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Abstract
Superconducting magnetic bearings (SMBs) are among the possible new technologies to be
incorporated in maglev vehicles. Stacks of high-temperature superconductor (HTS) tapes can be
used as an alternative to bulks, because stacks offer better mechanical properties, a better
thermal conductivity and a simpler production process. Numerical modeling has been employed
as a cost-effective, fast and reliable tool for improving the performance of SMBs. Several
scenarios can be simulated with fast and relatively simple 2D models; however, in some cases
using 3D models is inevitable. In this study, we use a full 3D model to solve the problem of
magnetization of the tape stacks and obtaining the hysteresis force loop between a permanent
magnet and the tape stacks. For this purpose, we employ an energy minimization-based method
called minimum electromagnetic entropy production in 3D, combined with a homogenization
technique and the Jc(B,θ) dependence of the HTS tape as input. The modeling results agree
very well with the experiment both in the zero-field cooled and field-cooled conditions. The
presented approach offers significant computational advantages, delivering faster and more
efficient results compared to previously proposed 3D methods.

Keywords: magnetization of HTS tape stack, numerical modeling,
superconducting magnetic bearing, 3D modeling

1. Introduction

Superconducting magnetic bearings (SMBs) are among the
promising candidates to be employed in maglev vehicles [1].
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The levitation phenomenon, which is the basic mechanism of
SMB devices, is generated by the resultant repulsive force
arising from the interaction between the magnetic field of a
magnet guideway and the shielding current formed inside the
superconducting materials. The advantage is that in field cool-
ing condition, this force is mechanically stable without the
need of any control system, unlike the repulsive force between
two permanent magnets (PMs).

Bulk superconductors have been mostly employed as the
passive component in SMBs [2–5]. Recently, stacks of high-
temperature superconductor (HTS) tapes have been used as an
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alternative to the bulks because they offer better mechanical
properties, better thermal conductivity (thanks to the copper
and silver layers in the tapes), and a rather simple production
process for obtaining different shapes and sizes [6–8].

Numerical modeling can be employed as a cost-effective,
fast and reliable tool to improve or optimize the performance
of the SMBs. This has been the topic of several articles. For
example, in [4, 9, 10] the magnet guideway was subjected to
optimization or improvement while in [11, 12] the passive part
of the SMB was either optimized or improved. In the optim-
ization process, the problem should be solved in a reasonable
time. This is why 2D models are more popular for these kinds
of analysis [13, 14]. However, using 3D models can be inevit-
able under certain conditions, for example:

(i) when the depth of the problem geometry is comparable to
the width and height;

(ii) when themagnet guideway or the passive component geo-
metries are complex or without symmetries;

(iii) when certain details related to the problem depth are
required.

A fast and efficient 3D model that can be solved in a
reasonable time can be the solution to the above-mentioned
issues. Therefore, we employ an energy minimization-based
method called minimum electromagnetic entropy production
method in 3D (MEMEP 3D) implemented in C++ for solv-
ing the problem of magnetization of stacks of tapes in three
dimensions. This method was introduced and verified against
experiments and other models by Pardo et al in several works
[15, 16]. In [17, 18] MEMEP 3D was employed for solv-
ing the magnetization of bulks and stacks of tapes and veri-
fied against experiments, and in [19, 20] for modeling a
dynamo-type flux pump in 3D with good agreement against
experiments.

In this work, we developed a full 3D model based on the
MEMEP 3D method using the homogenization technique and
the Jc(B,θ) dependence of the HTS tape as input to calculate
the levitation force between a PM and stacks of tapes in field-
cooling (FC) and zero-field cooling (ZFC) cases. The signific-
ance of the presented modeling results in comparison to prior
literature lies in the satisfactory calculation of levitation forces
using Jc(B,θ) data obtained from independent V − I charac-
terizations and not by manually finding the best parameters
of the Jc(B,θ) dependence that fit the measured maximum
levitation force. With this approach, the maximum levitation
forces in ZFC and FC cases show very good agreement with
experiments.

2. Problem description

The passive part of the SMB is composed of two parallel stacks
of SuperOx tapes, each one containing 132 tapes. In ZFC, the
PM starts approaching the HTS tape stacks from a very large
distance, where the PM is far enough from the tape stacks and
its magnetic field is negligible, up to a minimum distance; then
it goes back to its initial position in a full cycle. In FC, the PM
starts its movement at a distance of 8 mm from the HTS tape

stacks (where the magnetic field at tape stacks is not zero),
and moves until a minimum distance; then it moves away to
the distance of 50 mm, and goes back to a minimum distance
in a full cycle. Figure 1 shows the schematic of the problem
in the ZFC and FC cases. The parameters of the problem are
tabulated in table 1. The goal of the numerical simulations is to
obtain the hysteresis loop of the levitation force between the
tape stacks and the PM. The force F is generated due to the
interaction between the PM magnetic field and the screening
current generated in the HTS tape stacks:

F=

ˆ
Ω

J×BdΩ, (1)

where Ω is the HTS domain, J is the screening current in the
HTS tape stacks and B is the magnetic field of PM.

3. Calculation method

3.1. MEMEP 3D method

The MEMEP 3D method, used to model the SMB, is a vari-
ational method based on theT-formulation, whereT stands for
effective magnetization. The effective magnetization is con-
fined exclusively within the HTS tape stacks, resulting in a
problem meshed solely inside the superconducting domains
and the defined air gap between them. This feature reduces the
number of degrees of freedom and hence significantly acceler-
ates the computation [16, 17]. MEMEP solves the problem by
minimizing the entropy production generated by the electro-
magnetic fields [16, 21]. This method is capable of modeling
any combination of applied magnetic field and transport cur-
rent and any E− J relation. However, in the case of SMB, only
the applied magnetic field caused by the PM exists, which sim-
plifies the functional. The air gap between the two tape stacks
is modeled as a conducting material with high resistivity.

MEMEP 3D solves the problem by minimizing a func-
tional containing the variables of the problem. This functional
always presents a unique minimum value, which is the only
solution of the Maxwell differential equations [16]. The 3D
functional is

L=

ˆ
V
dv

[
1
2
∆AJ

∆t
· (∇×∆T)

+
∆AM

∆t
· (∇×∆T)+U(∇×T)

]
, (2)

where V is the volume of the superconducting domain,T is the
effective magnetization, calculated as ∇×T= J, AM and AJ

are the vector potentials due to the applied field and due to the
current density in the superconductor, respectively. AJ can be
easily calculated with the volume integral of current density.
AM and BM (magnetic field density of the PM) are calculated
analytically at each time step and at certain points located at
the center of each cell. The cylindrical PM consists of many
current loops distributed uniformly along the height of the PM.
AM and BM due to the entire PM are calculated by summing
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Figure 1. Schematic of the problem in (a) ZFC; (b) FC. The red numbers marked with # represent the time step number. The minimum
distances in parentheses are those used in sections 5.2 and 5.3, the other ones are those used in sections 3.5 and 5.1.

Table 1. Problem parameters including PM geometry and movement and HTS tape stacks characteristics.

Permanent magnet Diameter 35 mm
Height 25 mm
Remanent flux density, Br 1.35 T
Movement speed 10 mm s−1

Magnet displacement ZFC 3.6 mm (3 mm)a <∆z<53 mm
FC 4.1 mm (3 mm)a<∆z<50 mm

Two stacks of tapes Width 2 × 12 mm
Depth 24 mm
Height 10 mm
air gap between stacks ≈ 1 mm

HTS tape Width 12 mm
Total thickness 76 µm
Thickness of the superconducting layer 1 µm
Self-field critical current at 77 K 399 A
n-value 30

a The minimum distances in parentheses are those used in sections 5.2 and 5.3, the other ones are those
used in sections 3.5 and 5.1.

up the contributions from each of these current loops [19]. U
is the dissipation factor, defined as [16]

U(J) =
ˆ J

0
E
(
J ′) · dJ ′. (3)

In our model, we used an E− J power law to describe the non-
linear behavior of the HTS material as

E(J) = Ec

(
|J|

Jc (B,θ)

)n J
|J|

, (4)

where Ec = 10−4 Vm−1 is the critical electric field, Jc(B,θ)
is the critical current density dependent on the the amplitude
and direction of the magnetic field and n is the n-value of the
superconducting material.

The PM had a back iron of 5 mm in height, which is not
very straightforward to be implemented in the model with an

analytical formula. To simplify the PM analytical model, the
effect of the back iron was considered in the model by increas-
ing the PM height by 5 mm (from 20 mm to 25 mm), without
modifying the remanent magnetization of the PM. The ana-
lytical results were compared to the ones obtained by the 3D
model of the PM with back iron in COMSOL Multiphysics,
and there was only a 0.1% difference in the maximum mag-
netic field at 1 mm distance. In addition, the distribution of
magnetic field agreed well with the analytical model.

3.2. Homogenization technique

We employed the homogenization technique tomodel the HTS
tape stacks. This technique is a popular approach to model
hundreds of turns in a coil or tape stack, with a high reduc-
tion of the computation time and without significant loss of
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Figure 2. Homogenization of the two HTS tape stacks into two
HTS bulks: (a) tape stacks; (b) homogenized meshed bulks. Mesh
elements only exist inside the superconducting tape stacks and the
air gap between them.

accuracy [22–25]. In 3D models, the homogenization tech-
nique is often inevitable, given the large number of degrees
of freedom in the model [26]. In our model, we converted
the two stacks of tapes, each including 132 tapes, into two
homogenized bulks (see figure 2). In contrast to the bulk, in
the tape stacks no current flows in the z direction (along the
height of the tape stack) due to the high resistivity of the non-
superconducting layers composing the tapes. In our model, we
assume electrically insulated tapes, so the current density in z
direction is always zero. [18]. The critical current density of
the HTS tapes in the stack, Jc, tape was converted into the engin-
eering critical current density, Jc,eng, applied to the homogen-
ized bulks as

Jc,eng = m× δ

∆bulk
Jc, tape =

δ

∆tape
Jc, tape, (5)

wherem is number of HTS tapes in a tape stack, δ is the thick-
ness of the HTS layer, and∆bulk is the height of the homogen-
ized bulks. Sincem and∆bulk = m×∆tape are correlated, with
changing the number of tapes in the tape stack, Jc,eng remains
the same. Therefore, we can rewrite the equation based on the
total thickness of just one tape, ∆tape. We use this feature for
investigating the impact of tape number on levitation force in
section 5.3.

3.3. Ic measurement and model implementation

The coated-conductor superconducting tape used for mak-
ing tape stacks is a 12 mm-wide SuperOx wire with 76 µm
total thickness, consisting of 1 µm GdBCO superconduct-
ing layer, 50 µm Hastelloy 276 substrate and 1 µm of silver
layer. These layers are surrounded by 10 µm copper stabilizer
layer. The Ic(B,θ) characteristic of the HTS tape (see figure 3)

Figure 3. Measured Ic(B,θ) data of SuperOx tape at 77 K under
various magnetic fields and orientations scaled to 12 mm width
based on the measured Ic0 value of 399 A on the whole 12 mm wide
tape. The field angle is defined with respect to the normal vector of
the tape surface. The data were provided by Robinson Research
Institute in New Zealand from measurements performed at their
SuperCurrent facility [27].

was implemented in the model by interpolating the experi-
mental points. The data were provided by Robinson Research
Institute in New Zealand from measurements performed at
their SuperCurrent facility [27].

The Ic data were measured on a sample with dimensions
of 0.5 mm× 5 mm (width× length) cut from the central part
of the tape in order to easily measure the high value of crit-
ical current in the tape. The measured critical current of the
0.5 mm wide sample at self-field was 19.29 A, which would
correspond to an Ic0 of 463 A for the 12 mm wide tape.
However, this simple scaling is often inaccurate, due to the
fact that the critical current is not homogeneous across the
width of the tape. The lateral inhomogeneity of the critical
current across the tape width in coated-conductors has been
reported and investigated in several articles [28–33]. Those
studies showed that the central part of the tape has usually
higher critical current than the lateral parts. That is why meas-
uring Ic on a 0.5 mm wide sample cut from the central part
of the tape and scaling it to 12 mm width can not provide
an accurate representation of Ic on the 12 mm wide tape. For
this reason, we also measured Ic0 on the 12 mm wide tape at
self-field and obtained the value of 399 A at 77 K, which is
around 14% lower than the scaled Ic. Afterwards, we scaled
the set of Ic(B,θ) data for 0.5 mm wide tape under various
magnetic fields and orientations according to the measured Ic0
of 399 A, i.e. by a factor (12 mm/0.5 mm)/(463 A/399 A) =
20.69 (see figure 3). This means that for example, according to
equation (5) and the values presented in table 1, the self-field
engineering critical current density of the homogenized bulk,
Jc0,eng, is 4.375×108 Am−2.

3.4. Meshing and calculation time

As mentioned before, meshing is only necessary inside the
sample (see figure 2(b)). For the two HTS tape stacks with the
dimensions of 24× 24 × 10 mm in x, y and z directions, we
used 31× 31× 13 elements, respectively. One of the 31 mesh
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elements in x is assigned to the air gap between the two tape
stacks. Each millimeter of PM movement was considered as
one time step. We found that increasing the number of mesh
elements and time steps changes the output result only neg-
ligibly. With a total number of 12 493 mesh elements, using
100 time steps, and on a computer with the specification of
AMD Ryzen threadripper 3970x 32-core processor, 128 GB
RAM, and Ubuntu 20.04.4 LTS operating system, the calcula-
tion times for one full cycle of the ZFC and FC cases were 4 h
and 4 h and 31 min, respectively.

3.5. Model validation

Before comparing our model with experiments, we validated
it against the 3D segregatedH-formulation method implemen-
ted in COMSOLMultiphysics. The segregatedH-formulation
method was firstly developed and used by Quéval et al to
model the ZFC and FC cases of a SMB in 2D and 3D [4, 26].
In short, the model is composed of two separate parts, namely
a magnetostatic model to solve the magnetic field of the PM
and a time-dependent H-formulation for the HTS tape stacks.
The latter uses the magnetic field calculated by the former as
input. This approach eliminates the need of a moving mesh
and reduces the number of degrees of freedom in the time-
dependent model [34–36].

The problem configuration used for the comparison is sim-
ilar to the one presented in section 2, with the difference that,
for simplicity, the air gap between the two bulks is disregarded,
and the two bulks and the air gap between them is modeled as
one simple bulk with dimensions of 24 × 24 × 10mm. For the
bulk in x, y and z directions, we used 30× 30× 13 elements.
In addition, a constant Jc was used in the model.

Figure 4 shows that there is a very good agreement between
the calculated levitation forces of the 3D Segregated H-
formulation method and MEMEP 3D in ZFC mode, with only
1.5% difference in the calculated maximum levitation forces.
The calculation times for 3DMEMEP method and 3D segreg-
ated H-formulation, using the same computer mentioned in
section 3.4 were 1 h and 10 min, and 15 h and 44 min, respect-
ively. Although the calculation time with a mesh of 17 × 17
× 5 elements was very short (around 3 min) for both meth-
ods, with a higher numbers of elements MEMEP 3D showed
a clear computational advantage.

4. Force measurements

Two HTS tape stacks were prepared from 24 mm long pieces
of the GdBCO coated-conductor tape by stacking 2× 132
HTS tape pieces. The two stacks, around 10 mm in height,
were assembled in a box prepared from glass fiber reinforced
plastic (GRP) as shown in figure 5(a). A GRP top was fixed
to the box by screws. The stacks were carefully compressed
at room temperature using screws. This compression remains
almost unchanged during cooling from room temperature to
77 K, because of the similar thermal contraction ∆L/L≈
0.2% for GRP and the Hastelloy 276 substrate of the HTS
tapes.

Figure 4. Comparison between the calculated levitation forces as a
function of separation between the PM and HTS tape stacks of 3D
Segregated H-formulation method and MEMEP 3D during the first
cycle in ZFC mode.

The GRP box with the stacks was fixed to the frame of the
setup for the force measurement and cooled by liquid nitrogen.
The NdFeB PMwith back iron was vertically moved above the
stacks along the axis of the stacks. The force between the PM
and the stacks was measured by a force sensor (AEP trans-
ducer, type TCA, maximum force 100 N). The position of the
PM was measured by a resistive displacement sensor (Type
FWA100T), which is designed for amaximal vertical displace-
ment of 100 mm. Such a sensor has a small error of ∆z = ±
0.085 mm, even for small values of z. Force and displacement
data were synchronized by an ALMEMO data logger in order
to measure the levitation force of the HTS tape stack based on
the distance between the magnet and the superconductor.

Before starting the force measurement, the HTS tape stacks
were cooled to 77 K, at a large distance of 53 mm from the PM
(ZFC), or in the presence of an applied field at the cooling dis-
tance of 8 mm between the superconductor and the PM (FC).
After ZFC, the distance ∆z between the PM and supercon-
ductor was reduced stepwise starting from 53 mm.

5. Modeling results

5.1. Hysteresis loop of levitation force

As clearly seen in figures 6(a) and (b), there is a very good
agreement not only in the maximum amount of levitation
forces, but also in hysteresis loops between the calculated and
measured levitation forces during the first cycle in ZFC and
FC. The maximum levitation forces in ZFC and FC have a
relative error of about 5% in comparison to experiments. The
strong hysteretic behaviour of the first cycle in ZFC and even
more in FC is due to magnetic flux penetrating the supercon-
ductor at a small distance between the superconductor and
PM. This pinned magnetic flux within the superconductor is
responsible for an attractive force (negative force values). The
calculated maximum attractive force is −1.35 N for the ZFC
case (against −2.6 N obtained by measurement), and −7.3 N

5
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Figure 5. (a) The open GRP box with two HTS tape stacks used for the levitation force measurements; (b) schematic of the levitation force
measurement setup; (c) levitation force measurement setup of the SMB.

Figure 6. Comparison between the calculated and measured levitation force as a function of separation between the PM and HTS tape
stacks (a) during the first cycle in ZFC mode; (b) during the first cycle in FC mode; (c) during the second cycle in ZFC mode; (d) during the
second cycle in FC mode. In FC mode, the first section of displacement (between 8 mm and 4.1 mm) is not shown.

for the FC case (against −6.5 N obtained by measurement).
This attractive force reduces the repulsive force in the next
cycle. In FC, a large part of the hysteresis loop is dominated
by the attractive force, which remains in the superconductor
after the field cooling process. In ZFC, the share of the attract-
ive force to the repulsive force in the hysteresis loop is much
smaller.

Figures 6(c) and (d) show the comparison between the cal-
culated and measured levitation forces during the second cycle
in ZFC and FC, respectively. In FC, the model agrees well
with the experiment, confirming that the maximum levitation
force during the second cycle stays almost the same as in the
first cycle. In contrast to FC, in ZFC we observe a reduction
of the maximum levitation force both in the simulation and
in the experiment. This reduction is higher in the experiment.

The first reason lies in the difference between the maximum
repulsive force of the experiment and the simulation in the
first cycle, which is accumulated in the second cycle. The
second and the more important reason can be attributed to
the difference in the attractive forces (negative force values)
in the first cycle between the simulation and experiment. The
higher attractive force in the first cycle leads to a stronger
reduction of the maximum repulsive force in the second
cycle.

5.2. Screening current distribution

For a fair comparison of screening current distribution
between the ZFC and FCmodes, unlike the previously presen-
ted results, we considered the minimum distance of 3 mm for
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Figure 7. Screening current distribution normalized by Jc0 in ZFC mode when the PM is in the closest distance to tape stacks (3 mm) (a) in
various z-planes; (b) in various y-planes. All numbers represent positions in mm.

Figure 8. Screening current distribution normalized by Jc0 in FC mode when the PM is in the closest distance to tape stacks (3 mm) (a) in
various z-planes; (b) in various y-planes. All numbers represent positions in mm.

both cases. Figures 7 and 8 show the screening current dis-
tribution in ZFC and FC mode, respectively, normalized by
the self-field critical current density in various z-planes and
y-planes in the HTS tape stacks at the moment when the PM
is at the closest distance from the tape stacks for the first time.
In order to have a higher resolution for these figures, we used
37×37×15 elements. In figure 7 and at this time step, the
highest amount of screening current and hence shielding effect
in ZFC can be seen. This causes only a small amount of PM
flux to enter the superconductor, so the trapped field is very

low. Farther from the PM and at higher z-plane values, the
screening current flows at the edges, while as we approach the
lower values of z-plane, the screening current tends to flow in
the central regions. This is in agreement with the Bean model
approximation for bulk superconductors [37]. In figure 8 for
FC, the amount of screening current and thence the levitation
force magnitude are lower than for ZFC. This is because in FC
a higher amount of PM flux penetrates the superconductor, so
the screening current is smaller and hence the trapped field is
larger [38].
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Figure 9. Screening current distribution normalized by Jc0 in ZFC mode for various time steps during the first cycle (a) in z-plane = 5 mm,
(b) in y-plane = 12 mm. # represents the time step number (see figure 1(a)).

Figure 10. Screening current distribution normalized by Jc0 in FC mode for various time steps during the first cycle (a) in z-plane = 5 mm,
(b) in y-plane = 12 mm. # represents the time step number (see figure 1(b)).

Figures 9 and 10 show the screening current distribution
normalized by the self-field critical current density for various
time steps during the first cycle of PM excursion in ZFC and
FC, respectively. In ZFC mode, as the PM approaches the tape
stacks, the field becomes stronger to penetrate the stacks more
deeply. In FC mode, the field has already penetrated the tape
stacks in the center at time step No. 5, because the PM was
already at the closest distance from the tape stacks at time step
No. 4.

5.3. Impact of number of tapes on levitation force

For possible further improvement, we numerically investig-
ated the impact of the number of tapes in the stacks on the
maximum levitation force. While we kept the tape thickness
constant, we changed the height of the stacks by only chan-
ging the number of tapes in them. As a result, the engineering
current density is kept the same (see equation (5)). In addi-
tion, we used the same modeling technique and parameters

8
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Figure 11. Maximum levitation force with respect to number of tapes in each HTS tape stack for ZFC and FC modes.

discussed above. For a fair comparison between the forces in
the FC and ZFC modes, we selected a minimum distance of
3 mm for both cases. Figure 11 shows the obtained results
for ZFC and FC from 10 tapes to 160 tapes in a stack (i.e. a
total of 20 to 320 tapes). After around 130 tapes in a stack,
the maximum levitation force saturates. This indicates that the
magnetic field of the PM at 3 mm cannot penetrate the tapes
any deeper. The obtained trend is in agreement with measure-
ments performed in [7]. The screening current is formed only
inside the 130 tapes that are closer to the PM and the generated
screening current in the remaining tapes is negligible. In order
to have a stronger levitation force with the same HTS tapes,
either the magnetic field density of PM should be increased or
the minimum gap between the tape stacks and the PM should
be decreased. Another practical way is to use tapes with less
total thickness in a stack (i.e. with thinner substrate and higher
engineering current density), so that more tapes can be placed
in the region where the field of the PM is strong enough to
penetrate the tapes.

6. Conclusion

In this work, we developed an energy-minimization-based
model called MEMEP 3D implemented in C++ to calculate
the levitation force between a PM and stacks of tapes in FC and
ZFC cases using the homogenization technique and the actual
Jc(B,θ) dependence of the HTS tapes as input. This repres-
ents the first full 3D model to address such a problem. The
hysteresis graph in both ZFC and FC shows very good agree-
ment with experiments. This is possible by considering and
implementing the appropriately scaled actual Jc(B,θ) data into
the 3D model. We showed and discussed the screening current
distribution in various planes of the stacks and at various time
steps. This analysis gave insight into how the screening current
is generated inside the stacks at different moments during the
magnetization process. Moreover, we calculated the impact of
the number of tapes in a stack on the obtained levitation force.
The results showed that after a particular number of tapes in
the stacks (in our case, 130), the magnetic field of the PM is
not strong enough to fully penetrate the tapes. This causes the

maximum levitation force to saturate after a certain number of
tapes. In summary, the presented 3D model, taking advantage
of its fast computational speed and versatility, is a promising
approach to perform further investigation and improvement in
the performance of SMBs.
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