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1. Introduction

Interpolation of bounded linear operators on Banach spaces is a widely used technique
in analysis, in which key roles are played by the real and complex interpolation methods.
Besides these well-known methods, there is a wealth of other interpolation methods used
in applications. Our main goal is to develop an interpolation method for Banach spaces
that are equipped with a space of sequences, which is motivated by applications of the
Rademacher interpolation method [38], y-interpolation method [66] and ¢?-interpolation
method [41] to the study of partial differential equations. Before turning to our abstract
framework, we will first explain these motivating applications.

1.1. New interpolation methods for partial differential equations

The scales of Besov spaces and Triebel-Lizorkin spaces play prominent roles in function
space theory and its applications to the study of partial differential equations (PDEs).
Many classical spaces, such as Sobolev spaces and variants with fractional smoothness,
are contained in them. As both scales admit a description through Littlewood-Paley
decompositions, their theories have many similarities. However, there are also major
differences. Whereas the Besov space st)’q(]Rd) arises as the real interpolation space
between the Lebesgue space LP(R?) and the Sobolev space V[/';"(Rd)7 the Triebel-Lizorkin
space F§ (R?) is in general not an interpolation space between LP(R?) and W, (R?) in
the sense of classical interpolation theory. This issue was, to some extent, overcome by
Kunstmann in [41], going beyond the realm of classical interpolation. More explicitly,
it was shown that F5 (R?) can be obtained from LP(R?) and W,"(R?) by the newly
introduced ¢9-interpolation method. The philosophy in [41] is that, roughly speaking,
for the scale of Triebel-Lizorkin spaces, the ¢4-method plays the same role as the real
interpolation method plays for the scale of Besov spaces.

The ¢9-interpolation method is formally defined for couples of Banach spaces that are
equipped with an isometric embedding J : X — FE into some Banach function space
E. The idea behind this is that one can make sense of expressions like [|(3_; |z; |)1/9| x
through the embedding J. In this setting ¢9-interpolation is, loosely speaking, obtained
by modifying the discrete mean method for real interpolation by Lions and Peetre [48],
moving the ¢4-sequence space from “the outside” to “the inside”.
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Our interest in the ¢?-interpolation method comes from trace theory for parabolic
boundary value problems. It is a classical application of interpolation theory that in
the maximal regularity approach to evolution equations, the space of initial values is
given as a real interpolation space. In the concrete case of maximal LP-L%-regularity
for parabolic boundary value problems, this real interpolation space can be identified as
Besov space. The treatment of boundary values gets quite involved on the function space
theoretic side in the case that p # ¢ (see e.g. [22,30,43,50,61,71]), which is a case that is
of crucial importance, as has become apparent through recent advances in the maximal
LP-L4-regularity approach to quasi-linear PDEs based on a novel systematic approach in
critical spaces [3,4,33,63,62]. For e.g. the heat equation with Dirichlet boundary condition
on a domain O in R% and an time interval J = (0,7), the boundary value has to be in
the intersection space

F (J;LI(00) N LP(J; F2(00)),  6=1- 2iq (1.1)
The appearances of Triebel-Lizorkin spaces suggest a connection between ¢4-interpolation
and the space of boundary values in analogy to the treatment of initial values.

However, in the development of the theory of ¢4¢-interpolation, it turns out that the
setting of Banach spaces equipped with an isometric embedding into a Banach function
space as in [41] has some limitations. It is, for instance, not broad enough to work
with Littlewood-Paley decompositions, spaces on domains (defined as quotients) and
anisotropic mixed-norm spaces related to (1.1). In these applications the relevant ¢7-
space of sequences comes naturally with the given function space and is dependent on
the context. Trying to fit these applications into a generalization of £2-interpolation seems
to make matters unnecessarily complicated.

The issue with Littlewood-Paley decompositions and anisotropic mixed-norm spaces
related to (1.1) is the that ¢9-space should not be placed on “the inside”, but “somewhere
in between”. More specifically, given an inhomogeneous Littlewood-Paley decomposition
¢ = (¢n)nen of R%, the Sobolev space W, (R?) admits the corresponding Littlewood-
Paley decomposition

”f”W;"(Rd') ~p,d,m |[(2"" o * f)n€N||LP(Rd;€2(N))-

This decomposition provides an isomorphic embedding into the Banach function space
LP(R% ¢2(N)) and the natural ¢%-structure LP(R?; ¢?(N;¢%(Z))) induces an ¢-structure
on W;“(Rd) through this embedding. However, in this way one does not obtain the
natural ¢9-structure W;””(]Rd;éq(Z)). Indeed, for ¢ € (1,00), the Littlewood-Paley de-
composition of the vector-valued Sobolev space W,™(R%; £9(Z)) takes the form

2nm

[Elwm (Ras0a(z)) ~p.dimg 12" on % F)nenll e Raseazie2(n)))-

This illustrates that in order to exploit the power of harmonic analysis, one needs to
leave the current framework of ¢?-interpolation from [41].
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The above suggests to build the ¢?-interpolation framework in a setting of Banach
spaces equipped with an /9-space of sequences, instead of having the construction of the
sequence space built into the framework. It turns out that, for a major part of the theory,
the space of sequences does not even need to resemble some kind of ¢9-structure, which
opens the door for us to set up a very general theory of interpolation.

The advantage of such a general theory of interpolation is that it allows us to develop
other modern interpolation methods, such as the Rademacher and ~-methods, simultane-
ously. These two methods are closely connected to the H°-calculus of sectorial operators
[38,39]. This functional calculus can be thought of as an extension of the spectral theory
of self-adjoint operators on Hilbert spaces. It was initially developed by McIntosh and
collaborators [11,53], motivated by the longstanding Kato square root problem, which
was eventually solved in [1] using techniques inspired by the H*°-calculus. For a general
introduction to the H*-calculus we refer the reader to [32,72].

Verifying the boundedness of the H*°-calculus for concrete operators can get quite in-
volved. A powerful tool for this are comparison principles, which allow one to transfer the
property of having a bounded H °°-calculus from one sectorial operator to another. Such
principles, based on the Rademacher and ~-interpolation methods, have been developed
in e.g. [38,39,42].

1.2. The sequentially structured interpolation method

Motivated by the preceding discussion, we will develop a method for the interpola-
tion of Banach spaces that are equipped with a space of sequences. This will allow us
to simultaneously develop the Rademacher method, v-method and ¢9-method and its
variants. Moreover, we will treat known results for the real and complex interpolation
methods in a unified fashion.

The starting point for our framework is the discrete mean method for real interpolation
by Lions and Peetre. In order to describe their method, let (X, X1) be a compatible
couple of Banach spaces and 6 € (0,1). In [48] Lions and Peetre introduced the real
interpolation spaces (Xo, X1)6,py,p; fOr po,p1 € [1,00] as the space of all z € Xy + X,
such that

”mH(Xo,Xl)e,po,pl = inf jnzl%’)i H(ek(]_e)xk)kEZHZ”j (Z;X ;) < 0, (1'2)
where the infimum is taken over all sequences (zx)gez in XgNX; such that Zkez Tp =2
with convergence in X+ X;. These spaces are isomorphic to the real interpolation spaces
(Xo,X1)e,p, defined using the K-functional, where % = 1{);09 + p%. In this paper we will
study the spaces defined by the right hand-side of (1.2), in which we replace the sequence
spaces (P (Z; X;) by a sequence structure &; for j =0, 1.

A sequence structure & on a Banach space X is a translation invariant Banach space
of X-valued sequences such that
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(NZ; X) = & = £2(Z; X)

contractively. Given a sequence structure &; on X;, we set X; := [X;,6,] for j = 0,1
and define the space (Xp, X1)s as the space of all z € Xy + X; for which

||‘TH(XO7X1)8 :=inf ]Hzl%}i H(ek(j_g)xk)keZHej < 09,

where the infimum is taken over all sequences (z)rez in XoN Xy such that » 0, ., zx ==
with convergence in Xy + X;.

For specific choices of &; for j = 0,1, this framework includes, for example, the
following interpolation methods:

(i) The real interpolation method, using the sequence spaces €%/ (Z; X;).

(ii) The lower and upper complex interpolation methods [10], using the space of Fourier
coefficients of functions in C'(T; X;) and measures in A>(T; X;) respectively.

(iii) The Rademacher and y-interpolation methods [38,66], using the random sequence
spaces €P(Z; X;) and v*(Z; X;).

(iv) The ¢?-interpolation method [41], using the spaces X;(¢4(Z)).

(v) The a-interpolation method [39] for a global Euclidean structure a;, using the spaces
a(Z; X5).

In the literature there exist many works that unify various interpolation methods, see, for
example, the generalized interpolation spaces by Williams [73], the minimal and maximal
methods of interpolation by Janson [35], the method of orbits by Ovchinnikov [56] and
the general real interpolation method (see [7,9] and the references therein). The closest
work to our approach is the unified framework for commutator estimates by Cwikel,
Kalton, Milman and Rochberg [16], for which a detailed comparison will be given in
Remark 3.4. A major difference between these prior works and our framework is that
our assumptions do not necessarily give rise to an interpolation functor in the classical
sense. This relaxation from prior works allows us to include e.g. the ¢%-interpolation
method and related methods in our framework, which is crucial for future applications
to trace theory for parabolic boundary value problems.

One of the merits of our approach is that properties of all interpolation methods fitting
in our framework can be studied simultaneously. Questions regarding e.g. density of
Xo N Xy, interpolation of operators, duality, embeddings between different interpolation
methods, reiteration and change of basis are reduced to properties of the associated
sequence structures (see Sections 3, 5 and 6). While these results are well-known for the
real and complex interpolation methods, our general theorems provide a wealth of new
results for e.g. the less thoroughly developed Rademacher, -, £9- and a-interpolation
methods. Moreover, some of these results were phrased as open problems for the method
developed in [16], see [37, p.662].
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Our framework also explains quite clearly the need for additional assumptions in
certain results for concrete interpolation methods. For example, the real interpolation
method is self-dual for any compatible couple of Banach spaces (duality of the sequence
spaces (P (Z; X)), whereas one needs an additional geometric assumption for the complex
interpolation method to be self-dual (duality of the function spaces C(T; X)).

As we noted before, the complex interpolation method fits into our framework by using
e.g. the space of Fourier coefficients of functions in C(T; X;). While this formulation of
the complex interpolation method is well-known (see Cwikel [20]), it is not the original
one introduced by Calderén [10]. This raises the question what the relation between
the classical formulation of the complex interpolation method and our framework is. It
turns out that our framework admits a complex formulation, which yields a complex
formulation of all previously mentioned interpolation methods (see Section 4). This in
particular means that, from our viewpoint, the real and complex interpolation methods
are not inherently real or complex. These interpolation methods are rather living on
opposite sides of the Fourier transform.

Since our interpolation framework admits a real and complex formulation, results
that were previously only known for either the real or the complex method, can now be
extended to all interpolation methods that fit in our framework. A prime example of this
observation is the fact that we are able to deduce a version of the interpolation of analytic
families of operators of Stein [65] for our interpolation framework (see Theorem 5.5). This
theorem is well-known for the complex interpolation method and was proven for the -
interpolation method in [66]. For the specific case of real interpolation, we used similar
ideas in a continuous setting in [45]. We remark that for the interpolation framework
developed in [16], Stein interpolation was phrased as an open problem [37, p.662].

As an example of the generalization of a result only known for the real inter-
polation method, we will extend Peetre’s result on the interpolation of intersections
[59] to our interpolation framework. In particular, we will show that under suitable
assumptions on the sequence structures X, )V and Z (see Theorem 7.1), one has
(X, V)N (X, 2)g = (X,Y N Z)p. In the specific case of ¢4-interpolation, this result
yields intersection representations for Triebel-Lizorkin spaces.

1.8. Open questions

Besides the basic properties of our sequentially structured interpolation method in
Section 3, the selection of topics in interpolation theory covered in this article is based
on the application of our theory to trace theory of parabolic boundary value problems
and H>-calculus. There are of course many other topics that would be interesting to
study in our framework. A non-exhaustive list of such topics is given below.

o In [16] Cwikel, Kalton, Milman and Rochberg build their interpolation framework
to study commutator estimates. Studying such estimates in our setting, and thus
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obtaining commutator estimates for e.g. the ¢2-interpolation method, could be quite
interesting.

o In [64] Sneiberg proved the stability of the invertibility of operators on the complex
interpolation scale. His result was proven on the real interpolation scale by Zafran
[76]. In [2] this result was extended to the general interpolation framework of [16].
It would be interesting to study these results in our setting as well.

o Wolfl’s reiteration theorem [74] (see also [36]) roughly states that if X, Xo, X3, X4
are Banach spaces such that
— X5 is a real or complex interpolation space between X; and Xs,

— X3 is a real or complex interpolation space between X5 and Xy,

then X5 and X3 are also real, respectively complex, interpolation spaces between X3
and Xj4. A sequentially structured proof of this theorem could provide new insights
in this area.

e If an operator T is compact from Xj to Yy and bounded from X; to Y7, one may
wonder whether T is also compact from an intermediate space between Xy and X to
an intermediate space between Yy and Y7. For the real interpolation method this was
answered affirmatively by Cwikel [21], with an alternative proof by Cobos, Kiihn
and Schonbek [17]. For the complex interpolation method this is a long standing
open problem, for which a breakthrough partial solution was given by Cwikel and
Kalton [14]. A, probably very hard, open question is whether one could obtain such
an interpolation of compactness result in our framework.

1.4. Structure

e In Section 2 we will introduce sequence structures and some of their basic properties.

e In Section 3 we introduce the sequentially structured interpolation method and study
all the basic properties, i.e. density of XyN X7, equivalent norms, duality, embeddings
between different interpolation methods and changes of basis. Most of the proofs are
adaptations from the corresponding results for the real interpolation method. To
make this section suitable for a first introduction to interpolation theory, we include
full details.

e Section 4 is our first section with major, new results. It contains complex formulations
of the sequentially structured interpolation method modelled after both Calderdén’s
lower and upper complex interpolation methods.

e In Section 5 we discuss the interpolation of operators and analytic operator families
using the sequentially structured interpolation method.

e In Section 6 we give a general reiteration theorem for the sequentially structured
interpolation method, which we make more concrete for the real, complex and ~-
interpolation methods.

e In Section 7 we generalize a result by Peetre on the interpolation of intersections to

our interpolation framework.
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Results for specific interpolation methods, like the Rademacher, v- and #4-interpolation
methods, will typically be put in examples and are scattered throughout the text. The ex-
amples should therefore not be overlooked and, in some sense, contain the main concrete
results of this paper.

1.5. Notation and conventions

We denote by T the one-dimensional torus
T = R/Q’]TZ ~ St = {e” ‘te [—7T,7r)} ccC,

which we often identify with [—m, 7) equipped with the Lebesgue measure.

For a Banach space X we denote by °(Z; X) the space of all X-valued sequences
x = (zp)rez equipped with the topology of pointwise convergence. The subspace of
(%(Z; X) consisting of all finitely nonzero sequences is denoted by coo(Z; X).

For two topological vector spaces X and Y, we will write X =Y to state that X and
Y are isomorphic, unless explicitly specified otherwise.

Given a normed space X that is a linear subspace of a vector space X, we will view
the norm || - ||x on X as an extended norm on X by setting ||z|x = oo for z € X\ X.

By <a.p,.. we mean that there is a constant C' > 0 depending on «, b, ... such that
inequality holds and by =<, 5, .. we mean that S,p . and 25, hold.

2. Sequence structures

A sequence structure on a Banach space X is a Banach space & C ¢°(Z; X) which is
translation invariant and satisfies

MZ; X) = & = 1°(Z; X) (2.1)

contractively. Equivalently, & is a sequence structure on X if the following hold:

10,0, e = ey, zeX, (22)
[(@ktn)kezlle = lz|ls, reG nel, (2.3)
lznllx < lz|s, zeB, nel. (2.4)

The pair X = [X,&] is called a sequentially structured Banach space. In the rest of
the paper, we will use the shorthand notation X, ) and Z to denote the sequentially
structured Banach spaces X = [X,6], Y = [V, %] and Z = [Z, 4], respectively, with a
similar convention for indexed variants.

For each n € N we define the Cesaro operator C,, on {°(Z; X) by

1 < 0
Cn:c::n+1Z:(...,O,m,m,...,xm,07...), xz e l’(Z;X). (2.5)

m=0
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If we have

SHE IChz|ls < ||lz|s, T e, (2.6)
ne

we call & (and X) Cesaro bounded and if we additionally have

lim Cpx =z, T E€G, (2.7)

n—oo

we call & (and X) Cesdro convergent. Note that (2.6) and (2.7) hold in particular if

sup [|(-., 0,2 p, -, 20,0, ) || < ll2lls, r €6, (2.8)
neN
ILm (.0,0,2_p,...,2p,0,...) =, T €6, (2.9)

respectively. In most concrete examples we will be able to check (2.8) and (2.9), but we
use the slightly more general assumptions (2.6) and (2.7) to make our results applicable
to the complex interpolation method.

If & is a Cesaro convergent sequence structure, then cgo(Z; X) is dense in &. Con-
versely we have the following:

Lemma 2.1. Let S be an Cesdro bounded sequence structure on a Banach space X and
suppose that coo(Z; X) is dense in &. Then & is Cesdro convergent.

Proof. As & is Cesaro bounded, we have |Cy|le—e < 1 for all n € N. Moreover note
that Cp,x — @ as n — oo for all & € ¢oo(Z; X), so the lemma follows by density. O

For a sequence structure & on a Banach space X and a € (0,00) we define the
weighted space G(a) C (°(Z; X) as the Banach space

S(a) := {:l: € EO(Z;X) : (akxk)kez € 6}
with norm [|#[|g () = ||(a*zk)rez|ls. Note that & satisfies (2.6) or (2.7) if and only if
S(a) satisfies (2.6) or (2.7), respectively.
We will now give some examples of sequence structures.
Example 2.2. Let X be a Banach space.
(i) Let p € [1,00]. Then ¢P(Z; X) is a sequence structure on X, which is Cesaro con-
vergent if p < co and Cesaro bounded if p = oco.

(ii) Let p € [1,00) and define

LY(T; X) = {f: f € L*(T; X)},
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(iii)

(iv)

(vi)
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with norm

~ 1
1 HEP(T;X) = W"f”m(l‘;x)v

where we use the 27-periodic Fourier transform

f(k) = %/f(t)e_““ dt, keZ.
T

Then L? (T; X) is a Cesaro convergent sequence structure on X. Similarly, we
define the (Ajeséuro convergent sequence strtlcture C'(T;X ) on X as the space of all
sequences f for f € C(T; X) with norm || f ||@(T;X) = [ fller;x)-

Let p € [1,00] and let AP(T; X) be the space of vector-valued measures v such that
the Radon—Nikodym derivative of |v| with respect to the Lebesgue measure is in
LP(T) (see [60, Chapter 2] for an introduction). We define

AP(T; X) = {f feA(T; X)},

with norm

~ 1
10 & or,x) = WHNHAP(T;X),

where we use the 27-periodic Fourier transform

~ 1 _
(k) == by /e R du(t), kelZ.
T

Then AP (T.X) is an Cesaro bounded sequence structure on X.

Let (ex)rez be a sequence of independent Rademachers on a probability space
(,P) and fix p € [1,00). Define eP(Z; X) as the space of all z € (°(Z; X) such
that ), 5 exx) converges in LP(; X') with norm

n
HJ:HEP(Z;X) = erzz Ekxk}HL})(Q;X) = Sgg Hk:Z_nEk:kaLp(Q;X).

Then eP(Z; X) is a Cesaro convergent sequence structure on X.

We define vP(Z; X) similarly to eP(Z; X ), with a sequence of independent Gaussians
(Yk)rez instead of Rademachers (ex)rez. Then +P(Z; X) is a Cesaro convergent
sequence structure on X.

Suppose that X is a Banach lattice and let ¢ € [1,00). Define X (¢4 (Z)) as the
space of all € (°(Z; X) for which the norm
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n 1/q
x| x (e ‘= Sup H( o q>
|| ||X(€+(Z)) neN k:Z_n| | *

is finite, where (Zzz_n|xk|q)1/q is defined through the Krivine calculus (see [49,
Theorem 1.d.1]). Then X (¢2(Z)) is an Cesaro bounded sequence structure on X.
We let X (¢9(Z)) be the closure of ¢oo(Z; X) in X (¢%(Z)), which is a Cesaro con-
vergent sequence structure on X.

We define X ((>°(Z)) = X ({3°(Z)) as the space of all & € (°(Z; X) for which the

norm

Jlx e 2y = sup | sup fo
=z neN |k|<n X

is finite, which is a Cesaro bounded sequence structure on X. We let X (co(Z))
be the closure of cpo(Z; X) in X (£>°(Z)), which is a Cesaro convergent sequence
structure on X.

In [39] the notion of a Fuclidean structure o on X is introduced. The space a(Z; X)
defined in [39, Section 3.3] is a Cesaro convergent sequence structure on X. These
spaces are a generalization of the v?(Z; X)-spaces in (v).

Proof. (i) is clear. For (ii) we note that for z € X

1G5 0,2,0, - )zoer,x) = WHlT || e (rix) = [12lx,

and for x € Ep(']T;X), f € LP(T; X) such that fz x, n € Z and € = *1, writing
en(t) = e, we have

1
H(xk‘+n)k€Z||zp(’]I‘;X) = W”t = e,n(t) . f(t)HLP(T;X) = H‘B”Ep(qr;x)’

1 1
lonlx = m”en * fllr(r;x) < WHfHLP(T;X) =zl zo(r,x)-

Moreover, since the Fejér kernel is an approximate identity (see e.g. [26, Proposition
3.1.10]), (2.7) holds. Similar reasoning also shows that C(T; X) is a Cesaro convergent

sequence structure and AP(T; X) in (iii) is an Cesaro bounded sequence structure. For

(iV)7

(2.2) and (2.3) are clear, (2.4) follows from [32, Proposition 6.1.5] and (2.9) is a

consequence of the convergence of », , exzr in LP(Q; X). (v) follows similarly. The

spaces in (vi) are Banach spaces by [49, Section 1.d], the sequence structure properties

and (2.6) are clear and (2.7) follows from Lemma 2.1. Finally, (vii) is discussed in detail
in [39]. O
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3. Sequentially structured interpolation

We call a pair of Banach spaces (X, X1) a compatible couple if both Xy and X3
are continuously embedded into a Hausdorff topological vector space X. We define the
Banach spaces

XoNnX;={reX:ze Xpand z € X1},
Xo+ X4 ::{xei%f:x:mo+x1 With.foGXo,CElEXl},

with norms
2l xonx, = nax 2l x;
2| x0+x, = inf{||x0HX0 + |lz1llx, : =20 + 21,20 € Xo, 21 € Xl}.

We call a Banach space X an intermediate space with respect to (Xo, X1) if we have
continuous embeddings

XoﬂX1‘—>X‘—>X0+X1.

If this is the case we define X° as the closure of Xo N X7 in X.

Let X; = [X;, &;] be sequentially structured Banach spaces for j = 0,1. We call the
pair (Xp, X1) a compatible couple of sequentially structured Banach spaces if the pair
(X0, X1) is a compatible couple of Banach spaces. We will define a discrete interpolation
method for (X, X7), which is modelled after the mean method for real interpolation by
Lions and Peetre [48].

Definition 3.1. Let (Xp, X}) be a compatible couple of sequentially structured Banach
spaces and let 6 € (0,1). For x € Xy + X1 we set

1zl (xo,20)0 = Inf 2]l (c-0)ne: (1),

where the infimum is taken over all sequences = € Sp(e™?) N &1(e!~?) such that
Zkez x = x with convergence in Xy 4+ X;. We define

(Xo, X1)p = {1’ € Xo+ Xy ||$H(X0,X1)e < Oo}’
with norm || - H(XO,Xl)e'

Remark 3.2. Note that the convergence of ZkeZ rr in Xg 4+ X3 is automatic for x €
Sp(e™?) NSy (e!l?), since we have by (2.2) and (2.4) that
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S llzkllxorx, < D e apx, + Y e FITD gy,

k€Z keZ <o k€Z~o
k0O
< lzllsge-onsie-o( D e+ D D) <o
keZ <o k€Z o

Before turning to the properties of our interpolation method, let us connect this
definition to already existing interpolation methods using the sequence structures from
Example 2.2.

Example 3.3. Let (Xp, A1) be a compatible couple of sequentially structured Banach
spaces and let 6 € (0,1).

(i) If &; = (Pi(Z; X;) for j = 0,1 with po,p1 € [1,00], then

(XOa Xl)9 = (XO’ Xl)t‘),Po,Pl’

where (Xo, X1)6,py,p; is the Lions—Peetre mean method [48]. In particular, for ]—1J =
1=0 1 0 we have
Po p1

(Xo, X1)o = (X0, X1)o,ps

where (X, X1)g,, denotes the real interpolation method.
(ii) Let po,p1 € [1,00]. If

j =

LPi(T; X;)  if pj € [1,00),
G(T,X]) lfp] = 00,

for j = 0,1, then

(X07X1)0 = [XOaXl]gv

where [X(, X1], denotes the complex interpolation method [10]. If &, = APs (T; X;)
for j = 0,1, then

(Xo, X1)o = [Xo, X1]’,
where [XO,Xl]e denotes Calder6n’s upper complex interpolation method [10]. We
will prove these identities in Examples 4.6 and 4.17.
(ili) If 6; = eP(Z; X;) for j =0,1 and p € [1,00), then

(Xo, X1)o = (Xo, X1)o,e,

where (Xo, X1)g,. denotes the Rademacher interpolation method [38].
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If &; =~P(Z; X;) for j = 0,1 and p € [1,00), then
(XO’Xl)G = (XOaXl)H,fy,

where (Xo, X1)g,, denotes the y-interpolation method [66,67].
Suppose that there is a Banach lattice F; and an isometric embedding J: X; — E;
for j =0,1. Let qo, 1 € [1,00]. If &; is the space of all € °(Z; X;) such that

||$H6,~ = ||(J93k)k€ZHEj(€qj (z)) < 9,

then
(Xo, X1)e = (Xo, X1)0,090 ¢a1

where (Xo, X1)g,000 ¢n denotes the ¢9-interpolation method introduced in [41]. We
define (Xo, X1)0,co,¢o and (Xo, X1)g g0 g9 similarly.

The Rademacher, 7- and /¢9-interpolation methods were inspired by the a-
interpolation method for a global Euclidean structure « introduced in [39], a
preprint of which circulated since the beginning of the 2000s. If &, = «(Z; X)
for j = 0,1, then

(XOa Xl)e = (X07 Xl)e,av

where (Xo, X1)s,o denotes the a-interpolation method. For details we refer to [39,
Section 3.3 and 3.4].

The real and complex interpolation methods in Example 3.3(i)-(ii) were already stud-

ied by Peetre [58] from this viewpoint, where also the problem was posed to study these

methods in an abstract, translation invariant setting as we do in the present article (see
[58, Probléeme 1]).

Remark 3.4.In [16] Cwikel, Kalton, Milman and Rochberg gave a different ap-
proach to [58, Probléeme 1] in order to study commutator estimates, using so-called

pseudo-Z-lattices instead of sequence structures. Comparing our basic assumptions to

the pseudo-Z-lattices in [16], we note:

¢ We assume translation invariance, while this is not a requirement for a pseudo-Z-

lattice. Various results in [16] do additionally assume either translation invariance or

decay of the operator norm of translation operators.

e We assume contractivity of coordinate projections, while this is not a requirement

for a pseudo-Z-lattice. Various results in [16] rely on Laurent compatibility, which is

implied by the contractivity of coordinate projections.
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o A pseudo-Z-lattice is assumed to be an interpolation functor, whereas our sequen-
tially structured interpolation framework does not insist on defining an interpolation
functor in the classical sense.

While the assumptions on a sequence structure are rather different from the assumptions
on a pseudo-Z-lattices, most of the main examples satisfying either set of assumptions
also satisfy the other set. The key example that fits our framework, but not the framework
of [16], is the ¢9-interpolation method in Example 3.3(v) and its variants discussed in the
introduction. These methods will play a major role in our applications to trace theory
for parabolic boundary value problems in future work.

Remark 3.5. There are also various generalizations of real interpolation based on the
K-functional, replacing L4(R) or ¢%(Z) by a Banach function or sequence space E, see
e.g. [15,55,7,9] and the references therein. We note that these generalizations are disjoint
from our approach, as, on the one hand, the assumptions on E can be more lenient
than our assumptions on &, but, on the other hand, the complex, Rademacher, - and
{i-interpolation methods do not fit into such a framework.

3.1. Basic properties

Having motivated the sequentially structured interpolation method with some exam-
ples, let us turn to a few basic properties. We start by proving that (Xp, X;)e is an
intermediate space with respect to Xy and X;.

Proposition 3.6. Let (Xy, X1) be a compatible couple of sequentially structured Banach
spaces and let 6 € (0,1). Then (Xy, X1)g is a Banach space and we have continuous
embeddings

XO le — (X(),Xl)g — XO +X1

The key ingredient in the proof of Proposition 3.6 is the observation that (Xp, X1)g
can be realized as a quotient, which for future reference will be convenient to record as
the following remark.

Remark 3.7. Let (Xp, X1) be a compatible couple of sequentially structured Banach
spaces and let 6 € (0,1). By Remark 3.2,

T:Gole™?) NG ") — X + X1,

given by @ + >, ¥, is a well-defined, bounded linear operator. Note that ran(7) =
(Xo, X1)e and that T induces a well-defined isometric linear isomorphism

TSNS ()
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given by [z] — Tx.

Proof of Proposition 3.6. Let T and T be as in Remark 3.7. Then ker(T') is a closed
linear subspace of the Banach space Gg(e™?) N &y (e'~?). Therefore, the quotient space
[So(e?) NSy (e!=9)]/ ker(T), which is isometrically isomorphic to (Xy, X;)s through 7T,
is a Banach space.

We will now check the continuous embeddings. Take z € Xy N X7, then we have by
(2.2)

||'TH(X07X1)0 < j:%)i ”( -, 0,2,0,.. ')”61 < ||5L'||X00X1-

For the second embedding let x € (Xp, X1)s and take a sequence & € Go(e™?) NG, (el ~?)
such that T = ), ., 2 = . Then, by the boundedness of T', we have

Hx”XoJer = ||T1:||X0+X1 5 ”wHGo(e*g)ﬁGl(el*g)-
The second embedding now follows by taking the infimum over all such . O

In Definition 3.1 we can actually improve the maximum of the &;-norms to a log-
convex combination of the &;-norms, as we will show next.

Lemma 3.8. Let (Xp, X1) be a compatible couple of sequentially structured Banach spaces
and let 0 € (0,1). For x € (Xy, X1)g we have

_ —0 6
el rotye = inf 25,00 - 2%, ooy

where the infimum is taken over all sequences x € Sole™?) N &y(e!=?) such that
Zkez x = x with convergence in Xo + X1. In particular,

—0
Izl xo.2)0 So 12150 12ll%,, =€ Xon X

Proof. We only need to show the inequality “<” Let & € &g(e?) N &1(e!~%) such
that >,z xr = @ with convergence in Xo + X1, set a; == |[z||g,(ei-0) for j = 0,1
and let n € Z such that e" < Z—‘; < e, Then the sequence y = (Tp_p)pez satisfies
> kez Yk = x and by (2.3) we have

1Ylls, (i) = ||(ek(j_9)xk7n)keZH6j =" 0q;, Jj=0,1
Therefore
i—6 1—6 0 —n @0\ 0—j 1—60 0
||:I:H(XO,X1)9 < jn:ug,)i e"(] )aj =ay "aj anl%,)i (e "a_l) <e- ag ay.

Taking the infimum over all such @ concludes the proof of the equivalence. 0O
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As a consequence of Lemma 3.8, we obtain that XN X; is dense in (X, X )g if either
Sy or &7 is Cesaro convergent, which without the aid of Lemma 3.8 would require a
Cesaro convergence assumption on both &g and &;.

Corollary 3.9. Let (Xp, X1) be a compatible couple of Cesaro bounded sequentially struc-
tured Banach spaces and let 6 € (0,1). If either Sy or &1 is Cesaro convergent, then
XoN Xy is dense in (Xp, X1)g.

Proof. Fix = € (X, X1)p and ® € So(e™?) N Sy(e' %) such that Y, 5 2 = x with
convergence in Xo + X;. For n € N we define y" := C,,@ and y" := ), _; yi!, where Cy,
is the Cesaro operator given in (2.5). Then y" € Xy N X; and by Lemma 3.8

o= 5"l 200 S |2 = 3" ooy - 12 = 3716, 1m0y

Now, by (2.7) and (2.7), one of the terms on the right-hand side converges to 0 as n — oo
and the other stays bounded, finishing the proof. O

3.2. Finite approximation

Using Corollary 3.9, we can often reduce considerations to elements of Xy N X;. For
such elements, we can simplify our arguments even further by only considering finitely
nonzero sequences in Definition 3.1. Moreover, in applications it is sometimes useful to
restrict arguments to a dense subspace of Xy N X;, for example the space of simple
functions when X, and X; are LP-spaces.

The following approximation lemma will play a key role in many of our subsequent
results. In the setting of the interpolation framework in [16], a related result was obtained
in [34].

Lemma 3.10. Let (Xy, X1) be a compatible couple of Cesaro bounded sequentially struc-
tured Banach spaces, let X be a dense subspace of XoNX;y and let 6 € (0,1). Forx € X
we have

Hx||(XO7X1)6 ~ inf HwHGg(e*G)ﬂGl(el*G)a
where the infimum is taken over all x € COO(Z;X) such that ), ., T = .

Proof. Since we are taking the infimum over a smaller collection of sequences than the
collection of sequences in Definition 3.1, we only need to show that the infimum can be
dominated by ||z (x,,x,),- }

Step 1: We will first consider the special case that X = XoN X;. Let £ € XoN X; and
take y € So(e™?) N S1(e!~?) such that 3, ., yi = = with convergence in Xy + X; and

1Ylloe-0)ns:er-0) < 212l (20,26 (3.1)
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For n € N let C), be the Cesaro operator as in (2.5) and define 2™ := C,y. For m € Z
set
Zm 3=n+lzyk— (—Zyk)7
k=m+1 k=—o00
—-m—1 oo
S S we e Sw)

which converge in Xy + X;. Note that for M € Z we have by (2.4)

M M
D llwkllxe < [l yprezlls, - Y € <o,

k=—oc0 ke oo
s oo
Z lykllx, < H(ek(ke)yk)kezﬂel : Z e =0 < oo,
k=M Py’

Since z € Xo N X1, we deduce that z/%*, 2~ € X, N X for all m € Z. Thus, defining
w" = 2" + w™ T + w™™ with

m

- {z"’i if m =40, ,4n
= , m e Z,

0 otherwise

we have that w™ € coo(Z; Xo N X1) and ), ., wi = x with convergence in Xy + X;.
Since &y and &; are Cesaro bounded, using (3.1) we find

12" &0 (e-)ne1(e10) < 1Ylleoe-2)ns:er-0) < 212l (xo,x0)6-

Moreover, using (2.2), (2.4) and (3.1), we have

n 1 . —mé G
" oyeoy € = > e (llellxy + > lellx, )
m=0 k=—o00
1 60 ||x||Xo —mb k6
<— (5 +Z > e ezl
k=—oc0
L ey, 27
< : >+ : HxH(Xo,-’ﬁ)e

n+1 e —1 e —1
and similarly

—m—1

||wn7_||60(e*9) = Z e’ Z HkaXo

k=—o00



N. Lindemulder, E. Lorist / Advances in Mathematics 440 (2024) 109506 19

1 n —m—1

< > e N e (e ye)rezlle,
n+1
m=0 k=—o0
—ef —1 ’ Hx||(X07X1)9'

Doing similar computations for &1, one also obtains

2
I ey < == - el .0,

[0 oy < —— . Sl 2
1€ = T el el—0 — 1 0:t1)0

Thus, taking

P S N

||m‘|(Xo,X1)e ’ ”xH(XO,Xl)e

we obtain
i 0" -0y So v 00

Step 2: We derive the general case, for which we fix = € X. Then, in particular,
xr € Xo N X; and by Step 1 there thus exists w € coo(Z; Xo N X1) with 7, ., wp = =
and

max lwlls,@i-oy So 1zl (xo,20)6- (3.2)
Now take a v € cgo(Z; X) such that

> max{e ™, FD o — willxonx, < 2l (x.x)- (33)
keZ

Then ) cqWm —Vm =2 =Y c7Vm € X', thus setting

{’Uk, k S Z \ {0}7
T =

V0 + D mez Wm — Vm, k=0,
we have that x € coo(Z; X), > kez Tk = x and, using (2.2), (3.2) and (3.3), we have
max |[ze, ei-0) < max v —wle,ei-0) + max wlle, es-o)

1122 wm = vm| g nx,
meZ

59 ‘|x||(X07X1)97
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which proves the lemma. O

Let (Xp,X1) be a couple of sequentially structured Banach spaces. Recall that for
J = 0,1 we defined X3 and (Xo, X1)g as the closure of Xo N X; in X; and (Xp, X1)e
respectively. Let & denote the closure of cgo(Z; X7) in &;. Then we note that

(X6, A7) = ([Xg. &g, [XT, 61))
is a compatible couple of sequentially structured Banach spaces.

Proposition 3.11. Let (Xy, X1) be a compatible couple of Cesdro bounded sequentially
structured Banach spaces and let 8 € (0,1). Then we have (X, X1)§ = (X5, X)e. If
additionally either &g or &1 is Cesdaro convergent, then (Xy, X1)g = (XS, XY)e.

Proof. Since A is Cesaro convergent by Lemma 2.1, we note that X, N X; is dense in
(X5, X7)g by Corollary 3.9. Thus, for the first claim it suffices to prove a norm equivalence
for x € Xo N X;. This norm equivalence is a direct consequence of Lemma 3.10. The
second claim follows from Corollary 3.9. O

3.8. Alternative mean method formulation

We based the sequentially structured interpolation method on the discrete second
Lions—Peetre mean method [48]. In this subsection we will consider a formulation of the
sequentially structured interpolation method based on the first discrete mean method
of Lions—Peetre. In the framework of Cwikel, Kalton, Milman and Rochberg, a related
theorem was proven in [16, Section §]

Theorem 3.12. Let (Xp, X1) be a compatible couple of sequentially structured Banach
spaces and let 0 € (0,1). For x € Xo + X1 we have

HxH(Xo,Xﬂe ~g inf Z HijGj(ej*G) = ||( < XX, T ')”60(6*9)-&-61(61*9)7
j=0,1

where the infimum is taken over all x° € So(e™?) and ' € S1(e'™Y) such that z =
z) +xk for all k € Z.

Proof. Take z € (Xp, X1)g and choose an @ € So(e™?)NGS1(e! %) such that Y-, .z v ==
with convergence in Xy + X; and

2]l oe-o)ne:(e1-0) < 212l (xo,x1)6- (3.4)

Forn € Z define y := 3", apandy) := > ;2 . k. Thenit is clear that y)+yt = =
for all k € Z. Moreover, for j = 0,1 we have by (2.2) and (2.4) that for any ny,nq € Z
with nq1 < no
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T2 2 . .
|| Z kaXj < Z efk(Jfé)Hek(J*@)kaXj

k=n1 k=ny

na
< H(ek(j_g)$k>keZH6J, Z e kKa=0)

k:n1

n2

<2zl a2, Y e FUTO.

k:nl

For j = 0 this tends to zero when ny,no — —oo and for j = 1 this tends to zero when
n1,m2 — oo, which implies that y? € X, and yi € X; for all k € Z. Using (2.3), we
furthermore have

18 lsute0r = (3 e neZH
k=—o0
(3 et ann, g
kGZSO 0
< Z ke” n+k)0l‘n+k)nez||60:mnmneo(e—@)-
k€Z <o

Combined with a similar estimate in &;(e'~?) and (3.4), this proves that

inf Z HijGj(ej_") ,SG ||xH(X0,X1)e'
§=0,1

Conversely, take x € Xy + X7 such that the right-hand side is less than some C' > 0.
Choose z° € &p(e™?) and x' € &;(e!~?) such that 2 + 21 =z for all k € Z and

S e ey om0 < 2 (3.5)

7=0,1
For n € Z define y,, := 20, — 20 = —(2}, ., — x5,) € Xo N X;. Then for k1, ks € Z with

k1 < ko we have

_ 0 0 _ 1 1
Z Yn = Thyy1 = Tpy = —(Tpyqn — Tp,)-

n=*kq

Moreover, by (2.4) and (3.5), we have for j = 0,1
lzjllx, <2-¢*0-9C,  kez,

and therefore
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k2
. . 0 . 1 _ T —
r=z— lim z, — lim z,,,= lim E UYn = E Yn
kl—)foo k}2*>00 kl,kz—)oo
n=—ky nez

with convergence in X + X;. Using (3.5) we furthermore have

Il o0 < macx ([0 yn)nez g,

< max (1+e U=D)[|(F0-Dal )zl < 2(1+e)C,
7=0,1 J

which finishes the proof. O
3.4. Duality

For a sequentially structured Banach space X = [X, &] we will write X'* := [X*, &*].
As a preparation for the duality of the sequentially structured interpolation method, we
note the following lemma.

Lemma 3.13. Let X be a Cesaro convergent sequentially structured Banach space. Then
X* is a Cesaro bounded sequentially structured Banach space.

Proof. Since & is a Cesaro convergent sequence structure, we have ¢*(Z; X) — & —
¢o(Z; X) densely and contractively. Therefore, by [31, Proposition 1.3.3] we have
N (Z; X*) — &% < (°°(Z; X*) contractively. Moreover for z* € &* we have, by the
translation invariance of G, that

= sup ‘Z@k—mx@‘ = ||13*||6*

|@ierezlier = sup |3 (@r,wip)
lzlle<1 keZ

lzlle<1'y ez

for all n € Z, which proves that &* is a sequence structure. Finally, for n € N let C),
denote the Cesaro operator as in (2.5) and note that for * € &* we have, using that &
is Cesaro bounded, that

ICaalle- = sup_[(Coz.a")| < 2"]ls--
llzlle <1

Therefore, &* is Cesaro bounded. 0O

When (Xp, X1) is a compatible couple of Banach spaces such that Xy N X is dense
in Xy and X1, the dual pair (X, X7) is also a compatible couple of Banach spaces and
we have

(XoNX1)" = X5 + X7,

(3.6)
(XO + Xl)* = Xg ﬂX{F,
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see e.g. [8, Theorem 2.7.1].
Furthermore, note that for a Cesaro convergent sequentially structured Banach space
X we have

X(a)* = X*(a™ ), a € (0,00) (3.7)

which can be seen easily after observing that ¢'(Z; X;)(a) — &;(a) densely for j = 0,1
and thus &;(a)* < (°(Z; X;)(a™1).

Using Lemma 3.13 and the alternative formulation of (Xp, X1)s in Theorem 3.12, we
can now prove a duality result for the sequentially structured interpolation method. Let
us note that in the framework of [16] this was posed as an open problem, see [37, p.662].
In the following proposition we call a sequentially structured Banach space X reflection
invariant if

lzlle = l(z-r)rezlls, z€6.
In this case the reflection operator defines a isometry from X'(a) to X(a™1).
Proposition 3.14. Let (Xy, X1) be a compatible couple of reflection invariant Cesdro con-
vergent sequentially structured Banach spaces and 0 € (0,1). Suppose that Xo N X7 is

dense in Xo and Xi. Then (Xo, X1); = (X, X[ )o.

Proof. Note that, using the reflection invariance of the sequence structures, the norm
equivalence from Theorem 3.12 means that

S : (Xo,Xl)e — 60(69) + 60(69_1),

given by z — (...,z,x,x,...) is a topological linear embedding. Therefore, using (3.6)
and (3.7), we have (see e.g. [18, Theorem II1.10.1 and Proposition VI.1.8])

«_Gie neret? Sile=Yner(et?
ran(S) — O( ) 1( )/ran(S)J‘: O( ) 1( )/ker(s*)
So the adjoint
S*:&5e” ) NG ?) = (X0, X))
induces a topological linear isomorphism
~ *( —0 * ¢ 1—60
3. 6p(e™) NGi(e )/ker(S*) — (X, X1)5, [2¥] = S*z*. (3.8)

In order to compute S*, let * € &j(e™?) N &i(e!~?) and € Xy N X;. Then, by
Remark 3.2 and (3.6), we have x* € (}(Z; (Xo N X1)*), so
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(x,S*x™y = (Sz,z") = ((...,z,z,2,...),&") = Z(axwi} = (z, Z zp).
keZ kEZ

Since we know that (X, X1); — (Xo N X1)* by Corollary 3.9, we deduce that S*z* =
> kez Tr- In view of Remark 3.7, we may thus conclude that (Xp, X1); = (AF, AT ). O

Using Proposition 3.14 we immediately obtain duality results for the methods intro-
duced in Example 3.3. In the following example we will use some Banach space geometry.
For an introduction to the Radon—Nygkodim property, or RNP, we refer to [60, Chapter
2] and for nontrivial type we refer to [32, Chapter 7]. Finally, for an introduction to
Kantorovich—Banach spaces, or KB-spaces, we refer to [54, Section 2.4]

Example 3.15. Let (X, X;) be a compatible couple of Banach spaces and let 6 € (0,1).
Suppose that Xy N X; is dense in Xy and X;.

(i) For po,p1 € [1,00) we have

(Xo, X1)g = (X5, X7)o

»P0,P1 7p(,))p,1'
(ii) We have
[XOle]z = [XE)kaXf]e
and if either X or X} has RNP, then
[Xonl]; = [X8<7Xﬁ9
(iii) If Xy and X; have nontrivial type, we have
(X0, X1)o.e)” = (X5, X7 )o.e.
((X07X1)0,v)* = (ngXf)ey‘Y‘

(iv) If X and X; are Banach lattices, we have for pg, p; € [1,00)

(X0, X1)g,e00,.001 )" = (X, X7)

ph pl .
9,050 71
and if either Xy or X7 is a KB-space, then

((X07 X1)97€p0 P1 )* = (Xg7 Xik)g’gpé’ep'l .

Note that the statements for the real and complex interpolation methods are well-
known, the statements for the Rademacher and ~v-interpolation methods could be ex-
tracted from [39, Section 3.3] and the statement for the ¢%-interpolation method is new.
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All statements follow in a unified way from Example 3.3, Proposition 3.14 and suitable
identifications of dual sequence space structures.

Proof of Example 3.15. (i) is a consequence of (%1 (Z; X,;)* = 75 (Z; X7) for j =0,1 (see
[31, Proposition 1.3.3]). The first statement in (ii) follows from the duality

L*(T; X;)* = A*(T; X;),  j=0,1,

see [60, Chapter 2]. For the second statement in (ii), assume without loss of generality
that Xy has RNP. Then L%(T;Xo) = A2%(T;Xy), so A%(T; X,) is Cesaro convergent.
Thus, since [Xl,/A\2(T;X1)]° = [X1,L3(T; X,)], the statement follows from Proposi-
tion 3.11. For (iii) note that Xy and X; are K-convex by [32, Theorem 7.4.23]. Therefore
we have

62(Z;X;):62(Z;Xj)*a j:O,l,
V(Z; X7) =*(Z; X;)*,  j=0,1,

by [32, Theorem 7.4.14 and 9.1.24], from which (iii) follows. For the first identity in (iv)
note that X (¢Pi(Z))* = X*(Ei; (Z)) by [49, Section 1.d.]. For the final identity note that
P (Z; X;) = 07 (Z; X;) for either j = 0 or j = 1, from which the embedding follows by
Proposition 3.11 as before. O

When either & or &7 is Cesaro convergent, it follows from Proposition 3.14 and
Corollary 3.9 that X5 N X7 is norming for (Xp, X1)s. Using the description (3.8) from
the proof Proposition 3.14, we can actually deduce that X;N X7 is norming for (X, X1)e
without any assumptions on &f or &7.

The key step in the proof of this norming result will be the following lemma.

Lemma 3.16. Let (X, X1) be a compatible couple of Cesdro convergent sequentially struc-
tured Banach spaces and let 0 € (0,1). Suppose that Xo N X1 is dense in Xy and Xi.
Then

coo(Z; X5 N X7) € &5e™?) N&i(e'™)
is norming for Go(e?) + &1 (ef1).

Proof. Let = € Gy(ef) + &;(e?1) and let £ > 0. As a consequence of (3.6), there exists
an ¥ € &3(e~?) N &% (e!~?) of norm 1 such that

. €
Hw||60(e9)+61(89—1) < |<w’$ >| + 5

For n € N we define " := Cp,x and y" := C,x*, where C,, is the Cesaro operator
given in (2.5). Note that (", x*) = (x,y"™). As &; is Cesaro convergent, we have & =
lim,, 00 2" in Gp(e?) + &1 (e 1), so that
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% e
@ llsoery ey < (@) + 5 = nlggo (@@ + 2
= fm @yl + 5.

There thus exists n € N such that [|[z[g,ct)+e, 1) < (@, y™)| + . As X[ is Cesaro
bounded by Lemma 3.13, we have

1Y" sz (e-o)nerer-o) < 1276z (eo)nsier—o) = 1.
The observation that y™ € coo(Z; X§ N X7) finishes the proof. O
We can now prove the announced proposition.

Proposition 3.17. Let (X, X1) be a compatible couple of reflection invariant Cesdro con-
vergent sequentially structured Banach spaces and let 8 € (0,1). Suppose that Xo N X1
is dense in Xy and Xy. Then for x € (Xy, X1)g we have

1]l o, =0 sup {2, 27)] - 2™ € X5 0 X7, [l [l a,0)0 < 1} (3.9)

In particular, setting Y; := (X;)° for j = 0,1, we have

[l 0, 20010 =0 sUP {2, 27)] 2 2™ € X5 N XT, 2™ | 9000 < 1}- (3.10)

Proof. Using Proposition 3.11 and Lemma 3.13, we know that the right-hand sides of
(3.9) and (3.10) are equivalent. Note that the inequality “2” in (3.9) follows directly from
Proposition 3.14. For the inequality “<” in (3.9) fix 2 € (X, X1)g. By Theorem 3.12 and
the reflection invariance of the sequence structures, we have (..., z,z,7,...) € Go(e?) +
61(6071) with

”xH(Xo,Xl)s N ”( c X, T )”60 ) +Gq(ef~1)-

Combining this with Lemma 3.16, we see that there exists * € coo(Z; X5 NX7) of norm
1 such that |||l (x,,x0), Se [{(--.,2,2,2,...),2")|. Now note that

((...,z,z,x,...), ") = (x,S"x")
in the notation of the proof of Proposition 3.14. Therefore,

r* =Sz = Z:U;; e XgNnX7
keZ

satisfies ||| (x,,x,), Se |(z,2*)| and
12" x5 2000 < 127 l[(@5)° e-0)n(& 1) (@1 -0) = 1.

This proves the inequality “<” in (3.9), as desired. O
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Concerning Example 3.15(ii) on the duality for the complex interpolation method,
Proposition 3.17 allows one to avoid the upper complex method in certain duality argu-
ments without assuming RNP. We record this observation for future reference.

Example 3.18. Let (X, X;) be a compatible couple of Banach spaces and let § € (0,1).
Suppose that Xo N X, is dense in Xy and X;. Then for z € [ Xy, X;], we have

Jellsy, =0 sup {1Ge.%) - € X5 07, o s, < 1)
3.5. Embeddings

We can obtain embeddings between various interpolation methods from embeddings
between the corresponding sequence structures, using the following proposition.

Proposition 3.19. Let (Xy, X1) and (Yo, V1) be compatible couples of sequentially struc-
tured Banach spaces. Suppose that Xo + X1 C Yo+ Y1 and &; — T for j =0,1. Then
(X0, X1)o — (Yo, V1)o for 0 € (0,1).

Proposition 3.19 follows directly from the definition of our sequentially structured
interpolation method. In view of (2.1) and Example 3.3(i), it has the following direct
consequence for embeddings for the real interpolation method: Let (Xp, X7) be a com-
patible couple of sequentially structured Banach spaces and let § € (0,1). Then we
have

(X0, X1)0,1 = (X, X1)o = (X0, X1)0,00- (3.11)

Moreover, it directly implies embeddings like (Xo, X1)g,p — (Xo, X1)a,q for 1 <p < g <
oo by the corresponding embeddings for the sequence spaces ¢(Z; X;) for j =0, 1.

Let us next apply Proposition 3.19 to combinations of the interpolation methods
introduced in Example 3.3. In the following example we will again use some Banach
space geometry. For an introduction to type and cotype we refer to [32, Chapter 7],
for an introduction to Fourier type to [25] and for p-convexity and p-concavity to [49,
Section 1.d].

Example 3.20. Let (X, X1) be a compatible couple of Banach spaces and let 6 € (0,1).
(i) Suppose X, has Fourier type p; € [1,2] for j = 0,1. Then we have
(X07X1)97p07201 — [X03X1}9 — (XO’Xl)gvpéva/l'

(if) Suppose X; has type p; € [1,2] and cotype ¢; € [2,00] for j = 0, 1. Then we have

(X07X1)97p07171 — (XO,XI)HKY — (XO’Xl)leJoﬂh'



28 N. Lindemulder, E. Lorist / Advances in Mathematics 440 (2024) 109506

(iii) If Xy and X; have type 2, then
[Xo, X1]o = (X0, X1)0,~
and if Xy and X; have cotype 2, then
(X0, X1)9,y = [Xo, X1]o-

(iv) Suppose X and X; are Banach lattices and let pg, p1 € [1,00]. If X is pj-convex
for 7 = 0,1, then

(XO’ X1)9,P07p1 — (XO, X1)9,£p07[p1
and if X is pj-concave for j = 0,1, then
(Xo, X1)072P0’£1’1 — (Xo, X1)31p07p1 .

We note that the embeddings for the ¢2-interpolation method in (iv) are new, whereas
the embeddings for the vy-interpolation method in (ii) and (iii) can be found in [39, Section
3.4] and the embedding between real and complex interpolation in (i) was first proven

n [57]. All embeddings will follow in a unified way from Example 3.3, Proposition 3.19
and suitable embeddings of sequence structures.

Proof of Example 3.20. The embeddings in (i) follow directly from the equivalence of
Fourier type and periodic Fourier type (see [25, Theorem 6.6]) and (ii) is a consequence
of the equivalence of (co)type and Gaussian (co)type (see [32, Proposition 7.1.18 and
Corollary 7.2.11]).

For (iii) take x € Zz(T;X) and let f € L?(T; X) be such that f = . Since

b (% / h(t)e it dt)kez

T
is an isometry from L?(T) to £*(Z), we have by [32, Theorem 9.1.10 and 9.2.10)
1 < 1
Hm”’y(Z;X) < (271_)1/2 Hf”’y(T,X) ~ (27{_)1/2 ||f||L2(']I‘;X) = ||$||f,2(T;X)'

The second embedding in (iii) can be proven similarly. Finally the embeddings in (iv)
follow directly from the definition of p;-convexity. O

3.6. Interpolation of Banach function spaces

In this subsection we will study the interpolation spaces (X, X1)g in the case that X,
and X7 are Banach function spaces.
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Let (S, X, 1) be a measure space. A Banach space X consisting of measurable functions
z: S — C is called a Banach function space if it satisfies

(i) fz € X andy: S — C is measurable with |y| < |z|, then y € X with ||yl x < ||z|x.
(ii) There is an € X with z > 0 a.e.
(ili) If 0 < @y, T 2 for (zy,)52 in X and sup,cnl|n||x < 00, then z € X and ||z|x =

suppen||al x-

We say that X is order-continuous if for any 0 < z,, T« with (2,,)22; in X and z € X we
have ||z, — z||x — 0. For an introduction to Banach function spaces we refer to [46,75].

For two Banach function spaces Xy and X; over the same measure space (S, 1) and
0 € (0,1) we can define the Calderén—Lozanovskii product (see [10,47]) as

Xi0xY .= {z e L) :|z| < o' ?)211%, 2o € X0, 71 € X1},
which we equip with the norm

T - = inf 2ol X N2 1% .
lollgoxg = inf, ool e,

Then Xé_eXf is a Banach function space with
XoNX; <= Xg7Xx0 — Xy + X4,

i.e. X}7YX? is an intermediate space with respect to (Xo, X1).

Since a Banach function space X is in particular a Banach lattice, it admits the
sequence structure X (¢9(Z)) introduced in Example 2.2(vi). Thus we can apply the
¢9-interpolation method from Example 3.3(v) to a couple of Banach function spaces
(X0, X1) over the same measure space (S, %, u). It turns out that the resulting interme-
diate spaces are just complex interpolation spaces.

Example 3.21. Let (X, X;) be a compatible couple of Banach function spaces over a
measure space (S,%, 1) and let 6 € (0,1). For go,q1 € [1,00) we have

[Xo, X1]o = (X0, X1)6,00 001 = (X0, X1)0,c0,c0-

Proof. We start by considering the case ¢o = ¢; = 1. By a Poisson integral argument (see
[10, Section 13.6]), we have [Xo, X1]p < (X§?X?)°. We will prove that (X} ?X?)° <
(Xo,X1)g,01 1. Take z € Xy N Xy and assume without loss of generality > 0. Let
1-6, 0 -6
xDoff Xo and x1 € X1 such that x = |zo| ™ |z1|” and ||x0||§(0 z1]%, <2 ”m”(x(}*exf)w
efine

E:={zxeS:xz(s)#0}
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By :={scE:e <:x1:<e’““} ke
Zo

Take n € N such that ||z]x, < e"|z|x, and ||z||x, < e"~|z|x,. Define

z1lg,, if k| <n

T 1 oo L, ifk=n+1

m=n +1

xlU— L Ew ifk=-n—-1

m=

0, otherwise.

Then (U= y;)pez € X;(¢1(Z)) for j = 0,1 and > kez Yk = . Moreover, we have

_ 0
ey >kez||xo<gl(z>><HkZ e a1, |
=—n

e a1y g lx

m=n-+1

S e e 1,

m=—n—1

+e” 2],

n
< e H 1
a k_z_:n|$0| B Xo

+ eG H Z e(m+n)0|x0| 1Em

m=—n—1

0
_ €
<(f+e 9+e9—1) |l x, -

Combined with a similar estimate for (e*(*=9y,) ez in X1 (¢*(Z)) and Lemma 3.8, we
obtain

||‘TH(X07X1)911721 o HxH(X[}*eXf)O .

This proves the embedding by the density of Xy N X in (X&feXlg)", finishing the proof
of the embedding [Xo, X1]o — (X0, X1)g,0,0
For the converse embedding take & € ¢'(Z; X;) and note that

t) = Z eiktxk, teT,
keZ

converges by assumption. Therefore

&l 22 0r,x,) = ||f||L1 T;X;) < sup HZ emkaX l2ler(z:x;)
keZ
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ie. (1(Z; X;) — El(T;Xj) for j = 0,1. This proves the embedding (Xo, X1)g 1 n —
[Xo, X1]e by Proposition 3.6, concluding the proof in the case ¢o = ¢1 = 1.
For the remaining cases, we note that, by Proposition 3.19 and the embeddings

0NZ; X;5) = 0% (Z; X;) < co(Z; X;),

it suffices to show (Xo,X1)g.co.co < [Xo0,X1]o. By Proposition 3.11 we may without
loss of generality assume that Xg N X7 is dense in Xy and X;. Fix x € Xy N X4, so in
particular x € [Xo, X1]p. By Example 3.18 there exists z* € [X{, X{]o with norm 1 such
that

12/l (x50, %116 So [{z, 7).

Then, using embedding [Xo, X1]o — (Xo, X1)ger.0 — (X(),X1)97g1+’41+ from the first
part of this proof, we obtain by Proposition 3.14

I llixo,x100 S 125 2 < 2l (X0, 000,000 197 X5 X000, 01 01
S0 120 (X0, X1)6,00.,c0
Since X N X is dense in (Xo, X1)g,¢y,c, by Corollary 3.9, this finishes the proof. O
Remark 3.22. Example 3.21 also yields that, if Xy and X; have finite cotype, we have
[Xo0, X1]o = (X0, X1)9,e = (X0, X1)0,75

which was already observed in [39, Section 3.4]. Indeed, this follows directly from the
comparability of Rademacher, Gaussian and ¢?-sums (see [32, Corollary 7.2.10 and The-
orem 7.2.13]) and Proposition 3.6.

Moreover, combined with Example 3.20(iv), we see that for pg, p1 € [1, 0] we have

(X0, X1)0.p0.p1 = [Xo, X1lo
if X; is pj-convex for j = 0,1 and
[Xo,X1lo = (X0, X1)0,po.p1 -
if X; is p;-concave for j =0, 1.
When F is a Banach function space and [X, &] is a sequentially structured Banach
space, the pair [E(X), E(6)] is a sequentially structured Banach space as well. In the

following proposition we will relate the associated sequentially structured interpolation
spaces.
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Proposition 3.23. Let E be an order-continuous Banach function space and let (Xy, X1)
be a compatible couple of Cesaro bounded sequentially structured Banach spaces. Assume
that either Sy or &1 is a Cesdro convergent. Define

Then we have for 6 € (0,1)
(E(X0),E(X1)), = E((Xo, X1)o)-

Proof. Let (5,3, 1) be the measure space on which F is defined. We start by showing
(E(X),E(X1)), — E((Xo, X1)p).

Take z € (£(Xp), £(X1)), and let @7 € E(6;)(e’7%) for j = 0,1 be such that 29 +z} = x
for all £ € Z. Then we obtain by Theorem 3.12 that

HxHE((Xo,)ﬁ)e) So HS = Z ||$j(8)|\6j(ej—6)HE
j=0,1

<O 2 5 s ) ei-0)-

§=0,1

So, taking the infimum over all decompositions of z, the embedding follows by another
application of Theorem 3.12.

For the converse embedding, note that, by the order-continuity of E, either F(Sg)
or F(S;) is Cesaro convergent, so E(Xo) N E(X,) is dense in (£(Xp), £(X1)), by Corol-
lary 3.9. Since any f € E(Xp) N E(X;) is strongly measurable as an Xy N X;-valued
function by the Pettis measurability theorem, we have, using the order-continuity of
E and [31, Corollary 1.1.21], that the simple functions f: S — Xy N X; are dense in
(E(Xp), E(X1)),y- Fix such an f and write

N
f(s)=> 1a,()zn, sES,
n=1

with Ay, -+, Ay € 3 pairwise disjoint and x1,--- , 2y € XgN X;. For 1 < n < N let
x" € So(e?) N S1(e! %) be such that Y, 5 2z} =z, and

HwnHGj(ije) < 2”3771”(2(0,2(1)97 .7 :0,1.
Define fi(s) := 25:1 14, z¥ for k € Z. Then we have

1flle@o) e, < i H(f’f)kEZHE(@)j)(eH)
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|wn||6j(ej*9)

N
= ax H E ]-An'
7=0,1
n=1

p

N
S

n=1

[Znll(xo,20), || - = 2Ll E((A0,20))-
E

This implies E((Xp, X1)g) — (£(Xp), E(X1))y by density. O
3.7. Changing the base number

The choice of the base number e in the sequentially structured interpolation method is
rather arbitrary. All of the theory up to this point could equally well have been established
for b € (1, 00). However, the version of the sequentially structured interpolation method
with base b = e is sufficient for most of our purposes. For simplicity of exposition we
have therefore chosen to only treat that case.

An important exception is our discussion of reiteration in Section 6, for which we
cannot avoid using the sequentially structured interpolation for a general base number
b. This motivates us to discuss the more general base b € (1,00) in this subsection.

Definition 3.24. Let (Xp, X1) be a compatible couple of sequentially structured Banach
spaces, let b € (1,00) and let 6 € (0,1). For z € Xy + X; we set

||xH(XO>X1)9;b = inf ”wHGo(b*@)ﬁGl(bl*@)

where the infimum is taken over all sequences = € Go(b~%) N &;(b'~?) such that
ZkeZ x) = x with convergence in Xg 4+ X;. We define

(XO,Xl)Q;b = {LE S Xo + X7 : ||1'||(X0,X1)9;b < OO},

with norm || - [|(xy,x, )4, -

In the next proposition we will show that (Xp, X1)g.p is independent of b under suitable
assumptions on Xy and A;. Loosely speaking these assumptions will be stability under
multipliers @ € ¢°°(Z) and stability under inserting or removing zeros in a sequence
x. In order to formulate this second assumption, it will be convenient to introduce the
following notation. We denote by m(Z) the set of all mappings o : Z — Z U {*} with the
property that #071({n}) < 1 for all n € Z. Given a Banach space X and o € 7(Z), we
define the linear operator T,, : £°(Z; X) — (°(Z; X) by
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Proposition 3.25. Let (X, X1) be a compatible couple of sequentially structured Banach
spaces such that for j = 0,1

[(arzr)rezlle, < llalle=(z)llzle,, a€l>(Z), x €&, (3.12)

1Tox|s, < |zls,, xeG;,o0en(Z). (3.13)
Then, for all a,b € (1,00) and 6 € (0,1), we have
(X0, X1)6:a = (Xo, X1)0:0-

Proof. Assume without loss of generality a # b and write b = a® with § € (0,00) \ {1}.
First assume that 6 < 1. Then h(k) := | %] defines a strictly increasing function h : Z —
Z, where |t| denotes the least integer part of ¢ € R. We can thus define o € 7(Z) by

Now let x € (Xo, X1)g.q. Take & € So(a~?)NS1(at~Y) such that z = > okez Tr in Xo+X
and set y := Tox. Then x = ), 7 yx in Xo + X1. Note that, for n = h(k) with k € Z
and j = 0,1, we have

B0 — qi=0)n _ (G=0)(k—d-frac(§)) _ = (i—0)-frac(}) 4 (=0

where frac(t) = ¢ — |t| € [0,1) denotes the fractional part of ¢t € R. We thus have

U=y ) eg =T, (b—(j—9)~frac(%)ao—e)kxk)

keZ)
so that
—(i—0)-frac(k) (i—
||y||6j(b3'79) = |75 (b (7=6)frac(§) (7 G)kxk)kezﬂej
(B13) e kg i
< (b (§—0)-frac(§) (3 G)kxk)kGZHGj
(3.12) (=)
S oop 1@V zp)rezlls; = 12l @i-9)-
Therefore,

]l (20,2000 < 1Yll&0b-0)ne:(61-0) Sb.a.0 1Tl &0(a—0)n&, (a0

Taking the infimum over all z as above we obtain that ||z xy,x1)e, S6.a.6 (1] (x0,21)0.0 -
Next we assume that § > 1. Then g(k) := L%J defines a surjection g : Z — Z with

kn =g~ ({n}) €{l0],[0] +1}, neZ
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Let us write #g71({n}) = {in1,- -+ ink, } With in1 < ... <i,x, and define o, € 7(Z)
form=1,...,[6] +1by

Om(n) ==

in,ma m S kna
*, m=k,+ 1.

Now let = € (Xp, X1)p;a. Take € So(a™?) N Sy(a'~?) such that © = Y, 5 in
Xo + X1 and set y := Z}jf{l Ty, x. Then x = >, »yp in Xo 4+ X;1. Note that for
m=1,...,|0]+1and j =0,1

p=0n — o (G=0)n _ ,(i=0)(in,m—08-Frac(™)) _ p—(i—0)-frac(“%™) , (i=0)inm

=a

We thus have

[6]4+1
(b(J 0)n Y )nez = Z T,. b (j=0)-frac(¥) (i —0)k xk)keZ’
so that
[6)+1
1Ylls, @0y < Z IT,,, (b0~ Hrac(§) g i )kxk)keZHGj
(3.13) ] o
< (18] + D[ (b7 Ul Uk g s,
(3.12) .
S 0.0 109" 2 )kezlls, = 1], @i-0)-
Therefore,

||$||(X0,X1)e:b < ||y||60(b*9)ﬂ61(b1*9) So.0.0 ”:L'”Go(a*e)ﬁ@l(al*@y
Taking the infimum over all x as above we obtain that ||| xy,x1)e., So.0.0 12l (20,20)6.0 -
O

Proposition 3.25 shows that all the concrete interpolation methods from Example 3.3,
with the exception of the complex methods in (ii), can be realized with any base number
b € (1,00). In Example 4.18 we will see that the base number can also be changed for
the complex methods.

4. Complex formulations

As we noted in Example 3.3(ii), the complex interpolation methods are contained in
our framework by using spaces of Fourier coefficients. However, this formulation is not
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the original one introduced by Calderén [10], which is in terms of analytic functions on
the strip

S:={z€C:0<Re(z) <1}

One may wonder if there is a relation between our framework and the classical formu-
lation of the complex interpolation methods. It turns out that our framework admits
a formulation in terms of analytic functions on S, which yields a complex formulation
of all interpolation methods in our framework. This in particular means that, from our
viewpoint, there is nothing inherently real or complex about the real and complex in-
terpolation methods. These interpolation methods are rather living on opposite sides of
the Fourier transform.

The idea to use analytic functions for interpolation methods beyond the complex
interpolation methods is not new. Implicitly it goes back to the work of Lions and Peetre
[48, Section 1.4] (see also [57]). In a more explicit form, analytic functions were used in
the context of the real interpolation method by Zafran [76] (see also [13]) to study
the spectrum of bounded linear operators on interpolation spaces. Moreover, analytic
functions in the context of the ~y-interpolation method were used by Suirez and Weis
[66] (see also [39]) to interpolate analytic operator families. Furthermore, Cwikel, Kalton,
Milman and Rochberg [16] made extensive use of analytic functions to prove commutator
estimates in their interpolation framework.

Let X be a Banach space and let J2(S; X) be the space of all analytic functions
f:+S — X. The space J;(S; X) is the 2m-periodic subspace of J(S; X), consisting of
all f e J(S; X) such that

f(z) = f(z + 2m1), z €S.
To f € J(S; X) we associate the functions
fs(t) :== f(s+it), teR, se(0,1).
It is sometimes more convenient to work with analytic functions on the annulus
A:={zeC:1< |z <e},

which is obtained from S by the conformal mapping z — e*. We let 52 (A; X) be the space
of all analytic functions f: A — X. Given f € S (A; X), we note that for g(z) := f(e*)
we have g € #,(S; X). Furthermore, for s € (0,1) and k € Z, we can compute the k-th
Fourier coefficient of g, as follows

~ 1 =
e 75, (k) :e”“%/g(s—l—zt)e ikt Q¢
T
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1 e 1 f(z)

- s+it k(s—it) _

o / Fe e dt =55 | e @
T Vs

where 7, is the curve parameterized by 7,(t) = e*T for t € [0,1]. So {e %G, (k)} ez
coincides with the Laurent series of f around 0. Since the Laurent series of f around 0
does not depend on s, this yields the following observation:

Lemma 4.1. Let X be a Banach space. For f € #,;(S; X) the sequence (e’ksfs(k))kez
is independent of s € (0,1).

Let (X, X1) be a compatible couple of sequentially structured Banach spaces and let
s € (0,1). We define 5, (S; Xy, X1) as the space of all f € 5, (S; Xo + X1) such that

1l 85000, 3= max [l fslle eie) < o0,

which is independent of s by Lemma 4.1. Similarly, we define 7(A; Xy, X1) as the space
of all f € J#7(A; Xy + X1) such that

£l (asx0,200) == jhax H{fk}keZHGj(ej) < 09,

where {fi},cz denotes the Laurent series of f around 0. From the discussion preceding
Lemma 4.1 it is clear that 2, (S; Xp, X1) and 52 (A; Xy, X;) are isometrically isomorphic.
The connection to the sequentially structured interpolation method will become clear in
the following lemma.

Lemma 4.2. Let (Xy, X1) be a compatible couple of sequentially structured Banach spaces
and let 6 € (0,1). The map f ~ fo from H,(S; Xy, X)) to So(e™?) N &Sy(er=9) is an
isometric isomorphism with inverse

x — [z — Z ek(zfe)xk}.
keZ

Proof. The map f — fp is contractive by definition. Conversely, for = € Sole ) N
&1 (e’=%) we have by (2.4)

||kaXo+X1 < min{ek97ek(0—1)}7 ke Za

so we know that

f(z):= Z =g, z €S,

keZ

converges uniformly on any compact subset of S and therefore we have f € 7, (S; X, +
X1). Moreover, we have fp = x and thus f € . (S; Xy, X1), finishing the proof. O
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Using Lemma 4.2, our first complex formulation of the sequentially structured inter-
polation method now follows immediately.

Proposition 4.3. Let (Xy, X1) be a compatible couple of sequentially structured Banach
spaces and let 0 € (0,1). For x € Xo + X1 we have

lollco, 00 = it {11l 550,30 * F € Ha(S3 X, 1), £(0) =

— inf {||f||W<A;XO’X1) L f € (A X, X)), f(e¥) = fv}

Proof. The first equality follows directly from Lemma 4.2 and the observation that
f(0) = > ez fo. The second equality follows from the isometric isomorphism between
%(S;Xo,){l) and %(A,XQ,)Q) O

We remark that the formulation in Proposition 4.3 in terms of functions on the annulus
A is very close in spirit to the complex formulation of the interpolation framework in
[16].

Although Proposition 4.3 expresses the norm of the sequentially structured inter-
polation method in terms of analytic functions, taking the sequence structures as in
Example 3.3(ii) does not yield the classical formulation of the complex interpolation
methods of Calderén [10]. Indeed, the main culprit is that the norm of e.g. 7 (S; Xy, X1)
is expressed in terms of the function fy for some 6 € (0,1), whereas the norm of clas-
sical complex interpolation methods is expressed in terms of boundary functions f; for
7=0,1.

For f € 7,(S; Xp, X1) it is not clear whether an extension to S exists and thus whether
a reformulation of Proposition 4.3 closer in spirit to the complex interpolation methods
is possible. In the upcoming two subsections we will handle this extension problem in
two different ways:

o In Subsection 4.1 we will restrict 5 (S; Xy, X1) to those functions that have a con-
tinuous extension to S, yielding a formulation close in spirit to Calderén’s lower
complex interpolation method.

« In Subsection 4.2 we will show that any function in .7 (S; Xy, X)) extends to S
in a distributional sense, yielding a formulation close in spirit to Calderén’s upper
complex interpolation method.

Both approaches have advantages and disadvantages. The first approach is the least
technical, but in general only yields a norm equivalence for x € Xy N X;. The second
approach does yield a norm equivalence for z € Xy + X;, but requires us to develop
some distribution theory on the torus.
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4.1. The lower complex formulation

We start with the formulation of the sequentially structured interpolation method in
the spirit of the lower complex interpolation method. Let . (S; X) be the subspace
of 4 (S; X) consisting of all functions f € 5 (S;X) which extend to a continuous
function f: S — X and for j = 0,1 define

fi(@) = f(j +1it), teR.
Note that in the following theorem one only obtains a norm equivalence for x € XqN X;.

Theorem 4.4. Let (Xp, X1) be a compatible couple of sequentially structured Banach spaces
and let 0 € (0,1). For x € Xy + X1 we define

215,y o= inf {jm:%ﬁ IFills, : f € :(S; Xo + X1), £(0) = x}
Then
2l o 2)0 < 205 20y, @ € Xo+ X, (4.1)
and, if &g and &1 are Cesdro bounded, we have

2l o0 20 12080 2000 @ € Xo N X1 (4.2)

Proof. Suppose that z € Xy + X; with ||£E||E§30 x1), <00 and fixan f e K (S; Xo + X1)
with f(6) = . Taking the limit s — j in Lemma 4.1, we have

Fi(k) =ei=0F,k), ke

Since 74 (S; Xo+X1) C (S; Xo + X1), we deduce (4.1) directly from Proposition 4.3.
Next we assume that &y and &, are Cesaro bounded. Take x € Xg N X7 and choose
a finitely non-zero € So(e™?) N &1(e' %) such that >, 5 vx = x. For

f(z):= Z Py z€S

keZ

we have f € 7, (S; Xo + X1), f(0) = 2 and fj(k) = ekU=0g; for all k € Z. Therefore,

max |, = max s, o)

so taking the infimum over all such x, we obtain Hx||Ef@0’X1)e Szl xg,x0)6 DY

Lemma 3.10. O
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Note that the proof of Theorem 4.4 shows that, in the inequality (4.2), it is already

enough to restrict the infimum in the definition of || - ||E§30’X1)0 to f € ,(S; Xo + X1)

of the form
N
flz)= Y &g 2€F,
k=—N

with (xk)zivzfzv C XoNX; and N € N. Furthermore, using the full power of Lemma 3.10,
we can restrict to a dense subspace of Xy N X;. For future reference we record this
observation in the following corollary.

Corollary 4.5. Let (Xp, X1) be a compatible couple of Cesaro bounded sequentially struc-
tured Banach spaces, let X be a dense subspace of Xo N X7y and let 0 € (0,1). Then we
have for x € X

Il s o inf {macx | s, f € H#ss(S) ® X, £6) =},
where we set
%ﬂig(g) = {Z — ekz ke Z} - %(g)

Let (X, X1) be a compatible couple of sequentially structured Banach spaces and let
6 € (0,1). Then

(Xo, 1)y = {fU € Xo+ Xy ||13HE§30,X1)9 < OO}

(e)

is a normed space. Indeed, it follows readily from the definition that || ||( Xo. 1), 1S @
semi-norm and it follows from (4.1) that it is also positive definite.
Theorem 4.4 raises the question whether
(Xo, X1)p = (Ko, X1)S". (4.3)

In the case that &y and &; are Cesaro bounded and additionally either &y or &; is
Cesaro convergent, we have that XoNX; is a dense subspace of (Xp, X1 )¢ by Corollary 3.9,
so we would be able to extend (4.2) by density if (Xp, Xl)gf) defines a Banach space.

Although the above question is interesting from a theoretical perspective, Theorem 4.4
already suffices for most applications involving Cesaro convergent sequence structures.
In particular, this is the case for proving the first part of Example 3.3(ii). Therefore,
we will first engage ourselves in the latter in the next example and come back to (4.3)
afterwards.

Example 4.6. Let (Xp, A1) be a compatible couple of sequentially structured Banach
spaces, let 6 € (0, 1) and take pg,p; € [1,00]. If
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~

S — sz(T,XJ> ifpj<OO7
TG X)) if p; = oo,

for j = 0,1, then we have (Xy, X1)s = [Xo, X1],-
Let us mention that the above example for p = co is implicitly contained in [10,20].

Proof. Let V; = [X;,T;] be given by T; := C'\(T;Xj) for j = 0, 1. By Proposition 3.19,
we have (Mo, V1)g — (Xp, X1)g, so it suffices to show that (Xy, X1)s — [Xo, X1], and
[Xo, X1]g = (Yo, V1)e-

In order to show that (Xp, X1)s — [Xo, X1]y, let 2 € XoNX; and let f € 5 (S)®(XoN
X1) be such that f(6) = z. Then we have for g(z) := =" f(2) that g € J(S; Xo+X1),
g(0) =z and

)2 2.2 ~ ~
||gj||LPj(]R;Xj) < =9 Ze P ||fjHL”J‘(T;Xj) S Hfj”ipj(qr;xj) = Hfj”ej-
keZ

Therefore, by [31, Corollary C.2.11], we have
||xH[X07X1]9 59,1707;01 max HfJHGJ
7=0,1

Taking the infimum over all such f, we obtain the estimate ||z|[(x, x,], S60.p0.1
][ (x,x,), by Corollary 4.5. Since X N X} is dense in (Xp, X1)e by Corollary 3.9, the
embedding (Xp, X1)g — [Xo, X1], follows.

Next, in order to prove the embedding [Xo, X1], < (Jo, 1), let x € [Xo, X,],. Take
f € H#(S; Xy + X1) such that f(#) = x. Define

P(z) = . i 7 (ez_e —1) 'e(z_9)2, z €S, (4.4)

which is analytic on S and satisfies ¢(8) = 1 and ¥(0 + 27ik) = 0 for k € Z \ {0}. Thus
if we define

g(z) == Z f(z + 2min) - (2 + 2min), z €8,

nezZ

we have g € 7, (S; Xo + X1) and g(0) = f(6) = z. Moreover, for j = 0,1 we have

g5l e (rix;) < fill e ix,) - sup Y (i + it + 2min)]
teT neZ

59 ||fj||L°°(]R;Xj)

Thus, using Theorem 4.4, we have
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Il 20,200 < maxfigsllecr x,) < max lgillzerix;) So max [lfjll~@x;)-

Taking the infimum over all such f, the embedding [X¢, X1], = (Yo, V1)s follows. O

Remark 4.7. The classical definition of the lower complex interpolation method uses non-
periodic holomorphic functions on the strip S, which in turn give rise to a function, rather
than a sequence, on the Fourier side. In order to fit this into our abstract framework, one
would need a continuous version of a sequence structure, which is not always possible.
For the specific case of real interpolation, this was done in [45].

Now let us return to the question in (4.3), which is mainly of theoretical interest.
It boils down to the question whether (Xo,Xl)éc) is a Banach space. To answer this
question, let us define some auxiliary normed spaces. Let (X, A1) be a compatible couple
of sequentially structured Banach spaces. We define

%(g, Xo,Xl) = %(S;Xg,){l) n %T(g, XO + Xl),

equipped with the norm

1 s, 8.0, 200) = 1 o (55¢0,20) = Inax I fille;

where the second equality follows by taking limits in Lemma 4.1. Furthermore, we define
A (S; Xy, X1) := H5(S; Xo, X1) N Cy(S; Xo + X1)
equipped with the intersection norm. Note that we have
A (S; Xo, X1) = H5(S; Xo, X1)
as sets, but their respective norms differ. We start with two preparatory lemmata.

Lemma 4.8. Let (X, X1) be a compatible couple of sequentially structured Banach spaces.
Then H#>°(S; Xy, X1) is a Banach space.

Proof. Let (f"),en be a Cauchy sequence in S>°(S; Xy, X1). On the one hand, as
H,(S; Xo + X1) is a closed linear subspace of the Banach space Cy(S; Xo + X1), we
obtain that f = lim, . f" in Cy(S;Xo + X;) for some f € #,(S; X + X;). On
the other hand, as (}}L)neN is a Cauchy sequence in &;, we have x; = lim, f;” in
S; for some x; € &; for j = 0,1. The convergence in Cy(S; Xo + X;) implies that

Cu(T; Xo + X1) < L'(T; Xo + X1)
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for j = 0,1, so that
fi(k) = lim fr(k), keZ,j=0,1.

Since x; = lim, o0 fj” in 6; — °(Z; Xo + X1), it follows that ]?J = x; and thus
fj = lim,, 0o J/f;n in &; for j =0, 1. Therefore, f =lim, o f" in HX(S; Xy, X). O

Lemma 4.9. Let (Xy, X1) be a compatible couple of sequentially structured Banach spaces.
Let T; be the sequence structure on X; given by T; := &; N C(T; Xo + X1) and set
yj = [Xj,‘Zj]. Then

%OO(§7 XO) Xl) = %‘r(gv yo; yl) = %Oo(gv y()vyl)
with an equality of norms.

Proof. By the Phragmén-Lindel6f theorem, we have for every function f € 4 (S; Xo +
Xl) that

112 80+ x0) = max||filloy mixo+x),
from which the desired result follows. O
We are now ready to characterize when (4.3) holds.

Proposition 4.10. Let (Xp, X1) be a compatible couple of Cesdro bounded sequentially
structured Banach spaces such that &g or &1 is Cesaro convergent and let 6 € (0,1). Let
T; be the sequence structure on X; given by

‘Ij = Gj ﬂCA'(T;Xo +X1)
and set Y := [X;,T;]. Then the following statements are equivalent.

(i) (X, X1)e = (Xo, Xl)éc) with an equivalence of norms.
(i7) (XO,Xl)éC) is a Banach space.
(iii) There exists a finite constant C > 1 such that, for all f € H#,(S; Xy, X1) there
exists g € H>°(S; Xo, X1) with g(0) = f(0) and

19100 (8500 ,20) < Ml 850,20
(iv) (Xo, X1)o = (Yo, M1)e with an equivalence of norms.

Before we go to the proof of Proposition 4.10, let us note that the sequence structure
%; on X; in Proposition 4.10 is not a “natural” sequence structure. Loosely speaking,
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unless &; — G(T ; X;), ; has information of the other Banach space Xy, j # k € {0,1},
built into its definition. In this sense Proposition 4.10 provides many “artificial” examples
for which (4.3) holds true. However, there are only a few “natural” examples, such as
complex interpolation and real interpolation with parameter 1.

Proof. The equivalence “(i)<(ii)” follows from a combination of Theorem 4.4 and Corol-
lary 3.9. For “(ii)<>(iii)” note that

c jﬁrg, 5 —
(Ko, ) = TS X0 ) 5w 20 - 10) 0}

Defining

c);00 %oo g,X,X _
(Xo, X1)§ > o= 7 (5: 4 1)/{f€<%f,°°(S;X0,X1)5f(9):0}’

we have (Xo,Xl)((,c) = (XO,Xl)((,C);OO as linear spaces with (XO,Xl)éC);OO — (XO,Xl)éC)
thanks to the fact that J7(S;Xp, X)) = H°(S;Xp, X1) as linear spaces with
HX(S; Xy, X1) — H,(S; Xo, X1). Recall that (Xo,Xl)(ec) is a normed space. Further-

more, as
{fe(S; X, ) : f(0) =0}

is a closed linear subspace of #2°°(S; Xy, X1 ), we see that (X, A1) ((,C);OO is a Banach space
in view of Lemma 4.8. Therefore, by the open mapping theorem, (ii) holds true if and
only if (Xp, Xl)éc) — (Ab, Xl)éc);m, which is readily be seen to be equivalent to (iii).

For “(i)=(iv)” assume that (i) holds true. Then, by the above, (iii) holds true as well.
So (X, X1)g = (Xo, Xl)éc) — (X, X1)§C);°°. By the Phragmén-Lindelof theorem we note
that

||f||L°°(§;X0+X1) = j:%)infjncb(R;XoJrXQa f € jﬁr(g, Xo + X1)7 (45)

so we have (XO,Xl)éC);OO = (yo,yl)gc). Since (yo,yl)gc) — (Yo, V1)g by Theorem 4.4
and since (Yo, V1)e — (Xo, X1)e by Proposition 3.19, it follows that

(Xo, X1)o = Vo, V1)e — (Xo, X1)e-

This shows that (iv) holds true.

Finally, for “(iv)=-(i)” assume that (iv) holds true. Note that by (4.5) we know that
(iif) holds true with (), Y1) in place of (Xp, X1). Furthermore, note that Yy and Y, are
Cesaro bounded sequentially structured Banach spaces such that either ¥y or ¥; is Cesaro
convergent. Therefore, by the equivalence of (i) and (iii) applied to (o, Y1) instead of
(X, X1), we have (Yo, V1)e = (yo,yl)gc). Since we clearly have (yo,yl)((f) — (Ab, Xl)éc)
and since (X, &1)5 < (Xp, X1)s by Theorem 4.4, it follows that
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(Xo, X1)p = (Yo, V1) = (X0, X1)§7 = (Xo, A1)
Therefore, (i) holds true. O
4.2. The upper complezx formulation

We now turn to a formulation of the sequence structured interpolation method in
the spirit of the upper complex method. This formulation is more general than the
formulation in the spirit of the lower complex method in the previous subsection, as it
allows for sequence structures which are not Cesaro bounded and it gives a norm equality
for all z € (Xp, X1)e, rather than just z € Xy N X;. The price we pay is that we need to
work with distributions, rather than functions, on the boundary of S.

We will need some distribution theory on the torus in this section. Let X be a Banach
space and define the following spaces of Schwartz functions:

S(R; X):={f: R — X : f rapidly decreasing and smooth},
L(T;X):={f: T — X : f smooth},
S (Z;X):={f:Z — X : f rapidly decreasing},

with their natural topologies. We omit X when X = C. For G € {R, T, Z} we define the
spaces of distributions

SNG; X) = L(S(G), X).

We equip these spaces of distributions the topology of pointwise convergence, which is
the analogue of the usual weak* topology from the scalar-valued case X = C. However,
we will also use the topology of bounded convergence. To this end, it will be convenient
to write .. (G; X) for ./ (G; X) equipped with the topology of bounded convergence.

Let us remark that, although the topology of bounded convergence is stronger than
the topology of pointwise convergence, .’(G; X) and %/ .(G; X) actually have the same
convergent sequences since the Schwartz space .(G) is a so-called Montel space (see e.g.
[68, Section 34.4])

We note that (using the topology of bounded convergence) we have the topological
linear isomorphism (which can be seen by inspection of [6, Remark 3.22])

Fe(Z;X) = Opm(Z; X), (4.6)

where O(Z; X) is the space of all f: Z — X of at most polynomial growth, i.e. the
space of all f: Z — X such that there exist an IV > 0 such that

IF ) x S @+ kDY, ke,
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with its natural inductive limit topology. Furthermore we note that the Fourier transform
and its inverse

F: S (T;X) = L(Z; X), (Zf)(k) = % /f(t)eikt ar,
T

TS (LX) = S(T:X),  (Fhg) =D My(k),
keZ

are continuous and .Z ! o .# and .Z o.% ! are the identity mappings on .#(T; X) and
S (Z; X) respectively (see [6, Section 3.3]). On the spaces of distributions the mappings

F: (T X) = 7 (2; X), Fu(f)=u((F ) (=),
F: S, X) = S (T; X), T u(g) =u((Fg)(—)),

have similar properties. The latter remains true when .’ replaced by .7, that is,
when we use the topology of bounded convergence instead of the topology of pointwise
convergence.

There is a continuous embedding (cf. [23, Theorem 16.3])

TR : ‘yl;c(’]rvX) — yéc(R;X)a (47)

with the property that, for all u € A*(T; X) C.%/(T; X), vy rpt equals the 2m-periodic
extension of y. This can be seen as follows. Note that

T:SR)— S (T), ¢~ Y o(- +2rk),
keZ

is a well-defined continuous linear mapping with the property that, for every f €
AYT; X)Co'(T; X), uoT equals the 2r-periodic extension of u. Therefore, we can
define iy ru :=uoT.

Lemma 4.1 allows us to define “distributional boundary values” f; of certain f €
:(S; X) under a suitable condition that connects well with the setting of Proposi-
tion 4.3.

Lemma 4.11. Let X be a Banach space and let 6 € (0,1). Then, for each f € H#7(S; X)
with

("0 fo(k)rez € #(Z; X),  §=0,1, (48)
there exist unique distributions f; € '(T; X) with the property that

S—)
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Moreover, the Fourier transform of f; is given by

~

Fi(k) == Fy(k), keZ,j=0,1. (4.10)

Proof. Uniqueness follows from the uniqueness of limits in .%/ (T; X). By assumption
(4.8) we can define f; € /(T; X) through (4.10). We only need to show the convergence
in (4.9).
As the Fourier transform is a topological isomorphism from ./ (T; X) to % .(Z; X),
(4.9) is equivalent to
fi=lmf in A2 X),
5]

which, using (4.6), can be reformulated as the existence of N € N such that

lim sup (1 + [k[) ™Y || f; (k) — fs (k)| x = 0. (4.11)

s—) kEZ

We claim that (4.11) holds true for N = M + 1, where M € N is such that

C :=sup(l+ |k|)_M max{e_ko,ek(l_g)}Hﬁg(k)HX < 00,
keZ

which exists thanks to the assumption in (4.8). Note that, by (4.10) and Lemma 4.1,

~ ~

Fi(k) = Jo(k) = (2070 — =) fo k).
Moreover, we have
|e(jf9)k‘ _ e(sf@)k| < |j— s||K| maX{e(ke)k?efek}.
Therefore,

1F5(k) = FoR)llx < 1 — sl [k max{e" =, e} fo(k)l|x
< Clj = sl(1+ [k,

which shows that (4.11) indeed holds true for N=M +1. O

The next lemma allows us to bootstrap pointwise convergence to bounded convergence

for f e 7 (S; X).

Lemma 4.12. Let X be a Banach space, let 0 € (0,1), let f € #7(S;X) and let f; €
ST X) for j =0,1. Then the following assertions are equivalent:

(%) J/c;(k) = ek(j_e)fa(k) fork €Z and j =0,1.
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(i) f](k) = M=) f (k) for every k € Z, s € (0,1) and j =0, 1.
(tit) f; =limg; fs in A (T;X) for j=0,1.
() f; =lims; fs in S'(T;X) forj=0,1.

Proof. Note that the implication “(i)=-(iii)” follows from Lemma 4.11 and the impli-
cation “(iii)=(iv)” is a direct consequence of the fact that the topology of bounded
convergence is stronger than the topology of pointwise convergence. As the implication
“(ii)=>(i)” holds true trivially, it thus suffices to prove that “(iv)=-“(ii)”

For “(iv)=-“(ii)” we deduce from f; = lim,_,; fs in ./(T; X) and the continuity of
the Fourier transform from ./(T; X) to .%'(Z; X) that fj = lim,_,; foin (Z; X) —
(°(Z; X). After pointwise multiplication with (e ~*)*), .z we thus find that for j = 0,1

o~

fi(k) =limeV==*f(k), keZ.

s—j

In view of Lemma 4.1, the latter implies that f](k) = eU=9kF (k) for all s € (0,1) and
keZ. O

Combining Lemma 4.11 and Lemma 4.12, we now obtain the following statement on
the existence of boundary values for functions in 7 (S; Xp, X1).

Proposition 4.13. Let (X, X1) be a compatible couple of sequentially structured Banach
spaces and let 0 € (0,1). Let f € H7(S; Xo + X1). Then we have f € 5, (S; Xo, X1) if
and only if there exist unique distributions f; € /' (T;X;) with J/"; € 6; and with the
property that

fj =lim fs in y’(T;Xo—i—Xl), 7=0,1.
s—J
Moreover, we have
17lr. 5 0y = 2% [

Proof. First assume that f € J7(S; Xy, X1). Since & — (>*(Z; X;) — S (Z; X0+ X1)
for j = 0,1, we see that f satisfies (4.8), so by Lemma 4.11 we obtain the existence of
fj € L(T; Xy + X1) with the convergence f; = lims_,; fs in 4 (T; Xo + X7), which
implies convergence in .'(T; X + X1). Furthermore we know that

Fi = (U0 Fo(k))ez € 65 = S(L; X;),

so f; € /'(T; X;) and we have the norm equality. The converse implication is a direct
consequence of Lemma 4.12. O

Proposition 4.13 shows that, for an analytic f: S — Xo+ X7, we can fully characterize
when f belongs to 7 (S; Xp, A1) in terms of the existence of boundary data with certain
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properties. Moreover, it allows us to rewrite the norm of J% (S; Xy, X;) in terms of
this boundary data. Combined with Proposition 4.3, this now yields the upper complex
method reformulation of our sequentially structured interpolation method.

Theorem 4.14. Let (Xp, X1) be a compatible couple of sequentially structured Banach
spaces and let 0 € (0,1). For x € Xo + X1 we have

Il s = inf {max 1l < f € (83 X, Xa), £(6) = .

Theorem 4.14 will enable us to use the formulation of Calderén’s upper complex in-
terpolation method given in [60, Section 8.3] to prove the second part of Example 3.3(ii).
As a preparation, let us discuss when one can write a holomorphic function on the strip
S as a Poisson integral.

The Poisson kernels for the strip S are the functions P; for j = 0,1 on S x R given by

sin(mu) exp(m(v —t))

Filutivit) = G ey (cos(ru) — (<197 exp(n(o — D))" (4.12)
for u € (0,1) and v,t € R. Note that, for each z € S, Pj(z; -) € L(R).
Lemma 4.15. Let X be a Banach space. Let f € S€(S; X) be such that
sup  |If(2)|lx < oo, 0<sp<sy<l,
so<Re(z)<s1
and the limits f; = lim,_,; fs exist in &'(R; X) for j =0,1. Then
f(2) = folPo(z )l + AlPi(z )], z€S. (4.13)

Proof. Fix zp € S. Choose 0 < s¢p < s1 < 1 such that sy < Re(zp) < s1. Then g(z) :=
F((1—=2)s0+ zs1) for z € S defines a bounded function g € #(S; X). Therefore, by [31,
Lemma C.2.9],

g(z) = /go(t)Po(z;t) dt—l—/gl(t)Pl(z;t) dt, z€S.
R R

In particular, taking z = 2o, interpreting fs, and f,, as tempered distributions and using
the definition of g, we have

F((1 = 20)s0 + 2081) = fs,[Po(203 )] + fs, [P1 (205 )]

Since Pj(z; -) € L(R) for j = 0,1, we obtain (4.13) in the limit by letting s \, 0 and
s1 1. O
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If (Xp, X1) is a compatible couple of sequentially structured Banach spaces, any f €
A (S; Xp, X1) satisfies the conditions of Lemma 4.15 by Proposition 4.13. Moreover, one
can check the convergence assumption f; = lims,; fs for j = 0,1 in Lemma 4.15 for
bounded functions in S2(S; X), in which case we have a stronger form of convergence.

Lemma 4.16. Let X be a Banach space. For each bounded function f € H(S;X) there
exists unique measures ji; € A (R; X) for j = 0,1 with ||| s ®;x) < | fllze(s;x) and
with the property that for all ¢ € L'(R).

[ o) =tim [ oos.(0)a (4.14)
R R

with convergence in X.

Proof. Note that 11} is uniquely determined by the condition (4.14). In order to establish
the existence, for s,¢ € (0,1) and a,b € R with s # ¢t and a < b we denote by I's ; 45 the
rectangle with corners

s+ ai,t + ai,t + bi, s + bi,

oriented clockwise if s > t and counterclockwise if s < t. Then, by the Cauchy-Goursat
theorem,

0= / f(z)dz:i/bfs(r)—ft(r)dT—i—/tf(T—l—ib)—f(T—l—z'a)dT.

s,t,a,b a
As a consequence,

b b t

lim fs(T)dT:/ft(T)dT+i/[f(T+ib)7f(7'+ia)]d7'

s—j
a a 7

and therefore

b
tim [ £.(r)dr| < timsup (6~ o) + 20t = )1 5ex)

s—=j t—j
a

= (b —a)|[fllLe=(s:x)-
As in [60, Remark 2.17], it can then be shown that

b
wi(la,b)) == lim [ fs(7)dr, a,beR,a < b, (4.15)

s—J
a



N. Lindemulder, E. Lorist / Advances in Mathematics 440 (2024) 109506 51

extends to a unique X-valued measure p; € A (R; X) with ||| as ®;x) < || f]lzoe(s;x)-
From (4.15) it follows that (4.14) holds true for all step functions ¢ € L'(R). As f
is bounded on S, an approximation argument subsequently yields (4.14) for all ¢ €
LY(R). O

Let (Xo,X1) be a compatible couple of Banach spaces. As in [60, Section 8.3], we
denote by F(Xo, X1) the space of all bounded analytic functions f : S — Xy + X that
are given as the Poisson transform

f(z) = /Po(z;t) dpo(t) +/P1(z;t) du(t),  z€S, (4.16)
R R

for (necessarily unique) measures p; € A (R; X;), j =0,1. ]?(XO, X1) is equipped with
the norm

1A 2 x0,x1) = jnf_j%ﬁmg'“mo(n@;xj)-

In this notation, [60, Theorem 8.31] states that we can formulate the norm of Calderén’s
upper complex method [10] as

ol xage = i {12y )+ F € F(Xo, X0), £(6) = 2} (4.17)

Example 4.17. Let (X, X1) be a compatible couple of sequentially structured Banach
spaces and let 6 € (0,1). Take pg,p1 € [1,00]. If &; = APi(T; X;) for j = 0,1, then we
have (X, X1)p = [X07X1]0~

Proof. Let V; = [X;, %] be given by T, := JAXOO(T;Xj) for j = 0,1. Then, by Propo-
sition 3.19, (Vo,M1)e — (X, X1)g. Therefore, it suffices to show that (Xp, X1)s —
[Xo, X1)” and [Xo, X1]” < Vo, V1)

In order to show that (Xp,X1)g — [Xo,X1]%, let z € (Xy,X1)s. Take f €
A, (S; X, Xy) with f(6) = x. Then we have for g(z) := e~ f(2) that g € H#(S; X +
X1) and g(f) = . Define hy(t) := e+i=0" which means that g, = hyfs for each
s € (0,1). Note that lims,; hs = h; in %(R). Furthermore, note that {hs} ., is
bounded in “(R) and, as a consequence, pointwise multiplication with {hS}se(O,l) is
a uniformly bounded collection of operators on .(R). By Proposition 4.13 and (4.7),
we have f; = lim,,; fs in A (T; X) — A .(R; X). Therefore, setting g; := h;f;, we
obtain for every ¢ € .(R) that

gj[¢] _gs[¢] = (f][hj¢] - fj[hs¢]) + (f][hSQS] - fs[hs¢]) — 0 fors _>]

for j =0,1, i.e. lims; gs = g; in ' (R; X).
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Now, as in the proof of Example 4.6,

Y 2.2
1951l a7 (R x;) < €977 Ze Ml ars (rix)
keZ

S ||fjH]\Pj(T;X].) < j:%ﬁ HfJ”G]
Since g is given as
9(2) = go[Po(z; )]+ ¢1[Pi(z; -)], 2z €S,
by Lemma 4.15, it follows from [60, Remark 8.36] that
120 (x40, %110 Spowpr max 19 la7s R x;) < max I fille; -
Taking the infimum over all f as above, we conclude [z[|;x, x,16 Spo.pr 1%/l (x0,21)0 DY
Theorem 4.14.
Next, in order to prove the embedding [X07X1]9 = (Yo, 1), let x € [X07X1]9.
Take f € F(Xo,X1) such that f(6) = z. Then, by a combination of Lemma 4.15 and

Lemma 4.16, we have that f is given as (4.16) for measures p; € A®(R; Xy + X1),
j=0,1, with for ¢ € L'(R)

[ odns =t [ oo s (4.18)
R R

with convergence in X + X;. By the discussion on [60, p. 322], po and g1 are uniquely
determined by (4.16). Therefore, p1; € A*(R; X;) with

max [ lase ®ix,) = 1112 x0,x1)
by definition of F(Xp, X1). Let ¢ be as in (4.4) and define

g(z) := Z f(z+2min) - Y (z + 2min), z€S

nez
w) =Y [ w+ i, AeB(T).
nGZA+27rn

Then, as in the proof of Example 4.6, we have g € 7 (S; Xo+ X1) with g() = f(0) = =
and [|vjl[ac(T:x;) S |14l A% (R x;)- Moreover, using (4.18), we find that

[oar =l [oaa w Xo+xa,  oeri(n)
R R
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so that v; = lim,_,; g5 in &’(T; Xy + X1). Therefore, by Proposition 4.13, we have
g € H7(S; 0, Y1) with

lgllor s:v0,30) = max|vjllasrix;) S max fluglaxe @) = 111 70x0,x,)-

By Proposition 4.3, we thus obtain that |[z(|(y,,v,), S ||f\|]j.(X0 x,)- Taking the infimum
over all f as above we deduce that [|z[/(y,,31), < [1%lx,x,e by (4.17). O

4.3. Changing the base number and the torus

Recall from Subsection 3.7 that all the concrete interpolation methods from Ex-
ample 3.3, with the exception of the complex methods in (ii), fulfil the conditions of
Proposition 3.25 and can thus be realized with any base number b € (1,00). In this
subsection we will see that the complex interpolation methods from Example 3.3(ii) can
also be realized with any base number b € (1,00) as well as with any underlying torus
Ty with A € (0,00), where

Ty := R/2/\Z ~ {eigt 1t e [—)\, )\)}

This will play an important role in our study of reiteration in Section 6.
Let A € (0,00). For p € [1,00] and a Banach space X, we set

LP(Tx; X) = {Faf : [ € LP(Tx; X)},

with norm

1
IZAf o (r,x) = WHfHLp(%;Xp

where we use the 2A-periodic Fourier coefficients

1 s
Irf (k) = ﬁ/f(t)efv’“t dt, keZ.
Tx

We define 6(11")\; X) and KP(TA; X)) analogously.

Let b € (1,00) and A € (0,00) satisfy A = 5. As mentioned in Subsection 3.7, all
the general theory of sequentially structured interpolation carries over verbatim from
(Xo, X1)o = (Xo, X1)g.e to (Xo, X1)gp. For the theory on complex formulations in this
section we need to add that the torus T = T, needs to be replaced by the torus Ty
and that the 2m-periodicity in the spaces of analytic functions needs to be replaced by
2\-periodicity. Regarding notation, we will correspondingly write 7, instead of /%, in

each of the spaces of analytic functions that appear in this section.
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In the specific case of the complex interpolation methods from Example 3.3(ii), we
can change the base number and the torus independently from each other thanks to the
scaling properties of the Fourier transform and the corresponding function spaces on the
Fourier side, which is the content of the next example.

Example 4.18. Let (X, X)) be a compatible couple of sequentially structured Banach
spaces, let qo,q1 € [1,00], let b € (1,00), let A € (0,00) and let 6 € (0,1).

(i) It

~

6 = {Epj(TA;Xj) if p; € [1,00)
C(Tx; X;) if p; = o0,
for j = 0,1, then
[Xo, X1]y = (X0, X1) g4
(i) If &; = APi(Ty; X;) for j = 0,1, then
[Xo, X1)° = (Xo, X1)gy.

logb
remain valid with the base number b instead of e and the torus T, instead of T = T.

Proof. Set p:= € (0, 00) and note that the proofs of Example 4.6 and Example 4.17

Defining ¥; in the same way as &; with T replaced by T, we accordingly find that

[Xo, X1]p, in case (i),
Xo,%0l, [ X1, % =
([Xo, %ol [X1, 1])0?1’ { [XO,Xl]g, in case (ii).

On the other hand, the observation that

A
F e = [ﬁ;lwuﬁ ), x € S (L; Xy),
implies that &; = ¥, for j = 0,1. Combining the above we arrive at the desired re-

sult. O
5. Interpolation of operators

We now turn to the interpolation of operators using the sequentially structured in-
terpolation method. Let (Xp, A1) and (Yo, V1) be compatible couples of sequentially
structured Banach spaces. To interpolate the boundedness of an operator T: Xo+ Yy —
X1 +Y; with the sequentially structured interpolation method, it is in general not suffi-
cient to assume boundedness of T' from X to Y; for j = 0, 1. Instead, we need a so-called
(6&,,%;)-boundedness assumption on T for j = 0,1, which we will introduce now.
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5.1. (6,%)-boundedness

Let X and Y be sequentially structured Banach spaces. Let T € (°(Z; L(X,Y)) and
define

Tx = (Tkzk)kez, T € éO(Z;X).

We say that T is (&, %)-bounded if T' defines a bounded operator from & to €. When
X = Y we say that T is G-bounded. We say that a single operator T € L(X,Y) is
(6,%)-bounded if the sequence (..., T,T,T,...) is (&,%)-bounded and write

HTHGH‘I = ||( .. 7T7 Tv T7 .. ')HG*)T'

For specific choices of the sequence structures & and T we have that any T € L(X,Y)
is (6, %)-bounded. Indeed, this is for example the case in the following examples:

(i) 6=¢P(Z;X) and T =4P(Z;Y) for p € [1,x].
(i) & = LP(T; X) and T = LP(T;Y) for p € [1, o0].
(iii) & = KP(T;X) and T = ;\\p(']T;Y) for p € [1, 00].
(iv) 6 =¢P(Z;X) and T =¢9(Z;Y) for p,q € [1,0).
(v) 6 =+P(Z;X) and T =~4Z;Y) for p,q € [1,00).
(vi) If X and Y are Banach lattices and & = X (¢*(Z)) and T = Y ((3(Z)).

The proof of the first four claims is trivial, the fifth and sixth follow from the Kahane-
Khintchine inequalities (see [31, Section 6.2.b]) and the final claim is a consequence of
the Krivine-Grothendieck theorem (see [49, Theorem 1.f.14]). The final claim fails when
one replaces the 2 by any ¢ € [1,00] \ {2} (see [40, Example 2.16]).

For sequences T € (°(Z;L(X,Y)), we have the following relations to pre-existing
notions in the literature.

Example 5.1. Let X and Y be Banach spaces and T € (°(Z; L(X,Y)).
(i) For p € [1, 0] we have
T ler(z; )00 (z:v) = sup || T x v
keZ
(ii) For p,q € [1,00) we have

1T ||er(z:x)sca(z:y) ~pog I{Tk : k € Z}|Ir

||T||7P(Z;X)—>~/‘I(Z;Y) Sp’q ||{Tk ke Z}va

where ||T'||z and ||T'||, denote the R- and 7-bound of a set I' C L(X,Y") respectively
(see [32, Chapter 8]).
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(iii) If X and Y are Banach lattices, we have for ¢ € [1, x]

1T x (¢az)) =y (e2(z)) < IH{Tx : k € Z}]|ea

where ||T'[|;« denotes the £2-bound of a set I' C L(X,Y") (see [40]).
5.2. Interpolation of operators

Let (Xp, X1) and (Yo, Y1) be compatible couples of sequentially structured Banach
spaces. To interpolate the boundedness of an operator T: Xg + Yy — X7 + Y; with the
sequentially structured interpolation method, we will use (&, ¥;)-boundedness assump-
tions on T'. As we saw in the previous subsection, when &; and T; are e.g. the sequence
structures associated with real or complex interpolation method, the boundedness of T
from X to Y; implies the (&;,T;)-boundedness of T for j = 0, 1. So, in these cases, our
theory covers the well-known interpolation of operators with these methods. Our the-
ory also covers e.g. ¢9-interpolation, in which case we can only interpolate ¢?-bounded
operators.

Theorem 5.2. Let (Xo, X1) and (Mo, V1) be compatible couples of sequentially structured
Banach spaces. Let T: Xo+ X1 — Yo+ Y1 be a linear operator such that T': X; —'Y; is
(6;,%;)-bounded for j =0,1. Then T acts as a bounded linear operator from (Xo, X1)e
to (Yo, V1)e for any 6 € (0,1) with

(4 —0 [
Il o, 200303030 < € 1T llg, 2z, I TNl o,

Proof. Let z € (X, X1)p and € > 0 and assume without loss of generality that

IT||¢o—%0s | T]le,—»5, > 0. Let € Sg(e™?) N &S1(e'~?) such that Y, 5z = & with
convergence in Xg + X7 and

”wHGo(e*G)ﬁGl(el*g) < ||$||(X07X1)9 +e.

Let n € Z be such that e® < H;Hzi(:z? < el and define y := (2_p)rez. Then

> rez Yk = x with convergence in Xy 4+ X1. Moreover, by (2.3), we have y € So(e™’) N
61(6176) with

1Yll&oe-o)ne:ei-0) < €97 2], e-0)ne, (e1-0)-
Therefore, we obtain

k(i

172l 3,30 < max || Ty )rez -,

< max "0 Tlg, s, | €0 wi e,

Jj=
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17l —0 )j‘9
||T||61H‘31

< T gyl I TS, 5, (10,2000 + )

< max | Tlle, -,
7=0,1

ee||5'3||ej(ej—9)

Noting that € > 0 was arbitrary, this proves the proposition. 0O

Remark 5.3. The constant e’ in Theorem 5.2 is an artifact of our discrete method. Upon

inspection of the proof of Theorem 5.2, one sees that one can get rid of this constant
|\T|\b0—>¢0
Tlle -

case that ||T||60—>To - ||T||b1—>31 =1

when = e" for some n € Z. This holds in particular in the important special

Let us illustrate that the (&;,¥;)-boundedness assumptions for j = 0,1 in Theo-
rem 5.2 can not be omitted in general, but also that it is not a necessary condition in
all cases.

Example 5.4. Let ¢ € (1,00) and 6 € (0,1). Set
(X0, X1) = ([L*(R™), L*(R"; £9(2))], [WH*(R™), WH2(R"; £4(Z))])
and
(Yo, Y1) := ([L*(R™), L*(R™; £4(Z))], [LT(R™), L (R™; £7(2))]) ,
where for a Banach space X we set
LAR™X)={fe L°R™; X): (1+|-[)¥2f e AR X)},  seR.

Then the Fourier transform .# is bounded from X; to Y; for j = 0,1, while, on the one
hand,

F € L (X, X1)0, Vo, V1)o) (5.1)

if and only if ¢ € (1,2] and, on the other hand, % is (&,, T;)-bounded for j = 0,1 if and
only if ¢ = 2.

Proof. Let us first note that the statement on the (&;,T;)-boundedness of .# follows
from Kwapiei’s theorem (see e.g. [31, Theorem 2.1.18]). So it remains to prove the
characterization of (5.1).

By [41, Proposition 5.1] and [40, Proposition 4.13], we have

(Xo, X1)g = FY (R™),

where F29’ 4(R™) denotes a Triebel-Lizorkin space. Furthermore, by Example 3.21 and [69,
1.18.5], we have
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(Yo, V1)6 = (Yo, Y1)o,00,00 = [L*(R™), LT (R™)]g = L§(R™).

Therefore, (5.1) is equivalent to ng(R”) < H%2(R™), where H%2(R™) denotes a Bessel
potential space. In view of the Littlewood-Paley decomposition H*2?(R™) = FJ,(R"),
the embedding Fy ,(R™) < H%2(R™) holds true if and only if ¢ € (1,2]. This finishes
the proof. O

The above example implies that (Xy, X1)e and (Yo, V1)s are not necessarily what in
the literature is called an interpolation pair for (Xo, X1) and (Yp, Y7). However, this is
not the right way to think about sequentially structured interpolation, as it does not
take the given sequence structures on (X, X1) and (Yp, Y1) into account. Instead, we
need to think about (X, X1)s and (Yo, V1)e as an interpolation pair for (Xp, X)) and
(Yo, V1). See also [41, Remark 2.12] for some category theoretical considerations for the
£9-interpolation method.

5.8. Stein interpolation

In [65] Stein proved a convexity principle for the interpolation of analytic operator
families on LP-spaces. An important special case of [65, Theorem 1] states that an ana-

< for which

lytic family of linear operators {7}, g

I Tj+itfllLai sy < Myl fllzei sy teR,

for any simple function f and pg, p1, qo,q1 € [1, 00] also satisfies

I To fllpacsy < Mo~ MY fllecs),

for 0 € (0,1), % = 1p;09 + pil and % = 1q_—09 + (%. After the development of the com-
plex interpolation method by Calderén [10], this theorem was generalized to general
compatible couples of (quasi)-Banach spaces, see e.g. [12,19,70]. In [66] Stein interpola-
tion was proved for the ~-interpolation method, using the complex formulation of the
~-interpolation method in [39]. Using the complex formulation of the sequentially struc-
tured interpolation method, we will now prove Stein interpolation for any two compatible
couples of sequentially structured Banach spaces (X, X1) and (Vp, V1). In particular we
obtain Stein interpolation for the real interpolation method, which we already treated
in a continuous setting in [45]. Note that Stein interpolation for the abstract framework
in [16] was posed as an open problem, see [37, p.662].

Theorem 5.5. Let (Xo, X1) and (Yo, V1) be compatible couples of sequentially structured
Banach spaces and let X be a dense subspace of Xo N X1. Suppose that &g and &1 are
Cesdro bounded. Let {T(2)},.g be a family of linear operators from X to Yo+ Y such
that:
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(i) T()x € #5,(S;Yo + Y1) for allz € X
(ii) For j = 0,1 there are M; > 0 such that for any @ € coo(Z; X).

[0 et im)] <3451,

Then we have T(0)X C (Yo, V1)g for any 6 € (0,1) with

9]

)
||T(9)$||(y07y1)9 Se ‘]\401 Mla Hx”(?\’o,/\ﬁ)e’ reX.

In particular, if either Xy or Xy is Cesaro convergent, T(0) extends to a bounded linear
operator from (Xo, X1)e to (Yo, V1)e

Proof. Let = € X. Using Corollary 4.5 we can find an @ € ¢oo(Z; X) such that f(z) :=
Srez €Dy, satisfies f(0) = 2 and

Imax [ fills; <o llllxo,2x1)0-

Note that (ek(j_‘g)ack)kez = fj Let n € Z such that e* < %‘f < el and define

g(2) := e"E=0T(2) f(2). Then g() = T(0)z and by our assumptions g € % (S; Yo+Y1).
Thus, using Theorem 4.4 and (2.3), we have

IOl 30.90) < max |[g;lle,

=9 Hﬁi(t — Z ek=0) ikt (5 4 it) k)

= max
j=0,1 keZ Gj
Mo\i—0 .
0 0 k—n)(j—0
< (57) M ezl

59 MOl_GMle ||x||(X0,X1)9a
proving the first claim. The second claim follows by density (see Corollary 3.9). O
Remark 5.6.

(i) Stein interpolation for the complex method is often formulated for families of ana-
lytic operators from either Xy 4+ X3 or Xy N X3 to Yy + Y. However, checking the
analyticity of T'(-)z in applications is often only feasible for specific z, e.g. taking
X the space of simple functions when X; = L?i for j = 0,1. See also [70, Remark
2.2].

(ii) The periodicity assumption on {7T'(z)},.g in Theorem 5.5, which is an artifact
of our discrete framework, can sometimes be inconvenient in applications. For
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specific examples, one can use a continuous formulation to circumvent the peri-
odicity assumption, which for the real interpolation can be found [45] and for the
~-interpolation method in [66].

(iii) In the spirit of Subsection 4.3, Theorem 5.5 also works in a 2A-periodic setting for
A€ (0,00).

Taking &, = CA’(T;Xj) and T, = 6(?1",}’]) in Theorem 5.5, assumption (ii) reduces
to T'(j +it)x € C(T;Y;) for all z € X and

IT( +it)elly, < Mjllzlx,,  teR, zeX,

for 7 = 0,1, which yields a periodic version of Stein interpolation for complex interpo-
lation (see [70, Theorem 2.1]). The power of Theorem 5.5 is of course that it also works
for other interpolation methods. For example, using Stein interpolation for the real in-
terpolation method we interpolated weighted LP-spaces and analytic semigroups in [45].
Stein interpolation for the sequentially structured interpolation method will play a key
role in Lemma 6.10, which in turn allows us to deduce a reiteration theorem.

6. Reiteration

In this section we will study reiteration for the sequentially structured interpolation
method, i.e. we will investigate what happens when you interpolate sequentially struc-
tured interpolation spaces. For this, it will be crucial to work with sequentially structured
interpolation spaces with general base number, which we introduced in Subsection 3.7.
We will freely use the developed general theory for sequentially structured interpolation
with base number e for the general base number b, see also Subsections 3.7 and 4.3.

Our main result reads as follows:

Theorem 6.1. Let (Xo, X1) and (Yo, V1) be compatible couples of sequentially structured
Banach spaces. Let 0 < 6y < 01 <1 and 0 € (0,1) and set w = (1 — 0)0y + 661. Take
a,b € (1,00) satisfying b= a’ =% and suppose

GO(Q_gj) N Gl(al_ej) — ‘Ij — GQ(G_GJ) + Gl(al_oj), (61)
for 5 =0,1. Then we have

(XOa Xl)w;a - (yOa yl)@;lr

In Theorem 6.1, one typically takes Y; = (Xo, &1)s,. In the upcoming subsections, we
will check that the sequence structure T; on Y; satisfies the assumed embeddings in (6.1)
in various concrete situations. Using the change of basis results in Proposition 3.25 and
Example 4.18, this will, in particular, yield reiteration identities for the real, complex
and ~-interpolation methods.
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Proof of Theorem 6.1. First let © € (Xp, X1)w.q. Let € (°(Z; X) be such that = €
So(a™¥)NGy(a'¥) and x = Y, .z 2 in Xo + X;1. Then, as (j — 0)(6; — 0y) = 6; —w,
we have by the first embedding in (6.1)

[ /lzo@-0)nTi(01-0) = jnzl%ﬁﬂwﬂgj(aﬂrﬂ < X |1Z]le; (ai-v)
= ||w|\60(a—w)mel(al—w)~

In particular, by Remark 3.2, we know that ZkeZ x) also converges in Yy + Y7 and
since the second embedding in (6.1) implies that Yy + Y1 — X + X1, we must have
T =3,z Tk in Yo + V3. Therefore, we obtain

Hx”(yo,)h)s;b N ||w|‘60(a*“’)ﬁ61(alfw)~

Taking the infimum over all representations =), _, z, we conclude

Izl o310 S N2l (20,21 )sa -

This proves the embedding (Xy, X1)w:a = (Yo, V1)0:b-
Now let y € (Vo,V1)es and put y := (..., 4,9,9,...). Let yo € T(b=%) and y, €
T(b'%) be such that y = y, + y,. Then, using the second embedding in (6.1), we have

1Yll&o(a—)+61 () < Yollso(a—)+61 () + 1Y1lleo(a—)+&1 (1)
S ||y0||‘30(a90*“’) + ||y1||31(a9rw)
= ||y0||T0(b—9) + ||y1H$1(b1—9)~

Taking the infimum over all decompositions y = y, + y;, we find that

HyHGO(a—w)Jrsl(al—w) S ||y||“£0(b*9)+60(b1*9)'

By Theorem 3.12, this proves the embedding (Yo, V1)o < (Xo, X1)wie- O
6.1. The real interpolation method

In this subsection we will show that Theorem 6.1 implies the classical reiteration
theorem for the real interpolation method. Let us start by recalling the classes Jy and
Ky (see e.g. [69, 1.10.1]). Let (Xo, X1,Y) be a compatible triple of Banach spaces and
let 8 € [0,1].

o Y is said to be of class Jy between Xy and X; if XoNX; — Y and for all ¢ € (0, c0)
and x € Xo N X1,

llly S max {t~ 7|l xg, ¢ lzllx, } =2 70Tt 23 Xo, X2).
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o Y is said to be of class Ky between Xp and X; if Y < X+ X; and for all ¢t € (0, 00)
and x €Y,

t_eK(t7$; XOle) = inf (t_a‘leHXo + t1_9||‘r1||X1) 5 ||1'||y,
where the infimum is taken over all g € X and z; € X7 such that = zg + 1.

Given these definitions, the classical reiteration theorem for the real interpolation method
(see e.g. [69, 1.10.2]) reads as follows:

Example 6.2. Let (X, X;) and (Y, Y1) be compatible couples of Banach spaces. Let
0<6y<6 <1land @€ (0,1) and set w = (1 — 6)fy + 66,. Suppose that Y; is of class
Jo, and Ky, between Xy and X for j = 0,1. Then we have for p € [1, oc]

(X07 Xl)w,p == (}/E); Yl)H,p~

Using Example 3.3(i) and Proposition 3.25, we know that the conclusions of Theo-
rem 6.1 and Example 6.2 coincide when one takes the sequence structures in Theorem 6.1
to be ¢P(Z; X )-spaces. Therefore, to deduce Example 6.2 from Theorem 6.1, it suffices
to relate the classes Jy and Ky to the assumed embeddings in (6.1). This is the content
of the following proposition, which thus, in particular, implies Example 6.2.

Proposition 6.3. Let (Xo, X1,Y) be a compatible triple of Banach spaces, let p,po,p1 €

[1,00] and 0 € (0,1) satisfy % = 1]9;09 + pil, let 6 = Pi(Z;X;) for j = 0,1 and let

T =(0P(Z;Y). Then the following statements hold true for any a € (1,00):

(i) Y is of class Jy between Xy and X1 if and only if
Go(a ) NG (a'?) — 3.
(i) Y is of class Ky between Xy and X1 if and only if
T Gola™?) + &1 (a'7Y).

Proof. We start by proving (i). First assume that &o(a=?)NGS1(al~?) — T, let t € (1, 00)
and z € Xo N X;. Pick k € Z such that t € [a¥,a**!) and consider z := z ® 1 =
(...,0,2,0,...) € £9(Z; Xo N X1). In light of (2.2) and (2.3) and by choice of k, we get

lzlly = lellx S max [|2]s,@-e) = max a7~z x,

St It @ Xo, Xy).

Therefore, Y is of class Jy between Xy and X;. Conversely, assume that Y is of class Jy
between Xy and X;. Taking t = ||z||x,/||x]|x, in the definition of Jy, we see that
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0
lzlly S 2l lellk,, @€ XonX:.

Therefore, given x € Sy(a~?) N &1 (a'~?), Holder’s inequality yields that

B —0
k(1 e)fL‘k)lgeZH%m(Z;Xﬂ

lzlls = lzllerziv) S (@™ 2n)kezlitr z:x,) I (@
= [|2ll&, (-0 12, (a1-0) S N2l 0(a0)ne: (@19,

which proves that &g(a=%) N &;(a' %) — T.
For (i), we first assume T < Sg(a™?) + &1(a'~?), let t € (1,00) and z € Y. Pick
k € Z such that t € [a*,a**!) and consider

x:=r®1yy=(..,0,2,0,...) €T

Let #/ € G;(a?~?) for j = 0,1 such that x = 2° + x'. By choice of k, (2.2) and (2.3) we
have

-0 -0 -0
K (t 2 Xo, X1) < 702l x, + 0 leillxy S l2llleo@o) + 1 6, (ai-0)
Taking the infimum over all such #/ shows that Y is of class Kg. For the converse we will
only treat the case pg,p1 < 00, the cases where pyg = oco and/or p; = oo being similar,
but simpler. Take 7 > 0 and y € Y. Using the assumption that Y is of class Ky between

Xo and X; with ¢t = 7||y||?, where 3 := ﬁ, we see that there exists o9 € Xo
and z; € X; such that y = zg + x; and

p
0) 1— 0) P
775 lx, = 8 sl x, 70~ < Cllylly ™™ = Clylly?

for j = 0,1. Choosing 7 = a* we find that, given y € T with |y||ls = 1, there exist
z¥ € (°(Z; Xp) and z! € (°(Z; X;1) with y = 2° + z! and

, . )
a*U= 0zl |x, <2C|lyklly) . 5 =0,1,

forall k € Z. So

[Ylleota—o)+e: (-0 < [2°leg@—e) + 12" e, (@1-2)
= > 1@V 2 s 2,
7=0,1
P r
Pj Pj
S Z ||(yk)k€Z”zzZ(Z;y) = Z lylls =2,
j=0,1 Jj=0,1

proving the embedding T — Sy(a™%) + &;(a!?). O
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Remark 6.4. The “if” parts of the statements in Proposition 6.3 do not use the specific
choice of &y, &; and ¥ and hold for any sequence structures.

The classes Jy and Ky can be characterized by embeddings using the real interpolation
spaces (Xo, X1)g,1 and (Xo, X1)g,00- In particular, we have that

(Xo0,X1)o,1 = Y = (X0, X1)6,00-

if and only if Y is of class Jy and Ky between Xy and X; (see e.g. [69, 1.10.1]). Therefore,
in view of (3.11), we know that any for any compatible couple of sequentially structured
Banach spaces (X, X1) we have that (X, X1)g is of class Jy and Ky between Xy and X3
for 6 € (0,1). Combining this observation with Example 6.2, we obtain:

Example 6.5. Let (Xo, X7) be a compatible couple of Banach spaces. Let &; and T; be
sequence structures on X; and set X; := [X;,&;] and V; := [X;,T;] for j = 0,1. Let

pel,oo],let 0 < by < <1land@ e (0,1) and set w= (1 —0)y + 661. Then we have
the reiteration identity

((Xo, X1) 6, (y07y1)01)3’p = (X0, X1)w,p-
6.2. The complex interpolation method

We now turn to reiteration for the complex interpolation method. In contrast to the
previous subsection, in which we only recovered the already known reiteration theorem
for the real interpolation method, we will obtain various new reiteration results for the
complex interpolation method. In particular, we will deduce the following example from
Theorem 6.1:

Example 6.6. Let (Xj, X1) be a compatible couple of Cesaro bounded sequentially struc-
tured Banach spaces such that &y or &7 is Cesaro convergent. Assume that for j = 0,1

le*zkezlls, < lzls,, SR zeS;

Let 0 < 0y < 6; < 1 and 6 € (0,1) and set w = (1 — 6)0y + 00;. Then we have the
reiteration identity

(X0, X1)6,, (Xo, X1)o, g = (X0, X1)w-
In particular, we have the reiteration identities:

[[X07X1]907 [X07X1]91]0 == [X()le]w)
(X0, X1)60.e> (X0, X1)oy¢] p = (X0, X1)we
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(X0, X1)a0.7> (X0, X1)0, 4] ) = (X0, X1)w v
[(Xo0, X1)60,0+ (X0, X1)01.0]y = (X0, X1)w s

where « is a global Euclidean structure.

Remark 6.7. Concerning the complex interpolation of real interpolation spaces, it is
known that

[(XO, Xl)eoﬁl)o? (X07 X1)91,P1]9 = (XO, Xl)uhp (62)

is valid for all p, pg, p1 € [1, 0] with % = 1;—09 + p% (see e.g. [8, Theorem 4.7.2]). However,
this result is only contained in Example 6.6 in the specific case that py = p; < co. The
finiteness assumption is just a technicality caused by our proof, whereas the assumption
po = p1 is inherent to our approach. Indeed, the assumed embeddings in Theorem 6.1
only connect pg to p and p; to p separately, so they can not encode the relation between
po,p1 and p required for (6.2). It would be interesting to find a suitable extension of

(6.2) to the abstract setting of sequentially structured interpolation.

They key to deduce Example 6.6 from Theorem 6.1 is the following proposition, in
which we prove the embeddings in (6.1) for the sequence structures associated with the
complex interpolation method (see Example 3.3(ii)).

Proposition 6.8. Let (Xy, X1) be a compatible couple of Cesdro bounded sequentially struc-
tured Banach spaces such that &g or &1 is Cesdro convergent. Let 6 € (0,1) and let
€ (1,00). Assume that for j = 0,1

I zezlls, < lzls,.  seR ze6;. (6.3)

Set X := = € (0,00). Then we have for p € [1,0)

loga

So(a=?) NSy (a'~") < LP(Th; (Xo, X1)p:a) = So(a™) + &1 (a'~0).

Proof. For the first embedding we will use the isometric isomorphism between
K (S; X, X1) and Gp(e%) N &y(e!~?) from Lemma 4.2. Fix f € JA(S; Xp, A1) and
note that for ¢t € R we have

1P+ i) o si0,20) = max [Zalfo (- + D)l s, eie)

= jn;%ﬁ ||(aikty>\f9(k))kezHsj(ef—")
(6.3)
< jnzlgﬁH(f,\fe(k))keZHGj(ef*")

= || flloa(s:x0.21)-
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Therefore, using the complex formulation in Proposition 4.3, we have fg(t) € (Xp, X1)0:q
with for any ¢t € Ty

Ifo (Nl (xo,x0)0.0 < NFC + O loasizo,x) S I lloasixo,x0)-

Therefore, fo € LP(Ty; (Xp, X1)g) and

||f9||L”(T/\;(X0,X1)9;a,) § ||f||:9fA(S§XOgX1)

In view of Lemma 4.2, this proves the first embedding.

We will deduce the second embedding by duality. By Lemma 2.1, we know that X
and X7 are Cesaro convergent. Thus, by Lemma 3.13, we know that (X§)* and (A7)*
are Cesaro bounded sequence structures, for which one can easily check that for j = 0,1

Ie™*zi)rezll(es) S lx*lles)- s €R, z* € (65)"

Noting that the first part of the proof did not use the Cesaro convergence assumption
and also works for a=! € (0,1), we have by Proposition 3.14

(&8)"(a®) N (89)" (" 1) < LP(T; ()", (X2)*)0:a) 64
< LP(Tx; (Xo, X1 )ga)* '

Take & € coo(Z; Xo N X1) and let ¢ > 0. Using (3.6) we can find a * € (&§)*(a?) N
(&%)*(a’1) of norm 1 such that

T/l (a-0)+&2 (a1-0) < [(®,x™)| + €.
Then, by the embedding in (6.4), we have
IZllo(a-0)+6, (a1-0) < (T, ") +€
= ||m||ip(T)\§(X07X1)9;a)||m*||EP(TA§(XO>X1)9;a)* +e
Sl 2o (s (20,2000 T &

Since & > 0 was arbitrary and cop(Z; Xo N X1) is dense in EP(T,\; (Xo, X1)p;0) by Corol-
lary 3.9, the second embedding follows. O

Example 6.6 now follows from Theorem 6.1 using a = e!/(?1=0%) p = ¢, Y = (Ao, X1)e;
and

(3:] = ZP(’]I‘)\, (XOa Xl)@j)

for \ := loga and p € [1,00). Indeed, the assumed embeddings in Theorem 6.1 follow

from Proposition 6.8 and the conclusion of Theorem 6.1 is equivalent to the conclusion
of Example 6.6 by Example 4.18.
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6.3. The ~y-interpolation method

To conclude our discussion of reiteration, we will discuss Theorem 6.1 in the setting
of the y-interpolation method. In particular, will prove the following concrete example.
For an introduction to nontrivial type and Pisier’s contraction property we refer to [32,
Chapter 7).

Example 6.9. Let (X, X7) be a compatible couple of Banach spaces with non-trivial
type. Let 0 < 0y < 61 < 1 and 0 € (0,1) and set w = (1 — 0)0y + 06;. We have the
reiteration identity

([X07X1]90a [X07X1]91)0,'y = (XO’ Xl)W77

and, if in addition Xy and X; have Pisier’s contraction property, we also have the reit-
eration identity

((Xval)Go,’ya (XOa X1)917’Y)9,fy = (XOle)w,’Y'

As before, to prove that Example 6.9 follows from Theorem 6.1, we need to study
the embeddings in (6.1). We start with an interpolation result for weighted sequence
structures, which is an application of the Stein interpolation in Theorem 5.5.

Lemma 6.10. Let (X, X1) be a compatible couple of Cesdro convergent sequentially struc-
tured Banach spaces, let 4; be a Cesdro convergent sequence structure on &; and set
S; = [6;,4;] for j =0,1. Suppose that

H((l’km—k)kez)nezuuj S ezl = ((xkvn)kez)nez €4
for 7=0,1. For 6 € (0,1) and a € (1,00) we have

(S0, S1)sa = (So(a™), S1(a™?)) ..

where S;(a?~?) == [&;(a?~%),0;] with
;= {((ka,n)kez)nez € O(Z;6;(@ %)) : (A" apn)rez)nez € ﬂj}'

Proof. Set A := . Let X := coo(Z; Xo N X;) and let {T'(2)},cg be the family of

loga*
operators X — &g(a™?) + &1(a'~?) given by

T(z)x := (ak(e_z)xk)kez.

Note that X is dense in Sy N S; and note that
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Y]

2 T(2)x € HA(S;60(a™?) + 61(a* 7)), xeX.

For @ = ((znk)kez)nez € coo(Z; )U() = coo(Z?; Xo N X1) we have

y)\ |:t — Z aintT(j +it)(xk,n)kEZ] — y)\ [t — Z aint(ak(g_j_it)xk,n)kel}
nez neZ

(«?A [t s Z ai(nfk)ta(efj)kka])
nez

keZ

= Z, [t — Z amt(a(e*j)kwk,n—k)kez}
nez

_ ((a(g—j)kmk,n—k)keZ)neZ’

so that

H% [t 37 @™ T + it) (wh.0) ez ‘
nez

v, ||(($k,nfk)kez)n€ZHuj Sl

Therefore, we can apply Theorem 5.5 (see also Remark 5.6(iii)) and Corollary 3.9 to find
that 7(0) = I extends to a bounded operator from (Sp, S1)a;a to (So(a™?), Sl(al’o))e;a,
which is equivalent to the embedding “—". The reverse embedding can be obtained in
the same way. O

Using Lemma 6.10, we can prove the embeddings in (6.1) for the sequence structures
associated with the y-interpolation method introduced in Example 3.3(iv). Example 6.9
follows by combining the following proposition with Theorem 6.1 and Proposition 3.25.
Proposition 6.11. Let (Xo, X1) be an compatible couple of Banach spaces with non-trivial

type, let § € (0,1), p € [1,00) and let a € (1,00). Set &; = vP(Z; X;) for j =0,1. Then
we have

Go(a™Y N &1 (a* ) = +P(Z; [ X0, X1]o) — So(a™?) + &1 (a*7?),
and, if Xy and X, have Pisier’s contraction property, we have

60((1_9) N 61((11_9) — ’yp(Z; (X(),Xl).gﬁ) — 60((1_9) + 61(&1_9).

Proof. Set A := 7. For the first chain of embeddings, let &(; := L2(Ty;6;) and set
S; = [6;,4;]. By [32, Proposition 7.1.3], we know that [X¢, X1]¢ has non-trivial type.
It thus follows from [32, Theorem 7.1.14 and Theorem 7.4.23] that Xy, X; and [Xo, X1]e
have finite cotype and are K-convex. We can therefore apply [32, Corollary 7.2.10 and

Theorem 7.4.16] in combination with Example 4.18 to obtain that
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(80781)9;11 = [VP(Z;XO),’VP(Z;Xl)]Q = [5P(Z;X0)75P(Z;X1)]9
= eP(Z;[Xo, X1]p) = 7P(Z; [ Xo, X1o).

Using Kahane’s contraction principle (see [32, Theorem 6.1.13]) we find that, for all
T = ((xk,n)kGZ)neZ € uja

H«xkx"*k)kez)neZHuj = Ht (a_iktyh[(xk,n)nez](t>)kezHLz(Tkwp(z;Xj))

H
<[t = (Aal@rn)nez]®) yezll 12 omyimr @ix,y) = 12l -

Therefore, by Lemma 6.10, we have

(S0, S1)eza = (So(a™), S1(a ™)),

;a

Since, by Proposition 3.6, we have

Go(a™?)N&1(a'"?) = (So(a™?),S1(a'"?)),.. = Sola™®) + &1(a'"?),

0;

this proves first chain of embeddings.

The proof of the second chain of embeddings is analogous, using U, := v?(Z; &;) for
j = 0,1. Indeed, using [66, Corollary 3.2 and Corollary 3.3], [32, Corollary 7.2.10] and
Proposition 3.25 we find that

(S0,81)9;0 = (VP(Z;XO)WP(Z;XO)M = (€p(Z;X0)a5p(Z§X1))9’
= eP(Z; (Xo, X1)o,4) = v*(Z; (X0, X1)0,~)-

~

As X; has Pisier’s contraction property, we have tl; = ~?(Z?% X;) (see [32, Corol-
lary 7.5.19]), which yields that

H((xk,n—k)kez)neZHuj S Ml T = ((xkv")kez)nez € ;.

The proof is finished using Lemma 6.10 and Proposition 3.6 as before. O
7. Interpolation of intersections

In this final section we will study intersection representations for the sequentially
structured interpolation method. These results can be used to derive several intersection
representations for anisotropic mixed-norm function spaces. In future work we will for
instance see that the intersection representation for anisotropic mixed-norm Triebel-
Lizorkin spaces (cf. (1.1))

s,t s
F((p,q;ﬂ(Rd X Rk) = Fp,q(Rd; Lq(Rk) N Lp(Rd3 F;,q(Rk))
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from [44] can be obtained from the elementary intersection representation for anisotropic
mixed-norm Sobolev spaces

W (R x RY) = W (RY; L1(RF)) 0 LP (R W7 (R))
by means of /¢-interpolation. Besides that this yields a tremendously simplified proof,
it will also provide us valuable insight in the trace theory behind the maximal LP-L9-
regularity approach to parabolic boundary value problems.

The following intersection representation is an extension of a result by Peetre [59, Ko-
rollar 1.1] (also see [69, 1.12.1 and 1.12.2]) on the intersection of real interpolation spaces
to the setting of sequentially structured interpolation. Other results on interpolation of
intersections as well as sums can be found in [5,24,27-29,51,52].

Theorem 7.1. Let X = [X,6], Y = [Y,F] and Z = [Z,4] be sequentially structured
Banach spaces such that (X,Y,Z) is a compatible triple of Banach spaces. Assume that
for each k € Z there exist linear operators Sy, : X +Y — X and Ty, : X+Y+2Z Y+ 2
such that:

S+ Tk =Ixty, ke, (7.1)
[(Skvr)kezlle S Ivlle+s(e) veEG+%(e), (7.2)
[(Trvr)kezllze) S Ivllera(e)s v EG+T(e), (7.3)
[(Thze)rezlls S N2y, z e (7.4)

Then, for all 6 € (0,1), we have
(X, V)e N (X, Z)p = (X, VN Z)e, (7.5)
where YN Z =Y NZ,TNY.

Remark 7.2. The existence of linear operators S, : X +Y - X and T : X +Y —» Y
for each k € Z such that (7.1), (7.2) and (7.3) are satisfied would be the natural way
to define the quasilinearizability of (X,)), extending the notion of a quasilinearizable
compatible couple of Banach spaces (see e.g. [69, 1.8.4]) to the setting of compatible
couples of sequentially structured Banach spaces. Note that (7.2) and (7.3) hold true if
and only if

|(Sk)kezlle—e < 00, H(e*’“Sk)kezllsae < 00, (7.6)

(" Th)rezlle s < 00, [[(Th)rezllzss < oo, (7.7)

hold true (cf. [41, Definition 4.1]).
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Proof of Theorem 7.1. It will be convenient to define the linear operators S : £°(Z; X +
Y) = (Z;X)and T : (°(Z; X +Y + Z) — (°(Z;Y + Z) by Sv = (Skvk)kez and
Tv := (Tkvk>keZ-

Note that “«=” in (7.5) follows by two applications of Proposition 3.19. In order to
establish the converse, let v € (X,))s N (X, Z)g € X 4+ Y. Then, in particular, v €
(X, 2)g, so that v := (..., v,v,v,...) € &(e™?) + U(e!~?) by Theorem 3.12. Therefore,
there exist € G(e™?) and z € U(e! %) such that v = & + z and

1zl Ee-0) + 12[luer-0) < 2/v]leEe-0)+s(er—)- (7.8)
Defining

a:zv—Tz(g)Sv—&—Ta:(?il) Sv+x — Sz,

b=Tz=Tv-Tx,
we have v = a + b. Furthermore, we have the following estimates:

lallse-o) < [1SvlsE-0) + |ZlsEe-—o) + 1SZlle@0)
(7.2)
S vlleEe-o)+ser-o) + 1Zlle @) + 1S &)
(7.6)
S vlleEe-oyrser-o) + zlle@-)
(7.8)
S ma‘X{”v”G(e—g)-l-T(el“’)?||v||6(e—9)+u(e1—9)}7

and
[Bllz(er-0y < ([ TV]|x(er-0) + | T2 |5 (c1-0)

(7.3)

S vlleEe-o)+ser-o) + 17250

(7.7)

S vlleEe-o)+5er-o) + 1zlle @9

7.8

< max {[|v]le-0)rx(e-0), [Vl E-0)+er-9) }
and finally

7.4) (7.8
[bllsier-0y = IT2[lger-0y S 2lluer-0) < 2[v|laEe-o)rsuer—o)-

Therefore,
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vll&@eo)+Enuer-¢) < lallse-—e) + 1l e -2
= |lallg(e-0y + max{||bl|z(er-oy, [|bllsier-0y }

< max { [vlleEe-o)+x(er-9), ||v||e(e—9)+u(e1—6)}-

By Theorem 3.12 we thus obtain that

[0l ynz)e S max {[[vllx,3),, 0], 2), }

finishing the proof. 0O

As in [59], we obtain the following corollary in the special case that ) is the sequen-
tially structured Banach space induced from X by an operator A on X, which is an
extension of a classical result by Grisvard [27] in the setting of real interpolation.

Corollary 7.3. Let (X, Z) be a compatible couple of sequentially structured Banach and
let A be a closed, injective linear operator on X with {e* : k € Z} C p(—A) such that
(e¥ + A)~! has an extension to a linear operator on X + Z for which Z is an invariant
subspace for every k € Z. Assume that (ek(ek + A)fl)kez is both &-bounded and -
bounded. Let Y = [D(A), & 4] with

4= {y e’ (Z;D(A)): (Ayr)rez € S}
Then, for all 8 € (0,1), we have the intersection representation (7.5).

Proof. For k € Z we define the linear operators S, : X +Y = X and T} : X +Y + 27 —
Y + Z by

Spi=T—c"(e" 4+ A)7t = A"+ A)7,
Ty = ek(ek + AL

Then we clearly have (7.1). From the &-boundedness of (e*(e* +A4)~"), _, it follows that
(7.6) and (7.7) are satisfied, and thus by Remark 7.2, that (7.2) and (7.3) are satisfied.
Furthermore, the {t-boundedness of (e*(e* + A)_l)keZ yields that (7.4) is satisfied. We
can thus apply Theorem 7.1 to obtain that there is the intersection representation (7.5)
for every 6 € (0,1). O

In [59, Section 3] it is posed as an open problem to obtain a version of [59, Korollar 1.1]
for the complex interpolation functor. On an abstract level, Theorem 7.1 provides a
solution to this problem in the full generality of sequentially structured interpolation,
which contains the complex interpolation functor as a special case by Example 3.3(ii).
However, it remains the question whether Theorem 7.1 or Corollary 7.3 has any practical
relevance in this specific case. Is it for instance possible to derive [24, Lemma 9.5] from
Corollary 7.37
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