Measurement-Induced Phase Transition for Free Fermions above One Dimension
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A theory of the measurement-induced entanglement phase transition for free-fermion models in d > 1
dimensions is developed. The critical point separates a gapless phase with #¢~! In £ scaling of the second

cumulant of the particle number and of the entanglement entropy and an area-law phase with 74! scaling,
where # is a size of the subsystem. The problem is mapped onto an SU(R) replica nonlinear sigma model in
d + 1 dimensions, with R — 1. Using renormalization-group analysis, we calculate critical indices in one-
loop approximation justified for d = 1 4 ¢ with € < 1. Further, we carry out a numerical study of the
transition for a d = 2 model on a square lattice, determine numerically the critical point, and estimate the

critical index of the correlation length, v ~ 1.4.

Introduction.—Quantum dynamics of many-body sys-
tems subjected to quantum measurements and, in particular,
measurement-induced entanglement phase transitions
attract a great deal of research attention. This area of
research connects the condensed matter physics with
quantum information processing. Measurement-induced
transitions, which result from a competition between
unitary dynamics that enhances the entanglement and
measurements that reduce it, were initially investigated
in quantum-circuit framework [1-28]. Later works showed
ubiquity of measurement-induced transitions; they were
studied in a variety of many-body systems, including free
fermions [29-45], Majorana fermions [46—48], Ising spin
systems [49-58], Bose-Hubbard models [59-63], disor-
dered systems with Anderson or many-body localization
[38,64,65], and models of Sachdev-Ye-Kitaev type [66,67].
While most of the studies were of computational character,
important analytical progress has been achieved for some
of the models. Furthermore, recent works on trapped-ion
systems [68,69] and superconducting quantum processors
[70,71] reported experimental indications of measurement-
induced phase transitions.

Recently, the present authors developed a field-theoreti-
cal approach to the measurement-induced physics in the
model of one-dimensional free fermions [45]. The problem
was mapped onto a two-dimensional SU(R) nonlinear
sigma model (NLSM) in the replica limit R — 1 blue;
see also Refs. [27,46] for related NLSMs of different
symmetries in Majorana fermion setups. The mapping to
SU(R) NLSM allowed us to show that this system is always
in the area-law phase but, for small measurement rate,
exhibits a broad intermediate regime with logarithmic
increase of the entropy. These analytical results were
supported by numerical simulations.

In this Letter, we demonstrate that, in spatial dimension-
ality d > 1, the system of free fermions subjected to
measurements exhibits a phase transition between a gapless
phase with #9~! In # scaling of the second cumulant of the
particle number and of the entanglement entropy and an
area-law phase with #%~! scaling. (Here, 7 is a size of the
subsystem.) Specifically, on the analytical side, we map the
problem onto a replica NLSM in d 4 1 dimensions and
develop a renormalization group (RG) analysis. We show
that for d > 1 and sufficiently rare measurements the
scaling ~#%'In# holds. For d = 1 + € with e < 1 we
develop a parametrically justified one-loop analysis of the
transition and calculate critical indices. We identify the
particle number covariance, closely related to the mutual
information, as the scaling variable for the transition. Using
this framework, we carry out a computational study of the
transition in d = 2 dimensions, determine numerically the
critical point, and estimate the correlation-length critical
exponent v. These arguments, together with the expectation
of the quantum Zeno effect for sufficiently frequent
measurements, imply the existence of the transition for
arbitrary d > 1.

Model and measurement protocol.—We consider a d-
dimensional tight-binding model of free fermions, defined
on a hypercubic lattice with L sites and periodic boundary
conditions. The system Hamiltonian reads

H=-1> [ (@x)p() + He.], (1)

(ex’)

where summation is performed over lattice links and the
hopping constant J defines the energy scale. Each site x of
the system is projectively monitored: at randomly chosen
(x)
i

times ¢, sampled from a Poissonian distribution with a rate
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7, independently for each site, a projective measurement of
the site occupation number 7(x) = ' (x)j(x) is per-
formed. The outcome of such measurements, which can
be either zero or unity, n = 0, 1, is random, with proba-
bilities determined by the many-body wave function ¥ at
time ¢ — 0:

Probln|(x. 7)] = (¥(r = 0)|P,(x)|¥(r - 0)).  (2)

This standard quantum-mechanical Born rule involves
many-body projectors onto linear subspaces with a definite
site occupation n = 0, 1:

Po(x) = 1—ii(x).  Px)=a(x).  (3)

After the measurement at time ¢ on site x with an outcome n
is performed, the wave function undergoes a von Neumann
collapse and is projected onto the corresponding subspace
with subsequent renormalization:

|¥(t+0)) =

The system is initially prepared in an arbitrary Gaussian
pure state (i.e., described by a Slater determinant) |¥(7,)).
The evolution consists of unitary part governed by the
Hamiltonian A and nonunitary part introduced by mea-
surements according to the above protocol. We will study
properties of the wave function |¥(z =0)) in the limit
to — —oo (“steady state”). This pure state depends, by
construction, on the random ‘“measurement trajectory”
T = Aty Xy}

To investigate the measurement-induced entanglement
transition, we utilize a relation [72] between the entangle-
ment entropy Sy, for a given subsystem A (characterized by
the reduced density matrix p,) and an infinite series of
particle-number cumulants,

e = ¢ (Z ﬁ(x))N», (5)

in the same subsystem. This relation,
A A > 2
Sp==Tr(palnpy) =Y 2 (2q)C5"  (6)
q=1

with ¢ the zeta function, holds for arbitrary pure Gaussian
states, including [38,43,45] monitored systems. Moreover,
it was demonstrated [45] that the first term [involving the

second particle-number cumulant Cf)] is dominant in the
series (6), i.e., Sg~ (7%/ 3)6542). This approximation is
parametrically controlled for small measurement rate y/J

and holds numerically with an excellent precision even
when y/J is not small. We have verified that this is the case

also for d = 2 across the transition [73]. This property is
also known to hold in disordered systems [78], even in the
vicinity of the Anderson metal-insulator transition.
Notably, the present problem bears a certain similarity to
that of Anderson transitions [79], as both can be mapped to
corresponding NLSMs, albeit with different replica limits.
For these reasons, our further analysis focuses on the

second particle-number cumulant C<2), with the results
applying also to the entanglement entropy Sj. Note that,
in interacting systems, the above relation between S and
particle-number fluctuations does not hold, making it
possible to have a transition in particle-number fluctuations
(“charge sharpening”) distinct from the entanglement
transition [25,26,69].

Nonlinear sigma model.—In Ref. [45], it was shown that
the behavior of the particle-number cumulants (and of the
entanglement entropy) in monitored one-dimensional free-
fermion systems is described by a replicated NLSM.
Specifically, this field theory operates with matrix fields
U(x,t) eSU(R) in the replica space, governed by the
Lagrangian density

. L oeoan Ve
£[0) = gTr(—d?U(d?U)T + voVUVUT)’ ()

and yields the observable correlation functions in the
replica limit R — 1 (dictated by the Born rule). The
derivation of the effective theory (7) is straightforwardly
extended to arbitrary spatial dimensionality d; as a result,
we obtain the NLSM in d + 1 dimensions [73]. The theory
is defined in the time domain ¢ < 0, with the boundary
condition U(x, t = 0) = 1. As a consequence of the meas-
urement-induced infinite-temperature heating of the system
in the steady state, velocity in Eq. (7) is expressed via the
root-mean-square velocity averaged over the Brillouin zone
v =/2dJ as v = v/ V/d. The bare value of the coupling
constant g is given by

9o = p(1 =p)vo/y, (8)

with p €0, 1] being an average filling factor of the state
(which is conserved during the evolution). The time
derivative in Eq. (7) contains a source matrix field
E(x, 1), which is diagonal with respect to replica indices,

2 = diag({2,}2)):
07U = 0,0+ (i2/2){U,E}. )

Here, {.,.} is the anticommutator and we have also
introduced a renormalization factor Z with the bare value
ZO - 1

The generating functional Z[Z] obtained from Eq. (7) in
the presence of the source is then used to calculate
the density correlation function that determines the



particle-number cumulants in Eq. (6). The simplest, two-
point correlation function is given by

R 2 A
6~ In Z|E2
+ E_ = H[ ) ] (10)

where the overbar denotes averaging over quantum tra-
jectories 7. On the Gaussian level (i.e., expanding the
fields in small fluctuations around the saddle point up to
second order), this correlation function and its Fourier
transform read

Clx) = 290 Z3/o X", Clg) = goZBlgl. (1)
where 6, = 27(@*1)/2/T'(d/2 + 1/2) is the surface area of
d-dimensional sphere (with I' the gamma function). For a
subsystem in the form of a (d-dimensional) ball of radius ¢,
this correlation function leads to the following behavior of
the second cumulant in the Gaussian approximation:

¢
) aPs, pitins (12)
VA lO

where [y ~ /d/2(J/y) is the mean free path that plays a
role of the ultraviolet cutoff for the NLSM. Importantly,
a power-law (“critical”) character (11) of C(x) leads to a

logarithmic enhancement of C(;) and of the entanglement
entropy in comparison to area law.

RG and scaling analysis.—The long-wavelength behav-
ior of the NLSM (7) can be analyzed by means of RG
equations for two running dimensionless coupling con-
stants, G(¢) = g(£)¢?"" and Z(¢), cf. Refs. [80,81]. Since
d =1 corresponds to the logarithmic dimension for the
NLSM theory, we can develop an e expansion with
€ =d— 1. In the one-loop approximation, the RG flow
is described by (cf. Ref. [45] where ¢ = 0; see also [73])

dG/dIn¢ = p(G) = ¢G — R/4x + O(1/G), (13)
dInZ/dIn¢ = p,(G) = O(1/G?). (14)

Equation (13) agrees with earlier results for the f function
of the NLSM of corresponding symmetry [74,79-81].
For spatial dimensions higher than unity, € > 0, Eq. (13)
implies the existence of a critical point defined by the
condition f(G.) =0. Following an analogy with the
Anderson metal-insulator transition, we will call the phase
governed by an infrared-stable fixed point G = 0 “insulat-
ing,” which corresponds to the area-law phase in the
context of measurement-induced phase transitions. The

phase with G — oo will be referred to as “metallic,” where
the scaling of the cumulant with # will be given by Eq. (12)
with a renormalized prefactor. In the replica limit R — 1
and to leading order in € < 1, we find the critical point
separating these two phases at

G, ~ 1/4re + O(€Y), (15)

akin to the critical conductance in Anderson transitions
[79,82-85].

Expanding RG equations (13) and (14) around the
critical point, #(G) ~ ' (G.)(G-G,) = (G —-G,)/v and
B7(G) =~ p,(G,.) = /2, we obtain the following one-loop
results for the corresponding critical exponents:

v=1/e+0("), (=0+0().  (16)

Integration of the RG equations in the vicinity of the critical
point yields:

G(£) =G, ~ (Gy = G.) (¢/l)V".  Z(€) = (¢]1).

(17)

The length scale at which |G —G, |~ G, defines the
correlation length

lcorr ~ ZO(|GO - Gc|/Gc)_v' (18)

We study now the behavior of the renormalized density
correlation function C(r), Eq. (10), considering first the
critical point, Gy = G(ly) = G,. Performing the RG trans-
formation up to the scale r and then evaluating the Gaussian
integral as in Eq. (11), we obtain

C(r) ~=g(r)Z2(r)r= " ~ =Gr=24(r/1p). (19)

According to Eq. (10), C(x —x’) at x # x’ is a correlation
function of Noether currents 7, = (—i/2)(U0,0 —
Uo0,U7) at x and x'. It is known that surface integrals of
conserved currents are symmetry generators [86] and thus
have scaling dimension zero at criticality [87,88]. Thus, our
currents .7, should have scaling dimension d, implying that
C(x —x') o« |x —x’|72¢ and hence ¢ = 0.
Extending this analysis to G, around G, we get

C(r)z—%:—% ( : ) (20)

lcorr

where f(x) is a universal scaling function with two
branches describing both sides of the transition. The x <« 1
behavior of f(x) describes the critical point and its vicinity.
According to Eq. (17), we have

1+X1/U,

l—x'/”,

GO > ch

21
Gy < G,. @)

flx < 1)%{



The x > 1 behavior of f(x) corresponds to the “metallic”
and “insulating” phases. On the “metallic” side of the
transition, Eq. (20) should reproduce the asymptotics
C(r) x =1/r*!. In the area-law phase, one expects
C(r) to decay exponentially fast at infinity. To match this
asymptotic behavior, the scaling function should satisfy

.Xd_l, G() > Gw

22
e_x, G() < Gc‘ ( )

flx>1)~ {

It is worth emphasizing that the derivation of the NLSM
and its RG analysis are under full control for G > 1. Thus,
the analytical treatment of the transition is parametrically
controllable at ¢ < 1, when G, > 1. At the same time,
physically more interesting dimensions d are integer, such
as d = 2 or d = 3. On general grounds, we expect that the
above scaling analysis also applies to d = 2, 3, in similarity
to ¢ expansions for Anderson transitions and statistical-
mechanics transitions. Below, we study numerically the
d =2 model to verify these scaling predictions and to
estimate the critical exponent v.

Particle number covariance and mutual information.—
According to the above analysis, Cff) and Sp scale as
£ In¢ in the “metallic” phase and exhibit the area-law
scaling both in the “insulating” phase and at criticality. In
order to locate the transition and to probe the scaling
around it, it is advantageous to consider an observable with
three distinct forms of scaling, in analogy with the
conductance around the Anderson transition. With this
motivation, we analyze the particle-number covariance of
two regions, A and B,

G = ~(Nalp) = — / d'x / dyClx—y).  (23)

If both regions have characteristic size £, 5 ~ ¢, and the
separation between those regions is also of the same
order, the scaling of G,p should read, according to
Egs. (20)-(22),

C1<f/lcorr)d_1’ GO > Gc’
G—AB = ](f/lcorr) ~ 4 G, Gy =G, (24)
exp(_c3f/lc0rr)v GO < Gc»

with numerical factors c¢;,3 = O(1) depending on the
exact geometry under consideration. Since C(x —y) is a
correlation function of Noether currents, —C(x —y) has a
meaning of two-point conductance within the Anderson-
transition analogy, and G, has the meaning of conduct-
ance of a system with two leads attached to regions A and
B. Furthermore, G45 can be related to the mutual infor-
mation /(A:B) between these regions,

I(A:B) = Sg(A) 4+ Sp(B) — Sg(A U B) ~ %”chB, (25)

implying that /(A : B) exhibits the same scaling (24). Thus,
it can also be used as a probe of the transition.

Numerical analysis.—To verify and complement our
analytical theory, we carried out direct numerical simu-
lations of dynamics of a monitored two-dimensional free-
fermion system following the protocol outlined above. As
the protocol preserves the Gaussian nature of the state, the
system is fully characterized by the single-particle Green
function G,v = (¥ (x)i(x’)). Executing unitary evolution
along with projective measurements until the system has
reached the steady state, we evaluated the two-point density
correlation function on a lattice:

Cov = <ﬁ(x)ﬁ<x/)> - <ﬁ(x)><ﬁ(x’)> = GuxOxy = Gxw G-

(26)

The protocol was repeated ~100 times, and averaging over
quantum trajectories and over positions in the sample was
performed to calculate C(x —x') = Cyy.

The results obtained for an L x L system with periodic
boundary conditions and L =40 are shown in Fig. 1.
According to the above analytical discussion, the transition
can be characterized by the behavior of lim,_,C(q)/q,
which is expected to be finite in the “metallic” phase and
zero in the “insulating” phase [where C(g) « ¢* due to
exponential decay of C(r)]. The ¢ — 0 values extrapolated
from the finite-size curves (see inset) are fully consistent
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FIG. 1. Correlation function C(q) of an L x L system with L =
40 across the transition. Shown are dependencies of C(g)/gog on
gl [with g = 2sin(q/2)] for values of the measurement rate y/J
from 0.5 to 4.0. Dashed lines: cubic polynomial extrapolation
down to ¢ — 0 using five lowest momenta. Inset: the extrapolated
value at ¢ — 0 as a function of y/J. Fory > y., wherey./J ~ 3.2,
the extrapolated value is zero within numerical precision, which
is a manifestation of the measurement-induced phase transition.
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FIG. 2. Particle number covariance G, between two regions A
and B in a geometrical setup shown in upper inset, as a function
of ratio y/J for different system sizes L. Arrow marks the
estimated position of the transition, manifesting itself as a
crossing point of all curves,; see Eq. (24). Inset: collapse
according to Eq. (24) with a scaling function f(x*), where x
is given by the expression labeling the x axis of the inset.
Obtained values of y. and v are shown.

with this prediction, yielding an estimate y./J ~ 3.2 for the
critical point. Furthermore, at y — 0, the Gaussian approxi-
mation (11) is parametrically justified and predicts that
C(q)/gogq should saturate at unity, which is also in excellent
agreement with the numerical data. For more details of
numerical analysis of C(g), see Ref. [73].

To explore the transition more accurately, we focus now
on the scaling of the particle number covariance (23) in a
narrower vicinity of the transition point y.. We use a
geometrical setup consisting of two regions of size L/4 x L
separated by distance L/4, see upper inset of Fig. 2.
According to Eqgs. (18) and (24), the data for G,z should
collapse, with a suitable choice of y,. and critical exponent
v, on a single universal function f(x) Figure 2 demon-
strates the behavior of G, as a function of y for system
sizes from L = 12 to L = 44. A well-pronounced crossing
point of all curves is observed, providing a more accurate
value for the transition point, y./J ~ 2.9 = 0.1. As shown
in the lower inset, a good scaling collapse can be achieved,
yielding the critical exponent v = 1.4 £ 0.1. More general
collapse of the form G,z/L¢ = f(L/? ), which keeps
the value of the critical exponent { finite, yields an
indistinguishable from zero value ¢~ 107, confirming
our analytical prediction { = 0. Collapse analysis was
performed using PYFSSA package [73,89,90], which yields
7. and v with error bars.

Summary.—We have developed a field theory for moni-
tored d-dimensional free-fermion systems, which has a

form of an SU(R) NLSM in d + 1 dimensions, with the
R — 1 replica limit. By performing its RG analysis, we
have demonstrated the existence of a measurement-induced
entanglement phase transition in such models for dimen-
sions d > 1. The transition point separates a symmetry-
broken “metallic” phase realized for rare measurements and
characterized by #% ! In# scaling of the second particle-
number cumulant and the entanglement entropy from the
“insulating” area-law phase for frequent measurements. We
have further calculated critical indices in the one-loop order
of € expansion in d =1+ ¢ dimensions. Additionally,
numerical investigation of the d =2 model on a square
lattice enabled us to pinpoint the critical point and to
estimate the correlation-length exponent v = 1.4 +0.1.
The measurement-induced entanglement transition for free
fermions in dimensions d > 1 bears a striking similarity to
Anderson metal-insulator transition in disordered systems
of d+ 1 dimensions. In the present context, it is the
quantum information (closely related to particle-number
fluctuations) that experiences localization. As future impor-
tant generalizations of the theory, we envisage inclusion of
interaction and/or of static disorder, as well as measurement
protocols generating nontrivial topology.

Note added.—We have learned about a parallel related
activity by K. Chahine and M. Buchhold [91]. After
submission of our paper, a preprint [92] appeared, which
reports a transition for a d > 2 single-particle continuously
monitored problem.

We are grateful to A. Altland, D. Bernard, M. Buchhold,
K. Chahine, S. Diehl, E. Doggen, Y. Gefen, I. Gruzberg,
P. Ostrovsky, P. Popperl, M. Szyniszewski, and R. Vasseur
for fruitful discussions. We acknowledge support by the
Deutsche Forschungsgemeinschaft (DFG) via the Grants
No. MI 658/14-1 and No. GO 1405/6-1.
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