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Abstract
Load modeling in nonlinear statics, particularly incorporating large deforma-
tions differs significantly from the treatment in linear analysis. As in structural
dynamics masses in a gravity field generate the loading, their location, and their
modifications within the deformation process must be considered in a nonlin-
ear simulation. A specific view besides loading by masses is on gas and fluid
interaction with structures. In addition, load control using specifically designed
algorithms is evaluated with respect to realistic applications. Within the load
modeling an unavoidable, however side aspect, is the general discussion about
the so-called follower forces and non-conservative loading. As an example of
real-world applications, the specifics of inflated rubber dams are presented.
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1 INTRODUCTION AND GOAL OF THE CONTRIBUTION

In structural mechanics, the definition and modeling of static loading for linear cases are well-established. However, in
nonlinear mechanics, the situation is often unclear. This raises the following questions:

a) Origin of loading?
b) Loading modification during deformation?
c) General control of loading–increase or decrease of loading for example, by so-called arc-length schemes?

Under these aspects, the topic of this contribution may seem rather old-fashioned, but modern methods such as finite
elements and combined with any kind of constrained methods allow many types and combinations of loading of struc-
tures. As a consequence, the wide range of modeling choices is very seductive to perform analyses–particularly for highly
nonlinear behavior–with often questionable boundary conditions. In standard text books on nonlinear FE analysis, this
subject is mostly treated rather briefly or the focus is on single aspects only.

For reference purposes, the initial focus is on linear static analysis. Subsequently, the various aspects of loading in
nonlinear problems as raised above are discussed separately. The discussion particularly focuses on their physical reality
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or origin, their different dependencies on deformation, and the resulting consequences for analyses. Finally, it is suggested
how a physically reasonable control of loading may be performed. A further interest is on avoiding incomplete models or
incorrect boundary conditions. The particular interaction of structures with gas and/or fluid media resulting in pressure
often also referred to as follower forces allows an analytical description This topic is discussed in detail including its
applications.

The topic of load control–in a standard analysis performed with a single factor–requires specific attention to the high
nonlinearities and possible indefinite or negative definite Hessian matrices in the solution process.

In summary, loading is nothing else than one component of our mathematical and mechanical model of physical
reality with underlying assumptions and more or less clear limits, which may lead to false conclusions in the worst case.

2 LOAD MODELING–LOADING IN LINEAR STATIC ANALYSIS

Although this topic is covered in many introductory mechanics textbooks, we will provide a brief overview as it will be
referenced later in the discussion of nonlinear cases.

Assuming that we have a structural model in solid mechanics the first considered loading of such a model is caused
by masses on which gravitational accelerations–neglecting electrical and magnetic fields also in the following–are acting.
The masses are either permanent and thus imply so-called dead loads or masses placed on the structure which underlie
gravitation. According to Newton’s second law of motion, both masses resp. both types of masses lead to forces on the
structure. For the masses placed on the structure Newton’s third law of motion for interacting bodies resp. bodies in
contact is used in addition. The latter model of interacting bodies can also be applied to any type of media such as fluids
and granular media, for example, sand. Both media types are subject to gravitation and, when in contact or interaction
with a structure can lead to quite complex load models described by forces and force distributions.

Static loading is also often taken as a simplification of dynamic loading such as inertial forces resulting from
earthquake motions or accelerations, or as a replacement for wind loading. Interestingly we also observe quasi-static
accelerations in rotating bodies, such as centrifugal forces on rotating masses and structures. Then the models discussed
above for gravitation can be applied in the same way.

All the forces described above are usually called external forces thus Neumann boundary conditions in a wider model-
ing concept in structural mechanics. For the design of structures, well-established procedures such as combining possible
loads are available and standard in engineering practice, see engineering standards, for example, Reference 1.

In addition to clearly defined external forces such as gravitational or centrifugal/centripetal forces resulting from
masses and accelerations, the following discussion will focus on other loading definitions, mostly resulting from inter-
action with other bodies or parts of bodies. Using Newton’s third law of interacting bodies engineers replace one of
the bodies or parts of attached body parts by corresponding loads, see Figure 1. In a more general view of structural
mechanics, the other bodies can be solid, beam, or shell-type structures, as well as gaseous, fluid or granular media.
As is well known, this very important principle allows to study the parts of the structure separately and, in the case of
statically indeterminate structures, to perform the analysis using either the force/flexibility method or the displacement
method.

This is a perfect procedure for design, for example, in civil engineering with small deformations, where structural
parts are separated into load-bearing parts, while the attached parts are replaced by for example, single-type loads or
any kind of distributed loading. If the forces are then increased linearly such a scheme may lead to an oversized design,
nevertheless, it is very well suited for the design the major load-carrying parts. A major advantage is that we can make
simplifying assumptions and still get a safe structure. A second advantage is the efficiency of defining a main load-carrying
structure. Although a more complete analysis of the entire structure–essentially more complex–would take into account
the complete stress and strain state, and may reduce inaccuracies and overdesign due to the necessary assumptions, such
complex complete models have been less common in civil engineering than in mechanical, automotive, and aerospace
engineering.

Todays’s available finite element technology in combination with CAD, however, allows detailed three-dimensional
and shell-type simulations with a high degree of detail and almost arbitrary nonlinear features concerning large
deformations, large displacements, and nonlinear material behavior.

At this point, it is important to distinguish between the external forces or loads and the internal forces and force
patterns. If for example, we are interested in the stresses in the granular media, case (D) in Figure 1, then the force
pattern acting between the structure and the granular medium must be considered as an internal force pattern, which
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F I G U R E 1 Load modeling in linear static analysis as a consequence of gravity. (A) Cantilever beam with nonuniform mass
distribution, (B) Beam structure with dead load, (C) Wall under fluid pressure, (D) Walls with soil interaction, (E) Friction with moving mass.

also requires a detailed model for the granular media part, see Figure 1D. This is also the case for fluid and gas
loading–considering both as contacting media, see Figure 1C.

However, a closer look reveals a first modeling step of varying complexity for the different loads. Single point loads
resulting from single masses or distributed loading/loading patterns due to distributed mass or multiple masses are rather
easily defined in the direction of gravity. Any other single load or moment (bending or torsional) loading, or distributed
loads or moments are deducted from previous analysis steps as for example, parts within a larger structural model, see
Figure 1B. This is also valid for any other type of loading resulting from the various constitutive laws of interaction between
contacting bodies for example, static friction or adhesion, see Figure 1E. A previous analysis is also the basis for fluid
and gas load models. Both are pressure loads with a known origin, gas within a containment with a prescribed behavior,
Poisson’s or Boyle’s law acting completely uniformly on the walls of the containment, and fluids within a gravity field
and a prescribed density showing a linear dependence on the height of the fluid surface acting on a structure, Figure 1C.
Thus both are media for which the interaction with structures can be described analytically with geometric and physical
laws. In a finite element environment, we often refer to them as meshless models.

As mentioned earlier, load control is achieved fairly simply by increasing the "added” load by a factor–that is,
linearly–in order to create a safe design, or by modifying added load patterns, including interactions, to achieve maximum
internal forces/stresses. A well proven procedure is also combining traffic loads according to standards1 and in addition
applying safety factors, thus linearly increasing the considered loads and, as a consequence, also the resulting quantities
such as stresses.

3 LOAD MODELING IN NONLINEAR STATIC ANALYSIS

Although modern analysis tools such as finite element methods allow the investigation of complete structures under
various loading conditions, the procedures found in linear analysis concerning loading are often transformed and incor-
porated in reduced models for nonlinear analysis, such as stability investigations and/or large deformation problems for
structural components.
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3.1 Distinguishing load models in nonlinear statics

Following Newton’s second law of motion we have a simple model of forces acting in or on a structure or solid contin-
uum. A typical example of a more complex problem is the model of the so-called static follower forces, which means that
with the deformation of a structure, the loading also changes in a more or less logical way, even defining so-called non-
conservative problems, which will be discussed in the following. A simple explanation is given in Figure 2. Deformation
dependence can be defined in the following fashion–whether physically possible or not:

a. Single loads
a1. Point of action changes with deformation, direction of force remains as originally.
a2. Point of action changes with deformation, direction of loading changes with deformation.
a3. Magnitude of loading changes with deformation, such as centrifugal force, mass rotating with constant angular

velocity.
b. Distributed loading

b1. Area of action changes, direction of forces remains as originally.
b2. Area of action changes and direction of loading changes with deformation.
b3. Magnitude and shape of distributed loading may change with deformation, such as structure under fluid or wind

loading, see Figure 3.

For dead loads, the concept is rather simple–such loads, including snow or ice, act in the direction of gravity. However,
if the dead loading is due to so-called added masses and traffic loads from bodies positioned or fixed to the structure,
careful consideration is needed to determine how much larger deformations will influence their action on the mechanical
structure. If we exclude that an added/fixed mass/body is sliding after a deformation which would be a non-stationary
process, moment loading results from excentricity such as an attached mass with respect to a reference axis. Therefore,

F I G U R E 2 Loading cases in nonlinear statics with follower effects for single load and distributed loading. Questionable distributed
loading (quasi pressure load) at boundary–See also the discussion in section 4.1.4, Figure 9.

 10970207, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7442 by K
arlsruher Institut F., W

iley O
nline L

ibrary on [11/03/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



SCHWEIZERHOF and KONYUKHOV 5 of 29

F I G U R E 3 Pressure loading by fluids and gas, physically clearly defined cases. Interaction in statics exactly described. Boundary must
be considered correctly–No pressure at boundary of structure.

deformation-dependent moments as a separate loading cannot exist without associated forces. Consequently, single and
distributed deformation dependent moment loading alone is not possible. Further, in a structure with nonlinear behavior,
any internal force computation and thus internal force quantities belong to a certain state and will change continuously
with deformation. As a conclusion, we only discuss force loading aspects in the following.

In general, the point of action and the direction of action for single and distributed loads depend on the setup of the
structure. Surface loading from dead loading and gravity/accelerations–here added masses or attached masses–acts on
parts of the surface or the entire surface.

Pressure loads on surfaces are caused by gas and/or fluid loading, wind loading (using e.g., a maximum loading pic-
ture by a stationary load and some factor to incorporate some uncertainty and dynamic effects), and possible interaction
with contacting media such as granular solids. In the case of gas and fluids thus hydrostatics, they are acting normal
to the surfaces of the considered structures. An important aspect is that pressure loading by gas or fluids is physically
restricted–see Figure 3. Gas pressure requires a closed containment also in the simulation model. Fluid loading with open
surfaces is possible, but then the fluid surface level must remain below the boundary height. In addition, fluids in closed
containments are possible with overpressure and in combination with partial gas and fluid filling.

As previously stated, it is not possible to have pressure at free edges. Therefore, when considering for example, wind
loading on non-closed structures as static stationary loading, it is an incomplete model of reality and has limitations for
safe design.

The same statements apply to rotating bodies with masses and/or fluids, but in this case, the accelerations are
perpendicular to the axis of rotation. For further discussion and references, see section 4.3.1.

3.2 Discussion of some follower force models

Before describing the mathematical simulation models, we will discuss some aspects of the physical reality of
deformation-dependent models.
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The first model we will examine is the cantilever beam shown in Figure 2, which is loaded with a single force that
always acts perpendicular to the deformed beam axis. It is important to note that no physically realized mechanical device
causing such a force has been found in the literature thus far. Even applying a displacement at the tip of the cantilever
beam it is impossible to create a reaction force perpendicular to the deformed beam axis without prior knowledge of the
axis.

There is a significant amount of literature on force models that act tangentially on a beam axis or plate (mid)surface,
often referred to as follower loads or forces. These forces are considered non-conservative as they cannot be derived from
a potential. The literature often focuses on the influence of deformation dependence on stability behavior under these
forces or force combinations, with specific stability failure occurring through flutter*, and possibly divergence as well. The
term "flutter" appears to have originated from the physical and experimental models related to nonconservative forces.

The scientific literature on nonconservative forces see for example, References 2–5 and their effects is accompanied
by a very controversial debate about their physical realization in experiments, see for example, Koiter 1996.6 Koiter even
denies completely the existence of such single follower forces. A wide number of models with possible or apparently phys-
ical realizations can be found, however, they are mathematical models of the kind of stationary fluid conveying through
a thin flexible pipe see for example, Reference 7. It is often unclear whether these models include all the necessary effects
to accurately describe the physics. An extensive investigation of mathematical models and their experimental verifica-
tion can be found in the excellent and comprehensive paper of Elishakoff 2005.8 It contains painfully clear explanations
why all experiments fail to validate the follower-type load models for beams. Careful restrictions are given towards some
not well-documented resp. hard to follow experiments. Some interesting physically completely contradictory results of
mathematical models are also given accompanied by a very large literature review.

Some forces created for example, from sliding in frictional contact problems, see Figure 4 can also be viewed as follower
forces when a stationary friction process is present. However, while the friction force can be maintained in one direction
it is certainly hard to guarantee a purely tangential follower force even with some sideward deflection. Nevertheless,
in Reference 9 the authors claim to have found a mechanical device using some anisotropic surface structure to create
anisotropic friction which allows to observe instability by flutter as well as by divergence and they obtained critical values
very close to those computed in one of the first publications3 on this subject.

As mentioned, all the experiments have some dynamics involved–either by a stationary motion of a conveying fluid or
stationary friction, which introduces a specific modeling step into the quasi-static mechanical simulation model. For most
at least Newton-type forces the observation of Koiter6 and the critical review of Elishakoff8 make these non-conservative
forces a questionable model.

Another type of follower force appears to result from the application of the free-body principle. In such models, the
internal forces or only part of them are taken as if being external forces and considered then as following the deformation
of a structure. Typical examples are some widely used loadings in the finite element literature, see Figure 5.

The roll-up of a beam due to moment loading is an often taken example to show the capacity of FE develop-
ments. Interestingly this loading case has already been worked on by Euler 1744 see Reference 10 with an analytical
solution. The excuse for using such physically non-existent loading possibly also created from stress patterns nowa-
days is their application for scientific (academic) reasons only for example, for testing some newly developed finite
elements and algorithms with very large deformations. The same argument may be valid, if bending and or torsional
moments usually gained from the free-body principle are applied, which are definitely no external resp. Newton-type force
quantities.

F I G U R E 4 Follower force loading created by a stationary friction force. Mechanism after Reference 9.
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F I G U R E 5 Questionable deformation dependent/follower force loading–classical roll-up of a flexible beam–found in scientific Finite
Element applications. Pure moment and pure shear loading.

4 REALISTIC MODELING OF GAS-FLUID-STRUCTURE INTERACTION
AND LITERATURE REVIEW

We restrict now our view purely to fluid and gas interaction–directly described via geometry and by physical laws–with
structures in quasi-static states. Such constellations occur in underwater structures or submarines and all kinds of
enclosed volumes such as tires, airbags or balloons. However, it should be noted that in the engineering design of such
lightweight structures prone to instability the loss of stability is not allowed by design for example, for tires and for sub-
marines especially for bathyscaphes. Then besides the direction dependence of the loading and the area change of the
loaded parts due to deformation, the volume change within the loading process has often a major effect on the local pres-
sure. The latter is of greater interest if pneumatic structures are taken to achieve a local closure for structural parts for
example, gas lines or as air inflated and/or fluid filled dams, see section 6.

The applications in practice show, how important it is to have complete control over the pressure loading and its effects
on the surrounding structures. Interestingly, in industrial practice volume effects have been mainly taken into account
in airbag and hydroforming analysis with so-called explicit FE programs such as for example, Reference 11. There only
dynamic resp. quasi-static processes taking the inertia of the structures into account can be simulated, however with
very small time steps. Due to the nature of the time integration algorithm–central differences–no information is directly
available about for example, stability, as no tangent matrices are set up.

Within the following, our focus is on the derivations for static resp. implicit solution schemes to allow stability and
large deformation FE analyses.

4.1 Formal treatment of distributed forces with large
deformations–Gas-/fluid-structure interaction

Besides the direct physical argumentation given above, we will show exemplarily the consistent development of gas
and fluid interaction with structures–well known as deformation dependent loading- using a standard procedure in
finite element technology. Looking into the literature, deformation dependence for stability type problems with small
deformations–the stability load of long cylinders under external pressure is then reduced by a quarter compared to neglect-
ing this effect–is known since long.12 Further more general theoretical developments exist already some time ago, see
References 13,14 giving insight into the nature of so-called configuration dependent loading and conservative systems.

Assuming the description of the general nonlinear structural behavior in a standard fashion via the virtual work
principle our focus is only on the gas- and fluid-interaction thus the external virtual work of a pressure load for the
structure part and on the additional equations specifying the physical behavior of the gas and the fluid. The following
derivations are based on developments described in our first works for nonlinear statics and stability see References 15,16.
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F I G U R E 6 Shell structure filled with fluid and gas.

For further work we refer for axisymmetric problems to Reference 17, for a pneumatic element to Reference 18, for air
supported membranes to Reference 19, for partially fluid and gas filled containers to Reference 20, and to extensions from
our group see References 21,22. A general formulation involving all possible cases of multi-chambers with partial fluid
and gas filling is given in References 23 and 24.

Here we restrict us to the fairly general case of a single structure–a closed flexible container filled with fluid and gas
and loaded by an external load f ex–of course, as discussed above, created by a mass and gravity acceleration or by a body in
contact, see Figure 6. Within the framework of virtual work, we focus on the terms associated to fluid and gas. Assuming
a current state with a gas volume vg and a gas pressure pg, a fluid volume vf , gravity g, a fluid pressure pf , the pressure on
the structure is clearly dependent on the current position x of all surface points of the structure, the normal of the surface
n∗ the total virtual work expression can be written as:

𝛿Π = 𝛿Πel + 𝛿Πpress − 𝛿W ex = 0 (1)

Thus the virtual work of the actual state is given by the structural part 𝛿Πel–for simplicity elastic, the work of the external
loading 𝛿W ex and the virtual work of the pressure resulting from gas 𝛿Πg and from fluid 𝛿Πf . In the following, the focus is
only on the virtual work of the fluid-structure-interaction part thus the gas and fluid loading. The pressure level p is then
dependent on the current position x of all surface points of the structure in space and their current position relative to the
free fluid surface and for the gas part dependent on the current gas volume vg(x). The fluid contacting part is described
with the index f and the gas contacting part with g. The external virtual work of the pressure terms becomes:

𝛿Πpress = ∫a
p n∗ ⋅ 𝛿u da (2)

with the general normal definition n∗ = x,
𝜉
×x,

𝜂

|x,
𝜉
×x,

𝜂
|
, the virtual displacement 𝛿u, the general surface element da = |x,𝜉 × x,𝜂 |

d𝜉d𝜂 of the surfaces contacted by fluid or gas af and ag and the pressure level pf resp. pg. The position vector x(𝜉, 𝜂)
depends on local coordinates 𝜉, 𝜂. Thus the pressure is acting perpendicular to the surface of the structure; the surface
da may be modified under loading in size, the latter represented by |x,𝜉 ×x,𝜂 |. Multiplying n∗ da a non-normalized form
n = x,𝜉 ×x,𝜂 of the normal vector n∗ is introduced, resulting in gas and fluid surface parts:

𝛿Πpress = ∫
𝜂
∫
𝜉

p n ⋅ 𝛿u d𝜉d𝜂 = ∫
𝜂f ∫𝜉f

pf nf ⋅ 𝛿uf d𝜉d𝜂 + ∫
𝜂g ∫𝜉g

pg ng ⋅ 𝛿ug d𝜉d𝜂. (3)

The physical behavior of the gas is specified by Poisson’s law resp. an adiabatic change; 𝜅 as isentropy constant, P, V
as initial pressure resp. volume for the gas volume:

pt v𝜅t = P V𝜅 = const. (4)
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SCHWEIZERHOF and KONYUKHOV 9 of 29

F I G U R E 7 Sectioning of control volumes vg and vf .

The interesting aspect is the computation of the actual volume of the gas part. It is assumed that the volume vg is described
by its corresponding surface and is computed via:

vg = 1
3 ∫𝜂 ∫𝜉 xg ⋅ ng d𝜉d𝜂. (5)

Virtual work of fluid volume compression could be added, however, in the following only the case of heavy incompressible
fluids is presented. Thus the fluid volume is kept constant, for compressible fluids see Reference 22.

The pressure distribution in the fluid filled part is described by the hydrostatic pressure law (6)–here without the
gas pressure at the fluid surface–and the volume conservation condition Equation (7) of the contained fluid–assuming
incompressibility.

pf = 𝛾i(xw − x) ⋅w (6)
vf = const. (7)

With 𝛾i = 𝜌 g as specific gravity, 𝜌 as specific density of the fluid, g as the acceleration due to gravity, xw as position vector
to the fluid surface and w∗ as unit normal vector on the fluid surface, see Figure 7. The volume vf of the fluid can then
be computed via:

vf = 1
3 ∫𝜂 ∫𝜉(x ⋅ n + xw ⋅w) d𝜉d𝜂. (8)

Corresponding to the non-normalized normal vector n on the submerged surface of the structure, w = xwi,𝜉 × xwi,𝜂 denotes
the non-normalized normal vector of the free fluid surface. It must be noted that w has the identical direction as −g for
any fluid surface due to gravity.

Thus the major difference to a closed volume with either only gas or only fluid–for the latter then compressibility
would be needed–is simply the fact that together with the submerged surface of the structure the fluid surface describes
the closure of the considered fluid volume part.

4.1.1 Linearization of the virtual work expression of the pressure terms

Considering the computational model for finite element simulations with shell, volume, or beam element surfaces and
assuming nonlinear behavior, the system of nonlinear equations resulting from the variational expression must be lin-
earized for the solution with a Newton-type scheme. Then the linearization at state t has to be performed before the
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10 of 29 SCHWEIZERHOF and KONYUKHOV

discretization with for example, Finite Elements and within an incremental iterative procedure. In the following, we
restrict us to both pressure terms, gas, and fluid. The necessary quantities are X as initial position of a structural surface
point, xt = X + ut as known position at state t, and therefore x = xt + Δu as position at the current state of the structure.
The different contributions have to be linearized separately. Hereby P(Xw,X),V denote the initial pressure and volume,
pt = pt(xw, x), vt are the known pressure and volume respectively following Equation (4). The expression for the external
virtual work of the considered volume includes the linear part of the changes of the normal and of the pressure change.
Both are integrated over the correspondingly submerged surface:

𝛿Πlin
press = 𝛿Πpress,t + 𝛿ΠΔp

press,t + 𝛿ΠΔn
press,t (9)

𝛿Πlin
press = ∫

𝜂
∫
𝜉

(pt nt ⋅ 𝛿u + Δp nt ⋅ 𝛿u + pt Δn ⋅ 𝛿u) d𝜉d𝜂 (10)

with Δn = Δu,𝜉 ×xt,𝜂 −Δu,𝜂 × xt,𝜉 (11)

for the change of the non-normalized linearized normal vector. Equation (11) represents the Taylor expansion up to linear
terms.

4.1.2 Linearization of Poisson’s law, the gas volume, the hydrostatic pressure law and the
volume conservation condition for the fluid

As the gas law indicates that the product of its components remains constant, the change of the product is zero:

Δ(pv𝜅) = 0 thus Δp v𝜅t + Δv𝜅 pt = 0 (12)

whereby Δv𝜅 = 𝜅
v𝜅t
vt
Δvg

. (13)

Finally the linearized expression for the adiabatic change results in:

Δpg +
𝜅pg

t

vg
t
Δvg = 0 with Δvg = 1

3 ∫𝜂 ∫𝜉(Δu ⋅ nt + xt ⋅ Δn) d𝜉d𝜂 ≡ Δvg
Δu + Δvg

Δn. (14)

The linearized hydrostatic pressure and the volume conservation condition can be written for the fluid part as:

Δpf = 𝛾(Δuw − Δu) ⋅w (15)

Δvf = 1
3 ∫𝜂 ∫𝜉(Δu ⋅ nt + xt ⋅ Δn + Δuw ⋅wt + xw,t ⋅ Δw) d𝜉d𝜂 = 0 (16)

≡ Δvf
Δu + Δvf

Δn + Δvf
Δuw

+ Δvf
Δw = 0. (17)

Where xw = xw,t + Δuw is the current fluid level, and Δw is the change of the non-normalized normal vector of the free
fluid surface, see Figure 7. The volume change Δvf –in total zero–can be expressed as shown in Equations (16) and (17)
by the volume change due to the displacements of the structure Δvf

Δu, the fluid level Δvf
Δuw

, the volume change due to
the change of the normals on the submerged structure Δvf

Δn and the free fluid surface Δvf
Δw.

4.1.3 Complete virtual work of gas and fluid–Reformulation for finite element discretization

Now using the equations above the complete virtual work expressions and the linearized expressions for the combined
gas and fluid loading in a containment can be written for use e.g. in a Newton-type solution procedure at a given state t†.

• Residual

𝛿Πf+g
lin = ∫

𝜂f ∫𝜉f
pf

t nf
t ⋅ 𝛿uf d𝜉d𝜂 + ∫

𝜂g ∫𝜉g
pg

t ng
t ⋅ 𝛿ug d𝜉d𝜂 (18)
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SCHWEIZERHOF and KONYUKHOV 11 of 29

F I G U R E 8 Hydrostatic pressure distribution in a containment filled with gas and incompressible heavy fluid.

• Pressure change parts

+ ∫
𝜂f ∫𝜉f

Δpf nf
t ⋅ 𝛿uf d𝜉d𝜂 + ∫

𝜂g ∫𝜉g
Δpgng

t ⋅ 𝛿ug d𝜉d𝜂 (19)

• Normal change parts

+ ∫
𝜂f ∫𝜉f

pf
tΔnf ⋅ 𝛿uf d𝜉d𝜂 + ∫

𝜂g ∫𝜉g
pg

tΔng ⋅ 𝛿ug d𝜉d𝜂. (20)

The hydrostatic pressure distribution is depicted in Figure 8, defining the terms for pf in this specific case. As a special
case, the filling with gas only is included. In the case of a containment fully filled with fluid, the compressibility of the
fluid has to be taken into account, see Reference 23. Thus the fluid pressure part pf is composed of three parts: the general
linear displacement part px, the constant part p0 dependent on the fluid level xo and the gas pressure pg:

px = 𝜌
f g ⋅ x, po = 𝜌

f g ⋅ xo
, thus pf = pg + po − px

. (21)

4.1.4 Partial integration–Check of conservativeness

For using the virtual expression and the linearized version in a finite element context partial integration helps to get
proper information on the structure of the corresponding load vector, stiffness matrices, and boundary conditions. For
this rather lengthy process we refer to own contributions21,22,25 and a complete summary of all possible combinations
of gas and compressible as well as incompressible fluid in multiple chambers and external loading given by References
23,24. The final result is split into two parts, a term mainly based on the change of the normal and a second term dom-
inantly based on the pressure change. Important for the derived form is the partial transformation to a contravariant
basis.

Normal change part: Introducing thus skewsymmetric tensors w in a convective basis x,𝜉
⊗ x,𝜂 , with 𝜉, 𝜂 as the

contravariant curvilinear coordinates,

W𝜉 = nt ⊗ x,𝜉 − x,𝜉
⊗ nt (22)

W𝜂 = nt ⊗ x,𝜂 − x,𝜂
⊗ nt (23)

we obtain the normal change parts as follows for both, gas and fluid domains:

𝛿ΠΔng

lin = ∫
𝜂g ∫𝜉g

pg
t

2

⎛
⎜
⎜
⎜
⎝

𝛿ug

𝛿ug
,𝜉

𝛿ug
,𝜂

⎞
⎟
⎟
⎟
⎠

⋅

⎛
⎜
⎜
⎜
⎝

0 W𝜉 W𝜂

W𝜉T 0 0
W𝜂T 0 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

Δug

Δug
,𝜉

Δug
,𝜂

⎞
⎟
⎟
⎟
⎠

d𝜉d𝜂 (24)
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12 of 29 SCHWEIZERHOF and KONYUKHOV

𝛿ΠΔnf

lin = ∫
𝜂f ∫𝜉f

pf
t

2

⎛
⎜
⎜
⎜
⎝

𝛿uf

𝛿uf
,𝜉

𝛿uf
,𝜂

⎞
⎟
⎟
⎟
⎠

⋅

⎛
⎜
⎜
⎜
⎝

0 W𝜉 W𝜂

W𝜉T 0 0
W𝜂T 0 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

Δuf

Δuf
,𝜉

Δuf
,𝜂

⎞
⎟
⎟
⎟
⎠

d𝜉d𝜂

− 𝜌
f

2 ∫𝜂f ∫𝜉f
𝛿uf

(

nf
t ⊗ g − g ⊗ nf

t

)

⋅ Δuf d𝜉d𝜂 (25)

From the pressure changes we obtain the following parts:

𝛿Πf+g
lin = (𝛼t − 𝛾t)∫

𝜂f ∫𝜉f
nf

t ⋅ 𝛿uf d𝜉d𝜂 ∫
𝜂f ∫𝜉f

nf
t ⋅ Δuf d𝜉d𝜂

+ 𝛼t ∫
𝜂f ∫𝜉f

nf
t ⋅ 𝛿uf d𝜉d𝜂 ∫

𝜂g ∫𝜉g
ng

t ⋅ Δug d𝜉d𝜂

+ 𝛼t ∫
𝜂g ∫𝜉g

ng
t ⋅ 𝛿ug d𝜉d𝜂 ∫

𝜂f ∫𝜉f
nf

t ⋅ Δuf d𝜉d𝜂

+ 𝛼t ∫
𝜂g ∫𝜉g

ng
t ⋅ 𝛿ug d𝜉d𝜂 ∫

𝜂g ∫𝜉g
ng

t ⋅ Δug d𝜉d𝜂 (26)

with 𝛼t = 𝜅
pg

vg and 𝛾t = −𝜌f
(

∫
𝜂f ∫𝜉f

nf
t ⋅ gd𝜉d𝜂

)−1

(27)

In addition to the above domain terms, the subsequent application of the Gauss theorem leads also to boundary terms
of the following form using for illustration purposes a Cartesian coordinate system at the boundary s. Then the normal
vector ns

t and the tangent vector ts
t can be written with ns

𝜉
, ns

𝜂 as coordinates of the covariant system as:

(
ns

t

ts
t

)

=

[
ns
𝜉

ns
𝜂

− ns
𝜂 ns

𝜉

](
g
𝜉

g
𝜂

)

. (28)

The boundary term of the external virtual work becomes then:

𝛿ΠΔn,boun
press,t = ∫s

ps
t(Δus × ts

t) ⋅ 𝛿us ds. (29)

The boundary integral vanishes, if one of the following five conditions is valid, see also Figure 9.

C1 Fixed boundary: Δus = 0
C2 No loading p on complete boundary s: ps

t = 0. This is valid for the surface boundary of structures that are not
completely filled with fluid.

C3 For any boundary with p ≠ 0, p.e. pressurized gas on the top of the fluid.
a) Only displacements parallel to the considered boundary s are allowed: Δus||ts

t → Δus × ts
t = 0. This is

physically clear as ts
t is perpendicular to ps

tn
s
t and the virtual work expression vanishes.

b) One boundary displacement component perpendicular to the tangent vector is fixed: (Δus × ts
t) ⋅ 𝛿us = 0.

Typical for sliding boundary conditions.
C4 There is no boundary, thus only closed structures completely filled with gas or fluid are considered as is the

case considered above.
C5 The boundary integral vanishes as a whole, which is hard to interpret physically.

As a summary–looking at the above-derived forms for the linearized virtual work of fluid and gas pressure–the
expressions are symmetric if the physically correct boundary conditions are present. This is clear proof of conservative-
ness, see References 12–14 for uniform pressure and References 26–29 for hydrostatics, see also Reference 30 for the
above-considered problem and those which can be directly taken from the above equations, such as structures completely
filled with gas or surrounded by gas pressure, or structures filled with gas and completely surrounded by fluid–underwater
structures and similar. For general problems involving gas, fluid, and multiple containments in arbitrary configurations
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SCHWEIZERHOF and KONYUKHOV 13 of 29

F I G U R E 9 Boundary conditions leading to the disappearance of the boundary integral.

see Reference 23. At this point we have to mention that already31 points out for uniform pressure and two-dimensional
problems that the occurrence of nonsymmetric terms is due to the boundary conditions and for closed systems the load
stiffness matrix is symmetric.

As conclusion in general we can note that any physically permissible–fitting the boundary conditions in
Figure 9–structural problem involving any type of fluid and gas pressure loading can be viewed as being conservatively
loaded. As a consequence on the other side, any other distributed loading type must be proved to be physically permissible
that is, must be realized constructively. This confirms finally the arguments in section 3.

4.2 Finite element discretization

After discretizing the linearized virtual fluid structure interaction expression with isoparametric shape functions forming
the discretization matrix N for the displacements, the virtual displacements and the incremental displacements of the
structural parts that are in contact with gas/fluid in the state t take the following form

u = Nd , 𝛿u = N𝛿d, (30)

we obtain from the normal change parts of Equations (24) and (25) the symmetric load stiffness matrices for each
structural element in contact with gas and/or fluid (see also References 15,21,22,25,32):

Kg
elem =

1
2 ∫𝜂g ∫𝜉g

pg
t

⎛
⎜
⎜
⎜
⎝

N
N,𝜉

N,𝜂

⎞
⎟
⎟
⎟
⎠

T
⎛
⎜
⎜
⎜
⎝

0 W𝜉 W𝜂

W𝜉T 0 0
W𝜂T 0 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

N
N,𝜉

N,𝜂

⎞
⎟
⎟
⎟
⎠

d𝜉d𝜂 , (31)

Kf
elem =

1
2 ∫𝜂f ∫𝜉f

pf
t

⎛
⎜
⎜
⎜
⎝

N
N,𝜉

N,𝜂

⎞
⎟
⎟
⎟
⎠

T
⎛
⎜
⎜
⎜
⎝

0 W𝜉 W𝜂

W𝜉T 0 0
W𝜂T 0 0

⎞
⎟
⎟
⎟
⎠

⎛
⎜
⎜
⎜
⎝

N
N,𝜉

N,𝜂

⎞
⎟
⎟
⎟
⎠

d𝜉d𝜂

− 𝜌t

2 ∫𝜂f ∫𝜉f
NT

(

nf
t ⊗ g + g ⊗ nf

t

)

N d𝜉d𝜂 . (32)

The residual for the corresponding element results in negative right-hand side vectors due to fluid and gas pressure
loading/support is:

fg
elem = −∫

𝜂g ∫𝜉g
pg

t NTng
t d𝜉d𝜂, (33)

ff
elem = ∫

𝜂f ∫𝜉f

(
−pg

t + po
t − px

t
)

NTnf
t d𝜉d𝜂. (34)
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14 of 29 SCHWEIZERHOF and KONYUKHOV

Hence along with the coupling vectors reflecting the closed volumes

aelem = ∫
𝜂g ∫𝜉g

NTng
t d𝜉d𝜂 and (35)

belem = ∫
𝜂f ∫𝜉f

NTnf
t d𝜉d𝜂 (36)

for the elements in contact with gas/fluid and after assembling all local arrays in their corresponding global arrays the
linearized state of equilibrium for a closed system partially filled with an incompressible fluid and gas can be written as:

(
Kstruct + Kg + Kf + 𝛼t(a + b)(a + b)T − 𝛾tbbT)Δd = fex − fstruct − ff − fg

. (37)

In Equation (37) the volume dependence of the enclosed gas and fluid is reflected in the rank updates of the stiffness
matrix with two symmetric dyadic products of the coupling vectors for each closed volume besides the corresponding
residual terms. For both cases gas only–𝜌t = 0–or fluid only–pg = 0–each leads to a single dyadic product, thus a symmetric
rank-one update of the stiffness matrix.

The load stiffness matrices Kg and Kf have the same bandwidth as the structural stiffness matrix Kstruct as they are
computed via integrals over the submerged surfaces. A standard integration scheme can be used as the fluid pressure is
only linearly dependent on the geometry for the stiffness terms as well as for the force terms. For positions beyond the
fluid surface, the pressure is constant or null in the case of no gas. The question is, how to capture the pressure of the
fluid close to the fluid surface. Our numerical procedure did not apply a specific integration scheme in the vicinity of
the fluid surface, as the pressure due to the fluid terms is then anyhow rather small within a reasonably fine mesh of the
finite element model. In addition, the finite element interpolation also disperses this effect, unless the fluid level is located
exactly on the boundary of the elements. However, some more recent contributions have a specific focus on capturing
this region more accurately, see References 33 and 34 both with the general fluid-structure formulation as in References
21,22,35. If the more accurate fluid level computation leads to somehow more accurate results in deformations or stresses
remains to be discussed.

The rank updates 𝛼t(a + b)(a + b)T and 𝛾tbbT are linking all variables together leading to a full stiffness matrix for the
variables of the submerged finite elements. Thus specific measures have to be taken within the global solution scheme to
achieve an efficient algorithm.

A further interesting observation is that in the literature the element load stiffness matrices–not derived via
the above-shown process–are often unsymmetric for example, also in References 15,31. Then the conclusion for
non-conservative forces seems to be justified. However, a closer look has shown that in the connection with neighboring
elements31 or with physically reasonable boundary conditions, as discussed above and already pointed out in Reference
15, this unsymmetry is no longer present in the global load stiffness matrix.

The above-developed scheme is independent of the interpolation of the surface loaded with pressure. In all cases,
stiffness matrices involving load terms are found. Interestingly, in the developments presented by Reference 36 working
with higher order shell theory and curvilinear coordinates almost analytically the stiffness matrices–all, linear, quadratic
and cubic parts–do not contain any pressure terms. Pressure is then only represented via the right-hand side, the load term;
thus of course affecting the displacements of the shells reflected in the stiffness matrices. Large displacement analyses
of plates and axisymmetric shells with bifurcation and post-buckling are presented for deformation dependent as well as
independent pressure, confirming that the exact displacement formulation has to be taken for the deformation dependent
load to achieve correct results. However, if eigenvalues are taken to determine bifurcation or limit points it is an open
question, how far the missing stiffness-update parts are affecting the exact value.

4.2.1 Solution algorithm

As already shown in References 19,21,37 without restriction of any kind, Equation (37) can be rewritten for one
container–for simplicity only containing fluid–as follows:

[K∗ + b a ⊗ a]d = F (38)

with K∗ = Kstruct +Kf and F = fex − ff − fint.
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SCHWEIZERHOF and KONYUKHOV 15 of 29

According to Sherman-Morrison,38,39 the solution to such a problem can be achieved by:

d = ΔuI − 𝛽 ΔuII ⊗ ΔuII F (39)

with ΔuI = K∗−1F, ΔuII = K∗−1a and 𝛽 = b
1 + b a ⋅ ΔuII

. (40)

Introducing Equations (40) into (39) the solution vector d can be obtained by one additional forward-backward substitu-
tion for the container plus two scalar products within the solution process using a direct solver:

d = ΔuI −
b ΔuII ⋅ F

1 + b a ⋅ ΔuII
ΔuII . (41)

It must be noted that in the input phase, a specification of all loaded surface segments, their relation to closed volumes,
and their normal direction is necessary. Within the algorithm, the actual volume of the fluid in each container and the
elements submerged by the fluid as well as the fluid level have to be computed to get the corresponding pressure correctly.
The fluid level displacement in each iteration step is computed via:

Δuw = Δuw ⋅w = 1
St

a ⋅ d. (42)

For the rank-two-update of the stiffness matrix as given in Equation (37) the Sherman-Morrison procedure has to be
applied recursively as it is standard for example, in the solution with Quasi-Newton solvers, see Reference 40 and for
a vectorized version see Reference 41. For multiple containers within a general structure and different fillings, a major
number of rank updates for at least parts of the global stiffness matrix including the load stiffness matrices have to be
taken into account. The general recursive solution scheme and the implications for the computational requirements are
described in detail by References 23,24.

4.3 Discussion of some loading cases

4.3.1 Further field definitions

Rotating structures containing fluids
A typical example of physically permissible cases is pressure loading due to a stationary rotation around an axis such
as fluids in a centrifuge. However, in this scenario, the acceleration, which is radial, is no longer constant but linearly
dependent on the current radius. Therefore, the above equations must be modified to combine gravitational acceleration
with radial acceleration. Investigations regarding the rotation of thin membranes, including fluids, and their influence
on stability can be found in Reference 42.

Magnetic fields
In magnetic fields, forces act on the masses of a structure with specific features. The forces are then dependent on the loca-
tion of the specific masses in the magnetic field and, thus are deformation dependent, see for example, Reference 43 with
application to a mass located on a cantilever beam. Also, a type of symmetric Hessian is obtained–a clearly conservative
problem with conservative forces.

Space attached fields
In Reference 44 it was shown that in an arbitrary space attached “loading” field–in the specific case one way to model wind
loading around a cylinder–symmetric global stiffness matrices are also obtained similar to the equations in a standard
gravity field. The local magnitudes of the loading are then modified according to the deformation in this assumed field.
As discussed above, the proper boundary conditions see Figure 9 have to be followed to achieve conservativeness. Such
a type of loading field appears to be also possible by combining multiple magnetic fields with the gravity field. Whether
these are physically reasonable situations has to be discussed.
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16 of 29 SCHWEIZERHOF and KONYUKHOV

4.3.2 When considering deformation dependent loading, how and when not

Looking at the example in Figure 8 and considering a sphere under external pressure–no internal gas/air/fluid–thus the
volume creating the external pressure would be very large, example “a small structure in a large gas filled cylinder”. Then
only the normal change parts of Equation (18) for gas have to be taken and the corresponding FE load stiffness matrix
plus the corresponding load residual part are obtained accordingly. For a stiff structure, this is particularly important for
stability, as we know from analytical solutions for rings under compression that then the limit load is reduced by a quarter
due to this follower force effect alone compared to not considering the normal change.

If the above example in Figure 8 of a closed containment with internal fluid and gas or gas only is itself embedded for
example, in fluid and assuming this outer fluid volume is rather large, then in the FE model for the outer fluid only a load
stiffness matrix and residual considering the normal change part have to be taken into account in addition, of course,
integrated over the outer surface and with the correct sign.

A very direct example is to place for example, a ship in a large volume of water. Given the weight and the form of the
structure, that is, the ship, the finite element modeling would only include the normal change part of the fluid over the
wetted part of the structure with its residual and we would essentially end up with Archimedes’ principle.

Though the radial deformations are not large in standard tanks for example, vertical steel cylinders are filled with fluids,
oil or water, however, the deformation dependence of such a rather stiff structure is highly visible for axial loading, as the
stability limits are increased with rising fluid level and internal gas pressure. It has proven to be important to simulate
the complete filling process with fluid including the volume change to achieve the correct buckling loads and modes by
accompanying eigenvalue analyses, for details see Reference 45.

The stability analysis of shells with (a) pure gas pressure support under some external loading–the latter representing
a modified mass–or (b) by vacuum loading controlled by a piston motion is based concerning deformation dependent
loading on the gas normal part of the stiffness matrix, the gas volume compression resp. reduction both represented by
the rank-one update of the stiffness matrix and the corresponding residual term, see Reference 21. Combined with an
arc-length solution scheme as described in section 5.1 the post-buckling path for both cases can be computed.

First steps of considering the stability of shells and obtaining post-buckling pathes under various deformation depen-
dent loadings such as fluid and wind are presented already in References 46 and 16. However, volumetric effects were
not taken into account in those studies. Additional research on shells involving fluid and gas plus their volumetric effects
in arbitrary configurations is extensively discussed in Reference 24 and parts in References 23,45. Time integration is
included to track the buckling of cylinders under external pressure or vacuum over time, as seen in References 47 and 48.
These results appear to be particularly useful for design purposes.

Deformation dependence is not considered in applications with very high gas/air pressure such as tires, see Reference
49, due to the high pressure in the tires. For a review of tire models, see Reference 50 and of air beams see References 51–53
and 54,55. In the fairly simple air beam models, the cross-section is kept constant as also the internal pressure. However,
the work of the internal pressure due to the volumetric deformation is considered in the overall virtual work expression.
Thus, pressure terms also appear in the stiffness matrix, see for example, Reference 56. Wrinkling can be detected, but local
effects such as localized Dirichlet boundary conditions leading to cross-section deformations cannot be taken into account
limiting the applications to rather small deformations. In order to investigate problems with larger overall bending defor-
mations a complete membrane tube discretized by finite elements and filled with gas has been studied–including all the
terms derived for gas deformation dependence–showing strong local deformations of the cross-section at the support, see
References 24,57. Such deformations indicate a general weakness of air-filled beam structures in practical applications.

For membrane-type structures with fluid filling and possible air support–see already a series of publications58,59 and
by Reference 60 for axisymmetric problems and also Reference 61–the volumetric terms of the load-stiffness matrix are
essential, determining the fluid level. As the membranes are rather soft showing large deformations the nonlinear solution
with the direct scheme as proposed in section 4.2, see equations (37) and following leads often to considerable convergence
problems. In Reference 62 the authors propose and prove new robust algorithms with a particular focus on the volume
constraint on various 3D ponding problems showing good efficiency and better convergence.

The stability of thin membrane structures considering fluid and/or gas filling based on the equations in section 4.2 is dis-
cussed in a series of papers.63–66 A particular emphasis is on bifurcations and various post-buckling resp. post-bifurcation
pathes.

Hydroforming is a commonly used metal forming technique mainly for ductile metals, see for some modeling schemes
on tubes67 and thin sheets.68 The major advantage is that besides using simpler forming tools the final formed pieces
show more equal wall thickness as problems with friction and sharp edges as found in stamping can be largely avoided.
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SCHWEIZERHOF and KONYUKHOV 17 of 29

A particular feature is that concavities can be formed. Concerning deformation dependence the normal change and the
full volume constraint for fluid are considered and rather high pressures are taken. The forming process itself is typically
divided into a low-pressure stage to adjust the formed part and a high-pressure stage for the actual forming, both with
fairly high speed applied. However, inertia effects have no significance and time effects have only to be taken into account
if viscous effects have to be considered.

As a resume of the above-cited examples deformation dependence of loading with its variations definitely depends
on its use on one side as loading only or on the other side as "support” such as in closed containments as tires, balloons,
rubber dams–see section 6–or membranes and structures filled with fluid. When used as quasi-external loading, only
the normal dependence part must be considered. When considering the support situation, it is important to take into
account the difference between heavy incompressible and compressible fluids or gas. In cases of combined loading such
as a cylindrical tank filled with fluid and gas but also subjected to axial compression the stress stiffening in the structure
caused by the filling is crucial for determining the buckling load compared to the normal change part of the stiffness.

5 LOAD CONTROL IN NONLINEAR ANALYSIS

In nonlinear analysis, forces or moments are often increased or decreased in a logical manner when considering them as
loading. The main objective is to determine limit loads for designing the corresponding structures. Whereas for Dirichlet
boundary conditions a loading control can be clearly defined–though it may be hard to realize in real physics, the ques-
tionable use of forces or moments becomes apparent. Moments are definitely not a quantity that can act separately and
forces can only be defined from masses in a gravitational field–for simplicity focussing on gravitation only. Therefore, it is
not possible to increase or decrease their magnitude without further consideration. This means the model of loading con-
trol essentially controls masses, which should only be performed in a physically realistic manner. For pressure conditions,
the pressure itself in statics is controlled through Dirichlet boundary modifications. This can be achieved by increasing
or decreasing volumes through shape modifications, such as piston motion or adding gas or fluid, both quasi-statically.

In nonlinear static analysis, a common practice is to incorporate the structure’s deformation or related quantities into
the loading process to improve convergence in numerical analysis. The arc-length method is a standard approach. There
a constraint involving one or more deformation quantities is added to the equilibrium equations. The solution of the com-
bined system with the somehow augmented stiffness matrix can then be achieved either monolithically or sequentially,
as suggested in the literature.69–72 A fully monolithic solution scheme can raise the condition number of the linearized
equation system to achieve better convergence and avoid singularities see Reference 73. However, when it comes to algo-
rithms within a finite element program, it is much simpler to include arbitrary constraints in a sequential fashion. In
the latter case, a practical observation is–see also Reference 74 that the ill-conditioning of the stiffness matrices has less
of an effect on the solution than expected. Additionally, better convergence could of course be achieved by reducing the
increase in loading magnitude, thus in turn reducing the corresponding arc length. Other suggestions are presented in
Section 5.1.1.

5.1 Arc length controlled loading on pressurized closed structures

The expression for the external virtual work of an external force fext with the control quantity for the load vector 𝜆ext and
a pressure load which can be varied by a piston motion thus v(𝜆p) can be written as:

𝛿Πext = 𝜆
extfext ⋅ 𝛿u + ∫

𝜂
∫
𝜉

p(𝜆p) n ⋅ 𝛿u d𝜉d𝜂. (43)

The physical behavior of the enclosed gas is specified by Poisson’s law.

pv𝜅(𝜆p) = PV𝜅
. (44)

Introducing a path following algorithm to control the loading an arbitrary function of displacements and load level 𝜆ext

resp. volume change factor 𝜆p is needed as a control law for the two separate load cases.

g(x, 𝜆) = 0 with 𝜆 = 𝜆
ext or 𝜆

p
. (45)
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18 of 29 SCHWEIZERHOF and KONYUKHOV

After the discretization of the virtual work expression with the virtual external work part 𝛿Πext of Equation (43) and the
additional Equations (44), (45) the linearization at state t for an incremental iterative procedure with the load level for
the first case 𝜆

ext as additional unknown yields:

[
K∗ + b a ⊗ a −P

zT
𝛼

](
d

Δ𝜆ext

)

= −

(
R − 𝜆

extP
g

)

. (46)

For simplicity K∗ = KT −Kpress as stiffness matrix, R = fint − fpress as residuum of the internal forces, and P = fext as exter-
nal force are introduced together. b = 𝜅

pt
vt

is the factor of the rank-one-update and the abbreviations for the directional
derivatives are:

z = d
d𝜖

g(xt + 𝜖Δu, 𝜆ext
t )|𝜖=0 (47)

𝛼 = d
d𝜖

g(xt, 𝜆
ext
t + 𝜖Δ𝜆ext)|𝜖=0. (48)

After the elimination of Δ𝜆ext the problem is reduced into a pure displacement formulation.

[

K∗ + b a ⊗ a + 1
𝛼

P ⊗ z
]

d = −
(

F +
g
𝛼

P
)

. (49)

It is obvious that the global stiffness matrix K∗ is finally updated by two rank-one matrices, a symmetric one for the gas
pressure and a nonsymmetric one for the arc-length loading control. The right-hand side F = R − 𝜆

extP shows a modifi-
cation due to the residual of the arc-length constraint equation. Applying the Sherman-Morrison formula four times the
solution of the modified system of equations can be performed in the following fashion. First d is split into two parts via:

d = Δ𝜆ext dI + dII (50)

with dI = [K∗ + b a ⊗ a]−1P, dII = −[K∗ + b a ⊗ a]−1F, Δ𝜆ext = −
g + z ⋅ dII

𝛼 + z ⋅ dI
. (51)

The interim solution vectors dI and dII are computed via:

dI = uI −
b uII ⋅ P

1 + b a ⋅ uII
uII (52)

dII = −uIII +
b uII ⋅ F

1 + b a ⋅ uII
uII . (53)

whereby uI = K∗−1P, uII = K∗−1a, uIII = K∗−1F (54)

While retaining the bandwidth of the stiffness matrix of the structure the solution vector d requires three forward
backward substitutions within one step of the iterative solution process.

As a second case for a loading control a volume change is introduced like in a hydraulic system, then an arc-length
controlled displacement can be assumed. In this case, the expression for the virtual work expression remains essentially
unaltered. However, the control resp. constraint condition in Equation (45) is now composed for simplicity with 𝜆

ext = 0
and nonconstant 𝜆p.

Thus the volume v(𝜆p) of the whole structure is decomposed into a deformable part and into a rigid part, see Figure 10.
As a consequence the volume computation is separated into two terms, the deformable structure vstruct and the rigid
structure, the piston volume vpiston with the piston surface spiston and the piston motion 𝜆

puext.

v(𝜆p) = vstruct + 𝜆
pvpiston ==

1
3 ∫𝜂 ∫𝜉(x − x0) ⋅ n d𝜉d𝜂 + spiston𝜆

puext. (55)

As shown above, the constraint for the control of the volume loading level 𝜆p and the displacement uext is:

g(x, 𝜆p) = 0. (56)
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SCHWEIZERHOF and KONYUKHOV 19 of 29

F I G U R E 10 Volume computation; displacement controlled loading by piston motion.

Following the formal scheme as for pure load control as given in Equations (47), (48) the equation system becomes:

[
K∗ + b(𝜆p

t ) a ⊗ a −P(𝜆p
t )

zT
𝛼

](
d
Δ𝜆p

)

= −

(
R
g

)

(57)

whereby b(𝜆p
t ) =

𝜅 pt

vt(𝜆p)
and c = vpiston = spistonuext (58)

and vt(𝜆p) = 1
3
∑

e ∫𝜂 ∫𝜉(xt − x0) ⋅ nt d𝜉d𝜂 + 𝜆
p
t vpiston. (59)

R = fint − fpress is the residuum of the quasi-internal forces and P(𝜆p) = −b(𝜆p) c a is the vector of the quasi-external
forces. An important difference to the situation shown above with external forces only, the vector of the quasi-external
forces P(𝜆p) is not linear concerning the control quantity 𝜆

p. Finally, a further reduction of the system as shown in
Equation (49) leads to the pure displacement formulation at state t.

[

K∗ + b(𝜆p
t ) a ⊗ a + 1

𝛼
P(𝜆p

t )⊗ z
]

d = −
(

R +
g
𝛼

P(𝜆p
t )
)

. (60)

Computing the solution vector d via: d = Δ𝜆p dI + dII

with dI = [K∗ + b a ⊗ a]−1P
!
= −b c [K∗ + b a ⊗ a]−1a (61)

dII = −[K∗ + b a ⊗ a]−1R (62)

Δ𝜆p = −
g + z ⋅ dII

𝛼 + z ⋅ dI
(63)

it can be seen that as a consequence of the direct dependence of the quasi-external load vector on the volume change
only, two forward-backward substitutions within the iterative solution process are necessary. Then the interim solution
vectors are

dI = −
bc + 2b2c a ⋅ uII

1 + b a ⋅ uII
uII and dII = −uIII +

b uII ⋅ R
1 + b a ⋅ uII

uII (64)

with uII = K∗−1a and uIII = K∗−1R. (65)
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20 of 29 SCHWEIZERHOF and KONYUKHOV

Summarizing we obtain, that as demonstrated in the two examples for load cases loading control includes its own
simulation model with many variations.

5.1.1 Variations of arc-length control schemes

Firstly, it should be noted that a comprehensive description of the algorithm and corresponding program code is given in
de Borst et al.74

In the literature, numerous variations of the original schemes can be found, with a fairly large number presented in a
more recent contribution.75 In addition to providing an overview, the authors also demonstrate the limits of load control
algorithms including a factor for the load term and suggest a complete displacement control scheme that allows for the
computation of arbitrary "load” deformation paths. The algorithm apparently adjusts the "load step" itself avoiding the
need for too strong arc-length reductions necessary in other standard schemes. The authors also claim good efficiency
for their new developments. A critical overview of the by-then available arc-length schemes is given by Reference 76
comparing the methods on some difficult post-buckling pathes involving snap-through and snap-back. The results show
that some modifications of Crisfield’s proposal,71,77 the so-called spherical constraint–a nonlinear constraint–combined
with the consistent linearization of the arc-length constraint, see Reference 78 led to a more robust scheme.

In standard Euclidean norms, which form the basis of arc-length algorithms mostly quantities with different units of
measurement such as displacements, rotations, and load factors are summed. This introduces some arbitrariness into the
algorithm. Scaling all quantities involved see Reference 79, for example, by their values obtained in an initial load step
would avoid such an unbalanced operation. Combining the scaling with different factors could further allow to select
dominant quantities and remove others.

At this point we recognize and have to note that the arc-length itself is not a physical quantity that can be realized to
control the loading of practical structures for example, as controlling the occurrence of buckles in a cylinder under axial
loading. The discussion of this aspect is further elaborated in section 5.2.

For very large problems the computational cost of a full Newton scheme can often be avoided by alternatives such as
the modified Newton method or Quasi-Newton schemes. Then the characteristics of algorithms using arc-length schemes
together with the modified Newton method can be largely improved by combining them with line search schemes, as
pointed out by References 80 and 81. This is also applicable to a pure Newton method when large load steps have to
be performed. Combining it with Quasi-Newton methods, where rank-updates are standard, can increase the solution’s
efficiency. Within the scheme, the deformation dependence modifies the stiffness matrix also by the vectorial updates,
see References 46 and 41.

In damage and fracture mechanics, other controlling quantities are preferred to overcome the limit points advancing
into a post-failure regime, see for example, References 82–86, and more recently.87 All proposed schemes achieve fairly
robust solutions even for so-called non-equilibrium paths.

5.2 On applications of arc-length schemes–Merits–Limits–Implications for design

In addition to improving the convergence of the iterative algorithms for solving highly nonlinear problems with
arc-length schemes, the latter schemes also allow for the computation of non-equilibrium states–which can be seen as
their major merit. Nonlinear structural simulations using arc-length schemes often target failure points of structures,
such as snap-through or bifurcation points in buckling and fracture. By the application of arc-length schemes, simply
quasi-static behavior is assumed beyond these points often in non-equilibrium states or paths. Within these post-limit
load deformation paths, we again encounter snap-back points and often also bifurcation points–see Figure 11.

The figure displays two load-displacement paths. The left side shows the result for an axially compressed cylinder
under uniform loading, using a purely displacement based arc-length scheme and an adapted load step size in addition.
The detail enlargement of the load-displacement path provides insight about the proximity of the so-called post-buckling
load path giving an impression about the sequence of buckling modes occurring in the deformation process. The figure
on the right86 shows the results for a plane strain sheet loaded with uniform tensile loading by prescribed displacement
on one side, fixed on the other, with cracks developing. The applied arc-length algorithm incorporates therefore fracture
quantities with step-size adjustment to capture material failure thus crack evolution in a quasi-sequential fashion. The
fracture process is represented by a rather complex curve with a zig-zagging of the loading displacement in the post-failure
regime.
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SCHWEIZERHOF and KONYUKHOV 21 of 29

F I G U R E 11 Typical load displacement diagrams with snap-through and snap-back points. Left: Loading and post-buckling pathes for
a cylinder under longitudinal compression loading. Right: Fracturing of a tensile loaded specimen86–post-failure path obtained with
fracture-based path following scheme fully capturing crack evolution.

An argument to compute post-limit parts of load-displacement curves is the goal of gaining knowledge about the low-
est points or branches of equilibrium in the post-limit regime. Such results could then possibly be used for design purposes
such as determining the lowest allowed load level, often called design level. However, applications of post-buckling anal-
ysis, such as for longitudinally loaded cylinders, are extremely cumbersome and have shown no reliable results, as for real
structures such as cylindrical shells many post-buckling branches have to be followed. This particular aspect is visible in
the post-failure path for example, in Figure 11 left. Obviously, this path closely follows the initial loading path, however,
in the opposite direction, indicating somehow the sensitivity of the current equilibrium state on the original path to any
perturbation, whether due to changes in the geometry or unexpected dynamic loading or similar. We also recognize that
there may be multiple equilibrium or non-equilibrium paths that are closely situated to each other, depending on the
decision made at the bifurcation point to follow one branch or the other. Therefore, the general idea of path-following
appears then to be rather questionable.

For fracture problems, post-failure paths are determined by the sequential failure of various structural parts, mostly
following cracks that may also show branches. Again decisions have to be made on which branch to follow. The major
advantage of this fracture-following scheme is obtaining a sequence in the fracture and crack evolution process. This may
have some influence on a design, however the academic interest in the material fracture modeling and the appropriate
algorithms themselves appears to dominate often. Besides that, the practical realization of such a quasi-static post-failure
processes is definitely difficult even in laboratory experiments.

Thus, the following question remains for all problems computed with one or the other arc-length algorithm in
a post-limit regime: Is the assumption of statics in any post-limit path still justified, thus no inertia effects and no
dependencies of material quantities on velocity and even no effects of sudden contacts?

For many designs, it might then be more beneficial to apply dynamic perturbation and look at the time history behavior
to obtain the sensibility of a pre-buckling or pre-failure state against for example, a kinetic perturbation, see References
47,48. However, investigations concerning the choice of the perturbation are then necessary, certainly individually and
reflecting real uncertainties for the considered type of structure and loading.

5.3 On physically controversial loading models

Although many models proposed in the literature are mathematically correct, they may not be physically workable and
cannot be realized in experiments.

A physically rather controversially discussed example with large deformations–rolling a strip into itself under an
applied moment–see section 3.2 and Figure 5–is shown in many contributions on FE technology. However, it cannot be
realized with certainty in any experiment. Following the arguments in section 4.1.4 concerning boundary conditions, we
have clearly a nonsymmetric load-stiffness matrix and nonconservative loading for the distributed loading acting on the
beam Figure 5 left. Even for the single follower loads representing the moment loading the corresponding load stiffness
terms will be nonsymmetric–also a nonconservative loading.
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22 of 29 SCHWEIZERHOF and KONYUKHOV

However, a finite element model mathematically correct and even showing fully symmetric tangent matrices has
been constructed as the inverse application of a developed geometrically exact computational contact mechanics model,
see Reference 88. The contact forces normally arising from the interaction between bodies–here a body is assumed to
contact at the right end of the beam–are considered to model the effect of follower forces and are displayed in Figure 5.
A contradictory observation at first look, however, in contact analysis the other boundary should also to be taken into
account. Therefore, the assumed load is not a completely independent follower force type loading, rather an interaction
force quantity. Nevertheless, it is unclear, how the contacting body has to be moved to achieve the moment loading during
the full loading process. Essentially, the loading process is shifted one step further “outside” the directly considered beam
problem.

The same consideration could be followed to model either follower force by contacting bodies, the latter controlled
by undefined devices. The specific motion of such devices could be obtained through reverse analysis–not a practically
relevant procedure.

When discussing the physical realization of standard load control on a structure–no gas, no fluid, ist is essential that
masses are controlled and, therefore modified. For a single mass, this is equivalent to a single point load and can be easily
realized. However, for arbitrarily distributed masses represented by more or less uniformly distributed loading in a simu-
lation model the physical realization is more complex. Assuming von Neumann boundary conditions, a flexible boundary
loaded by an increasing distributed mass would require fairly stiff ‘upper’ constructions in real physical structures to carry
and distribute the higher mass, thus as a consequence representing a different boundary condition. A typical example is
the analysis of cylinders under axial uniform loading, for which–interestingly–lower buckling loads are computed than
observed in experiments. This is not unexpected as such a loading cannot be realized. The experiments, however, are
either displacement-driven or by hydraulic devices with mostly imperfect contact conditions between the loading plate
and cylinder.

6 RUBBER DAMS AS A SPECIFIC STRUCTURE WITH BOTH–SUPPORT
AND LOADING BY AIR AND/OR FLUID

In addition to balloons, air domes, and general inflatable structures, rubber dams are a well accepted but not too often
implemented building instrument in engineering, particularly in river management. They are a very important alterna-
tive to steel weirs, as the art of manufacturing steel weirs for smaller rivers becomes too costly nowadays. Even repairing
becomes difficult, as finding competent craftsmen and companies can be a challenge, even in highly industrialized coun-
tries. As the author’s group had the opportunity to work on such projects from the basic analysis to the design with the
German Federal Waterways Engineering and Research Institute in Karlsruhe, the topic will be presented in a broader
context, including general design information. For a detailed technical overview of these structures, please refer to the
PIANC report InCom WG166 from 2018.89

Rubber dams are simply described as tubes positioned horizontally, fixed to the ground and on both ends of the tube.
The walls of the tube are very flexible; some look almost like thin membranes, however, the reality obtained by the author’s
group was tube walls with quite some bending stiffness due to a wall thickness of 10–15 mm of layered material. A cost
advantage of rubber dams is the simple construction see Figure 12, as after manufacturing the multilayer-ply material as
a long plane sheet is put to the ground, then bent into a tube shape, and fixed to the bottom. It is important to ensure the
fixation is strong enough, the connections are tight and impermeable to air and water. The fixations should also provide
full buoyancy control, especially for air-filled dams. The simple basic construction principle causes difficulties at both
ends of the tube, where proper fixation to the side walls is necessary. This may have the consequence of some wrinkles,
but folds should be avoided. A selective design can help optimize this issue, as discussed below.

First, the general cross-section of the dam has to be found based on the given dam height and on requirements within
the later dam operation. The initial design typically involves analytical solutions, such as two-dimensional models that
incorporate air and fluid filling for example, References 91–93. Upon comparison, the analytical solution only differs
rather slightly within ranges of higher pressure from finite element solutions. However, at lower pressures the FE solu-
tions show some deviations particularly due to difficulties of the analytical solutions capturing the deformed shape, see
References 90,94 for a number of studies and also Reference 24. Full water-filled dams exhibit minimal cross-section
deformation within variations of head and bottom water. However, proper fixation of the tube at the bottom has to be
provided–see Figure 13, where it becomes visible for the example of full air filling that the cross section and as a conse-
quence the dam height is not kept constant during the loading process. The simulation model for fluid and gas loading
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SCHWEIZERHOF and KONYUKHOV 23 of 29

F I G U R E 12 Rubber dam. General construction. For details see Gebhardt et al.90

F I G U R E 13 Rubber dam, single fixation (left). Loading process of air filled dam (right). Form changes due to uplift.

consists of three chambers, see References 23,24, each controlled separately according to the solution scheme provided
in section 4. The first chamber is the inner tube, which is filled with air by adding gas volume. The other two chambers,
representing the upstream resp. the downstream water are fluid filled each by adding fluid volume separately, effectively
adding volume through piston motion.

Thus after folding the tube, first the internal filling is performed. Then, the upstream (head) water level rises to the
full dam height, followed by an increase in the level of the downstream (bottom) water, see Figures 13 and 14 right.
Without a second fixation, the cross section deforms undesirably due to uplift, see Figure 13 right, which is known as
upward buoying caused by downstream water. However, when fixed at the bottom water side–as shown in Figure 14 left,
the shape is perfectly maintained and no buoying is observed when the bottom water rises, see Figure 14 right. The same
critical buoyancy behaviour for a tube without second fixation is found for the cases of water and a combined water plus
air filling of the tube, if the water filling level is not sufficiently high, see References 24,95.

The optimal solution for preventing major deformations is achieved by fully filling the dams with fluid. However,
partial or full air filling allows for a faster and simpler operation, such as fairly quickly lowering the dam height. On the
other side, air-filled dams are susceptible to buckling as a consequence of compressible air. To prevent this, either very
high air pressure should be used or the level of fluid filling should be kept reasonably high. Three-dimensional analyses
using rather large FE models, following the three-chamber model described above were necessary for buckling investi-
gations, see Reference 24 and particularly for avoiding large folds in the boundary region of the dams, see Figures 15 and
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F I G U R E 14 Rubber dam within double fixation (left). Loading process of air filled dam (right) fixation. Uplift avoided–no buoying.

F I G U R E 15 Rubber dam. Undesirable fold at abutment pier–major head water loss.

16. These folds are caused by the type of connection at the side walls, the abutment piers. They are prone to considerable
undesired water loss and can be largely avoided by careful design. Varying several parameters such as the slope of the
abutment pier, the angles of the clamping rails for the rubber sheet at the abutment pier in correlation with the chosen
cross-section a comprehensive series of finite element analyses was performed, initiated by the German Federal Water-
ways Engineering and Research Institute Karlsruhe, see References 90,96–98 to obtain optimal results limiting or almost
avoiding folds. In Figure 17 three typical results varying the connection at and the deflection of the abutment pier are
shown, proving that folds can degenerate into rather small wrinkles. However, the choice of such “optimal” parameters
is subject to local construction limitations. For additional design aspects and simulations, refer to Reference 99. A final
study, described in References 90,100, was on the potential damage to the rubber material caused by debris impact in the
head water or any type of vandalism, such as knife attacks or gunshots. The simulations for dams with air or fluid fill-
ing impacted by a tree model with a fairly sharp edge, different velocities and different angles of attack conducted with
Reference 11 showed no significant damage. The use of air filling resulted in a perfect elastic response, while fluid filling
resulted in almost no elastic response. However, the stresses in the dam skin were well below any expected damage level
in both cases. Nevertheless, further simulations revealed that too low air pressure causes large deformation and higher
stresses in the rubber material. A clear sign, that the air pressure level should be maintained at a high level, which is also
beneficial to prevent buckling. A further observation in Reference 100 is that air-filled dams are more sensitive to minor
holes than fluid-filled ones, because air loss evolves rather quickly, whereas water outflow is not as dramatic for such
holes. The chosen multi-ply material at holes prevents fracture propagation and these mostly small holes can be easily
repaired.
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F I G U R E 16 Simulation with finite elements–Clear fold development due to connection at abutment pier.

F I G U R E 17 Design investigation by parameter variation (different fixation at and slope of abutment pier) to avoid or minimize folds.

7 CONCLUSIONS

Based on the discussion in section 3, it is recommended that load modeling and simulation in nonlinear static analysis
follow the same approach as for a dynamic simulation. Besides material and geometry, the focus should be on the idea
of mass modifications simulating an increasing load within a gravitation field or similar. It must be noted that classical
modifications of Dirichlet boundary conditions are not affected by the discussion in this contribution.

When attempting to find a suitable load model in nonlinear static analysis for challenging scenarios, such as wind
loading or interaction with other media like sand or gravel, it is important to avoid introducing artificial effects through
load modeling assumptions. The latter is often obtained in the "follower force" literature.

The formal developments of pressure loading resulting from gas/fluid media interacting with structures either as
support or as loading show the expected results concerning boundary conditions and conservativeness of the loading for
physically permissible constructions. The need for taking into account the various deformation-dependence terms of the
developed formulations in an FE simulation depends much on the structure in focus. This may serve also as a basis for
simplified formulations and FE analyses.

Furthermore, performing load control with additional constraints such as arc-length methods is certainly a viable tool
to improve convergence, as in principle the stiffness matrix is updated by a rank-one matrix due to the accompanying
arc-length control, see References 73 and 78. However, in realistic cases, the structural behavior beyond limit points is
dynamic and involves at least some inertia resulting in kinetic effects. This behavior is mostly accompanied by structural
failure, such as buckling, fracturing, or large plastic deformations. Therefore, the idea of computing quasi-static post-limit
load-deflection curves appears to be meaningless for standard structures with complex loading, particularly for design
purposes. In cases where the determination of the failure process is vital, it is important to consider the dynamic behavior
of the structure by nonlinear transient analysis.
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The final investigations on rubber dams, conducted in cooperation with the German Federal Waterways Engineering
and Research Institute (BAW), demonstrated the wide range of applications of the developments for modeling gas and
fluid loading in nonlinear statics, including buckling and contact analysis.
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ENDNOTES
∗Though flutter is purely a dynamic phenomenon known in aircraft design, in the literature devoted to stability the term flutter has been
introduced in structures with specific combinations of loading leading to instability.
†In our contribution we prefer to mark the state with t letter though in many numerical realizations t belongs to the natural set numbers that
is, {0, 1, 2, …}.
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