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ABSTRACT
A synthetic Mirnov diagnostic has been developed to investigate the capabilities and limitations of an arrangement of Mirnov coils in terms of
a mode analysis. Eight test cases have been developed, with different coil arrangements and magnetic field configurations. Three of those cases
are experimental configurations of the stellarator Wendelstein 7-X. It is observed that, for a high triangularity of the flux surfaces, the arrange-
ment of the coils plays a significant role in the exact determination of the poloidal mode number. For the mode analysis, torus and magnetic
coordinates have been used. In most cases, the reconstruction of the poloidal mode number of a prescribed mode was found to be more
accurate in magnetic coordinates. As an application, the signal of an Alfvén eigenmode, which has been calculated with a three-dimensional
magnetohydrodynamics code, is compared to experimental observations at Wendelstein 7-X. For the chosen example, the calculated and
measured mode spectra agree very well and additional information on the toroidal mode number and localization of the mode has been
inferred.
© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0190619

I. INTRODUCTION

Mirnov coils are widely used to measure magnetic field fluc-
tuations and identify mode activity in fusion devices. Poloidal or
toroidal arrays of Mirnov coils provide spatial–temporal resolution
and offer the possibility to determine the poloidal mode number m
or toroidal mode number n in addition to the frequency f of the
mode. While the frequency resolution is given by the sampling rate
and accuracy of the analysis tools, the spatial resolution depends also
on the shape of the flux surfaces and the geometry of the coil array.
The question is how to determine the structure of a mode that is
propagating in the plasma with Mirnov coils located at the inner
wall of the plasma vessel. There are different aspects that have to be
taken into account: 1. Only a limited number of Mirnov coils can be
installed in the plasma vessel. 2. In general, the geometry of the coil
array differs from the shape of the flux surfaces, which depend on
the magnetic field configuration. 3. The Mirnov coils are often non-
uniformly spaced due to constructional constraints. 4. The mode’s
amplitude decays proportional to r−(m+1), with r being the distance
to the magnetic axis and m being the poloidal mode number.1 5. In

experiments, there can exist several modes at the same time, which
probably couple with each other. Hence, the ability to determine
the mode numbers with the Mirnov diagnostic depends on many
different aspects.

Using a synthetic diagnostic, the capability of a Mirnov sys-
tem can be estimated, and by the comparison with the calcu-
lated modes, the interpretation of experimental measurements is
improved. There are different approaches with varying complex-
ity. For example, for W7-AS, Zegenhagen et al.2 used artificial
data to investigate the capability of the installed Mirnov diagnos-
tic with respect to different mode numbers, noise, as well as the
superposition of modes. Bohlsen and Hole3 proposed a Bayesian
approach, modeling current distribution in a tokamak. Several diag-
nostics can be included in this analysis, such as Mirnov coils, soft
x-ray diagnostics, and motional Stark effect diagnostics. However,
the model has not yet been applied to experimental measure-
ments. Focusing on the capabilities of the hardware and software
of the Mirnov diagnostic, an end-to-end simulation has been devel-
oped by Testa et al.,4 simulating δB⃗ directly at the Mirnov coil
positions.
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The synthetic Mirnov diagnostic presented in this paper cal-
culates the signal of a mode at the Mirnov coil positions, taking
into account the spatial discrepancy to the mode in the plasma.
This work focuses on two main aspects: First, the effects of geo-
metrical properties of the coil arrangement as well as the magnetic
flux surfaces on the capability of the Mirnov diagnostic are inves-
tigated. These have to be taken into account for the comparison of
experimental observations in different devices as well as for the com-
parison of observations in different magnetic field configurations
in the same fusion experiment. Second, the Mirnov signal, which
would be produced by an expected Alfvén eigenmode, is compared
to experimental observations at the stellarator Wendelstein 7-X.5,6

With this, the experimental mode with f = 183 kHz can be identi-
fied as an EAE (ellipticity-induced Alfvén eigenmode7 with Δm = 2
and Δn = 0) localized in the outer region of the plasma.

This paper is structured as follows: In Sec. II, the imple-
mentation of the synthetic Mirnov diagnostic is presented. In
Sec. III, eight test cases are investigated with varying coil arrange-
ments and magnetic field configurations to analyze the capability
of the Mirnov diagnostic in different geometrical configurations,
including three experimental configurations of Wendelstein 7-X
(W7-X). As the effects of geometrical configurations depend on
the selected coordinate system, the analyses are done in torus and
magnetic coordinates. In Sec. IV, a measured mode spectrum of
a high performance W7-X plasma (20180918.041) is compared to
the synthetic mode spectrum of an Alfvén eigenmode calculated by
the three-dimensional magnetohydrodynamics (MHD) code CKA
(Code for Kinetic Alfvén waves).8 In Sec. V, the main results are
summarized.

II. IMPLEMENTATION OF THE SYNTHETIC
MIRNOV DIAGNOSTIC

The synthetic Mirnov diagnostic starts from a modeled eigen-
mode. For example, an ideal magnetohydrodynamic (MHD) eigen-
value code, e.g. CKA, provides a mode frequency ω and a mode
structure given by the Fourier components of the perturbed paral-
lel vector potential δA∥mn(s) ∈ C. The modes are defined in PEST
coordinates9 with the normalized toroidal flux s ∈ [0, 1] and the
two angle-like coordinates in the poloidal and toroidal directions
θ, ϕ ∈ [0, 2π[. The PEST coordinates are magnetic coordinates with
straight magnetic field lines, where ϕ is equal to the usual cylindri-
cal angle. The name PEST originates from a tokamak stability code
named PEST.10,11 The perturbed parallel vector potential can then
be represented as

δA∥ = ∑

(m,n)∈ℳ
Re[δA∥mn(s) ei(mθ+nϕ)

], (1)

where ℳ is the set of Fourier modes taken into account. Here, only
the parallel component of the perturbed vector potential is consid-
ered in accordance with the CKA code, used for the comparison
with the experimental measurements in this paper. The associated
magnetic field perturbation is given by

δB⃗ = ∇× (δA∥⃗b) . (2)

Hence, δA∥mn(s) is the basic ingredient from the numerical side.
Two points should be noted: First, even if a mode with only one

(m, n) component is specified, the coupling to the equilibrium
inherent in Eq. (2) results in additional Fourier components in δB⃗.
Second, the Fourier spectrum Fmn = max

s ∈[0,1]
(∣δA∥mn(s)∣) depends on

the specific coordinate system used. Nevertheless, the structure of
Fmn serves as a theoretical guideline to classify a mode. For example,
for a toroidal Alfvén eigenmode,7 the two dominant components of
Fmn differ by Δm = 1 and Δn = 0.

For calculating the signal measured by N Mirnov coils from the
input mode, two main assumptions are made: First, the mode fre-
quency ω is low enough that the quasi-electrostatic approximation
is valid and the Biot–Savart law can be used (ω≪ c/a, with c being
the velocity of light and a being the minor radius). This is usually
the case for the signals detected by a Mirnov system. Second, the
magnetic field perturbation detected by the Mirnov coils stems from
the current perturbation δj⃗ = 1

μ0
∇× δB⃗ inside an arbitrary control

surface at the flux surface sc. As the Mirnov coils are installed out-
side the plasma boundary, it would be convenient to choose sc = 1,
i.e., the last closed flux surface (LCFS). However, this is only possi-
ble, if the mode is the result of a free boundary calculation. Often
MHD codes using fixed boundaries are employed because they are
less complex, e.g. CKA. In this case, using a value close to one seems
to be a reasonable choice.

After choosing sc, the magnetic field perturbation at any point
outside the control surface can be calculated from δj⃗ using the
Biot–Savart law. This involves volume integrals and is numerically
cumbersome. Employing the virtual casing principle,12 the volume
integral over δj⃗(s) can be transformed into a surface integral over
δB⃗(sc). For the synthetic Mirnov diagnostic, the code EXTENDER13

is used, which is a numerical implementation of the virtual casing
principle. It calculates the magnetic field perturbation δB⃗(r⃗l) at the
Mirnov coil with number l ∈ {1, . . . , N} at the position r⃗l from the
input δB⃗(sc).

The signal Ml at the lth Mirnov coil, with position r⃗l, is cal-
culated by Ml = cl( δB⃗(r⃗l) ⋅ n⃗l), where n⃗l is the coil’s normal vector.
The constant cl is given by the coil’s technical design (e.g. wind-
ing number, area, sensitivity). In the following, the coil signals are
combined in one vector M⃗ = ∑N

l=1 Ml e⃗l consisting of N signals of
the individual Mirnov coils, where e⃗l is the lth standard basis vector
of RN .

Recalling Eq. (1), it is obvious that δB⃗(sc) only depends on

a = δA∥mn(sc) and a′ =
∂

∂s
δA∥mn∣

s=sc

, (3)

where the two independent quantities a, a′ ∈ C are introduced for
a short notation. For theoretical studies, it is convenient to spec-
ify an ad hoc set of a, a′ and calculate the Mirnov signal. The
whole chain from one input (m, n)-mode to its Mirnov signal can
abstractly be written as M⃗ = 𝒯mn(a, a′), with a transfer operator
𝒯mn. Since all operations necessary to arrive at the Mirnov sig-
nal from a prescribed mode are linear, the transfer operator has
the properties 𝒯mn(a, a′) = 𝒯mn(a, 0) +𝒯mn(0, a′) and 𝒯mn(αa
+ βb, 0) = α𝒯mn(a, 0) + β𝒯mn(b, 0) for α, β ∈ R [and analogously
for 𝒯mn(0, a′)].
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Thus, the Mirnov signal for the mode in Eq. (1) can be
written as

M⃗ = ∑

(m,n)∈ℳ
𝒯mn(a, a′)

= ∑

(m,n)∈ℳ
[Re(a)𝒯mn(1, 0) + Im(a)𝒯mn(i, 0)

+ Re(a′)𝒯mn(0, 1) + Im(a′)𝒯mn(0, i)], (4)

and pre-calculating the 4 ∣ℳ∣ quantities 𝒯mn(1, 0), 𝒯mn(i, 0),
𝒯mn(0, 1), 𝒯mn(0, i) allows for fast computation of the Mirnov
signal for any input mode.

Now, it also becomes clear why it was not necessary to include
the mode’s time dependency in Eq. (1): It can be derived by using
the properties of 𝒯 . Assuming a time dependency δA∥mn ∼ eiωt leads
to

𝒯mn(eiωta, eiωta′) =
1
2

eiωt
[𝒯mn(a, a′) − i𝒯mn(ia, ia′)]

+
1
2

e−iωt
[𝒯mn(a∗, a′∗) + i𝒯mn(ia∗, ia′∗)],

(5)

with the asterisk denoting the complex conjugate. For the special
case of a stationary wave, one gets

𝒯mn(cos (ωt) a, cos (ωt) a′) =
1
2

eiωt𝒯mn(a, a′)

+
1
2

e−iωt𝒯mn(a, a′). (6)

In experiments, both types of waves can exist. Equation (5)
describes a running wave with a clear propagation direction
determined by the sign of the mode numbers. In contrast to
this, a stationary wave, characterized by Eq. (6), has a sym-
metric mode spectrum. Because of their simpler behavior with
respect to the Mirnov spectrum, in Sec. III, stationary waves are
used.

In order to interpret experimental results, a poloidal angle
θM and a toroidal angle ϕM are assigned to each Mirnov coil, using
an operator 𝒞. The Mirnov signal M⃗ is then transformed into
M(θM, ϕM), defined on an irregular grid. A subsequent non-uniform
Fourier transformation ℱ finally gives the Mirnov spectrum
Mm′n′ = ℱ𝒞M⃗ (the range of m′, n′ is given by the number of coils
and their geometrical arrangement). Hence, one (m, n) input mode
gives rise to a whole Fourier spectrum in (m′, n′). The workflow of
the synthetic Mirnov diagnostic is shown in Fig. 1.

The prescription of assigning an angle to a coil is not unique,
and thus, the Mirnov spectrum will look different for different
choices of angles even though the Mirnov signal is independent of
the coordinate system. It would be convenient to use magnetic coor-
dinate systems, such as PEST or Boozer coordinates for the coil
angles, but usually, these coordinates cannot be extended beyond the
last closed flux surface (LCFS). Two procedures are applied to assign
angles to the coils. The first simply uses torus coordinates (r, θ, ϕ).
The second constructs a vector that is normal to the last closed flux
surface and passes through the coil. The coil then gets assigned the
PEST coordinate angles of the piercing point of this vector through
the surface.

FIG. 1. Workflow of the synthetic Mirnov diagnostic.

To analyze the poloidal mode number, poloidal arrangements
of Mirnov coils are commonly installed in experimental devices.
Focusing on such an arrangement, the toroidal angle is constant
and the Mirnov signal does not depend on the toroidal mode num-
ber. For simplicity, the toroidal mode numbers are defined by n = 0.
Hence, it is most convenient to use PEST coordinates instead of the
better known Boozer coordinates to keep the same toroidal angle
for all Mirnov coils and make use of the two-dimensionality of the
system.

This way, Mm′n′ only depends on m′, which simplifies the
subsequent analysis. When using the PEST coordinates, the whole
transfer function from one input mode (min, 0) to the spec-
trum (mout, 0) can be described by four complex transfer matrices
ℱ𝒞𝒯min0(1, 0), ℱ𝒞𝒯min0(i, 0), ℱ𝒞𝒯min0(0, 1), and ℱ𝒞𝒯min0(0, i)
depicted in Fig. 2.

If these matrices have dominant diagonal entries, a direct
assignment of the dominant peak in the mode spectrum to the
poloidal mode number of the input mode minput is possible. How-
ever, this is only the case for ℱ𝒞𝒯min0(0, 1) and ℱ𝒞𝒯min0(0, i). The
first two matrices ℱ𝒞𝒯min0(1, 0) and ℱ𝒞𝒯min0(i, 0), related to the
mode’s amplitude a, partly have strong off-diagonal components
(especially moutput = 1 components for minput < 5), giving rise to side
peaks in the synthetic Mirnov spectrum, making the determination
of minput from the resulting mode spectrum difficult.

III. ANALYSIS OF DIFFERENT
GEOMETRICAL ARRANGEMENTS

To investigate the effect of different arrangements of the
Mirnov coils and magnetic field configurations on the capability to
determine the poloidal mode number, eight test cases have been
developed (see Fig. 3). The first case is a reference case with a generic
circular tokamak equilibrium magnetic field with a plasma-beta of
β = 0% (ratio of kinetic to magnetic pressure). The coil array con-
sists of equally spaced coils, surrounding the cross section of the last
closed flux surface. Cases 2 and 3 are with the same circular tokamak
magnetic field configuration as the reference case but with different
coil arrangements. For the remaining cases 4–8, the experimental
magnetic field configurations EJM (cases 4 and 5), DBM (case 6),
and FTM (cases 7 and 8) of W7-X are used. The three-letter code
provides information about the so-called mirror ratio, defined as the
toroidal field variation along the magnetic axis (first letter), the rota-
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FIG. 2. Modulus of the entries of the transfer matrices, showing the output spectrum as a function of the input mode number for a standard W7-X configuration with the coil
arrangement in half module 11. The amplitudes are normalized for each minput. The diagonal components with moutput = minput are marked with blue dotted lines. The high
amplitudes for other moutput indicate the sidebands in the mode spectrum and make the determination of the poloidal mode number difficult. For this configuration, the mode’s
amplitude gives rise to significant sidebands, especially for low minput.

FIG. 3. Test cases with varying coil arrangements and magnetic field configu-
rations. The magnetic field in cases 1–3 (a)–(c) is given by a generic tokamak
equilibrium with β = 0%. In cases 4–8, the magnetic field configuration is given by
the standard configuration EJM [cases 4 (d) and 5 (e)], the low iota configuration
DBM [case 6 (f)], and the high iota configuration FTM [cases 7 (g) and 8 (h)] of
Wendelstein 7-X.

tional transform ι at the plasma boundary (second letter), and the
horizontal shift of the plasma (third letter).14,15 The three configu-
rations chosen have no horizontal shift. While the EJM and FTM
configurations have an intermediate mirror ratio, the DBM con-
figuration has a comparable low mirror ratio. However, the main
difference between the configurations is the rotational transform
and its value at the LCFS ιLCFS. The DBM configuration is referred to
as a low-iota configuration (ιLCFS = 5/6), the EJM configuration is a
so-called standard configuration (also with respect to the other two
parameters, ιLCFS = 5/5), and the FTM configuration (ιLCFS = 5/4) is
a high-iota configuration. The shape of the resulting flux surfaces of
these configurations is shown in Fig. 3. Cases 5–7 reflect the exper-
imental configurations of W7-X with the Mirnov coil array of half
module 11 (HM11).

Since there are 41 Mirnov coils in HM11, all cases consist of
41 Mirnov coils for comparability. For a systematic analysis, analyti-
cal modes are used, consisting of one Fourier component to exclude
effects from coupling between different Fourier components on the
results. All prescribed modes have n = 0. The poloidal mode number
minput is varied to analyze the resolution of the poloidal mode num-
ber of the different cases. To reduce the amount of input parameters,
the a and a′ are chosen real valued, with a = 1.0 and a′ = −1.0. As
the resulting mode spectra are symmetric, only the positive side of
the mode spectra will be shown in the following. A variation in these
properties does not qualitatively change the results of the analyses
presented in this section.

In order to check, if geometrical aspects affect the capabil-
ity to determine the poloidal mode number of a prescribed mode
minput with the Mirnov diagnostic, the mode spectra are analyzed
qualitatively. If the only significant peak in the mode spectrum is
at minput, the mode number of the prescribed mode can be clearly
identified. However, the coupling to the equilibrium magnetic field
can lead to additional peaks in the mode spectrum. In the follow-
ing, the relation between the input mode’s peak (IMP) and the first
additional peak (FAP) is analyzed. The FAP is the largest peak in
the spectrum besides the input mode’s peak. Figure 4 visualizes
three different relations between the IMP and the FAP. It shows the
poloidal mode spectra in torus coordinates for case 1 with poloidal
mode numbers minput = 2, 3, 4 of the prescribed mode. These modes
have been selected solely for illustration purposes. In Fig. 4(a), the
IMP is clearly pronounced in the mode spectrum and the FAP has
a significantly lower amplitude, while in Fig. 4(b), the m = 2 and
m = 4 components are also pronounced. Although the highest peak
in the mode spectrum is given by the IMP, without prior knowl-
edge, one could falsely assume that the peaks at m = 2 and m = 4
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FIG. 4. Visualization of the mode spectra with differences in the dominance of the input mode’s peak (IMP). While the IMP is clearly pronounced in (a), the first additional
peak (FAP) has a significant amplitude in (b), and in (c), it dominates the spectrum. With increasing amplitude of the FAP [from (a) to (c)], the determination of minput becomes
more difficult. For this example, case 1 [circular tokamak, see Fig. 3(a)] with prescribed modes with minput = 2, 3, 4 (a)–(c) has been applied. The mode spectra are in torus
coordinates.

are caused by either further Fourier components of the mode or
another mode in the plasma. In Fig. 4(c), the FAP has a higher ampli-
tude than the IMP. In this case, the determination of the correct
poloidal mode number is not possible without additional knowledge
(e.g., theoretical predictions or other diagnostics in case of exper-
imental measurements). In this paper, the focus is on modes with
low poloidal mode numbers, as these are assumed to dominate the
signals of the Mirnov coils due to the strong amplitude decay of
modes with high poloidal mode numbers (∝ r−(m+1)

). Experimental
measurements at W7-X confirm this assumption.16

Figure 5 shows the poloidal mode number of the highest peak in
the mode spectrum m1st peak for the eight cases for prescribed modes
with minput = 1, . . . , 10 in PEST [(a) and (b)] and torus coordinates
[(c) and (d)]. The black lines indicate the poloidal mode number
of the according IMP. For all cases, besides case 7, the IMP has the

highest amplitude in the mode spectra in PEST coordinates. In con-
trast, only for cases 5 and 6, the IMP is the dominant peak in the
mode spectra in torus coordinates for all minput. Especially for cases
1–3 with a tokamak magnetic field configuration, it is not possible
to determine the poloidal mode number of the prescribed modes
from the mode spectra in torus coordinates. For the three experi-
mental cases with W7-X configurations 5–7, there are no differences
between the capability of PEST and torus coordinates to estimate the
correct poloidal mode number of the prescribed mode. However,
there is a significant difference for case 8 with the high iota mag-
netic field configuration of W7-X and an artificial coil arrangement
adapted to the shape of the flux surfaces. While in PEST coordinates,
the IMP is the first peak for all prescribed modes, in torus coordi-
nates, minput = m1st peak is only the case for minput < 5. Since the IMP
is much more pronounced in PEST coordinates than in torus coor-

FIG. 5. Identifiability of the poloidal mode number for different prescribed modes in PEST and torus coordinates. Shown is the poloidal mode number of the highest peak in
the mode spectra m1st peak for prescribed modes with minput = 1, . . . , 10 in PEST [(a) and (b)] and torus coordinates [(c) and (d)]. The black line indicates minput = m1st peak.
Different colors of the dots show the different cases of Fig. 3 (cf. legend). Note that minput is always a whole number. For visual separation of the different cases, the dots
have been slightly shifted in the x-direction. For most cases, the poloidal mode number is more pronounced in PEST coordinates than in torus coordinates.
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FIG. 6. Quality of the mode spectra in PEST coordinates depending on the pre-
scribed mode. Relative amplitude of the FAP in the mode spectrum in PEST
coordinates for modes with minput = 1, . . . , 10 (blue to red) with respect to the IMP
for cases 1–8 (see Fig. 3). Although the IMP is clearly pronounced for all minput for
most cases, there are significant differences in the height of the FAP. In general,
the FAP is higher for higher poloidal mode numbers.

dinates for most cases, the following investigations are done in PEST
coordinates.

As mentioned before, even if the highest peak belongs to
the IMP, there can be significant differences in the dominance of
the IMP in the mode spectrum. In Fig. 6, the dominance of the
IMP in the mode spectra in PEST coordinates is analyzed for the
eight cases. For prescribed modes with minput = 1, . . . , 10 (blue to
red), the amplitude of the FAP with respect to the IMP has been
calculated. If the FAP is higher than 75% of the IMP (dashed line),
the FAP would most likely be misinterpreted as another mode or
another Fourier component of the mode in case of experimental
measurements. If the FAP is even higher than the IMP (solid line),

the determination of minput is not possible anymore with the applied
methods.

As already observed, case 7 is the only configuration, where the
FAP has a higher amplitude than the IMP for the poloidal mode
numbers minput = 8–10. Apart from cases 3 and 7, the FAP always
has an amplitude, which is less than 75% of the IMP for all poloidal
mode numbers of the prescribed mode. Hence, minput can be clearly
determined. However, there are still significant differences between
the cases. In general, it can be seen that additional peaks get more
pronounced, if there are significant differences between the mag-
netic flux surface shape and the coil array geometry, as, for example,
observed comparing cases 1 and 3 or cases 4 and 5. It should be noted
that there are significant differences between cases 5 and 7, although
the differences in the magnetic field configurations seem to be rather
small (only the shape of the flux surface becomes more triangular).
The same can be observed for differences in the coil arrangement
for the high iota magnetic field configuration FTM of W7-X (cases 7
and 8). While the FAP is clearly pronounced in the mode spectra in
case 7 for minput > 2, its amplitude is less than 75% for all prescribed
modes in case 8. In contrast, there are only small differences, if the
magnetic field configuration EJM of W7-X is applied with either a
circular coil array (case 4) or the coil arrangement of HM11 at W7-
X (case 5). Seemingly for a triangular shape of the flux surfaces, the
geometry of the coil arrangement plays a significant role in the cor-
rect determination of the poloidal mode number. For all cases, it can
be seen that higher poloidal mode numbers have overall higher FAPs
than low poloidal mode numbers.

Besides effects due to the geometry of the coil array and the
flux surface shape, physical aspects of the AE itself play an impor-
tant role in the capability of the Mirnov diagnostic to determine
the poloidal structure of the mode. To investigate the effect of the
r−(m+1)-proportionality of the mode’s amplitude decay, in Fig. 7,

FIG. 7. Dependency of the maximum Mirnov signal and the correct determination of the poloidal mode number on the localization of the mode. Shown are the maximal Mirnov
signal Mmax(sc) normalized to Mmax(sc = 1) [(a) and (b)] and the number of the dominant peak in the mode spectrum m1st peak in PEST coordinates [(c) and (d)], caused
by a prescribed mode with minput = 4 located at different toroidal flux surfaces sc for cases 1–8. Note that the calculation is done for the same flux surface for all cases, and
the shift of the dots in the x-direction is only for visualization purposes. For increasing distances between the mode and the Mirnov coils, the poloidal mode number gets less
pronounced in the spectrum; around sc ∼ 0.5, the FAP dominates the spectrum.
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the maximal Mirnov signal Mmax = max
l ∈[1,N]

Ml and the poloidal mode

number of the dominant peak in the mode spectra in PEST coor-
dinates are shown for a prescribed mode with minput = 4 located at
different toroidal flux surfaces sc.

In all cases, Mmax approximately follows the expected r−5-
decay. As can be seen in Figs. 7(c) and 7(d), the signal at the Mirnov
coils becomes too small for a correct estimation of the poloidal
mode number, if the distance between the mode and the Mirnov
coils becomes too large. This is even more true when considering
pickup noise in the coils, which is not considered here. For cases
1–3, the highest peak in the mode spectrum belongs to the IMP also
for comparable large distances between the mode and the Mirnov
coils, while for the W7-X magnetic configurations for sc ∼ 0.5, the
FAP dominates the mode spectrum. Apart from cases 6 and 8, the
FAP has a smaller poloidal mode number than the prescribed mode,
when it has a higher amplitude than the IMP, showing that finer
structures cannot be determined correctly. This effect increases even
more with higher mode numbers.

Until here, the focus has been on modes with minput ≤ 10 as
these are considered to dominate the Mirnov signal. Since 41 Mirnov
coils are used for the eight test cases, according to the Nyquist
limit, poloidal mode numbers up to minput = 20 are expected to be
resolvable. Strictly, the Nyquist limit is only applicable for equally
spaced data points, but if there are only minor differences between
the coil distances, the Nyquist limit is often still an appropriate
estimate.17

However, for the Mirnov diagnostic, the distance between the
mode and the coils complicates the analysis as explained before.
As already shown in Fig. 5, the capability of the Mirnov diagnostic
depends on the coil arrangement and the magnetic field configura-
tion. Hence, the mode number resolution cannot be solely set by the
number of Mirnov coils. In Fig. 8, the poloidal mode number of the

first peak in the mode spectrum is shown for minput = 11, . . . , 20 for
the eight test cases in PEST [(a) and (b)] and torus coordinates [(c)
and (d)]. In contrast to low poloidal mode numbers, there are signif-
icant differences between the cases. As expected from Fig. 5, PEST
coordinates are more appropriate than torus coordinates for the
circular tokamak magnetic field configuration. However, also for the
magnetic field configurations of W7-X, minput is more pronounced
in PEST than in torus coordinates for minput > 10. Regarding PEST
coordinates, there are noticeable differences between different coil
geometries for the same magnetic field configuration, as can be
seen for cases 1 and 2 for the tokamak magnetic field and for cases
4 and 5 for the EJM magnetic field configuration of W7-X. While
the first peak in the spectrum still belongs to the IMP in cases 1 and
5, with coil geometries that are customized to the according mag-
netic field configuration, for most prescribed modes, minput cannot
be determined correctly for minput > 14 for case 2 and minput > 15
for case 4. Comparing these configurations, it gets clear that for
higher poloidal mode numbers, an appropriate coil geometry gets
even more crucial and large deviations of the distances between the
LCFS and the Mirnov coils prohibit a clear determination of modes
with high m.

In Table I, the capabilities of the Mirnov diagnostics of the
eight test cases are summarized. For each case, the maximal poloidal
mode number minput,max is given with m1st peak = minput for all minput
with minput ≤ minput,max. The highest resolution is obtained for the
standard configuration and low iota configuration of Wendelstein
7-X with the coil arrangement in HM11. Although PEST coordinates
have an overall higher resolution with respect to the poloidal mode
number, it should be noted that for the three W7-X cases (cases
5–7), torus coordinates are also suited for mode numbers m ≤ 7. In
experimental measurements at Wendelstein 7-X, broad fluctuation
bands around 200 kHz are observable with poloidal mode numbers

FIG. 8. Identifiability of the poloidal mode number for high minput in PEST and torus coordinates. Shown is the poloidal mode number of the highest peak in the mode spectra
m1st peak for prescribed modes with minput = 11, . . . , 20 in PEST [(a) and (b)] and torus coordinates [(c) and (d)]. Note that minput is always a whole number, and the shift on
the x axis is only for visual separation of the different cases. In contrast to Fig. 5, there are significant differences between the eight cases also for PEST coordinates.
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TABLE I. Resolution in PEST and torus coordinates for the eight test cases. The first
column gives the case number, the second column shows the arrangements of the
Mirnov coils (see Fig. 3), and the last two columns are the resolution in PEST and
torus coordinates, respectively. The resolution is given by the maximal poloidal mode
number until which m1st peak = minput with minput ≤ minput, max. For all cases but case
7, the PEST coordinates have a higher resolution than torus coordinates.

Case Configuration minput,max PEST minput,max torus

Case 1
15 3

Case 2

13 –
Case 3

10 3
Case 4

14 8
Case 5

19 13
Case 6

19 11
Case 7

7 7
Case 8

16 4

m ≤ 5 in a large variety of magnetic field configurations.16 Hence,
torus coordinates might still be useful for the analysis, especially if
observations are compared to other diagnostics that apply geomet-
rical coordinates (as it is often done for radiation measurements,
e.g., soft x-ray tomography18). Therefore, both coordinate systems
are considered in Sec. IV, comparing experimental measurements to
Mirnov signals of a calculated Alfvén eigenmode.

IV. COMPARISON OF A MEASURED
AND A CALCULATED MODE

The synthetic Mirnov diagnostic has been applied to calcu-
late the Mirnov signal of an Alfvén eigenmode to be compared to
experimental measurements. The direct comparison of the resulting
mode spectra goes one step further than mostly done for the com-
parison between the experiment and theoretical predictions, as this
commonly ends with the identification of a calculated mode with
a similar frequency and the same dominant Fourier components
as observed in the experiment.19–22 With the comparison between
the numerical calculation and the measurement, the type of the AE
and its toroidal mode numbers as well as its radial location can be
estimated.

In this section, experimental observations at Wendelstein
7-X are compared to the calculations of the synthetic Mirnov
diagnostic based on an Alfvén eigenmode calculated with the

FIG. 9. High performance plasma 20180918.041. (a) Main experimental para-
meters: Electron cyclotron resonance heating (ECRH) power (blue), line-integrated
electron density (black), and diamagnetic energy (magenta) for the experimental
program 20 180 918.041 at W7-X. (b) Frequency spectrogram of the Mirnov coil
QXM11CE120 (red cross in the inset) with c1/

√
ne overlaid in black, with c1 being

a scaling constant. The frequency of the mode, analyzed in this section, is marked
with a red star. In the inset, the Mirnov array in HM11 is shown (gray dots) with the
LCFS of the magnetic configuration EJM (black line). The time interval, selected
for the mode analysis, is marked with a gray bar in both figures.

CKA code. For the comparison, the experimental program
20180918.041 with the standard magnetic field configuration EJM
has been selected. It is one of the so-called high performance pro-
grams of the operational phase 1.2 of W7-X in 2018, which are
characterized by high densities and high diamagnetic energies of
(transiently) more than 1 MJ.6 This has been achieved by pellet fuel-
ing, where frozen hydrogen pellets are injected into the plasma to
increase the central density.23

Figure 9(a) shows the external heating power PECRH (blue), pro-
vided by electron cyclotron resonance heating (ECRH),24 the line-
integrated electron density ne

25 (black), and the diamagnetic energy
Wdia

26 (magenta) for the experimental program 20180918.041. Mul-
tiple pellets have been injected in the time intervals from t = 1.4 s
up to t = 2.3 s. At t = 1.6 s, the ECRH power is increased from
PECRH = 2 MW to PECRH = 4 MW. Right after the last pellet injec-
tion, at t = 2.4 s, the diamagnetic energy strongly increases until it
reaches its maximum of Wdia = 1.2 MJ at t = 1.65 s, denoting the
high performance phase. Afterward, there is a strong decrease in
the diamagnetic energy and the density. Both reach a quasi-constant
level higher than before the pellet injection phase. During the time
interval t = 3.4–3.5 s, selected for the mode analysis [gray bar in
Fig. 9(a)], all parameters are approximately constant. In Fig. 9(b), the
frequency spectrogram of the Mirnov coil QXM11CE120 in HM11
(red cross in the subplot) is shown. The broad fluctuation bands
between 100 and 300 kHz follow a 1/

√
ne development, clearly

showing Alfvénic characteristics.
To determine the mode’s frequency and poloidal structure,

the SSI (Stochastic System Identification) method27 and the FDD
(Frequency Domain Decomposition) method28 are applied.29 The

Rev. Sci. Instrum. 95, 023506 (2024); doi: 10.1063/5.0190619 95, 023506-8

© Author(s) 2024

 04 M
arch 2024 11:52:02

https://pubs.aip.org/aip/rsi


Review of
Scientific Instruments

ARTICLE pubs.aip.org/aip/rsi

FIG. 10. Experimental mode spectrum in PEST (a) and torus coordinates (b). The poloidal mode spectrum is calculated from the mode structure of the experimental mode
with fexp = 183 kHz identified in the time interval t = 3.4–3.5 s in the experimental program 20180918.041. In both spectra, m = ±2 and m = ±4 are pronounced. However,
the m = 2 component is more pronounced in torus coordinates and the m = 4 component is more pronounced in PEST coordinates.

poloidal mode spectrum is calculated either in PEST coordinates or
in torus coordinates by a fast Fourier transformation of the mode
structure, interpolated to equally spaced data points. A detailed
explanation of the experimental mode analysis in W7-X is given by
Rahbarnia et al.30 The broad fluctuation band [see Fig. 9(b)] prob-
ably consists of several modes of low amplitude, which are difficult
to be distinguished. A mode with fexp = 183 kHz has been identified
[red star in Fig. 9(b)] as the only clearly pronounced mode within
this band.

In Fig. 10, the poloidal mode spectrum of the mode with
fexp = 183 kHz is shown in PEST and torus coordinates. In both
mode spectra, the m = ±2 and m = ±4 components are pronounced.
However, in torus coordinates, there are less additional peaks in the
mode spectrum and the m = ∣4∣ components are less pronounced.
Similar observations have been made for modes in other experi-
mental programs. Since the amplitudes for the positive and negative
poloidal mode numbers are similar, the mode can be attributed as a
stationary wave with no clear propagation direction.

To investigate if the experimental observations can be con-
firmed by theoretical calculations, the Alfvén continuum for the
experimental program 20180918.041 at t = 3.4 s has been calcu-
lated with the CONTI code,31 as shown in Fig. 11. The continuum
branches are labeled with both signs for the mode numbers, as the
CONTI code is based on ideal MHD. In ideal MHD, the dispersion
relation only depends on the absolute value of the wave number;
hence, there is no information about the sign of the mode num-
bers given .32 Due to the convention used in CONTI, the poloidal
and toroidal mode numbers of a continuum mode have opposite
signs.31 The calculation has been done with the slow sound approx-
imation.33 As input parameters, the equilibrium, calculated for the
experimental program, and the measured density profile, provided
by the Thomson scattering diagnostic,35 have been used. For the
equilibrium calculation the three dimensional MHD code VMEC34

has been applied.
The appearance of two significant peaks in the mode spec-

trum, at m = ∣2∣ and m = ∣4∣, respectively, and its frequency indicate
that the experimental mode is a gap mode with two dominant
Fourier components.7 In Fig. 11, the experimental mode’s frequency
fexp = 183 kHz is indicated by a black line over all toroidal flux sur-
faces, as the measurements of Mirnov coils provide no information
about the mode’s radial localization.1 The frequency lies in a gap
of the Alfvén continuum. The continuum branch (m = ±4, n = ∓3)
crosses the gap at the outer region of the plasma. The continuum

FIG. 11. Alfvén continuum for the experimental program 20180918.041 at
t = 3.4 s. The continuum is calculated with the CONTI code31 and based on the
experimental magnetic field configuration and density profile. The two continuum
branches m = ±2, n = ∓3 (orange) and m = ±4, n = ∓3 (blue) are colored. The
frequency of the experimental mode fexp = 183 kHz is marked with a black line.

branch (m = ±2, n = ∓3) constitutes the upper border of another gap
at higher frequencies. Although both branches cross different gaps,
coupling is still possible, resulting in a so-called double-gap Alfvén
eigenmode.36 Thus, the experimental mode shows the characteristics
of a double-gap EAE7 with the dominant Fourier branches m = ∣2∣,
n = ∣3∣ and m = ∣4∣, n = ∣3∣.

As the CONTI code only calculates the Alfvén continuum
and not the gap modes, which can be excited and experimentally
observed, the numerical code CKA is applied to identify an Alfvén
eigenmode with the characteristics of the experimental mode. This
mode is used as an input mode for the synthetic diagnostic to cal-
culate the expected Mirnov signals. In this work, the ideal MHD
version of the CKA code has been applied. The input parameters
are the same as for the CONTI code, namely the VMEC equi-
librium and the measured density profile at t = 3.4 s. The CKA
code finds an Alfvén eigenmode with a frequency fCKA = 219 kHz.
The difference to the experimental frequency of fexp = 183 kHz
might be related to the fact that the mode is located in a broad
fluctuation band. In Fig. 12, the radial distributions of the four dom-
inant Fourier components of the calculated Alfvén eigenmode are
shown.

It would be convenient to use the values of δA∥mn and
δA′
∥mn at the LCFS for the synthetic diagnostic. However, the CKA

code assumes fixed boundary conditions, resulting in δA∥(s = 1.0)
= 0 for all Fourier components. Thus, as an input for the syn-
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FIG. 12. Radial distribution of the four dominant Fourier components of an Alfvén
eigenmode with a frequency fCKA = 219 kHz. The calculation is done with the CKA
code and based on parameters from the experimental program 20180918.041 at
t = 3.4 s. For the calculation of the mode spectrum with the synthetic Mirnov diag-
nostic sc = 0.93 is selected (gray line). The fixed boundary condition implemented
in CKA causes δA∥(s = 1.0) = 0.

thetic Mirnov diagnostic, sc = 0.93 has been selected (gray line in
Fig. 12), as it is still at the outer plasma region, but assumed
not to be affected by the fixed boundary condition. For the
calculation of the poloidal mode spectrum, the stationary wave
model has been applied, as the experimental mode spectrum has
a symmetric character (independent of the coordinate system, see
Fig. 10), indicating that the experimental mode is a stationary
wave.

In Fig. 13, the experimental mode spectrum in torus and
PEST coordinates is compared to the mode spectrum calculated
by the synthetic Mirnov diagnostic for the CKA mode in both

coordinate systems. The experimental and synthetic Mirnov spec-
tra are in reasonable agreement. The m = ∣2∣ and m = ∣4∣ com-
ponents are clearly pronounced in the synthetic mode spectra
based on the CKA mode in both coordinate systems. While in
torus coordinates, the m = ∣2∣ component has the highest ampli-
tude, the m = ∣4∣ component has a slightly higher amplitude
in PEST coordinates. Due to the high similarities between the
experimental and synthetic modes, the experimental observations
can be attributed to an EAE with f = 219 kHz and m1 = ∣2∣,
n1 = ∣3∣ and m2 = ∣4∣, n2 = ∣3∣ located in the outer region of the
plasma.

V. CONCLUSIONS
In this paper, a synthetic Mirnov diagnostic has been presented,

which calculates the signal of Mirnov coils caused by an Alfvén
eigenmode, taking into account the spatial discrepancy between the
mode and the Mirnov coils. The capability of the Mirnov diag-
nostic has been investigated for different prescribed modes using 8
test cases with varying coil array arrangements and magnetic field
configurations (see Fig. 3). Two different coordinate systems have
been considered, torus and PEST coordinates, with overall better
results in PEST coordinates. However it should be note, that for
low poloidal mode numbers, as expected to be dominately mea-
sured in experiments, torus coordinates performed as good as PEST
coordinates.

Regarding geometrical properties, varying distances between
the LCFS and the Mirnov coils (case 2) are only problematic for high
poloidal mode numbers. Whereas differences in the magnetic flux
surface shape and the coil arrangement cause additional peaks in
the mode spectrum even for low poloidal mode numbers (case 3).

FIG. 13. Comparison between the experimental and modeled mode spectra in PEST and torus coordinates. Left: Poloidal mode spectrum in torus (a) and PEST coordinates
(c) of an experimentally observed mode with fexp = 183 kHz in the experimental program 20180918.041. Right: Poloidal mode spectrum in torus (b) and PEST coordinates
(d) calculated by the synthetic Mirnov diagnostic for the CKA mode shown in Fig. 12. The main characteristics are the same in all spectra, e.g., pronounced m = ±2 and m
= ±4.
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It can be concluded that for strongly shaped flux surfaces
(e.g., high triangularity), the geometry of the coil system plays an
important role for the estimation of the correct poloidal structure
of a mode. In general, the IMP is found to be more pronounced in
the mode spectrum for similar shapes of flux surfaces and Mirnov
geometry.

The sensitivity of the Mirnov diagnostic has been investigated
with respect to properties of the prescribed mode. It has been shown
that the higher the poloidal mode number, the less pronounced
the IMP is in the calculated mode spectrum. Nevertheless, a clear
determination of high m is still possible for some configurations
(see Table I).

With respect to the radial location, it can be concluded,
that the Mirnov signal is mainly given by modes having low
poloidal mode numbers and propagating in the outer region of the
plasma. Due to the r−(m+1)-proportionality of the mode’s ampli-
tude, even for modes with low poloidal mode numbers (minput
= 4) located at sc < 0.5, the Mirnov arrangements, considered in
this paper, are not capable of correct determination of the poloidal
structure for configurations with non-circular magnetic field
configurations.

Using the CKA code with experimental parameters, an EAE has
been identified and used as an input for the synthetic diagnostic for
a comparison with an experimental mode. The analyses have been
performed in PEST and torus coordinates. The main characteristics
remain the same in both coordinate systems for the experimental
and the calculated modes, namely dominant m = ∣2∣, ∣4∣ components
as well as an overall symmetric character (see Fig. 13). Hence, the
experimental observations can be assigned as an EAE with (m1 = ∣2∣,
n1 = ∣3∣) and (m1 = ∣4∣, n1 = ∣3∣), which is located at the outer part of
the plasma.

The example shown here is just proof of the principle.
Nevertheless, the investigation of another experimental program
showed comparably high similarities between the experimental
mode spectra and the mode spectra of a calculated CKA mode.
Since the Alfvén eigenmode activity is generally very weak in
W7-X plasmas,16,30 identifying clearly pronounced modes in the
experimental programs is very challenging. In a future work, it
would be convenient to model the Mirnov diagnostic of another
device, where strong AE activity is observable in the experiments,
e.g. TJ-II.37

Regarding experimental mode spectra, especially in the mag-
netic field configuration FTM, the mode spectra in torus coor-
dinates are often more conclusive than the mode spectra in
PEST coordinates. This is in clear contradiction to the gen-
eral observation that PEST coordinates are more suitable for
the majority of modes analyzed in Sec. III in different geome-
tries of the flux surfaces and the coil arrangements, showing that
the choice of an appropriate coordinate system is no easy task
and should be taken serious, as it can significantly affect the
results.

However, it also depends on the context which coordinates are
more appropriate to apply. If, on the one hand, the focus is on a
comparison of the experimental observations of different diagnos-
tics, it is often more convenient to use torus coordinates, as for
the analysis of the measurements of other diagnostics, torus coor-
dinates or Cartesian coordinates are commonly applied, e.g., in the

soft x-ray tomography diagnostic. In particular, if a first impression
is needed during an experimental campaign, torus coordinates are
useful as they are independent of the magnetic field configuration
and can be used without having a calculation of the equilibrium
available.

On the other hand, numerical simulations are mostly based on
magnetic coordinates.8,31 In this work, PEST coordinates have been
applied in order to use the advantage that, in W7-X, all Mirnov
coils are arranged in a poloidal plane. However, in the stellarator
TJ-II, helical coil arrays with three-dimensional measurements are
installed, and there, Boozer coordinates are applied for the mode
analysis with poloidal and toroidal resolutions.37 As mentioned
before, the poloidal and toroidal mode numbers are always related
to the specific coordinate system. Although these have been similar
for torus and PEST coordinates in the analysis in Sec. III, this has
to be taken into account, e.g., in the comparison of observations in
different experimental devices as well as the overall capability of the
Mirnov diagnostic, which has been shown to depend on geometrical
properties.

The coil arrangement as well as the magnetic field configu-
ration can be easily changed in the synthetic Mirnov diagnostic
implementation, providing the possibility to study also experimen-
tal configurations of other stellarators as well as tokamaks. How-
ever, focusing on the calculation of poloidal mode spectra, the coil
array has to be approximately in one toroidal plane. In the syn-
thetic Mirnov diagnostic, the three-dimensional positions of the
Mirnov coils are projected to the poloidal plane. Regarding the coil
array of Wendelstein 7-X used for cases 3 and 5–7, the toroidal
variation in the coil positions is small and does not affect the
results.

Another important aspect is the possible misalignment of
Mirnov coils with respect to the magnetic field. The artificial coil
arrays of cases 1, 2, 4, and 8 are oriented to measure exactly
the poloidal magnetic field component. Concerning the Mirnov
array of W7-X, the normal vectors of the Mirnov coils installed in
the experimental device have been used, which have small devi-
ations from the exact poloidal orientation. This does not affect
the mode analysis presented in this paper, and tests with small
deviations from the poloidal orientation to the magnetic field of
some coils for other test cases showed no significant effect on
the results. However, a systematic analysis of the effect of mis-
alignment of coil positions and orientations should be part of a
future work, providing an assessment of misalignment thresholds,
for which the one-dimensional mode analysis assumption remains
justified.

Having a synthetic diagnostics, it is tempting to construct an
inverse model. It has the advantage that the step of introducing coor-
dinates to obtain a Mirnov spectrum will no longer be necessary.
Instead, one can directly use the Mirnov signals as they are obtained
from the experiment after applying the SSI code and, utilizing the
synthetic diagnostics, try to find the coefficients of the model giving
the best fit. These coefficients are directly amenable for comparison
with code results. Such inverse models are usually ill conditioned,
and it is then necessary to use a Bayesian approach or a regulariza-
tion and variable selection method such as LASSO.38 Investigations
in this direction are currently undertaken and will be reported
elsewhere.
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