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ABSTRACT
We observe maxon-like dispersion of ultrasonic guided waves in elastic metamaterials consisting of a rectangular beam and an array of
cylindrical resonators. The pillars act as asymmetric resonators that induce a strong modal hybridization. We experimentally observe the
strongly localized maxon mode with zero group velocity. Our study also demonstrates a unique feature of the maxon with a down-shifting
peak frequency in space. To reveal the fundamental mechanism, we conduct comprehensive numerical studies on all frieze group symmetries
and key geometric parameters.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0180074

I. INTRODUCTION

Vibro-elastic metamaterials are engineered heterogeneous
composites designed to control the propagation of mechanical waves
in solid media. They can enable unconventional phenomena, includ-
ing frequency bandgap,1–9 negative refraction,10–14 and topologically
protected mode.15–20 Moreover, they have a broad range of appli-
cations, such as cloaking,21–26 focusing,27–30 signal processing,31,32

and energy harvesting.33–35 Recently, Chen et al.36,37 presented a new
category of elastic metamaterials that support roton-like dispersion
relations using non-local interactions beyond the nearest neigh-
bor (BNN). Iglesias Martínez et al.38 then experimentally observed
this unique behavior in polymer-based metamaterials, where the
dispersion curve exhibits a local minimum similar to the roton
behavior,39–41 which was typically observed in the low-temperature
quantum systems, such as helium-4 superfluid.42–46

In the metamaterial context, rotons and maxons refer to
local minima and local maxima on the fundamental wave mode
band (a.k.a. the “acoustical” branch), respectively, at the interior
of the first Brillouin zone. They indicate the existence of localized

wave modes with a finite phase velocity but zero group veloc-
ity (ZGV).47 These ZGV modes are highly desirable in quanti-
tative nondestructive evaluation and structural health monitor-
ing due to the energy trapping that enhances the signal-to-noise
ratio. Historically, Tolstoy and Usdin first predicted the higher
mode (a.k.a “optical” branch) ZGV point in an elastic plate.48

More recently, Prada et al. experimentally observed this local-
ized mode.47 In addition, studies also identified higher-band ZGV
modes in a wide range of waveguides, including beams,49 concrete
slabs,50 rails,51,52 immersed cylindrical shells,53 elastic layered struc-
tures,54 and nanoporous silicon.55 Moreover, these ZGV modes
have enabled various applications, such as sub-wavelength thick-
ness measurements,56 cumulative fatigue damage characterization,57

multi-layer interfacial stiffness evaluation,58 and gigahertz imaging
of nanoscale bilayer.59

In the past two years, three new methods have been proposed
to realize roton-like ZGV modes on the acoustical branch in meta-
materials, including non-local interactions,36,60–62 chiral micropolar
elasticity,63,64 and the eigenstrain-based design65–67 with mono-
mode elasticity. However, no study is yet to focus on maxon-like
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dispersion and analyze the difference between roton and maxon
modes in metamaterials. In this article, we experimentally observe
the resonator-induced maxon-like dispersion in a metabeam. The
maxon mode differentiates itself from conventional resonator-
induced flat bands3,4 by high selectivity in wavelength. While pre-
vious researchers noted a similar dispersion phenomenon that is
distinct from flat bandgap,68,69 our study shows and analyzes, for
the first time, the mechanism of maxons in elastic waveguides and
the observable difference between rotons and maxons in terms of
peak-frequency shifts in space. More importantly, we explain the
underlying symmetric breaking requirement for maxon formation
in elastic waveguides via numerical simulations.

II. METHODS AND MATERIALS
To investigate the resonator-induced maxon behavior, we

design and construct an elastic metabeam consisting of a rectangu-
lar beam (560 × 10 × 1 mm3) and an array of cylindrical resonators
(4 mm diameter and 4 mm height). The elastic metabeam is directly
manufactured from a 6061 aluminum alloy block by removing
excessive materials. A total of 53 pillar resonators are machined with
a spatial interval of 10 mm (center to center), as shown in Fig. 1(a).
Both ends of the metabeam are wrapped with clay to suppress pos-
sible reflections. We then attach a square lead zirconate titanate
(PZT) patch (10 × 10 × 0.52 mm3, Navy type II) at one end of the
metabeam and apply a broadband voltage excitation onto the PZT
to induce vibrations in the frequency from high-audible to ultra-
sonic spectrum. To capture the maxon-like dispersion behavior, we
configure and output a chirp signal with a frequency window from
10 to 60 kHz over 0.3 ms through the arbitrary waveform gener-
ator (AWG) module of a PicoScope. For measurements, we use
both contact and non-contact sensors to obtain spatial–temporal
dynamic responses of the metabeam. As shown in Fig. 1(b), we
use a broadband acoustic emission (AE) sensor (Physical Acous-
tics PICO sensor) to capture the out-of-plane velocity responses
(vz), and we manually move and attach the sensor with wax as
the couplant. In addition, as indicated in Fig. 1(c), we also use
Polytec’s 3D laser vibrometer CLV-3230 to extract all three veloc-
ity responses (vx, vy, and vz) from the metabeam. A retro-reflective

tape is attached to the scanning surface of the beam to increase
the reflectivity and improve the signal strength, and a sensitivity
of 5 mm s−1 V−1 is adopted for measurements. We further design
and manufacture a motion platform to host the metabeam and facil-
itate laser scanning. Using both AE sensor and laser vibrometer,
we first extract vibration responses from the top surface of each
of the first 39 pillars with a spatial sampling interval of 10 mm.
Next, we also extract responses at the bottom of the substrate beam
within the same region with an interval of 5 mm, which allows us
to estimate the experimental dispersion relations of the metabeam.
All measurements are sampled with a time step of 0.025 μs over
a period of 20 ms and repeated ten times with a PicoScope oscil-
loscope before getting averaged, digitized, and stored for further
analysis.

We also establish finite-element models on the COMSOL soft-
ware platform to investigate the underlying mechanism and special
characteristics of resonator-induced maxon-like dispersion and the
behavior of the localized mode. First, an eigenanalysis is performed
to calculate the dispersion curves of the designed metabeam. We
apply the Bloch-wave boundary conditions in the wave propagation
direction (x−axis) on a unit cell composed of the base beam and a
pillar resonator. The material model of the beam and pillar is set
as aluminum with Young’s modulus E = 70 GPa, Poisson’s ratio ν
= 0.33, and density ρ = 2700 kg/m3. We sweep the wavenumber in
the first Brillouin zone to obtain dispersion curves, which are plotted
as shown in Fig. 1(d). The highlighted dispersion curve demon-
strates a maximum frequency at ∼38.3 kHz and 15.75 m−1. This
local maximum point hosts the localized maxon ZGV mode. More-
over, we quantify the mode shape patterns based on the longitudinal
and vertical bending displacement ratio. To categorize the modal
shapes, here, we adopt the symmetry of a bare beam, where two
axes of symmetry on the cross-sectional plane separate the guided
waves into four mode families,70 namely, longitudinal (L) mode,
vertical bending (By) mode, horizontal bending (Bz) mode, and tor-
sional (T) mode, for a wavevector along the propagation direction
(x−axis). The bending modes are named based on the axis the bend-
ing motions are about. The resonators on the bare beam would
interact with the beam and thus modify these wave modes. As shown
in Fig. 1(d), the maxon emerges when the L-dominant branch meets

FIG. 1. Experimental setup and eigenanalysis to study the maxon in a metabeam. (a) The metabeam design with a pillar spacing of a = 10 mm and the coordinate system, (b)
contact measurements using a broadband acoustic emission sensor, (c) non-contact measurements using a laser Doppler vibrometer, (d) dispersion curves of the metabeam,
and the colorbar is based on the mode ratio index, R, which quantifies the participation of L and By modes (see the supplementary material), and (e) L-dominant, maxon, and
By -dominant mode shapes.
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the By-dominant branch. This dispersion curve is color-coded based
on the mode ratio index R, for which R = 1 indicates the pure L
mode and R = 0 indicates the pure By mode. Detailed calculation
procedures are described in the supplementary material. We find
that the maxon mode is very close to but not exactly at the point of R
= 0.5, which denotes the equal participation of the L and By modes.
Representative mode shapes in Fig. 1(e) illustrate the effects of the
pillar resonator, which couples the L and By modes in the bare beam
together to form the hybridized maxon mode in the metabeam. Fur-
thermore, we conduct time-dependent finite-element simulations
with a metabeam composed of 53 units. A displacement excitation
of a chirp signal with a frequency sweeping from 10 to 60 kHz
is introduced on one end of the metabeam, and a low-reflecting
boundary is applied on the other end to suppress boundary reflec-
tions. The Courant–Friedrichs–Lewy (CFL) condition with CFL
= 0.2 is satisfied with an element size of 0.5 mm, a time step of 1
μs, and a total simulation time of 4 ms. We extract all three velocity
components from the top surface of pillars and the base beam. To
obtain dispersion relations from this calculation, we perform two-
dimensional fast Fourier transform (2D-FFT) on spatial–temporal
sampling of the wavefield along the metabeam; velocity components
extracted close to the excitation source are used to study the localized
energy trapping and maximum frequency behavior of the maxon.
Consistent with the experiment, dynamic responses at the center
of the top surface of the first 39 pillars were extracted with a spa-
tial sampling interval of 10 mm; the velocities along the center at
the back of the base beam were extracted with a spatial sampling
interval of 5 mm to cover the same region of the first 39 pillars.
Moreover, dynamic responses within the distance of half the maxon
wavelength from the excitation source were considered for local
resonance measurements.47

III. RESULTS AND DISCUSSION
In Figs. 2(a), 2(c), 2(e), and 2(g), the red dotted lines repre-

sent the dispersion curves from the single-unit-cell computation
based on Bloch’s theorem, while the green dashed line indicates
the boundary between the first and second Brillouin zones. On
top of those, we present the dispersion relations as color inten-
sity plots from finite-size time-dependent analysis in Figs. 2(a) and
2(e). The corresponding results from experimental measurements
are shown in Figs. 2(c) and 2(g). Local resonance spectra col-
lected close to the excitation source (within half the wavelength of
the maxon) are shown in Figs. 2(b), 2(d), 2(f), and 2(h). Specif-
ically, Figs. 2(b) and 2(d) are based on the in-plane velocities vx
extracted from the top of the first and second pillars that are 5 and
15 mm away from the excitation/origin, respectively; Figs. 2(f) and
2(h) are based on the out-of-plane velocities vz extracted from the
base beam that is 10 and 15 mm away from the excitation/origin,
respectively.

We first analyze the results in Figs. 2(a) and 2(c), which are
based on in-plane velocities (vx) at the top surface of pillars. Here,
the forward-propagating L-dominant mode with wavenumber from
0 to 15.75 m−1 is observed since the L mode has a strong in-plane
component. A narrow horizontal strip is identified close to the
maxon frequency, from both simulation and experiment, indicating
local energy trapping of the maxon mode. The corresponding fre-
quency responses measured in the vicinity of the source, as shown

FIG. 2. (a) Dispersion relations and (b) local resonance spectrum based on velocity
component vx extracted from pillars in the numerical model; (c) dispersion relations
and (d) local resonance spectrum based on velocity component vx extracted from
pillars in experiment; (e) dispersion relations and (f) local resonance spectrum
based on velocity component vz extracted from the base beam in the numerical
model; (g) dispersion relations and (h) local resonance spectrum based on velocity
component vz extracted from the base beam in experiment. The red dotted lines
represent the theoretical dispersion curves, and the vertical green dashed lines
indicate the boundary of the first Brillouin zone.

in Figs. 2(b) and 2(d), exhibit a clear resonant peak aligned with the
maxon frequency near 38.3 kHz, providing strong evidence support-
ing the localized nature of the maxon mode. Then, we investigate
the dispersion relations in Figs. 2(e) and 2(g), which are based on
out-of-plane velocities (vz) collected at the bottom surface of the
beam. We note that the forward-propagating waves with positive
group velocity are more pronounced since we sample the dynamic
responses along the+x direction in both model and experiment.71 As
expected, out-of-plane motions highlight the forward-propagating
wave modes at the By-dominant branch, which extends beyond
the first Brillouin zone. Their corresponding frequency responses
in Figs. 2(f) and 2(h) also exhibit a clear resonant peak at the
maxon frequency. In general, Fig. 2 shows that the maxon reso-
nance results from standing waves formed by interference between
the counter-propagating L-dominant and By-dominant modes.

Next, we investigate the non-propagating nature of the maxon
mode, focusing on the spatial distribution of the velocity field near
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FIG. 3. (a) Spatial distribution of out-of-plane velocity (vz) at the base beam using
the finite element model demonstrating local maximum frequency and energy trap-
ping. (b) Amplitude of dynamic responses based on in-plane velocity (vx) at the
pillars from simulation and experiment at their peak frequencies, respectively.

the source around the maxon frequency. For the numerical model,
the out-of-plane velocity components extracted from 300 scanning
points along the center at the base beam are processed. The numer-
ical results, as shown in Fig. 3(a), illustrate a series of discrete high-
amplitude anti-nodes in spectral data with increasing distance. The
spectral component at the maxon frequency is trapped close to the
excitation source, and the peak frequencies drop with increasing dis-
tance from the source. Lower frequency peaks away from the source
are attributed to the interference between two slowly propagating
guided wave modes on both sides of the local maximum (i.e., maxon)
of dispersion. The distance between adjacent spectral anti-nodes
is approximately half of the maxon wavelength (λ/2 = 31.7 mm).
Figure 3(b) presents the numerical and experimental normalized
amplitude profiles extracted from the center of the top of the pil-
lars at the maxon frequency with a reasonable agreement (38.4 kHz
for simulation and 38.3 kHz for experiment). Both the simulation
and experimental results demonstrate that high-amplitude dynamic
responses in the vicinity of the maxon frequency are trapped within

half the maxon wavelength (31.7 mm) from the excitation source.
Moreover, the distance between peaks is approximately equivalent to
half the maxon wavelength in both the simulation and experiment.
The discrepancies between the simulation and experimental results
can be attributed to residual stresses, manufacturing errors, and
damping effects. We note that, while maxon and roton modes share
many similarities, the peak-frequency down-shift observed here is a
unique feature of maxon-like dispersion, as the roton-like dispersion
would result in a peak-frequency up-shift away from the excitation
source.47,52

In addition, we numerically study the relation between the
maxon-like dispersion and the symmetries in the metabeam design.
To simplify the problem, we focus on 2D designs with the plane-
strain formulation, and we apply the quasiperiodic Bloch-wave-type
boundary conditions to study each unit cell. Seven different designs
are depicted in Figs. 4(a)–4(g). Each represents a different pattern
in terms of symmetry. Collectively, they exhaust the list of all possi-
ble symmetries (i.e., the frieze groups72) of two-dimensional patterns
that are periodic in one direction. We specify each design with the
naming convention set by the International Union of Crystallog-
raphy (IUCr):73 p for primitive unit cell, m for reflection (vertical
denoted first), g for glide-reflection, and number 1 or 2 for the
highest order of symmetry.

As highlighted by the light blue lines in Figs. 4(h)–4(n), only
four out of seven designs based on the frieze groups manifest the
maxon-like dispersion relations. This shows that maxon modes can-
not be simply achieved by any locally resonant metamaterials. In
fact, most of the resonant designs3,4,74 exhibit a flat band (ZGV
modes for a wide range of wavenumbers) instead of a local maxi-
mum (ZGV mode for one particular wavenumber) near the resonant
frequency. There is a key difference here: a flat band indicates a
strong localization of wave modes over a range of different wave-
lengths, while the maxon-like dispersion has the distinctive advan-
tage of selecting a unique wavelength of wave localization. A close
scrutiny of the frieze-group-based designs reveals that additional
symmetry breaking is needed for maxon formation. For designs
shown in Figs. 4(c), 4(e), and 4(g), there exists a symmetry between
the top and bottom resonators: they are attached to the base plate
at exactly the same lateral location. This results in orthogonality
between the L and By modes. Hence, this symmetry prevents modal

FIG. 4. Designs (a)–(g) based on Frieze groups and their dispersion curves (h)–(n): (a) p1 translation only; (b) p11g translation and glide-reflection; (c) p2 translation and
180○ rotation; (d) p1m1 translation and vertical line reflection; (e) p11m translation, horizontal line reflection, and glide reflection; (f) p2mg translation, 180○ rotation, vertical
line reflection, and glide reflection; and (g) p2mm translation, 180○ rotation, horizontal line reflection, vertical line reflection, and glide reflection. The maxon-like dispersion
curves are highlighted in light blue in (h), (i), (k), and (m).
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hybridization, and no maxon can be formed. Additional paramet-
ric studies (see the supplementary material) also provide further
evidence supporting this assertion relating symmetry-breaking to
modal hybridization and maxon creation.

IV. CONCLUSION
In conclusion, we observe the unique resonator-induced

maxon-like dispersion in an elastic metabeam. We demonstrate
that longitudinal (L) and bending (By) wave modes approximately
equally participate in the localized vibration mode at the maxon
point. Our numerical calculations and experimental measurements
provide compelling evidence for the formation of maxon by modal
hybridization. The analysis of the spatial–temporal sampling of the
wavefield reveals the unique feature of peak-frequency down-shift
in space around the maxon frequency. This behavior is different
from roton modes reported in all existing studies. Furthermore, we
explain the underlying symmetry-breaking mechanism that enables
the formation of maxon-like dispersion. In addition, through para-
metric studies presented in the supplementary material, we can
achieve tunable maxons at a range of different frequencies and
wavenumbers by altering the resonator design. This study illumi-
nates the fundamental aspects of localized modes in metamaterials.
It paves a new avenue for artificially inducing localized wave modes
with highly selective frequency and wavelength. This may potentially
become a crucial addition to the toolsets for structural condition
assessment and energy harvesting.

SUPPLEMENTARY MATERIAL

For more details, see the supplementary material.
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