Configurations (b) and (e) are
chiral, contrary to the configuration in Fig. (7.1b). This can be clearly seen in
the corresponding insets containing zoomed-in versions of the shadows of the
right leg on the y-z plane. In (b) and (e) here, such shadow does not coincide
with the reference diagonal, breaking the mirror symmetry that can be seen in

Fig. (7.1b).
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Figure 7.3: Trajectories of complex em-chirality for (a) the continuous transformation
that passes the achiral configuration (corresponds to Fig. (7.1)) and (b) the
continuous transformation that avoids the achiral configuration (corresponds
to Fig. (7.2)). The trajectories start in the left-handed region R(y.) < 0 and
end in the right-handed region R (y.) > 0. The absolute value of y, equals the
scalar em-chirality and the real part is the pseudoscalar handedness measure.

mirror enantiomer to the object at this point exists, which would have the same value of
Xc- It means that there are pairs of enantiomers that can not be distinguished by complex
em-chirality.

In the next section, the solution to the problem of the complete description of em-
chirality is provided, which will allow one to distinguish any pair of enantiomers by
classifying objects with respect to their chirality signature.

7.3 Chirality signature

The fact that chiral unhanded states y. # 0, R(y.) = 0 exist reveals that complex em-
chirality does not contain the full information about the chiral properties of an object.
The complete picture would be described by a function y(T) that, for an object T and its
mirror antipode i fulfills

xs(T) = =xo(T), (7.38)
T is em-achiral = x,(T) =0, (7.39)
xs(T) =0 = T is em-achiral. (7.40)

Violation of Eq. (7.40) by the handedness part of the complex em-chirality R ( y,) is the
reason why unhanded states appeared.
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7.3 Chirality signature

Now a quantity is introduced that fulfills the properties (7.38) - (7.40). Consider the
difference of the sequences of singular values

W (T) =6(T™) - 6(T) (7.41)
¥o(T) =3(T") = 3(T™). (7.42)

According to Eq. (7.33) and the corresponding discussion, a mirror transformation changes
the sign of each element of the sequences (7.41)-(7.42):

A(T) =3(T77) = 3(TH) = —ja(T) (7.43)
1(T) = 3(T™) = 5(T*) = = jo(T). (7.44)

Additionally, the achirality condition (7.2) is equivalent to ¥;(T) = ¥»(T) = 0. It follows
that the properties (7.38)-(7.40) are fulfilled by the tuple

Xs(T) == (1(T), ¥2(T)), (7.45)

which is the definition of the chirality signature.
The scalar em-chirality (Eq. (7.6)) can be written as a function of ;(T) in the following
way:

X(T) =NZ(T) - (1) + 1o(T) - o(T). (7.46)
One can show that reciprocal scatterers [54, Eq. 2.22]
(KMTIK' Ay = (—K'X|T| — kA), (7.47)
fulfill 3(T*") — 3(T~*) = 0, so the second part of the tuple is zero:
72(T) = 0. (7.48)

For this large class of objects, the chirality signature may be identified only with the
sequence yi:

¥s(T) =c(T77) —a(T™). (7.49)

Now an illustration of this definition applied to a reciprocal system is given. Consider a
system from the previous section. The values of ys(T,), ¥s(T;) and ys(T;) are shown in
Fig. (7.4), where the T-matrices correspond to the configurations described in Figs. (7.1a),
(7.1b), and (7.1c¢).

Fig. (7.4) shows that the components of the chirality signature of enantiomeric configurations
have opposite signs

Xs(Ta) = = )s(To), (7.50)

and the chirality signature of the achiral configuration has only zero components

s (Ty) =0, (7.51)
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Figure 7.4: First 70 components of the chirality signature for the initial T, achiral T, and
final T; configurations from Fig. (7.1). The mirror antipodes have components
of opposite signs ys(T,) = —js(T.), and the achiral configuration has all
components equal to zero ys(Tp) = 0. The square root of the sum of the
squares of the components equals the scalar em-chirality y = 0.014.

as expected.

An important property of the chirality signature concerns the possibility of representing
it numerically. Although there is an infinite number of components for a general T-matrix,
the series of singular values can be truncated. It is well-known that for large enough values
of multipolar order, the response of spatially localized scatterers vanishes. Hence, the
matrices T*' represent compact operators with singular values that converge to zero. This
allows the truncation of chirality signature at some point after which the contributions to
the scalar em-chirality are negligible.

Every component of ¥, acts as an independent pseudoscalar handedness measure,
which changes its sign to the opposite after a mirror transformation and is zero if the
object is achiral. A single component of ¥; may occasionally equal zero for a chiral state,
producing a false chiral zero. However, only when all the elements of y; are zero, the
object is em-achiral. This provides, for the first time, a quantitative description of the
infinite-dimensional nature of chirality.

It should be emphasized that the method of chirality signature fundamentally differs from
the conventional approach, where enantiomers are distinguished by a single pseudoscalar
such as optical rotation or circular dichroism. The values of such characteristics are
typically very small and can be zero for chiral objects. An example of such characteristics
was incorporated in the phase of complex em-chirality. As it is seen from Fig. (7.3),
the handedness part of complex em-chirality (the real part of y.) is at least 3 orders of
magnitude smaller than the corresponding scalar em-chirality (the absolute value of y.).
This implies that the contribution of the selected pseudoscalar property to the chirality of
the object may have very low significance for this concrete system. In fact, the handedness
part of the computed y, is smaller than the 70’th component of the chirality signature ;.
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Figure 7.5: First 70 components of the chirality signature for the chiral unhanded
configuration T, corresponding to the point with R(y.) = 0 in Fig. (7.3b).
The chirality signature of its enantiomer T, has components negative to the
ones of T,,. The chirality signature is able to distinguish both enantiomers,
while the complex em-chirality has the same value for them both.

The proposed chirality signature, on the other hand, provides the complete description,
as defined by Eqs. (7.38)-(7.40), and decomposes the scalar em-chirality into its pseudoscalar
components. Since the norm of chirality signature equals the scalar em-chirality, y;
provides access to the most significant pseudoscalar components. These are of the same
order of magnitude as the scalar em-chirality itself, as can be seen in Fig. (7.4). Hence,
differentiation of enantiomers using this description may be much more stable with respect
to perturbations of the geometry of the object or to uncertainties in the entries of the
T-matrix.

It should be emphasized that the chirality signature allows one to continuously distinguish
any pair of chiral enantiomers. While the conventional approach fails for the "unhanded"
state T, — the one that corresponds to the chiral unhanded state R () = 0 in Fig. (7.3b),
— chirality signature provides a satisfactory description. Since the configuration of T, is
chiral, there exists its geometric enantiomer T,, which is a different object. But both T,
and T, acquire the same value of complex em-chirality

xe(Tw) = Xc(:fu): (7.52)

which means that the complex em-chirality is unable to differentiate these two enantiomers
from each other. The chirality signature, on the other hand, describes both T,, and T,, with
two different pseudovectors, as depicted in Fig. (7.5).
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7 Analysis of chiral objects

7.4 Conformalinvariance

The conformal group of transformations is the largest symmetry group that preserves
the form of Maxwell’s equations [55]. It includes the ten-parameter Poincaré group
(encompassing four space-time translations, three rotations, and three Lorentz boosts),
along with a dilation and four special conformal transformations. In this section, it is
proven that the introduced em-chirality measures, when applied to the polychromatic
T-matrix, are invariant under the whole conformal group.
The first step is to prove their Poincaré invariance. When a general Poincaré transformation

(denoted as X) is applied to a plane wave, the helicity A stays unchanged [14, p. 198]:

X |k M) = | Xk L) e e RAX) (7.53)

and the transformed plane wave acquires a complex phase with angle depending on
the initial momentum, helicity, and parameters of the transformation. Each of the four
operators T also transforms independently and without changing their singular values:

T = D ol (el = D aX i) (el X' = Dol Bl (7.59)
k k k

Here, [{/]) = X |¢x) and |$;) = X |¢x) constitute new orthonormal vector families, which
follow from the unitarity of X. Since the scalar em-chirality (7.6), the complex em-chirality
(7.30), and the chirality signature (7.45) are defined in terms of singular values, they are all
invariant under the Poincaré transformations.

To prove the conformal invariance, one may use a statement proven in [56]. There,
it is shown that the conformal group, when acting in the massless unitary irreducible
representation of the Poincaré group, is represented unitarily as well. Moreover, the
generators of dilation and special conformal transformations can be written in terms of
generators of the Poincaré group (the equations are reproduced from the article without
any changes):

1

D= E[PoPk/PZ,JOkL (7.55)
1

Ko=7 [Po/P?, JorJok + A* —1/2], (7.56)
1 1

Ki = E[PO/PZ, [Joks Jik]+]+ — E[Pi/PZaJOkJOk +A*—1/2],, (7.57)

where the summation over k = 1,2, 3 is implied, P, and J,, are generators of the Poincaré
group, A is the helicity operator, and [+, -]+ denotes the anti-commutator.

The helicity operator A commutes with all elements of the Poincaré group, and so, based
on Egs. (7.55)-(7.57), it also commutes with all the conformal generators. This implies that
helicity remains unchanged by conformal transformations. Since the singular values of
T*" are unchanged by the unitary conformal transformations, one concludes that all the
defined em-chirality measures are conformally invariant.

For any object and its T-matrix, the values of y(T), x.(T), and y;(T) remain the same,
no matter how the object is transformed conformally. Essentially, each y;(T) corresponds
to a class of objects related through conformal transformations.
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7.4 Conformal invariance

Interestingly, a combination of this discussion with the group-theoretical representation
of electromagnetic fields suggests that electromagnetic waves maintain their polarization
handedness under conformal transformations. This insight, to the best of the author’s
knowledge, hasn’t been discussed previously in the literature.

The fact that the measures of em-chirality are conformally invariant is quite unique.
Most physical properties, such as energy, momentum, and mass (except when it’s zero),
change under conformal transformations. In contrast, the em-chirality measures are
invariant under the actions of the whole conformal group. This high level of invariance
suggests a special kind of description, that focuses only on information that is inherent to
the scatterer.
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8 A new description of scattering

Here a novel approach is presented, that describes scattering via a complex-valued function
and that is equivalent to the approaches that use operators, like T- and S-matrices.

Consider a monochromatic T-matrix TJJ2 1721/{121. Its values are the matrix elements of the
operator T (k):

00 J1

Thy=> > > > i 2 TAM (k) [k jimada) (kjomada] . (8.1)

A=%1 j1=1 mi=—ji ly==1 jo=1 ma=—j

This operator acts in the spaces of irreducible representations of the 3D Euclidean group
[15], with representations labeled with helicity A = +1 and a wave number k. Since
the Poincaré group contains the 3D Euclidean group, most of the properties of the
representations coincide. One difference between kets |kjmA) (written the same for both
groups) is that in the Poincaré group k labels basis vectors inside a representation, while in
the Euclidean group k labels whole representation spaces. This implies the normalization
for the Poincaré group to be

1
(kjmA|K'j'm’ Ay = Eé(k — k)8 Smm, (8.2)
while the normalization of kets in the Euclidean group is
(kjmAlkj'm’'A) = &; Omm - (8.3)

Setting k = k’ in Eq. (8.2) produces infinity §(0) which is not present in Eq. (8.3).
Normalization from Eq. (8.3) is used throughout this chapter. The rules for translation,
rotation, parity, as well as for change between angular momentum and plane wave basis
are the same in spaces of irreducible representations for both groups.

The idea of the presented method is to decompose T into the actions of the suitable
symmetry group. For the monochromatic T-matrix, this is the 3D Euclidean group extended
with parity, and for the polychromatic T-matrix, this would be the Poincaré group extended
with parity. Here, the monochromatic case is investigated. The decomposition inside each
irreducible representation is to be found in the following form:

T= / dg (g) U(g), (8.9

where U (g) is the action of the group element and f(g) is the coefficient of the decomposition
and dg is the invariant measure on the group manifold. In the current case, the group is
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8 A new description of scattering

the 3D Euclidean group extended with parity. The decomposition of the monochromatic
T-matrix is searched in the form

T(k) = Z / da / dQ f(a, Q) T(a)R(Q)

A==%1

+ Z /da/dQ Ma, Q)T (a)R(Q)IL, (8.5)

A==%1

with translation operator T(a), where bar is used to avoid confusion with the T-matrix
T and a is the vector of translation. R(Q) = R(a, B, y) is the rotation operator and I
is the parity operator. For notational brevity, three Euler angles are parametrized with

= (a, B,y), and
/d3Q = /Ozn doz/_l1 d(cos 0)/02ﬂ dy. (8.6)

The parity operator in the decomposition Eq. (8.5) is required to account for the ability of
the scatterer to change the polarization handedness of the incident field since no rotation
or translation can change it. This decomposition will be connected to the operator, written
in the form

o0 J2

© J1
Ty =D, >, D0 D) D, Thmhk) lkejumid) (kjzmaA| (8.7)

A=%1 j1=1 my=—j1 j2=1 my=—j

IIDINIPIE AT TEES I

A=%1 j1=1 my=—j1 jo=1 my=—j

which separates it into a part that preserves the helicity of the incident field and a part
that changes it.

The decomposition coefficients fok’1 (a,Q), ]‘()“(a, Q) in Eq. (8.5) are called scattering
functions and it will be shown that they are bijectively connected to the matrix elements
T] 1ml'l(k) and T] 1mi A(k) correspondingly. This follows from a generalization of the Peter-
Weyl theorem to the 3D Euclidean group, which is proven in the next section. It consists
of the orthogonality and completeness of irreducible functions

(kjimi AT (@)R(Q) |k jomz2) = [T(@)R(Q)]m. (89)
Here k and A hold a special place since they are labels of the irreducible representations
and not of the basis vectors like j and m. The latter can be changed by the actions of the
Euclidean group, while k and A can not.
The orthogonality property will be proven to be

1
(2m)*

> jimiA K jimi A«
/ Ba / d*Q [T(a)R(Q)]Zj.zmzj [T(a)R(Q)]k,j.éméA,

1 7
= 250k ~K) 838511 0mum O, | (8:10)
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8.1 Orthogonality in E3

while the completeness statement is

o 00 0o J1 00 J2
[ a3 Y Y @Rl TR

Ao ju=Al m==i1 j,=1A| mz=jz

= 27)%% (a-a)sP(Q - Q). | (8.11)

The statements follow from the action of the group in the irreducible representation spaces
[14]:

(kjimiAIR(Q) |k jzmzA) = 8}, ,Di, i, (Q) (8.12)
. 2 +1 Jatit s
(kjimiA|Tz(a) |k jzmad) = Smym, 2js+ 1 (2l + 1)(—i)ljl(ak)Cj222 lonZA o (8.13)

I=j2—j1l

with T(a) = R(a)T,(a)R" ().

8.1 Orthogonality in E;
The proof of orthogonality starts with integration over the Euler angles Q:

k/j{mla/*

(25)4 / d’a / d?’Q[T(a)R(Q)]’,j’?ZIj [T(@RE@)]

3 3 k]1m1/1 k]mxl - k’jl'm;/l'* k’j’m’)t/*

]]mm

3 3 k] s k' jim’ A s j il i
(2”)4 Z /d /d QT(a) s T(a )k"}m’l/l’ 512J5121,D,§m2(Q)Dr2,m£(Q)

jj’mm’

2
kivmiA Kitm' Vs« 8T
/ daT(a)) " T(a) o ————8},1; Omm Omym

(2n)4 Kjm A 25y +1
5 5 ;! ’ ’
]2]2 mzmz 3 k]lml/l k’ ]1m1/1 *
d’aT(a T R 8.14
T3 + 1) 2 / (@ Ta)y (8.14)

Here, the orthogonality of Wigner D-matrices was used when integrating over Q. To
evaluate the remaining integral, it is most convenient to switch to the plane wave basis
for the translation operator using the connection

|k]ma>_,/2”1/2ﬂd¢/ d(cos6) D! (¢,6,0)" [kA). (8.15)
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8 A new description of scattering

The action of the translation on a plane wave is a multiplication by a complex exponent:

(kjimiA|T (a)|kjama)) =
2 1 /2 1
\/]1+ \/]2"‘ /dzkl/dzkzDhA(kl)D]ZA(kz) <k1}.|T((1)|k2),>

\/2]1+1\/2]2+1/del‘/‘dzkzD]lA(kl)D]zA(k )*e_lakl5(2)(k1 kz)

\/211+1\/212+1/dszh ()D2  (Ryeiok. (8.16)

The integral from Eq. (8.14) becomes, using orthogonality of complex exponentials:

-lm’ * + 1
% / d3a/ dzi(\f Djl A(’%)DJZA(k)*e—iwk / d2k/ Djlf)y(k/)*Di;/v (k/)eiwk’
2j
Rl [l 2R = [ @k}, ko, oy
X / d’k’ Dfl, A,(k’)*D”A,(k’)(Zn) 53 (k- K

2k25(k k') (2j2 + 1)v/2j1 + 1427 +1/d2th (k)D’Z (k)* DJI,A,(k) D’ZA,(k)

(8.17)

The remaining integral of four Wigner D-functions can be computed via reduction to
the integral over three Wigner D-functions. In general,

/ FQ DI, (@)D, ()DL, (D), () =

e AT L S

miy My —mp— My ny ng —Ni1— Ny
/ QD) (Q)D5  (Q)D*  (Q)
mi+msy,ni+ny msns myng

— 87T2 Z(zj + 1)(_1)—m1—m2—n1—n2 (]1 j2 _ml.]_ mz) (]1 jZ J )
J

m; mp ng nz —np—n

% (13 Ja J ) (]'3 Ja J ) (8.18)

ms myg —mM3—My|\N3 N4 —N3— N4
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8.1 Orthogonality in E3

Applying this idea to the integral in Eq. (8.17) gives

2. 12 (BD2 (BVE D () Rt L) —
/ &’k Dy, (k)Dy, (k)" Dy, (k) Dy, (k)" =

= ()" A= / d*k D2, (kD" _ (kD! (kD" (k) (8.19)
_ m-A(_qym =’ N (J2 T2 T\ [Tz 2 J
= (-)"(-1) 4n;(21+1)( ) (m 2 0) (A, A _A,”)
o7 J o J
X (m1 —7711’1 -my + m’l) ()L —/11’ -2 +)1’) ’ (8.20)

Here, the fact that the sum of all second lower indices in Eq. (8.19) vanishes, A-A+1"—-A" =
0, allows one to apply the formula analogous to Eq. (8.18) (this can be seen by writing it in
terms of small Wigner D-matrices). Ultimately, the sum of Eq. (8.20) over m is of interest
(see Eq. (8.14)). Using

Z(—l)"’ (ﬁ _an é):(—l)jzx/2j2+15]0 (8.21)
m
one proceeds, taking into account selection rules for the Wigner 3j-symbols:
> / d*k D2, (k)DY, (k)" D)) , (k) D;,, (k)" =
_ S s 1ymi(_1VA[2] oo J2 O\[(jr 71 Oy(i 1 O
_477.'51,15]1]15,”1,”1( 1)™(-1) \/2]2+1(/1 ) 0)( “my 0) (/1 10

(_ )]2—/1( 1)]1 ml( 1)]1
=47 8510 6 D™ (=1)24/2j, + 1
TT OA L jij1 mlm( ) ( ) J2 \/2 1 \/2]1+1 \/2]1+1

47
= 5Axf5hjl(3mlmlm (8.22)
where in the second step the identity
Jo g0 T (8.23)
m —-m 0 V2j+1 '
was used.
Finally, the substitution of Eq. (8.22) into Eq. (8.17) and into Eq. (8.14) gives
ki P 1% { ;)./*
(W / Fa [ Eer@r@Im T@r@I
szz mzm2 4
= ——— 2 ——8(k—K)(2jo + 1)V2j1 + 1/2)] + 1618}, i Omymt ———
”2(2]2+1) 2k2 ( )( ]2 ) ,]1 ]1 AL ]1]1 1 12] +1
= ﬁ&k — k)86, 81, Omumt, Omymy, (8.24)
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8 A new description of scattering

8.2 Completenessin E;

This section is devoted to the proof of the formula

) J1

3 / w2y SN Z [T@R@]m3 [T@)RE@ )

A=—co Ji= I/1I ml——h J2=IAl ma=—ja
= (21)*® (a - a)5¥ (Q - Q). (8.25)

As in the previous section, it is convenient to use the plane wave basis

IkjmA) = +/ 2{; /0 2nd¢> [ lld(cose)Djn (6,0,0)" [kA), (8.26)

since the action of the translation on a plane wave is just a multiplication by an exponent:

- 2j1+1 A ; A -
(kjimiA|T(a)R(Q)|kjzmaAd) = 4 J;n /d2k1 Dirl“/ll(kl) (k1 AT (a)R(Q) |k jzma)

2] 1 o . N .
B [ kD), () e AR ki),
I 111

(8.27)

with |k1| = k. The left hand side of Eq. (8.25) then becomes

) [ akie Y Y ira@r@1n e re g -

Jimy jamg

_Z / dkk2222]1+1 / Pk DI (k)e ™ (ki AR(Q) |k joma2)

Jimy jamg

X / d*k; Dﬂ (k ) e R (K AR(Q) [k jamaA)*

_ Z / dkkzz / d%ky €7F (A [R(Q) |k jamad) €7 R (B AR(Q) |k joma )

J2mz

/ Pl @R Y7 N G AR(Q) Ik joma) (i AR(Q) [k jams ) (8.28)

A Jamg

where the completeness of Wigner D-matrices was used to eliminate the integration over
k;. Now, the summation part is written completely in the angular momentum basis, and
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8.3 Scattering function

the completeness of Wigner D-matrices is applied once again:

D D et IR(Q) e jomad) (s AIR(Q) [k jymad)” =

A Jamg

= Z > Z ZEIpi (k)" DY, (ky) (kmAIR(R) [k jomaA) (ki AR(Q) |k jomzd)”

Jemg jm j'm’

—ZZZZJ+1D]2/1(’C)Djzfz(kl)Dﬁmz(Q)Djz 2( e

Jamz mm’

PP LR (e R, R ()R,

- ZZ 2J+1D - (DDE (I') = 2289(T = T), (8:29)
Jamz

Here, the fact was used that the composition of two rotations is another rotation:

R(T) := R (k;)R(Q) (8.30)
R(I") := R Y(k)R(Q), (8.31)

Since the Dirac delta §® (' — I') is defined with respect to the measure that is invariant
under rotations, Eq. (8.31) allows to write it as

ST -1)=6%(Q-Q) (8.32)

Returning to Eq. (8.28) gives the final result:

0 J1 o0 J2
3 [akiey 33 Y m@r@nmr@ R -

e I=IAlmi==ji j=IA| mo==J
) / Py ek 27 500 (Q - @)
= (27T)45(3) (a - a’)5(3)(Q _ Q’)‘ (8‘33)

8.3 Scattering function

Now, one is ready to decompose the T-matrix into the actions of the group. The proven
orthogonality and completeness relations allow to introduce the projector formula

|k jimiAy (kjomaA| = (2;)4 / d’a / 0 [T(a)R(Q)]’;jI;g;j*T(a)R(Q), (8.34)
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8 A new description of scattering

which is then used to re-write the T-operator as

Zi JZI i ) TJJ;,TA (k) |kjimiA) (kjamaA|

A=%1j1=1 m1=—j1 J2=1ma=—j,

=0 i Z > Z i 0 [ ¢a [ earr@r@ig t@re

1 J2=1mp=—j,

“ i [ e a0 %> 33 Y UrmT @R T@rE)

A==%1 j1=1 my=—j1 ja=1 ma=—j

= Z / d’a / *Q f*(a, Q) R(Q)T(a), (8.35)

A==1

with

WMNZZZZﬂ%WMW$

J=1my==ji jo=1 my=—j

Tr[T*(K)RT(Q)T"(a)], (8.36)

(2 )4

where Tr stands for the trace of the matrix. Analogically, the part of the T-matrix that
changes helicity of the incident field may be decomposed as:

ZZ Z i Z TJJ;,Z;M (k) [kjimiA) (kjomy — Al

A=%1 j1= 1ml——Jl Jo= 1mz——]2

Zi Z i Z ]h,:f;ﬂ(k)( 1) [k jimi ) (k jzmaAl I

=1 my=—ji jo=1 ma=—j,

W/ da / :DIDY Z > Z ol (k) (-1

A==%1 j1=1 my=—j1 jo=1 my=—j

x [T(@)R(Q)]" T(a)R(Q)L,

= Z / d’a / *Q % (a, Q) R(Q)T(a)I, (8.37)

A==%1

with

0= g ) 33 He ey Ta@r@

1=l my=—j1 jo=1 my=—j

Tr[T* (k) LR (Q)T (a)]. (8.38)

(2 )t
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8.3 Scattering function

Completeness and orthogonality relations ensure that the T-matrix T]j2 ﬁljz‘ (k) is bijectively

connected to the scattering function f*¥(Q, a). Since the T-matrix contains the complete
information that can be extracted from the object through light-matter interactions, the
scattering function contains this information as well. The fact that its domain consists of
geometrical parameters such as distances a and angles Q may suggest an easier access to
the geometrical properties and symmetries of the object, compared to the description via
the T-matrix.

It should be noted that the scattering function of the S-matrix is almost identical to
the one computed from the T-matrix. Since both operators are connected viaS =1 + T,
it is enough to know the representation of the identity operator 1 in terms of the group
actions. This is a trivial question, since by definition the identity is represented via a single
point on the group manifold: the origin with a = 0 and Q = (0, 0,0). This means that both
versions of the scattering function, of the T- and of the S-operators, only differ in this
single point.

It is convenient to discuss the physical meaning of the scattering function within the
S-matrix formalism. In particular, Eqs. (8.35) and (8.37) suggest the following intuitive
understanding. Consider an incoming and an outgoing field in one scattering process.
If both the incoming and the outgoing fields were regular fields (with the same wave
functions), then the sums in Egs. (8.35) and (8.37) would decompose the regularized
outgoing field as a sum of many transformed (rotated, translated and reflected) versions
of the regularized incoming field. Remarkable is, that the set of such transformations
depends only on the object and is the same for all pairs or incoming and outgoing fields.
There are enough transformations in this set to combine many transformed versions of
the incoming field, producing the correct outgoing field. Of course, this is possible due to
the fact that there are infinite ways of transforming one regular field into another one.

An illustration of the scattering function for a concrete object is given in Fig. (8.1).
The scatterer consists of three silicon spheres with radius 50 nm placed at points [0, 0, a],
[0,—a,0] and [0, 0, —a], with a = 500 nm. The scattering function f0+k is computed via
Eq. (8.36) from the corresponding T-matrix at wavelength 500 nm and ja.x = 9.

One may observe that the slice of the scattering function f0+k(0, Y, z, 7,7, 0) with k =
503’; — reflects the geometry of the cluster in the zy-plane, up to the scaling by 2. Here, the
choice of the slice at @ = 7, f = 7, y = 0 is necessary to regain the geometric information in
the zy-plane, which follows from the transformation properties of the scattering function.

To discuss the transformation properties of the scattering function, consider the transformation
of both sides of Eq. (8.4) with some group element g:

UGTU™ () = U() / 49 £(9) U(@U™(§)

- [ 1@ UGUEOUTG (8.39)
- / 49 £(g) U(Ggi™) (8.40)
- / dg f(§99) U(g) (8.41)
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+k
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Figure 8.1: Scattering function of three silicon spheres with radii r = 50 nm. The slice of
the scattering function at specific parameters x =0, « = 7, f = 7, y = 0 allows
to restore the geometric position of the spheres in the given plane, up to the
scaling by 2.
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8.3 Scattering function

where we first used the definition of U as a representation of the group, and the fact that
dg is the invariant measure of the group manifold — when substituting §~'¢4. This leads
to the following transformation law of the scattering function under the action of the
group element g:

f9=r1G"99 (8.42)

To apply this general formula to monochromatic scattering, the defining product rule
of the 3D Euclidean group is required. The product of two elements, g; = (a, Q) and
g2 = (b,T) follows from [14, p.167]:

T(a)R(Q)T(B)R(T) = T(a)R(Q)T(B)R(T) (8.43)
= T(a)R(Q)T ()R (Q)R(Q)R(T) (8.44)
= T(a)T(R(Q)b)R(Q)R(T) (8.45)
=T(a+R(Q)b)R(P), (8.46)

where R(Q)b stands for the rotated vector b in 3D space, via the well-known rotation rule
in 3D. The angles ® solve R(®) = R(Q)R(T).

Now consider the product in Eq. (8.42), with pure translation of the scattering function
by x, with g = (b, 0), while the argument of the scattering function is general g = (a, Q).
One can show using Eq. (8.46) that

f(G7'99) = f(a+R(Q)b - b, Q). (8.47)

This translation formula has a particular property: if angular arguments of the scattering
function Q are such that R(Q)b — b = —2b, then the translation of the object will be
reflected in the translation of the object’s scattering function, scaled by 2:

f(a,Q) = f(a—-2b,Q) (8.48)

In the zy-plane, the property R(Q)b — b = —2b is fulfilled by angles Q = (x, , 0).

One way to understand why this specific slice of the scattering function restores the
particle’s positions is as follows: if spheres inside a cluster are sufficiently from each other,
their global T-matrix can be roughly approximated as the sum of their separate T-matrices,
disregarding their mutual interactions. Given the additivity of the scattering function in
the domain of operators, the scattering function for such a cluster can be approximated by
summing the scattering functions of individual spheres, each translated from the origin by
the corresponding displacement. Eq. (8.48) then provides the observed geometric pattern.

While this argument is relevant for clusters of distant objects, the fact that the scattering
function contains complete information about an object’s properties in light-matter
interactions suggests new potential for extracting such information from general objects as
well. At this point, two promising avenues for further explorations emerge. The first is the
application of the scattering function in imaging and inverse design. The second concerns
progress toward a deeper understanding of the Rayleigh hypothesis: the scattering function
has successfully predicted the shape of a cluster within the encompassing sphere of the
cluster, an area inaccessible to T- and S-matrix formalisms.
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9 Conclusion and outlook

Here, the main contributions are discussed, together with potential directions for further
scientific advancements that they enable.

9.1 Polychromatic T-matrix

Chapter 4 introduced a new definition for multipolar basis fields, achieved by focusing on
the unitarity behavior of their transformations under the symmetry group of 4D space-time.
This led to the unification of incoming, outgoing, and regular fields, allowing to use the
same scalar product across all three types of fields. Additionally, it was demonstrated that
incoming, outgoing, and regular fields undergo identical transformations under Lorentz
boosts. The matrix element of the Lorentz boost in the multipolar basis was derived. These
theoretical developments allowed to introduce the polychromatic T-matrix formalism
in Chapter 5. Such formalism provides a substantial extension of the well-established
monochromatic T-matrix method, now enabling the account of interactions between
electromagnetic pulses and matter, as well as the description of linear scattering scenarios
involving coupling of frequencies.

In Chapter 6, the polychromatic T-matrix method was applied to numerical simulations
of light-matter interactions involving an electromagnetic pulse and an object. The transfer
of energy and momentum between the pulse and the object was computed, considering
scenarios where the object is both at rest and in constant uniform relativistic motion. The
latter calculations were performed in both the laboratory frame and the co-moving frame
of reference, demonstrating the generality the method.

9.2 Chirality signature

In Chapter 7, a longstanding problem of chirality analysis was solved within the context of
light-matter interactions: how to continuously differentiate between any pair of enantiomers?
A concept called chirality signature was introduced, which manifests as an infinite-
dimensional pseudovector continuously defined on the set of T-matrices. It is zero if
and only if the object is electromagnetically achiral, and any two versions of a chiral object
have opposite chiral signatures. The proposed quantity provides a complete description of
electromagnetic chirality, capturing its entire infinite-dimensional nature and allowing to
consistently distinguish each member in any pair of enantiomers. It has been proven that
the chirality signature, alongside complex and scalar electromagnetic chirality measures,
remains invariant under the actions of the conformal group. Historically, exploring
concepts of invariance and symmetry has been crucial in expanding our understanding of

81



9 Conclusion and outlook

physics. The chirality signature’s complete, continuous, and conformally invariant nature
makes it a unique tool for exploring chirality and its practical applications, for example in
the dynamics of chirality evolution in chemical reactions.

The practical effectiveness of the chirality signature is limited by the knowledge of
the object’s T-matrix. Nevertheless, its existence proves that there are more efficient
theoretical ways of extracting information about the chirality of objects than approaches
that utilize conventional quantities such as optical activity, which may be negligible even
for highly chiral materials.

9.3 Scattering function

In Chapter 8, a novel approach to the description of linear light-matter interactions was
proposed. It consists in representing the action of a scatterer as a sum of symmetry
transformations. The coefficient of this decomposition, named the scattering function,
is defined on the symmetry group manifold and is bijectively connected to the T-matrix.
It was shown that the values of the scattering function may reflect the positions of the
objects inside a cluster. The observation presented in that chapter opens avenues for
novel ways of extracting information from objects in light-matter interaction. Currently,
two primary directions of development emerge. The first concerns the utilization of the
scattering function in imaging and the inverse design of objects. The second promises
advances in understanding of the Rayleigh hypothesis, since the scattering function, unlike
the T-matrix, is not limited by the sphere circumscribing the object.

9.4 Applicability outside of electromagnetism

It is suitable to discuss the possible extension of all introduced methods to the scattering
with other kinds of waves: gravitational waves, and phonons. Application of the methods
to the case of gravitational waves of linearized general relativity is straightforward, since
gravitational waves are, as electromagnetic waves, massless and possess two polarization
modes [57, §35.4, §35.6]. The difference lies in the values of helicity A = +£2, which assigns
them to the massless irreducible representations of the Poincaré group labeled with A = £2.
Therefore, gravitational scattering admits a similar group-theoretical treatment as the
electromagnetic case, up to the change in helicity values.

On the other hand, applying these methods in the context of chiral phonons [58, 59, 60,
61, 62] and mechanical chiral metamaterials [63, 64] is more complicated and warrants
additional research. A notable difference to the electromagnetic scattering is the presence
of both transverse and longitudinal polarizations. While transverse waves can be associated
with positive and negative helicity modes, longitudinal waves have helicity A = 0, which is
not present in the electromagnetic case. Consequently, an extension of group-theoretical
methods in this direction offers promising avenues for future research.
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