Arch. Rational Mech. Anal. (2024) 248:36
Digital Object Identifier (DOI) https://doi.org/10.1007/s00205-024-01980-2

l‘)

Check for
updates

Nonlinear Stability and Asymptotic Behavior
of Periodic Wave Trains in Reaction—Diffusion
Systems Against Cy,-perturbations

BJORN DE RUK

Communicated by V. VICOL

Abstract

We present a nonlinear stability theory for periodic wave trains in reaction—
diffusion systems, which relies on pure L°°-estimates only. Our analysis shows
that localization or periodicity requirements on perturbations, as present in the
current literature, can be completely lifted. Inspired by previous works considering
localized perturbations, we decompose the semigroup generated by the linearization
about the wave train and introduce a spatio-temporal phase modulation to capture
the most critical dynamics, which is governed by a viscous Burgers’ equation.
We then aim to close a nonlinear stability argument by iterative estimates on the
corresponding Duhamel formulation, where, hampered by the lack of localization,
we must rely on diffusive smoothing to render decay of the semigroup. However,
this decay is not strong enough to control all terms in the Duhamel formulation.
We address this difficulty by applying the Cole-Hopf transform to eliminate the
critical Burgers’-type nonlinearities. Ultimately, we establish nonlinear stability
of diffusively spectrally stable wave trains against Cyp-perturbations. Moreover,
we show that the perturbed solution converges to a modulated wave train, whose
phase and wavenumber are approximated by solutions to the associated viscous
Hamilton—Jacobi and Burgers’ equation, respectively.

1. Introduction

A paradigmatic class of pattern-forming systems, which are characterized by
their rich dynamics, yet have a simple form, is the class of reaction—diffusion
systems

Ou=Duyx+ f(u), xeR, >0, uck", (1.1)

wheren € N, D € R"*" is a symmetric, positive-definite matrix, and f: R" — R”
is a smooth nonlinearity. The well-known Turing mechanism, describing pattern-
forming processes in developmental biology, fluid mechanics, materials science and
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more [5], asserts that periodic traveling waves, or wave trains, are typically the first
patterns to arise after a homogeneous background state in (1.1) becomes unstable,
and serve as the building blocks for more complicated structures. Wave trains are
solutions to (1.1) of the form ug(x, t) = ¢o(kox — wot) with wavenumber ko €
R\ {0}, temporal frequency wp € R, propagation speed ¢ = wp/ ko and 1-periodic
profile function ¢o(¢). Thus, by switching to the comoving frame ¢ = kox — wot,
we find that ¢ is a stationary solution to

du = k§Duce + wour + f(u). (1.2)

Despite the structural importance and apparent simplicity of wave trains, their
nonlinear stability on spatially extended domains has proven to be challenging.
The main obstruction is that the linearization of (1.2) about the wave train is a
periodic differential operator with continuous spectrum touching the imaginary axis
at the origin due to translational invariance. The absence of a spectral gap prohibits
exponential convergence of the perturbed solution towards a translate of the original
profile, as in the case of finite domains with periodic boundary conditions. Instead,
one expects diffusive behavior on the linear level, so that only algebraic decay of
the associated semigroup can be realized by giving up localization or by exploiting
its smoothing action, see Remark 1.1. In particular, stability could strongly depend
on the nonlinearity and the selected space of perturbations, see Remark 1.2.

The 30-year open problem of nonlinear stability of wave trains on spatially
extended domains was first resolved in [4] for the real Ginzburg-Landau equa-
tion considering localized perturbations. The extension to pattern-forming systems
without gauge symmetry, such as (1.1), resisted many attempts, until it was tackled
for the Swift-Hohenberg equation in [28] by incorporating mode filters in Bloch
frequency domain, see also [27]. However, a breakthrough in the understanding
of perturbed wave trains in reaction—diffusion systems (1.1) was the introduction
of a spatio-temporal phase modulation in [8]. Instead of controlling the difference
u(Z,t) — ¢o(¢) between the perturbed solution u(¢, t) to (1.2) and the wave train
¢0(¢), one considers the modulated perturbation

v(g, ) =u@ -y, 1), 1) —po(f), (1.3)

and aims to capture the most critical dynamics, which arises due to translational
invariance of the wave train, by the phase modulation y (¢, ¢). It is shown in [8] that
the leading-order dynamics of y (¢, t) is described by the viscous Hamilton—Jacobi
equation

0y = dv; +ay + vy, (1.4)

whose parameters d > 0, a, v € R can be determined explicitly in terms of linear
and nonlinear dispersion relations; see Section 1.1 for details. The modulational
ansatz (1.3) led to fast developments in the nonlinear stability theory of wave
trains against localized perturbations. Using a rich blend of methods such as the
renormalization group approach [14,26], iterative L'-HF_estimates [15,16,18] or
pointwise estimates [7,19,20], one was able to each time streamline, sharpen and
extend previous results, e.g. by deriving the asymptotic behavior of the perturbation
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in varying degrees of detail, or by allowing for a large, or nonlocalized, initial phase
modulation, see Sections 6.2-6.4.

These works confirm that wave trains in reaction—diffusion systems are more
robust than one would initially expect from the fact that the linearization possesses
continuous spectrum up to the imaginary axis, see Remark 1.2. This is strongly
related to the fact that the critical phase dynamics is governed by the viscous
Hamilton—Jacobi equation (1.4), which reduces to a linear heat equation after ap-
plying the Cole—Hopf transform. This begs the question of whether extension to
larger classes of perturbations is possible and, in particular, whether localization
conditions on perturbations can be completely lifted; after all, bounded solutions
to (1.4) can be controlled using well-known tools such as the maximum principle
or the Cole—Hopf transform.

In this paper, we answer this question in the affirmative, shedding new light on
the persistence and resilience of periodic structures in reaction—diffusion systems.
Here, we take inspiration from a recent study [12], establishing nonlinear stability of
periodic roll waves in the real Ginzburg—Landau equation in a pure L°°-framework.
Despite the slower decay rates due to the loss of localization, the nonlinear argument
can be closed in [12] relying on diffusive smoothing only. Yet, the real Ginzburg—
Landau equation is a special equation for which the analysis simplifies significantly
due to its gauge symmetry and for which the most critical nonlinear terms do not
appear due to its reflection symmetry. Therefore, the analysis in this paper requires
fundamentally new ideas. Before explaining these in Section 1.2 below, we first
formulate our main result in Section 1.1.

Remark 1.1. The heat semigroup el s only bounded as an operator acting on

LP(R) for 1 < p < oo. Nevertheless, algebraic decay can be obtained by giving
up localization, or by exploiting its smoothing action. Indeied, edit decays at rate
t77+ﬁl as an operator from L!(R) into L?(R), and d,e’%" decays on L?(R) at
rate ¢~ 2. In a nonlinear argument the lost localization can be regained through the
nonlinearity, e.g. if a function u is L2-localized then its square u? is L'-localized.
Moreover, if the nonlinearity admits derivatives, they can often be moved onto the
semigroup in the Duhamel formulation facilitating decay due to diffusive smooth-
ing. We refer to [30, Section 14.1.3] and [12, Section 2] for simple examples
illustrating how a nonlinear argument can be closed through these principles.

Remark 1.2. The stability of solutions to reaction—diffusion systems could heavily
depend on the nonlinearity and the selected space of perturbations in case the
linearization possesses continuous spectrum up to the imaginary axis. To illustrate
the latter, we consider the scalar heat equation

O = uxx + g(u, uy),

with smooth nonlinearity g : R? — R.For gu,uy) = u* one proves with the aid of
localization-induced decay, cf. [30, Section 14.1.3], that the rest state u = 0 is stable
against perturbations from L'(R) N L*(R), whereas the comparison principle
shows that # = 0 is unstable against perturbations from L°°(R) (they blow up in

finite time). On the other hand, taking g(u, uy) = u? the rest state is even unstable
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against perturbations from LY(R) N L% (R), cf. [9], whereas for gu,uy) = ui its
stability against perturbations from L°°(R) can be shown with the aid of diffusive
smoothing [12, Section 2].

1.1. Statement of Main Result

In this paper we establish the nonlinear stability and describe the asymptotic be-
havior of wave-train solutions to (1.1) subject to bounded and uniformly continuous
perturbations.

We formulate the hypotheses for our main result. First, we assume the existence
of a wave train.

(H1) There exist a wavenumber ko € R\{0} and a temporal frequency wy € R such
that (1.1) admits a wave-train solution ug(x, t) = ¢g(kox — wgt), where the
profile function ¢g: R — R” is nonconstant, smooth and 1-periodic.

Next, we pose spectral stability assumptions on the wave train uo(x, t). Lin-
earizing (1.2) about its stationary solution ¢, we obtain the 1-periodic differential
operator

Lou = k%Dug; + wou; + I (@o()u,

acting on Cyp (R) with domain D(Ly) = C&b(R), where C[} (R), m € Ny, denotes
the space of bounded and uniformly continuous functions, which are m times dif-
ferentiable and whose m derivatives are also bounded and uniformly continuous.
We equip Cjj (R) with the standard W™ *°-norm, so that it is a Banach space. An
important reason to consider bounded and uniformly continuous perturbations, in-
stead of perturbations in L°°(R), is that the operator L is densely defined on the
space Cyp(R), but not on L*°(R), see [21, Theorem 3.1.7 and Corollary 3.1.9]. We
refer to Remark 1.6 for further details.
Applying the Floquet—Bloch transform to £ yields the family of operators

LE)wu =D (3, +i€)" u + wo (3 +i8) u + f'(Go(0))u,

posed on Lger (0, 1) withdomain D(L(§)) = ngr (0, 1) parameterized by the Bloch
frequency variable & € [—m, ). It is well-known that the spectrum decomposes
as

oLoy= |J oL@,

§el—m.m)

Here, we note that the Bloch operator £(&) has compact resolvent, and thus discrete
spectrum, for each & € [—m, 7). The conditions for diffusive spectral stability can
now be formulated as follows:

(D1) It holds that o (Lo) C {» € C: R(A) < 0} U {0};
(D2) Thereexists® > Osuchthat,forany & € [—m, 7), wehave N o (L(§)) < —9&2;
(D3) 0is a simple eigenvalue of £(0).
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We emphasize that these diffusive spectral stability conditions, which were first
introduced in [28], are standard in all nonlinear stability analyses of periodic wave
trains in reaction—diffusion systems, cf. [14-16,18-20,26-29]. Recalling that the
spectrum of Ly touches the origin due to translational invariance, they resemble the
most stable nondegenerate spectral configuration. Examples of reaction—diffusion
systems, in which diffusively spectrally stable wave trains have been shown to
exist, include the complex Ginzburg—Landau equation [35], the Gierer-Meinhardt
system [34] and the Brusselator model [31]. Typically, spectral stability analyses
of wave trains rely on perturbative arguments, which for instance exploit that the
wave trains are constructed close to a homogeneous rest state undergoing a Turing
bifurcation [22,27], employ the stability of a nearby traveling pulse solution [25]
or take advantage of the slow-fast structure of the system [6].

By translational invariance and Hypothesis (D3) the kernel of the Bloch operator
L(0) is spanned by the derivative </>6 € ngr(O, 1) of the wave train. Thus, O must
also be a simple eigenvalue of its adjoint £(0)*. We denote by d € szer (0, 1) the
corresponding eigenfunction satisfying

(B0, d0);200 1y = 1- (1.5)
L=(0,1)

It is a direct consequence of the implicit function theorem that ¢ is part of a
family uy(x,t) = ¢ (kx — w(k)t; k) of smooth 1-periodic wave-trains solutions
to (1.1) for an open range of wavenumbers k around ko, such that w (ko) = wp
and ¢ (+; ko) = ¢o, cf. Proposition 2.1. The function w (k) is the so-called nonlinear
dispersion relation, describing the dependency of the frequency on the wavenumber.
Note that by translational invariance we can always arrange for

(B0, 3 (ko)) 201y = 1, (1.6)

cf. [8, Section 4.2]. The coefficients d > 0 and a, v € R of the viscous Hamilton—
Jacobi equation (1.4), describing the leading-order phase dynamics, can now be
expressed as

/ 1 2
a=wy—kow' (ko), v= _Ekow (ko),

d = k§(®0, D}, + 2koDdck (- ko)) (1.7)

L2(0, 1)

We are in the position to state our main result, which establishes nonlinear
stability of diffusively spectrally stable wave trains against Cyp,-perturbations and
yields convergence of the modulated perturbed solution towards the wave train,
where the modulation is approximated by a solution to the viscous Hamilton—Jacobi
equation (1.4).

Theorem 1.3. Assume (H1) and (D1)—(D3). Then, there exist constants €, M > 0
such that, whenever vy € Cyp(R) satisfies

Ey = lvlle <€,
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there exist a scalar function y € COO([O, o0) X R, R) with y(0) = 0and y(t) €
Cli (R) for each m € Ny and t > 0, and a unique classical global solution

u € X := C([0, 00), Cyp(R)) N C((0, 00), CZ(R)) N C'((0, 00), Cyp(R)),

(1.8)
to (1.2) with initial condition u(0) = ¢o + vo, which enjoy the estimates
lu(t) = ¢ollos + i||u;<r) — Bplloo < MEy, (1.9)
N
luC =y 1), 1) = ollog <~ (1.10)
u . — .’ B —_— = . .
y 0 o0 m
MEylog(2 + 1)
JuC =y 0,0 —pCiko(l+y: o), < ]—ft (1.11)
and
Iy Olle < MEo,  [ye®] 19y (oo < —2E0
o NN
MEylog(2 + 1)
lree 0l = == (112)

for allt = 0. Moreover, there exists a unique classical global solution y € X with
initial condition y (0) = @3 v to the viscous Hamilton—Jacobi equation (1.4), with
coefficients (1.7), such that we have the approximation

Eolog(Z-i—t))
J1+1 ’

I
12

8{ (y(t)—)?(t))HoofM<E§+ (1.13)

for j=0,1andt > 0.

Theorem 1.3 establishes Lyapunov stability of the wave train ¢q as a solution
to (1.2) in Cyp(R), cf. estimate (1.9). Naturally, asymptotic stability cannot be
expected due to translational invariance of the wave train and the fact that any
sufficiently small translate is a Cyp-perturbation. In fact, the temporal decay rates
presented in Theorem 1.3 are sharp (up to possibly a logarithm), see Section 6.1
for details. Yet, Theorem 1.3 does imply asymptotic convergence of the perturbed
solution u(t) towards a modulated wave train.

Corollary 1.4. Assume (H1) and (D1)—(D3). Then, there exist constants €, M > 0

such that, whenever vg € Cy,(R) satisfies Eg := ||volloo < €, the solution u(¢, t)
to (1.2) and the phase function y (¢, t), both established in Theorem 1.3, satisfy
1.1 1) = G0 C+ ¥ (- )og < A,
Vit
ity =0 (760 (1476 0) ko (1 7)) = 0D,
(1.14)

fort > 0.
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Proof. Take E( > 0 so small that estimate (1.12) implies that || y; (t)||coc < 1. Then,

the map ¥;: R — R given by ¥;(¢) = ¢ — y (¢, t) is invertible for each t > 0. We
rewrite Y, (¥, (£)) = ¢ as ¥, ' (¢) = ¢ + y(¥; ' (¢), 1) to obtain

U@ ==y @ (1+ 2. 1)
=y @0 (v (s +7 (v @.1) 1) =y @0

+y (c+y (67 @1 1) ) = v@ 0 = @y (b7©).1).
Next, we apply Taylor’s theorem to the latter and find

sup [971(0) = ¢ =y (&0 (1 + 7€)
ceR

1
< (||y;(r>||io +3 e @] ||y(t)||o<,> ly ()lloo » (1.15)
for + > 0. Similarly, it holds that

sup ye (¥ @) 1) = 1@ 0| = [ree O] Iy Ol (116)
ceR

for ¢ > 0. Thus, upon substituting K”fl(') for - in (1.10) and (1.11), and using
estimates (1.12), (1.15) and (1.16), we arrive at (1.14). O

Upon comparing the two estimates in (1.14), one notes that modulating the
wavenumber of the wave train, in accordance with the phase modulation, leads to a
sharper approximation result. In fact, it is natural that phase and wavenumber mod-
ulations are directly linked. Indeed, one readily observes that, for the modulated
wave train ¢ (kox + 0 (x)), the local wavenumber, i.e. the number of waves per unit
interval near x, is ko +y;;(x). Thus, as the phase modulation y (¢) is approximated by
a solution y (¢) to the viscous Hamilton—Jacobi equation (1.4), cf. estimate (1.13),
one finds that the associated wavenumber modulation is approximated by the solu-
tion lz(t) = ¢ (¢) to the viscous Burgers’ equation

Ok = dozk + adck + v (k). (1.17)

Remark 1.5. Going back to the original (x, ¢)-variables in Theorem 1.3 and Corol-
lary 1.4, we obtain that, for each vy € Cyp(R) with Eg = ||vp|lec < €, there exists a
unique classical global solution u € X to the reaction—diffusion system (1.1) with
initial condition u(0) = ¢o + vy obeying the estimates

sup |u(x, 1) — ¢o (kox — wot)| x < MEj,

xeR

sup |u(x, 1) — ¢o (kox — wot + ¥ (x,1))| < MEo ,

xeR V1+t

sup e, 1) = ¢ (kox = ot + 7.0 (14 £7xr0) sk + 726 1)|

xeR
_ MEylog(2 +1t)
- 141

k]
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for + > 0, where the phase modulation y € C*([0, 00) x R, R) is given by
y(x, 1) = y(kox — wot, ).

1.2. Strategy of Proof

In order to establish nonlinear stability of the wave-train solution ¢ to (1.2), a
naive approach would be to control the perturbation v(z) = u(t) — ¢ over time,
which satisfies the parabolic semilinear equation

@ — L) T=N@), (1.18)
where the nonlinearity

N@) = f(go+70) — f(do) — f'(¢0)V

is quadratic in v. However, the bounds on e£o' are the same as those on the heat
semigroup et , cf. Proposition 3.1, and are therefore not strong enough to close
the nonlinear argument through iterative estimates on the Duhamel formulation
of (1.18).1

Instead, we isolate the most critical behavior, which arises through translational
invariance of the wave train and is manifested by spectrum of L touching the origin,
by introducing a spatio-temporal phase modulation y(¢). As in previous works
[15,18] considering localized perturbations, we then aim to control the associated
modulated perturbation v(t), see (1.3), which satisfies a quasilinear equation of the
form

@ — Lo) (v+¢oy — vev) = N (v, ve vees ve. 9y vees veer) - (119)
where N is nonlinear in its variables. By decomposing the semigroup e£o’ in a
principal part of the form ¢ Sg (1), where Sg (t) decays diffusively, and a residual
part exhibiting higher order temporal decay, the phase modulation y (¢) in (1.3)
can be chosen in such a way that it compensates for the most critical contributions
in the Duhamel formulation of (1.19). We then expect, as in the case of localized
perturbations [16], that the leading-order dynamics of the phase is governed by the
viscous Hamilton—Jacobi equation (1.4), where the coefficients are given by (1.7).
We stress that the nonlinearities in both (1.4) and (1.19) only depend on deriva-
tives of the phase, whose leading-order dynamics is thus described by the viscous
Burgers’ equation (1.17), obtained by differentiating (1.4).

It is well-known that small, sufficiently localized initial data in the viscous
Burgers’ equation decay diffusively and perturbations by higher-order nonlineari-
ties do not influence this decay, see for instance [33, Theorem 1] or [2, Theorem 4].
Thus, in the previous works [15,18], a nonlinear iteration scheme in the variables
v, ¥¢ and y; could be closed. Here, one could allow for a nonlocalized initial phase

' As a matter of fact, in the heat equation diu = Uyyx + u? with quadratic nonlinearity,
each nontrivial nonnegative solution blows up in finite time [9].
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modulation, cf. Section 6.2, because only derivatives of the phase y enter in the non-
linear iteration and, thus, need to be localized. Furthermore, the loss of regularity
arising in the quasilinear equation (1.19) was addressed with the aid of L?-energy
estimates (so-called nonlinear damping estimates).

Our idea is to replace the semigroup decomposition and associated L'-H*-
estimates in [15,18] by a Green’s function decomposition and associated pointwise
bounds. These pointwise Green’s function bounds, which have partly been estab-
lished in [7,19] and are partly new, then yield pure L°°-estimates on the components
of the semigroup e“0’. Of course, the loss of localization leads to weaker decay
rates, which complicates the nonlinear stability argument. Here, we take inspiration
from [12], where nonlinear stability against Cyp-perturbations has been obtained
in the special case of periodic roll solutions in the real Ginzburg—Landau equa-
tion by fully exploiting diffusive smoothing.” Still, we are confronted with various
challenges.

The first challenge is to control the dynamics of the phase y (¢) and, more im-
portantly, its derivative y; (¢), which satisfy perturbed viscous Hamilton—-Jacobi and
Burgers’ equations, respectively. In contrast to the case of localized initial data, the
nonlinearities in (1.4) and (1.17) are decisive for the leading-order asymptotics of
solutions with bounded initial data, see [26, Section 2.4] and Remark 6.1, and cannot
be controlled through iterative estimates on the associated Duhamel forumlation,’
We address this issue by removing the relevant nonlinear terms in the perturbed
viscous Hamilton—Jacobi and Burgers’ equations with the aid of the Cole-Hopf
transform, resulting in an equation, which is a linear convective heat equation in
the Cole—Hopf variable, but which is nonlinear in the residual variables. With the
relevant nonlinear terms removed, iterative estimates on the associated Duhamel
formulation are strong enough to control the Cole—Hopf variable over time and,
thus, the phase y (¢) and its derivatives.

The second challenge is to address the loss of regularity experienced in the
nonlinear iteration for the modulated perturbation, which satisfies the quasilinear
equation (1.19). In contrast to previous works, the lack of localization prohibits the
use of L2-energy estimates to regain regularity. Instead, we proceed as in [7,11] by
incorporating tame estimates on the unmodulated perturbation v(¢) = u(t) — ¢
into the iteration scheme, which satisfies the semilinear equation (1.18) in which
no derivatives are lost, yet where decay is too slow to close an independent iteration
scheme.

2 It seems more natural to follow the analysis in [12], instead of [15,18]. However, the
analysis in [12] is tailored for the real Ginzburg-Landau equation. Indeed, by factoring out
its gauge symmetry, periodic roll waves reduce to homogeneous steady states, yielding a
linearization with constant coefficients, which can be diagonalized in Fourier space, so that
diffusive modes can be explicitly separated from exponentially damped modes.

3 We emphasize that this issue did not arise in [12], since in the special case of periodic
roll waves in the real Ginzburg-Landau equation the nonlinear dispersion relation vanishes
identically due to reflection symmetry, cf. [8, Section 3.1] rendering v = 0 in equations (1.4)
and (1.17).
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Remark 1.6. In our nonlinear stability analysis we use that the perturbation v(z),
which satisfies the parabolic semilinear equation (1.18), maps continuously from
its maximal interval of existence into L% (R).* In particular, we require that v'(z)
converges to its initial condition vy in L°°-norm as ¢ |, 0. Standard analytic semi-
group theory for parabolic problems provides such convergence if and only if vy
lies in the closure of the domain of the linearization, cf. [21, Theorem 7.1.2]. Upon
considering the linearization £y as an operator on the maximal space L°°(R), the
closure of its domain is given by the space Cy,(R) of bounded, uniformly con-
tinuous functions by [21, Theorem 3.1.7]. Hence, the regularity imposed on the
initial condition vg in Theorem 1.3 is the minimal one for (right-)continuity of the
perturbation v(z) at t = 0 in L (R).

1.3. Outline

In Section 2 we collect some preliminary results on wave trains and their lin-
ear and nonlinear dispersion relations. Subsequently, we decompose the semigroup
generated by the linearization of (1.2) about the wave train and establish L°°-
estimates on the respective components in Section 3. The iteration scheme in the
variables v(t), y (t) and U(¢) for our nonlinear stability argument is presented in Sec-
tion 4. The proof of our main result, Theorem 1.3, can then be found in Section
5. The discussion of our main result, its embedding in the literature and related
open problems are the contents of Section 6. Finally, Appendix A is dedicated to
some technical auxiliary result to establish pointwise Green’s function estimates,
whereas Appendix B contains the proof of the local existence result for the phase
modulation y (7).

Notation. Let S be a set, and let A, B: § — R. Throughout the paper, the ex-
pression “A(x) < B(x) for x € §”, means that there exists a constant C > 0,
independent of x, such that A(x) < CB(x) holds for all x € S.

2. Preliminaries

In this section we collect some basic results on wave trains and their dispersion
relations, which are relevant for our nonlinear stability analysis. We refer to [8,
Section 4] for a more extensive treatment.

First, we note that a simple application of the implicit function theorem shows
that wave-train solutions to (1.1) arise in families parameterized by the wavenumber,
cf. [8, Section 4.2].

Proposition 2.1. Assume (H1) and (D3). Then, there exists a neighborhood U C R
of ko and smooth functions ¢: R x U — Rand w: U — R with ¢ (-; ko) = ¢o
and w (ko) = wo such that

up(x, 1) = ¢ (kx — w(k)t; k),

4 Indeed, we use in the proof of Theorem 1.3 that the function 7 — supp<;<; 17(s) |loo 18
continuous.
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is a wave-train solution to (1.1) of period 1 for each wavenumber k € U. By
shifting the wave trains if necessary, we can arrange for (1.6) to hold, where ® is
the eigenfunction of the adjoint Bloch operator L(0)* satisfying (1.5).

We recall that the function w (k), established in Proposition 2.1, is the so-called
nonlinear dispersion relation, describing the dependency of the frequency on the
wavenumber.

Since we assumed that O is a simple eigenvalue of £(0), it follows by standard
analytic perturbation theory that there exists an analytic curve A.(&) with A.(0) =
0, such that 1.(§) is a simple eigenvalue of the Bloch operator L(§) for & €
R sufficiently close to 0. The curve A.(£) is the linear dispersion relation. The
eigenfunction ®¢ of L(&) associated with A, (&) also depends analytically on & and
lies, by a standard bootstrapping argument, in H;’ér (0, 1) for any m € Np. Using
Lyapunov-Schmidt reduction, the eigenvalue 1.(£), as well as the eigenfunction
®¢, can be expanded in &, cf. [8, Section 4.2] or [16, Section 2].5 All in all, we
establish the following result.

Proposition 2.2. Assume (H1) and (D2)—(D3). Let m € Ny. Then, there exist a
constant &y € (0, ) and an analytic curve A.: (—&o, &0) — C satisfying

(i) The complex number A (&) is a simple eigenvalue of L(&) forany & € (=&, &y).
An associated eigenfunction ®¢ of L(§) lies in H]%r(o, 1), satisfies o = ¢,
and is analytic in &.

(ii) The complex conjugate L.(§) is a simple eigenvalue of the adjoint L(£)* for
any & € (=&, &). An associated eigenfunction 5155 lies in HI’,"er (0, 1), satisfies

(@, @) 1,

L2(0,1) —

and is analytic in &.
(iii) The expansions

Ae(®) —iak + 82 S 1P, | P — 6 — kot dd (3 ko) | o) S 1612,
2.1)

hold for & € (=&, &) with coefficients a € R and d > 0 given by (1.7).

3. Semigroup Decomposition and Estimates

The linearization Ly of (1.2) is a densely defined, sectorial operator on Cyp(R)
with domain D(Ly) = Cﬁb(R), cf. [21, Corollary 3.1.9], and thus generates an
Lot ,t > 0. Inthis section we establish bounds on the semigroup
Lo obeys the same bounds

analytic semigroup e
e£o" as an operator between Cy-spaces. We find that e

5 We point out that there is a small difference in the coefficients in the expansions in [§]
compared to those used here and in [16] due to the fact that the Bloch frequency variable &
is scaled by the wavenumber kg in [8]. Moreover, in [16] the diffusion matrix D is taken to
be the identity matrix.
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as the heat semigroup eax2 !, which, as outlined in Section 1.2, are not strong enough
to close the nonlinear iteration. Therefore, we split off the most critical diffusive
behavior by decomposing the semigroup, largely following [16], see also [15,18].
That is, we first isolate the critical low-frequency modes, which correspond to the
linear dispersion relation A.(§),& € (—&p, &), cf. Proposition 2.2. This yields
a decomposition of the semigroup in a critical part and a residual part, which
corresponds to the remaining exponentially damped modes and decays rapidly. We
further decompose the critical part of the semigroup in a principal part, which obeys
the same L*°-bounds as the heat semigroup e’’, and a residual part, exhibiting
higher algebraic decay rates. Finally, in order to later expose the leading-order
Hamilton—Jacobi dynamics of the phase variable, we relate the principal part to
the convective heat semigroup e @0 ade)t using the expansion (2.1) of the linear
dispersion relation A.(§).

In[15,16,18] the decomposition of the semigroup, there acting on L>-localized
functions, is carried out in Floquet-Bloch frequency domain using the representa-
tion

eﬁotv(é.) — %\/‘ elcse»c(g)tij(s’ C)ds,

-7

where ¥ denotes the Floquet-Bloch transform of v € L?(R). Although it is possible
to transfer the Floquet-Bloch transform to L°°-spaces by making use of tempered
distributions, we avoid technicalities by realizing the decomposition on the level
of the associated temporal Green’s function. The Green’s function is defined as the

distribution G (¢, Z, 1) = [eﬁot 85] (¢), where 85 is the Dirac distribution centered

at £ € R. It is well-known that for elliptic differential operators, such as Lo, the
Green’s function is an actual function, which is C? in its variables and exponentially
localized in space, see for instance [37, Proposition 11.3]. The relevant decompo-
sition of the Green’s function and associated pointwise estimates have partly been
established in [19], see also [7]. The decomposition of the semigroup eLol and
corresponding L*°-estimates then follow readily by using the representation

e (¢) = /RG(C,E,t)v(E)dE, v € Cup(R),
and employing L!-L>-convolution estimates.

3.1. L°°-Bounds on the Full Semigroup
Before decomposing the semigroup eLor and establishing bounds on the re-
spective components, we derive L°°-bounds on the full semigroup e Such L>-
bounds readily follow from the pointwise Green’s function estimates obtained in
[19], see also [7]. Although the bounds on the full semigroup are not strong enough
to close the nonlinear iteration, they are employed in our analysis to control the
unmodulated perturbation.
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Proposition 3.1. Assume (H1) and (D1)—(D3). Let j, [ € {0, 1} with0 < j+I < 1.
Then, the semigroup generated by L enjoys the estimate

Hageﬁﬂfaévﬂ S (1477 Il
o0
forv € Céb(R) andt > 0.

Proof. By [19, Theorem 1.3], see also [7, Theorem 3.4] for the planar case, there
exists a constant My > 1 such that the Green’s function enjoys the pointwise
estimate

' - j+l _=tran®
‘agagc(;, Z, z)‘ < (1 +f%) ~he” o
for ¢, € Rand t > 0. Hence, integration by parts yields

Hageﬁofagvuoo = H/RagaéG(., £, Hu(E)dz HOO
2

l) ” ” / e /\201

v dz
9] ﬁ

5 (1 +t 12 ) ”U”oo,

¥

j

N‘

5(1+t*'

forv e C\,(R) and t > 0. O

3.2. Isolating the Critical Low Frequency Modes

Following [19], we decompose the temporal Green’s function G (¢, ¢, t) by
splitting off the critical low-frequency modes for large times. Thus, we introduce
the smooth cutoff functions p: R — R and y : [0, o0) — R satisfying p(§) = 1
for |&] < %0, pE) = 0 for [&] > &y, x(t) = Ofort € [0,1] and x(¢r) = 1
for t € [2, 00), where & € (0, ) is as in Proposition 2.2. The Green’s function
decomposition established in [19] reads as

G(.6.1) = Ge(6. 6.0 +Gelt, 8, 1)
for ¢, € Rand ¢t > 0, where

_ t T . - ~ -
Ge(¢,8,1) = % pE) OO0y (£)De (0)"dé

represents the component of the Green’s function associated with the linear disper-
sion relation A, (&), cf. Proposition 2.2. The corresponding decomposition of the
semigroup is given by

bt = 5,(t) + Se (1),
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where the propagators S, (#) and S.(¢) are defined as

Se<z>v(;>=/Rce(c,é,r>v(5)d5, Sc(t)v@)=fRGc(c,Z,r>v<E)dE,

for v € Cyp(R) and ¢ > 0. The pointwise Green’s function estimates obtained in
[19], see also [7], in combination with Lemma A.1 readily imply that the residual
S, (t) decays rapidly.

Proposition 3.2. Assume (H1) and (D1)—(D3). Let j,I € {0, 1} with j +1 < 1.
Then, it holds that

. j+1
lafseoao] <+t (1475) ol
o0
forv € Cflb(]R) andt > 0.

Proof. Incaset € (0, 1] we have x () = 0, which implies S.(¢) = e£0’ . Hence,
fort € (0, 1] the result directly follows from Proposition 3.1. Thus, all that remains
is to derive the desired estimate for large times. By the analysis in [19, Section 4],
see also [7, Lemma A.4], there exist constants ;1 > 0 and My, M| > 1 such that
the Green’s function enjoys the exponential estimate

. 7 2
jal - I P _ (&—=¢+at)
8§8ZG(§,§,I) ST e My

forany ¢, ¢ € Rand ¢t > 0 satisfying

It — 7 +at] > Mot. (3.1)

In addition, Proposition 2.2 and Lemma A.1 yield

iolG.e. 2.0 = |22 re®)iyi (giée L (€83, (7)*
acava@’f”)\—‘zn | &0 (o @e()) af (7 B (D)) ae
.y 4!
Sl <1+—(§ gjm) )
t

1

[NT]

N ) -1
<t (1 + MR~ T +at|i>

for ¢, E € R and r > 1 satisfying (3.1). Finally, by the analysis in [19, Section 4],
see also the proof of [7, Lemma A.5], there exists a constant M, > 0 such that we
have the exponential estimate

; - g (g=ixan?
0{0;Ge(c, L) S 1™ 2 eTieT

forany ¢,z € Rand ¢ > 0 satisfying

¢ — ¢ + at| < Mot.
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Combining the three pointwise Green’s function estimates established above, we
use integration by parts to arrive at

HafSe(t)BévH < sup (’/ . agalce(g,f,t)u(f)dg‘
0 ¢eR [¢—C4at|<Mot 4

+

[ sacetaub]
|&—¢+at|>=Mot

+ 'f ] 0/9.Ge(¢. ¢, r)v(E)dED
¢ =¢+at]=Mot

,2

_it 2 [ e M
ST ol Y M dz
P R 1

1 o s\l
14 ol [ (1+M04t4|z|4> &z
R

_1 _ It
S0 (14077 ol

fort > land v € C/, (R). O

Remark 3.3. The modes corresponding to the residual part S,(¢) of the semigroup
eLor are exponentially damped, i.e. there exists §9 > 0 such that o (Lo)\{A.(€) :
& € (—&p, &)} is contained in the half plane {A € C : R A < —§p}. Therefore,
we expect that one can replace the algebraic L°°-bound in Proposition 3.2 by an
exponential one, see [18, Proposition 3.1] for the corresponding L2%-result. This
would require a sharper pointwise estimate on 8{1 Bé G.(¢,Z, 1) in the proof of
Proposition 3.2, which could possibly be obtained by exploiting analyticity of the
integrand in £ and deforming contours. However, since the algebraic bound on
Se (¢) in Proposition 3.2 is sufficient for our purposes, we refrain from doing so in
an effort to avoid unnecessary technicalities.

3.3. Decomposing the Critical Component

Motivated by the expansion (2.1) of the eigenfunction ®, of the Bloch operator
L(&), we further decompose the critical component of the Green’s function as

Ge(g.5.1) = (65(¢) + kodk (¢: ko)D) G(C. 0. 1) + G (L. 5. 1),
for ¢, E € R and ¢t > 0, where

G, ¢, 1) = %) p(§)elE Ol NG, (7)*dg, (3.2)

-7
represents the principal component, and where
P o (7 E(C—0) e
G b =22 pe)eeDeren
T Jox
(P& (@) — P4(6) — iko5 a5 ko)) Pe ()" dé,
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is a remainder term. Defining corresponding propagators

HONES /RG‘;@, & nuQ)ds, S 0v@E) = /RGr@, ¢, Hu()de,
yields the semigroup decomposition
O = S, (1) + Se(t) = S(1) + (d) + kodp (- k0)dg) SH®),  (3.3)
where we denote
S() = S:(t) + Se (1), (3.4)

fort > 0. Thereason for explicitly factoring out the term ¢6 +kookd (+; ko) in(3.3)
is that composition from the left of S?, (t) with spatial and temporal derivatives
yields additional temporal decay. Yet, the same does not hold for composition with
derivatives from the right, as can be seen by computing the commutators

I SH(1) = SHMI; = Sy (1), 07SH(1) — SH()IF =20, 5)(t) — S5 (1),
(3.5)

where we denote

S,0u©) = [ Gyt nu@E,
R

i - X(t) g iE(r—C IR (7 \*
Gyt =22 | p@et O g b0 de

for i = 0,1, 2. These facts, as well as the higher algebraic decay rates of the
remainder S, (¢), are confirmed by the following result:

Proposition 3.4. Assume (H1) and (D1)-(D3). Let j,I,m € Ny and i € {0, 1, 2}.
Then, we have the estimates

J ool i m _z
” (3 —ad)’ 3L St 0)a) v”oo <A+0"5 olloo, (3.6)
Jots: 0o < a0 i, (3.7)
o0
forve Ci(R)andt > 0.
Proof. First, we compute
(9 —ad;)’ aéagc;(;, Z, 1)

=20 | P G) 0e®) —ag)) Oy (FCD (D)) de,

for ¢,z € Rand t > 2, where we recall x (t) = 1 for ¢ € [2, 00). Next, we note
that by Proposition 2.2 and the embedding HI} (R) < L°°(R), it holds that

cr

he(®) —ias| S €% |0l (e — ¢ — ikos ko (5 k)| S €%
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for & € (—&o, &). Hence, Proposition 2.2 and Lemma A.1 imply that the following
pointwise estimates

, o . _7 4y !
(30 —ad) oo Gl e £ < E (1 + “i—j‘”)) . rel200),
. . - —_— P 4 _1
(3 —ade) oo Gl e £ <1 <1 + @i—j‘”)> L reqa,
7 4y "1
’agag"cr(;,g,t) <3 <1+(§i—2+m)) , 1 €[l,00),

hold for ¢, ¢ € R. Using the first pointwise estimate above, we integrate by parts
to arrive at

|3 — ade) oL s, 000 = H/R (6 — ade) 9102 Gl (-, £, u(©)dE H

) 4N —1 )
142+ z _2j+
St ||U||oo/ <1+—2> dz St772 [[vllcos
R 1t

which yields (3.6) for t+ > 2. The estimates (3.6) for t € [1,2] and (3.7) for
t > 1 follow analogously by integrating the second and third pointwise Green’s
function estimate, respectively. Finally, recalling that x (#) vanishes on [0, 1], the
inequalities (3.6) and (3.7) are trivially satisfied for ¢ € [0, 1]. |

3.4. Estimates on the Full Semigroup Acting Between leb (R)-Spaces

To control higher derivatives of the unmodulated perturbation in our nonlinear
analysis we need estimates on the semigroup eLo’ as an operator from the space
CH (R) into CZ/'(R) for j,I € Ny with 0 < [ < 2. Such estimates readily
follow from Propositions 3.1, 3.2 and 3.4 by applying standard analytic semigroup
theory.

Corollary 3.5. Assume (H1) and (D1)—(D3). Let j € N and m € Ny. It holds

[0 e S (1417 Mollyaso2n. veCy (),
|e<oraro ‘sz_w SA+070 (14078) ol + vl v e C™ ' ®),

Hezzorv ‘szm < ollyaiee. ve CUm),
fort > 0.

Proof. Standard analytic semigroup theory, cf. [21, Proposition 2.2.1], yields a
constant i € R such that

H Eoeﬁolv

‘ St e v]loos (3.8)
o0
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fort > 0 and v € Cywp(R). Noting that the graph norm on the space D(ﬁé) =

Cig (R) is equivalent to its W2/ _norm, we write

ool 5 fsere] o+ et
oo

W2j.00 ‘oo

’

- e+ [eon
o0 o
forv e Cféiz(R) and 7 > 0, where we use that £y and e£0’ commute. We use the
semigroup property, estimate (3.8) and Proposition 3.1 to estimate

leoetci o] < e ] reo.n
oo o0

Hcoego,ﬂé—lvn _ HEOCLOCEO(’_I)%_IUH
o0 o0

ST el e T 1= R
o (e.¢]

forv € Cig -2 (R). Thus, combining the last estimates and applying Proposition 3.1,

we arrive at

HCEOIU

e < () (25710 + i)
W2j.0 00
< (1 + r—l) V]l 2i—200

fort >0andv € ng_z(R), which yields the first result.

For the second estimate we apply Propositions 3.1, 3.2 and 3.4, recall the de-
compositions (3.3) and (3.4) and use the equivalence of norms on D(L'(J)) = Cig (R)
to bound

e R

W2i,00 ~
.

n ]eﬁof (ngag _ co> Lg‘la;"v” + Heﬁofagan
o o0

o]

< |ecota Do ) oo

< [sewocig Do ) apu] +|
o0

S, (1) (ngag - Lo) £y o Hoo

+

Se(r)a;”uHoo + ‘

S 0dck3 Do £ o'
o

+ s (nga{2 - Eo) Eé_lagl”Hoo + ‘

SC(I)E);”UHOO

<(14+n71 ((1 +f%) HDagﬁg‘lag"vH
o0

+ | (8D — o) £ oo +[ore] )+ vl
o0 o

11 1
<A+ W (1 + t_7> lollyasmtoo + 10]loo
fort > 0andv € C fg o (R). Since the left and right hand side of the last chain of
inequalities only requires v € Cig -l (R), the second estimate follows immedi-

ately by a density argument.
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Finally, for the last estimate we use the equivalence of norms on D(E ) = 51{ (R)
and Proposition 3.1 to bound

”eﬁotv ’ . 5 Hel:otﬁ(])'vH + H el:otv ‘
wW2ij,00 o0 o0
S[ede] + Mvlos S Nl
o
fort > 0andv € Cf,f(R) .

3.5. Relation to the Convective Heat Semigroup

We wish to relate the principal component Gi (¢, z, 1) to the temporal Green’s
function corresponding to the convective heat equatlon du = du¢ + aug. Thus,
we approximate A.(§) by ia§ —d§ 2 and factor out the adjoint eigenfunction @g )
in (3.2) by approximating it by d>0(§ ) so that it no longer depends on variable &
and can be pulled out of the integral. All in all, we establish the decomposition

Gl(&. 5.0 = H( = .03 Po(D)" + G1(5..0),
for ¢, E eR,t>0andi =0, 1, 2, where H(¢, t) is the convective heat kernel

1 _\;ﬁrﬂ

. . e T

H. 1) = / eiftH(iat —ds?) g ’
27 Jr 4 dt

and the remainder 5’, ¢, E , 1) is given by

G, 2,1
!

=5 /R IOt =) (0 (1) p(E)e™ O 9L B, ()" — 0L Bo(D)") dé,

with A, (£) := A.(§) — ia& + d&2. We introduce the corresponding propagators
SHovE) = /R G (£, ¢, Hu(D)de,
Spnv(E) = /R H(& = .08 o (0)*v(O)dC (3.9)
and obtain the decomposition
Sh(t) = Sp(1) + Si@). >0, (3.10)

of the principal component. We prove that §; (t) indeed exhibits higher algebraic
decay rates, whereas S; (1) enjoys the same bounds as the convective heat semigroup

e(da?”‘%)fv(;) :/ HE —L,0v@)ds, veCw@®),t>0. (3.11)
R
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Proposition 3.6. Assume (H1) and (D1)—(D3). Let ] € Ng and i,m € {0, 1, 2}.
Then, the estimates

. !
CRAGH Tl
oo

a’e(dafZJr”a‘)’v

_L
¢ St 2|v]los (3.12)

are satisfied for v € Cyp(R) and t > 0. Moreover, we have

e¢]

Hag"§;'(;)vH SA+072 Hv)ln, (3.13)
o0

; 1
acsion] <+ Hilyn,
o0

2
Haze@aﬁaa{)'v SUA+072 ol (3.14)

o0

ocSi@u]| < a+ o iy, (3.15)
o0

forv € Cdb(R) andt > 0.

Proof. First, we observe that (3.12) follows from a standard application of Young’s
convolution inequality. Indeed, one bounds

I i 1 (d0Z+ad; )t -1
Jatsya] . TG A llloo < 172 vllec

for v € Cyp(R) and ¢ > 0. Integrating by parts, we obtain, similarly, that

dd2+ad )t
(47 )v STHCON, vl S lvllwie,

[e¢]

[acsiow|_ . Joce
o0

forv e C 1b(R) and ¢ > 0, which, together with (3.12) implies, (3.14).

Next, we prove Q3. 13) and (3.15). We recall that x (¢) vanishes on [0, 1]. Hence,
we have S’ (1) = —Sh (t) for t € (0, 1]. Therefore, estimates (3.12) and (3.14)
imply (3.13) and (3.15) for short times ¢ € (0, 1]. So, all that remains is to estab-
lish (3.13) and (3.15) for large times ¢+ > 1. First, we note that for all z € C we
have

|ez _ 1| < elzl —q < |Z|C|Z|.

Moreover, Proposition 2.2 yields a constant C > 0 such that |1, (£)| < C|£|* for
& € (—&o, &y). Hence, applying Proposition 2.2, using the embedding lDer(R) —
L*(R) and recalling x (t) = 1 for t > 2, we arrive at

Hx(t)e“@”ag B — 015

< ‘ems)t _

4 ‘
oo

3 (P — @

(@)
dg2

S @11 O - 1g] < (1g P+ 1g1) o757,

(3.16)
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for & € (—&p, &) and ¢ > 2. On the other hand, we estimate

Hx(t)ekr@)’ag&; - o5

< ‘exr@)z

| 3k
}824’5

+ Hagmg
o0

<1<+,
o0
(3.17)

for & € (—&p,&0) and ¢ € [1, 2] (taking &y smaller if necessary). Furthermore,
there exist constants &g, ;o > 0 and a function A, € C 4 (R C) satisfying 1, (§) =

iag —dg* forE € R\ (=2, %), 3 (0) € iR and R Ay (§) < —8o — pol&|? for all

& € R. Recalling that p(£) — 1 vanishes on (—5—, 20 we rewrite
g 2°2

G = L/ G —Er+(aE—d) (g ym (e
2 R

(x e @58 0) — 0 B0 ()" ) ds

e—&)t . _ ,
+ [ elf(§—§)+(lh(é)+5o)l(is)mp(g)ag 50(5)*(15

2 R ¢

1 E -
[ G ®) ym g i .
[ e (16)"d€ 0L Bo(D)",
for £, € Rand r > 0. We use Lemma A.1 and estimates (3.16) and (3.17) to
establish pointwise bounds on the first two terms on the right-hand side of the last

equation. On the other hand, we apply [12, Lemma A.2] to estimate

‘i/ / eif('*f)ﬂuh(é)t(ié:)mdgw(g—)dé_—
2 RJR

e (1472wl

[e.¢]

fort > 0 and w € Cyp(R). All in all, we obtain

JoSion] < vl (1% +e7r")
oo

Z4 -1 m
J(15) et (e
R

1 m
SA+072 7 vl
forve Cyp(R) and £ > 1. O

As explained in Section 1.2, we encounter a critical term in the upcoming
nonlinear stability analysis that cannot be controlled using iterative L°°-estimates.
This term corresponds to a Hamilton-Jacobi nonlinearity of the form f), yf, where
fp: R — R"is I-periodic and y : R — R is the phase modulation to be defined
in Section 4.2. The following result allows us to isolate the critical term after which
we can apply the Cole—Hopf transform to eliminate it, cf. Section 4.3. The result
relies on an expansion of the 1-periodic adjoint eigenfunction ® as a Fourier series
and yields a factorlzatlon of the leading-order action of the propagator So(t) on the
product f y§ into the coefficient (P, ) }322(0 15 and the function obtained by the
action of the convective heat semigroup el on yZ .
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Proposition 3.7. Assume (H1) and (D1)—(D3). Then, there exists a bounded linear

operator Ap: lDer((O 1), ]R”) — C(R, R) such that it holds

ddZ+ad ~
SY(1) (gv) = (408 anc): ({0, £)1200,1yv — An(8)3; V)
2
T el D) (g0,
for g € Ly ((0,1),R"), v € Cyy (R, R) and t > 0.

Proof. We proceed as in [16, Lemma 3.3] and expand the 1-periodic function

CDSg € Lper((O, 1), R) as a Fourier series to obtain

S2(1) (gv) (¢) = fR H( = 7, 0&0@) ¢ (Ov(@)dE
= (5078)L2(0,1)/ H( =, Hv()de

+ Z f‘bog, 120, 1)32””§H(C—§ Hv(¢)de,
JEZ\{0}

for g € Lper((O, D,R"), v e C&b(R, R), ¢ € Rand ¢t > 0. We integrate by parts
to rewrite the last term as

- /RAh(g)(E)ag (H( — &, 00(@) dE
=9 /R H(& =&, DAR(©)v()dE
- /R H(E = £, 0An(@) @)z,

where Aj(g) is the Fourier series

(®pg, €™ 20
INBIGEEY e eR.
. Tij
JEZ\{0}

By Holder’s and Bessel’s inequalities we have

(D5g. €™ ) 1201
2mij

2

~ 1
<1966l 2om | 2 47| Slelezon
JEZ\{0}

JEZ\{0}

for g € per((O 1), R™). Hence, the Fourier series Aj,(g) convergences abso-
lutely and, thus, is continuous. In particular, Ay, : per((O 1), R”) — C(R, R)

is a bounded linear map. Recalling (3.11), the desired result readily follows. O
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4. Nonlinear Iteration Scheme

We introduce the nonlinear iteration scheme that will be employed in Section
5 to prove our nonlinear stability result, Theorem 1.3. To this end, let ug(x,t) =
do(kox — wot) be a diffusively spectrally stable wave-train solution to (1.1), so
that (H1) and (D1)—(D3) are satisfied. Moreover, let vy € Cyp(R). We consider the
perturbed solution u(#) to (1.2) with initial condition u(0) = ¢¢ + vo.

First, we study the equation for the unmodulated perturbation v(z) = u (1) — ¢y
and establish L°°-bounds on the nonlinearity. As outlined in Section 1.2, the semi-
linear equation for v(z) is only utilized to control regularity in the nonlinear stability
argument. To gain sufficient temporal decay, we work with the modulated pertur-
bation v(¢) defined in (1.3). We derive a quasilinear equation for v(¢) and establish
L°°-bounds on the nonlinearity. The phase modulation y () in (1.3) is then defined a
posteriori, so that it compensates for the most critical contributions in the Duhamel
formulation for v(#), which can be identified using the semigroup decomposition
obtained in Section 3. Consequently, y (¢) is defined implicitly through an integral
equation. By isolating the most critical nonlinear term in this integral equation and
by relating the principal part of the semigroup to the convective heat semigroup,
cf. Section 3.5, one uncovers the perturbed viscous Hamilton—Jacobi equation that
is satisfied by y (¢). Up to a correction term, exhibiting higher-order temporal decay,
the nonlinear terms in this equation are homogeneous in the variables v(z), y,(t)
and their derivatives and possess 1-periodic coefficients. Finally, we remove the
most critical nonlinear term in the perturbed viscous Hamilton—Jacobi equation for
y (t) by applying the Cole-Hopf transform and derive a Duhamel formulation for
the Cole—Hopf variable.

4.1. The Unmodulated Perturbation

The unmodulated perturbation v(¢) satisfies the semilinear equation (1.18),
whose Duhamel formulation reads as

t
V() = eLolyg + / LU= N (3(s))ds. @.1)
0

Using Taylor’s theorem and the smoothness of the nonlinearity f in (1.1) we es-
tablish the relevant nonlinear estimates.

Lemma 4.1. Assume (H1). Fix a constant C > 0. Then it holds that
IN®| ., < I91%
Sfor v € Cyp(R) satisfying ||Vllco < C. In addition, we have

. i o I
N@ s S 110 + 10w Bl + 1ol Tl
V@ W

for v € C3, (R) satisfying ||V]loc < C.
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Note that Ly is a sectorial operator on C‘L{b(R) with dense domain D(Ly) =
Cl]lb+ 2(R) for any j € Ny, cf. [21, Corollary 3.1.9]. Moreover, by smoothness of

f, the nonlinearity in (1.18) is locally Lipschitz continuous on leb (R) for any
J € Np. Consequently, local existence and uniqueness of the unmodulated pertur-
bation is an immediate consequence of standard analytic semigroup theory, see [21,
Theorem 7.1.5 and Propositions 7.1.8 and 7.1.10].

Proposition 4.2. Assume (H1). Let vg € Cyp(R). Then, there exists a maximal time
Tmax € (0, 00] such that (1.18) admits a unique classical solution

¥ € C([0, Timax), Cup(R)) N C((0, Tmax), CZ(R)) N C1((0, Tinax), Cun(R)),

with initial condition V(0) = vg. Moreover, the map [0, Tyax) — Cup(R), t +—
Jt Ve (t) is continuous and, if Tmax < 00, then we have

lim sup || 9(7) || o = 0©.
tTTmax

Finally, if vo € C;p(R) for some j € Ny, then v € C([O, Tmax),CL{b(R)) N

C ((0, Tax), Cl{;rz (R)) and there exist constants K, r > Qandatimety € (0, Tinax),
which are independent of vy, such that, if ||vo|lyj.c < 1, then it holds that

1) lwico + VENTO st < K llvollyoe
forallt € [0, to].

4.2. The Modulated Perturbation

We define the modulated perturbation v(¢) by (1.3), where the spatio-temporal
phase y (¢) satisfies ¥ (0) = 0 and is to be defined a posteriori. Substituting u (¢ —
(¢, 1), 1) = ¢do(¢) + v(¢, t) into (1.2) yields the quasilinear equation

@ — Lo) [v+dpv] =N, v, 8y) + @ — Lo) [yev], 4.2)
for v(z), where the nonlinearity A is given by
N, y,v) =Q,y) + %R, y, v1) + 3cS(w, y),
with

Q. y) = (f(@o +v) — f(do) — f'(do)v) (1 — ).
k2 y2v
R, y, yz)z—ytv+woy¢v+—°D (Vf%—yccv— : )

Ye 1 —y;

1 —
2
yiv
S, y) =k§D 2ycv + £ ,

cf. [18, Lemma 4.2]. With the aid of Taylor’s theorem it is relatively straightforward
to verify the relevant nonlinear bounds.
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Lemma 4.3. Assume (H1). Fix a constant C > Q. Then, we have

19w, Yl S 112,

IR, v, ¥)lloo S I0llooll (e, ¥ oo oo + v Il
IS@, V)lloo S llooll Ve lloos

forv € Cyp(R) and (v, y) € C2,(R) x Cup (R) satisfying ||v]loo < C and [|y¢ llso <
%. Moreover, it holds

10:S @, )| o S Iollwios Iz llwr.ce,
forv € C&b(R) andy € Cgb(R) satisfying || Ve lloo < % Finally, we have
1Qw, Miwree S lvllscllvllyreo,

IR, v, ¥)llw2eo SNy v llwseocwreo (IIllw2eo 4 172 i)
IS@, Y llwseo S N¥e llwsee IVl

forv e CH(R) and (v,y;) € Ch(R) x C2(R) satisfying ||vllcc < C and
Ivelwies < 5.

Integrating (4.2) and recalling y (0) = 0 yields the Duhamel formulation

t
v(t) + ¢y (1) = e“'ug + / L IN (u(s), y(5). 9y ())ds + v (Dv (D).
0
4.3)
As in [16, 18] we make a judicious choice for y () so that the linear term ¢>(’)y(t)

compensates for the most critical nonlinear contributions in (4.3). Thus, motivated
by the semigroup decomposition (3.3), we introduce the variables

f(t) = v(1) — kodkp (-3 ko)ye (1), 4.4)
Y (@) =0y (1) —ay: (1),
cf. Proposition 2.1, and make the implicit choice
t
y(t) = SY(t)vo + /0 SO — N (W(s), v (5), y (5))ds. (4.5)

Substituting v(¢) + ¢y (t) = 2(1) + (¢}, + kodk (- ko)d;) ¥ (1) and (4.5) into (4.3)
leads to the Duhamel formulation

~ t~
z(t) = S(Hvo +/O S(t =N (v(s), y(s), 3y (s))ds + ye (v (@), (4.6)

for the residual z(z).

Noting that v(t) = z(t) + kodx¢(-; ko)y:(t) and 3,y (t) = y(t) + ay (1),
the equations (4.5) and (4.6) form a closed system in z(7), y¢ (?), y(t) and their
derivatives. Since S(¢) and (9; — a8§)S2(t) decay algebraically at rate (1 + D
as operators on Cyp(R) by Propositions 3.2 and 3.4, z(¢) and Y/ (¢) are expected to
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exhibit higher-order decay (at least on the linear level). On the other hand, since
¢ SO (t) decays atrate (1 +1)~ 1/2 angl can be directly related to the derivative of
the convectlve heat semigroup 8¢e (dd; +ade)t , we cannot expect that y, () decays
faster than (1 4 1)~1/2, cf. Propositions 3.6 and 3.7. Hence, implicitly defining the
phase modulation y (¢) by (4.5), it indeed captures the most critical terms in (4.3).
Moreover, it holds y (0) = 0, because we have S?,(O) =0.

Local existence and uniqueness of the phase modulation follows by applying a
standard contraction mapping argument to (4.5), where we use that the modulated
perturbation v(#) can be expressed as

V(& 1) =0 =y, 1), 1)+ o —y(, 1) — ¢o(&). 4.7

Thus, having established local existence and uniqueness of the unmodulated per-
turbation in Proposition 4.2, the integral equation (4.5) yields a closed fixed point
problem in y(¢) and its temporal derivatives. We arrive at the following result,
whose proof has been delegated to Appendix B.

Proposition 4.4. Assume (H1). Let vg € Cyp(R) and j, 1, m € Ny. For U and Tpax
as in Proposition 4.2, there exists a maximal time Tmax € (0, Tmax | such that (4.5),
with v given by (4.7), has a solution

¥ € C([0, Tmax), C2™(R)) N CMH ([0, Tmax), Clp (R)),

satisfying y(t) = 0 for all t € [0, tmax) with t < 1. In addition, it holds
1y (@), 0ry (D)l wrooxpo < %for allt € [0, Tmax). Finally, if tmax < Tmax, then
we have

: 1
lim sup [|(y (&), ry () llw2.cex o0 = 7

t T Tmax

Recalling the definitions of the modulated perturbation v(¢) and the residual
z(t), their local existence and regularity is an immediate consequence of Proposi-
tions 4.2 and 4.4.

Corollary 4.5. Assume (H1) and (D3). Let vy € Cyp(R). For v as in Proposition 4.2
andy and tmax as in Proposition 4.4, the modulated perturbation v, defined by (1.3),
and the residual z, defined by (4.4), satisfy

v,z € C([O Tmax), Cub(R)) N C((O Tmax), C (R)) nc' ((Ov Tmax), Cub(R))-

Moreover, their Duhamel formulations (4.3) and (4.6) hold for t € [0, Tmax)-

4.3. Derivation of Perturbed Viscous Hamilton—Jacobi Equation

We derive a perturbed viscous Hamilton—Jacobi equation for the phase mod-
ulation y (¢). First, we collect all yg—contributions in the nonlinearity A (v, y, ¥;)
in (4.5), which are the nonlinear terms from which we expect the slowest decay.
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Then, we use the decomposition (3.10) of the propagator Sg (t) and Proposition 3.7
to decompose (4.5) in a part of the form

t
/ ) b u(s), v ), F(5))ds, 4.8)
0

and a residual 7 (¢) from which we expect higher-order temporal decay. Correcting
the phase y (#) with the residual term r (¢) and applying the convective heat operator
o —d 8? — ad; to (4.5) then yields the desired perturbed viscous Hamilton—Jacobi
equation with nonlinearity F(z, v, v, ¥).

We start by isolating the yg—contributions in the nonlinearity in (4.5). Recalling

v(t) = z(t) + kodkp (-5 ko) yc (1), 3y (1) = V(1) + ay(¢) and a = wp — ko' (ko),
cf. (1.7) and (4.4), we rewrite the nonlinearity in (4.5) as

N@(s), y(5), 37 () = kG fore ()2 + Np(z(s), v(s), ¥ (5), P(5)),  (4.9)

where the 1-periodic function

1
fr= 5f”(¢0) 0k (-3 ko), Ok (s ko)) + ' (ko) x (-5 ko)
+ D (¢ + 2ko0; ek (-5 ko))

captures all yg—contributions, cf. [16, Lemma 5.1], and the residual is given by

N0, v, 7) = Qp(z, v, ¥) + 9 Rp(z, v, ¥, ¥) + 0::Sp(z, v, ),
with
Qp(z, v, ¥) = (f(po +v) — f(¢o) — f'(d0)v) ¥
+ (@0 +v) — f($0) — f(@o)v — %f”(qso)(v, v)

+ %f”(cﬁo)(z, 2) + koye [ (90)(z, 3k (-5 ko))
+ 2kg ' (ko) e vee kb (5 ko)
+ 265D (vevee (90 + 4koderd (5 ko))
+ 2ko (V;Zg + V;Vm) O (- ko)) ,
Rp(z, v, 7, ¥) = —vy + kow (ko) ye z

kg 3 v
D 0— — ,
* I -y ()/; %0 = Yeev 11—

Ve

v

2
Y
S,,(z,v,y):k?)D (2y;z+1 £ )

— Y

With the aid of Taylor’s theorem we readily establish the following nonlinear esti-
mates
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Lemma 4.6. Assume (H1) and (D3). Fix a constant C > 0. Then, we have

12520, P)lloe S (Illoo + 175 ll0) 01%
+ (I2lloe + 17% lloo) l1zlloo + 17 lwros I vee e,
IRp (v, v, Plloo S Tvlloe (I7loo + Ivec oo + e %)

+lzlloollve lloo + e 12,
1S5z, v, Y)lloo S 0lloollVe 126 + 1zlloo 1 e oo,

forz € Cup(R), v € Cup(R) and (v, 7) € C,(R) x Cun(R) satisfying [[v]loo < C
and ||y lloo < 5.

Using the commutation relations (3.5), the decomposition (3.10) of the propaga-
tor S; (1), the decomposition of S,?(t —8$)(fpye (5)?) established in Proposition 3.7
and the decomposition (4.9) of the nonlinearity, we rewrite (4.5) as

t
y(t) =r(t) + Sp(t)vo + / (a0 +adc ) =)

€
0
(v = KGNS (ve()?) ) ds
t
+ fo SOt — $)Q)(2(5), v(s), ¥ (5))ds 4.10)
t
- /O S}t — IR (2(s), v(s), ¥ (5), F(s))ds

t
+ f S2(t — $)Sp(2(s), v(s), ¥ (5))ds,
0

where by the computations [8, Section 4.2] we have

2/ 1 2
v =ko(®o, fp)r20,1) = _Ekow (ko),

and where r(7) is the residual
r) = w0 + K3 /O 00— (fre?) ds
+ K20, /0 ) (4 e ?)
+ 0 /0 S0 — YR (2. (5). ¥ (5). Fs))ds
+f [ 00 = 5)8,2(5), v(s), ¥ ()
=3 5L — )8, 2(5), vis), y (5))ds

t~
+ /0 30t — $)Qp (2(s), v(s), 7 (5))ds
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[~
- /O 81t — YR (z(5), v(s), ¥ (5), F(s))ds

t
+/ S2(t — $)S,(2(5), v(s), y (5))ds, 4.11)
0

capturing all contributions in (4.5), which we expect to exhibit higher-order decay,
cf. Proposition 3.6.

Recalling the definition (3.9) of § ,’1 (t), equation (4.10) implies that y (t) — r(¢)
is indeed of the form (4.8), where we have F(z,v,y,y) = vyg2 +G(z,v,7,9)
with

G(z. v, 7. 7) = —k§ AR ()3 () + B5Qp (2. v. ¥)
— (9:35) Rp(zo v, 7. ) + (355;;) Sp(z. v, 7).
Note that the map ¢ — F(z(2), v(t), y(¢), ¥ (¢)) lies in C([O, Tmax)» Cub(R)) by
Proposition 4.4 and Corollary 4.5. So, standard analytic semigroup theory, cf. [21,

Theorem 4.2.1], readily yields the regularity of y(¢) — r(¢) and, thus, of r(¢) by
Proposition 4.4.

Corollary 4.7. Assume (H1) and (D3). Let vo € Cuyp(R). For y and tmax as in
Proposition 4.4 and for v and z as in Corollary 4.5, the residual r, defined by (4.11),
satisfies

re C([Ov Tmax), Cub(R)) N C((Oa Tmax), Cgb(R)) nc' ((0, Tmax), Cub(R))
In addition, the map [0, Tmax) = Cup(R), t > A/t r¢ () is continuous.

So, we can apply the convective heat operator to 9; —d 8? —ad; to (4.10), which
leads us to the desired perturbed viscous Hamilton—Jacobi equation

(0 — a0 — ;) (v = 1) = vy + Gz vy, D), (4.12)

Indeed, up to the correction term r(¢) and the perturbation G(z, v, y, ¥), which are
expected to exhibit higher-order temporal decay, equation (4.12) coincides with the
Hamilton—Jacobi equation (1.4).

4.4. Application of the Cole—Hopf transform

We apply the Cole—Hopf transform to remove the critical nonlinear term vyf
in (4.12). Thus, we introduce the new variable

y(1) = ed (¥O—r®) _ 1, 4.13)
which satisfies

y € C(10, Tmax), Cub(R)) N C((0, Tmax), Cop(R)) N C1((0, Tmax), Cub(R)),
4.14)
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by Proposition 4.4 and Corollary 4.7. We arrive at the convective heat equation
v ~
(8, —do; — a8;> y =2vreye + 7 (vr{2 +G(z, v, 9, )/)) y+1D, (415

which is linear in y.

By Proposition 4.4 the phase modulation y vanishes on [0, 1]. Hence, in the
upcoming nonlinear argument the Cole—Hopf variable y(¢) can be controlled by
the residual r(¢) through

y(t) =e "0 1, (4.16)

for t € [0, Tmax) With £ < 1. On the other hand, we will control y(#) through the
Duhamel formulation

) = e(di){2+a3;)(1—l)y(l)

" (a0zrad;)a-s) - (4.17)
+/1 el ¢ Ne(r(s), y(s), z(s), v(s), y(s), Y(s))ds,

for t € [0, Tmax) With # > 1, where the nonlinearity is given by
~ v 2 ~
Ny, 2.0 7. 9) = 2vreye + 2 (w2 + G vy, 7)) 5+ D).

The reason to use the formula (4.16) for short-time control of y(¢) (rather than its
Duhamel formulation) is that the nonlinear term r, ()% in NV, obeys a nonintegrable
short-time bound, which blows up as 1/s as s | 0, cf. Corollary 4.7.

Using Proposition 3.7 and Lemma 4.6, one readily obtains the relevant nonlinear
estimate.

Lemma 4.8. Fix a constant C > 0. Then, we have
NG 3,200, 7 Plloo S el e oo + 172
+ (IWlloo + 17 lloe) 101 + (N2lloo + 17z loe) 12l
+ el lyee e + 0lloo (17100 + e lloo + v %)
+l17e %,

for z € Cow(R), v € Cyp(R), 1,y € CLR) and (y,7) € C(R) x Cyp(R)
satisfying [Vlloo, 1Y lloe < C and |ly¢lloc < 3.

5. Nonlinear Stability Analysis

We prove our main result, Theorem 1.3, by applying the linear estimates, es-
tablished in Propositions 3.1, 3.2, 3.4 and 3.6 and Corollary 3.5, and the nonlinear
estimates, established in Lemmas 4.1, 4.3, 4.6 and 4.8, to the nonlinear iteration
scheme, which consists of the integral equations (4.1), (4.5), (4.6), (4.11) and (4.17).
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Proof of Theorem 1.3. We close a nonlinear iteration scheme, controlling the un-
modulated perturbation 3 € C([0, Tax), Cub(R)) N C((0, Timax), C% (R)), the
residuals r, z € C ([0 Tmax)» Cub(]R)) NncC ((0 Tmax)» Cub(R)) the phase modula-
tiony € C ([0 Tmax)» C (R))OC ([0 Tmax), C b(]R)) and the Cole—Hopf variable
y € C([Oa Tmax) Cub(R)) N C((O, Tmax): Cub(R))-

Short-time argument. By Proposition 4.2 there exist constants K1, r; > 0 and a
time 7; € (0, %min{l, Tmax}), which are independent of vy, such that, if Ey < rq,
then it holds [|[9(?) [leo + /2 0(2) | y1.0 < K1 Eg forall ¢ € [0, 4¢]. Next, we itera-
tively apply Proposition 4.2 with initial condition v(;) € C’b(R) fori =1,2,3,t0
yield constants K; 1, ;41 > 0 and a time ;1 € (¢, 2¢1), which are independent
of U(#;), such that we have v € C((t,, Tmax), Cl’gl(R)) and, if [|[V(#) lyyico < Fig1s
then it holds that

1T lyico + VT lypitro < Kigt 15U lwico < K1+ .. Kis1Eo/</T1 -1

fort € [t;, ti+1]. Allin all, we infer that there exist constants K, r, > 0 and a time
ty € (0, %min{l, Tmax}), which are independent of vy, such that, if Ey < r,, then
we have

V€ C([ts. Tmax). Cip®)). [Tt lypace < Ko Eo,
1T@lloo + V1 [T llw1.c < KyEo, (5.1)

for t € [0, 2t,].

Template function. Let o: [0, co) — [0, 1] be a smooth cutoff function which
vanishes on [0, #,] and satisfies o(r) = 1 for all t € [2,,00) D [l,00). By
Propositions 4.2 and 4.4, Corollaries 4.5 and 4.7 and identities (4.14) and (5.1), the
template function n: [0, Tmax) — R given by

2 2+in~
1925 (5) [l
n(t) = sup [e(s) (Z :

0<s<t S (1+5)log2+s)!%

lzee ()lloo + v/ 1+ sll2¢ ()l oo
log(2 +s)

1Y) oo + V5 e () e
+VT+¥s (nyg(s)noo 4 IrOloo + 5 "r¢(s)"°°>

+ )+ v ($)lloo

log(2 + s)
~ V5 1107 (9) [l oo
+ 1v($) oo + its
1+

e 1) (lz®loo + [ 5 ). 7o) Wz,wxwz,oo)}
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is well-defined and continuous, where we recall that (1) = 0,y (t) — aye (1).6
Moreover, if tmax < 00, then it holds that

lim n() >

11 Tmax

(5.2)

R —

Approach. Our aim is to prove that there exists a constant C > 1 such that for all
t € [0, tmax) with n(¢) < % we have the key inequality

10 = € (Eo+10?). (5.3)

Then, taking
: 1
€ = min m,r* My =2C,

it follows by the continuity, monotonicity and non-negativity of » that, provided
Eo € (0,¢€), we have n(t) < MoEg = 2CEq < 5 forall t € [0, Tmax). Indeed,
given t € [0, Tmax) With n(s) < 2CE( for each s € [0, ], we arrive at

n(t) < C (Eo + 4C2E§) < 2CE,,

by estimate (5.3). Thus, if the key inequality (5.3) is satisfied, then we have n(¢) <
2CEy < % forallz € [0, Tmax), Which implies by (5.2) that it must hold 7jp,x = 0.
Consequently, n(f) < MoE)y is satisfied for all # > 0, which yields (1.9) and (1.12)
for any M > M. In addition, recalling the definitions (1.3) and (4.4) of v(¢) and
z(1), respectively, we obtain

MEy,

NI

fort > 0and M > My(1 + ||kodr® (-; ko) ||co), Which establishes (1.10). Similarly,
using Taylor’s theorem, we estimate

lu =y 0,0 = dolloo = Iz lloc + Ikodk@ (-3 ko)l o 11V D lle =

luC =0, 0= (5 kol +y: (D) o
k2
l2@lloo + 3 SUp 13kt (5 K)o 7 (115
keU
MEylog(2+1)
1+¢

IA

fort > 0and M > My(1 + k% Supgey 10kk® (-5 k) lloc), which yields (1.11).

All that remains is to prove the key inequality (5.3) and then verify esti-
mate (1.13). In the following we bound the terms arising in the template function
n(t) one by one.

6 For the motivation of the choice of temporal weights in the template function 7(z), we
refer to Remark 5.1 below.
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Bounds on z(7), y;; (t) and y(1).Lett € [0, tmax) Withn(z) < % First, we observe

that v(s) = z(s) + kodk P (-; ko) (s) and 8,y (s) = Y (s) + ay, (s) can be bounded
as

107" v($)lloo S 107" 2() Moo + 1z ()20,
19:y (oo S NV ()l + 17z () lloc-

form =0, 1,2 and s € (0, ¢]. So, employing Lemma 4.3 we obtain

1QW(s), ¥ (5N lloos IR (s), ¥ (), %y () lloos IS W(s), ¥ (N loo S (1 +5)"n(s5),
(5.5)

54)

and
log(2 + s)
145

for s € [0, t], where we use n(t) < % and the fact that, if s < 2t, < 1, then we
have y (s) = 0 by Proposition 4.4. Hence, applying Proposition 3.2 we arrive at

ISW(s), ¥ () lwroo S n(s)%,

t
/0 Se(t — IN (u(s). 7(5). 3y (s)) ds

9]

t
< /O 1520t — $)Q(0(s), ¥() 1o ds

t
+ /O [Se(t = )3 (R (5), ¥(5), 87 () + 9 Sw(s), ¥ (5))) |, ds

t 2
5/ n(s)“ ds
0 (I+t—s)0(1+5s)
T log(2 + $)n(s)? < 1 )
+ 1+ d
/0(1+z—s)%5(1+s) Jies) "

< 1) log2 +1)
~ 1+1¢

(5.6)

for all 1 € [0, Tmax) With n(z) < % On the other hand, Proposition 3.4 and esti-
mate (5.5) yield

t
H/o Sp(t = )N (v(s), y(5), 3y (s)) ds

- / ns)? o n®?log2+1)
~o U+t =T +s) 7~ 1+1¢

5.7)
and

. t
” (0, —ade)! 9} /0 ot = IN (v(s), (s), 3y (s)) ds

< / t n(s)® ds (5.8)
~Jo A+t —s5)1A+5s)

< 1(®*log2 +1)
~ 141t
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for all t € [0, Tmax) With n(t) < 5 and j,l € Nogwith2 <[]+ 2j < 4, where we

used S0 (0) = 0 when taking the temporal derivative. Thus, using Propositions 3.2
and 3. 4 the decomposition (3.4) of S (¢) and estimates (5.4), (5.6), (5.8) and (5.7),
we bound the right-hand sides of (4.5) and (4.6) and obtain

log(2 +1)

59
14+t >9)

106 0, Tl swases 1200 S (Eo +1(0?)

for all 7 € [0, Tmax) With n(1) < 1

Bounds on r(¢) and r; (¢). Let t € [0, tyax) withn(z) < % We employ Lemma 4.6
and estimate (5.4) to bound

19p(2(s), v(s), ¥ (N lloos R p(z(s), v(s), ¥ (5), 3 ¥ ($)lloos ISp(2(s), v(s), ¥ () lloo

log(2 + s)
S g—gﬁ(s)z,
(I+s)2
(5.10)
for s € [0, ¢]. Hence, applying Proposition 3.4 we bound
1 1
ot /0 Syt = $)Rp(2(s), v(s), ¥ (), ¥(5))ds
o
t 2
< / n(s) 10?(2 +5) ds 5.10)
~ Lim 3 .
0 (14+t—s)2 (1+9)2
< n()?
(1 + t) 1+m ’
and, analogously,
m+2—i L n(t)z
9, / S;(t — S, ((s), v(s), y(s)ds|| S — (5.12)
0 o (14172

for all t € [0, Tmax) With n(t) < % and i, m € {0, 1}. In addition, with the aid of
Proposition 3.6 and estimate (5.10) we establish

t
[ 506 =900 1), y6)s

t 21 2

Sf nm(s) g2 +5) +ds (5.13)
0 (t—s)24/14+1t—5s1+s)2

< nw?

YA+t



Arch. Rational Mech. Anal. (2024) 248:36 Page 35 of 53 36

and, analogously,

’
o0

13
o /0 $1 = DRy ((s), 1), y(5), F())ds

t~
o fo S2(t — )8 (2(s), v(s), v ())ds

(5.14)

o]

2
< n
14+m >

T+

form =0, 1and all ¢ € [0, tax) With n(z) < % Moreover, Proposition 3.6 yields

t“’O 2
8211/0 S (t—s) (fpy;(s) )ds N

! n(s)*
< _ d .
< STFr—st-950+s" G19
< 107 log2 +1)
T +t)l+Tm

form = 0,1 and all ¢t € [0, Tmax). Next, we apply Propositions 3.6 and 3.7 to
establish

H ) /Ot e(da?'i‘aa;)(t—s) (Ah o)ye (s)2> ds

o0 (5.16)
- ne)? oo n@?log 1)

t
N/ Ji—sU+s 0~ x:

for all ¢ € [0, Tmax). Similarly, using that 0; commutes with e
obtain

(dr’)?ﬂ—a?);)(t—s)’ we

8{2 /ze(da§+aa;)(z—s) (Ah(fp)y;(s)z) ds
0

o0

max{0,7—1} 2
5/ L (5.17)
0 (t—s)(1+5)
t 2 2
+f n(s) ds < n(r) 10g(2+t)’
max{0,r—1} /t — s(1 +s) 141

for all + € [0, tmax). Thus, using the estimates (5.11), (5.12), (5.13), (5.14),
(5.15),(5.16) and (5.17) and Proposition 3.6, we bound the right-hand side of (4.11)
by

log(2 +1¢)

Nl (5.18)

10 Olloe S (Eo+10)?)

form =0, 1 and all ¢ € [0, Tmax) With n(t) < 1.



36 Page36of 53 Arch. Rational Mech. Anal. (2024) 248:36

Bounds on y(7) and y; (7). We use the identity (4.16), the estimate (5.18) and
n(t) < % to establish the short-time bound

~

F210 YO lloo S 12177 (O loo S Eo+ n(0)?, (5.19)

form = 0,1 and all ¢ € [0, Tax) Witht < 1 and n(¢) < %
Now let t € [0, Tmax) Witht > 1 and n(¢) < % We first apply Lemma 4.8 and
estimate (5.4) to establish

2
[Ne(r(s), y(s), 2(s), v(s), ¥ (5), V() lloo S w
(14+5)2

for s € [1, t], where we use n(t) < % Thus, using Proposition 3.6 and (5.19), we
bound

2
e <dd +ad ) (=1) " )H ||y(1)||W'ZOO < EO""?(;) 7 (5.20)
(1+n% 7 (1+0?
and
m " (d0F+ad)a—5) >
op [l Ne(r(5), (5, 205), (s), 7 (5), F())ds
! 2 log(2
</ w (5.21)
L (=931 +5)?
o _nw?
MET A

form = 0,1 and all ¢ € [0, Tmax) With ¢ > 1 and n(r) < % Combining (5.20)
and (5.21) with the short-time bound (5.19) yields

207"y (Dlloo S Eo + n(1)?, (5.22)
form =0, 1 and all ¢ € [0, Tmax) With n(t) < %

Bounds on y(¢) and y; (). First, we consider the case v # 0. Taking the spatial
derivative of

d
y(@) =r)+ —log(y(@) + 1),

yields

dyc (1)

ve@) =rc () + m,

for t € (0, tmax). We note that, since we have ||[y(#)|lcoc < n(t) < % and v # 0,
the above expressions are well-defined and it holds ||3;”)/(t)||oo < ||82"r(t) lloo +
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||8§'”y(t) lloo for ¢ € (0, Tmax). Hence, using the estimates (5.18) and (5.22) and the
fact that y (s) = 0 for s € [0, Tmax) With s < 1 by Proposition 4.4, we obtain

Eo+n(t)?

137y (oo S s
¢ Y 4ns

(5.23)

form =0, 1 and 7 € [0, Tmax) With n(t) < 1.
Next, we consider the case v = 0. With the aid of Proposition 3.6 and esti-
mate (5.10) we establish

E
lorshow| s —"=.
o™ (1413

t
[ 850 =900 0. y6)s (5.24)
§ft 77(5)210g(2+S)3 ds < ﬁ(t)zm’
0 (t—9)2(1+s)2 (1402
and, analogously,
t
7 [ 8ha =R, G). 000,y ). Fos|
t
o [ $30 = 98,000 06 y0ds| (5.25)
m [ (d92+ad; )t—s) 2 n(1)?
o} /O e( frai) (Ah(fp)a{ (Vc(s) ))ds mﬁm’

form = 0,1 and t € [0, Tax) Withz > 1 and n(¢) < % Thus, recalling that y (¢)
vanishes on [0, 1] by Proposition 4.4 and using estimates (5.18), (5.24) and (5.25),
we bound the right-hand side of (4.10) and arrive at (5.23).

Bound on z;;(¢). Due to the fact that the cutoff function ¢ vanishes on [0, #,], it
suffices to focus on the case r > t,.. Thus, lett € [0, Tmax) With? >z, and n(r) < %
Thanks to (5.1) we find that (4.7) is three times differentiable. Thus, we compute

Veer (£,5) = (Beee (€ — (8, 9),9) + 00—y (@ s)) (1 — v, 9))°
—3(Wc €@ =y 9.9+ =y ) vee € DA =y (L. 5)
— (V€ =y, 9,9+ — v (& 5)) Veee (€, 8) — g (£),

for s € [t,,t] and ¢ € R. With the aid of the mean value theorem we bound the
latter as

ez (9)lloo S 1T () lwaee + Iy () llwsce S V(1 +5)log2 +$)n(s),
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for s € [2t4,1t], where we use n(t) < % So, employing Lemma 4.3 and esti-
mate (5.4), we establish

O
VsVT+s

2
IRWE). 7). 8y (Dl < W

IS@(s), y (N llwsee S Viog2 + $)n(s)?,

fors € (0, t], where we use n(t) < % and the fact that, if s < 2¢, < 1, then we have
y (s) = 0 by Proposition 4.4. Hence, using (5.5) and applying the second estimate
in Corollary 3.5, we find

1Q(s), y (D llwieo S

t
H/O B?eEO(t_S)N(v(s), v (s), 3y (s)) ds

oo
t
S /0 (1R (), ¥ (Nl + IR W(s), ¥ (5), dy (N llog + IS W), ¥ () lloo
N 1QWEs), ¥ (D100 + IR W(s), ¥ (5), 3y (D200 + I1S@ES), ¥ () 300

(1+Z—s)iTl)
1
-<1+ >>ds
t—=s

t 1 log(2 + ) 1 1
[ R ) )
N/(;U(S) (1+S (1+I—S)% T—s \/E S

< log(2 + 0)n(1)?

(5.26)

for t € [0, Tmax) With t > ¢, and n(t) < % Moreover, the first estimate in Corol-
lary 3.5 yields

[o2e“m v | < Eo (5.27)
o0

fort € [0, Tmax) With # > £,. On the other hand, with the aid of Proposition 3.4 and
estimate (5.5) we bound

for t € [0, Tmax) With ¢t > t, and n(t) < % Thus, recalling the semigroup decom-
position (3.3) and combining estimates (5.4), (5.26), (5.27) and (5.28), we bound
the right-hand side of (4.6) and obtain

92 (@6 + kot (ko)) S5(1)w0) HOO < E,

t
2 [ S0t = N W)y 51,8y () s
0

t 2
5/ 1) 4 < log(2 + 1) ()2
00 o 1+s
(5.28)

00)lz5: (Do S 10g @ +1) (Eo +1(1)?) (5.29)
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for t € [0, Tmax) With (1) < 3.
Bound on z; (7). Interpolating between estimates (5.9) and (5.29) yields

log(2 +1)

e (Eo n W)z) (5.30)

o lze Moo S
for ¢ € [0, Tmax) With n(r) < 1.
Bounds on v(), U, (t) and vV, (¢). Since the cutoff function ¢ vanishes on [0, ]
and we have established the short-time bound (5.1), it suffices to focus on the case
t > ty. Thus, let t € [0, Tmax) With ¢t > 1, and n(z) < % As in the proof of
Corollary 1.4 we note that [|y; (t)|lcc < n(t) < % implies that the map ¥;: R —
R given by ¥,(¢) = ¢ — y(¢,t) is invertible. We rewrite w,(t/fl_l(g)) = ¢ as

¥ N(©) — ¢ =y (¥, (¢), 1) and estimate
V@) = ¢| S 1y Olles. (5.31)

sup
ceR

Substituting ¢ by wl_l (¢) in (4.7) and its spatial derivatives
ve (6, 1) = (0 (€ =y (&0, 1) + & =y, ) (1 = v (5. 0) — ¢p(x),
v (6.0 = (T (6 = 7@ 0,0 + 85 = 7@ 0) (1= ye (& 1)’
= (U@ —y& 0.0+ 65 —yE.0)) vee (6. 1) = d5(x)

yields, after rearranging terms,

B0 =v (V@ 1) + 90 (@) = do(©),

v ('@ 1) + 04 (v ©)
L=y (v @)

vee (U7, 1) + 94 (471©) + (B @0 + #©) vee (7 @), 1)

— $0(0),

Ve (g, 1) =

Ve (L 1) =
UC{ C 1 (1_)/( (wt—l(é—),t>)2
— 0 (©).

We apply the mean value theorem and estimates (5.4), (5.9), (5.23), (5.29), (5.30)
and (5.31) to the latter and arrive at

POITOlloe S PO IO i + 1y Ollwi S Eo+ 107,
) [Tec 0], S POIVO 2 + Iy Ol S log@+1) (Eo+n(1)?)
for j = 0,1 and # € [0, Tmax) With n(¢) < % Combining the latter with the

short-time bound (5.1) we obtain

J
toN? i 2
(—1 +t> 10; v()lloe S Eo +n(1)",

00Tz (oo S Tog(2 + 1) (Eo +n(1)?)

(5.32)
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for j =0, L and t € [0, Tmax) With n(t) < 1.
Bounds on 82‘?}'0). Since the cutoff function ¢ vanishes on [0, #,], it suffices to

focus on the case t > .. Thus, let t € [0, Thax) With t > ¢, and n(¢) < % We use
Lemma 4.1 to bound

ING6) | Sn% [NTE)] s S VA +5)log2 + 5)n(s)?
(5.33)

for s € [ty, t]. First, using the last estimate in Corollary 3.5 and the short-time
bound (5.1) we estimate the linear term on the right-hand side of the Duhamel
formula

t
(1) = LT + / eLot=5) AT (% (s))ds (5.34)

[

as

< Ep (5.35)

~

SRS PGS

for t € [0, Tmax) With ¢ > ¢, and n(¢) < % Second, the nonlinear bounds (5.33)
and the second estimate in Corollary 3.5 yield

t
3; f eL0=9 N (5 (s))ds
Iy

! 1+ s)log2 +s) 1 (5.36)
N/t*n(s) ( + 05 t—s)lo 1+ — s

<> +1)

fort € [0, Tmax) Witht > ¢, and (1) < % Thus, using estimates (5.35) and (5.36),
we bound the right-hand side of (5.34) and obtain

o |05 5 a1+ (Eo+n0?) (5.37)

for t € [0, Tmax) With (1) < 3.
Bound on agﬁ(t). Interpolating between (5.32) and (5.37) we readily arrive at

o |03 5T+ Dlog@+ 1) (Eo+n1)?) (5.38)

for € [0, Tmax) With # > £, and (¢) < 3.

Proof of key inequality. By the estimates (5.9), (5.18), (5.22), (5.23), (5.29),

(5.30), (5.32), (5.37) and (5.38) it follows that there exists a constant C > 1, which

is independent of £ and ¢, such that the key inequality (5.3) is satisfied.

Approximation by the viscous Hamilton—Jacobi equation. We distinguish be-

tween the cases v = 0 and v # 0. In case v = 0, we define y(t) = Sh(t)vo =
NC: Al Gy, Cleartly, 7 € C([0,00), Cap(R)) N C((0, 00), C2 (R))

C'((0, 00), Cub (R)) is aclassical solution to (1.4) having initial condition y (0) =
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<I>3vo € Cyp(R). Noting that y (t) = 0 for ¢ € [0, 1] by Proposition 4.4, we obtain
by Proposition 3.6 a constant C; > 1 such that

Ci1Ey
VI+1
fort € [0, 1] and m = 0, 1. On the other hand, recalling n(¢) < MyEy and using

identity (4.10) and estimates (5.24) and (5.25) we establish constants C», C3 > 1
such that

m
12

(5.39)

ORI IR 370 i

lrovo-yo| <o (% + o Hw)

< C3E0m <E +log(2+t))
1467 V1+t

fort > 1 and m = 0, 1. Thus, combining (5.39) and (5.40) yields (1.13) upon
taking M > max{Cy, C3}.

Next, we consider the case v # 0. Taking £y = ||vg|lco sufficiently small,
we observe that the functions y, y € C([O, 0), Cub(R)) N C((O, 00), Cgb(R)) N
C'((0, 00), Cup(R)) given by

(5.40)

7= Clog(1 4500 5) = 40 (e )

are well-defined, and it holds that || y(#)]lcc < 12 for + > 0, where we use the
standard bounds on the analytic semigroup e(dgi a9 established in Proposi-
tions 3.6. One readily verifies that y € C([O, 00), Cub(R)) N C((O, 00), C&b (R)) N
C! ((0, 00), Cub(R)) is a classical solutign to the viscous Hamilton—Jacobi equa-
tion (1.4) with initial condition y (0) = CI>3vo € Cyp(R). Recalling that y vanishes
on [0, 1], we obtain by Proposition 3.6 a constant C1 > 1 such that (5.39) holds for
t € [0, 1]. Next, Taylor’s theorem, the fact that 0 = S?,(l) = S?l(l) + §9(1), identi-
ties (4.11) and (4.16) and estimates (5.11), (5.12), (5.13), (5.14), (5.15) and (5.16)
yield a constant C3 > 0 such that

[y(1) = $(Dlloo < Iy(1) + 5r(Dllos + 1F(1) — 287 (Dolloo
+ (1) = S (Dol (5.41)
< CgEg
whereizwe‘ use that n(t) < MyEy for all + > 0. Finally, we use y(¢)
= Y% +a"5)(l_1)5)(1), recall the definition (4.13) of y(¢), and apply the mean
value theorem, Proposition 3.6, identity (4.17) and estimates (5.21) and (5.41) and
n(t) < MyEy to bound
Iy (@) = 7Ol S Ir@Dllo + 1y@0) = ¥l S Ir@llo + Eg + n(0)?,

lve@) = 70 o, Sre@lloo + [ y: (@) = 3@ ||, + 1y@) = FOllog [ ye O] o,
EZ + n(1)?

V14t

S re @l +
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for t > 0. Thus, noting that n(t) < MoEy yields constants Cp, C3 > 1 such
that (5.40) is satisfied for all # > 1. Combining the latter with (5.39) proves (1.13)
upon taking M > max{Cy, C3}. |

Remark 5.1. We motivate the choice of temporal weights in the template function
1 () in the proof of Theorem 1.3. First, the weights applied to ||U(#) || y1.005 | ()l co>
Iy lloos IV (D)oo and | y¢ (t)|loo reflect the decay of the linear terms in the re-
spective Duhamel formulations (4.1), (4.5) and (4.17), cf. Propositions 3.1, 3.2, 3.4
and 3.6. The same holds for the weights applied to [|7(¢)lco» [12(E)lloos 172 () ll oo
and ||(Yzz (1), Y () | w20 x w2.0c up to alogarithmic correction to accommodate in-
tegration of a factor (1 + s)~! or a factor (1 + ¢ — s)~!, when estimating certain
nonlinear terms in their Duhamel formulations (4.5), (4.6) and (4.11), cf. esti-
mates (5.8), (5.7), (5.15), (5.16) and (5.17).

In contrast, the weights applied to ||8?'17(t) lloo and ||z () [loo do not reflect the
decay of the linear terms, but are motivated by the bounds on certain nonlinear terms
in the Duhamel f0rmu~1ati0ns (4.1) and (4.6). Indeed, as ||V(¢) || is only bounded
in ¢, the nonlinearity A (v(¢)) does not decay and the same holds for the semigroup
e£0" by Proposition 3.1 and Corollary 3.5. Thus, integrating e~ =) N/ (¥(s)) in (4.1)
yields a bound1 of order O(t) on || B?T)'(t) llcos cf. (5.36). Similarly, since ||v(?) || oo de-
caysatratet™ 2, the quadratic nonlinearity Q(v(s), y (s)) decays at rate 51 yielding
a bound of order O(log(t)) on ||z¢¢ (t)llco upon integrating eLot=)Q(u(s), y(s))
in (5.26).

Finally, the weights applied to ||8?5(t)||00 and [|z¢ (t)|leo arise by interpola-
tion, whereas the weight applied to ||V, ()| 2 is directly linked to that applied to
|z(¢) [l y200 through the mean value theorem, see estimate (5.32).

6. Discussion and Open Problems

We compare our main result, Theorem 1.3, to previous results on the nonlinear
stability of wave trains in reaction—diffusion systems and formulate open questions.

6.1. Optimality of Decay Rates

The lack of localization leads to a loss of a factor 2 in the decay rates ex-
hibited in Theorem 1.3 in comparison with earlier results [18,19,26] considering
localized perturbations. Nevertheless, we argue that the temporal decay rates in The-
orem 1.3 are sharp (up to possibly a logarithm). Indeed, estimate (1.13) shows that
the viscous Hamilton—Jacobi equation (1.4) captures the leading-order behavior
of the perturbed wave train, cf. Remark 6.1. Moreover, (1.4) reduces to the linear
convective heat equation

0y =dyer +aye, (6.1)

upon applying the Cole—Hopf transform. It is well-known that bounded solutions
to (6.1) stay bounded and any spatial or temporal derivative contributes a decay
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factor 1=, This diffusive behavior is reflected by the bounds in Theorem 1.3,
showing that they are sharp (up to possibly a logarithm).

As far as the author is aware, the only other work concerning the nonlinear
stability of wave trains against Cyp-perturbations is [12]. In the special case of the
real Ginzburg—Landau equation, considered in [12], one find that the coefficient v
in front of the nonlinearity in the viscous Hamilton—Jacobi equation (1.4) vanishes
due to reflection symmetry, cf. [8, Section 3.1]. The bounds obtained in [12] are
also shown to be optimal and coincide with the ones in Theorem 1.3. Here, we note
that the nonlinearity in (1.4) influences the profile of bounded solutions, but does
not alter the rates at which the solutions and their derivatives decay, see Remark 6.1
directly below.

Remark 6.1. For any y1 € R the viscous Hamilton—-Jacobi equation (1.4) admits
monotone front solutions of the form

C+a(l+1)
Jd(1+1)

2
e = 7+ G = pyent ( ). = 4y,

1 X
m/ooe
for v = 0 and

. ., d ¢+a(l+1)

for v # 0, where B is defined through dlog(1 + B8) = v (y+ — y—). For each
J, I € Ny, there exists a constant C > 1, which is independent of y., such that we
have

C max {|y_|, [y+[}
(1402t

fort > 0. Hence, if vg € Cyp(R) in Theorem 1.3 is chosen such that 5’61}0 = 7 (0),
then (1.13) and (6.2) imply that y = 9 is indeed a leading-order approximation of
the phase y.

max {|7_|, |7+ |}
C1+ 1)t

< ot (0 = ave)' )| = L 62)

6.2. Modulation of the Phase

Various works [14-16,20,26] study the nonlinear stability and asymptotic be-
havior of modulated wave trains. Here, one considers solutions to (1.1) with initial
conditions of the form

u(x, 0) = do(kox + yo(x)) + vo(x), (6.3)

where the initial perturbation vy is bounded and localized, and the initial phase
off-set yp(x) converges to asymptotic limits 4+ as x — Z£o00. As these analyses
crucially rely on localization-induced decay, y;; is required to be sufficiently local-
ized (as is vg). We note that, so long as yg is small in Cyp, (R), initial conditions of the
form (6.3) can be handled by Theorem 1.3. One finds that the estimates (1.10), (1.11)
and (1.12) in Theorem 1.3 are the same (or even sharper) than the ones obtained in
[14-16,20,26].
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It is an open question to describe the asymptotic dynamics of initial data of the
form (6.3), where yq is large, but bounded, as in [14], and only require y(; and vg
to be small in Cyp-norm. This is currently under investigation by the author. One
of the challenges is that the current analysis relies on optimal diffusive smoothing,
i.e., it requires the optimal decay on ||8xeax2 "0 |00, Which is obtained by bounding

1
itas ¢ 2|yllco, thus exploiting that ||y oo 1S small.

6.3. Modulation of the Wavenumber

Since a phase modulation is directly coupled to a modulation of the wavenum-
ber, cf. [8], another natural class of initial conditions for (1.1) is

u(x, 0) = ¢ (kox + 0 (x); ko + ¥(x)) + vo(x), (6.4)

where we recall that wave trains u (x, t) = ¢ (kx — w(k)t; k) exist in (1.1) for an
open range of wavenumbers k around kg, see Proposition 2.1.

The treatment of nonlocalized modulations of the wavenumber is a widely open
problem. Although our main result permits initial data of the form (6.4) as long as
¥0lloe and ||yl are sufficiently small, it does not apply to the case where the
wavenumber off-set y;(x) converges to different values k+ as x — F-o0. Indeed,
in such a case yy cannot be bounded. For y;(x) — k+ as x — o0, it was shown
in [8] that the solution to (1.2) with initial condition (6.4) can, in the comoving
frame { = kox — wot, be written as

u(@, 1) = ¢(¢+ 7, 0 ko +k(E,0) + (g, 1),

where the phase variable y (¢, 1) satisfies the viscous Hamilton—Jacobi equation (1.4)
with initial condition yy, the wavenumber modulation I;(g“, 1) = ¥ (g, t) satisfies
the associated viscous Burgers’ equation (1.17), and the residual v(¢, ) stays small
on large, but bounded, time intervals. It is an open question whether this holds for
all times t > 0. So far, this has only been resolved for the special case of the real
Ginzburg-Landau equation in [1, 10] by crucially exploiting its gauge and reflection
symmetries. The analysis in this paper might provide a useful new opening to this
problem. Indeed, since our L°°-framework does not rely on localization properties,
it might be helpful to accommodate the nonlocalized wavenumber modulation.

6.4. Approximation of Phase and Wavenumber

Estimate (1.13) in Theorem 1.3 provides a global approximation of the phase
by a solution to the viscous Hamilton—Jacobi equation (1.4). In addition, the local
wavenumber, represented by the derivative of the phase, is approximated by a
solution to the viscous Burgers’ equation (1.17). Thereby, previous approximation
results for modulated wave trains in [8], allowing for nonlocalized initial phase and
wavenumber off-sets, are extended from local to global ones. Yet, the most general
approximation result in [8] only requires that the solution to the Burgers’ equation
has initial data in some uniformly local Sobolev space. It is still open whether such
general initial data can be handled globally.
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We note that global approximation results have previously been obtained in
[16,26] for the case where the local wavenumber y;(7) and the perturbation v ()
are localized. This leads to slightly sharper bounds, where the term E% on the right-
hand side of (1.13) does not appear. It is an open question whether the bound on
the right-hand side of (1.13) can be sharpened for Cyy,-perturbations.

Remark 6.2. We note that under the identification 1 + y; = Y, and 1 + k = «,
the viscous Hamilton—Jacobi equation (1.4) and Burgers’ equation (1.17) can be
regarded as quadratic approximants of the Hamilton—Jacobi equation

Y =d(koY¢) Yoo + wko) Y — o (koYe) . (6.5)
and the associated Whitham equation
drk = (d(kok) k¢ ), + (@ (ko)k — @ (koK) . (6.6)

respectively, where we denote d(k) = k2<CT>0, D¢(’) + 2kD0 k¢ (- k))LZ(O,l) so that
d(ko) = d, cf. (1.7). In the case where the local wavenumber y, (¢) and the pertur-
bation v(¢) are localized, the equations (1.4) and (6.5), as well as (1.17) and (6.6),
are asymptotically equivalent, cf. [16, Appendix A]. We expect that, by following
the approach in [16, Appendix A] and using the Cole—Hopf transform to eliminate
quadratic nonlinearities, this asymptotic equivalence can also be established in
our case of Cyp-initial data. Thus, the approximating solution y (¢) in Theorem 1.3
could be replaced by corresponding solutions to the Hamilton—Jacobi and Whitham
equations (6.5) and (6.6).

6.5. Higher Spatial Dimensions

We conjecture that the analysis in this paper generalizes effortlessly to wave
trains ug(x, t) = ¢o(kox; — wot) in reaction—diffusion systems

du=DAu+ f(u), xeR? >0, u(x,r)eR", (6.7)

in higher spatial dimensions d > 2, where A denotes the d-dimensional Lapla-
cian. In contrast to previous results in the literature considering the nonlinear sta-
bility of wave trains against localized perturbations in higher spatial dimensions,
cf. [7,17,23,32], we do not expect that the decay rates in Theorem 1.3 improve
upon increasing the spatial dimension. Indeed, our analysis fully relies on diffusive
smoothing, while these earlier results exploit localization-induced decay, which
is stronger in higher spatial dimensions, i.e., the heat semigroup e®’ decays at
rate 1~ 2 as an operator from L'(R?) into L®(RY), whereas axlem exhibits de-
cay at rate 72 as an operator on L>°(R?). In summary, we conjecture that, if the
wave-train solution uq of (6.7) is diffusively spectrally stable, then it is nonlinearly
stable against perturbations in Cyp(R?) and the perturbed solution decays, in the
co-moving frame ¢; = kox; — wot, at rate ¢t~ 2 towards the modulated wave train
u(¢1+vy(&, x2,...,x4,1), 1) as in Corollary 1.4. We expect that the phase modu-
lation y (¢) is approximated by a solution to (a higher-dimensional version of) the
scalar Hamilton—Jacobi equation.
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In fact, there is a trade-off between decay and localization in higher spatial
dimensions, in the sense that partly localized perturbations, which are for instance
only bounded in d; spatial dimensions and Ll-localigzed in the remaining d; trans-
verse spatial dimensions, decay pointwise at rate ¢~ 2 . This principle was used in
[7], where nonlinear stability of wave trains in planar reaction—diffusion systems
was established against perturbations, which are only bounded along a line in R?,
but decay exponentially in distance from that line.

6.6. Regularity Control and Extension of the Class of Reaction—Diffusion Systems

A standard issue in the nonlinear stability analysis of wave trains is that the
equation (4.2) for the modulated perturbation v(#) is quasilinear. Consequently,
an apparent loss of derivatives has to be addressed in order to close the nonlinear
argument. In this work we rely on a method developed in [7] to control regularity.
The idea is to establish a tame estimate on a sufficiently high derivative 82"'170) of
the unmodulated perturbation v(), which satisfies the semilinear equation (1.18) in
which no derivatives are lost. Upon taking the integer m large enough, sufficiently
strong bounds on lower derivatives of ¥(#) can be obtained by interpolation. Using
the mean value theorem, these bounds can then be transferred into bounds on
derivatives of v(#). In this work we need m = 4, but, due to parabolic smoothing,
it suffices to work with bounded and uniformly continuous initial data, see also
Remarks 1.6 and 5.1. Nevertheless, the method of [ 7] itself does not rely on parabolic
smoothing and we expect it to apply to general semilinear problems as long as initial
perturbations are regular enough (so that one can accomodate sufficiently large
m). For instance, in [11] the method of [7] has been employed in the nonlinear
stability analysis of wave trains against localized perturbations in the Lugiato-
Lefever equation, which is nonparabolic. We also point out that in certain cases it can
be advantageous to instead consider the so-called forward-modulated perturbation

u(C, 1) — ¢o(¢ +y (£, 1)),

to control regularity in the nonlinear argument. We refer to the recent survey [36]
for more details.

The above observations suggest that parabolic smoothing of the underlying
equation is not essential for the nonlinear stability analysis of periodic wave trains
against Cyp-perturbations. Thus, we expect that our approach could in principle
be extended to general dissipative semilinear problems. Naturally, this extension
hinges on the assumption that the linearization about the wave train generates a
Cop-semigroup on Cyp(R), which obeys a spectral mapping property.

Another natural question is how far we can broaden the class of equations
within the parabolic framework. Taking the previous considerations into account,
we are confident that the current analysis can be extended without much effort to
the semilinear reaction—diffusion system

Oiu = Duyy + f(u, uy).
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Yet, an extension to parabolic quasilinear equations such as the reaction—diffusion
system

Oru = (DW)ux)x + f(u, uy), (6.8)

where D: R" — R™™" is smooth and D(u) is strongly elliptic for each u € R”,
requires an alternative approach to control regularity in the nonlinear stability argu-
ment, because the quasilinear nature of (6.8) is naturally inherited by the equations
governing the (unmodulated) perturbation. Such an approach has been developed
in the context of traveling shocks in viscous conservation laws by Howard and
Zumbrun in [37, Section 11.3], see also [13]. Their approach, which relies on the
classical parametrix method of Friedman, Ladyzhenskaya and Levi, recasts the
quasilinear equation for the perturbation as a linear parabolic problem with space-
and time-dependent coefficient functions. Given sufficient control on the pertur-
bation, one can bound the coefficient functions, which yields pointwise short-time
estimates on the Green’s function associated with the linear problem. Spatial or
temporal derivatives of the perturbation can then be bounded in L°°(R) by the
perturbation itself through its Green’s function representation as a solution to the
linear problem by placing derivatives on the Green’s function. We refer to [13,37]
for further details. It is an interesting question for future research whether the results
in this paper can be extended to quasilinear problems such as (6.8).

A. A Pointwise Estimate

In order to establish L°°-bounds on the diffusive part of the semigroup Lot
we use the following slight adaptation of [12, Lemma A.1].

LemmaA.l.Letn € N, m € Ny and & > 0. Let » € C*((—&o, &).C) and

x €C 4 (R3, (C"X"). Suppose there exists constants C, i > 0 such that it holds that
i) M (0) € iR;

ii) NA(E) < —pk? forall & € (o, &0);

iti) supp(x (-, ¢, ¢)) C (=o, &o) forall §,§ € R;

iv) sup [ xC. ¢ Oy < C
(£,0)eR?

Let a € R be such that )/ (0) = ai. Then, the pointwise estimate

- —1
‘ / MOgmy (€, 1, E)éf@—“ds‘ < (1 Taid SuLUA m)4)
R ~ ¢ s

is satisfied for eacht > 1 and ¢, € R.
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Proof. We rewrite

[ eremiec b
R
_ 7 4N —1 ) _
= (1 + @i—2+m> </ e”»(f)gmx(g, Z, E)elé‘({—{)ds (A.1)
R

i f et()\(é)—x’(O)é)Smx(E, c, E)@ — EZ-I- 611)4ei§(€“—f+at)d$> .
R t

fort > 1 and ¢, E € R. To bound the first integral in (A.1) we use ii), iii) and iv)
and obtain

/ MLy ¢, D >ds‘
R
§o
<
—o

fort > 1 and ¢, ¢ eR.To bound the second integral in (A.1), we exploit ({ — C+
arytel8E=Etan) — gleldE=C+al) Thus, using integration by parts we arrive at

m+1

£ 0] d 5 [ felme e ag <7
R

[ OOy e e By — £ antef g
R

— / aé' (el(k(s)*)nl(o)é)gmx(g, é-’ E)) eié({*i#»al‘)dE,
R

fort > 1and ¢, ¢ € R. We observe that by hypotheses i), ii) and iv) and the fact
that & € C*((—&p. &), C) it holds that

3 (et(k(é)—k’(O)S)X(s’ c, E))
! HOFODy (g, 0, 5))| S (1 4+ (1 +1igD?) e,

)

)

(
5 (ez(A(S)—N(O)s)X@’ ¢, 0)
(

S+ rfE) e,

oy

)
S (4 21el+ (14 rlg D) e

of (/0O 0Dy 6,0 D)

RN B NINY e p

S (12 211+ PIEP + (1 + rlgD*) e
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for & € (—&y, &),t > 1 and ¢, ¢ € R. Therefore, using hypotheses ii), iii) and iv),
we arrive at

1
t2

f34< 1(M&)— K(O)E)g X (&, ¢, {)) i§(c— “‘“’)dé‘

5/e—ﬂ%‘ , (|§|’" (,_1 + 1+ 18]+ ig + (72 +r5|s|)4)
R

+m|g|m—‘<—1+|s|+ti(—z é))

+m(m — g™ (r P (e + g )

+m(m — 1)m = 2g" (r— +17'g])

+ m(@m — 1) (m —2)(m — 3)|g|m—4t—2) dé

S - m;l
fort > 1and ¢, ¢ € R, which completes the proof of the result. O

B. Local Existence of the Phase Modulation

We prove the existence of a maximal solution to the integral equation (4.5) using
a standard contraction mapping argument, cf. [24, Section 6] and [3, Section 4.3].

Proof of Proposition 4.4. First, we note that y : [0, fo] — Cyp(R) given by y (¢) =
0 is a solution of (4.5) for each 7y € (0, 1] with 9 < Tiax, because the propagator
Sg(t) vanishes on [0, 1]. Next, take #p, 8, 7 > 0 such that 1) + § < Tmax and
< 3. Lety € C([0, ], C3(R)) N C([0, o], Cup(R)) be a solution to (4.5)
with [[(Y (1), ;Y (1)) lw2cox oo < L _yforallt € [0, 79]. We show that 7 can
be extended to a solution yex; € C([0, 7o + 81, CZ (R)) N C'([0, 79 + 81, Cup(R))
to (4.5), provided § > 0 is sufficiently small.
Since SO (¢) vanishes on [0, 1], it follows from (4.5) that )7(t) 0 for all
t €10, to] Wltht < 1. Let B be the ball centered at the origin of radius 4 3 1nC L, (R) x
Cub(R). By Proposition 4.2 and the mean-value theorem the map V: Cub (R) X
[70, t0 + 6] — Cup(R) given by

V(. DlE1=0E — 7). D)+ ¢o(C — v () — do({),
is continuous in ¢ and satisfies the Lipschitz estimate
IV, ) = V@ Do < (17 Olloo + Idgllc) Iy = 7lloo

fory,y € Cyp(R) and ¢ € [1g, to + 8] with ¢t > 1. Hence, the nonlinear maps B X
[t07 t()+8] - Cub(R)v (y7 yl‘a t) = Q(V(% t)7 )/), R(V(V’ t)s J/5 Vt), S(V(Vﬂ t)a V)
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are bounded, continuous in ¢ and obey

IRV, 1), v, v) =RV, 0,7, Voo Sy — Vw2 + 17 — Villoo »
ISV, 0, 7) =SVF. 1), Do Sy = Vi,

for (y,y:), (y,y:) € B and t € [to,t9o + 8] with t > 1. On the other hand,
Proposition 3.4 yields that the propagators ang(t)E)é: Cwp(R) — Céb(R) are
t-uniformly bounded, strongly continuous on [0, co) and vanish identically on
[0, 1] for any i,/,¢ € Np. A standard contraction mapping argument, cf. [24,
Theorem 6.1.2], on a closed ball B of radius %(1 — 1) centered at the origin in
the Banach space {(y, yy) € C([to, to + 6], Cgb(]R) X Cub(R)) D)) =
0 for all s € [0, 1]} now yields a solution (y, y;) € B to the integral system

y () = SOtywo + /0 SOt — IN (VG (5, ), 7(5), 8,7(5))ds
+ fo l Syt =N (Vv (), 9), ¥ (), vi(5))ds,

ye(6) = 0,85 ()vo + /O ! 0 S)(t = HN (V7 (5), ), P (5), 07 (5))ds
+ f S =N (V(y(s), ), ¥ (5), vi(5))ds,

provided 8 > 0 is sufficiently small. By construction, it holds that y € C! ([to, o+
8], Cub(R)) with 9;y () = y,(¢) for all ¢ € [1y, to + §]. It follows that

y(@), t€[0,1n),

Peult) = {y(t), € [to, 10 + 81,

is a solution to (4.5) lying in C([O, to + 41, CLzlb(]R)) N Cl([O, to + 8], Cub(R)),
which extends y. Moreover, we have the estimate || (Vext (), 8¢ Vext (1)) | w200 oo <
(1 —n)forallt € [0, 1o + 1.

As argued in [3, Theorem 4.3.4] and [24, Theorem 6.1.4], this extension proce-
dure yields the existence of the desired maximal solution, whose regularity prop-
erties follow by the fact that the propagators 8t[ Sg (t)8é : Cp(R) — Cflb (R) are
t-uniformly bounded for any i, [, £ € Nj. O

Acknowledgements. This project is funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) — Project-ID 491897824. The author would like to thank the
reviewers for their insights and constructive comments, which have significantly improved
the manuscript.

Funding Open Access funding enabled and organized by Projekt DEAL.

Data Availibility Statement Data sharing is not applicable to this article as no
datasets were generated or analyzed during the current study.



Arch. Rational Mech. Anal. (2024) 248:36 Page 51 of 53 36

Open Access This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if changes were made.
The images or other third party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

References

1. BrIiCMONT, J., KUPIAINEN, A.: Renormalization group and the Ginzburg—Landau equa-
tion. Commun. Math. Phys. 150(1), 193-208, 1992
2. BricMmoNT, J., KUPIAINEN, A., LIN, G.: Renormalization group and asymptotics of
solutions of nonlinear parabolic equations. Commun. Pure Appl. Math. 47(6), 893-922,
1994
3. CAzeNAVE, T., HARAUX, A.: An introduction to semilinear evolution equations, vol-
ume 13 of Oxford Lecture Series in Mathematics and its Applications. The Clarendon
Press, Oxford University Press, New York, 1998. Translated from the 1990 French
original by Yvan Martel and revised by the authors.
4. CoLLET, P., ECKMANN, J.-P., EpsTEIN, H.: Diffusive repair for the Ginzburg-Landau
equation. Helv. Phys. Acta 65, 1992
5. Cross, M., HOHENBERG, P.: Pattern formation outside of equilibrium. Rev. Mod. Phys.
65, 851, 1993
6. DE RuK, B.: Spectra and stability of spatially periodic pulse patterns II: the critical
spectral curve. SIAM J. Math. Anal. 50(2), 1958-2019, 2018
7. DE RuK, B., SANDSTEDE, B.: Diffusive stability against nonlocalized perturbations of
planar wave trains in reaction—diffusion systems. J. Differ. Equ. 274, 1223-1261, 2021
8. DOELMAN, A., SANDSTEDE, B., SCHEEL, A., SCHNEIDER, G.: The dynamics of modulated
wave trains. Mem. Am. Math. Soc. 199(934), viii+105, 2009
9. Funra, H.: On the blowing up of solutions of the Cauchy problem for u; = Au+ ulte,
J. Fac. Sci. Univ. Tokyo Sect. 1(13), 109-124, 1966
10. GarLAy, T., MIELKE, A.: Diffusive mixing of stable states in the Ginzburg-Landau
equation. Commun. Math. Phys. 199(1), 71-97, 1998
11. HArRAGUS, M., JoHNSON, M.A., PERKINS, W.R., DE RUK, B.: Nonlinear modulational
dynamics of spectrally stable Lugiato—Lefever periodic waves. Ann. Inst. H. Poincaré
C Anal. Non Linéaire 40(4), 769-802, 2023
12. HILDER, B., DE RUK, B., SCHNEIDER, G.: Nonlinear stability of periodic roll solutions in
the real Ginzburg-Landau equation against Clrl'i)-perturbations. Commun. Math. Phys.
400(1), 277-314, 2023
13. Howarbp, P.: Short-time existence theory toward stability for nonlinear parabolic sys-
tems. J. Evol. Equ. 15(2), 403-456, 2015
14. IYER, S., SANDSTEDE, B.: Mixing in reaction—diffusion systems: large phase offsets.
Arch. Ration. Mech. Anal. 233(1), 323-384, 2019
15. JoHNsON, M.A., NOBLE, P., RODRIGUES, L.M., ZUMBRUN, K.: Nonlocalized modulation
of periodic reaction diffusion waves: nonlinear stability. Arch. Ration. Mech. Anal.
207(2), 693-715, 2013


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

36 PageS52of 53 Arch. Rational Mech. Anal. (2024) 248:36

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

JoHNSON, M.A., NOBLE, P., RODRIGUES, L.M., ZUMBRUN, K.: Nonlocalized modulation
of periodic reaction diffusion waves: the Whitham equation. Arch. Ration. Mech. Anal.
207(2), 669-692, 2013

JoHNsoN, M.A., ZuMBRUN, K.: Nonlinear stability of periodic traveling-wave solutions
of viscous conservation laws in dimensions one and two. SIAM J. Appl. Dyn. Syst. 10(1),
189-211, 2011

JoHNsON, M.A., ZUMBRUN, K.: Nonlinear stability of spatially-periodic traveling-wave
solutions of systems of reaction—diffusion equations. Ann. Inst. H. Poincaré Anal. Non
Linéaire 28(4), 471-483, 2011

JuNG, S.: Pointwise asymptotic behavior of modulated periodic reaction—diffusion
waves. J. Differ. Equ. 253(6), 1807-1861, 2012

JUNG, S., ZUMBRUN, K.: Pointwise nonlinear stability of nonlocalized modulated peri-
odic reaction—diffusion waves. J. Differ. Equ. 261(7), 3941-3963, 2016

LunARrDI, A.: Analytic semigroups and optimal regularity in parabolic problems.
Progress in Nonlinear Differential Equations and their Applications, 16. Birkhduser
Verlag, Basel, 1995

MIELKE, A.: Instability and stability of rolls in the Swift—-Hohenberg equation. Commun.
Math. Phys. 189(3), 829-853, 1997

OH, M., ZUMBRUN, K.: Stability and asymptotic behavior of periodic traveling wave
solutions of viscous conservation laws in several dimensions. Arch. Ration. Mech. Anal.
196(1), 1-20, 2010

Pazy, A.: Semigroups of linear operators and applications to partial differential equa-
tions, vol. 44. Applied Mathematical Sciences. Springer-Verlag, New York, 1983
SANDSTEDE, B., SCHEEL, A.: On the stability of periodic travelling waves with large
spatial period. J. Differ. Equ. 172(1), 134-188, 2001

SANDSTEDE, B., SCHEEL, A., SCHNEIDER, G., UECKER, H.: Diffusive mixing of periodic
wave trains in reaction—diffusion systems. J. Differ. Equ. 252(5), 3541-3574, 2012
SCHNEIDER, G.: Diffusive stability of spatial periodic solutions of the Swift-Hohenberg
equation. Commun. Math. Phys. 178(3), 679-702, 1996

SCHNEIDER, G.: Nonlinear diffusive stability of spatially periodic solutions—abstract
theorem and higher space dimensions. In: Proceedings of the International Conference
on Asymptotics in Nonlinear Diffusive Systems (Sendai, 1997), volume 8 of Tohoku
Math. Publ., pp. 159-167. Tohoku Univ., Sendai, 1998

SCHNEIDER, G.: Nonlinear stability of Taylor vortices in infinite cylinders. Arch. Ration.
Mech. Anal. 144(2), 121-200, 1998

SCHNEIDER, G., UECKER, H.: Nonlinear PDEs. A Dynamical Systems Approach, volume
182. American Mathematical Society (AMS), Providence, RI, 2017

SUKHTAYEV, A., ZUMBRUN, K., JUNG, S., VENKATRAMAN, R.: Diffusive stability of
spatially periodic solutions of the Brusselator model. Commun. Math. Phys. 358(1),
1-43,2018

UECKER, H.: Diffusive stability of rolls in the two-dimensional real and complex Swift-
Hohenberg equation. Commun. Partial Differ. Equ. 24(11-12), 2109-2146, 1999
UECKER, H.: Self-similar decay of spatially localized perturbations of the Nusselt solu-
tion for the inclined film problem. Arch. Ration. Mech. Anal. 184(3), 401-447, 2007
VAN DER PLOEG, H., DOELMAN, A.: Stability of spatially periodic pulse patterns in a
class of singularly perturbed reaction—diffusion equations. Indiana Univ. Math. J. 54(5),
1219-1301, 2005

VAN HARTEN, A.: Modulated modulation equations. In: Proceedings of the IU-
TAM/ISIMM Symposium on Structure and Dynamics of Nonlinear Waves in Fluids
(Hannover, 1994), volume 7 of Adv. Ser. Nonlinear Dynam., pp. 117-130. World Sci.
Publ., River Edge, NJ, 1995

ZuUMBRUN, K.: Forward-modulated damping estimates and nonlocalized stability of
periodic Lugiato-Lefever waves. Ann. Inst. H. Poincaré C Anal, Non Linéaire (2023)
ZUMBRUN, K., HowaRD, P.: Pointwise semigroup methods and stability of viscous shock
waves. Indiana Univ. Math. J. 47(3), 741-871, 1998



Arch. Rational Mech. Anal. (2024) 248:36 Page 53 of 53 36

Bjorn de Rijk
Department of Mathematics,
Karlsruhe Institute of Technology,
Englerstrale 2,

76131 Karlsruhe
Germany.
e-mail: bjoern.de-rijk @kit.edu

(Received May 9, 2022 / Accepted March 19, 2024)
© The Author(s) (2024)



	Nonlinear Stability and Asymptotic Behavior of Periodic Wave Trains in Reaction–Diffusion Systems Against Cub-perturbations
	Abstract
	1 Introduction
	1.1 Statement of Main Result
	1.2 Strategy of Proof
	1.3 Outline

	2 Preliminaries
	3 Semigroup Decomposition and Estimates
	3.1 Lînfty-Bounds on the Full Semigroup
	3.2 Isolating the Critical Low Frequency Modes
	3.3 Decomposing the Critical Component
	3.4 Estimates on the Full Semigroup Acting Between C_ubĵ(R)-Spaces
	3.5 Relation to the Convective Heat Semigroup

	4 Nonlinear Iteration Scheme
	4.1 The Unmodulated Perturbation
	4.2 The Modulated Perturbation
	4.3 Derivation of Perturbed Viscous Hamilton–Jacobi Equation
	4.4 Application of the Cole–Hopf transform

	5 Nonlinear Stability Analysis
	6 Discussion and Open Problems
	6.1 Optimality of Decay Rates
	6.2 Modulation of the Phase
	6.3 Modulation of the Wavenumber
	6.4 Approximation of Phase and Wavenumber
	6.5 Higher Spatial Dimensions
	6.6 Regularity Control and Extension of the Class of Reaction–Diffusion Systems

	A A Pointwise Estimate
	B Local Existence of the Phase Modulation
	Acknowledgements.
	References




