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1 Introduction

The theoretical description of hard scattering processes at the LHC is based, almost entirely,
on perturbative QCD. Because of this, the development of theoretical methods that can
be used to provide predictions at progressively higher orders of perturbation theory has
been one of the most active and exciting topics in theoretical particle physics in the past
decade (see refs. [2-5] for the recent reviews).

An important part of the theoretical toolbox that allows the description of infrared-safe
observables at high orders of perturbative QCD is the treatment of infrared singularities.
It is well-known that these singularities cancel upon combining virtual corrections, unre-
solved real-radiation contributions, and the collinear renormalization of parton distribution
functions (PDFs). An important question is then how to organize this cancellation in
a process-independent way and how to arrive at finite remainders that are suitable for
numerical evaluations.

This problem was fully solved at next-to-leading order (NLO) in perturbative QCD many
years ago [6-11] (see also ref. [12] for more recent work), but its extension to next-to-next-
to-leading order (NNLO) and beyond has proved to be difficult. In fact, there are many
NNLO subtraction and slicing schemes [1, 13-34] that have been used to perform the many
impressive computations at this perturbative order,! but it is fair to say that the complete
generality achieved at NLO is still elusive at NNLO.

A peculiar illustration of this statement is the fact that the cancellation of 1/€™ infrared
poles? for a generic hadron collider process has not been demonstrated in any NNLO slicing
or subtraction scheme up to now, although important work in this direction, focusing on
gluonic states, has recently been presented in ref. [59], and including other partonic channels
in ref. [60]. For eTe™ collisions such a cancellation for arbitrary final states has been shown
only in the context of the so-called local analytic sector subtraction scheme [31, 32].

The goal of this paper is to partially address this issue in the context of the nested
soft-collinear subtraction scheme [1]. This scheme has already been successfully applied
to compute the NNLO QCD corrections to a variety of processes such as color singlet
production [61] and decay [62], deep inelastic scattering [63], Higgs production in WBF [64],
non-factorizable corrections to t-channel single-top production [65] as well as mixed QCD-
electroweak corrections to the production of electroweak gauge bosons and dilepton pairs
[66—68]. This suggests that the nested soft-collinear subtraction scheme possesses the flexibility
and the simplicity that is needed for studies of multi-particle final states.

!See refs. [35-58] for a representative list of NNLO calculations by different collaborations.
2Throughout the paper we use dimensional regularization and work in d = 4 — 2¢ dimensions.



Moreover, the computations of double-unresolved soft and collinear contributions for
arbitrary kinematics are usually considered to be some of the most challenging calculations
required to develop a particular subtraction scheme. Interestingly, in the case of the nested soft-
collinear subtraction scheme, such computations were completed several years ago [69, 70],
but this has not led to immediate applications of this scheme to high-multiplicity QCD
processes. Understanding the reasons for that is essential for further developing the nested
soft-collinear subtraction scheme and for making it applicable to the description of arbitrary
collider processes.

In this paper, we take a step in that direction by describing the application of this scheme
to the study of NNLO QCD corrections to the production of an arbitrary number of gluons
and a colorless final state X in ¢¢ annihilation. We emphasize that we restrict ourselves to the
case where all resolved and unresolved final-state partons are gluons, i.e. splittings of the form
g* — qq are not considered in this paper. Practically, this can easily be achieved by setting the
number of light quark flavors ny = 0 in e.g. the QCD f function. Nevertheless, we will report
all such formulas with their ny contributions, with an eye on a future extension to unresolved
quark final states, and with the understanding that we take ny = 0 throughout the paper.

Therefore we are interested the process 1, + 2, — X + N g with a,b € {q,q}, i.e. the
process 14 + 2, — X + N g with a,b € {q,¢}.> However, we will keep the generic notation
of a and b for the initial-state partons, in order to make a future generalization easier. In
particular, we stress that the extension of this result to gg annihilation into X 4+ N g is
straightforward since many of our arguments apply verbatim to this case as well, and the
problem reduces to repeating certain steps of the calculation using different splitting functions
and replacing a few color factors.

Moreover, although our results are currently restricted to gluonic final states, they require
the analysis of matrix elements containing the richest singularity structures that can possibly
arise, and we are confident that the new insights into the mechanisms of infrared cancellations
at NNLO in QCD that we obtain in this paper are useful for generic final states. In fact,
the outstanding challenge in generalizing the results from all-gluonic to arbitrary final states
is the combinatorics of various collinear limits. This aspect of the problem does not show
up prominently for all-gluonic final states because of the symmetry of the relevant matrix
elements under permutations of final-state gluons.

There is multiple evidence suggesting that infrared subtraction terms can be organized
into clear structures that iterate from NLO to NNLO and possibly, beyond. This is rather
obvious in case of leading collinear singularities where the highest collinear poles at each
perturbative order are described by convolutions of leading-order splitting functions. The
fact that a similar iterative description should hold for soft emissions as well follows from
Catani’s formula for e-poles of one- and two-loop amplitudes [71]. However, the iterative
nature of the subtraction terms is not manifest in many NNLO subtraction schemes because,
following the idea of FKS subtraction at NLO, one often splits real-emission phase spaces
into partitions and sectors to project matrix elements onto the minimal number of singular
kinematic configurations that one has to deal with at any point in the calculation.

3A prototypical physical process is the gluonic contribution to ¢q annihilation into an electroweak vector
boson and a large number of jets.



In this paper we show how these iterative structures can be recognized and constructed
in the context of the nested soft-collinear subtraction scheme. We also demonstrate that the
existence of these iterative structures provides a strong guide for organizing NNLO QCD
computations and leads to the reduction of the computational complexity, allowing us to
deal with final states of arbitrary multiplicity.

The main result of this paper is a formula that allows the computation of NNLO
QCD corrections to a process where a qq initial state annihilates into N final-state hard
gluons and an arbitrary number of colorless particles, through a fully local subtraction
procedure. This formula can be implemented in a computer code in a straightforward way; it
requires finite remainders of two- and one-loop scattering amplitudes for a particular process
and the corresponding Born amplitudes. Since the cancellation of all 1/€" singularities is
proved analytically, all required numerical integrations can be performed in four-dimensional
space-time.

The rest of the paper is organized as follows. After preliminary remarks in the next section,
we present the computation of NLO QCD corrections to the process 1, + 2, — X + N g with
a,b € {q,q} in section 3. The reader might also find it useful to refer to appendix C, where
we elaborate on the cancellation of poles at NLO. This discussion allows us to introduce the
iterative structures that are crucial for the subsequent analyses of the NNLO QCD corrections
in section 4. There we show how to rewrite the double-real contribution as a sum of terms with
well-defined partonic multiplicities, and how to express these through operators corresponding
to soft or collinear limits or virtual corrections. The reader who is more interested in the
mechanism of the pole cancellation at NNLO can skim over this section and focus instead
on section 5. The final results for the finite remainders of the NNLO QCD corrections are
presented in section 6. This section is quite self-contained so that the reader who is only
interested in these results can skip to this section right away. We conclude in section 7.

Finally, we note that the discussion of many technical details is relegated to multiple
appendices. In particular, we collect the definitions of the various constants, splitting functions
and fundamental operators used throughout the manuscript in appendix A. For the readers’
convenience, the many different notations that we use in the paper are summarized in an
alphabetic index that can be found at the end of the paper and used to identify the place in
the paper where a particular notation has been introduced for the first time.

2 Preliminary considerations

Subtraction schemes should enable calculations of hard processes at lepton and hadron
colliders at higher orders in QCD perturbation theory. In this paper, we will consider
the process where N jets and a color-singlet system X are produced in hadron collisions,
pp — X + N jets. The cross section of this process is given by the following formula

do = Z/dx1dx2 fa(@1, pr) fo(z2, pp) dGap(z1, T2, PR, P13 O) - (2.1)
a,b

Here dé is the cross section in the ab partonic channel, f,; are the parton distribution
functions (PDFs), pug and up are the renormalization and factorization scales, respectively,
and O is an observable, which provides (among other things) an infrared-safe definition
of the N-jet final state.



The partonic cross section can be expanded in the strong coupling as. We write
d6ap = Aot + doay© + donn 0 + 0(adt?), (2.2)

where the LO term is proportional to ad, and we have suppressed the arguments of all
the functions for brevity.

The computation of partonic cross sections and kinematic distributions requires inte-
grating matrix elements squared over phase spaces of relevant final states. For a generic
process, we find it convenient to treat matrix elements as vectors in color space [9]. A matrix
element where N, partons® are assigned definite color indices is then written as a projection
on a particular color-space basis vector

M (py, o pw,) = (et - en IM(PLs - DN ) e - (2.3)

The square of the amplitude summed over all possible color assignments is then

M1, 0N, = c(M(p1y- . pn ) IM (D1, - DN, - (2.4)

Although it is sufficient to use the summed-over-colors amplitude squared to compute
leading-order cross sections, in higher orders of QCD perturbation theory color-correlated
matrix elements appear. For example, at NLO, one encounters (M|T;-T;| M), where T';;
is the color charge operator of parton i(j) € {1,...,N,}. To address this possibility, it is
convenient to introduce a tensor product of leading-order matrix elements | M) in color
space. We therefore define the function

Fint(la, 2533, -+« Np; X) = [Mo(1a, 263, -+ Np; X))o @ o(Mo(1a, 2533, - - - 5 Np; X))|

. (2.5)
x dLipsx O(p3, ... ,PN,;Px)

to describe the partonic process 1,+2, — X +N jets at leading order. Ineq. (2.5), N, = N+2
is the number of initial- and final-state partons, the symbol ® indicates a tensor product
in color space, and dLipsy is the Lorentz-invariant phase space for the colorless system X,
including the momentum-conserving delta function. Furthermore, we always assume f; = ¢
for i = 3,...,Np, where f; is the flavor of parton i, and hence we do not show a flavor
index for the final state partons.

The matrix element squared is obtained by taking the trace in color space

Tr {ﬁLM}c = dLipSX ‘MOP 0= FLM s (26)

where the arguments of all functions have been suppressed. As we already mentioned, in
the course of NLO and NNLO calculations we will need to act on Fiy with a function
of operators in color space, and take the trace in color space after that. Denoting such a
function as A, we introduce the notation

A- FLM =Tr {A ﬁ‘LM}c = C<M0’A‘M0>C dLipSX 0. (27)

In the case of pp — X 4+ N jets we have N, = N + 2.



The LO partonic cross section can be obtained by integrating Fia (14,2553, ..., Np; X)
over the phase space of the final-state partons. We write

Np
2s o0 :N/H [dpi] Finm(la, 2653, .., Np; X) = (Fim) (2.8)
1=3

where s = 2p; -ps is the partonic center-of-mass energy squared, and the angular brackets (... )
indicate the integration over the final-state phase space. In eq. (2.8) N is a normalization
factor that takes into account color and spin averages as well as symmetry factors, and [dp;]
is the phase-space element of a final-state parton i
d*p;

[dpl] = (27’(’)32EZ' :

(2.9)

3 Calculations at next-to-leading order

In this section we discuss the calculation of the partonic cross section of the process 1, +
2y, — X + N g at next-to-leading order in perturbative QCD. Our main goal is to introduce
an infrared finite-operator It, see eq. (3.2), that describes the sum of virtual, soft and
certain collinear contributions and, as we explain later, is important for simplifying NNLO
QCD calculations.

Computation of NLO corrections requires the one-loop (virtual) contribution, the real-
emission contribution and the contribution of the collinear renormalization of parton dis-

tribution functions®

d6NFO = dsY, + A6l + deP . (3.1)

It is well-known that the virtual contribution contains explicit poles in € that arise from
the integration over the loop momentum. For a generic process, these poles can be written
in a closed form using Catani’s function [;(e) [71]. On the other hand, the real-emission
contributions do not contain explicit poles in € until the integration over the phase space of
final-state partons is performed. Such an integration extends over singular kinematic regions
that correspond to soft and/or collinear emissions and generates the 1/€" poles. Eventually,
many of these poles will cancel with poles in the one-loop contribution; therefore, we would
like to parametrize them in a manner similar to Catani’s function for the virtual corrections.
Hence, we define soft and hard-collinear analogs of Catani’s function, which we call Ig(e)
and Ic(e), respectively, as well as a function Iy (e) which is related to I;(€). These functions
will multiply terms with leading order kinematics, such that the sum

I(e) = Iv(€) + Is(e) + Io(e) (3.2)

is e-finite.

To define all the I-operators in eq. (3.2) and to explain how their combination arises,
we begin by considering the real-emission contribution to the NLO cross section. This
contribution refers to the process 1, + 2, — X + (N 4+ 1) g. We write

25 A6l = (Fim(1a, 2033, ..., Ny + 15 X)) (3.3)

5Throughout this paper we work with UV-renormalized matrix elements.



Since the observable O in the definition of Fy); requires at least N resolved partons, one
and only one parton among the N + 1 final-state ones in the above equation can become
unresolved, i.e. soft and/or collinear to another parton. To identify the unresolved parton,
we introduce damping factors A such that they provide a partition of unity,

Np+1
S AW =1, (3.4)
=3

The explicit form of the damping factors can be found in appendix B. They are constructed
in such a way that a damping factor A® vanishes when any parton, with the exception of
parton 4, becomes either soft or collinear to any other parton, including the incoming ones.
This implies that in the combination A® Fyy, only soft and collinear limits of parton ¢ can
lead to non-integrable singularities and, eventually, to the appearance of 1/€" poles.

We then write

Np+1
(Finm(la, 263, Ny + LX)y = > (ADFM(16,253,... Ny + 1, X)) (3.5)
i=3
Since we focus on the all-gluon final state, Fiy is unchanged under any permutation of
the final-state partons. Then we obtain
Np+1
ST (ADF M (10,2033, Ny +13X)) = (N, — DA™ Fpi(m)). (3.6)
i=3
In the above result, we have relabelled the arguments of F1; in such a way that the damping
factors become identical for each term in the sum and we denote the potentially-unresolved
gluon as m. The remaining N = N, — 2 final-state gluons are resolved. For simplicity, we
do not show the dependence of Fi; on their momenta and polarizations. We also omit the
dependence of F1y; on the kinematics of color-singlet final-state particles.

We note that in eq. (3.6) the functions F include 1/(N, —1)! symmetry factors for the
all-gluon final state. The factor (N, — 1) on the right hand side of that equation combines
with 1/(N, —1)! and turns into 1/(N, —2)! = 1/N! where N is the minimal required number
of resolved jets. This is the same symmetry factor as in e.g. the virtual contribution and
we will simply not write it explicitly in what follows. Thus, by an abuse of notation, we
will write the right-hand side of eq. (3.6) as (A Fyy(m)), with the understanding that
symmetry factors in Fyy; refer to resolved final-state gluons only.

To deal with matrix elements and phase spaces in soft and collinear limits we need the
corresponding operators. These operators were introduced earlier [1] and we repeat their
definitions here for completeness. The actions of soft \S; and collinear Cj; operators on a
function A are described by the following formulas

E;—0 pij—0
where Fj; is the energy of parton ¢ and p;; = 1 — cos 0;;, with 6;; is the angle between the
three-momenta of partons i and 5. When these operators appear in the formulas for cross

5Since our primary variables are energies and angles, we need to fix a reference frame at the beginning of
the calculation.



sections, it is understood that they act on all quantities to the right of them; when limits in
the conventional sense do not exist, they extract the most singular contributions.

The soft and collinear operators acting on the damping factors lead to the following results’
En

SmA(m) =1, CamA(m) =1, Cz’mA(m) = m = Zmyi

(3.8)

for a = 1,2 and ¢ > 3.
We will now use these operators to isolate and subtract the singular contributions,
starting with the soft one. We write

(A Fag(m) = (SmFiar(m) + (SwA™ Fy(m))., (3.9)
where we introduced the handy notation
Sm=1-—Sn. (3.10)

The soft limit of the matrix element squared reads

SpFia(m) = —gst (T;-T;) - Fium, (3.11)

(pi - pm)(pg Pm)
where g, is the bare coupling constant, and we have used eq. (2.7) to write the color-
correlated matrix element squared in a convenient way. In eq. (3.11), the sum runs over
distinct indices ¢ and j. We remind the reader that the color-charge operators of different
particles T'; commute with each other. Furthermore, we use the Casimir operators to compute
squares of color-charge operators with T?] = Tg— = Cfp and Tg = (C4y.

Since the unresolved gluon m decouples from Fp )y, we can integrate eq. (3.11) over its
d-dimensional phase space. To do so, we introduce an upper bound on the soft gluon energy,
En < Enax.® Performing this integration, we find

—2€ Np
(SwFim(m)) = —[@s]M > (ni;Kij (Ti-T5) - Fua)

€ o (3.12)
= [as](Is(e) - Fim),
where an(p) e
[as] = 2: T (3.13)
and I‘Q(l L,
Kij = mmﬁgﬂ(l, 1,1—¢1—n;), Nij = pij/2 . (3.14)

We now return to eq. (3.9) and focus on the second term on the right-hand side. This
term is soft-regulated, but contains collinear singularities. In order to remove them, we
introduce angular partitions of unity w™, which satisfy the following equations

P
dwM=1; Cjmw™ =6". (3.15)

"Derivation of these results can be found in appendix B.
8 Emax is an arbitrary quantity that should be larger than the largest energy that a particle in a particular
process can have. For additional information, see ref. [1].



Generic expressions which satisfy these constraints are presented in eq. (B.21). We thus write

Np
(A Fygg (1) = (SuFuat(m) + Y (SuCinA™ Fiag(m)
=1
N, | (3.16)
+ Z <§m6im WmZA(m)FLM (m)> )
=1
where

The last term on the right-hand side of eq. (3.16) is fully regulated and can be integrated in
four dimensions. In the hard-collinear limits that appear in the second term on the right-hand
side in eq. (3.16), the gluon decouples from Fy,; either partially or fully, allowing us to
integrate over its phase space in d dimensions.

We continue with the second term on the right-hand side of eq. (3.16), and consider
the situation where the gluon m becomes collinear to the final-state gluon ¢ and produces
a single final-state gluon that we label as [im]. Integrating over the phase space of gluon
m and renaming [im] — 4, we find

(SnCimA™ Fppr(m)) = [a5]< :9 FLM> . (3.18)
In eq. (3.18) we have introduced the generalized energy-dependent final-state gluon anomalous
dimension )
26\ X T2(1 —€) o .
F’i,g = <M> m ’Yz,g—>gg(€7 L’L) s 1= 37 e ,Np, (319)

where, for any function f(z) regular at z = 1, we define

1

’V}Lé),g—mg(f’ L) = — /dz (1-S5.) [Zine(l - Z)ike f(z) ng(z)}
0 (3.20)

1— keL;
+2T2— " f(1),

ke
and L; = log(FEmax/E;). In eq. (3.20), we introduced an operator S, which extracts the (soft)
z — 1 limit of the expression it acts upon, and used Py, to denote the spin-averaged gluon
splitting function defined in eq. (A.23). We emphasize that I'; ; depends on the energy of the
hard-collinear parton and on E\,.x, but we do not show these dependencies in what follows.
We continue with the case when the gluon m becomes collinear to one of the initial-state
partons, say 1,. The matrix element squared that enters the definition of the function Fig
depends on the energy fraction z = 1 — Ey,/E7, which implies that one cannot integrate over
the energy of the collinear gluon. However, integrating over the relative angle between m
and a is possible; performing this integration, we find

(S ComA™ Fiar(m)) = [ <Fi FLM> + [ae] (PEN () @ Fiug) - (3.21)



In eq. (3.21) I'1, is the generalized initial-state anomalous dimension which reads

2E1\ 2 T2%(1 —¢) 51 —e2¢ln
o= T — 22
1,0, < 'LL ) I—\(l _ 26) ’Ya + a € ? (3 )

where ~, is the anomalous dimensions of the initial-state parton a.” When writing eq. (3.21)
we have used the fact that we only consider final-state gluons; because of that the parton
type does not change after the collinear splitting. The function P2 in eq. (3.21) is the
generalized splitting function

—2e 72 — € R
Pane ) = (P2) sy [P0 + PG (3.23)

where 15652) are the Altarelli-Parisi splitting functions which can be found in appendix A,
together with the definition of the function Pi».10 Furthermore, in eq. (3.21) we also used
the shorthand notation

(z) FLM(Z . 1a72b§ .. ) .

. (3.24)

1
’ngn QR v = /dz ngn
0

The case when the gluon m becomes collinear to the initial-state parton 24 is described
by an equation which is analogous to eq. (3.21) but contains I'y}, instead of I'y 4, and the
“right” convolution

FLM(laa A 2b; e )
z

1
Fin @ Pyt = /dz P (2) (3.25)
0

We can now combine the various contributions and write the real-emission part of the
NLO cross section. We find!!

2s d&}}, = [OzSK (Is(e) + Ic(e)) - FLM> + [a:] [ (P& @ Fim) + <FLM & 'been”
N, (3.26)
+ Z <§m€im wmiA(m)FLM (m)> ,
=1

where we introduced the hard-collinear operator

Np

Ic(e) =) it (3.27)

i—1

with fi = a and fo = b.

“We remind the reader that the quark and gluon anomalous dimensions read v, = 3/2Cr and v, = fo =
11/6 Ca — 2/3Trny. Since in this paper we only deal with gluon final states, we systematically set ny to zero
in what follows.

10We note that PIM is a function of ¢; for brevity, we do not show this dependence.
gen

'We note that, since we consider gluonic final states, P5" is the same as PET. Nevertheless, we find it
convenient to distinguish between these two.



The infrared poles in eq. (3.26) cancel against those in the virtual contribution and the
collinear renormalization of the PDFs, producing a finite remainder proportional to terms
with lower parton multiplicities. To show this, we note that the infrared poles of the one-loop
amplitude M; can be written using Catani’s formula [71]

Mi(L 23, Ny X) = 29 ) Mo(10. 2453, N X)

27 (3.28)
+ Min(1,,2:3,... Ny X)),
where ./\/lﬁln is the infrared finite one-loop amplitude and
N, i €
1 e AVIME(e) P\ i T7 v
I _ = i T-T. i€ Smg =t . 3.29
1(6) 2F(1—€) % le ( 1 J) 2pzp] € ’ Vz (6) 62 + € ( )

The parameters \;; in eq. (3.29) are 1 if ¢ and j are both incoming or outgoing partons
and zero otherwise. Therefore, we can write

25 g, = (Fiv) = [as](Iv(e) - Fim) + () (330)
where
Iv(e) =Ti(e) + T (e). (3.31)

In the equation above we have introduced the operator I; in place of Catani’s original operator
to factor out the same strong coupling [«;] that appears in the real-emission contribution.
It is defined by the following equation

- I'(1—e)

Li(e) = — 5 h(e), (3.32)
such that
0T = 2 10 (3.33)

Furthermore, Fi¥ in eq. (3.30) is analogous to Fi in eq. (2.6) but with 2Re {M?n M(’S}
instead of |My|%.

The collinear renormalization of parton distribution functions is standard. The NLO
contribution to the cross section reads

R o A .
25 oy, = 287(::) [(PY) @ Fia) + (Fua ® BY)] - (3.34)

Finally, combining virtual (see eq. (3.30)), real-emission (see eq. (3.26)) and PDF-
renormalization (see eq. (3.34)) contributions, we derive the following finite formula for
the NLO cross section

929 da_(l:IbLO =do,, + d&f‘b + d&sgf _ Oé;(:) <I¥)) . FLM> + <Ff\‘}) 55
Ol '
+ S [(P10 @ Fia) + (Fusa © PRE0) ] + (Osno A Fiaa(m).

where [éo) is the O(€”) coefficient in the expansion of I1(e), displayed in eq. (3.2).
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A few comments about this result are in order. First, as we have anticipated at the
beginning of this section, we have defined an infrared-finite sum'? of the virtual, soft, and

collinear I-operators that appears in the fully-unresolved part of d&g}o

(It(e) - Fin) = ([Iv(e) + Is(€) + Io(e)] - Fim) = O(”). (3.36)

As we show in the next section, iterations of this operator will appear in the result for the
NNLO contribution to the cross section; this fact will play an important role in proving the
cancellation of poles at NNLO as well. Second, we have denoted the subtraction operator
for the fully-regulated real-emission contribution as

Np
Oneo = D SuCimw™ . (3.37)
i=1

Finally we have exploited the expansion of P&™
PEN (2, ;) = —PQ(2) + e PNC (2, ;) + O(€?) (3.38)

to obtain a manifestly finite quantity once we combine the hard-collinear subtraction terms
with the PDF-renormalization contributions. The function PNIC is defined in eq. (I1.3).
When using this function it is understood that F; should be set to Ej in <77(11\LLO ® FLM>

and to Fy in <FLM ®77}7\gLO>.

For the reader’s convenience, the definitions introduced in this section are repeated in
appendix A. A more detailed discussion of the NLO calculation, including expansions of
the various functions in powers of € and a demonstration of the cancellation of the e-poles,

is presented in appendix C.

4 Calculations at next-to-next-to-leading order

In this section we extend the NLO QCD analysis described in the previous section to NNLO.
At this order of perturbation theory we have to combine the double-virtual, the real-virtual,
the double-real and the PDF renormalization contributions to compute the differential cross
section. Hence, we write

dohNO = oY + doy + dofyt + deby (4.1)

Although the NNLO computation is significantly more involved than the NLO one, our aim
is to replicate the latter as much as possible. In doing so, we face the following dilemma.
On the one hand, the double-real contributions need to be split into partitions and sectors
in order to define the approach to collinear singular limits in a unique way. On the other
hand, this “sectoring” destroys the emergence of structures that can be combined in a natural
way with the double-virtual and real-virtual corrections. Hence, finding an optimal balance
between splitting the real-emission contributions into many well-defined pieces and identifying
proper structures early in the calculation is the central challenge to organizing the NNLO
computation in an efficient way. We explain how we address this challenge in this section.

12We show that this sum is e-finite in appendix C.
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Similar to the NLO case, we distinguish between resolved and potentially unresolved
partons with the help of the partitions A and A(%) defined in appendix B. We use symmetries
of the final-state gluons to define the NNLO contribution to the cross section without the
PDFs renormalization in the following way

25 de™FO = (Fyy (14,263, ..., Np)) + (A™ Fry (14,23 3, . .., Ny, my))

1
+ 5<A(‘““)FLM(1@, 2p:3, ... ,Np, my, ng)> .

(4.2)

Here, Fyy and Fry are defined analogously to eq. (2.6), but using double-virtual and real-
virtual matrix elements, while m and n are potentially-unresolved partons. Furthermore,
all the functions Fyv, Fry and Frg include the symmetry factor 1/(N, — 2)! arising from
the N = N, — 2 identical resolved gluons in the final state. The dependence of the matrix
elements and phase spaces on colorless final-state particles is not shown.

It is convenient to remove the (remaining) symmetry factor 1/2! from the double-real
contribution by introducing the energy ordering of the unresolved gluons m and n

1
2!

where Oy = O(En — Ey). We obtain

<A(m”)FLM(. S Mg, ng)) = <A(mn)®mnFLM(- L Mg, ng)) (4.3)

25 AT = (Fyy (14,263, ..., Np)) + (A™ Fry (14,23 3, . .., Ny, my))

(4.4)
+ <A(mn)®mnFLM(1a7 2p;3, ... ?NP? Mg, ng)> ’

The above equation provides the starting point for our calculation. It follows that the
NNLO QCD corrections to the cross section contain contributions that exist in three distinct
phase spaces. These phase spaces overlap in configurations where the gluons labelled as
m and n become unresolved. When this happens, the corresponding amplitudes become
singular and integrating over unresolved phase spaces leads to the appearance of 1/€™ poles,
similar to the NLO case. Our goal is to isolate and remove these singularities locally in
the phase space, demonstrate the cancellation of poles between the different contributions
in eq. (4.4), and determine the finite remainder.

We begin by isolating the soft limits of the real-emission contributions. As already
discussed in ref. [1], two soft limits are needed: one to describe the double-soft limit Ey, ~
E, — 0, which we denote as Sm,, and one for the single-soft limit £, — 0 at fixed Fy,
which we denote as S,. We write

25 d7"NEO = (Fyy) 4 (Sun AM™ Oy Fipg(m, n))
+ {A™ Fry(m)) + (SpnSa A™V Oy Far(m, 1)) (4.5)
+ <§mn§n A(mn) @mnFLM <m7 n)> ;
where the operator S, = I — S, has already been introduced in the context of the NLO

QCD computation. Furthermore, when writing eq. (4.5), we have dropped the arguments
related to the resolved partons, i.e.

FLM(m, Il) = FLM(lm 2b7 3, ce ,Np,mg, l‘lg) . (46)
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Next, we take the fourth term on the right-hand side of eq. (4.5)
(SunSa A O, Far(m,n)) (4.7)
make use of the fact that
(S A™ O Fni(m, 1)) = (S Sy A™ O Fnr(m, m)) (4.8)
and add collinear subtractions for the gluon m. We find

<§mnsn A(mn) OmnF1M (m7 Il)> = <ONLOA(m) SnOmnFIM (ma 1‘1)>

Np (4.9)
+ 3 (SunCim A™ S, O Fini (m, m)) .
i=1
We remind the reader that the operator Onro, defined in eq. (3.37), subtracts singularities
associated with parton m, and we have used eq. (B.13) to simplify eq. (4.9). To obtain a
similar structure for the real-virtual contribution, we rewrite Fry as

NP
(A™ Fry(m)) = (SwFrv(m))+ > (SnCimA™ Fry(m)) +(Onpo A™ Fry (m)). (4.10)
i=1
Since the cancellation of infrared singularities can only occur among terms with similar
kinematics of the hard final-state partons, we would like to write the NNLO QCD cross
section in such a way that contributions with the same number of resolved final-state partons
are combined. At NNLO this number varies between N and N + 2, so there are three terms
that need to be considered. Hence, we aim to write the cross section in the following way

25 dg™"NO = BNy + Sy + By (4.11)

Most of the contributions to the above equation are yet to be determined. However, as
a first step, we can use eq. (4.5) and the rearrangement of terms that led to egs. (4.9)
and (4.10) to write!?

25 dg"N©O = 50 4 2 4 Spg (4.12)

where

25\1[) = (Fyv) + {SunOmnFLm(m, n)) + (S Fry(m))
NP

+ Zz::l <§mCimA(m) [FRv(m) + Sn@mnFLM(m, n)]) , (4‘13)

ES&’H = (OxLoA™ [Fry(m) 4 SuOmn Fry(m, n)])
ERR - <§mn§n A(mn) @mnFLM (m, n)> .

The quantity 25\1,) is double-unresolved, in the sense that both gluons m and n are either
soft or collinear. The superscript indicates that this is the first of several contributions to

13A11 the steps that are needed for the rearrangements can be found in figure 1.
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Yy that has been identified. Similarly, the quantity Eg\l,lrl is the first single-unresolved term
contributing to Xy 41 that we identify. On the contrary, Ygg is a mix of various contributions
as it contains unregulated collinear singularities. As we will see, upon extracting these
singularities, some parts of ¥rr will contribute to Xy and X1 and will play an important
role in the cancellation of infrared poles.

It is well-known that extracting all singularities from the double-real contribution is a
complicated problem as many of them overlap. To disentangle them, we partition the angular
phase space [1, 20, 21, 61]. Further details are given in appendices B and D. Using these
results, we split Xgrg into four distinct terms. We write

YRR = 20, + 253) + XRR,2c + XRR,1c s (4.14)

where, as we already mentioned, the subscripts of the first two terms on the right-hand side
indicate the number of resolved partons. In brief, the first term on the right-hand side in
eq. (4.14) is fully resolved, the second is the triple-collinear subtraction term, the third is
the double-collinear term and the last term is the single-collinear contribution. To elaborate
further, the first term E{Ji\?ﬁ is the fully-regulated contribution given by

E?\?.FQ = <§mn§n Q1 A(mn) ®mnFLM(ma ‘(1)> ) (4'15)

where €0 is a function of collinear-subtraction operators and partition functions defined in
eq. (D.5).'* The quantity %4 ', 5 is the only contribution to the NNLO cross section with N +2
resolved final-state partons and it can be implemented in a numerical code without further ado.

The second term 25\2,) is the triple-collinear contribution. It reads

50 = (G Qo AT O Fii(m,n)) (4.16)

where () is a triple-collinear projection operator that can be found in eq. (D.6). We note that
25\2,) was computed in ref. [69] and can be immediately borrowed from there. It represents
the second contribution to the fully-unresolved term Xy that we have identified.

The third term Ygg 2. is the double-collinear contribution where gluons are emitted
from different legs

YRR.2¢ = (SmnSn Q3 A O Fiar(m, 1))

Moo _ . (4.17)

= - <SmnSannCim [dpm] [dpn] sz’njA(mn) OmnFLM (m7 I‘t)> )
(i)

where the angular partition functions w™™ are defined in eq. (B.26). Although this contribu-
tion is fairly simple, it is useful to rewrite it before proceeding further. According to eq. (4.17)
both collinear operators C;n and Cj, act on the phase space of partons m and n. This is nec-
essary to be able to use the results for 25\2,) from ref. [69]. Eventually, we will have to combine
these double-collinear contributions with collinear limits of the single-soft, the real-virtual
and other terms, where by definition the collinear operators do not act on the potentially

1We note that this contribution will contribute to final states with N +2, N + 1 and N gluons, as a result
of the subtracted limits contained in the definition of €.
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unresolved phase spaces. Hence, it is convenient to rewrite eq. (4.17) in the same way, ensuring
that Cjm and Cjn do not act on the phase space of the unresolved partons. We explain how
to do this in appendix E.2. Here, we just state the result and write ¥grR 2. as follows

SRR.2c = B + 2hr ) (4.18)

where ES{?) is the third (divergent) double-unresolved contribution that we have extracted.

Likewise, E?\?’(l) is the first e-finite contribution to X that we have encountered. We stress

that this is not the same as the finite part of 25\1,) defined previously. The two terms read

NP
ES\?;) == Z <§n0jncimA(mn) @mnFLM(mv 1‘1)> )
(i) (4.19)
fin (1) P(1—26)\° AL (mn)
Sy = - { (F2(1—6)) — 1] % (SnCinCim A™ O Fim(m, n)) .

We note that the unresolved phase space [dpm][dpa] does not appear in the above formulas,
indicating that collinear operators do not act on it anymore. In addition, we have used
CinCim W™ =1 to remove the partition functions. Furthermore, if the gluons are emitted
off different external legs (which is ensured by the two collinear operators), we have

SanSul..] =0, (4.20)

M s finite, we observe that

allowing us to write SunSn = Sn. Finally, to see that E?\?’
eq. (4.19) is completely soft-regulated, while the two collinear operators Cjy and Cj, each
produce an O(e~!) singularity upon integrating over the phase space of gluons m and n. This
is compensated by the prefactor (T'(1 — 2¢)/I'?(1 — e))2 — 1 ~ O(€?), leading to an infrared
finite quantity. To summarize, we have written Xgg 2. as the sum of two double-unresolved
contributions, one of which contains poles and one of which is e-finite.

We are left with YrR ic, which is the double-real single-collinear contribution. It reads

ZRR,lc = <§mn§n Q4 A(mn) @mnFLM (m, 11)>

Np
= Z <§mn§n [Cz’m [dpm] + Cjn [dpnﬂ Mg A (mn) Omn Fiv (m, n)>
(i5)
N, (4.21)
+ Z <§mn§n [Cing(a) + Cmna(b) + Cim‘g(c) + Cmne(d)}
i=1

X [dpm] [dpn] wmi,m'A(mn) OmnF1Mm (m7 n)> s

where the partitions w™" and w™ ™ can be found in eq. (B.26) and eq. (B.27), respectively.
the functions 0(®) with o = a, b, ¢, d indicate that a particular contribution is confined to
a certain phase-space sector. These sectors, together with the corresponding phase-space
parameterizations, are defined in appendices D and E, respectively. The challenge therefore

is to write ¥rR,1c as a sum of terms with a well-defined number of resolved partons. To
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do this, we need to extract the remaining collinear singularities from ZRRJC.N’ We do so
in the next section. We do so in the next section.

4.1 Analyzing single-collinear contributions

The 1/€" singularities in Xgg 1. simplify if the contributions of different partitions and sectors
are combined. To appreciate why doing so is non-trivial, we need to remind ourselves why
partitions and sectors were introduced in the first place. The reason was to disentangle
overlapping singular limits, making them uniquely defined. However, it also complicates
the identification of physical quantities such as e.g. collinear anomalous dimensions and
splitting functions. We emphasize that the ability to recognize these universal structures
in the early stages of the calculation is very useful for canceling the infrared divergences
in an efficient and transparent manner. Hence, our strategy will be to remove sectors in a
controlled way, eventually getting to the point where various contributions can be rearranged
into recognizable universal structures.

As a result of this analysis we are able to represent YR i by a sum of five divergent

E%,...,S) 21;1\;1,(2,...,5)) )

and four finite ( double-unresolved quantities, and two divergent E%fl

and two finite E?\?EI’Q) single-unresolved quantities, see figure 1. These quantities are used
in eq. (4.67) and eq. (5.1), respectively, to construct relevant contributions to the NNLO
cross section. The remainder of this section describes manipulations of Yrg ic that lead
to such a representation.

We begin by separating sectors #() and 6(® from the remaining contributions to YRR, 1c-

We write
Srite = D) + Shite (4.22)
wherel6
Egﬁi’ﬁf) = <SmnSn[Z(Cim + Cjn)wml’m + Z(Cine(“) + Cz»m@(c))wml,m
(i5) i=1 (4.23)
and
Siitte = O (S SuCan (07 + 0D) [dp] [dpa]ew™ M AT O pa Fiag(m,m)) . (4.24)
i=1

5The label “single-collinear” for this contribution refers to the one collinear limit appearing in eq. (4.21).
Such collinear limit is relevant for only one potentially unresolved parton, but the remaining one is still
unregulated. For this reason we need to further extract the singularities associated to the second extra emission.
This procedure will lead to double-unresolved terms.

Y5The superscript (a, ¢, dc) reminds us that Egl’{’fi;) includes contributions of sectors a and ¢ and of the
double-collinear partitions.
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We first consider Egﬁ: ’f CC ). In this case eq. (4.20) holds, so that Syu,Sy can be replaced

by S.. We then write

NP
S5 = (| S (Cim + i
(i)
v, - (4.25)
+ 3 (Cinb + cim9<0>)wmvm] [Apm] [dpa] AT O g Frng (m, n)> :
=1

We can simplify this expression by renaming gluons m and n in such a way that the collinear
operators always refer to the gluon m. We also exploit the fact that under such a relabelling
sector #(®) becomes sector 09, see eq. (D.1). Hence, we obtain

Np
E%ffﬁ’f:) = <S(m,n) > Cimw™
@
. (4.26)
+3 cim9<6>wm»m} (dpea][dpal AT Fyag(m, n)> ,
=1

where the soft-regulating operator S(m,n) reads
S(m,n) = S1Omn + SuOnm - (4.27)
We note that we can rewrite the operator S(m,n) in several equivalent ways

S(m> 11) = gn@mn + gmGnm =1- Sn@mn - Sm@nm

_ il _ _ _ (4.28)
== SmSn + SmSn@mu + SuSm@nm - Sn(IL - Sm@um) + SnSm@nm 5

and we will use the different representations displayed above in what follows.

To simplify Zggj’ldg ) we need to extract the remaining collinear singularities. Since
we relabeled gluons so that the collinear operators refer to the gluon m, the unregulated
singularities affect gluon n only. However, there is an additional technical detail that should
be highlighted before proceeding.

As we already mentioned, the many single-collinear contributions will have to be combined
with collinear limits from single-soft, real-virtual and other terms where the collinear operators
do not act on the phase space. Therefore, it is useful to rewrite Egl’{ ldcc ) in such a way that:
i) Cim does not act on the phase space and i) restrictions imposed by the presence of sector
() are lifted. We explain how to do this in appendix E.2. Here, we just report the final

result, which is obtained once we insert 1 = C;y + Cim in the equation for E%’f {icc ). We find

AR N e (4.29)
where
Np
S = (Stm )| 3 CCimemin
@) (4.30)

Np
+ Z(nin/Q)ieainCim wmi,m’] A(mn)FLM (m, l‘l)> )
=1
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and

N,
a,c,dc),2 F(l - 26) .
E%R,lc) = 71_‘2(1 — 6) <8(m, n) [% Canim

N (4.31)
+ Z(nin/2)_6cin0im:| A g (m, n)> :
i=1

As was the case in eq. (4.19), the phase space [dpm][dpa] does not appear in these formulas
anymore, indicating that collinear operators there do not act on it. We also note that the
sector function 6(°) disappeared from eq. (4.30), leaving as a remnant the factor of (1;,/2)~¢.
Furthermore, eq. (4.31) becomes potentially ambiguous because the collinear operators Cjy,
and Cjp, do not commute in general. Therefore the order in which they appear in the above
formula (and in similar formulas) is important.!” On the other hand, since the operator
S(m,n) represents a soft subtraction, it commutes with the collinear operators. Finally,
we have omitted an overall factor I'(1 — 2¢)/T'?(1 — ¢) in E%{ fcc ! because it would only
generate O(e) terms in the result.

We will continue with the discussion of the contribution Egﬁf CC M1 1t is convenient to
rewrite the factor (7in/2)7¢ in eq. (4.30) as follows

(Min/2)" = [(Min/2) " = 1] + 1, (4.32)

and combine the second term with the ¢ # j sum in that equation. We find

NP
d — o
Z%&CC),I = <S(m, n){ E C jnClim ™M
3,j=1

N, (4.33)
+ 3 [(0in/2)™ = 1] CinCim ™| AT Fy (m, n>> ,
=1

where we emphasize that the first sum includes terms with ¢ = j. We also note that the
comment concerning the non-commutativity of operators Cj;, and Cj, that we just made
applies to eq. (4.33) as well.

Another important point is that the second term in eq. (4.33) is finite in the limit
€ — 0. The reason for this is that the only singularity present in this term comes from
the collinear limit i||m, which gives an O(e~!) contribution once integrated over the phase
space of gluon m. On the other hand, the presence of C;, allows us to expand the difference
[(nin/2)~¢ — 1], giving an O(e) quantity.

Furthermore, we note that, in the first term on the right-hand side of eq. (4.33), the
partitioning can be replaced with another, more suitable one. Indeed, since by construction

Np Np o o
Z Cim WM = Z w;TIi;ln] Cim = Cim s Canm W™ = Cjncim s (4.34)
j=1 j=1
one finds
Np Np Np Np
Z Cjncvimwml,n] = Zczm — Z CanZ‘m = Z Cjnwn] Cim, (4.35)
1,j=1 =1 1,j=1 1,j=1

where w" is, e.g., a NLO partition where the unresolved gluon is n.

"For the all-gluonic final states that we consider, these limits will always commute.
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Finally, it is convenient to split the soft subtraction operator S(m,n) acting on the first
term in eq. (4.33) in a particular way. Employing the following representation (cf. eq. (4.28))

S(m,n) = SuOumn + SuOnm = Su(1 — SuOum) + SuSmOunm , (4.36)
(@ede)l 3 Guch a way that partonic multiplicities are

we rewrite the formula for Xpz7.
clearly separated
B — 2+ 5 + 2 2 s

We note that in eq. (4.37), the first e-finite contribution to the single-unresolved cross section

is denoted as E?\?_F(ll ). We emphasize again that this does not correspond to the finite part

of Eg\l,)ﬂ. The individual contributions read

Np
Skt = Y (Sa(l = SuOum)Cjn ¥ Cinm A™ Fiag(m,n) )
ij=1
Np
=3 (Ono (1 = S2Omn) CinA™ Fii(m,n)) |
=1
Np '
253) = <Sn§m€jn wnJCimA(mn)@anLM(m, n)> ,
i,7=1
v (4.38)
2hn) — Z< (Nin/2) "¢ = 1]S(1 = SuOum)CinClim wml’“’A(m")FLM(m,n)>
I
Z< NLO mﬁm (Mim/2)”¢ 1} (1 - Sn@mn)cinA(mn)FLM(m?n» )
§:<nmm — 1]S3SnCinCim ™M A™ O Fag(m, m)) |
=1

where we define Ol(\%o = SmCim so that Onr0 = Zf-vzpl Ol(éiowmi. We note that when moving

from the first to the second line in 2§\2f)+1 and E?\;:L(ll ) we have relabelled m to n and vice versa.

We now return to Z%’f’fcc)’z (see eq. (4.30)) and rewrite it as follows

IS N S (4.39)

where

Np Np

25\5,) = <S(m, n) [Z Canz‘m + Z(nin/Q)ECinCim} A(mn)FLM(mv n)> ’
(i5) =1

(4.40)

fin,(3)

s = [rd -1 (stm [% CaCim + %(m-n/z)ecmcm}
=1

- [FQ(l —¢) (i)

X A(m“)FLM(m, 11)> .
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Again, we note that E?\?’(?’)

is finite because the soft-regulated collinear limits C'j,Cim produce
an O(e~2) pole when integrated over the angles of m and n, and the prefactor I'(1—2¢)/T"%(1 —
€) — 1 is O(€?). This concludes our discussion of all single-collinear limits, except for those
in triple-collinear sectors (b) and (d).

We now turn to E%{i’)lc,

sector A(®) by renaming gluons m to n and vice versa where appropriate.'® We find

defined in eq. (4.24). We start by mapping sector 8(4 onto

Np
Egii)lc = Z <§mn (gn@mn +§m @nm)cmn Q(b) [dpm] [dpn]wmz,mA(mn) Fim (m7 1‘1) >

i=1

N (4.41)
= Z <§mn(]l —S51Omn— Sm@nm)cmn e(b) [dpm] [dpn] wmi,niA(mn) Fim (m7 n)> .
i=1

Making use of the fact that the action of the collinear operator Cpy, on the function F1yp(m,n)
is symmetric in m and n, we can exchange m < n in the term with O, in eq. (4.41). We obtain

NP
Shithe = 2 (Sun(1 = 25:Omn) Conn 0 [dp] [dpa] ™A™ Fypg(m, n) ) (4.42)
=1

The action of the collinear operator Cy, on the phase space of two unresolved partons
leads to a non-trivial result. To derive it, we consider the specific phase-space parametrization
described in appendix E and find

Cran[dQ V][O )9O ™ B (m, )

-y [ dwg [d00T)
[mn] pmnméll+2e [Q(d—3)]

(b,d), mini_—e c (4.43)
= N"%w ni[mn](l_ni[mn]) [dQ

€ m||n

dA] CmnFLM (m, 11) .

Here [mn] labels a clustered gluon whose momentum is Plmn] = Pm + P calculated in the
strict collinear limit and the expression for Cpy F1a(m, n) is reported in eq. (F.1). From this
equation, it follows that CynFrm(m,n) ~ Fry([mn]). Since it depends on the kinematics

of the clustered parton [mn] only, we can integrate over dxy, dﬂéd_?’) and dA. We find
(see appendix F for details)
(b,d) s [s]  b,a) Fes dEyn dE, d-1)] —e  mini
ERR,lc = = ;?Nf 0/ E%e—l Ege—l /[dQ[mn] ] Tifmn] “ml[n

1 (4.44)

X S (1 — 25,Opn ) A ™) =

mi—=n

+e[BE ) gy + 6) = P (2)9" | Funt v ([mn)

Pyg(2) Frm([mn])

).

In eq. (4.44) we use z = En/(En + Ey) and ngé and Pgé’r are splitting functions defined in
egs. (A.24) and (A.25), respectively. Furthermore, we have introduced

Nij
o= . 4.45
UZ] 1— an ( )

18We note that this exchange of sectors b and d is only possible at the level of integrated subtraction terms,

and is not possible for the fully-regulated term E‘?\};Q.
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The four-vector 7; ;) describes spin correlations that arise in the collinear limit, see
appendix E.2 for further details. In particular, we note that r; () is partition-dependent as
indicated by the subscript i (cf. eq. (E.39)).

Following the discussion in ref. [1], it is convenient to split eq. (4.44) into two terms
b,d b,d), b,d),
Z%R,)lc = Z%R,)lia + Ef;m,)lzc ; (4.46)

where the first term on the right-hand side is spin-averaged, while the second is spin-correlated.

The spin-averaged contribution depends on the spin-averaged splitting function FPy,. It

provides the most divergent part of Egg)lc, with its Laurent expansion starting at O(e=2).

The spin-correlated contribution Zgg)l’ic refers to all terms in eq. (4.44) that are proportional

to Fim u ([mn]). Since such terms are multiplied by €, the spin-correlated part is less divergent
than the spin-averaged one; its Laurent expansion starts at O(e~!). For this reason, in the

following paragraphs we focus on the spin-averaged contribution Egﬁi,)fia and relegate a

detailed discussion of Egg)l’ic to appendix F.

Our starting point is the following expression for the spin-averaged contribution

N Ernax
(bd)sa ~ [as] b dE, dE (d=1)7 —c ini
Shide = — 2 gNe( ) < / ETTlEle [0 ] ) “rn
i=1 m b (4.47)
—_ 1
X Sun(1 — 25,0 g ) A M0 ng(z)FLM([mu})> :
EnEy
To rewrite it, it is convenient to “undo” the collinear limit. We find
[os] vy L _ Najin(€) / (d-1)
5 N, E L. Py (z)Fim([mn]) = 5 [dQy ] ConFrm(m,n) (4.48)
where
J(1+26)(1 — 2¢
Nyjja(€) = 22 ( ) ) (4.49)

T(1+el(1—e)

Note that the integration on the right-hand side of eq. (4.48) is performed over the angular

phase space of the unresolved parton n only. As a result, Eg}g)l’ia becomes

E, max

Nyjin(€) O dEn dE _ _ -

(b,d),sa __ +Vm|n (d-1) (d—1)1 _—¢ ing

YRR1c — 9 Z< / E‘%erl Egefl /[dQ[mn] 1A ] 0y W::H:
i=1

(4.50)
X San (1 — 25,0 ) A O Frap(m, n)> .

Next, we note that the action of Syn on CunFrMm(m, 1) is equivalent to the action of a soft
operator S[pyy), which refers to the zero-energy limit of a clustered parton [mn]. We also note
that the joint action of S, and S, can also be described as SmnSy = SwSn, and that the
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action of S, on the clustered parton [mn| gives m. Following these observations, we find

Nl€) 227/ 51 dB, dE i

b,d),sa m||n d—1 d—1 ing

2%{R,)lc = 2 Z |:< / EQe 1 E2ef1 /[dgfmn] )HdQ( )} z[mn] wnn:H:
=1 0 m n

= 4.51
X S[mn]A({m”DC’mnFLM(m, n)> (4.51)

— (208 Sn Tt A o F g (m, n)>]

m|n

We focus on the first term on the right-hand side in eq. (4.51). Thanks to the constraints
on the energies of m and n, the energy of the clustered parton Ejy, may exceed Enax and go
all the way up to 2Fnax. The two regions for the energy of the clustered particle, namely
By € [0, Bmax] and Ejny € [Emax, 2Emax], are very different: the first one is physical
whereas the second one is not. By this we mean that Fpy([mn]) = 0 for Ejyn > Emax, since
FEax is chosen to exceed the maximal energy that a parton can have in a physical process.
On the other hand, this unphysical region gives a non-zero contribution in the soft limit
because the parton [mn] does not appear in the matrix element.'® Following this discussion,

. b,d
we write E%ﬁ)l’ia as the sum of two terms

b,d), b,d),sa,T b,d)sa,I1
E(RR,)lia = E%R,)ia + E(RR,)lia . (4.52)

The first term Zgjl’i)l’za’l includes the contribution where the energy of the clustered particle
[mn] does not exceed Epax as well as the last term on the right-hand side of eq. (4.51),
while Egg){za,n accommodates the contribution with the energy of the clustered particle
exceeding Fpax.

The term Zgl’g)l’ia’l can be written in the following way

sa N, € ol < — i,n%
st = 2ol 7 (5 (3 = 20 S AP o Pt () . (459)
=1

where in the first (Opn-independent) term we renamed [mn] — [m]. The above expression
contains divergences which arise when gluon m becomes collinear to parton 7. We extract
these divergences by introducing collinear operators and write

(bd)sal _ fin2) | 52(6)

3
YRR e N+l TEN + Egvzd ; (4.54)

where

Np
fin, % ing —€
EN-‘,-(12) = Z <(91(\I£O nn:||1;1 (1 —20mnSn )[ m\ln( )i — 1]A(m)cmnFLM(ma“)> )

i_l
WY €) /—

25\6[) = Z m|2n( ) <Smcim(7i_nf (11 - 2@mnSn)A(m)CmnFLM(ma tl)> ) (4'55>
i=1

1
=@ = 5{Onto(1 ~ 201 Sn) A™ Copn FLar(m,m)) .

19We note that this term combines with soft subtractions in other sectors such that the final result is not
affected by unphysical contributions. We refer the reader to ref. [1] for a full discussion of this issue.
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The first term in the above formula is finite in the limit ¢ — 0, the second term is double-

unresolved, and the last one is single-unresolved. We remind the reader that Ol(\?io = SuCim

and Onpo = 2, Ogiowmi. We also note that in ES\?)H we replaced the NNLO partition

mei,ng

functions w mjn With NLO partion functions w™, cf. eq. (4.35).

We continue with the discussion of E%R)lia T 1t can be obtained from eq. (4.51) upon

neglecting the last term on the right-hand side and restricting the integration over energies
to the region FEpyg > Enax. We find

Nuiw(e) X/ “F* dE, dE i

(b,d),sa, ]I _ +Vm|n (d—-1) (d—1) ing

ZRR,lc = 9 Z< / E%e 1 Egejl /[dQ[mn] J[d%™ o z[mn] w::ll:
=119 (4.56)

X O(Em + En — Emax) S A™ Conn Fu (m, n)> .

We can also replace Spyy with —Sjy, in the above equation as Fin([mn]) has zero
support if the energy of the clustered parton exceeds Ep.x. Finally, changing the integration
variables t0 Ejny = Em + Ey and z = Ey/(En + Ey), computing the collinear [mn]||n limit of
F1nv and integrating over the angular phase space of the gluon n, we obtain

Emax
( ) 2Emax dE E[m“]
b,d),sa, /I _ 1Ve — 92
E%R)lia 9 Z< / % / dz[z(1 - 2)]7? Pyg(2)
=1 E [mn} Emax (4 57)
max 1— E[mn] .

a0 0y e S Flra () )

Using the standard result for the remaining soft limit Sy FLam([mn]) in eq. (4.57), we find

b sa, T _ [as]? 35 (€) (Brmax /1) >
RR,1c - p
Np Np dQ(d 1)] P (4.58)
X o€ mini_ PR T,-Ty) F )
ZZ/ Q(d 2 < mn] “m{Jn Phk[mn] Pl[mn] ( ) A
where
Emax
(b d) de 2Emax E["‘“]
Sa N Emax dE —4€E
Gt =~ [ [ a1 R, ). (4.59)
Emax [mn} 1_M

Elmn]
The integration over the angle of the clustered gluon [mn] in eq. (4.58) is described
in appendix G. The result reads

b,d),sa, II sa sa,fin
E%R)lc NTENT (4.60)

where X% is given by

3 =250 (

Brnax ) —2e

: (4.61)

iy N
X l—<[s(6) . FLM> + WN(:<€) ZT? <FLM> )
=1
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with N.(e) reported in eq. (A.5). The quantity Esl\a,’ﬁn is finite and reads

sa,fin 2 6—2¢ csa Emax —te Mo m||n,fin
By = lea 20 (6)< 7 ) >V B (4.62)
i=1

where W' Infin 5 computed in appendix G with the result given in eq. (G.10).

The final contribution to consider is the spin-correlated term Zgg}io in eq. (4.44). In
appendix F, we show (see eq. (F.44)) that among the contributions that the spin-correlated
term of eq. (4.44) can produce, there are two that are identical to ¥ and Esﬁ’ﬁn, provided we
substitute dp* — 5ng’ where 5;” is defined in eq. (A.30). We call these contributions ¥% and

Ei\(}’ﬁn. Combining them with X5 and Zsﬁ’ﬁn, respectively, we define the following quantities

Emax ) e

=P = 2§ + 25 = 2, (0) (22

4.63)
2Emax/1) "> N (
x [—Us(e) Fine) + BB N (03 T (R |
i=1

and

fin,(4) sa,fin sc,fin 2 6—2¢ Enax e m||n,fin

Iy =Sy +Ey =los) 2 6g(e)( > Z<Wi TR, (4.64)

i=1

with d,(€) = 3" (€) + (5;"T(6), see eq. (A.30). We denote the remaining spin-correlated terms as

=® _ Egﬁl,)fic’l’l 7 (4.65)
and N
E « —4e P .
S0 = a2 st (1;&) STV ), (4.66)
=1
where Egg)l’ic’l’l is given in eq. (F.38).

To recapitulate, we have succeeded in writing Xrg 1. as a sum of contributions to the single-
and double-unresolved terms X1 and 5. We can combine them with the corresponding
contributions of YXgg 2. as well as those of eq. (4.13), and explore the cancellation of the
e-poles in X y11 and X . We study such cancellations in section 5 but before diving into this
discussion we need to rearrange double-unresolved terms to make the investigation of the
pole cancellation easier. We discuss a suitable rearrangement in the next subsections.

4.2 Rearranging double-unresolved terms

We now turn our attention to the question of how the double-unresolved terms can be
rearranged. Once this is accomplished, the preparatory work will be complete and the
cancellation of singularities between the different contributions can be explored.

We have seen that the contributions with two unresolved partons can be written as a
sum of eight divergent and five finite terms, i.e.

8 5 A
vy =Y 50+ Y =, (4.67)
i=1 =1
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The contributions are in eqgs. ((4.13), (4.16), (4.19), (4.38), (4.40), (4.55), (4.63), (4.64),
(4.65), (4.66)). Three of the divergent contributions, namely Zg\?;’4’5), contain various collinear
limits and we find that combining and rearranging them is helpful for understanding the
cancellation of poles.

To make the required manipulations more transparent, in Egé) we write éjn as (1 — Cjn),
use the fact that 3 w/™ = 1 and separate the i # j and i = j sums. We find

7=1

2@ +x2{ +={

Np
= - Z < (SannCim - (Sn@mn + Sm@nm)cjncim) A(mn)FLM(Wla ‘(1)>
(i7)

Ny, Ny (4.68)
+ Z <SnSmCimA(mn)@anLM (m7 n)> - Z <SnSijnCimA(mn)@anLM(m7 n)>
i=1 (i)

Np
- Z < (Sngmcincim@nm - (nin/2)_68(m7 n)CinCim) A(m“)FLM(m’ tl)> .
i=1

Combining terms with ¢ # j sums in the above equation, we obtain

NN Ty s
Np Np
= Z <SnSmCimA(mn)@anLM(ma ‘(1)> + Z <SnSijnCimA(mn)@anLM(m, I‘l)>

= m (4.69)
NP
=3 ((SeSmCinCim = (0in/2) " S(m, 1) CinCim ) A™ Fipg(m, )
i=1
We can further simplify the above equation if we rewrite the i # j sum as follows
NP
Z <§n§m0jn0imA(mn)®anLM (ma 1‘1)>
(i) (4.70)
1 Np o 1 NP o
= 5 Z <S“SijﬂCimA(mn)FLM(ma n)> - 5 Z <SnSmCinCimA(mn)FLM(m, n)> .
ij=1 i=1

We now take the last term on the right-hand side of the above equation and combine it
with the next-to-last term in eq. (4.69). We find

N,
1E& — — _
53 (508 + 25:5mOum) CiaCinA™ Fig(m,w) (4.71)
=1

We split the second term under the sum sign in eq. (4.71) into two identical ones, and change
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m < n in one of them. We obtain

N,
1 & — — — _
) D {(5nSm + SuSuOum + SmSnOmn) CinCimA™ Fi\r(m, n))
13
+ 2 Z (505 4Omn [Cin, Cim] A Fpp(m, n)) (4.72)

=-= Z (S(m.1) CinCim — SS2Oun [Cin, Cin] ) A™ Fipg(m, m))

Putting everything together, we find

=9 50 + 3@ =

NP NP
=3 {SuSmCimA™ O Fini(m,n)) + = Z (808 mCinCimA™ Frar(m, n))
i=1 t,j=1

(4.73)
+ = Z ([2010/2)7 = 1]S(m, 1) CinCim A™ Fiar(m, )

NP
+ = Z (S50 Omn [Cin, Cim] A™ F pp(m, 1)) .
=1
We can now combine this result with the remaining double-unresolved contributions.
We find

En = (Fyy) + (SmnOmaFim(m, n)) + (SwFry(m))
Np
+ Z <§mcimA(m) [Fry(m) + SuOmaFra(m, 1)])
i=1

Np Np
+ 3 (SuSnCim A™ O Fiv(m, n)) + = Z (S0SmCinCimA™ Fypr(m, n))
=1 z] 1
+ - Z( (in/2) ¢ = 1]S(m, 1) CinCim A™ F ppr(m, 1)) (4.74)
NP

+ Z(s 54Omn [Cin, Cim] A™ Fa(m, m))

=1

—2¢ —2€ Np
- ayfe) (2 [<Is<e> Fing) — P N (03 T2 ()
=1

r NmHn(E) (m)
+ZT<S sz Oim ( - 2@mnSn)A CmnFLM(m, ﬂ)>

i=1

5 .
+3@ 45§ + > s,
i=1

It is clear from the above formula that ¥ contains a large number of terms of different
physical origin that exhibit infrared and collinear singularities, which will cancel when
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combined with the PDFs renormalization contributions. To simplify the discussion of how
this happens, we will identify groups of terms which exhibit shared features. These features
include quartic, triple and quadratic correlations of color-charge operators, which originate
from exchanges of soft real and virtual gluons, as well as double- and single-boosted kinematics
that are generated by hard-collinear initial-state emissions. We will focus on these different
categories in turn, since the cancellation of e-poles has to occur independently for each of them.

In subsection 4.3 we describe some manipulations of the virtual and soft contributions to
eq. (4.74), which set the stage for the discussion of the cancellation of poles in color-correlated
contributions that can be found in subsections 5.2 and 5.3. With color-correlated infrared
singularities out of the way, we are left with terms that are proportional to squares of color
charges of the resolved partons, which include both boosted and unboosted contributions.
Such terms primarily come from collinear emissions. We discuss such contributions and the
cancellation of the corresponding singularities in subsections 5.4 and 5.5.

4.3 Simplifying virtual and soft corrections

In this subsection we focus on the color-correlated contributions to the fully-unresolved
quantity ¥ x. To this end, we will examine those terms in eq. (4.74) that contain soft limits
and /or loop amplitudes. Similar to what will be done in section 5.1, we will write the results
in terms of generalizations of the operators Ig, Iyy and I, with an eye on combining these
into manifestly-finite IT structures. Furthermore, we will observe the appearance of terms
involving triple correlators of color charges, which we will discuss separately in section 5.2.

We begin by considering the double-virtual contribution (Fyy) to eq. (4.74). We write
the loop expansion of the amplitude of the 1, + 2, — X + N g process to O(a?) with
respect to the LO as

2
IM)e = [Mo)e + {0‘2(:)} My + {O‘Q(:)} IMa)e + O(3). (4.75)

The double-virtual contribution to the cross section is obtained by squaring the amplitude
and retaining the O(a?) terms. The result reads®”

(MM 2 = (Mo|Mz) + (M2 Mo) + (M| M) . (4.76)
Following ref. [71], we extract the infrared poles of | M) and |M3) and write them as

(My) = Ti(€) [IMo) + M),

IMa) = I(€) [IM1) + Io(e) [IMo) + |ME™) | (4.77)

where |Mf") and |ME") are infrared-finite. The operator I;(€) was introduced in the context
of the NLO calculation and is given in eq. (3.29). The operator Iz(e) reads

I(e) = —%11(6) (11(6) + zfo) +e (ﬁeo + K) L(26) + Hs (4.78)

20We drop the subscript “c” in the notation for the color vector of a matrix element.
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with?!

67 w2 10 e ED(1 — 2€)
(18 6) AT g RN, 6 T(1—e) (4.79)

The operator Hz contains O(e~!) poles only. We split this function into a term containing
triple color correlations and a color-diagonal term

Hg(ﬁ) = /Hg,tc(e) + HQ’Cd(E) . (4.80)

The two quantities Ha . and Haq were explicitly computed in refs. [72, 73]. The triple
color-correlated term Ha . is given in eq. (5.27). The color-diagonal piece reads

Hacale Z fis (4.81)

where f; denotes the flavor of parton i. Explicitly one has

5 11 G 29 w2\ Cpny 5
2
= — — — = = 4.
H, CA<12+144 +2)+CAnf< > 72>+ 5 +27 f, (4.82)
and
2 2
o [T 3 245 23 2, 13 ) T 25
= — —6(3—— — — . 4.
H, (2 6(3 8>+CACF(216 4871' C3 +Cpny 21108 (4.83)

The matrix element squared that appears in the double-virtual term Fyv is then
1 1
(MIMyaz = (Mo | 317 +5 (11O +1HOR () + (Ha 1) | Mo )
<M0 —@(11( )+1{(6)) +e (/BMK) (0(20)+1](20)) ‘M0> (4.84)

+2Re[ (Mo I1 (€) +1{(€) | MI™) | +2Re [ (Mo ME™)] + (M| M)

The one-loop operators I in the second and third lines appear as the sum of I; and [ 1[; for
this reason, they can immediately be written using the function Iy defined in eq. (3.31).
However, this does not happen automatically for entries in the first line in eq. (4.84). To
force the appearance of Iy, we write

ST+ 5T + THOTE) = 3R — 5 [11.71] (4.85)

As we will see, in the general case the commutator in the above equation contains triple
color-correlated poles. We will study them in detail in section 5.2. For now, we use eq. (4.85)
and write the double-virtual contribution as follows

(Fo) =l [370 -T2 (20— (2 ) e )| R

e1E €
lr—
+[as)? < {—2 [II(G)JI(G)] +7'l2,tc+H2,tc+H2,cd +H2,cd] 'FLM> (4.86)

o] (Iv (€)- Fip )y +(Fi, ) + (P&

2'We remind the reader that in this paper we are accounting for gluonic final states only. For this reason n s
should be set to 0, and Sy to 11/6 Ca.
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In eq. (4.86) F]fi\r}z, and F\f% contain the finite remainders of the one-loop squared and two-loop
amplitudes interfered with the tree level, respectively. Furthermore, we have made use of
the fact that Ha ~ O(e71) to replace the coupling a(u)/(27) with [a] in front of it. This
concludes our discussion of the double-virtual contribution, and we will make use of eq. (4.86)
in section 5 to discuss the cancellation of poles.

Next, we consider the double-soft term <Smn®mnFLM> in eq. (4.74). As was mentioned
earlier, it was computed in ref. [70] for an arbitrary opening angle between the hard radiators.
We can write the result in terms of a double color-correlated and a quartic color-correlated
component

<Smn®mnFLM (m7 n)> = <Smu@mnFLM (m7 n)>T2 + <Smn®mnFLM (m7 n)>T4 . (487)
The quartic color-correlated component has a simple (factorized) form

Np
(SmnOmnFLm(m, 1)) s = 29;1,17 Z </[dpm] [dpn]O(Em — Ew)Sij(Pm)Ski(Pn)
(i7),(kl)

X {T:- T, T Ti} - Fi )

= 0?5 ((0)- Fint)

(4.88)

In the above, we have introduced the short-hand notation S;;(pm) for the eikonal function

B . Di - Pj
Sy (Pm) = 2(p; - pm) (Pj - Pm) (4.89)

The (double) color-correlated term appears to be significantly more complex [70]. However,
upon careful inspection, we find that its poles can be written in a reasonably simple manner.
We obtain

<Smn@mnFLM (ma 1‘1) >T2

Ny B
= g0 > [ [dpa] [Apn]O(En = Eo) (555 (b o) (T5-T) - Fiae) (4.90)
1<J
:[a5]2 %Cl (6) + %CQ(E) + Bo 63(6) <f3(26) . FLM> + <Smn®mnFLM(m7 n)>§r; ,

where §,~j is the double-soft current defined in ref. [74]. We note that the last term in eq. (4.90)
is e-finite and can be found in eq. (I.17). Furthermore, the quantities c¢; 2,3 are polynomials
in € and are given in eq. (A.8). Additionally, we have introduced

s(2e) = —W S5 R0 (2T (4.91)
where )
Kij(e) = Fl“((ll—_i? NSO (1461461 —e,1—1). (4.92)
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We note apparent similarities between fg and Kj and Ig and K;; defined in egs. (3.12)
and (3.14). In fact, one can use the following property of the hypergeometric functions

oFi(a,b,c,z) = (1 — Z)c_a_b2F1<C —a,c—b,c, z), (4.93)

to show that

- o F1(—2€,—2¢;1 —€,1 — 1;5)
ij (6) Z]( 6> 21?‘1(_267 —26, 1-— 267 1- nij)

= K;j(2¢) + O(%). (4.94)

It follows that

Is(2¢) = Is(2¢) + Ofe) . (4.95)

This relation will be very helpful for demonstrating the cancellation of poles in color-correlated
terms. Following this discussion, we write the double-soft term as

<Smn®mnFLM (m7 tl)>
_ [a5]2< Bfg(e) + (fg‘cl(e) + %CQ(e) + B 03(6)) fs(26)} - FLM> (4.96)
+ <Smn@mnFLM (ma n)>§g .

This concludes our discussion of the double-soft limits.
We now move on to the third term on the right-hand side of eq. (4.74), which involves
the soft limit of the real-virtual contribution. This limit reads [75, 76]

Sm FRV(ITI)
S as(p) B
= 2 {25ij(pm) (T Tj) - Frv — ;? ?0 28ij(pm) (Ti-Tj) - FLm
(ij)
- e 1.97
-2 [62] Ca Ak (e€) (Sij(pm)> (T;-T;) - Fum (4.97)
N,
A D(1 T = o) & PR
_ [Oés] EF(]_ — 26) ]; sz Skz(pm) (Sz] (pm)) fabc Tk CTZ ,‘Tj FLM} ,
ki,
where k;; = (Xij — Aim — A\jm) = +1 when both ¢ and j are incoming momenta and r;; = —1

otherwise. We point out that x;; is symmetric under the exchange ¢ <+ j. Moreover, we
have introduced the constant (cf. eq. (A.9))
[3(1+e)I°(1—¢)

Ak (e) = T'(1 + 20 T2(1 — 2¢) =1+0(). (4.98)

The terms in eq. (4.97) that include S;j(pm) can be integrated over the unresolved phase
space along the same lines as the soft subtraction term at NLO (see eq. (3.12)), giving rise to
the operator Is. The term with Fry in eq. (4.97) can be further simplified using Catani’s
formula (eq. (3.28)) to extract divergences from the loop amplitude. However, care is needed
since the operators I; and Ig do not commute in general. Hence, upon integrating the first
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term on the right-hand side of eq. (4.97) over the phase space of gluon m, we find the following
expression for the combination of divergent loop and soft-emission contributions

sl ([15(0) T1(€) + Ti()-Is(0)] - Fina) (4.99)

We can rewrite the above quantity using the identity
— — 1 — — — — — —
I + T I = 5 (+T) s +1s(L+T0) + [1s, T -T1] ), (4.100)

where the first and second terms can be expressed through Iy and Ig, and the third term
contains triple color correlations and will be discussed in detail in section 5.2.

The integration of the third term on the right-hand side of eq. (4.97), which includes
the factor (Si;(pm))' ™, leads to

— 2951) Z< ij pm 1+6 (TZT]) . FLM>
(i5)

5] [ 2Bmax\ A ) o (4.101)
] () S 0 1) )

= [as] <fs(2€) : FLM> :

The last term on the right-hand side of eq. (4.97) contains explicit triple color correlators.
Integrating this term over the phase space of gluon m is non-trivial and is discussed at
length in appendix H. In what follows we will refer to it as the triple color-correlated real-
virtual subtraction term, IY. Putting everything together, we find that the soft limit of
the real-virtual correction can be written in the following way

(S Fry(m) = [a? (5 [I5(9) 1v(0) + Fo(0)I5(6)] - Fun )
F o (1500 - ) — 2P0 D2 (0 Fin)

E
a]? € (4.102)
-

Ca Axc(e) (Is(2€) - Fin)
ol (5 [15(0. T = Ti0)] + 1)) - Fia)

We have now analyzed all terms with quartic and triple-color correlators. These arose
due to soft limits of real emission amplitudes and virtual corrections; because of that, they
are associated with unboosted kinematics. We have also found a number of terms with
double-color correlations. Further terms of this kind emerge when a soft or virtual operator
appears in conjunction with a collinear limit, and such terms can also lead to unboosted
kinematic configurations. Our next goal is to identify such contributions in eq. (4.74).

We begin with the term that describes the hard-collinear limits of the real-virtual
amplitude squared <§mC’imwmiA(m)FRv(m)>. These limits were studied in refs. [76, 77]. They
involve both the tree-level splitting function F;; as well as the one-loop splitting function
P%L, whose explicit form can be found in appendix A. Even though P%L is more complicated

than the corresponding tree-level splitting function, the integration over unresolved phase
space of the gluon m proceeds in exactly the same way as in the NLO computation.
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Similar to the NLO case, it is useful to distinguish between the initial-state and the
final-state splittings. When the unresolved parton m becomes collinear to a final-state
parton ¢ we find

I,
eg I\/(G)-FLM>
1L

I'(l1—e€ Fi 32 Fi Fi n
_[as]z% ilm ) <T’£’FLM>— [«162] CAhc(e)< Q;QFLM>+[045} <T"’F§V>,
(4.103)

(S Cimw™ A™ Fry (m)) = [a,]? <

where
I2(1 —26)(1 +¢)

hel€) = =30

Furthermore, the one-loop generalized anomalous dimension for the final-state splitting reads

2B\ "2 T2%(1 —¢) 2 cos(e)
1L _ i 33,1L , L
fos = [< i > I'(1—2e) Ca 79 ag(&: L) P8y (4.105)

=1+0(). (4.104)

33,1L
2,999

of P,y. The e-expansion of the one-loop generalized anomalous dimension reads

where y is defined analogously to eq. (3.20), but with the splitting function PglgL instead

Db =y +2T2L; + O(e),  i=3,....N,. (4.106)

We continue with the case where the unresolved parton m becomes collinear to an initial
state parton, say 1,. In this case we find

_ T r
(S Cims™ A ey () = [ (ZL1u(0) - Fiaw ) + o) (L PR

s e (140 Fan) )y + 2 pam o iy
_ [%]2 F(e]-ew E) % |:< Fle,fl FLM> + %<P§2n ® FLM>:| (4107)
1L €
[cvs]

2
1L,
263 CAhC(€)<Paa sen ® FLM> )
where the one-loop initial-state generalized anomalous dimension is

26\ 2 T2(1 — )] — el
1L 1 2
5@ =|(5)  masag] [ttt (4.108)

=94 + QT%Ll + O(e),

and we have also introduced a generalized splitting function at one-loop

2E1>—2€ 21— ¢

Paa (2, B1) = [( p T 26)] {—]552)(2)+eﬁ’£*ﬁn(z)}. (4.109)

We observe that the one-loop generalized anomalous dimension FZ{I; coincides with its tree-level
counterpart I'; ; at O(e), cf. eq. (C.17). Similarly, the one-loop and tree-level generalized
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splitting functions PlL-#" and P& have the same expansion at O(e?). Further details

concerning these one-loop generalized anomalous dimensions and splitting functions can be

found in appendix A. Finally, we note that in eq. (4.107) some terms involve the convolution

of a splitting function with the product of Iy or the anomalous dimensions and Fiy. In

these cases, the relevant energy in Iy or F% g 1s also multiplied by a factor of z.
Summing the initial and final state collinear limits we find

Np
> (SuCimw™ A™ Fry) = [a]? (Io(e) v (€)- Fuan) + [a](Ie (€) - FiY})
=1
<rPgen FLM)> [ ] <Pgen®F n>
[ ] gen [as] gen
+ = (v (&) Fim) P )+ (Fiv @ PR")
60 F( ) en en
o P2 PEr e P+ (P P
[as]? 7
+(Ic(e)-Fum) | — = Cahe(e)(Ic(2€)-Finm)
[QS]Q 1L,gen 1L,gen
~ 53 Cahe(€) (P 8" @ Fim + Fim @ Py, &), (4.110)
with N
~ r TIL (¢)
Z?fi
Ic(2¢) = )y —2— 4.111
20 =3 (4111)
We point out that the relation between the one-loop and tree-level hard-collinear operators
I (2€) = Io(2€) + O(e), (4.112)
is analogous to that of the soft operators, see eq. (4.95).
We now consider the fifth and sixth terms in eq. (4.74)
(SnCimA™ (84O mn Frar(m, 1)) + (So (SCim A™Op Fiar(m, 1)), (4.113)

where we have used S,A(™Y = A(™) At first glance, it may seem that the two terms in
eq. (4.113) can be trivially combined, since the first contains an energy-ordering theta-function
which enforces Ey, > E,, while the second requires E, > E,. However, one should be careful
about the order in which the various operators act on Fyy;. In the first term, one should
compute the soft limit S, of Fi first, then integrate over the unresolved phase space of
n, and then compute the hard-collinear limit S Cin and integrate over the phase space of
m. In the second term, the hard-collinear limit SCim is evaluated first, followed by the
integration over the phase space of m. Then we take the soft limit S, and integrate over the
phase space of n. We emphasize that these operations do not commute. Indeed, one can
show by explicit calculation that the following holds true

<Sn (gmcimA(m) OumFLMm (m7 n))>

Qg 3(1—e¢ €
= (SuCinA™ (S, OpmFLyr(m, n))) — [EQ]CAF (1r(1 )_Fg(i)+ ) (4.114)

. 2Emax —2e 28 —2e
(rsncal (5=) = (50) A mntm),
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Thus we can rewrite eq. (4.113) as follows

<§mCimA(m) Sn®mnFLM (m7 n)> + <Sn§m0im A(m) 9anLM (m7 I‘l)>
[as] -, T?(1 = )T (1 +¢)

= (SuCinA™ Sy Fini(m,n)) — =52 T —20) (4.115)
7 2Bmax \ % (2Em\ "

It is straightforward to integrate the second term on the right-hand side of eq. (4.115) over
the phase space of parton m since the required calculation is NLO-like. On the contrary, the
first term on the right-hand side in eq. (4.115) requires some discussion. We begin by acting
with the soft operator S, on Fpy(m,n) and integrating over the phase space of n. We find

(SnCimA™ S, Fiar(m,n))

o] (2Bmax\ "2 P2t (4.116)
[(zg] ( p ) > <5mCim77k_f Ky A™ (Tk’Tl)'FLM(m)> -

(k1)

The important point is that the sum in the above expression runs over N, + 1 partons
which includes the parton m. To simplify such an expression, we split the sum into the
following contributions

Np+1 N, N,
> AuTyTi= > AuTr-Ti+ ) (AT + AnpTw) - T
(kL) kol ki
kit (4.117)
NP
+ > Ti (ApTi + AgnTm) + 24T T
kit

for an arbitrary symmetric A;;. We consider the action of the operator SuCim in each of
the terms in eq. (4.117). In the first term, these operators act directly on Fpy(m). In
the second term, the factor Ay, becomes A;;, because of the collinear i||m limit. Thus the
corresponding color factors combine into (T; + Ty) - Tk = i) - Tk The same occurs in the
third term, leading to T’y - T'[;,). Finally, in the last term, the product of the color charges

is 2T°; - Ty = —Cy, because the parton m is a gluon. Using the limit
[3(1—e)'(1+¢)
lim K;; = 4.118
niy0 T(1-2) (4.118)
we find
Np+1 Np

Z ngimmeKm [ (Tk:Tl) ’ FLM(m)} = an_leKkl (Tle) gmCim : FLM(m)
(k1) (k1)
31— e)l(1+e€)

—Ca T(1— 2€)

N SmCimFrm(m)
(4.119)
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where in the first term on the right-hand side the sum over partons k and [ includes a
clustered parton [im] in place of parton i.
Putting everything together and including the sum over all unresolved partons, we find

Np

Z {<§mcimA(m)Sn@mnFLM> + <Sn§mcim A(m)@mnFLMﬂ

=1

2 [ovs]? (4)

= las]"(Is(e)-Lo(e) - Frm) + =5 he(€)Calli " (€) - Finm)
2

Qs cn en
u<7D§a ® Is(e) - Fm + Is(e) - FLm @ Py )

(4.120)
+

2
as en , n
- [261]3 Cahe(e)(PDE™ ® Fiy + Frm ® 73151? semy

In the above formula, we have employed generalizations of Ic and P%". They are defined
in appendix A. For the specific case that we are interested in here, we have

NP F(4) (6)
4 i f;
1Pe=X # (4.121)
i=1
where
—4e 4 —4el;
(4)_(2Ei> I'*(1—e) s 1—e i B
' = S S/ POPTY \ J N i=1,2,
b p r(1—2q [T o (4.122)
—4e 4 .
(@) _ (25 (1 —€) o4 , L
Fi:g - < U > F2(1_26)73,g—>gg(67L2)7 ’L—3,...,Np,
and
pWeen, py_ |(2Ea 2121 -¢)]" PO p(@).fin 1193
ab (Z, a) - [ F(l — 26) [_ ab (Z) te ab (Z)} : ( : )

The function Pézl)’ﬁn is given in eq. (A.35). It follows from the above formulas that Fg?i

and Pc(j)’gen coincide with I'; ¢, and P5" to O(eY). Similarly, I¢ and Ié4) have the same
pole structure

19(6) = To(26) + O(<°) . (4.124)

Before closing this section, we make a brief comment about the term on the third-to-last
line of eq. (4.74), which is proportional to d4(e). It turns out that one can rewrite it in
the following way

Np

2 Ernax —2e (2Emax/,u)*2€ 2
2fa?,(e) (22 ) {—<Is(e)-FLM>+262Nc(e)Z;Ti (Fuan) (1125
= [0 2272 (CudS () + oo () (Ts(2€) - Fiar) + O(e)
where
500 = (-2 ™) o) o () =log2+0(e).  (4126)
g (€)= ) 6 €); g (€) = log €). .
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The reason why this rewriting is useful will become clear when we discuss the cancellation
of color-correlated contributions with unboosted kinematics.

In summary, we have derived expressions for all the divergent terms in eq. (4.74) that
involve virtual amplitudes and the various soft limits. Such contributions involve infrared poles
in color-correlated matrix elements that don’t appear in other parts of the calculations. Thus,
we anticipate that the poles of the color-correlated contributions cancel amongst themselves.
We describe this cancellation, as well as the cancellation of the poles of the single-unresolved
and color-uncorrelated double-unresolved contributions, in the following section.

5 Cancellation of poles

We begin our discussion of the infrared poles by focusing on the single-unresolved contribution.
We show that the cancellation of poles there is equivalent to that in the NLO QCD contribution
to the process q¢ — X + (N + 1)g. We then continue with the discussion of the various
contributions to the double-unresolved term X, starting from the color-correlated ones.

5.1 Single-unresolved terms

As explained in the previous section, when extracting singularities from the double-real and
real-virtual contributions, we find terms featuring N 4 1 resolved partons. In this section
we will show that, once combined, these terms exhibit significant simplifications, allowing
us to cancel the poles in the same way as we did for the NLO contribution. We consider
Eg\lf)ﬂ, 25\2,)“ and ES\?)H, given in eqgs. (4.13), (4.38) and (4.55), respectively. We will refer

to the sum of these contributions as 4. It reads

3 .
E?\}:Ll = Z ES\ZI)H = <0NL0A(m) [FRV(m) + Sn@mnFLM(ma n)]>

=1
o 5.1)
+Y (OnLo(1 = S4Omn) Cin A™ Fypp(m, n)) (5
i—1
1
+ §<ONLOA(m)(ﬂ — QSn@mn)CmnFLM(m, I‘l)> .

In the equation above, gluon m is resolved, since all the singularities associated with its
emission are regulated by the Onp,o operator (see eq. (3.37)). The gluon n, on the other
hand, plays the role of an unresolved parton in NLO computations. Such a structure suggests
a close relation between E?\}YH and the NLO cross section for the production of (N + 1) jets.
In order to make this correspondence transparent, we need to rewrite eq. (5.1) in terms of
virtual, soft and collinear operators defined in the phase space for (N + 1) partons.

We begin our analysis with the first term in eq. (5.1). It contains the one-loop amplitudes
with (N + 1) final-state partons and a contribution from the soft limit of gluon n. The
former term can be treated analogously to what has been done in section 3; its infrared
singularities can be written with the help of Catani’s formula. The latter contribution, once
integrated over the n-parton phase space, returns the same structure as in eq. (3.12), up to

replacing Epax with Ey. This is due to the energy-ordering factor O, appearing in eq. (5.1),
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which forces the energy of gluon m, rather than Fi .y, to serve as the upper cut-off for the
integration over the energy of gluon n in the soft limit. We thus find

<ONLOA(m) [Frv(m) + SuOmaFrni(m, n)]) =

0 {(OnoA™ [ + P (En)] - Fiaa(m) + (OsoA™ER(m),

where I\Jyp 1 is constructed in analogy with eq. (3.31), but starting from Catani’s operator
I in eq. (3.29) with N, — N, + 1. Similarly, Iév”H(Em) can be obtained by replacing
N, — Np+1in eq. (3.12) and using Ey in place of Epax.

We then address the contributions shown in the second and third lines in eq. (5.1).
Both of these contributions describe soft-subtracted collinear limits; as such they provide
either generalized anomalous dimensions (in case of final state splittings) or generalized
anomalous dimensions and splitting functions (in case of initial state splittings). It follows
from eq. (5.1) that in both of these cases integrations over the energy of the soft-collinear
parton n extends to Ey, and not to Fi.x.

We would like to assemble these two terms to create the collinear operator I¢ for the
process with (N, + 1) partons, which could then be combined with the terms in eq. (5.2)
to produce an infrared-finite operator I, similar to what we did when describing the NLO
calculation in section 3. At first glance it appears simple to do that. Indeed, the second
line of eq. (5.1) contains terms with collinear limits of N, (and not N, + 1) partons, and the
required collinear limit of one additional parton is supplied by the third line of this equation.
However, there seems to be a mismatch between these terms because the final state collinear
operators acting on A(™" in the second line produce z,-mA(m), whereas in the third line the
collinear operator does not act on A and, therefore, cannot produce such a factor. The
resolution of this hypothetical problem boils down to the fact that we consider a gluon-only
final state, which is highly symmetric. The additional factor of z; , effectively lowers this
symmetry, and hence plays the same role as the factor 1/2 in the last term in eq. (5.1).22 We
can thus write the second and third lines on the right-hand side of eq. (5.1) as

Np
Z <ONLO (]1 - Sngmn)cinA(mn)FLM(m7 Il)>

=1
+

= [0l [{On1.0 A™ (PER © Fipa(m)) + (Onto A™ (Fiar(m) © PE™)) |

+ [ovs] <ONLO [Igp+1(Em) : A(m)FLM(m)D .

(OxLo A™(1 — 25,Omn) Coun FLna (m, 1)) (5.3)

N

Similar to the (N, + 1) virtual and soft operators, IéVpH(Em) is defined as in eq. (3.27),
but with N, = N, + 1 and setting Eyax — Ey in the definition of I'; r,. We emphasize
that the Onp,o operator does not commute with the collinear operator Iév P or the splitting
function Pffn. Indeed the latter depends on the energy of parton m, which is sensitive to
the action of the soft limit encoded in Or,0.

The expression for T4, is the sum of eqgs. (5.2) and (5.3). We note that this quantity

still contains hard-collinear singularities related to initial state emissions. To remove them,

22More explicitly, the additional factor z;, produces an additional factor of 1/2 upon integrating over the
final-state phase space.
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we need to add the PDF renormalization contribution proportional to the Onp,o operator, i.e.

iv Qs A A~
E(Jiv_ﬁ)df = 275_'1:) {<P§2) X ONLoA(m)FLM(m)> + <ONL0A(m)FLM(m) ® Pb(l?)ﬂ . (5.4)

In contrast with the observation made below eq. (5.3), in the expression of Z?\i,:’r’ﬁ)df we can

exchange the order of the Altarelli-Parisi splitting functions and the Onp,o operator. In fact,
lf’q(g ) is independent of any energy variables, and thus can be moved “inside” the fully-resolved
operator. Given this, we can write eq. (5.4) as

Syt = O‘;ffﬁ‘) [(OnLoA™ (P @ Fiar(m)) +(OxoA™ (Fun(m)@ PY)))], (5.5)

and combine it with E?\}il. We obtain

fin,(3) _ \div div,pdf
Yy =EN1 2N

= [as] (Oxro A™ (1" (Bw) - Fa(m)) )
+ [as] [<ONLO A (7’}1\}0 ® FLM(m))> + <ONLO A (FLM(m) ® le)\t{w»]
+ <ONLO A(m) Fg{}(m)> . (5.6)

As expected, eq. (5.6) contains a generalized version of the e-finite operator It given in
eq. (3.36). It reads

NN Ey) = I 4 BT (By) + 10T (B (5.7)

Note also that, as we mentioned at the beginning of this section, E?\?Jr(f ) contains almost

exactly the NLO contribution to the (N + 1)-jet production cross section; the only missing

piece is the fully-regulated term with up to N 4+ 2 resolved jets.

In addition to E?\?jﬁ), there are three other contributions with N + 1 resolved final

state partons that are explicitly e-finite; they appeared in the course of simplifying ¥grR1ic,
discussed in the previous section. We combine all these contributions into a single quantity
that we will refer to as d&%lffo. It is given by

25 doNYEO = i) s @) s ®) s (5.8)
fin,(1) . .. fin,(2) . -
where X0 is given in eq. (4.38) and ¥}’ in eq. (4.55). The final term originates from

the spin-correlated contributions discussed in appendix F'; in particular, it describes the
OnLo piece of the expression given in eq. (F.18). We can expand these three terms in e,
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leading to the following O(€") result

fin,(1 ra
ENJr(l) =[] <Pq(2) ®

O%lo wﬁﬁn’nl log (7712m> A(m)FLM(m)]>
® P

2
+ [a] <[01(\HZO w;'ﬁ;uz log (lem> A(m)FLM(m)} q(g)>
— > la] <O1(\%o wija Ty, log <77;m> A FLM(m)> ,
=1 Emax— Em
Np A . (5.9)
fin,(2 i 7,10 i
EN+(1) - Z[as} 73,2g—>99 <Ol(\lio w::\h? log <4 1 _m , ) A(m)FLM(m)> )
i=1 ( Nim)
S~ o] ) _min
S¥e1 = D 5 1m0 (ONbo wijn AN (Y + 9") Fiatu(m))
i=1
o [avs] 22 () i i
s . 7 mi,ni
+ Z 9 V1,999 <ONLO “n|ln A(m)FLM(“")> )
i=1
where vf?g%gg is equal to the function reported in eq. (3.20) upon setting L; = 0, and Vi%g%gg

and 'yizjﬁgg in eq. (A.29).

5.2 Double-unresolved triple color-correlated contributions

Having demonstrated how e-poles in single-unresolved terms disappear, we continue with
the discussion of poles in the double-unresolved contribution Y. We begin with the
investigation of e-poles that involve matrix elements of triple correlators of color-charge
operators { Mo| fape TZ-“T;’T “|My). Such terms vanish for processes with three or fewer partons
at tree level, but are non-zero in general.

As we explained in the previous subsection, triple color-correlated terms arise in two
distinct ways. First, there are two contributions that contain triple color correlators explicitly.

One of these is the Hg (. term of the double-virtual contribution in eq. (4.86) and the other
IRV

i in the integrated soft limit of the real-virtual correction in eq. (4.102).

one was denoted by

Second, triple correlators of color charges appear in commutators of various I-operators.
Such commutators are present in egs. (4.86), (4.102); they arise because we expressed the
double-virtual contribution and the soft limit of the real-virtual corrections through an

operator Iy. All in all, combining the relevant terms, we find??

SR = o] ( (; [Is(e), Ta(e) ~ Ti(e)] + IEY(G)) P

1

ol (=5 [T + Hase + 1L,e) - Fie ) o

We find it convenient to rewrite the commutators that appear in eq. (5.10) as follows

1 - — 1= -
s T=Ti| = 5 [ Th| = = (L L]+ 20 + s, ] (5.11)

23In general, there are triple color correlators in e-finite terms present in ¥y that are not included in
eq. (5.10).
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where we introduced two additional I-operators

Ii(e)= 2209 (= RY 1Y (5.12)
such that
Iv(e) = Ti(e) + T (e) = 2L, (e). (5.13)

We combine the commutators and the operator Hs ., and write

SN = [os]® <<It}§1v + It(rCiC)) ‘FLM> ; (5.14)
where It(n) is defined as
L) = L 1]+ 204 + Is, 1] + Mo + Hi e - (5.15)

Eq. (5.14) collects all potentially divergent terms where the triple color-correlated contributions
can appear and provides the starting point for their analysis.

To proceed, we need to compute the commutators of the various I-operators that appear
in eq. (5.15). To do that, we write I; as (see egs. (3.29) and (3.33))

Ny
Ii=-5Y <T2 7’>+ Z( T2><T ) (Nt~ 1), (5.16)

(25)

where L;; = log (u?/s;;) with s;; = 2p; - p;, and A;; = 1 if both i and j are either incoming
or outgoing, and A;; = 0 otherwise. Since we are interested in commutators of I-operators, in
general the only non-vanishing contributions come from color-correlated terms. Therefore,
the first term on the right hand side in eq. (5.16) is irrelevant, and only the term with the
T;-T; product can play a role. Hence, we define

N,
F(cc) 1 & 1 Vi iNjime €l

and we can use this operator instead of I; to compute the commutators in eq. (5.14). To

this end, we compute the color-correlated versions of I using Tﬁcc) and find?*

Np

cC 1 ]'
I(+ ) = 5 Z (TZT]) (eLij + 5:5) + O(E) s
(’jé (5.18)
I 1 _
1% = 25 (Tt (h +65) + 0(9),
(i7)
where
ot = Lp2 4 i 2)2 57 = L N+ Lis Ais 5.19
”_iw—l—T—? U—*T(' ij ij T2 z]"‘ ij \ij - ( )

24We defined the color-correlated versions of I+ operators 21(“) (CC) + ( (CC>)
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We note that the objects shown in eq. (5.18) are sufficient to compute the poles in the triple
color-correlated contributions to Xy.

We can now proceed with the calculation of the commutators in eq. (5.14). Since
they involve objects such as [T'y-T, T;-T)], it is convenient to report the following general
relation: given two operators A and B defined as

Np Np
A=) ai(Ti-Tj),  B=) by(Ti-Tj), (5.20)
(49) (49)
where a;; and b;; are symmetric tensors,?® their commutator reads
Np
[A,B] =i Y (akj + aji) (bij + bj;) D | FI) = f TET? 15 . (5.21)
(ijk)
Note that in the above equation, we introduced the handy notation (ijk) to label triplets
with different 4, j and k in the sum.

Eq. (5.21) can be used to(cc))mpute the commutators in eq. (5.14), replacing I with their

cC

color-correlated analogues Ii , as discussed above. We find

(cc) cc) (kig) 2Lk] )\U
{Lr ’ } Z F [ € €
2 b (5.22)

2(65; + 053) (67 + %)] + O(e).
The second commutator that we need is [2I4 + Ig,I_]. To compute it, we extract the

color-correlated contributions to Ig. Proceeding along the same lines as in the derivation
of Ij(fc), we obtain

CC) ZT T, [log (1) +¢ij:| +0(e), (5.23)

with oF )
Qsij = -2 log (;mx> log(mj) — 5 logQ(mj) — Liz(l — nij) . (5.24)

Considering the expressions in eq. (5.18) and eq. (5.23), and following the discussion in
appendix C, it is easy to show that the equation

27\ 4 1§ — ZT STy (85 + 6i3) + O(e), (5.25)
(44)
holds. With this representation at hand, we can calculate the second color-correlated
commutator required in eq. (5.15)

[QIJ(:C) +Iécc),f(_cc)} __ T Z F(kig) [Q)SJ (52—] + ¢kj +5;;{,‘ + ¢jk)
(i) (5.26)
+ (05 4+ 05) (875 + s + 55 + 51 ] +0(e).

25If one starts with non-symmetric tensors, as is the case for the 6iij functions, then it is clear that only
their symmetric components will contribute to the sums of the type shown in eq. (5.20).
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It remains to determine a suitable representation for the triple color-correlated part
of the operator My, which we denote as Hatc. According to ref. [73], one can write Ha tc
as a commutator

1
Hope = —[[,C], (5.27)
2¢

where the two operators I' and C' are related to the e-expansion of the Tﬁcc) operator

—(cCc F
I == 4010, (5.28)
€
Since TY’C) = I, + I_, we easily obtain
1 1
I'=3 Y TiTj(Lij +imky),  C= 3 > T T (6;; + i 51.;) : (5.29)

(i) (i5)
Here, in analogy with eq. (5.21), we have used the shorthand notation (ij) to indicate that

the sum runs over all possible pairs of distinct partons. It is then straightforward to compute
the commutator of these two operators following the preceding discussion. The result reads

s

Np
2> PO Ly (67 + 07) + Mg (57 + 85 (5.30)

Hoge + Hype = = 5
(ijk)
We can now combine the three triple color-correlated terms in egs. (5.22), (5.26) and (5.30)

to obtain the final expression the operator It(fic) of eq. (5.15), i.e.

Np

ce s in [2L15 Nij  4PjpNij _ _

1) = 3> F("”)[ ’ZJQ I f Lo (0 +05) (0 + 05 — 2%)} o (5.31)
(ijk)

where we have used ¢, = ¢p; and have omitted O(e) terms.

RV

The calculation of X4 requires us to compute IYY up to finite terms in e. Such a

calculation is non-trivial; we describe it in appendix H. The result for IRY

i 1s given in

eq. (H.15). Once IEY is computed, it is then possible to show that % is free of e-poles. To
do that, we need to rewrite eq. (5.31) to make the role of the factors \;; clear. We recall
that \;; are phase factors that distinguish between time-like and space-like processes. In
fact, \;; = 1 if partons ¢ and j are both either incoming or outgoing, and zero otherwise.
Furthermore, important simplifications in eq. (5.31) occur because ¢, and Ly; = log(u?/sk;)
are symmetric and FIEIK}[J ) is antisymmetric with respect to k <> j exchange. Thus, for a
process with only outgoing (or only incoming) partons, we have A;; =1 for all 7, j and hence
the triple color-correlated poles in eq. (5.31) vanish. A similar analysis shows that e-poles
in I2Y also vanish if all resolved partons are in the final state.

To understand what happens in processes where both incoming and outgoing partons
are present, it is convenient to write A;; in the following way

)\ij =1-—96;1 —6;2 — 5j1 — 6]'2 + 26;1 (5]'2 + 26;90 (5]'1 , (532)

where 1 and 2 label the initial state partons. We have already argued that the first term
on the right-hand side provides a vanishing contribution to eq. (5.31). Terms in eq. (5.32)
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that depend on the index ¢ only also do not contribute since they do not break the k <+ j
(anti)symmetry. The terms that depend on the index j also vanish. To see this, we write

NP NP
STMIFED A CHM) = 37 ST (M| fape Ay Cj TETET?|M)
(ijk) (jk) i34,k
NLD
= = 2 (M fase Ars O3 TETF (T} + ) M) (5.33)
(k)
iCy
= =" > (MIAyCy (Ti- T = T - Tw) M) =0,
(Jk)

where Ay; stands for Ly, or ¢ + ¢j5. Furthermore, we have used color conservation

NP
ST TPM) = — (TP + 1) M) (5.34)
i#j.k

to go from the first line to the second in eq. (5.33), and the SU(3) commutation relations
for color charges in the next step.

Finally, we write L, = log(u/(2E;))+log(p/(2Ex)) —log(n;x). Using the same arguments
as above, it is easy to show that the first two of these terms do not contribute to It(fic). The
only terms that remain include log(7;;) and the final two terms of eq. (5.32). Combining all
these results, we finally arrive at an expression for the triple color-correlated poles

Ny 2
2 Mok 27 4F N1k
7l — 3 P2 [ -5 log (2) — (2 log (;;M) log (1>

k#1,2 Mk 112k (5.35)

+ log? my — log® moy + 2Li(1 — myp) — 2Li(1 — UQk))] +0(e").

Comparing this result with the expression for IY in eq. (H.15), we find that their poles
are equal and opposite in sign.?® This establishes the cancellation of e-poles in triple color-

correlated contributions for a generic 1, + 25 — X + N g process.

5.3 Other color-correlated double-unresolved contributions

We continue with the discussion of divergent contributions to Xy that contain double and
quartic color-correlated matrix elements squared with double-unresolved kinematics. As
these contributions must involve either a loop amplitude or a soft limit, we are interested
in those terms in egs. ((4.86), (4.96), (4.102), (4.110), (4.120), (4.125)) that contain either
Iy or Ig or both.

260ne could equally well understand this as the O(¢~2) poles cancelling between the commutator terms in
19 (see eq. (5.15)) and IR, leaving a simple pole which cancels against the contribution originating from

the double-virtual amplitude, cf. eq. (5.30).
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The sum of the elastic (i.e. unboosted) terms involving color correlations, which we
(V4+8S),el
denote as Xy , reads

1
Dyl s 5 B+ IvIs+ Is Iy + I3+ 2o Iy +2101s |- Fiu)

+[as]2@F(1_6)

([ s+ v (@) +Fv(2e)+2(6) Ts(26)] - Fiar)

e o (e . (5.36)
Ha¥( [KFS% ) Fv(26)+Ca ) Aile) ey ©)
<T5(20)| Fi )+l [Fv(6) +Is(e)]-FER).
where o
&(e) = e (ea(e) + e cse) — 22 %ed70(e)) - (5.37)

Before continuing, we recall that the soft and virtual operators I and Iy have color-correlated
poles starting at O(e~!), while I does not contain any color-correlated terms and I is
finite. It follows that the combination Iy+g = Iv + Is = It — I¢ contains color-correlated
contributions starting at O(e?).

Using these properties, it is easy to see that the first and last lines of eq. (5.36) do not
contain divergent color-correlated contributions. Indeed, the sum of I-operators in the first
line gives I3 — I2, while the final line yields Iy s. Further details about this rearrangement
and the origin of each term can be found in ref. [78]. We note that all quartic color correlations
~ (T;-T;) (T} - T) appear in the first line, so this demonstrates the complete cancellation
of infrared singularities associated with this color structure.

We continue with the discussion of terms proportional to 3y that appear in the second
line of eq. (5.36). Here we can reconstruct two different versions of Iy;g. Indeed, the first
two terms in square brackets return Iyig(€), while the third and fourth terms suggest that
the combination Iyg(2¢) can be assembled. To do so, we add and subtract the soft operators
Is(2€) and Ig(2€) such that

B e = [as]Qi“F(;;EE) ([=[Is(e) + Iv(€)] + Iv(2€) + &(e)Is(26) | - Finr)
= [as]z%w< [ — Iyys(e) + Ivis(2€) + (¢(e) — 1) Is(2€) (5.38)

+ Is(2¢) — 15(26)] : FLM> .

We now argue that this contribution does not contain divergent color-correlated terms.
First, since Iy, s(2¢) and Iyg(e) must coincide at O(e"), the difference Iy, s(2¢) — Iyvis(e)
contains color-correlated terms at O(e) only. Second, it is easy to check that

ée) —1=0(e), (5.39)

and since color-correlated terms in Is(2¢) appear for the first time at order O(e1), the
third term in eq. (5.38) also does not give rise to color-correlated poles. Finally, as we have
mentioned previously (cf. eq. (4.95)), the difference

I5(2€) — I(2¢) = O(e), (5.40)
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which implies that the combination of the fourth and the fifth term in eq. (5.38) is also
finite. Hence, we have proved that all terms proportional to [y in eq. (5.36) are free of
divergent color-correlated contributions. Finally, for future purposes, it is convenient to
introduce the following decomposition

EE\YJFS)’CI’BO _ [as]Q@M < {—Iv+s(6)+IV+S(2€)+ (é(e)—1) fS(QE)} -FLM>

€ eETE (541)
+3im®)
where foT(1— o)
fin,(6 0 — € T
i) - o2 (|Is(2€) = Is(26)] - Fiar) - (5.42)
The term in the third line in eq. (5.36) can be analyzed in a similar manner. We write
A ~
K Iv(26) +Cy (Cle(;) — 122(6) — 22+26690A (6)) IS(26)
A ~ ~
= K Iy.s(2€) + [CA (Cle(;) - ];’(6) - 22+265§A(e)> - K] Is(2¢) + K (13(26) - 15(26)) ,
(5.43)

where we dropped the factor I'(1 —¢€)/e“'® as it contributes at O(e”) only. We observe that the
first and the third terms on the right-hand side of the above equation do not contain singular
color-correlated terms for the reasons discussed above. The second term on the right-hand
side in eq. (5.43) also does not contain divergent color-correlated contributions because

ale)  Ag(e) 2+2¢ 5C )
C — — ey A — K =0(e). 5.44
A (-5 £ (e) (© (544
This completes the analysis of the unboosted color-correlated contributions.

Additionally, there are boosted terms with color correlations in eqgs. (4.110) and (4.120).
It is straightforward to show that the sum of these terms assumes a particularly simple form

2
008 Oés en e
Y+ boost _ [0s]” 6] (P& @ [Ives(e) - Fin] + [Ivas(e) - Fu] @ P (5.45)

Given the properties of Iy g(€) stated above, it is clear that ZS\\,/JrS)’bOOSt contains color-
correlated divergences at O(e!). These divergences get canceled upon combining eq. (5.45)
with similar contributions that arise as the result of the collinear renormalization of parton
distribution functions. We briefly discuss this point at the end of section 5.4, after eq. (5.60).

Hence, the analysis performed in the current and previous sections proves the cancellation
of all color-correlated divergent terms in a generic process 15+ 2, — X + N g. The remaining
divergences in the double-unresolved contribution ¥ are not color-correlated and, instead,
are proportional to the squares of color charges of the external partons. These are related
to collinear emissions and we continue with their analysis in the next section.

5.4 Collinear double-unresolved contributions

Having demonstrated the cancellation of poles in the color-correlated contributions to Xy
in the previous two sections, we need to discuss the remaining terms in this quantity. Such
terms are related to collinear emissions and, therefore, are proportional to the squares of color
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charges of the external hard partons. In this subsection we manipulate the corresponding
contributions to eq. (4.74) in order to write them in terms of collinear operators I and
splitting functions P%™. This will pave the way for demonstrating the cancellation of the
poles, which we undertake in subsections 5.5.

The first term that we have yet to discuss is the last one in the third line of eq. (4.74).
We find it convenient to split it into two pieces

N
1 & /= —
5 2 (SaSuCinCinA™ Fiag(m, ) )
ij=1
Np 1 Np (546)
=3 <§n§m0jncim A F(m n)> +5 > <§n§m0mq-m A (m, n)> '
ij=1 i=1

In the first term on the right-hand side of eq. (5.46) the unresolved partons m and n become
collinear to two different resolved partons i and j, and we have used the symmetry of the
limits to remove the factor 1/2. In the second term in eq. (5.46) both m and n become
collinear to the same parton i. It is straightforward to evaluate the first term since all we
need to do is perform the NLO-like computation twice. The result reads

NP
> <§“§mcjn0imA(m“)FLM(m, ﬂ)>
z,i]<:j1
[045]2 1 o gen gen
T §Z<Fi,fi1“j,fj Fim) +(Péa" @ Flm @ Py, ) (5.47)

()

NP
Z (P& @ [Tig, - Fum]) + > ([Tiy - Fim] ® Pgen>}'
21 o)

The last term in eq. (5.46) requires more care, as it involves a product of two operators
that describe the soft-subtracted collinear limits of gluons m and n relative to the same hard
parton. We would like to relate this contribution to the iteration of two collinear emissions
and write it in terms of the functions P%™ and T'; f,, as done in eq. (5.47). It turns out that
this is nearly possible but that the intertwined phase space of the two collinear gluons leads
to one additional term when such a rewriting is performed. Indeed, for i = 1 we find

1 /— —
5 {SnSaCimCinA™ Fag(m,n) ) = [2 l (T3, Funr)
2
2 g 1o Fiar)) + B (P £ P 0 i)
2
+[‘;‘:l (G1(2)® FLum) -
(5.48)
The “bar”-convolution [f®g] is defined as
[f(21, Ei) ® g(22, E3)] (2 /dzl dzo f(z1, Bi)g(22, 21E;)0(z — z122) . (5.49)
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The first three terms on the right-hand side of eq. (5.48) represent the “naive” product of two
soft-subtracted collinear limits and the function G; incorporates the modifications required
by the non-trivial dependence of the double-collinear phase space of two unresolved gluons
on their energies. To obtain the results for ¢ = 2 we can use eq. (5.48) and replace i = 1 with
1 = 2 and exchange “left” and “right” convolutions. The functions G; read

with 2 1o -
2zF; 761—‘(1—6) 21_ —2¢eL,.;
T 1 (2) = T | 5.51
7fz(z) < ,U/ ) F(l —26) pyfz + i € ( )

In the above equation L,.; = log Enax/(2F;). A similar computation for the final-state
parton i yields

2
(SnSnCimCin A™) Fypp(m,n)) = [26] (T2, Fim) + [;;l (GiFin), (5.52)

2B\ X T2(1— )17 [ o T?
;= o= L; 9,2l
G |: ( L ) F(l _ 26):| 72,g—>gg(67 ) + € €

where

(5.53)
X {73,29—>gg(6>Li) - ’Yz2,2g—>gg(€aLi)] )
and ¢ = 3,..., Np. Combining egs. (5.47), (5.48) and (5.52) and summing over the final-state
partons, we find the following result for the last term in the third line of eq. (4.74)
Np
- Z (SmSa CimCiaA™ Fipi(m,n) )
t,j=1
2f1 /09
=a’{ 5 (12(9) Fiur)

Np

%Z GiFim) [<7’§§“ [To(e) Fin] )+ ([To(e) Fin] ©PE™)] (5.54)
L (PR ©PEM 0 Fuae) +(Fuas [PE" 9 PE™)))
2i€2 [<G1®FLM> <FLM®G2>} 2 <’P§SH®FLM®chn>} .

As we will show in the next subsection, the above equation is already in a suitable form to
discuss the cancellation of some 1/¢ collinear contributions to 3.

We now briefly discuss the terms in the fourth and fifth lines of eq. (4.74). The term
in the fourth line contains two soft-subtracted collinear operators C;,Cin and a factor
[2(1in/2)72¢ — 1]. The two soft-subtracted collinear limits produce an O(¢~2) term but the
prefactor is arranged in such a way that the actual singularity is just O(e~!). In what follows
we will mostly focus on the cancellation of 1/€? collinear singularities and for this reason we
do not need to discuss how this term can be rewritten. Furthermore, the term on the fifth line
includes a commutator of the limits C;, and C;,. Since we consider final-state gluons only,
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this contribution is identically zero for the purposes of this paper. However, we note that
this term would no longer vanish when one considers processes with both quarks and gluons
in the final state. The only term in eq. (4.74) that we have yet to consider is the one on the
penultimate line, which originates from the soft-regulated double collinear limits in sectors (b)
and (d). The first part of the computation proceeds similarly to the NLO case, and results in

<Cmn {FLM(m, 1) — 25,Omn Fr(m, 1’1)}>

" oo (5.55)
L) R )

where 722, (€) = v2% _,,4(€, Li = 0) and we have renamed the clustered parton [mn] — m.*"

To complete the calculation, we need to evaluate the soft-regulated collinear limit Sy Cipn.
Recalling that o;; = 1;;/(1 — 1;5), we find Cino;,y

—€

m = Mim and obtain

§";Nm““<€> SnCinomtA™ g [ F 25,Omn Fi
= 2 < im0 ;m [ LM(man)_ nYmn LM(man):|>

_ oy 2 (OUDE) - Fund) (5.56)

2
as en n
- [G]N(b @ <PYZ 9—>gg(€) [péa) BN @ Fim + Fiv ® 73(4) ge D ,

where Ié4) and ,Plgé),gen are defined in eqs. (4.121) and (4.123), respectively, and the normal-
ization constants are collected in appendix A.l.

This concludes the discussion of the collinear contributions to X y; through O(e=2) they
are given by the sum of egs. (5.54) and (5.56). In addition to these terms, there are also
remnants of virtual and soft contributions that are not color correlated. All these terms
will have to be combined together with the collinear renormalizations of parton distribution
functions to demonstrate the cancellation of singularities.

Before discussing the details of this cancellation, we will write down the term in eq. (4.1)
that arises from the collinear renormalization of the parton distribution functions at O(a?2).
It reads

s

IPl ,za ®d0NLO +dO'NLO & ﬂsl,xb]

A
+[ 2: ] Z |:|Pl :L‘a®d0' ®[Pl yb‘HPQ xa®d0' +d0’LO®[PQ mb:|
x?y
where we have used the following short-hand notation
R PO . (0) ® P( ) _ 3.P9 pw
Pros() = 2 gy - P OB IO ZFn &) Fu ) (g g

We note that at variance with eq. (3.35), d7™“© does not include the PDFs renormalization.
Furthermore, the summation in eq. (5.57) is performed over all initial-state parton flavors.

2TWe are free to do so because both m and n are gluons, and hence the clustered parton [mn] is also a gluon.
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However, since we consider processes with g initial states and gluonic final states, the
Altarelli-Parisi splitting functions always have identical indices. We can therefore write the
contribution from the PDFs renormalization as follows

A

. [asw} {Péé’) ®do0  dofO @ Péz?)}
daab = +
2w € €
2 H(0) o H(0) »(0) H(1)
A (,U) Pod’ @ Paa’ — PoPaa Paa
" [ 27 } { [ 2¢2 “ e | @ (Fin) (5.59)
Y @by — pBy  BY] PR e (Fu) @ BY
+ (Fim) ® 5 - + 5 .
2€ 2€ €

The NLO cross section d&f;IbLO can be obtained from the results of section 3 and reads

[ovs]

dony© = [as](Ir(e) - Fum) + (FiY) +

- <ONLO A(m)FLM(m)> .

gen gen
[(Paa ® Fim) + (Fim © Py >} (5.60)

As mentioned earlier, we do not include the O(a;) contribution of the collinear renormalization
of PDFs in the definition of d&gIbLO, and therefore this quantity still contains unsubtracted
hard-collinear poles. We also note that we already used the convolution of the Altarelli-Parisi
splitting function with the Onpo term in eq. (5.60) to cancel e-poles in single-unresolved
contributions to d6yY5© shown in eq. (5.8).

Before continuing with the discussion of the double-unresolved collinear contributions, we
can use eq. (5.59) to complete the demonstration of the cancellation of the color-correlated
divergences, see the discussion after eq. (5.45). We note that terms in the first line of
eq. (5.59) contain divergent contributions that involve a convolution of a splitting function
and a next-to-leading order cross section. The latter contains the It operator which has
color-correlated terms at O(e"). These terms are identical to those that appear in the operator
Iyis in eq. (5.45). Using the relation between P%" and Pég) shown in eq. (3.38), it is easy
to check that the color-correlated contribution to the e-poles cancel when eq. (5.45) and
the first line of eq. (5.59) are combined.

5.5 Pole cancellation in double-unresolved color-uncorrelated contributions

We are now in the position to discuss the double-unresolved terms that are free of color
correlations. These terms must be collected from egs. ((4.86), (4.96), (4.102), (4.110), (4.120),
(4.125), (5.54), (5.56)) and eq. (5.59). They include terms with double-boosted kinematics
(db), terms with a single boost from either the right (rb) or the left (Ib), as well as elastic
terms (el). We discuss these contributions separately. We write

S =05+ 5 4+ S0+ I (5.61)

where the superscript “c” emphasizes that the first term on the right-hand side originates
from collinear limits. We begin by considering the double-boosted term, which only receives
contributions from the double-collinear limits in eq. (5.54) and the PDFs renormalization
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in eq. (5.59). Their sum reads

2
s LA B
sdb _ Lo ] (PE™ © Fin @ PE™) + | & ) (P © Fu ® By)
€ 62

o] Fen 2 (5.62)
| | as(p (0) gen gen (0)
+ €2 { ot } [<Paa ®FLM®P > <Pzza ®FLM®Pbb >}
Using the expansion
peen = PO 1 PNLO L O(?), (5.63)

and the fact that as(u)/(27) = [as] + O(€2), we can simplify the expression of £4P and find
SN = () (Po© @ Fin @ Py ©), (5.64)

which is finite in e.

We continue with the single-boosted terms, and demonstrate the pole cancellation up
to O(e~1). Focusing on the left boost, i.e. the boost applied to the initial-state parton with
momentum p;, and combining selected contributions from eqs. ((4.110), (4.120), (5.54), (5.56))
and eq. (5.59), we obtain the following result

S = [as]? (P @ [Irn(e) - Fum]) + [as](Pa© @ i)

1

2
. 22<{[as12 Prm e P + [“5] [E0 0 AY)

o))

63 <{0Ah ( ) gen P;(I;’gen) + EGl] ® FLM>

[ N)rw P2 @ Fiar) — [ozs]{ 2;)]/82<P§§“®FLM>

2
[ l S(g & </72 g—>gg(6)7)(4) T ® FLM> > (565)

where we have dropped irrelevant O(e) terms in the first line, and we used the bar-convolution,
defined in eq. (5.49).

The two terms on the first line of eq. (5.65) are clearly finite in e. As for the sum of
the second and third lines, we recall that

plkgen — _pO) L O) (5.66)

and hence
() [PE" @ PEM = [a P[P + O(e)

s AoV a iy = A (5.67)
2fou) [ 2500 [P & PEY) = —2fas P[EDEPD] + 00,
The two convolutions of Altarelli-Parisi splitting functions are related by
2
as(p - . Ly =
[Qﬂ B9 © A1) - [ouP[BQEED] )
(5.68)

[vs] /dz1 dzg (1= 272) PO (21) PO (22) 6(2 — z122) + O(e) = O(e).

It follows that the O(e~2) poles on the second and third lines of eq. (5.65) vanish.
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To discuss the cancellation of the poles in the fourth line on the right-hand side of
eq. (5.65) we require the functions PL»gen, Péﬁ)’gen, and (1. These quantities are defined in
egs. (4.109), (4.123) and (5.50), respectively. Using both eq. (5.66) and the relation

Pileen = PO + O(e), (5.69)
we see that O(e~3) poles disappears. Furthermore, using
he(e) (PS8 (2, ) — PIL#0 (2, By) ) = 2¢log(2) PO (2) + O(e2), 5.0
€Gyi(z, By) = —2¢log(2) PO (2) + O(?),

we observe the cancellation of O(e~2) poles in the fourth line of eq. (5.65). The cancellation

of the O(e2) poles in the last two lines of eq. (5.65) follows from the expansions 722,/ (€) =
11/6 C4 + O(e) and N&D = 14 O(e), and recalling that Sy = 11/6C4 in our setup.
Demonstrating the complete cancellation of the single poles takes more effort. We comment
on this point at the end of this section.

Finally, we discuss the pole cancellation in elastic terms. We begin by summing terms
that arise from hard-collinear limits and that do not involve contributions from virtual loops.

These terms can be found in egs. (4.110), (4.120), (5.54) and (5.56). The result reads
()  BoT(1—¢)
cel 2 C PO .
EN = lal { <[ 2 € eE Io(e)| - Fim
1 (4)
62< Cahele) (18(6) = To(2€)) + ZG] FLM> (5.71)

+ % <N(b @ ['Vz,g%gg( )I((JA‘)(G)} ' FLM> }

+ las](Te(e) - Fiiy) -

(V+8) el

In eq. (5.36) we defined the color-correlated component of the elastic term Xy , and in

the discussion that followed we demonstrated that the color-correlated poles Vanlsh. However,

(V+S),el

this still left color-uncorrelated poles in ¥ , starting at O(e~2). Combining this term

with Zy\,l we find
c,e 11 1
Eg\\[/+s), 55 1 = [os] (Ir(e) - FEIV> + [%]2{2<I"2F(6) - Fim) + K(It(2€) - Fim)

LB F(EEV—E €) <<I (26) - IT(G)) '

FLM>
’B—Q <(E(e) —1) Is(2e) - FLM> »fin.(6)

eVE

€ + 3y

<[ < _Axk(e) 22+2e590A(e)> — K] I5(2€) 'FLM>
+ (K

1

2

SRS
I(1—¢)

( (26)) 'FLM>
+ % < {Ng’d)rgi}%gg(e)lg)(e) - 5066%310(26)} i } .

N

Cahe(e) (I (€) = Io(2€)) = KeIo(2€) +

l

[N
w

(5.72)
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The terms in the first line are manifestly finite. We explained in section 5.3 that I1(2¢) —
It(e) = O(e); thus the second line is finite as well. The third, fourth, and fifth lines give
rise to O(e~1) poles only; this follows from the fact that the highest pole in Ig is O(e™2),
but the coefficients of I suppress this singularity as can be seen by using egs. (5.39), (5.40)
and (5.44). Likewise, the fifth line contains poles of O(¢~1), since

Np 2
~ 65
Cahe(e) (I (6) — To(20)) = > CaT? (—72 + 7;) + O, (5.73)
=3
and )
65
s =204T? | = — =— .74
Gi =204 Z<72 3>+(9(e), (5.74)

while €2I¢(2¢) = O(e). Finally, using eq. (4.124) and expansions already employed in this
section, we can easily check that the last line of eq. (5.72) contains O(e~1) poles only.

At this point, it is useful to review what we have accomplished regarding the double-
unresolved contributions. In sections 5.2 and 5.3, we have combined contributions of soft
limits of real-emission amplitudes and contributions of loop amplitudes to demonstrate the
cancellation of all e-poles that contain correlators of color-charge operators. We are then
left with e-poles proportional to squares of the color charges of the external partons. In this
section, we combined these remaining divergences with the ones from hard-collinear limits
and showed that all poles multiplying double-boosted matrix elements vanish, and that poles
multiplying single-boosted and elastic contributions vanish up to O(e71).

We have done this by combining structures that emerge from virtual, soft, and collinear
singularities into finite operators such as I, or, where this has not been possible, we have
used simple relationships between the e-expansions of the various operators. This dramatically
simplifies the cancellation of the singularities. As a result we are able to demonstrate the
cancellation of poles without resorting to excessive evaluations of multiple singular terms,
which would have been needed had we followed the approach of refs. [1, 61].

In order to investigate how the remaining O(¢~!) color-uncorrelated poles cancel, we
need to consider the O(e~1) terms from eqgs. (5.65) and (5.72), the triple-collinear and spin-
correlated terms ES\%) and Zg\?) in eq. (4.74), the term in the fourth line in eq. (4.74), and the
contribution from the NLO Altarelli-Parisi kernel Pq(;) in the collinear renormalization of
parton distribution functions.?® Although it should be possible to organize the cancellation
of the remaining 1/¢ terms following what has been done for higher poles, it becomes much
more cumbersome to do so. For this reason, we simply note that the cancellation of the
remaining O(e~1) poles has been checked by means of a straightforward, but tedious, algebraic
computation. We emphasize that this computation is done with N as a parameter, and
thus holds for an arbitrary number of gluons. Everything that is needed to confirm this
cancellation is provided in the main body of this paper and the relevant appendices.

Having cancelled all the poles, we can take the ¢ — 0 limit and obtain a finite result
for the NNLO contribution to the cross section d&%NLO for the process 1, +2; — X + Ng.
We present this result in the following section.

28Gince we consider gluonic final states only, we need to remove the contribution of final state quarks from
Pq(;). The resulting expression pmﬁs is shown in eq. (A.20).
qaq,
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6 Final result

In this section we present a formula for the finite NNLO QCD contribution d&}quLO to the

partonic cross section of the process 1, + 2; — X + Ng. This formula is the main result of

this paper. As explained in the preceding sections, we arrive at this result by considering
NNLO
qq

and manipulating them to remove all singularities without impacting the fully-differential

double-real, double-virtual, real-virtual and PDF-renormalization contributions to dé

nature of the result. An important feature of our approach is the organization of the
subtraction terms into iterations of NLO-like structures, which allows us to ameliorate the
proliferation of subtraction terms that plagues NNLO calculations. As a result, the NNLO
remainder can be written in a very compact form.

We split d60V-O into contributions with N 42, N +1 and N resolved final-state partons

qq
(cf. eq. (4.11)) and write

~NNLO ~NNLO ~NNLO ~NNLO
dgqq = dUN+2 + dUN+1 + dUN . (61)

The first term on the right-hand side is the finite, fully-regulated contribution given in
eq. (4.15). The single-unresolved cross section d6NN5© can be found in eq. (5.8). The

double-unresolved contribution d&%NLO is obtained by combining the many different terms

calculated in the previous sections. As was explained there, it is convenient to write d&RI,NLO

as the sum of double-boosted, single-boosted and elastic terms
doN""0 = dagp O + dai O + da MO (6.2)

We now present each contribution separately, using several functions that we collect in
appendix I. The double-boosted contribution is described by the very simple expression

2
~NNLO as (1) NLO NLO
25 doNNLO — [QW} (PNLO @ Fyyy g PNLOY (6.3)
where P(II\LLO is the finite remainder of NLO splitting functions, and can be found in eq. (I.3).
As expected, this contribution is independent of the multiplicity of the final state.

The expression for the single-boosted contribution is slightly more complex and cor-
responds to

2
a
25 d6NNLO — [(“)} {(7?}17}0 @ 1Y Fiu]) + (1Y - Fuu] © PREO)

s
%Y 1||n,fin 2||n,fin %Y
+<7qu®[yvl 'FLM]>+<[W2 'FLM]®qu>

(6.4)
+ <P§;NLO ® FLM> + <FLM & P%NLO>

+ (PO @ Ff) + (Rl 0 PXL) ],

Here, we remind the reader that Iéo) is the ¢ — 0 limit of the finite operator Ip(e). Its

explicit expression is reported in eq. (A.66). The function WZ Hu’ﬁn, appearing in the second
line of eq. (6.4), is given in eq. (G.12), while the NNLO splitting function Pg]NLO is reported
in eq. (L5).
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Finally, the elastic contribution reads

2
25 da_é\llNLO — [QS(M)] {<|:I?n Iﬁn Iﬁn] FLM>

A trl unc

+ Z <|: i) B30 W1||n Jin 550) W;“Hﬂ,ﬁn + 6giW7Ez)} ) FLM> } (6.5)

T [“;ﬁr (14 F) + (SmaOom Fosa(mm)is + (Ff) + ().
In this equation ;2 = 1 if 7 is the final-state parton (¢ > 2) and 0 otherwise. In the first line
we have the combination of a double color-correlated contribution, a triple color-correlated
component, and a color-uncorrelated part. They are presented in eq. (1.8), (1.9), and (1.12)
respectively. In the second line of eq. (6.5), the functions y"V, WZ “n’ﬁn, W,Zn Infin - and Wri)
appear. They are given in egs. (1.15), (G.12), (G.10) and (F.41). The constants 55(70) and
6;- are reported in eq. (I.16). The term (SpunOmnFram(m, n)>§2 in eq. (6.5) refers to the
finite remainder of the double-soft integrated subtraction term. It can be extracted from
ref. [70], and its explicit expression is reported in eq. (I1.17). Finally, F, ﬁnQ and Fyj; are the
process-dependent finite remainders of virtual amplitudes.

We claim that the above result for daNNLO

can be used, without further ado, to implement
the finite remainder of NNLO QCD correctlons to a process q¢ — X + Ng in a computer code.
In theory, this can be done for arbitrary N, but the practical realization of this idea will have
to wait until finite remainders for two-loop amplitudes for such processes become available.

Nevertheless, it is important to emphasize that the form of the final results is well-suited
for numerical implementation, in the sense that the parameter N that controls the final
state multiplicity only appears in relatively few places. Indeed, the splitting functions that
appear in the boosted contributions are universal and are determined only by the flavor of
the external partons and their energies. In the elastic contribution, the final state multiplicity
only affects the upper limit in the sum over partons, see e.g. egs. (6.5), (I.8), (1.9) and (1.12).
It follows that implementing the color-uncorrelated elastic terms in a numerical code is also
quite simple for any N. It could be less trivial to implement contributions containing color

(0))

correlations (e.g. I1’), as these require one to evaluate color-correlated matrix elements for
high-multiplicity processes. However, even in this case a numerical implementation for a
given N should be straightforward, using e.g. the ideas of color ordering.

Results of the general computation reported here can be compared with those obtained
for specific values of N. The N = 0 case corresponds to the Drell-Yan process, and the
N =1 case to the gluonic contribution to the V + jet production. It is well-known that,
in both cases, the correlators of color-charge operators can be expressed through Casimir
operators. For example, in the case of q1qgo — V + g3, we find

T - TQ—%—CF, T, - T3=T,- Tg——% (66)
Using such expressions it is straightforward to replace all products of color-charge operators
in egs. (6.3), (6.4), (6.5) with the corresponding Casimir operators. One can also easily
check that the partition functions defined for generic N turn into structures already used
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in earlier computations. It follows from the definition in eq. (B.10) that A(¥) =1 for the
Drell-Yan process and

Almn) = s , (6.7)
P13+DPLlm+DPLn
for V + jet partitioning. Similarly, it is easy to see that w-partitions are the same as those
used in refs. [1, 61] for N = 0 and ref. [79] for N = 1.

We have reproduced the analytic results for the finite NNLO remainders for Drell-Yan
production that were reported in ref. [61] starting from egs. (6.3), (6.4), (6.5), and setting
N = 0. We have also checked that, upon setting N = 1, the general formulas reproduce the
results of a dedicated computation of the NNLO QCD corrections to the process qg — V + ¢
that we performed earlier. Although this computation was also based on the nested soft-
collinear subtraction scheme, it was organized very differently, with an emphasis on separately
integrating all the different subtraction terms over unresolved phase spaces before combining
and simplifying them. The two approaches are sufficiently independent to provide an
important check of the general-N formula that we reported in this section.

7 Conclusions

In this paper, we have shown how to use the nested soft-collinear subtraction scheme to
describe the production of a generic color-singlet state accompanied by an arbitrary number of
gluons in quark-antiquark annihilation at NNLO QCD. We have identified recurring structures
associated with the sums of single-soft, single-collinear and one-loop virtual corrections. We
have also shown that by organizing the calculation in such a way that the iterative nature of
these finite contributions is fully exposed, much of the complexity of NNLO computations
related to an interplay of soft and collinear singularities can be ameliorated. This has allowed
us to demonstrate the cancellation of all color-correlated poles, as well as color-uncorrelated
poles through O(e~2), in a straightforward manner. We have also confirmed the cancellation
of the remaining e-poles, and obtained compact expressions for the finite subtraction terms,
which we have checked, where possible, against previous results and independent calculations.
To the best of our knowledge, it is the first time that such expressions have been presented
for the production of an arbitrary number of gluons at a hadron collider.?’

Although we considered a qq initial state in this paper, many of our arguments apply to
gg annihilation as well; the only modifications required for this channel would be the use of
gluon splitting functions in place of the quark ones as well as the necessary changes in the
color charges where appropriate. These modifications are clearly minor and do not impact
the logic of the computation that we report in this paper.

The results of this study provide a necessary step towards the complete generalization of
the nested soft-collinear subtraction scheme to arbitrary initial and final states. Indeed, on the
one hand, the gluonic final state ensures that the maximal number of infrared and collinear
singularities are present, so processes with final state quarks should have a simpler singularity
structure. On the other hand, we relied on the symmetries of the final state and particular
features of the initial state, and this will not be possible if generic processes are considered.

298ee ref. [59] for a related analysis in the context of the antenna subtraction scheme.
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Although nothing will change as a matter of principle, the combinatorics of collinear limits
will become more complicated. We look forward to addressing these issues in future studies.
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A Constants, angular integrals, splitting functions, anomalous dimensions
and fundamental operators

In this section we provide a collection of formulas that are used throughout the main text
of this paper. They include:

(i) various constants in appendix A.1;
(ii) angular integrals in appendix A.2;
(iii) the relevant Altarelli-Parisi splitting functions in appendix A.3;
(iv) generalized splitting functions and anomalous dimensions in appendix A.4;

(v) operators arising from soft and collinear limits as well as from virtual corrections, and
useful relations between them in appendix A.5;

A.1 Useful constants

Here we summarize the various constants that we have introduced throughout the manuscript.
First we discuss the notations related to color. Following ref. [80], we denote the color-
charge operators with T';; squares of color-charge operators are the Casimir operators of
the corresponding representations of SU(3). They read T?I = Tg =Cp, T?] = (4, where
Cr = (N?-1)/(2N,), C4 = N, and N, = 3 is the number of colors. Quark and gluon
anomalous dimensions read v, = 3/2CF and v, = 11/6 C4 — 2/3Trnys, where Tp = 1/2
and ny is the number of massless quark flavors.
We renormalize the strong coupling in the MS scheme, i.e.

2 2
92 = g3y’ ll _ a;(:) % i (aé:n)) (fg _ gi) + (’)(ai)} : (A1)
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where S = (4m) “e“® and
2
3

)
sCATrny — CpTgny . (A.2)

17
TRnf:fyga Blzgci_g

11
Bo = FCA -

We note that we only consider gluons in the final state, so that ny is set to zero throughout
this paper. Furthermore, it is convenient to define the following coupling

Qg (/’l’) eE’YE

[as] = o TA—o) (A.3)
Then, combining eqs. (A.1) and (A.3), we find
I'(1—e)
2y = 87%[axs] G 1+ 0(ay)]. (A.4)

In the main text of this paper we encounter a number of angular integrals, for which
we introduce the following normalization constants:

I'(1—¢)T(1+2¢) w2
N, Tt o 1+3e +0(e),
o2 L1 +2)I(1 —2¢) 1y o 2 3
Nanjjn(€) =2 T+ o1 —0) —1+2610g2+26 (7% +4log”2) + O(€”) , (A.5)
— _ 201 —
No(e) = Q-1 —2¢) 2I"(1—¢) 140,

T'(1— 3¢) T'(1— 2e)

We note that all the above normalization constants are equal to one to zeroth order in e.
To describe virtual corrections we have used the convention of refs. [71, 75]

) {—i—l 1 and j are both incoming or outgoing,
ij =

0 otherwise,

(A.6)
+1 < and j are both incoming or outgoing,
Kij = (Nij = Xim — Ajm) = .
—1 otherwise.
For double-virtual amplitudes we have used the following constants [71]
67 w2 10
K= — — — C’A——TRnf,
18 6 9
e~ ET(1 — 2¢) w2 7 (A7)
= - 12 LB 4y
¢ T — o) +46+3C36 + O(€)
To describe integrated double-soft limits (see eq. (4.90)), we have introduced
2 32 217 137 11¢3
=1+ |——Z]+ (%5 — —log2—22log?2 )3
c1(e€) +<6 9 e+<27 o o8 0g 2+ —= | €,
2
CQ(E) =1+ %62 , (A8>

c3(€) = 4log2 + 8elog? 2.
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We emphasize that ci 23 do not contain powers of € beyond those shown above.
To compute soft and collinear limits of the real-virtual contribution Fry, we used

I3 (14621 —¢) 2

Ax(9) = 71 120 201 = 2¢) =1- 3¢ +06), (A9)
2(1 —2¢ € '
he(e) = L (1F(12_)1;(€1)+ ) +O(e).
We also have defined (see eq. (4.125))
2
554 (€) = <17321 + 6) +0(e),  05°e) =log2+ Ole). (A.10)

When combining the unboosted terms involving color correlations (see section 5.3), we require
the following combinations of some of the above constants

66’7}3

©=Ta=9

i <Cl€(2€) B A;;(e) _ 22+266§A(6)> ~ K =0().

é (62(6) + ec3(e) — 222 550 (e)) =1+0(),

(A.11)

A.2 A collection of simple angular integrals

Throughout the manuscript we make use of various integrals over the angles of unresolved
gluons. We summarize some of the useful formulas here. First, we define the normalized
element of the solid angle in (d — 1)- and (d — 2)-dimensions

(d-1) (d—2)
(d-1) — 9 (d-2) — Ay
A" V= S2m)i T [dQ," 7] = 22m)iT (A.12)
Then, we find
_ _ 1 (4n)©
Q 2)5/ Qu-2)— — W Al
Furthermore, we use
[ngd—l)] pii 21726 -
/ [Q(d_2)] Piapja - € nzg B
(d-1) —2 121 _
[dQyg ]i_72 Ir(1—e (A.14)
[QE-2] pi, € T(1-2€)° '
/ (ol (pm>—€ 1 21— T(1- 2¢)
[Q(d—2)] 4 Pia 2¢ (1 — 3e¢) ’
where Kjj is given by (cf. eq. (3.14))
I'?(1—e¢ .
Kij = 1‘(1(—25377’1]+ 2F1(1,1,1—6,1—77i]’). (A15)
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Other integrals that we require involve the collinear limits acting on the angular phase
space measure; they can be computed using the phase space parametrization described in
appendix E. Here we just give two examples that appear frequently

1, 1 272 11 (4n)°
Aol = [ } Al
/[de J ] Pij € 82 (1 —e)]’ (A.16)
and (4m)
_ 1 ik 171 4r)€ _
S0 0 (g < M) =2 | i Al
/[CZJ da; ] Pij O mi < 2 e [8m2 I'(1 —¢) Pik (A.17)

A.3 Altarelli-Parisi splitting functions
In this section we report the Altarelli-Parisi splitting functions that we use in this paper.

The only leading order splitting function that we require reads

H(0
PO(z) =CF

9D(2) — (14 2) + 25(1 - z)} , (A.18)

where

- (A.19)

Dy (2) = [bgn(l_z)} R

At NLO, we need the non-singlet splitting function from which the contribution of identical
quarks has been subtracted, which reads

. 2 62 19 67 w2
P(I)N — ll I — — — | D
ans(H) = Callr | (L4 2) =gz =+ | 5 = 5| Do)
2+ 1122 14 22 17 11 ,
2" logr — — " Lig(1 — 1— e
+6(1—z) 08z~ T io(1—z) + o( z)<24+187r 34“3”
1+ 22 1+ 322 (4.20)
+C]2:3—22—2172log(l—z)logz+210gz+mlong
1+ 22 3 2
2 Lis(1 — 1— - )
+ 2 Lip(1 - 2) + 6 z><8 : +6<3>}

A.4 Generalized splittings and anomalous dimensions
A.4.1 Tree-level

We start by introducing the two tree-level splitting functions needed throughout the paper

14 22

Py (z) =Cp =5 e(1— z)] ,
(A.21)

1—=z2 z

P1y(2) =2Ca | —g" ( i z) +2(1—€)z(1 —2)rl K" |,
where /#j_ is a transverse momentum defined as
k.“

K = L Ki=—1. (A.22)
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We also need the gluon spin-averaged splitting function

1-2
1—z+ ~ +2z(1-2)| . (A.23)

ng(z) =2C4

To describe the spin-correlated component arising from sectors (b) and (d) we have introduced
the functions

Poo(z) =4Ca(1—€) 2 (1 - 2), (A.24)
P (2) =2C4 (1 — 2)(1 — 2e), (A.25)
PO(z) = 2C4 (1 4 ! - Z) , (A.26)

Pyy(z.6) = PO(2) + %P;;(z) 20, (1;2 + ot a(1-2) (1 e)) . (A2

We also require the following integral of the soft-subtracted function P, over z

1

V().g-s09(6 Li) = = /dz (1-52) {Z_M(l — 27" f(2) ng(z)}

0 (A.28)

1 _ kELl
+204— S f(1),
ke

where S, stands for the soft z — 1 limit and L; = log(Fmax/E;). We also define the following
integrals over z

1
Pyg(2) PL g (%)
22 _ a9 22,r
Tlg—g9 =~ 0/ dz (1 — 2)2€ Vig—g9 = / dz (L — ) (A.29)

as well as integrals over z and the energy of the unresolved parton

(b d) 2Fmax dE
5za(€) = 9 max / E1+45 / dZ 1 - Z)] 2€ng(z) ’
Emax
(b d) 2Emax
T N r
5;’ (€) = 5 A / E1+4E / dz [2(1 — 2)] ePng’ (2),
Emax (A‘30)
N(b d) 2Emax
50 =~ Bl / o / dz [2(1— 2)] 7% PL(2),
Emax
(byd)
N €
dg(€) = 5 o / E1+4€ / dz[z(1 — 2)] 2 (ng(z, €) + eP;g(z)) ,

where we have defined ¢ = Epax/FEn.
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For the configurations where a final state gluon becomes collinear to an initial state
parton 1,, we require convolutions of the type

/dzPaa 2, E1)g /dz [ (1-8 1—z) ke Pz )}
(A.31)
1— e—keLl

-2 o),

where k = 2 at NLO and k£ = 4 at NNLO. It is worth rewriting the above splitting function as

S

k
28 2¢ 12(1 — 2
( ul) F(i . 23] P (2, Br) =19 6(1 = 2) + P (2, By), (A.32)
with
k
(k) _ 2E1> B S(EDIE ol -kl
Iy, = [( " T(1 = 2¢) Yo + 2T, e , (A.33)
k
2E —2e F2(1 . 6) 2
(5 (2, By) = 1) PO (k)fin( ] | A3
Paa (Zy 1) [( ILL (1 _ 26) |: ( ) + 67){1(1 (Z)i| ( 3 )

Here ]3,52) is the Altarelli-Parisi splitting function given in eq. (A.18), while Pélé)’ﬁn is an

O(€%) function that can be obtained by comparing eqs. (A.31) and (A.34), namely

PEn () = 1{2 3 A D, ) 1 (1 2 Pige(e) + (1 - z)] , (A.35)
n=1 :

with

Pi8(z)=—[(142)+ €l —2)]. (A.36)
If the unresolved final state gluon goes collinear to another final state parton .4, the generalized
gluon final-state anomalous dimension reads

(2&)‘* F2<1—>] T (eL),  i€B.N), (A.37)

%) _
1 I'(1— 2e) 2,999

L9

where ’y?(kz) is defined in eq. (3.20) and repeated in eq. (A.28). Throughout the pa-

999
per, we use

pgen = p@heen  phn _p@fm 1, =) (A.38)

aa 7 f I
to lighten the notation.
A.4.2 One-loop

When computing the real-virtual contributions, one finds a convolution similar to the one in
eq. (A.31) for the case when a final-state gluon is collinear to initial state parton 1,. It reads

/dsz)leE /dz[l— (1 2) 7" Pak(2)]
(A.39)
) 1—e —(2+k)eLy
+ 2T Wﬂ cot(me)d(1 — z)}g(z) :
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The initial-state one-loop splitting function for a ¢ — ¢ splitting is given by [76, 77, 81]
_Ca [T —aT?(1+¢)

plL =2 1—2)"¢ 200 27 Ligy (1 —
q(ll( ) €2 F(1—26)F(1—|—26)( Z) + nzle 12 ( Z)
o 20k ~ A.40
X (L= 2)"Pygl2) + =5 (1= 2) " Py ZELlnl—Z (A.40)
+ (1 — .
—CF<CA—CF)216£2GZ)(1_Z) .

(k),1L

We rewrite Py, in analogy with eq. (A.32), getting

—2e 1271 _ 1k
l<2E1) r (1 6)‘| Pglz),lL(z,El) — % [F(k),lLé(l_Z)_i_z])(g];),lL,gen(z’E1>:| , (A41>

w I'(1—2¢) e2 Ll
where
(k)L 2E1> “2r?(1 6) o 1—e~(@th)el cos(we)
Ha _[( 1% I'(1—-2e) Yat2T (2+k) sin(Tre) ’ (A-42)
2E1\ "* T2 (1—¢)
(k),1L,gen — L (k),1L,fin
PELE (2, By) [( R [ R n()]. (4.43)
, 1L fin

In eq. (A.43), the function Pk
For the final state collinear limits, the equivalent of eq. (A.37) is the generalized gluon

is finite in € and can be extracted from refs. [76, 77, 81].

one-loop, final-state anomalous dimension

2B\ 2 T2(1—¢)|" &
(k)AL _ ( ) ( e)] e cos(me) 4 3D ALy i€[3,N,), (A44)

7g

[ T(1 - 2¢) Ca 29799

with
1
n(k ,1L e _ e
Tirabaste k) = = [ de (1= 82 [ = 2) () o)
0 (A.45)

fy.

(24 k)  €*sin(me)

The above formula requires the following splitting function

PI(2) = CaPyy(2) l“(z) : b(z)] +EE ) | et C:A;:)(_Z))E_) 26)] (A.46)
where
a(z) = (1= 2)Fi(1— 2),
() = 5+ =Fi(z). (4D
with
Fi(z) = % [T =P+ (1= 2) —1+ (1 - 2)9F (66, 1+€2)],  (A48)
" Prev(z) = —Cy [“iz(:z)j . (A.49)
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A.5 Definitions of the main operators, commutators, and expansions

Throughout this paper we have used virtual, soft, and collinear operators to encode singu-
larities, and have made use of various relations between them. For the reader’s convenience
we list these definitions and relations here.

We begin with Catani’s operator [71]

Np

sing 2\
Z V’L 2(6) TZT] /’L 627‘(‘)\7;]'6 , (A50)
@ T 2Pi Pi

1 eEPYE
T 2T(1—¢)

I (e)

where the relevant constants are defined in subsection A.1. We find it convenient to modify
the normalization slightly, yielding

Np

7 Vi (e) 2\ i
11(6) = — Z L 5 TZT] — | &7 ”e, (A51)
w T 2Pi Py

from which we define the operators for amplitudes-squared

T (o o T
Ii(e) = hle9xh() , Iv(e) =T1(e) + ﬂ(e) =214 (e). (A.52)

The Laurent expansion for Iy(e) reads

K=Y "1y, (A.53)
n=—2
where
Ny Ny Np
I\(/_2) = — ZT?, I\(/_l) = ZTi'TjL’ij — Z’yi . (A54>
i=1 (i) i=1
The soft operator is equal to
N,
(2Ema></ﬂ)_2€ - —¢
Is(e) = 76—2 Znij Kij (Tl . T]) 5 (A55)

(i5)
where Kj; is defined in eq. (3.14). The Laurent expansion of Ig reads
Is(e)= Y 1, (A.56)
n=—2

and we require the following terms in the above expansion

NP
-2
K-y,
=1
Np

Np
Ié_l) = Z TZT] log Nij — 2Lmax Z Tz2 ’
(@) =
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1
Iéo) = — ZT -T'; [ max 10g M;; + 5 log? nij + Lia(1 — mj)}
(45)

2 2] & 2
2Lmax - 6 Z Ti ) (A57>
i=1

1
Iél) = ZT T |: L?nax IOg 77” =+ (Lmax — 5 log(l — ’I’]U)) 1og2 77”
(i5)

1 . . .
+ G 1og® ij + 2Lmax Liz (1 — 7;5) — Liz(1 — n;;) — L13(77ij)}

4 71.2 Np
- [Lmax <3L12nax - 3> + 343} ZT?,
i=1

where Lyax = 10g(2Emax/1).
The computation of the soft contributions requires a variant of the soft operator, namely

(2EmaX/M)_

fS(26) == (26)2

Z nwszw (T;-T;), (A.58)
(i5)

where Kj is defined in eq. (4.92). The following property relates Ig and Is
I5(2€) = Is(2€) + O(e) . (A.59)

We also require an e-expansion for Is. Given eq. (A.59), the first three coefficients fs(n) with
n = —2,—1,0 can be directly obtained from those in eq. (A.57), up to a rescaling by factors
of 1/4,1/2 and 1 respectively. The coefficient at O(e) reads

1
= log® m;;

[(1) ZT T [<2LmaX - glog(l - 77ij)> log® nij + 3

(i5)

2
+ ( +4L2,, — Lix(1— mj)> log ;5

0 (A.60)
+ 4Lmax Li2 (1 — nij) — Lig(1 — mi5) — 3Li3(77ij)}
2 N
2 2
+ [3 Linax <7r - 4Lmax) - 743] ; T?.
Moving to collinear limits, we define the hard-collinear operator as
k 2 i, fi
Ié )(e) _ Z B “ufi ’ (A.61)
=" €

where Fg})l is given in eq. (A.33) if ¢ = 1,2 and in eq. (A.37) if ¢ € [3,N,]. To treat the
hard-collinear limits of the real-virtual matrix element we have introduced
Ny FIL

Io(2e) =S 20 (A.62)

o 2

,65,



where FzH}l is given in eq. (A.42) if i = 1,2 and in eq. (A.44) if i € [3, N,]. We note that
the following relations hold

Ic(2€) = Ia(2€) + O(e),

(A.63)
10 (e) = I(2¢) + O() .
Furthermore, we have used the e-finite operator It defined as

It(e) = Iv(e) + Is(e) + Ic(e) (A.64)

to simplify the NLO and NNLO calculations. Its expansion in e reads
= i et (A.65)

- T > .
n=0
with expansion coefficients given by
NP
1 1 27;
Y= -31T1 [ (2Lmax + 2108;%') logij — 5 Lij (ng + ; )
72
+ Lia (1 — mi5) + 2)\1‘]}
Np 2 2
67 11~ 2
7201 - T 2V g,y L ei}
* Zl [ 6 T2 973 3 )77
(1) o L -3 3 2

IT = ZTl . Tj [6 (LZ] + log 771']') ~+ 2Lax log Nij — 7)\”[@] (A66>

1 . .
+ (Lmax - 5 lOg(l - 771])) 10g2 Tlij + 2Lmax L12(1 - nij) - L13(7]ij)

Vi 2 2
T]%(Lij -7 Aij)]

w2 ~ T2 _ 808 134~
ZT2{— 7L3+?L,- — 3¢+ [ 2LF - 5 ) it + (27 — 5 L
~ ~ 55
—+ ?LZQ + 71'2 <3L'L — 36) - 16(_:3>97,2:| 5

where 6,5 = 1 if ¢ > 2 and 0 otherwise, and o = 1 — Bio.
While discussing the rearrangement of the single-unresolved terms (cf. section 5.1), we

— Lig(1 —ny5) +

have introduced a variant of the virtual, soft and collinear operators, valid in the case of
N + 1 final-state partons. In particular, we have defined

B =T+ (1 0) (A67)

with Tf]p 1 defined as in eq. (A.51), up to replacing N, — N,+1. Similarly, we have also used

N+1
2F. P

17N (EBy) = - CEw/1)" ‘“/ ZU‘EK T;) (A.68)
(i5)
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and
Np+1

T r
B = Y bk , (A.69)

i=1 € !Emax—FEn

where one needs to set Emax — Ey in the definition of I'; f,, see egs. (3.19), (3.22).

B Partitions at NLO and NNLO for an arbitrary number of final-state
particles

To treat the infrared singularities of a process with a large number of final state particles, we
require partitions that separate resolved and potentially unresolved partons. To construct
them, we consider a process that involves IV, partons at leading order and an arbitrary
colorless final state

fip1) + fa(p2) — f3(ps) + ...+ fn,(pN,) + X (B.1)

At next-to-leading order, we need to add another particle to the final state to describe
the real-emission process. We denote the corresponding list of final-state partons in this
case as Ynt1 = {f3, fa,--- , [N, [N, 41}, where N = N, — 2 is the number of final-state
partons at leading order.

In principle, any of these final state partons can become unresolved. Suppose we want
to describe a situation when this happens with a parton i. We then write the set of N + 1
partons as

i = {10} (B.2)
where w%) = ¢¥n41/{i} and introduce the function

d® = II pee I (1—cosbim), (B.3)

ey l,r;zewg\?
<m

where py | is the transverse momentum of parton k.20 These functions are used to construct
the partitions
4@
S dW)’

JEYN11

AW = (B.4)

where i € ¥n41. It follows from their definition that the functions A® provide a partition
of unity

S oAb =1, (B.5)
1EYN+1

It is straightforward to determine the action of soft and collinear operators on the
partition functions. In the soft limit of parton k, described by the operator Sj, we find

S AD = 5, (B.6)

30We note that in the case of only one hard jet, &, d¥) reduces to Dis, L.

— 67 —



In the limit where partons [ and m become collinear, we have

0, lbm#£1i,
CimA®D =11, l=1i, me{1,2}, (B.7)
Zim s l=1,m €Yy,

where z; ., = E;/(E; + E,,) and we assumed that partons 1 and 2 are in the initial state.
The limits obtained by the interchange of [ and m assignments follow naturally from the
above formulas and are not shown for this reason.

A new element required for NNLO computations is the double-real emission process.
To construct the corresponding partition functions, we consider an extended set of final-
state partons

YNtz = {f3; far - s INp+1, FNp 2} - (B.8)

Two of these final-state partons can become unresolved and we assume that this happens
with partons i and j. We then write Y2 = {(4,7), J(\Z,j )}, define functions d) as follows

409 — H Dh.L H (1 —cosb), (B.9)

keply z,n;ew%”
<m

and use them to construct the NNLO partitions

iy (i)
PN P (B.10)
Z d(lm)
(lm)EwNJrz
Similar to the NLO case the functions A provide partition of unity
S oA =1, (B.11)

(ij) €N 42

where the sum is over unordered pairs (ij).

For the NNLO computation, we require the double-soft (.Sy,,,), the single-soft (.5;), the
collinear (Cj;) and the triple-collinear (Cjy ) limits of the partition functions AT The
double-soft limit reads

Sy A — 8(ij).(Im) - (B.12)

where the Kronecker delta indicates that the unordered pair (ij) should coincide with the
unordered pair (Im) for this limit to be different from zero. The single-soft limit is

0, L#4, 1#],
S AW = L AG) l=i, (B.13)
AW =7,

where' .A(i) and AU in the abpve formulas are NLO partitions constructed for sets ¥y41 =
{7, w%])} and Y41 = {i,w%] )}, respectively.
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Next, we consider the collinear limits. We find

0, L#14,j, k#14,7,
o A _ A le{1,2}, ke{ij}, (B.14)
”“ INGIN {1, kY = {i, 5}, '

zk’,lA(]) ) [ = ia k 7é ja

where k' =i if k = j and k' = j if k = i, and [ij] represents the “clustered particle” whose
four-momentum is given by pj;;; = (1 + Ej/E;) p; and the function AU ig constructed from
the set Y1 = {[ij], %j)}. In the final line of eq. (B.14), the A-function is constructed
using the transverse momentum of the clustered particle [kl].

It is instructive to explain how the last formula in eq. (B.14) is derived, since the other
formulas in that equation can be computed in a similar way. To describe the collinear i||k
limit, where k is a final state particle, we write A#) as follows

d(i7)

d) + dk) 4 3 qim) 4 qki) 4 3 qkm) 4 5 glmn) |
m#k,j m¥£i,J m,nF#ik

Al — (B.15)

We now study what happens to the various entries in the above formula when the relevant
limit is taken. First, we note that the numerator d(®) does not contain ¢ but contains k. We
replace p r with p, ;) and write the resulting expression as
Cod® = o gy — 40 (B.16)
Ey + E; ’
where dU) is constructed using the list { j,w%{g(/{ — [ki])}. The various entries in the
denominator of eq. (B.15) behave as follows

N N
Cyp d) = (k) C; Z dim) = 2, Z dm
o kg (B.17)
Cjp dF9) = Zik d9) Cip Z dtkm) — Zik Z dm
m#i,j m#£i,j
Therefore
y d() A
Cye A = Zkji = Zk; AV (B.18)

AT+ d0) + 50,5 A7)

with AU) being a NLO partition where partons ¢ and k that appear in the original list of
partons are clustered together.

Finally, formulas for triple-collinear limits can be derived in a similar way. We find
that the only non-vanishing limits are

1, ke (1,2},
Chiy AW = g 1.2} (B.19)
Zkﬂ'jA(”) , k€ {3, .. } ,

where Zkij = Ek/(Ek + E; + EJ)
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In addition to A-partitions, which allow us to separate resolved and potentially unresolved
partons, we require angular partition functions w. These functions are supposed to define
possible collinear singular directions between unresolved partons. Below we give an example
of how such functions can be designed.

We begin with the construction of these angular partition functions at NLO. To this end,
we consider a situation where parton m is potentially unresolved, so that ¥y = {m, 1/11(\?1)}.
We define the quantities

gkl = P (B.20)

and use them to write the function w™ as

; Jim . (m)
W= 1 E YN . (B.21)
> 9jm N
jepiy)
Since
d>oow™=1, Clm W™ = Oj; (B.22)
iep(M

the functions w™ possess the required properties to be used as angular partitions in NLO
computations.

We continue with the discussion of the NNLO case, where partons m and n are potentially
unresolved and the remaining N, hard partons are described by the set w(Nmn) . We proceed
as follows. First, we employ the NLO partitions to construct a partition of unity in the
following way

Np Np

1= > ™™+ > jw™wh. (B.23)
ij=1 ij=1
oy

The two sums on the right-hand side are almost the right partitions for double- and triple-
collinear limits except for the fact that the collinear m|[n singularity is present in both terms of
this formula. However, we would like to move it into the triple-collinear partition. To achieve
this, we introduce yet another partition of unity which involves pqn, pim and p;, only and write

| = Lo Pim F Pn (B.24)
dmm‘j dmnij
where
dmm’j = Pmn + Pim + Pjn - (B.25)
We now employ these expressions to define the double-collinear partition
WM = () P , i £ 7, (B.26)
dmm‘j

and the triple-collinear partition

Np mi .
. J P . nj
. . . . mw . nw
wmz,m — wmzwm 4 wm} : Py + wmz} : Pj . (B.27>
dmuji . dmnij
=1 J=t
JFi JFi
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It is easy to check that the following identity holds

NP NP

L= )" W™ gy ™ (B.28)
i,j=1 i=1
i#i

The partitions constructed in eqgs. (B.26) and (B.27) satisfy all the properties that we
need for NNLO QCD computations. In particular, each partition selects a minimal number
of collinear singularities and satisfies the following relations

ming _ ming mi,nj
- )

Cimw M= lim w _oming o oming . mi,ng
im |4 om0 Cjnw =Wy = p}igow ,
Cmnwmz’nj == (574] wslzl;?j == lim wmz,m 5
Pmn_>0
i\ nj ) mi,ng _ 5.
Cz'm Cmnwmz,ny = (51']' Cim Cmn R Cjn Cmn w - 51] C]n Cmn ’
) LYY R e ) )
Cim Cjn Wkl — 5 615 Crmi Chj » Cim Cinw = 0;j Cim Cin -
mjng
Cmn,z‘ W™ = 5z'j Cmn,i )
(B.29)

We note that these relations are important for simplifying the required subtraction terms.
The partitions in egs. (B.26) and (B.27) correspond to those defined in eq. (B.14) in ref. [1]
when we restrict them to the case of color-singlet production, i.e. N, = 2.

C Details of the NLO calculation

The goal of this appendix is to provide further details about the NLO computation described
in section 3. In particular, we would like to show that the operator It(e) introduced in
eq. (3.2) does not contain poles in €. According to eq. (3.2), It(€) is given by a sum of three
terms that describe virtual, soft and hard-collinear contributions.

We begin with the e-expansion of the operator Ig defined in eq. (3.12). We report its
definition here for convenience

N,
2Emax M —2e¢ 'p .

(7)

Is(e) = —

The function Kj;; is defined in eqs. (3.14). We note that its expansion in € reads

71_2

Although it is straightforward to construct the expansion of Ig, arranging it in a particular
way is helpful for an efficient demonstration of the cancellations of infrared poles.

We note that the [-operators include quantities raised to e-dependent powers. For
example, in the case of Ig, there are factors (2Emax/p)”¢ and n;;°. The expansion of such
quantities in € starts with 1 and it is convenient to make this explicit. To this end, we
introduce the function

fio(z) = ——, (C.3)

- 71 —



such that fi(z) ~ O(e") as € — 0. We then use this function to write Ig as

1
(Is(e) - Fiat) = = = (|1 + /(2 Bumax/n)]
Np @ (CA4)
X Z [1 + €f1(’rh‘j) + EQKij } (Tl : TJ) : FLM> )
(44)
where O(¢) terms have been neglected. Since we only need terms through O(e?), we can
simplify the above equation further. We find

(Is(e) - Fiu) = 22<[1+ef2 2Eumax /)| (Ti - T) - Fin)

(i5)

p ..
_Z<f1(i7u) (T; - T) ‘FLM> (C.5)
(i7)

NP

2
- Z<[fl(77ij)f2(2Emax/:u) + Ki(j):| (T:-T) - FLM> :

(i)

Next, we note that in the first term on the right-hand side in eq. (C.5), only the color charge

operators depend on the summation indices ¢ and j. For this reason, the summation over one
of the indices can be performed using the color conservation condition

NP
> Tp[M).=0. (C.6)
k=1
It follows that
NP
Yo MITy - Ty M) = ~TFM|?, (C.7)
J#i

and we obtain
N,

2
(Is(e) - Fim) = Z < {1 +ef2 2Emax/u)} L FLM>

=1

P
- <f1(€m]) (T:-T;) 'FLM> (C.8)
(i)

NP

- Z < |:f1(77ij)f2(2Emax/,Uf) + KZ(JQ)} (TZ . Tj) . FLM> .

()
It is seen from the above equation that the residue of the 1/e? pole is proportional to the
sum of the Casimir factors T?. We recall that the infrared poles of the one-loop amplitude
described by Catani’s function exhibit a similar feature. The 1/e pole in the second line of
eq. (C.8) contains color correlations, while the terms in the third line are e-finite.

We turn to the virtual corrections. We have introduced the operator Iy (e) in eq. (3.31),

and we display it here for convenience
NP

sing 6 2 ¢ .
Iy(e) = T (e) +TJ{(6), Li(e) =35 ViT?( ) (T;-T) <2pIinJ> e MmN (C.9)




The quantities \;; and V; 2(¢) are defined in eq. (3.29). Expanding in €, we find

Np

sing €
(Iy(€) - Fim) = Z ViTz( )<
(i5) E

« (T;-T;) -FLM> .

2
1+ efi(sij/u?) — %Az‘jez + 0(63)]
(C.10)

In the first term on the right-hand side of eq. (C.10), we can use color conservation to sum
over the index j. Doing so allows us to write the virtual contributions as follows

Np 2
<IV(€) : FLM> = - Z T IYZ <FL +Z <fl(SZZ/M)(T T, ) FLM>
=1 i
‘ 2) (C.11)
+Z<l flsw/lu') ](Ti'Tj)'FLM>7
i,j=1
JFi

where we have dropped all terms beyond O(e?). Since f,(x) ~ O(e?), poles in the color-
correlated structures appear only at O(e~!), while all terms in the last line are finite.

Comparing egs. (C.8) and (C.11), we observe that the O(¢~2) poles cancel among these
two contributions. Furthermore, we note that the function fi(s;j/u?) in eq. (C.11) can
be written as

fi(sij/p?) = finij) + AIQ2E/p) + fL(2E; /1) + € gij - (C.12)

The first term on the right-hand side above is the function that appears in the soft contribution
Ig, the next two terms depend on one of the two indices ¢ or j, and the last term

9ij = J1(2Ei/p) fL(2E; /1) + fL(AEE; [ p?) f1(nij) | (C.13)

is O(€"). Thus we can further simplify the expression for Iy by making use of color conservation.
We find

N . .
(7)

Upon combining soft and virtual I-operators, we obtain the following result

([Iv(e) + Is(e)] - Fim)
_ Z<
=—Z<<2L T )FLM>+O(60),

where we substituted the expansion of fi2(z) in € and used L; = log(Emax/E;). The above

2

(f2 2Fmax/1t) — 2f1(2E; /,u)) ;] FLM> + (9(60) (C.15)

equation implies that the e-divergences proportional to correlators of color charges cancel
in the sum of the virtual and soft functions, Iy and Ig.
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To understand the cancellation of the remaining poles, we need to combine the above result
with the operator Ic(e) defined in eq. (3.27). We repeat its definition here for convenience

PZ7f’L
c .

Io(e) =)

i=1

(C.16)

The generalized collinear anomalous dimension I'; f, that appears in the above equation can
be found in eq. (3.22). Expanding it in powers of €, we find

Ty =7 +2T7L;+0(e), i=1,...,Np, (C.17)

so that Ic(€) becomes

Io(e) =Y <2L T, %) +O(). (C.18)

=1

Comparing this result with eq. (C.15), we conclude that the following combination of I-
operators

<IT(6) . FLM> = <[I\/(6) + Is(é) + Ic(e)] . FLM> s (019)

is finite, as stated in the main text. Finally, we note that the cancellation between the
initial-state collinear singularities and the PDFs renormalization has been discussed in detail
in section 3.

D Partitions and sectors for the NNLO collinear limits

In section 4 we defined the soft-subtracted double-real contribution Xgr, and we discussed
the extraction of its collinear singularities. To do so, we first split the angular phase space
into partitions using the functions w™ ™ defined in appendix B, and then further split the
triple-collinear angular partitions into sectors using

H(G) =0 (nu‘l < 777/2"”) y 0(0) =0 (nzm < 77;“) )
(D.1)
o) = @ <m2m < Min < mm> , 04 — @ <772m < Mim. < 77m> .
It follows that
9@ 4 g) 4 plo) L g(d) = 1 (D.2)

A parametrization of the angular phase space that naturally achieves this sectoring is given in
ref. [20] and is detailed in appendix E.1. This procedure ensures that each partition and sector
contains the minimal number of singular collinear limits. We then apply the appropriate
collinear operators and write Y gy as the sum of four distinct contributions

4

SRR = Z S =3 (S Sn i AT O Fr(m, n)) (D.3)
=1
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where the four quantities 2; provide the partition of unity

=1

They read (cf. refs. [1, 61, 62])

Q= Cimajn [dpm] [dpn] W™

:Pﬂﬁ2

+ Z [éina(a) + émne(b) + ézme(c) + 6n‘mg(d)} [dpm] [dpn] émn,i wmi,ni s (D5>

Q= Z [Uine(a) + Can® + C;0© + 6mn9(d)} [dpum] [APn] Craz W™ (D.6)
) 1Np
Q3= = _ CinCim[dpn][dpa] ™", (D.7)
(4)
Np
Q= Z [Cim[dpm] + Cjn[dpn]} MenJ
(%)

Np
+ Z [Cz’ne(a) + Cmne(b) + Cime(c) + Cmng(d)} [dpm] [dpn] wmem ) (D~8)
=1

where we have introduced the triple-collinear operator Cyy;, which extracts the singular
behavior in the imit pim ~ pin ~ pmn — 0. We note that in the above definitions of €;, [dpm]
and [dp,] are phase-space elements for partons m and n, and that they appear to the right of
the single collinear operators (Cim, Cun, etc.) but to the left of the triple-collinear operators
Cin,i- Therefore, the single-collinear operators act on the phase-space elements, while the
triple-collinear operators do not [61]. This allows us to use the results of ref. [82] for Qs.

E Phase-space parametrization and collinear limits

E.1 Phase-space parametrizations for unresolved partons

In this subsection we describe phase-space parametrizations for two unresolved partons that
naturally achieve the angular sectoring required for NNLO computations [20]. We recall
that there are two distinct kinematic configurations that require different parametrizations.
The first is a triple-collinear configuration which requires a genuine NNLO parametrization
to describe strongly-ordered collinear limits. The second is the case where the two partons
are emitted by different hard legs and can be described by two independent NLO-like
parametrizations.

In both cases, we begin by separating the energy and the angular parts of the phase
space and write

[Apu][dpa] = (B EY2) (AE, EL2) (05 V], (E.1)
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where
(d—1) (d=1)11 14(d—1) (d—1) do{*
- _ - - - _ 7
[dQmn 7] = [dQm ][d% ], [ ) = W. (E.2)
We first focus on the triple-collinear sectors and assume that the unresolved partons
m and n are emitted by a hard parton ¢, with i € [1, Np]. It is convenient to choose the
momentum of parton i as the reference direction. We then write
ph = Eq(t" 4 cos Ojm €' + sin O V") | (£3)
ph = By (t* + cos 0 €t + sin 0y, (COS Pn b* + Sin Py a?)) '

where
t* = (1,0), el = (0,7;), =Bt +e). (E.4)

Here 7i; is a unit vector in (d — 1) spatial dimensions and a and b are d-dimensional unit
vectors such that

t-a=e-a=t-b=e-b=a-b=0. (E.5)
We can use this parametrization to express the angular part of the phase space as [20]

(d—2) 1(d-3)
d_l dQ an —€ —€
[er(nn )] = 2%6(271')2‘1_2 [Mim (L = Mim)] ™ [Min (1 — 7in)]

y [Mim — Min |72 dim d7jin dA (E.6)
D=2 - et
where
D = Nim + 1in = 20im Nin + 2(2A — 1)\/77¢m Nin(1 = Nim) (1 = Nin) - (E.7)
The variable \ parametrizes the dependence on the azimuthal angle ¢, through the relation
sin? un = 4N (1 — A)W . (E.8)

The phase space can be split into four different sectors that we will refer to as (a), (b),
(c), (d). The following parametrizations are chosen for each of the four sectors

a) Nim = T3, Nin = T374/2, (E.9)
b) Nim = T3, Nin = x3(1 — 24/2), (E.10)
) Nim = T324/2, Nin = T3, (E.11)
d) Nim = x3(1 — x4/2), Nin = T3, (E.12)

with 0 < 234 < 1. We use them to obtain explicit expressions for
[dOS) = [ V100 i=abed, (E.13)

with #() defined in eq. (D.1). It turns out that the angular phase spaces for sectors (a) and
(c) and for sectors (b) and (d) are identical. For sectors (a) and (¢) we find

1 (4n) } 21— o) [dy" ) [dou"™)]
82T (1—¢€)] |T(1—2¢) [di_z)] [Q((ld—fi)]
d$3 d.1‘4 dX
x§+26 lelJrE 7T[)\(1 _ )\)]%—&-e

ki) = |
(E.14)

(256F(9) 4RV atu, .
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where

1 —23)(1 — 2374/2)(1 — 24/2)> (a,0) 1—24/2
oo - 1= R = : E.1
: W n2NE 0 TN may O
For sectors (b) and (d) we obtain
. d—2 d—3
ol = [0 ]2 lrm - e>] A a0 )
8711 L@ ; €) F(ZA_ 20 ] 1oy [0 (E.16)
e i (256F€(b’d)) AF(PD 22
Ty wAL = )T
where
by _ (1=23)(1—24/2)(1—23(1—4/2)) (b.d) _ 1
FE 4[N($33 1_1'4/27)‘)]2 ’ FO 4N(;E3a 1_374/27)\) ' (E17)
The function N(z3,x4, ) introduced in the above equations reads
N(xs,24,0) = 1+ 24(1 — 2u3) — 2(1 — 20)y/2a(1 — 23) (1 — 2324) . (E.18)

To simplify the subtraction terms, we need particular collinear limits of the unresolved
phase space. To obtain those, we note that the following identities hold

lim F(09) — % lim Py = 2,

x4—0 h Ta— by 1 (E.lg)
(b,d) _ lim F} .

A BT = e 250" 0 T 161 —a3)

The x4 — 0 limit corresponds to the n||i and m||i collinear limits in sectors (a) and (c),
respectively, and to the m|[n limit in sectors (b) and (d). The singular quantities in sectors
(a) and (c) are n;y and 7;m, respectively, and they are given in egs. (E.9) and (E.11). For
sectors (b) and (d), the limit of the corresponding singular variable is more complex. It reads
lim 7 = lim G _
x4—0 x4—0 4N(£L‘3, 1 — x4, )\) 16)\(1 — mg)

The phase-space parametrization is significantly simpler for the double-collinear partitions.

= Tun - (E.20)

Consider the case when parton m is collinear to parton ¢ and parton n to parton j, with i # j.
We parametrize the momenta py,, and p, using the momenta of partons ¢ and j respectively, i.e.

pht = En(t" + cos Oim €' + sin 0, b1 |

b (E.21)
ph = En(t" + cosOjn €} +sin 0w bY),
and set
Nim = T3,  Njn = T4 (B.22)
We then write the angular phase space for the double-collinear partition [dQ4¢] as
[dQde] = [aoy Ve, (E.23)
where
_ 1 (An) 7y [ day _
a0 1)2{ } 4—4c (A e
S oy (e R T e S (.21)
€ (d-2) ’
d-1, [ 1 (4m 4—-1¢ A | dzy —c
] = {Wr(l —9) % ] gt T e
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E.2 Action of the collinear operators on the phase space

In our definitions of the angular terms €2 4 in egs. (D.5)-(D.8), the collinear operators act
on the phase space of the two unresolved partons. As we have seen, it is useful to rewrite
the subtraction terms in such a way that these operators do not act on the phase-space
measure. We have quoted the results in the main text of the paper without deriving them,
see e.g. eq. (4.30). The goal of this subsection is to provide the omitted details.

We begin by considering the double-collinear partitioning with a collinear operator Cjy;
an example can be found in the first term on the right-hand side of eq. (4.26). Since in
the double-collinear parametrization of the phase space the collinear limit ¢||m is controlled
by the variable z3 (see eq. (E.22)), we find

1
1dog) L () | gaae (1900 ] oy [ drg
0 (E.25)
€ 3—4e (d-2)
_ [1 (4m) ] 2 / 49 g0y,
8m2T(1—¢)| e [Q(d-2)]
where [...] stands for generic non-singular contributions whose exact form is not relevant

for the following discussion. If we repeat the above steps without acting with Cjy, on the
phase space, we find

/ A% o

Pim
1 @n) Vs [AQE ] iy, [ de .
- {Wrgl—)e)} 934 /M[dg‘(‘d 1)]0/x§j5(1 —23) " Cim [ ] (E.26)

- I21—e) [ 1 (47)¢ 93—4e [de,?_Q)] )
B _F(l — 2¢) {87T2 NG )] € / [Q(d_g)] [dQnd ! | Cim [- -] -

Comparing the two formulas, we conclude that

dc — 9% dc
fomGE = g [ e e

We can use the above relation when rewriting eq. (4.17) as eq. (4.19). Since in this case we
have two collinear operators Cj,Cim, we need to apply it twice, i.e.

[dQde] D1 —26)77 [ [dde]
/Cjncmpm Pjn 1= {FQ(l - e)} /pzm Pjn COnCim -] (£.28)

so that eq. (4.17) becomes
2 Np

I'(1—2e¢ _ o
YRR,2c = — {Fg(l_eﬂ (Zj; (SinSaCinCim W™ A @ F pp(m, 1)) . (E.29)

We stress that the absence of the phase space [dpm][dpn] in the above equation indicates that
the collinear operators C';,Cim no longer act on it.
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Similar formulas can also be derived for the triple-collinear partitions that involve sector
6(©). As an example, we discuss the second term on the right-hand side of eq. (4.26). In this
case, the collinear limit i||m corresponds to the 24 — 0 limit in the phase space parametrization
in eq. (E.14). We use eq. (E.19) to compute this limit and find

oS - T —2¢) [ [d0f "] ~
/ Cn' =[] = o / = (/2)Cin ] (E.30)

where the integration over the angular variables of parton m on the right hand side of
eq. (E.30) is not restricted to sector (c¢) anymore. It follows from the above discussion that
eq. (4.26) can be rewritten as

N,
(a,c,dc) _ F(l — 26) - i, i
YRR1c = ] S(m,n) (%; Clipn W™

N, (E.31)
+ Z(Uin/2)_60im wmi,nl} A(mN)FLM(ma n)> '
i=1

This expression is the starting point to obtain egs. (4.30) and (4.31).

Finally, we perform similar manipulations for sector (b) where the collinear limit of
interest is m||n. This limit corresponds to x4 — 0 in the phase space parametrization given
in eq. (E.16). Using eq. (E.19) we find

[om’] [1 (4”)6] (bd) / (d=1)
/C“‘“ PR Al o urpupe) NS ALY

. ¢ dalY day (E-32)

X nz[mn} (1 - nz[mn]) dA W 1:4114»26 Cmn[. . ] .

The normalization constants N% that appear in eq. (E.32) can be found in eq. (A.5), while

[dQEi;]D] is the (exact) angular phase space of the clustered parton [mn], whose momentum
Pmn] = Pm + pn must be computed in the strict collinear limit. Furthermore we have

introduced a new variable A such that

D(14€)T(1—€) A 1/2He(1 — \)~1/2—

dA = T'(1+26)T(1 — 2e) ™

dA. (E.33)

We note that the action of the operator Cy, on the matrix element squared is non-trivial
because it can lead to integrands that depend on the parameter A and the transverse vector
at. This phenomenon, known as spin correlations, is discussed in the next appendix. Here we
consider only those terms for which the action of Cyy in eq. (4.24) does not lead to such terms.
In this case we can integrate over x4, the directions of a#, and the azimuthal variable A using

/ dA=1. (E.34)

Comparing the result with the one that is obtained when the collinear operator Cy, does
not act on the phase space, we find

AED) L T(1420)T(1 —2€) [ [0l "]
/cmn ] =2 F(1+6)F(1—€)/ 0], (E3)
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where the integration over the angular variables of partons on the right-hand side is unre-
stricted. We use this relation in eq. (4.48) and the analysis that follows.

As we just mentioned, the action of the collinear operator Cy, on matrix elements may
result in a limit that depends on A and a*. In such cases eq. (E.35) cannot be used. To
understand how to proceed, we write (see appendix F)

2
9sp
Cran Finm(m,n) = m — " P (2) + Pog(2) #} 451 ) | Fin([mn]), (E.36)
where vector £ () is a unit space-like vector which is orthogonal to pm
Iﬁ}J_’(b) *Pm = 0. (E37)
Using the phase space parametrization for sector (b), we can write this vector as

Ry = VI = A1 VA, (E.38)

where vectors a and b were introduced in eq. (E.3) and r; () is the auxiliary spacelike vector
(riqe) - Tip) = —1) defined as

Tip) = Sinbim el — cos O b . (E.39)

The momentum of the clustered parton [mn] is aligned with the momentum py,, which does
not depend on A and a*. Since F1y([mn]) is independent of A and a*, we can integrate over
ngd_3) and dA. Specifically, we need to calculate

dQ(d 3)
<"u( )L ) /dA Q@3 Ki(b) K o) - (E.40)
To compute this integral, we use eq. (E.34) together with
(d-3) (d—3) gw
/olAdQ b =0, /dAanuaV: L=,
la=3) d—3 (E.41)
142 _
/dA/\Z J;e, /dA (1— A _ ! 267
and find
ng
91 -3 , 1+ 2e
H v _ ) 7
Flwrle) === + T3 e
1 v . .
= 5|9yt ’"ff(bﬂ"i,(b)] + e )i (E.42)
uv
gJ‘v(d_Q) v
g e
We then obtain
v 1 y
<K/}iv(b) K;Jﬂ(b)> FLM,MV = iFLM + eréf(b) ,ri’(b) FLM,,UJ/ ) (E43)
where we used
—9" gy Fimw = —g" Fimw = FLum (E.44)

as allowed by the transversality of scattering amplitudes.
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F Spin correlations

In this appendix we discuss the double-real contributions where the so-called spin correlations
appear. These effects arise in sectors (b) and (d) in the limits when gluons m and n become
collinear to each other. To make this appendix self-contained, we start by considering the
m||n limit, which is described by the following expression (see also eq. (E.36))

2
gs b
EowFEy pmn

_ gs,b
EwEn pan

Cun F1Mm (m 11) Puy( )FLM,,LW([mn])

(F.1)
Pg(g)(Z)FLM([mn])"‘PgJé(z) Hi(b)’fi,(b) FLM,W([mn]) )

where the splitting functions were introduced in appendix A.4.1, z = En/(En + Ey), and
K1 (v) is defined in eq. (E.38). The four-momentum of the clustered parton [mn] is equal to

En+ E
P = (B + Ea) il = =120 g (F2)
m
where the vector ny is a light-like vector defined as ny = pm/FEm. To proceed further,
we assume that the collinear limit m||n occurs in a particular triple-collinear partitioning,
mi,ng

characterized by the partition function w , and to restrict our analysis to sector (b). The

contribution that we are interested in reads (see eq. (4.24))

Z(PIS)R,lc,z‘ = <§mn§ Omn Cmn 6¢) [dpm] [dpx] w™nE A Frm(m, “)>

o] vwa dE .
B 2¢ ( )<S Sh /E26 1E26 1@mn [dQ[mn]]Ui[mn]A([mnD (F.3)

< E:E [Py (2,0) Funa(fmn]) ¢ P (2) 72 ) 7% 4y Fint o ([ > ,
where we recall that o;; = 1;;/(1 — 1;;). To derive eq. (F.3) we exploited the parametrization
presented in appendix E, integrated over the angles of parton n and used the relation displayed
in eq. (E.43). All the splitting functions that appear in eq. (F.3) can be found in appendix A.

We note that the hard matrix element squared appears in eq. (F.3) in two distinct
ways: once as Fpa([mn]) and once as Fi . ([mn]), where the open spin indices refer to the
clustered parton. In fact, the relation between the two contributions reads

Frv([mn]) Z um" V[mn FLM,W([‘“”]) = —Guv Fin o ([mn]) | (F.4)
Afmn)

where the sum runs over the physical polarizations of the clustered parton [mn] and the last
step follows from the transversality of Fiw ...

In eq. (F.3) the only term that requires further discussion is the one proportional to
Fiyv o ([mn]). In fact, we find it convenient to split these terms in such a way that the
coefficient of Fyy([mn]) in eq. (F.3) is the spin-averaged g — gg splitting function Py, (cf.
eq. (A.23)) and the soft subtraction term associated with it. We will refer to all other
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_— . . b . .
contributions that appear in the expression for E%%{’l ci 88 “spin-correlated”. Hence, we write

max

Ol dE, dE, —e i
Eg)%{,lc,i == o] N < / - © [dQ[mn]] O o] @it

2 € E26 1E2€ 1 mn i[mn] “m|n

_ 2
Smu A([mn]) FLM ([mn]) — %

n

1 _
X {EmE Pyy() G A Fag(m) (F.5)

€

g [P (™ +9) = P (2) S 0™ Fiag () | )

where we have used the relation
[Pog(z.0) + € Py ()] Fiaa([mn]) = Pyg(2) Fiaa([mn]) — g™ Pis"(2) Fint o ([mn]),  (F.6)

with ng]”’ defined in eq. (A.25). The second line in eq. (F.5) contains “spin-averaged” and
the third line “spin-correlated” contributions. They read

Emax
®sa %] dEn dE, e i ni
YRR e = — 76N£ )< / E26m1 E2e T Omn [dQ[mn]]ai[mn] w::”:
(F.7)
1 _ 204 —
| o Pl S A B = S S A Fira(m)] ).
and
b),sc [as] Fpes dE, dE ini
E%l)% leji — TNe(b’d) < EQE 1 EQe 1 Onn [dQ[mn}] [mn} w::ll:
1 14 v T v|Q
T [PL( ) (g Ty + ") = Pog”(2) 9" }Smn Allm]) FLM,W([mn])>.
m&~n
(F.8)

We continue with the discussion of the spin-correlated collinear limits. We find that after
adding the contribution of sector (d) to Egllffc,w the energy-ordering constraint disappears
and we obtain the following expression for the full spin-correlated part

max

(bd)sc [ovs] b,d dE dE ini
0

(F.9)

1 }
X [P (1 6) = P () 9 S A P (o)),

where we have relabelled 7; ;) as r; for brevity. We note that the energy integration for each
of the two particles m and n extends to E,.x. As we discussed in section 4.1, this leads to a
possible contribution of the unphysical region Ejn, > Emax. Since Epax is chosen in such
a way that Fim, . ([mn]) has no support for Ejyy > Emax, only the soft subtraction term
contributes in this case. Hence, in the above formula we can write

Son = @[mn],max g[mn] - @max,[mn} S[mn] ) (FlO)
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where in the first (second) term on the right hand side the energy of the clustered particle is
restricted to be smaller (larger) than Ey.y, respectively. The integration over the energies of
partons m and n can be rearranged to conform with the above splitting of the soft operator

En)ax
Emax FEmax Emax 1 2Fmax E["‘“]
/ dEn / dE, = / dE[mn] E[mn]/dz—i— / dE[mn] E[mn} / dz. (F.11)
0 0 0 0 Ermax 1 Emax
[mn]
Following this rearrangement, we have (cf. eq. (4.52))
Shiies = Shitied T SRider (F.12)
where
(b,d),sc,] __ [cvs] bd —2¢ —€ i
YRRlei = _TNe( )</[dp[mnﬂE[mn] Omax, [mn] Ti[mn] ‘*’::HI?
1
dz v v T 12
[ PR g™~ Py gY] (R
X Sy AL FLM,W([mn])> :
and
bvd)7SC7]I [as] b,d —2e —€ @,ng
E%R,lc,i = = 2 Nﬁ( ) </[dp[m“}] E[mn] emax,[mn} Ui[mn] w:‘:H:‘
EII]&X
[m]
dZ v 12 T v
x / 2 [ngé(z) (i ey + g") — Py (2) 9" } (F.14)
E [Z(l - Zﬂ
1_ max
Blmn)

X Sy AT FLM,W([mn])> :

where [dpjny)] identifies the phase space of the clustered parton [mn]. We first discuss Egﬁj )I’ZCZ-’I,
where the integration over z decouples from the rest and can be easily performed. We find

b,d),sc,I Qs —2¢ —e ini
E%iR,)lc,i - [2} Ne(b’d) </[dp[m“]] E[m?ﬂ Gmax,[mn] O-i[mn} Wanffn

m||n

(F.15)
B (027840 =22y, 0 By 5 Fis o))

where the functions *yfg _gg and 'yiQ’gr _,gg are given in eq. (A.29). Since this contribution is

soft-regulated, the only singularity left there is [mn]||i. To regularize and extract this collinear

divergence, we insert 1 = Cjjmy) + Cjjmn) into the above formula and obtain

(b,d),sc,] _ «(b,d),sc,I,1 (b,d),sc,I,2
YRR1ci = 2RRic: T >RRici > (F.16)
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where

sc g — 9% —€ ini
nldait = 2] yoo ([ 10m) B @ Cim i i

5 im Yoo
(F.17)
X [V g (1Y 0) = A0 8 [ S A FLM,W(m)>,
and
bd)sel2 _ [Qs] \vd) /() -2 i
YRR 1c.i *TNE( )<ONLOE “Omax,m 05, ewmfl F.18)

22
X (122 sgq (Y 4 g) = A 0 | A Fiagp(m)

We note that we have relabelled [mn] — m when writing the above equations. The function

E%g)licll 2isa fully-regulated single-unresolved contribution which is finite in the limit ¢ — 0
and can be numerically integrated in four space-time dimensions.

On the other hand, the quantity Egg’){fil’l will include a 1/e€ pole once we integrate over

the unresolved parton m. To do this, we need to evaluate the soft and collinear limits of

PrY Fian, o ([mn]), which we have not encountered before. Doing so requires us to revisit the

construction of the vectors r;. We recall that, following eq. (E.3), the angular parametrization

employs the direction of parton i as a reference axis, so that (cf. eq. (E.4))
pi = Ei(t" +¢f), (F.19)

where t is a time-like vector with t> = 1 and e; is a space-like vector with e? = —1. The
momentum of the clustered particle [mn] is defined as

p[mn] Eln) (t + 08 O} €; el' + sin O] bl ) ) (F.20)
with
bei, =0. (F.21)
The vector r; reads
7y = 80 Oy € — €08 Ou) 0F (F.22)
from which it follows that
Pl Tis = 0- (F.23)

This implies that r; is a valid polarization vector for the clustered gluon [mn]. Armed with
this understanding, it is straightforward to write a general expression for the soft limits Sy
of spin-correlated amplitudes-squared. We find

(pr - 7i) (pr - 7i
rfriy S[mu] FLM,;W([mn = _gs b Z : Z)

Ty Ty Fim - F.24
k=1 (k- p[mn])(pl p[mn]) (TwT1) - Fias ( )

One also needs to consider the limit Cjyy, of this expression, which develops singularities
arising from two contributions in the sum: first from k = i,l = 4, and second from k = 4,1 #£ ¢
or k # i,l = i.
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We begin with the first one and write

(pi-ri)pi-r) 1 $in” Gy _ 1 (2 = Ppmn)i)
(pz p[mn]) ( pi [mn}) E[an] (1 — COS G[mn]i)Q E[2mn} Plmn]i

(F.25)

Y

where we used the explicit parametrization of momenta p; and ppy, and the vector r;. The
collinear limit of the term in eq. (F.24) with k = i,] = i therefore reads

—¢2,C; Pir) i) oy gy = 2050 o Fim (F.26)
b éfmn] (pi : p[mn})(pi 'p[mn}) o E[mn] Plmn]i ‘
Next, we consider terms with kK = ¢ and [ # i
Di Tz i
—gsbz pi-7i) (T;-T)) - Fium . (F.27)

1£i pl p[mn])(pl p[mn})

Since p; - 1 ~ 8inOjp); and p; - Pimn) ~ (1 — €08 Opy);), and all other factors in the above
expression are regular in the limit O[,,; — 0, we conclude that this contribution is actually
integrable in the collinear limit [mn]||i. The same conclusion holds for the symmetric k # i
and [ = 7 terms. Hence, we find the following result

Cz[mn] S[mn] T FLM ;w([mn]) —27 T2 Fia . (F.28>

This coincides with the limit without spin correlations, Cjjmg) Sjmn FLM([mn]), so that
Cifmn] Sfn] (" +riry) Fin o (fmn]) = 0. (F.29)

We can use this cancellation to simplify E%R)licll "in eq. (F.17). We write

S = [O;] NGO < / [AP{na)] B s fmn] T
X {fyfg_mg Cimn) (1§ 7] + g") — ’yi2ggggg Y Cfmn] g[mn]] (F.30)
< All) FLM,W([mu])> |
The only limit in the above equation that we have not yet encountered is

Cifmn) 75 77 FLM o ([m]) (F.31)

As we will show later, it evaluates to

Cifmn) 75 7 Fnt o ([mn]) = ﬁ : P;p}n @& Bz fmnd), 92, (F.32)
Pi * Plmn] P;p}“ (2) Fom P> 2,
where the splitting functions are given by the following equations
poin () 1 Cp (HZ)Q : fi = fiim = {0, @}, -
il 204 [ﬁ + %} ; fi = flim] = 9
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and we have adopted the convention that F&/)[(z 1) = Frm(z - 14,2, ...)/2 and F&)I(z
2) = FLM(la,Z . 21,, .. )/Z

We are now in the position to evaluate the limits of eq. (F.30) and to integrate over the
angular phase space. For the final-state emissions (i > 2) we find

E(bd) sc,I,1

Qs € —€
RR, Ic,i _ lod NG < / [4P3)[APfrn]] Erpen] O, ] iy

i>2 2

gs b spin .
YEigmrag m (ng (2) — ng(z)> z Fim([mni]) (F.34)

+ 712_2,gr—>gg Ci[mn]g[mn} z Fim ([mn])

while for 7 < 2 we find

(b7d) 7SC7I71
ERR,lc,i

byd o e
‘i<2: 9 Ne( ) </[dp[mn]]E[mi] Gmax,[mn] Mo

2

9s,b spin (2) .
—_— (PP —P F . F.35

X | VLg—gg o) B ( () qq(z))@’ L (2 [mnd]) (F.35)

+712-2779T—>gg Ci [mnlg[mnl Fin([mn] )] > .

We can then integrate over the remaining energy and angular variables using the formulas
in appendix A.2 and obtain

E(b,d),sczl,l‘ _ P 22T - T(1 - 2€) \(ba) < <2Ez‘>46
RR,IC,Z i>2 46 F(]. o 36) € M
in 22
X |: o 7i279—>99 {ﬁfq—wg ’Ygfqi?gg} + ’yJ_,gT—>gg 7z g—>gg(€a Ll)] FLM> )
sdeett [os]? 22€F(1 —OT(L—26) \ 0 < <2Ei>46 (F.36)
RR,lei ;9 4e I'(1 — 3¢) € 1

A g [ 42— 27 [Pule) — P © G )

i2gr—>gg/ dzP(4) (z L)®FIS§\)/I(ZZ)}>7

where we have defined

1 .
yZhspin _ _ /0 Qe[ 27 (1= )PP —20a (1 -2 N (R3D)
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. .. .. . . (b,d),sc,I,1
Finally, combining emissions off different legs, we write ERR’IC

2 92¢
g L F(l — L1 =26) g
a de INOE 36)
Np
X { <( ) ’YJ_,gﬁ\gg [f)/z,g%gg 732?;2] FLM>
=3
2./ (2E

+;<( MZ>_4€ 1,9—gg /dz [ Pyq(z )—P(?};i“(Z)} ®FL(§\)/I(ZZ>>}

s 2 r en ( ;
+ [46]N(b ) ’Yfg—hqg </dz Pq(;l)’g (2) ® FIER)/[(z . z)>
=19

(s by 22, (4)
+ T ‘]\[sc7 7L,g—>gg<IC (6) : FLM> )

(F.38)

where we have introduced

22¢3(1 — 2¢)
(bd) _ (b,d) . F.39
Nee I'(1—36)IB3(1—¢) Ne (F.39)

We return to the “unphysical” contribution Z%R)licln of eq. (F.12). Using eq. (F.24), we

can immediately obtain the soft limit Sppng FLM,w[mn]. Integrating over Ejp, and 2, we find

—4e
b,d)sc,IT Enax —e ini v v
St =lad gt (Z22) ([ a0 o wnia’ 5500 + 9

I
N, o (F.40)
o 5J_,T guy TR (Tle) . FLM>;
i 3:1 (2 * o)) (72 P foun)

where 5; and 5;-”

(o] .
W9 Fi) = / [mn] < T mn] Pl
N ne , N (k)
X (rtr? + g ko 2Ly F >,
( ) & T ) )
[ (d-1)

Q[mﬂ} ] —e wmi,ni
[Q(d—?)] z[mn] m|n

are given in eq. (A.30). At this point, we introduce the functions

(F.41)
<WZ”n . FLM> = — 6226/
Np
« Z ng - 1y F(kl)>
Z2n (e ) (0 )~/
k£l

where we have used the shorthand notation F( 3) = (T;-T;) - Fim, and write eq. (F.40) as

Em X _46 y 2_26 ;
Shivies ! = o) (M) (3 W Func+ 65 S Wi ). (F.42)
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The function Wﬁi) is finite in € because the pole arising from the term proportional to r!'r?
cancels with that arising from the g"” term. This can be understood as follows: the most
singular contribution affecting the term proportional to 7£r? stems from the combination
k =1 = 1, since the partition functions damp all other potentlal collinear configurations.
In this case, the singularity is proportional to 2CY, /pjmn)i, as we already saw in eq. (F.26).
On the other hand, the singularity proportional to ¢g"” can only arise when k = 7,1 # ¢ and
k #i,1 =1, given that n? = n? = 0. We can then isolate the divergent ratio 1/(n; - Nmn]) and
(4)

sum over colors, obtaining precisely —2C, / Plmn]i- We conclude that Wr” does not contribute

to the pole content of EE{R)ECZH

of O(e~1), which could (in principle) be dependent on the partitions wt‘:ﬁ:l This would

imply that the pole structure of Egg)l’zci’n would depend on the choice of partition functions.

By contrast, the term in eq. (F.42) containing the function W " does contain singularities

However, in appendix G we will show that the sum over all the external legs of WZ” an

be written as

al | Al Qs 1/ pu (k1)

7||n 2 —€ ml ne
22<W Fla) = = e2 Ez;k;1/ (d-2)] <Pkalm Tim Cufln L >
1= 1=

=2 Z <77UEK F ”)> (F.43)
%];«éjl

+ Z [ )T (FLm) + € <Wz-iHn’ﬁn : FLMH ;

where we have relabelled [mn] — m. It is clear from the above equation that the poles of

Eg’g ){(S:CZYH are in fact independent of the partition functions, whose explicit form only affects the

finite remainder WZ Im.fin given in eq. (G.12).>! Summing over emissions from all legs, we find

b,d),sc,IT r Emax e
S = 2ladiopr(e) (2

—2¢ N
x {— (Is(€) - Fom) + @E“;‘EQWNC(G) > T <FLM>]
=1
Ny (F.44)
+ [043]2 2—2653_,7"(6) (Emax> 4 Z<WZ||n7ﬁn . FLM>

K =1

Ema —4e NP )
+ [as]267 ( " ) S (W0 FLM>] .
=1

The complete result for spin-correlated contributions is obtained upon combining
egs. (F.18), (F.38) and (F.44).

31Changing the form of the partition functions would also change the value obtained from numerical
integration for the fully-regulated term X%, , (cf. eq. (4.15)). These changes would compensate each other
such that the physical cross section does not depend on the explicit expression for the partition functions.
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a b c F34(z,€4,¢€p,€c)
in | in | in |(1—2)/z4+2/1-2)+2(1-2)

in | out | out z(1—2)
out | in | out z/(1—z)
out | out | in (1-2)/z

Table 1. The table from ref. [83], page 160. Note that we use z = 1 — E},/E, at variance with ref. [83].

It remains to prove the results for spin-correlated splitting functions introduced in
eq. (F.32). To this end, we consider the cases where i is the initial-state or the final-state
parton separately. We begin with the discussion of the final-state splitting, in which case ¢
is a gluon. Since r; can be considered to be the polarization vector of the clustered gluon,
the calculation of the collinear limit in eq. (F.32) is equivalent to the computation of a
g — gg splitting for polarized gluons. The corresponding results can be found in ref. [83].
To understand how they can be used, we note that ref. [83] defines polarization vectors
relative to the decay plane formed by the momenta of the final state particles, there called
b and c¢. Their momenta define a two-dimensional plane in (d — 1)-dimensional space (we
discard the temporal component for obvious reasons). We need (d — 2) polarization vectors
to fully describe the quantum state of a gluon. Hence, for each of the gluons, we choose one
polarization vector to lie in the plane defined by the momenta and (d — 3) to be orthogonal
to that plane. It is clear that we can choose the “out-of-the-plane” polarization vectors to
be the same for the three gluons a,b, c.

The dependence of the g — gg splitting on the polarization of the partons is characterized
by the function F34(z) shown in table 1. One can use this function to write the collinear
limit of the scattering amplitude as follows [83]

492, Ca
5:b 5 F34(2; €a, €0y €)M (€d)]? - (F.45)

Mopi1(ep, o) ~ —22 =
(Mai1(ep, ec)l o & 70

As explained in ref. [83], this formula implies that the polarizations of the parent and daughter
partons are kept fixed. For our purposes, we identify parton [mn] with parton b and parton
1 with ¢. Therefore we need to sum over the polarizations of partons a and ¢ and keep
the polarization of the gluon b fixed and equal to ;. Note that, since this polarization is
composed of vectors e; and b;, it is “in-plane”, according to the language of ref. [83]. Hence,
for our purposes we require

H,.v 49371,0% .
Cifmn]T5 75 Fin o ([mn]) = WFLM,MV([‘“M])
mn K]
X {sg (in) ey, (in) F34(@in, bin, cin)+z<€g (out) ey, (out) Fzg(aout, bin,cout)} )
out
(F.46)

The “in-plane” polarization for the gluon a in the collinear limit is b. It remains to write
the sum for the “out-of-plane” polarizations, which reads

K v Hpy

e e’ bbL

D chilout) el (out) = —g" 4 #11 + ~yt 4 St

out 7 7

(F.47)
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Aa &p Ac qug(z’)\aagln)‘c)
+ | in | £ | (1+2)2%/(1-2)
+ |out | + (1-2)

Table 2. The table from ref. [83], page 160, that can be used to compute ¢ — gg splittings.

Thanks to the transversality of Fipu ([mni]) w.r.t. pimng, we find

t“FLM,MV([mm']) = —efFLM,u,,([mni]) . (F.48)
This implies that
ete?
tht” + t QZ FLM,,uV([mni]) =0. (F49>
€
Hence, we obtain
292 Cy ]
CM@ﬁﬁﬂMwﬂwm=&bﬂMwﬂmmﬁwwﬂwmm%mw
Bl Eipifmn]
+(=g"" + buby)F?)g(aouty bin, Cout)} (F.50)
g?,b

= —— Fimw([mni]) PH(2),
E[mn]Eipi[mn] FALp ([ ]) 99 ()

where z = E;/(E; + Epyy) and

z

1—
By =20a] - g+ (R a0 - 9) ] (F.51)

Since we will have to use this result in eq. (F.34), where the integration over directions of b
decouples from the rest, we will only require the spin-averaged version of P ;-#”, that is

(Pt (2)) = (=" Poy™ (2) (F.52)

where (cf. eq. (F.33))

z (1—2)/2—}—2(1—2)] . (F.53)

spin —
Fog " (2) QCAL_Z—F 2(1— )

Since the spin-averaging also applies to the standard collinear limit C;jmq Fia([mn]), we obtain

2
v v gS7b in .
Com 017 + 0 st (mn]) = o (B() — Py (2)) Fosa(fmi)
mn] =i Pi[mn
1-2  92,Ca  (1—2)(1+ 22 )
= — : F mnz|) .
1—e¢ E[mn]Eipi[mn] z LM([ ])

(F.54)

To describe the initial-state splitting, we require the ¢ — ¢*g splitting. To compute it, we
start from the final state ¢* — gg and then perform the parton crossing. Similar to the gluon
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case, we need to keep the gluon polarized. The polarization-dependent splitting functions
can again be found in ref. [83]; they are reproduced in table 2. We only need to consider
the “in plane” polarization of the gluon and sum over quark polarizations. Performing
the crossing, we find

4g° , i
Js b psvin ) Fim(z-i,...) (F.55)

Clmn)i?h 77 Fing o ([mn]) = Eom B: pri) 10 ’
mn  Mirjmn

where z = 1 — Ejyy/Ei, i = 1,2, and qu};in is given in eq. (F.33).

G Partition-dependent contribution

In this appendix, we discuss two contributions that appear in the computation of double-
unresolved limits. They are required to obtain terms in the final result in the second line
of eq. (6.4) and in the third line of eq. (6.5), respectively. They read

Np
Z<Wm“l‘l FLM ZZ m||n ’L])F(U)>
k=1 k=1 (ij)
% N a0l , » (G.1)
2¢ —€ ij knk (ij
€2 ZZ/ @] < o Cal FLM>’
im Pjm
and
whih . g 92 de 1 oy _ 11_Pii mk,nk (i) G.2
Wy, Lm) Z [(em /2) ™ }Pimpjm wem fiv ) (G2)

where we have used the shorthand notation FIEI\J/I) = (T;-T) - Fim, which will appear in

this appendix.

Extracting singularities from Wm”n. We first investigate eq. (G.1). We note that the
contribution of <W In - Fm) to cross sections will be multiplied by 1 /€2 which originates from
the integration over gluon energies. For this reason, we require the expansmn of eq. (G.1)

through O(e?). We also note that, thanks to the partition functions w™ ¥ that appear in

m||n
eq. (G.1), the only allowed collinear singularities correspond to the kinematic configurations

where m||k. To isolate such divergences, we write

L A
YW Py = —e2% ) ) /W_g)]<[(1—0km) (o — 1)
k=1 k=1 (ij) (G.3)
—€ Pij kunk 1(i5)
+1 = Chm (1 - 04 | - ;jm bk > .

Next, we note that the first term in the above equation is O(¢?) already. The second term
allows us to sum over index k using the relation

Np

waitt =1, (G.4)
k=1
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and the last one can be simplified since the collinear Cl, limit selects particular contributions
from the sum.

We now consider the second and the third term in more detail. The former reads

2¢ o dQ . 1 pzj mk,nk -(ij) —e (i5)
€2 Z Z/ Wl TLM ) = 22 3K Fiai) - (G.5)

m Pjm (i)

To compute the contribution of the third term, we note that

€ Pij mknk _ € i ) -
Chrm ( O‘km) Pim Pjm Walln = (1 nkm)pkm (Oik + 1) - (G.6)

Using this expression in eq. (G.3), it becomes possible to sum either over j or i using the
color conservation condition. We obtain

N Np (d— 1)
dQ ©J 7
622622 / <c,m( — o) 22 w:;’“n“’“F“)> ZT2 (Fin), (G.7)

Pim Pjm i=1
where (-0 I(1-gr( -2
2I'%(1 — € 1—¢e)I'(1— 2
N,(¢) = — =1 3. .
©) = Ta=29 T(1— 3¢) +0(€) (G.8)
Combining all the relevant terms, we find
Np
S Wt By = 22 K R ZT (Fia)
h=t (G.9)
+ 62 Z mHn fin ) M> :
where
Np (3)
fin dQn Pij ok (i
ol -ﬂM>=§%/ %_<@f4%ﬁbg®m)mmémw%$1%£>~ (G.10)
ij

Notice that W,?Hu’ﬁn is finite in €, thus we evaluate it in d = 4 dimensions.

Extracting singularities from W,’: " We can compute the second contribution <W,]: I
Fin) shown in eq. (G.2) in the same way. As in the previous case, we introduce collinear
subtraction operators as

(d— 1)
Kl 2y dQ
(G.11)
%m%%%WMWW“HMj%Wﬁ@-
Pim Pjm
The term with (1 — Cgy) leads to an O(e?) contribution that we express through

<Wk|ln ﬁn Z/ < (1— Cim) log (TII;m> 'Pij' wzl‘fn,nk FL(JZI\J/I)> ) (G.12)

Pim Pjm
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The calculation of the term with Cyn, proceeds exactly as already explained in the
previous subsection. We use

Pij 1
Cpm ™k 0 = (50 4 5:4) G.13
™kl Pim Pjm Pkm ( ! I ) ( )

sum over one of the color indices and employ the following integral

/ [l 2 K%)— - 11 _ 2% l2r2(1 —¢) 2T(1-eT(l—¢)

Q=2 p |\ 2 e | T(1—2¢)  TI(1-3¢) (C.14)
2—26
= Nk(ﬁ) )
€
to find the final result
WEIR B = EovFImEn L B — Ni(e) T2 (Fa) - (G.15)

H Triple color-correlated contributions to real-virtual corrections

In this appendix we discuss the computation of the triple color-correlated component arising
from the integrated soft limit of the real-virtual contribution. The relevant factorization
formula in the soft limit is given in eq. (4.97), and we are interested in the final term

4T (143 (1 —e

S Fry(m) = —[ay] el'(1 - 2¢)

Np € ..
LS ki Siaom) (Sulow)) FSP L (L)
(ijk)

where (ijk) labels triplets with different ¢, j and k& and we have used the notation
kij a c
Fiat) = (Mo fave TE TV T5 [ Mo) (H.2)

to indicate the triple color-correlated matrix element. The phase factor r;; is reported in
eq. (A.6), and the eikonal factor S;; in eq. (4.89). Here we just recall that k;; is completely
symmetric under the exchange i <+ j and (obviously) is independent of k.

We begin by pointing out that the triple color-correlated matrix element gives a non-
zero contribution only when there are at least four colored particles in the Born-level
process. Indeed, with three colored particles one can use color conservation to obtain the
following identity

Fabe TETSTS | Mo) = — fape TE TS (TE +T5) | Mo) = 0. (H.3)

Our goal is to integrate eq. (H.1) over the phase space of the soft gluon with momentum
Pm- We begin by integrating over the energy FE; and obtain

(Sul Fry) = — [as]

L AT 2T+ Y1 — €) [4B2,\
e2T(1 — 2¢) w2

<3 (g 6 FPY
(i5k)

(H.4)
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In eq. (H.4) we have defined

d—1 €
le-j:/ oy Pij (H.5)
2(271-)6!71 PkmPim \ PimPjm ’

which is a function of the angular variables p;;, p;r and p;,. We note that since k;; is a
symmetric tensor and FIE]K/Z[] ) is fully anti-symmetric, only the anti-symmetric contribution
GFJ — GF3* can contribute to the sum, whereas the symmetric part drops out. We will use
this result when writing intermediate expressions for (S%! Fry(m)).

To perform the remaining integration over the soft-gluon angle, we employ the Mellin-
Barnes representation of d-dimensional angular integrals presented in ref. [84], and write
the integral as

d—1 €
Gkl — dQl(n ) Pki Pij
2(27T)d71 PkmpPim \ PimPjm

+i00

dzi; dzi, dzg; m2te

= ki Pf; / Z](2ﬂ]i)3 : ST D(—2i) T (=2k) T (—2zjk) (H.6)
—100
X F(l +e+ 2z + Zki)F(—l —3€ — zij — 2ki — ij)r(é + zij + ij)

1 Zij 2k ) %k

T(—4e)T(e)T(1 +¢) o Tt ik -

X F(l + 2k + ij)

In the above equation we have introduced the three complex Mellin-Barnes variables
Zij, Zkiy Zjk, and 15 = pi;/2. The integration contour has to be chosen in such a way
that the poles of I'(... 4+ x) are separated from the poles of I'(... — x), with x being a
generic integration variable. In order to resolve the singularity structure in ¢ we employ
the packages MBresolve [85] and MB [86], which allow us to express our original integral
as a linear combination of integrals that can be safely expanded in € under the integration
sign, and whose integration contours are straight vertical lines in the complex plane. Upon
applying this procedure we find that it is possible to express the function G¥ up to O(e?) in
terms of classical and generalized polylogarithms (GPLs) [87, 88] up to weight three. It is
convenient to write the final result for the angular integral as follows

(d-1) € 2 —€.€ ..
lej — de Pki Pij — _6|: 2~ F(]‘ — E) :| ék’l.] 7 (H?)
2(2m)4 L prmpim \ PimPim 472 [T(1 — 4e)T2(1 +€)
where
i 31 171
G = R [log (mij) — 3log (k) — log (njk)} + - [2 log? (1;7)
+ log (ni;) (—log (nir) — log (njx)) + log (mik) (log (njr) — 2log (1 —nax))  (H.8)

3 1
— 2L (nix) + 3 log? (k) + 3 log? (njx) + WZ] +0(e").

Note that the e-dependent prefactor in eq. (H.7) starts at O(€?), so that the whole angular
integral is effectively O(e™!), as expected.
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Inserting the result for G*7 into eq. (H.4) we get the following final result for the triple
color-correlated contribution to the real-virtual counterterm

—2e¢
tri _ 2 7‘—1—‘5(1_6) 4E§1ax Ak o (kig)
<Sm FRV>_ [043] F(l—2€)F(1—46)F(1—|—6) MQ (%)<KZ]G FLM > . (H9)

To proceed further it is convenient to split the function G" into contributions using its
symmetry properties under the i <+ j permutations. We write

ki i i
G™=G"+G™", (H.10)
with
—kij 31 1 ij 1 {27T2 Lo of mij ] 0
GV ="—+ —log +—|—+=log®| —— | | +O("), H.11
s 4 €3 2¢2 (njknik el 3 2 NikNik ( ) ( )
and
i logmx 1 .
G, =— E;h + - [log2 Nk + 2Lig (1 — nik)} +0(e%). (H.12)

The function ésk 7 s symmetric under ¢ <> j permutations; hence, it does not contribute
to (S Fry(m)) and can be dropped. Note also that the function éf”, up to O(e71), is
symmetric under the i <> k permutation. It follows that (S Fry(m)) is free of poles for
processes with a color-singlet initial state, as in this case we have r;; = —1.

For a hadron collider process with two incoming and any number of outgoing partons,
the function x;; reads

Kij = —1+ 201052 + 20:2051 , (H.13)

from which it follows that
> (ks G R = 3 (i G YY)
=9 Z <(§f12 _éle) Féﬁ2)> '

~

(H.14)

Using this result together with eq. (H.12) and eq. (H.9), we obtain the final formula for
the poles in the triple color-correlated contribution to the soft limit of the real-virtual

corrections. It reads

, k12) [ 27 ok | 2
(Sy1 Fry) = [os)* > <FI_(,M ){62 log 2% 4 € [10?32 M — log® nay,
k£1,2 Mk

4Er2nax Mk . . 0
+ 2log 2 log | — | + 2Lia(1 — mg) — 2Lig(1 — mox) | + O(e") ¢ ) -

2k
(H.15)

We now present the formula for the O(e”) terms of eq. (H.8). We exploit once again the
symmetry properties of the triple color-correlated contribution under the exchange of i +» j
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indices and therefore only present results for the antisymmetric part. The result reads

— kij 77@ Nk ik
G, g, = Lia(n;;) log — Lia(ns) log | —— | + Lia(n;x) log ( )
o (s) )k (i) i ik i) i ik

+ log(mix) Lia (-M) + log(n;x ) Liz <—W> + 3Li3(1 — nax)
— Nik Nk

. . (11—
— 3Lig(1 — njx) + Lia (1 ) log(nixn;k) + Liz <Z

) log(nik njk)
ik

ik

— Njk

. 1 1—n ———
— L13(77jk:) + 10g2(77ik) {2 log (ﬂ) + log (W) }
1] 5

1 1 1-— Nik
+ log(nix) | — = log?(ni;) + log(1 — ny;) log(mij) + = log? [ ——
2 2

. ik — T . ik — ik .
~tog(nyi)Lia (=% ) — log(1)Liy (—Z”) + Lis(nix)
(3

1 — i
1 1372
+ = log? | 1R ) 4 log(1 — nik) log(njk(nik — mir)) + log®(njx) — ]
2 1)k 6
2
- -
+log(1 — njx) [— log(nj) log <”> — log®(njk) — ]
Nik — Nik 6
+log(1 — mir) llog(mk) llog (%) —log(1 —mji) | + log?(mix) (H.16)
Nik — MNik
log?(n; 2
— log(n;x) log(njx — nix) — ;]) 5l ts log(n;;) log?(n;k)

1 ik
+3 log®(n;;) log(n;k) — log(1 — m;;) log(mi;) log(nj) — 3 10g <77Zk>
J

1 1—n; ; 1 1—mn; ;
— —log (%k) log2 Mk ) _ 2 log2 (ng) log ik
2 1 — ik Njk 2 L — ik Nk

2 Nik ( Nik )
-1 1 — + 7?l +1 T
og? (n;) log(njr — mix) 3" % (mk> A Nik

2 1
X [6 —log(1 — nj) log(njk)] ~3 log® (i) + log®(1 — mix) log(mik)

lo 3 ik 3 1 ”
1 o) log?(1 — 1) log (i) + 272 log(nyi,) — = log [ — 25—
2 2 6 1—
+ log(niy) | G (7w, w™, 1)
- G(ﬁzk‘a w+7 ﬁjka 1) + G(ﬁ]ka ’IU+, ﬁika 1) + G(ﬁlka ’LU+, 1’ 1) - G(f/lka ’IU+, ﬁik? 1)
- G(ﬁjk) ’LU+, 17 1) + G(ﬁjk? era ﬁjka ]-) - G(ﬁllm wia ﬁjlm 1) + G(’F]jka wia ﬁikv 1)
+ G(ﬁlka w_7 17 1) - G(ﬁzka w_aﬁika 1) - G(ﬁ]k? w_v 17 1) + G(ﬁj/ﬁ w_7 ﬁjka 1) )

where we defined

- G(ﬁ]kv U)+, 1) + G(ﬁlkv ’w77 1) - G(ﬁ]kv U)i, 1):|

o 2 ik — e E \/(77ij = Nik = Mjk) > — Aniknse (1 — i) | (H.17)

w
2 (Miknjk — ik — Njk + 1)

and ﬁab = 1/(1 — 77ab)-
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The expression in eq. (H.16) is well defined in the region 7;;, < n;,. However, this is
sufficient to cover the entire phase space since the other region can be obtained by swapping
indices ¢ and j. Thanks to the antisymmetry of the result under such an exchange, this
only amounts to an overall sign change.

I Collection of functions used in the final result

In this appendix we collect all the functions that are necessary to write the final result for
the NNLO QCD contribution to the partonic cross section of the process q¢ — X + Ng
given in section 6. For the reader’s convenience, we attempt to make this appendix as
self-contained as possible.

We use the following notations

log™(1 —
=1-z D)= [EEZY) (1)
I—Z +
~ 2F. E = 2F X
Lizlog< ) Lizlog( ma), LmaX:log< ma). (1.2)
% E; p

To present the double-boosted contribution in eq. (6.3) we have used the following
splitting function

PgILO (2,E;) =Cp [2 + 4D (2) + [4Do(2) + 36(2)|Li — 2(1 + 2) [L; + log(Z)H ) (1.3)

The single-boosted contribution in eq. (6.4) depends on the function Wf ”n’ﬁn, defined in
eq. (G.12), and an operator Iéo), reported in eq. (A.66). We have also introduced the function

1 T2(1—¢) [2BE;\ % _
Wi, E) = _( z) (), L) — e~ 2Lip@) (5. L,
P B) = =5 vq a0 () [Pid (L) = PP L) ”
= Cp|[14 2 = 2Do(2)] Li + 2D1(2) + 8(2) L} — (1 + 2) log(2)] ,
where in the second line we have taken the € — 0 limit. Furthermore, we use
Py 0 (2, E;) = CRPRN"0% (2, B;) + CpCaPp YO (2, E;) (L5)
with
- 322+1)1
PNNLOa(; |y =212 [spl(z)%po(z) - W—4(z+l) log(2)
~ 82 8Lia(Z log?
—z—5} +L; [2492(Z)+12D1(2)—7TDO(2)+1_(z>— (1+3z2) M
3 z z
1 2]
+4(142+42%) Ogg(z) —log(%) (égzz_g(z) +2(5+z)> —12(1+2)log?(2)
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+ (7—22+7z2) log(z)+% (6—3z> —4(z+1)210g2(2)} +10g2(2) [ (;—922) z

-2 <1+22) <L12(2)57g2> ] +3z <L12( )+2g2> <i+£22> logZ(z)

2(3( +72%) [ _ 5 322\ log(z )}
~1 27— [ -2 “1
E og?(%) 57 5 > +8z + 0g?(2)—9
9 4i (16C + 2 2>’IZ-+3”2 ™ 9 2} (L6)
L e TRV TR Tt '
and
11~ - [/134 2r2 44
NNLO,na _ 2
L 2 11 1 22
+2(1427) 12( )+[3+322+2(1+z2)log(z)} ogg(z)_i_?( +1)log(z)
o2 52 91z] 22 134 272 208 1172
Attt Bty ) | = 2 \p _°
ST T ] 3 2(2)+< 9 3 ) 1(2)+ [9C3 o7t 6
2log?2 (1462+192%) Lia(2) 2log2 (142%) 1. . L
T3 ] 0(2)— 6 = + 3 + e {2L13(2)—8L13(2’)
- - 2—|—112
—2(log(z) —2log(2))Lis(2) —log?(2)log(z)+4log(z)log (Z)}—F log?(2)
11 20—57z—4 2 1 1
+§(1+z)log2(2)+%10g( )—logzr)g +1L83 —5(1 z)log(2)
_7r21+3z} 5—422 ot 2 12z+4Qz —35_ 563 197 sz ){ 12 [64
6 2 3 z 108 ' 108 max | °g
2 _ 2 2
_7T+2210g2}+L12 <7r_227_221 >+Lmax[11§3 2272 383
3 3 3 18 3 2 9 54
7. . 125log2] ~ [263 77r 11log?2 (224 47r2> }
—log?2— Li| =2 —1¢—— T ) log2
3 8 9 }“L [ g % T3 9 3 )%
, 2210g32 217 2510g2 2117* 1561 10372 log*2
—2Liy(1/2)+ - - -
ia(1/2)+ CS( 4 ) 1440 36 432 12
1572 284 572 415\,

NNLO

It remains to discuss functions that contribute to dé , see eq. (6.5). The quantity

Ifn collects color-correlated contributions and reads

1
fin _ L 7(0)\2 (0) () | 7 _op() (-1)
I} _2(1 )+ KIp +Cy {6 ([ + Ig7 — 2Ig 241 )
n[(2r* 131 22 17¢; 1975 11 o
I T 4 TR 0g2 | Ly — —2 A —— — = I.
s {(3 8 3 1 108 127 (L.8)
2 72 131  1llog?2
—11log22 — 2721 2] QN A }
ogrz—gmlogs) gt | g T ge T3 ’

where K is a constant given in eq. (A.7) and Ién) Ig I , Iy (n) AN () are the coefficients of the
n-th power in the e-expansion of the corresponding operators reported in appendix A.5. The
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finite part of the triple color-correlated operator is given by

[fin — pleo)fin | Z ki Grd ) (1.9)

tri tri r,fin
(ijk)

where F(F9) = f, T¢T; b T7. We note that Lo " corresponds to the O(e) contributions

tri

of the operator It(ri) in eq. (5.15) and reads

1o Z FED (554 85,) (555 + 65 — 265 (1.10)
(wk)
where
1 Yi
+ 2 ¢ . 2 2
0 = 5L+ g Lig — 57N
0 = ;3 Aij + Lij Aig (L11)

1 .
¢ij = —2Lmax log(mi;) — 5 log?(ni;) — Liz(1 — m;;) .

' can be found in eq. (H.16).

Furthermore, the term GT fin

The operator Il in eq. (6.5) collects color-uncorrelated contributions. It reads

unc -

3 18 + 3 max 72 324

117 1433 72 (945 + 1997?) 11
— — il I | — — 2 ogd2 I.12
J{ 85— =g+ 108} © 1440 3 8 (L.12)

143 72
22 ) log?2
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where we have introduced
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if i € [3,N,)].
The function vV in eq. (6.5) is a combination of anomalous dimensions. It is given by

1 T2(1 —¢) [2E;\ % 9L,
V(L) = 2r<1—2>( uz) P2gg(e L) — e Ha 2 (e L)

203 11
72 ( 6" ﬂ ’
where in the second line we have taken ¢ — 0. Furthermore, the functions W;“ ”n’ﬁn, WZ In.fin

and W are given in egs. (G.10), (G.12) and (F.41), respectively. The quantities 6550) and
5; correspond to

2
5§0)—CA(—131+7T+11108;2), 5l—CA<13 log2). (1.16)

(L15)
=Cy

276 6 g 36 3
The finite remainder of the double-soft integrated subtraction term is given by
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In the above equation we used d0;; = 6;;/2, where 6;; is the opening angle between momenta
of partons ¢ and j. The Clausen functions are defined as

B Li,(€%) + Liy(e™%)

Cin(2) = 5 7 _ Lip(e )—'Lln(e_ )

Sin(2) = > , (1.18)

and Gg, a,.....am () are the standard Goncharov polylogarithms.

The last two functions in eq. (6.5) are FE\I}Q and F% which refer to the infrared-finite
components of the one-loop squared amplitude and the two-loop amplitude interfered with
tree level, respectively.
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