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A B S T R A C T   

Thermoacoustic engines (TAEs) can convert thermal energy into acoustic energy with no moving parts. Previous 
numerical studies normally focused on the TAEs with a parallel-plate stack due to their simple structures and 
used two-dimensional (2-D) computational fluid dynamics (CFD) models to save computational costs. In this 
study, we conduct full-scale three-dimensional (3-D) CFD simulations on the standing-wave TAEs with more 
complicated circular-pore and pin-array stacks. Firstly, the dynamic behavior of the standing-wave TAEs in the 
start-up process is investigated. It is found that the optimal ratios of hydraulic radius rh to thermal penetration 
depth δk for the TAEs with circular-pore and pin-array stacks are 2 and 3.2, respectively. Secondly, the acoustic, 
hydrodynamic, and thermodynamic characteristics of the standing-wave TAEs in the steady-state process are 
explored. We find that when operating at optimal rh/δk, the TAE with a pin-array stack generates much larger 
acoustic power than that with a circular-pore stack. Examination of the vortex shedding at the stack ends in
dicates that the pin arrays exhibit less flow resistance than circular pores. At optimal rh/δk, the time-averaged 
transversal heat flux at the pin array ends is calculated to be around 1.2 × 105 W/m2, which is larger than 
7.5 × 104 W/m2 of circular pores, corresponding to a better thermodynamic performance. The 3-D numerical 
investigations in this work give deeper insights into the performances of TAEs with circular-pore and pin-array 
stacks which were investigated in experiments, providing useful guidance for the future design and development 
of more sophisticated thermoacoustic devices for low-grade heat recovery.   

1. Introduction 

Thermoacoustic engines (TAEs) are novel thermally-driven ma
chines that can convert thermal energy into acoustic energy based on the 
thermoacoustic effect [1–3]. In TAEs, the compressible fluid such as air, 
argon, or helium, contracts and expands while exchanging heat with the 
inhomogeneously heated porous material, forming a thermodynamic 
cycle and leading to self-excited acoustic oscillations [4–6]. Generally, a 
TAE is composed of two main parts: a “thermoacoustic core” and an 
acoustic resonator. The thermoacoustic core consists of a pair of hot and 
cold (or ambient) heat exchangers and a porous material (sandwiched 

between the heat exchangers) [7] while the acoustic resonator serves as 
a waveguide for the propagation of acoustic waves [8]. TAEs can be 
classified into standing-wave and travelling-wave types. The 
standing-wave TAEs which usually own a linear acoustic resonator, are 
simpler in structure but less efficient in power generation than the 
travelling-wave TAEs that normally possess a looped acoustic resonator. 
TAEs have gained widespread attention in recent years because they 
have no mechanical moving parts, environmentally friendly working 
fluids, and flexible heat source options [9–11]. 

The porous material, usually named “stack” in the standing-wave 
TAEs, has some typical structures, including parallel plates [12], circu
lar pores [13], pin arrays [14], etc. Among the various stacks, parallel 
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plates are widely studied in the literature since they have a simple ge
ometry and are easy to fabricate [15–17]. The gap between parallel 
plates plays a pivotal role in the thermal-acoustic energy conversion. 
Previous studies indicate that for parallel plates, the optimal value of 
rh/δk for achieving the lowest onset temperature is around 1.5, with rh 
being the hydraulic radius (i.e., half of the gap) and δk being the thermal 
penetration depth, respectively [18–20]. Compared with parallel plates, 
stacks composed of circular pores or pin arrays are more complicated in 
geometry and therefore less investigated. Previous studies on 
circular-pore stacks [21–23] or pin-array stacks [24] normally focused 
on spatial-average functions and heat transfer characteristics through 
theoretical analysis and experimental measurements. It was found that 
TAEs with a pin-array stack generally own superior performances than 

TAEs employing stacks of other types [25]. 
Another method that is commonly utilized to investigate thermoa

coustic stack is computational fluid dynamics (CFD) [26–28]. CFD 
simulations can provide more detailed and accurate information than 
physical experiments and offer a deeper understanding of the flow 
behavior within the TAE. Nevertheless, CFD simulations on TAEs can be 
computationally expensive and time-consuming because of (1) the large 
space scales ranging from 10− 4 m (the order of magnitude of the thermal 
penetration depth) to 1 m (the order of magnitude of the total length) 
[29] and (2) the large time scales ranging from 10− 5 s (i.e., the timestep 
size) to 1 s (the order of magnitude of the flow time) [30]. To save 
computational cost, simplifications were made in previous research, 
including (1) choosing parallel plates as the stack type due to their 

Nomenclature 

Afluid cross-sectional area of fluid channels (m2) 
cp specific heat at constant pressure (J/kg⋅K) 
D tube diameter (m) 
f frequency (Hz) 
I acoustic power (W) 
k turbulent kinetic energy (J) 
LH hot buffer length (m) 
LR resonator length (m) 
LS stack length (m) 
p pressure (Pa) 
qt time-averaged heat flux (W/m2) 
r0 pore radius (m) 
rh hydraulic radius (m) 
rp pin radius (m) 

S cross-section 
T temperature (K) 
u velocity (m/s) 
y pore/pin distance (m) 

Greek symbols 
λ thermal conductivity (W/m⋅K) 
δk thermal penetration depth (m) 
κ thermal diffusivity (m2/s) 
μ dynamic viscosity (kg/s⋅m) 
ρ density (kg/m3) 
σ Prandtl number 
ω angular frequency (rad/s) 
ԑ turbulent dissipation rate 
Ω vorticity rate tensor  

Fig. 1. (a) 3-D model of the standing-wave TAE. (b) 3-D sketch of the circular-pore stack and side view. (c) 3-D sketch of the pin-array stack and side view.  
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simple structure [31], (2) truncating the computational domain around 
the stack [32], and (3) carrying out two-dimensional (2-D) simulations 
[33]. However, in most cases, the results calculated from those simpli
fied models cannot present the practical operating conditions of TAEs, in 
particular for TAEs with circular-pore or pin-array stacks. Hence, im
provements should be made to the existing 2-D simplified models to 
more accurately simulate the intricate phenomena of all kinds in 
different TAEs. 

To fill the research gap mentioned above, this study performs full- 
scale three-dimensional (3-D) CFD simulations on quarter-wavelength 
standing-wave TAEs with circular-pore and pin-array stacks. High- 
performance computing is employed to facilitate multiple calculations 
of CFD tasks and significantly reduce the running time. Based on the 
simulation results, the characteristics of standing-wave TAEs in the start- 
up and steady-state processes including natural frequency, growth rate, 
acoustic pressure, velocity, acoustic power, vorticity, heat flux, etc., are 
described in detail. The outline of this article is organized as follows. 
Section 2 develops full-scale 3-D TAE models and introduces the CFD 
simulation procedure. Section 3 analyses the dynamic behavior of TAEs 
in the initial start-up process. Section 4 characterizes the TAEs working 
at steady state from different perspectives. Finally, several key conclu
sions are summarized in Section 5. 

2. Numerical methodology 

2.1. Model description 

Fig. 1(a) depicts the 3-D models of the standing-wave TAEs with 
circular-pore and pin-array stacks investigated in this study. The TAEs 
consist of a stack of length LS located at a distance LH from the left end 
and a resonator tube of diameter D and length LR. The stack, which is the 

core component of the TAE, ensures a large thermal contact area be
tween the working fluid and solid stack, thus remarkably enhancing the 
acoustic power generation. The hot buffer closed at the left end and the 
resonator opened at the right end contribute to a quarter-wavelength 
standing wave inside the TAE. To save computational cost, heat ex
changers at the ends of the stack are not modelled. Figs. 1(b) and 1(c) 
illustrate 3-D sketches of the circular-pore and pin-array stacks. For the 
circular-pore stack, the hollow circular pores of radius r0 are arranged in 
a hexagonal pattern [34] and filled with working fluid, which is ambient 
air in this study. For the pin-array stack, solid pins of radius rp are 
distributed in a hexagonal pattern and the working fluid flows between 
them. In both figures, the distance between adjacent pins or circular 
pores is defined by y. 

In this study, the dimensionless quantity rh/δk reflecting the 
perfectness of thermal contact between the oscillatory fluid and still 
solid is adopted to investigate the effect of stack parameters on the 
performance of TAEs. The hydraulic radius rh is defined by Vfluid / Awet, 
where Vfluid is the volume of working fluid and Awet is the wet perimeter. 
rh for circular pores and pin arrays are calculated by 
⎧
⎨

⎩

rh = r0/2, circular pores

rh =
(

D2
/

4 − nr2
p

)/(
2nrp + D

)
, pin arrays

(1)  

where D is the tube diameter and n denotes the number of circular pores 
or pins. The thermal penetration depth δk indicates how far heat from 
the solid can diffuse laterally into the working fluid. It is expressed by 

δk =
̅̅̅̅̅̅̅̅̅̅̅
2κ/ω

√
(2)  

where κ is the thermal diffusivity of the working fluid, and ω is the 
angular frequency. To change rh/δk, we alter the values of r0 and rp while 

Table 1 
Dimensions of major components in the TAEs.   

TAE with a circular-pore stack TAE with a pin-array stack 

Fixed parameters Tube diameter D 21 mm Tube diameter D 21 mm 
Hot buffer length LH 100 mm Hot buffer length LH 100 mm 
Stack length LS 30 mm Stack length LS 30 mm 
Resonator length LR 370 mm Resonator length LR 370 mm 
Pore distance y 0.5 mm Pin distance y 0.5 mm 

Changing variables Pore radius r0 0.6 to 1.2 mm Pin radius rp 0.5 to 0.8 mm 
Dimensionless quantity rh/δk 1.5 to 3 rh/δk 4.2 to 1.78  

Fig. 2. 3-D meshing of (a) the circular-pore stack and (b) the pin-array stack.  
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keeping other stack parameters unchanged, as shown in Table 1. For the 
circular-pore stack, r0 changes from 0.6 mm to 1.2 mm with an incre
ment of 0.1 mm. Accordingly, rh/δk increases from 1.5 to 3. For the pin- 
array stack, rp varies from 0.5 mm to 0.8 mm with an increment of 0.05 
mm. Accordingly, rh/δk decreases from 4.2 to 1.78. 

2.2. Simulation procedures 

2.2.1. Pre-processing 
As the first step in CFD simulations, pre-processing involves geom

etry modeling and mesh generation. Firstly, the 3-D models of the TAEs 
with circular-pore and pin-array stacks are constructed in the CAD 
(Computer-Aided Design) software SolidWorks, as shown in Fig. 1. 
Secondly, structured meshes are generated for the 3-D models in ICEM 
CFD that divides the computational domain into discrete elements. The 
mesh details of the circular-pore and pin-array stacks are presented in 
Fig. 2. It is worth noting that the meshes in the stack flow channels 
should be much denser than those in the hot buffer and resonator, which 
is an important setting for realizing self-excited thermoacoustic oscil
lations in CFD simulations. The total number of nodes for the TAE with a 
circular-pore stack (r0 = 0.8 mm) is 7,251,195, which is less than 
9,766,872 for the TAE with a pin-array stack (rp = 0.6 mm). To calculate 
such high numbers of nodes, high-performance computing is resorted, 
and it takes around 40 days to reach the final steady state using parallel 
processing with 32 CPUs (1 G memory per CPU) for each calculation 
task. 

2.2.2. Iteration 
Following pre-processing, several iterative schemes are implemented 

to arrive at the converged simulation results.  

(1) Setting of the boundary conditions. The left end of the hot buffer is 
set as a rigid wall having a temperature of 900 K, while the right 
end of the resonator is defined as a pressure outlet with a gauge 
pressure of 0 Pa. No-slip conditions are enforced on the walls of 
the hot buffer and resonator, whose temperatures are maintained 
at 900 K and 300 K, respectively. A linear temperature distribu
tion decreasing from TH at the left end to TC at the right end is 
imposed on the stack walls using a User Defined Function (UDF).  

(2) Definition of the properties of the working fluid. It is assumed that 
the working fluid inside the TAE is air at ambient pressure 
satisfying the equation of state p = ρRgT for an ideal gas, where p, 
ρ, and Rg represent the pressure, density, and specific gas con
stant, respectively. The working fluid is also compressible and 
satisfies the three-dimensional Navier-Stokes equations 

∂ρ
∂t

+
∂(ρui)

∂xi
= 0 (3)  

∂(ρui)

∂t
+

∂
(
ρuiuj

)

∂xi
=

∂σij

∂xj
−

∂p
∂xi

(4)  

∂(ρet)

∂t
+

∂(ρuiet)

∂xi
= −

∂(ρui)

∂xi
+

∂
(
σijui

)

∂xi
−

∂
∂xi

(

λ
(

∂T
∂xi

))

(5)  

where u, λ, and e denote the velocity, thermal conductivity, and 
internal energy. σij is the stress tensor for Newtonian viscous 
fluid, expressed by 

σij = 2μSij −
2
3

μ ∂uk

∂xk
δij (6)  

where μ, Sij, and δij are dynamic viscosity, strain-rate tensor, and Kro
necker delta. i, j, and k denote indices of the coordinates. Specifically, 
the strain-rate tensor Sij can be described by 

Sij =
1
2

(
∂uj

∂xi
+

∂ui

∂xj

)

(7) 

The thermal conductivity λ of the working fluid is defined using the 
kinetic theory, 

λ =
15
4

R
Mw

μ
(

4
15

cpMw

R
+

1
3

)

(8)  

where R is the universal gas constant, Mw is the molecular weight, and cp 
is the specific heat capacity. The dynamic viscosity μ obeys the power 
law 

μ = μ0(T/T0)
b (9)  

where reference viscosity μ0, reference temperature T0, and temperature 
exponent b are set as 1.85×10− 5 kg/m⋅s, 300 K, and 0.76, respectively.  

(3) Selection of appropriate numerical schemes and algorithms. In this 
work, ANSYS Fluent is chosen as the CFD solver. The PISO 
(Pressure-Implicit Splitting Operators) scheme is selected for 
pressure-velocity coupling, the second-order upwind approach is 
employed for spatial discretization, and the second-order implicit 
algorithm is adopted for temporal discretization. To simulate and 
predict the behavior of turbulent flows, the widely used standard 
k-ԑ model is adopted in this study [35–37]. The standard k-ԑ 

Fig. 3. Sensitivity study of mesh and time step sizes. (a) TAE with a circular-pore stack and (b) TAE with a pin-array stack.  
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model is relatively computationally efficient and suitable for a 
wide range of turbulent flows. It contains two transport equations 

∂
∂t
(ρk) +

∂
∂xi

(ρkui) =
∂

∂xj

[(

μ+
μt

σk

)
∂k
∂xj

]

+ Gk − ρε + Sk (10)  

∂
∂t
(ρε) + ∂

∂xi
(ρεui) =

∂
∂xj

[(

μ+
μt

σε

)
∂ε
∂xj

]

+ C1εGk
ε
k
− C2ερ ε2

k
+ Sε

(11)  

where Gk, Sk and Sԑ are turbulence kinetic energy, the source term 
for the turbulent kinetic energy k and the source term for the 
turbulent dissipation rate ԑ, respectively. The turbulence viscos
ity μt can be expressed as 

μt = ρCμ
k2

ε (12)  

Cμ, σk, σԑ, C1ԑ and C2ԑ in Eqs. (11) and (12) are five constants with their 
values being 0.09, 1.00, 1.30, 1.44 and 4.92, respectively.  

(4) Configuration of initial conditions. In the solution initialization, the 
initial values of the gauge pressure and temperature at the pres
sure outlet are set at 0.1 Pa and 300 K, whereas other variables 
such as velocity, turbulence kinetic energy, and turbulent dissi
pation rate are set at zero. Thereafter, we start the solver 

iterations for the transient flow calculation with a timestep size of 
10− 5 s. 

2.2.3. Post-processing 
Post-processing commences after the convergence of solutions is 

achieved in the iteration process. The first important task in post- 
processing is quality checks that involve sensitivity studies of both the 
grid size and timestep size. In the grid size sensitivity study, we exam
ined 7 meshes with different numbers of nodes for the TAEs with a 
circular-pore stack (r0 = 0.8 mm) and a pin-array stack (rp = 0.6 mm). 
The timestep size is chosen as 10 μs. Fig. 3(a) shows that the pressure 
amplitude pA at the closed end decreases and asymptotes as the number 
of nodes increases from 3,627,559 to 7,251,195 for the TAE with a 
circular-pore stack. Further increasing the number of nodes leads to 
negligible changes (less than 0.1 %) in the pressure amplitude. There
fore, the optimal number of nodes for the TAE with a circular-pore stack 
is chosen as 7,251,195. Likewise, as depicted in Fig. 3(b), the optimal 
number of nodes for the TAE with a pin-array stack is found to be 
9,766,872. In the timestep size sensitivity study, we examined 6 time
step sizes ranging from 5 μs to 20 μs. The optimal numbers of nodes are 
selected. It is found that at large timestep sizes, thermoacoustic oscil
lations cannot occur. The pressure increases and asymptotes as the 
timestep size decreases towards 5 μs. To achieve a tradeoff between the 
accuracy of simulation results and the computational costs, the optimal 
timestep size is chosen as 10 μs. 

Following the quality checks, variables of interest (including pres
sure, velocity, temperature, etc.) at different locations are processed to 
characterize the TAEs with circular-pore and pin-array stacks. Attention 
is paid to the performances of TAEs in the start-up and steady-state 
processes, which will be analyzed and discussed in Section 3 and Sec
tion 4. 

3. Dynamic behavior in the start-up process 

When the temperature at the stack ends is above the critical tem
perature, the working fluid inside the TAE spontaneously transits from a 
stationary state to periodic oscillations. Take the TAE with the circular- 
pore stack (r0 = 0.8 mm) as an example. As shown in Fig. 4(a), the 
evolution of acoustic pressure at the left end can be divided into three 
stages: (I) Start-up process. In this process, the acoustic power generated 
in the stack exceeds the dissipations in the hot buffer and resonator. 
Consequently, the acoustic pressure is amplified with its amplitude 
growing exponentially with time. (II) Saturation. In this process, the 
pressure amplitude continues to increase and levels off because the 
dissipation increases nonlinearly at large amplitudes. (III) Limit-cycle 

Fig. 4. (a) Evolution of acoustic pressure at the left end of the thermoacoustic engine with a circular-pore stack (r0 = 0.8 mm) at TH = 900 K; (b) Enlarged view of 
pressure oscillations in the start-up process. 

Fig. 5. Effect of rh/δk on ωI for TAEs with circular-pore and pin-array stacks.  
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oscillations. In this process, the TAE oscillates at a constant pressure 
amplitude. A dynamic equilibrium is achieved between the acoustic 
power generation and dissipations at the steady state. 

The dynamic behavior of the TAE in the start-up process is further 
explored in detail, as shown in Fig. 4(b). By examining the time history 
of acoustic pressure from 0 to 0.25 s (reaching 20 % of the amplitude at 
steady state), we notice that the envelope of instantaneous pressure 
oscillations in the start-up process can be expressed by 

p(t) = p0e(− ωI t) (13)  

where p0 and ωI denote the reference amplitude and growth rate, 
respectively. Fig. 5 plots the dependence of growth rates of TAEs with 
circular-pore and pin-array stacks on rh/δk. It can be seen that in both 
cases, ωI first increases and then decreases as rh/δk increases. For the TAE 
with a circular-pore stack, ωI reaches the maximum value of 47.42 when 
rh/δk is 2 whereas for the TAE with a pin-array stack, ωI reaches the 
maximum value of 43.91 when rh/δk is 3.2. A larger ωI means that the 
TAE can reach limit-cycle oscillations at a faster speed. From the sta
bility viewpoint, a larger ωI reveals that TAE is more unstable at TH =

900 K, indicating a lower onset temperature at this specific rh/δk. Hence, 
the optimal rh/δk for achieving the lowest onset temperature difference 

for TAEs with circular-pore and pin-array stacks are 2 and 3.2, respec
tively. It is also interesting to note that, rh/δk has optimal values because 
the standing-wave TAEs reply on imperfect thermal contact between the 
oscillatory fluid and still solid. When rh/δk is too small or large, the 
thermal contact is either perfect or negligible, which are both not 
favorable for producing acoustic power. In such cases, ωI has negative 
values, representing attenuation of pressure oscillations, and sponta
neous acoustic oscillations will not occur inside the TAEs. 

The growth rate ωI can also be estimated theoretically using a 
reduced-order network model based on linear thermoacoustic theory. 
Comparisons are made between the theoretical and numerical results for 
TAEs with circular-pore and pin-array stacks at different TH. Detailed 
analysis can be found in the Appendix. 

4. Performances at steady state 

4.1. Natural frequency and pressure amplitude 

Limit-cycle oscillations (in stage III) are observed after the TAE 
reaches the steady state after saturation. Fig. 6(a) presents the time- 
domain signal of acoustic pressure at the left end of the TAE with a 
circular-pore stack. It can be seen from the limit-cycle oscillations in 

Fig. 6. (a) Time history of pressure fluctuations at the left end of the TAE with a circular-pore stack; (b) Limit-cycle oscillations at steady state. In the calculations, TH 
is fixed at 900 K. 

Fig. 7. Effect of rh/δk on natural frequency f and pressure amplitude pA for TAEs with circular-pore and pin-array stacks. In the calculations, TH is fixed at 900 K.  
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Fig. 6(b) that the TAE oscillates sinusoidally at a natural frequency f of 
183.75 Hz with a constant pressure amplitude pA of 11,902 Pa. Figs. 7(a) 
and 7(b) illustrate f and pA of the TAEs with circular-pore and pin-array 
stacks, respectively. In the calculations, rh/δk varies while TH is fixed at 
900 K. From Fig. 7(a), we can see that f of the TAE with a circular-pore 
stack increases with increasing rh/δk while f of the TAE with a pin-array 
stack exhibits an opposite trend. To explain this, we have to first un
derstand that f of the TAE increases with the increase of the porosity of 
the stack [1]. As seen in Fig. 1, for the circular-pore stack, a larger rh/δk 
corresponds to a larger r0, which indicates a larger porosity and a higher 
f. Nonetheless, for the pin-array stack, a larger rh/δk corresponds to a 
larger rp, which indicates a smaller porosity and a smaller f. It can be 
noticed from Fig. 7(b) that pA peaks at rh/δk of 2 and 3.2 respectively for 
TAEs with circular-pore and pin-array stacks. The optimal values of rh/δk 
for maximum pA are consistent with those for maximum ωI in Fig. 5. The 
maximum pA for the TAEs with a pin-array stack is 15,113 Pa which is 
larger than 11,902 Pa for the TAEs with a circular-pore stack. 

4.2. Distributions of pressure, velocity, and acoustic power 

To have a complete picture of the acoustic field inside the TAE, axial 
distributions of pressure amplitude pA, velocity amplitude uA, and 
acoustic power I are investigated. The acoustic power I, which repre
sents the capability of doing work, is expressed by 

I =
ω
2π

∮

puAfluiddt (14)  

where Afluid denotes the cross-sectional area of fluid channels. Fig. 8 
displays the distributions of pA, uA, and I for the TAEs with circular-pore 
and pin-array stacks operating at optimal rh/δk of 2 and 3.2, respectively. 
In both TAEs, standing waves dominate inside the linear tubes with the 
pressure antinode and the velocity node being at the left end, and the 
pressure node and the velocity antinode being at the right end. The 
velocity amplitude changes abruptly at the stack ends due to the sudden 
increase or decrease of Afluid in the stack region. The acoustic power, 
being zero at the left end, first decreases in the hot buffer, then increases 
in the stack region (i.e., the area shaded in blue), and finally decreases in 
the resonator (to zero at the right end). By comparing Figs. 8(a) and 8(b), 
we find that in the stack region, pA drops more in the TAE with a pin- 

Fig. 8. Distributions of acoustic pressure, velocity, and acoustic power for TAEs with circular-pore and pin-array stacks. The TAEs operate at optimal rh/δk of 2 and 
3.2, respectively. 

Fig. 9. Effect of rh/δk on the acoustic power generation ΔI in the circular-pore 
and pin-array stacks. In the calculations, TH is fixed at 900 K. 

Fig. 10. Waveforms of velocity and pressure in two acoustic cycles.  
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array stack, indicating a stronger impact of acoustic inertance. In 
contrast, I increases more in the stack region for the TAE with a pin-array 
stack, representing larger acoustic power generation because of the 
thermoacoustic effect. 

Fig. 9 plots the difference ΔI between acoustic power at the stack 
ends versus rh/δk for the TAEs with circular-pore and pin-array stacks. In 
the calculations, TH is fixed at 900 K. The results show that at optimal rh/ 
δk of 2 and 3.2, ΔI reaches maximum values of 2.02 W and 4.27 W, 
respectively. From the figure, we can tell that the ΔI of pin arrays is two 
times larger than that of circular pores. Moreover, for the TAE with a 
pin-array stack, even at rh/δk that deviates from its optimal value, ΔI is 
still larger than the maximum ΔI by the circular-pore stack. This dem
onstrates that compared with the circular-pore stack, the pin-array stack 
usually has a superior performance in thermal-acoustic energy conver
sion. According to Swift [1], the pin array has a larger Im[-fk] as 
compared to circular pores (see page 99, Im[] denotes the imaginary 
part of a complex quantity), while Im[-fk] is important for acoustic 

power in standing-wave TAEs (see page 124). This explains why the pin 
array is more efficient than circular pores in producing acoustic power. 

4.3. Vortices and velocity streamlines 

It is also interesting to investigate the oscillatory flows inside the TAE 
operating at the steady state. Fig. 10 shows the waveforms of space- 
averaged pressure and velocity in the middle of the circular-pore stack 
(i.e., x = 0.115 mm) with a rh/δk of 2 at TH = 900 K. Four instants of 
interest during one acoustic cycle are selected: φ1 and φ3 are moments at 
which the velocity is zero, while φ2 and φ4 are moments at which the 
velocity is maximum and minimum. Figs. 11 and 12 illustrate the vortex 
inside the TAEs with circular-pore and pin-array stacks at four instants 
(φ1, φ2, φ3, and φ4). The Q-criterion is used to identify multiscale 
vortices in the flow field, which is described as 

Q =
1
2

(
|Ω|

2
− |S|2

)
(15) 

Fig. 11. Vortices inside the TAE with a circular-pore stack at four different instants at TH = 900 K.  
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where Ω and S denote the vorticity rate tensor and strain rate tensor, 
respectively. In the figures, Q of 10,000 is chosen and the vortex is 
colored by the magnitude of instantaneous velocity. It can be seen that 
due to the viscosity of the working fluid, discontinuous spiral vortices 
show up at the wall surfaces of the hot buffer and resonator. The vortices 
are stronger at the right end of the resonator, which is consistent with 
the higher velocity at that location. At the ends of the stack, vortex 
shedding along the x-axis direction is observed due to the sudden 
decrease in the cross-sectional area. This brings about additional viscous 
losses (so-called minor losses [38]) that restrict the increase of pressure 
amplitude. 

The patterns of vortices at the ends of circular-pore and pin-array 
stacks are different. For the TAE with a circular-pore stack, at instants 
φ1 and φ3, large ring vortices are observed around its periphery. These 
ring vortices arise because of the circular flows as visualized by the 
velocity streamlines in Fig. 13(a). Besides, small toroidal vortex rings are 
observed at the ends of circular pores. At instant φ2, the velocity reaches 

a maximum and the working fluid flows along the x-axis in the forward 
direction. No significant vortices are observed at the left end, while large 
eddies and evident circular flows can be seen at the right end. On the 
contrary, at the instant φ4, the velocity reaches a maximum and the 
working fluid flows along the x-axis in the backward direction. Large 
eddies and obvious circular flows are found at the left end. 

For the TAE with a pin-array stack, at instants φ1 and φ3, a large 
number of vortices are observed near the stack ends as evidenced by the 
circular flows near the pin ends in Fig. 13(b). At instants φ2 and φ4, the 
kinetic energy of the fluid is high, no circular flows are found at either 
end of the pin arrays, and the vortices break down in the flow directions. 
This feature is different from the circular-pore stack where circular flows 
can be found at one end at instant φ2 or φ4 (i.e., maximum velocities). 
Hence, we can infer that the pin-array stack has a smaller flow resistance 
than the circular-pore stack. 

Fig. 12. Vortices inside the TAE with a pin-array stack at four different instants at TH = 900 K.  
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4.4. Heat transportation 

Heat transportation in standing-wave TAEs happens in both longi
tudinal and transversal directions. Longitudinal heat transportation 
usually occurs at the stack ends because of vortex shedding while 
transversal heat transportation takes place at the surfaces of solid stacks. 

To visualize the longitudinal heat transportation, one cross section S0 
centered by the tube axis, and six cross sections S1 to S6 perpendicular to 
the tube axis are selected, as shown in Fig. 14(a). Figs. 14(b) and 14(c) 
display the time-averaged temperature contours of the selected cross 
sections. In Fig. 14(b), a small zone colder than 900 K is observed near 
the left end of the stacks while a small zone warmer than 300 K is found 
near the right end of the stacks. These “heat leaks” [1] are mainly 
attributed to the shedding of vortices that transport heat from the stack 
to the hot buffer or resonator in the longitudinal direction. Heat leaks 
will reduce the TAE efficiency since the heat leaked outside the stack is 
not involved in thermal-acoustic energy conversion. In Fig. 14(c), we 
can see that the relatively “colder” or “warmer” vortices coming from 
the stack channels break down into small eddies as they enter the hot 
buffer or resonator. Therefore, the cross sections that are away from the 
stack ends have a more uniform mean temperature. We also notice that 
at the same locations (e.g., S3 and S4), the mean temperature is more 
uniform for the pin-array stack, demonstrating a better mixing 
performance. 

Transversal heat transportation at the stack wall surfaces can be 
estimated using time-averaged heat flux, which is defined as 

qt = − κ
∂Tm

∂n

⃒
⃒
⃒
⃒

surface
= h(Tw − Tm) (16)  

where Tw, Tm, h, and n denote the wall temperature, the space-averaged 
mean temperature, the surface heat transfer coefficient, and the direc
tion of the perpendicular wall, respectively. Fig. 15 displays the contours 

of time-averaged heat flux at surfaces of the circular-pore and pin-array 
stacks. It can be seen that qt is positive at the left end but negative at the 
right end. This indicates that the working fluid absorbs heat from the left 
part of the stack but releases heat to the right part of the stack. By 
comparing Figs. 15(a) and 15(b), we find that |qt| is larger at the ends for 
the pin-array stack, indicating stronger transversal heat transportation. 
It is interesting to note that, for the circular-pore stack, qt is larger at the 
ends of circular pores in the center rather than at the periphery. This 
implies that more working fluid flows through the circular pores in the 
center of the stack. However, for the pin-array stack, qt is larger at the 
ends of pins at the periphery, indicating more working fluid flowing 
between the pins at the periphery of the stack. 

According to the first law of thermodynamics, the difference between 
the heat absorption Qin and heat release Qout in the stack region ap
proximates the acoustic power ΔI, i.e., 

∑∫ 0.13

0.1
qt,siΠsidx = Qin − Qout ≈ ΔI (17)  

where qt,si and Πsi denote the transversal heat fluxes and perimeters of 
circular pores or pins. Fig. 16 further plots qt of circular pores and pin 
arrays. It can be seen that qt,si of circular pores and pin arrays intersect 
with qt = 0 at around x = 0.118 m and x = 0.115 m, respectively. This 
means that a relatively larger proportion of circular pores serves as the 
“hot heat exchanger” in traditional standing-wave TAEs with heat ex
changers. Using Eq. (17), ΔI of the circular-pore stack and pin-array 
stack are calculated to be 1.72 W and 3.83 W, respectively. These re
sults are 14.8 % and 11.5 % smaller than those reported in Fig. 9 using 
Eq. (14). The reason behind the deviations primarily lies in the heat 
leaks that reduce the amount of thermal energy to be converted into 
acoustic power. 

Fig. 13. Velocity streamlines around the (a) circular-pore stack and (b) pin-array stack at four different instants at TH = 900 K. The direction of the arrow indicates 
the direction of flow. 
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5. Conclusions 

In this work, full-scale three-dimensional (3-D) numerical simula
tions are carried out on the quarter-wavelength standing-wave ther
moacoustic engines (TAEs) with circular-pore and pin-array stacks. 

High-quality structured meshes are generated for the 3-D models and 
high-performance computing (HPC) is employed to facilitate the cal
culations. First, the dynamic behavior of the TAEs with different stack 
parameters in the start-up process is simulated via computational fluid 
dynamics (CFD) and validated against linear thermoacoustic theory. 

Fig. 14. Contours of time-averaged temperature around circular-pore and pin-array stacks.  
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Fig. 15. Contours of time-averaged transversal heat flux at the surfaces of the (a) circular-pore stack and (b) pin-array stack.  

Fig. 16. Time-averaged transversal heat fluxes of (a) circular pores and (b) pin arrays.  

Fig. 17. Comparisons between numerical and theoretical results of TAE with (a) a circular-pore stack and (b) a pin-array stack.  
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Thereafter, the steady-state performances of TAEs working at optimal 
rh/δk are analyzed and discussed from multiple perspectives. The main 
conclusions can be drawn as follows.  

(1) In the start-up process, the acoustic pressure is amplified with its 
amplitude pA growing exponentially with time at a growth rate ωI 
that is dependent on the stack parameters or specifically rh/δk. 
For TAE with circular-pore and pin-array stacks, the optimal rh/δk 
for achieving the maximum ωI are 2 and 3.2, respectively.  

(2) At the steady state, the maximum pressure amplitude pA and 
acoustic power generation ΔI are also achieved at optimal rh/δk of 
2 and 3.2. In particular, the maximum pA and ΔI for the TAE with 
a pin-array stack are much larger than those of a circular-pore 
stack. The pin-array stack performs better in thermal-acoustic 
energy conversion.  

(3) 3-D vortices and velocity streamlines at four different instants are 
examined for the TAEs operating at optimal rh/δk at the steady 
state. The results indicate that the pin-array stack has a smaller 
flow resistance than the circular-pore stack.  

(4) Accompanied by the vortex shedding, heat leaks are observed at 
the stack ends for both TAEs with circular-pore and pin-array 
stacks. The heat leaks lead to less heat involved in thermal- 
acoustic energy conversion and therefore reduce the thermal ef
ficiency. The heat fluxes are higher at the surfaces of pin arrays 
than circular pores, revealing a superior performance in acoustic 
power generation for the TAE with a pin-array stack. 

The 3-D CFD simulations conducted in this study give deeper insights 
into the performances of TAEs with circular-pore and pin-array stacks 
which were usually investigated in experiments. The numerical meth
odologies adopted in this research will provide valuable guidance for 
high-fidelity simulations of more advanced thermoacoustic devices such 

as thermoacoustic Stirling engines in the future. 
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Appendix. Validation against the linear thermoacoustic theory 

The growth rate ωI defined in Eq. (13) can also be predicted using the reduced-order network model based on the linear thermoacoustic theory. In 
the network model, the acoustic pressure p1 and volume velocity U1 at the left end (x = 0) and right end (x = L) of the TAE can be related by a transfer 
matrix TT, 
[

p1(x = L)
U1(x = L)

]

= TT

[
p1(x = 0)
U1(x = 0)

]

(A1) 

Detailed descriptions of the network model can be found in our previous study [27]. TT contains thermal viscous functions for wide ducts, circular 
pores, and pin arrays, which are [1] 
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

f =
(1 − j)δ

2rh
,Duct

f =
2J1[(j − 1)2rh/δ]

J0[(j − 1)2rh/δ](j − 1)2rh/δ
,Circular pores

f ≃
2αi

α2
0 − α2

i

Y1(α0)J1(αi) − J1(α0)Y1(αi)

Y1(α0)J0(αi) − J1(α0)Y0(αi)
,Pin arrays

(A2)  

where J0 and J1 are the Bessel functions of order 0 and 1, Y0 and Y1 are the Neumann functions of order 0 and 1, j =
̅̅̅̅̅̅̅
− 1

√
, and α = (j-1)/δ. Since U1 at x 

= 0 and p1 at x = L are both zero, Eq. (A2) yields 

TT11 = 0 (A3)  

where TT11 is the first element of matrix TT. Solving Eq. (A3) yields the eigenvalue (complex frequency ω = ωR + jωI) at any specified hot-end 
temperature TH. 

Fig. 17 shows the ωI,CFD obtained from the CFD simulations and ωI,Linear calculated from the network models at different TH. Since the negative and 
positive ωI indicate attenuation and amplification of acoustic oscillations respectively, the onset temperature for the TAE with a circular-pore stack is 
between 740 K and 755 K, which is larger than the onset temperature (between 580 K and 600 K) for the TAE with a pin-array stack. ωI,Linear predicted 
using the linear theory are relatively larger than ωI,CFD because CFD simulations account for the possible nonlinear viscous losses arising from vortices, 
streaming, etc. [39–41]. Overall, ωI,Linear agrees well with ωI,CFD, demonstrating the validity of numerical and theoretical models constructed in the 
present work. 
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