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1 Introduction

The need for precise description of high-multiplicity final states produced in hard processes at
the Large Hadron Collider (LHC) led to many studies of the so-called subtraction and slicing
schemes for perturbative QCD computations [1–30]. The role of these schemes is to enable
cancellation of infrared and collinear divergences between virtual and real contributions to
cross sections without compromising the fully-differential nature of theoretical predictions.

In spite of the fact that slicing and subtraction schemes aim at achieving identical goals,
their discussions in the literature proceed quite differently. Indeed, a typical pathway to the
construction of a subtraction scheme involves studies of how factorization of matrix elements
in the soft and collinear limits, and factorization of phase spaces for final-state particles can
be combined to make the subtraction terms both observable-independent and analytically (or
numerically) integrable in d-dimensions.1 On the contrary, advanced slicing schemes start
from the choice of an observable for which physical cross sections factorize into universal
quantities, in the limit where the selected observable is small.

In spite of a somewhat different philosophy, it is clear that a very tight connection between
slicing and subtraction approaches must exist since variables employed for slicing calculations
are infrared safe. It follows that a differential cross section for the small value of the selected
slicing parameter — which can be considered as the major quantity to understand in order
to enable the construction of a slicing scheme — should be computable with subtractions.

We believe that existing computations in the context of existing slicing schemes do not
make this connection sufficiently clear and do not exploit it. To see this, consider available
computations of the N -jettiness soft function at next-to-leading (NLO) [16] and at next-to-
next-to-leading order (NNLO) [17, 18, 31–37] in perturbative QCD. These computations are
performed by mapping the available phase space of soft-gluon emissions onto hemispheres
along the different hard directions, computing many of the required integrals numerically,
and studying cancellation of infrared and collinear divergences against the soft-function
renormalization matrix a posteriori. Furthermore, the soft-function renormalization matrix is
constructed from the consistency requirement that soft and collinear divergences cancel when
different elements of the factorization theorem (the hard function, the beam function, the
jet function and the soft function) are combined to produce a physical cross section. While
this computational method works fine in practice, it is in stark contrast with the current
developments in understanding subtraction schemes where one attempts to find suitable
subtraction terms for a generic N -jet problem, integrate them over unresolved phase spaces,
show analytically the cancellation of all the 1/ϵ poles and derive a compact representation
for the finite remainder [24, 38].

The goal of this paper is to show that borrowing certain ideas from the recent developments
in constructing generic NNLO QCD subtraction schemes [38] is beneficial for computing
essential ingredients for modern slicing computations. Our prime example is the N -jettiness
soft function [16] at NNLO QCD that we study for a generic value of N . We analytically
demonstrate the cancellation of all soft and collinear 1/ϵ divergences that appear in the
calculation of the N -jettiness soft function against the corresponding renormalization constant,

1We use dimensional regularization throughout this paper and assume that d = 4 − 2ϵ.
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and derive a simple formula for the finite remainder that is valid in four space-time dimensions.
We note that very recently a calculation of N -jettiness soft function for arbitrary N was
reported in ref. [37]. The computational method used in that reference is, however, very
different from ours since it relies on the extension of numerical methods developed in
refs. [35, 39–41].

The remainder of the paper is organized as follows. In the next section we define the
N -jettiness variable [42] and the soft function that we study in this paper. In section 3 we
discuss the renormalization of the soft function. We continue with the calculation of the
N -jettiness soft function at NLO QCD in section 4. We then proceed to the analysis of the
NNLO case. We start by discussing in section 5 how the NNLO QCD computation of the
N -jettiness soft function can be organized. We first focus on the two-gluon final state. We
discuss the contribution of the uncorrelated emissions of two soft gluons in section 6. We
analyze the triple-color correlated terms in N -jettiness soft function in section 7. Correlated
emissions of two gluons are discussed in sections 8, 9, 10 and 11. We study the contribution
of the soft qq̄ pair to N -jettiness soft function in section 12. The final result for the soft
function can be found in section 13. Numerical implementation and comparison with results
available in the literature is described in section 14. We conclude in section 15. Some useful
formulas are collected in appendices.

2 Definitions of basic quantities

We consider partonic processes with an arbitrary number of hard color-charged partons
that we denote by N

0 → h1 + h2 + h3 + h4 + · · ·hN ,
h1 → h2 + h3 + h4 + · · ·hN ,
h1 + h2 → h3 + h4 + · · ·hN .

(2.1)

The first process refers to e+e− annihilation, the second to deep-inelastic scattering and the
third to hadron collisions. Each parton in eq. (2.1) carries a four-momentum pi and a color
charge Ti. All partons are assumed to be massless.

The cross sections of processes shown in eq. (2.1) are affected by the radiation of soft
quarks and gluons, both real and virtual. To quantify their impact, an observable that
controls the softness of the radiation is needed. In this paper, we will use the N -jettiness
T [42] for this purpose.

To define T , we proceed as follows. For a generic process, we split all final-state partons
that we have to consider in a particular order of perturbation theory into resolved R and
unresolved U ones. We define a list

Lx =
{2pxph1

Ph1

,
2pxph2

Ph2

,
2pxph3

Ph3

. . .

}
, (2.2)

where x ∈ U and hi ∈ R. Quantities Phi
are arbitrary normalization constants. We then

define the N -jettiness variable as [42]

T (R,U) =
∑
x∈U

min [Lx] . (2.3)
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To compute radiative corrections to processes in eq. (2.1), we need to consider virtual
and real-emission corrections. Since we work through next-to-next-to-leading order, we need
to include virtual corrections up to two loops, one-loop corrections with and without one soft
parton and the real emission processes with up to two soft partons. For virtual corrections to
processes without additional soft radiation, U is an empty set and so T is zero. The same
is true for leading order processes shown in eq. (2.1).

We note that virtual corrections do not need to be computed explicitly. Indeed, since
infrared and collinear singularities of a generic two-loop amplitude are known [43–45], it is
customary to separate them from the short-distance contribution to the two-loop amplitude
known as the “hard function” and include them into the renormalization constant of the soft
function, that we discuss in the next section. Hence, to compute the soft function at NNLO
we need to study contributions with one or two soft partons to cross sections of processes
in eq. (2.1), subject to N -jettiness constraint.

The perturbative expansion of the bare soft function can be written as

Sτ (τ) = δ(τ) + asSτ,1(τ) + a2
sSτ,2(τ) + · · · , (2.4)

where τ is the value of N -jettiness and as = αs(µ)/(2π) is the renormalized QCD coupling
constant. The quantities Sτ,i(τ), i = 1, 2, can be computed starting from universal functions
that describe the behaviour of QCD matrix elements when some of the radiated partons
are soft.

Before proceeding, it is useful to point out that it is very convenient to work with the
Laplace transform of the soft function [37]. The Laplace transform is defined as follows

S(u) =
∞∫

0

dτ Sτ (τ)e−uτ . (2.5)

As we will see from the explicit computations described below, the dependence of functions
Sτ,i, i = 1, 2, on τ is very particular and is given by simple powers τ−1−nϵ, where n = 2, 4
etc. For these functions, the Laplace transform evaluates to

∞∫
0

dτ τ−1−nϵe−uτ = −unϵΓ(1− nϵ)
nϵ

= − ū
nϵe−ϵnγEΓ(1− nϵ)

nϵ
. (2.6)

Note that in the last step we introduced a variable ū = ueγE to simplify the expansion of the
corresponding Γ-functions in ϵ. In what follows we will use eq. (2.6) to compute the Laplace
transform of the perturbative expansion of the bare soft function.

3 Renormalization of the soft function

Perturbative computations of the soft function lead to expressions that contain soft and
collinear divergences that manifest themselves through 1/ϵ poles. These divergences are
removed by a dedicated renormalization [16].

The renormalization of the soft function is a multiplicative (matrix) renormalization in
the Laplace space [37]. We denote the Laplace transforms of the bare and renormalized soft
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functions by S and S̃, respectively. The two functions are related by the following equation

S = ZS̃Z+, (3.1)

where Z is a matrix in color space, see appendix A. While it is entirely possible to compute
the unrenormalized soft function S and then remove the divergences by using eq. (3.1), it is
beneficial to study suitable combinations of Z and S that are actually needed for computing S̃.

To find these combinations, we write expansions of Z, S and S̃ in powers of αs

Z = 1 + Z1 + Z2,

S = 1 + S1 + S2,

S̃ = 1 + S̃1 + S̃2,

(3.2)

substitute them into eq. (3.1) and solve for S̃1,2. We find

S̃1 = S1 − Z1 − Z+
1 ,

S̃2 = S2 − Z2 − Z+
2 + Z1Z1 + Z+

1 Z
+
1 − Z1S1 − S1Z

+
1 + Z1Z

+
1 .

(3.3)

It was recently pointed out in ref. [38], in the context of the application of the nested
soft-collinear subtraction scheme to arbitrary multi-jet processes, that it is beneficial to
separate iterations of O(αs) soft, soft-collinear and virtual contributions to cross sections
from the rest of NNLO contributions. Following the same logic, we write

S2 = 1
2S1S1 + S2,r. (3.4)

It is useful to do the same for the NNLO contribution to the renormalization matrix

Z2 = 1
2Z1Z1 + Z2,r. (3.5)

It is then easy to see that S̃2 can be written as

S̃2 = 1
2 S̃1S̃1 +

1
2[Z1, Z

+
1 ] + 1

2
[
S1, Z1 − Z+

1

]
+ S2,r − Z2,r − Z+

2,r. (3.6)

We will show below that this representation is beneficial for computing the renormalized
N -jettiness soft function. Indeed, when representation in eq. (3.6) is used, the required
effort is minimized because cancellations of 1/ϵ poles between the different quantities are
identified relatively early in the course of the computation. However, before discussing how
the NNLO computation is performed, we will illustrate our approach by calculating the NLO
contribution to the N -jettiness soft function.

4 N-jettiness soft function at NLO

We will explain main ideas of our approach by considering N -jettiness soft function at NLO.
Since one-loop virtual corrections to N -jettiness soft function do not need to be considered, we
focus on the single real-emission contribution below. We use label m to denote a soft gluon and
write its momentum as pm. The gluon m is the only unresolved parton, therefore U = {m}.
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We choose Phi
= Ei, where Ei is the energy of the parton hi in the chosen reference

frame, and obtain (cf. eqs. (2.2), (2.3))

T (m) = Emψm. (4.1)

In eq. (4.1) Em is the energy of the unresolved gluon m and ψm is a function defined as

ψm = min{ρ1m, ρ2m, ρ3m, . . . , ρNm}, (4.2)

where ρij = 1 − n⃗i · n⃗j and n⃗i is a unit vector which points in the direction of the three-
momentum of parton i.

The real-emission single-gluon soft contribution at fixed N -jettiness τ reads

Sτ,1(τ) = −
∑
(ij)

Ti · Tj I
(1)
S,ij(τ), (4.3)

where we use the notation (ij) to indicate that the sum runs over all i, j ∈ R with the
constraint i ̸= j. Furthermore, Ti is the color charge operator of parton i,

I
(1)
S,ij = g2

s

∫
[dpm] δ(τ − Emψm) Sij(m), (4.4)

gs is the bare QCD coupling constant and

Sij(m) = pipj
(pipm)(pjpm)

= 1
E2

m

ρij
ρimρjm

, (4.5)

is the soft eikonal function. It is convenient to write the phase space element of the gluon
m as follows

[dpm] =
dΩ(d−1)

m

2(2π)d−1
dEm

E1+2ϵ
m

E2
m = Ω(d−2)

2(2π)d−1 [dΩ(d−1)
m ] dEm

E1+2ϵ
m

E2
m. (4.6)

We then combine the coupling constant squared with the remnant of phase space normal-
ization factor

g2
s

Ω(d−2)

2(2π)d−1 = [αs], (4.7)

and note that

[αs] = as(µ) µ2ϵ eγEϵ

Γ(1− ϵ) (1 +O(as)) , (4.8)

where as(µ) = αs(µ)/(2π) and αs(µ) is the QCD coupling constant renormalized in the
MS scheme.

We work to first order in as and use eq. (4.6) to integrate over energy of the gluon
Em in eq. (4.4). We find

I
(1)
S,ij(τ) =

[αs]
τ1+2ϵ

∫
[dΩ(d−1)

m ] ψ2ϵ
m

ρij
ρimρjm

= [αs]
τ1+2ϵ

〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

, (4.9)

where ⟨..⟩m indicates integration over directions of the vector n⃗m.
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To proceed further, we compute the Laplace transform of the soft function and obtain

S1 = ū2ϵe−2ϵγEΓ(1− 2ϵ)
2ϵ [αs]

∑
(ij)

Ti · Tj

〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

. (4.10)

Integration over directions of the vector n⃗m induces collinear singularities when n⃗m||n⃗i
and n⃗m||n⃗j . To isolate them, we make use of the fact that collinear singularities of the
integrand are fully controlled by the remnants of the eikonal function in eq. (4.10) and that
the collinear limits of the function ψm can be predicted for an arbitrary hard process.

Indeed, consider the collinear limit m||i as an example. In that limit, ρim is the smallest
ρ-value so that

lim
m||i

ψm = ρim. (4.11)

It turns out useful to rewrite the integrand in eq. (4.9) as follows

ψ2ϵ
m

ρij
ρimρjm

=
(
ψmρij
ρimρjm

)2ϵ
ρ1−2ϵ
ij

ρ1−2ϵ
im ρ1−2ϵ

jm

. (4.12)

We then define (
ψmρij
ρimρjm

)2ϵ

= 1 + 2ϵg(2)
ij,m, (4.13)

where the function g
(α)
ij,m contains higher powers of ϵ in addition to the first power shown

explicitly. Hence, we write〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

=
〈(

1 + 2ϵg(2)
ij,m

) ρ1−2ϵ
ij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

. (4.14)

Since the function ϵg
(2)
ij,m vanishes in all collinear limits and is O(ϵ), it only provides a finite

contribution to the N -jettiness soft function that will have to be computed numerically for
a given configuration of hard partons. On the contrary, the first integral in the right-hand
side of eq. (4.14) can be computed explicitly, see eq. (B.5). We write〈

ρ1−2ϵ
ij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

=
2ηϵij
ϵ
K

(2)
ij , (4.15)

where ηij = ρij/2 and

K
(2)
ij = Γ(1 + ϵ)2

Γ(1 + 2ϵ) 2F1 (ϵ, ϵ, 1− ϵ, 1− ηij) . (4.16)

Putting everything together, we find

S1 = as (µū)2ϵ Γ(1− 2ϵ)
Γ(1− ϵ)eϵγE

∑
(ij)

Ti · Tj

[
ηϵij
ϵ2
K

(2)
ij +

〈
g

(2)
ij,m

ρ1−2ϵ
ij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

]
. (4.17)

It follows from the above equation that all 1/ϵ poles have been separated from the finite
remainder and that the remnant of the complicated N -jettiness function appears in the
finite remainder only.
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It remains to combine S1 with the renormalization matrices Z1 and Z+
1 , cf. eq. (3.3).

The expression for Z1 can be found in appendix A; similar to the NLO soft function shown in
eq. (4.17), it is given by the sum of products of the color-charge operators with some coefficients.
Combining the different contributions and discarding all terms beyond O(ϵ0), we find

S̃1 = as
∑
(ij)

Ti · Tj

[
2L2

ij + Li2(1− ηij) +
π2

12 +
〈
ln
(
ψmρij
ρimρjm

)
ρij

ρimρjm

〉
m

+O(ϵ)
]
, (4.18)

where
Lij = ln

(
µū

√
ηij
)
. (4.19)

This result can be easily evaluated numerically for an arbitrary number of hard partons N .
The logarithm ln(ψmρij/(ρimρjm)) provides an infrared regulator for an integral that would
have exhibited collinear divergencies without it.

5 N-jettiness soft function at NNLO

We will now explain how to extend the above approach to compute the NNLO contribution
to the N -jettiness soft function. It is clear that the NNLO computation is significantly more
complex than the NLO one. However, we will show that it is possible to split the calculation
into several independent parts making the entire problem simpler.

The NNLO contribution to the bare soft function reads

S2 = S2,RR + S2,RV − as
β0
ϵ
S1, (5.1)

where S2,RR is the double real-emission contribution, S2,RV is the real-virtual contribution
and the last term arises because of the renormalization of the strong coupling constant in
the NLO soft function. The leading order QCD β-function is defined as

β0 = 11
6 CA − 2

3nFTR, (5.2)

where CA = Nc is the Casimir of the group SU(Nc), TR = 1/2 and nf is the number of
massless quarks.

The double-real emission contribution is obtained by integrating the double-soft eikonal
current [46] over the phase space of two soft gluons subject to the N -jettiness constraint.
Following ref. [46], we further split the double-real contribution into correlated and un-
correlated pieces

S2,RR,τ = S2,RR,τ,T 4 + S2,RR,τ,T 2 . (5.3)

We note that the subscript τ indicates that the Laplace transform of the corresponding
quantities has not yet been computed.

The uncorrelated contribution reads

S2,RR,τ,T 4 = 1
2

∑
(ij),(k,l)

{Ti · Tj ,Tk · Tl} IT 4,ij,kl, (5.4)

– 8 –
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where
IT 4,ij,kl =

g4
s

2

∫
[dpm] [dpn]δ(τ − Emψm − Enψn) Sij(m) Skl(n), (5.5)

and the eikonal functions Sij(m) and Skl(n) are defined in eq. (4.5). The correlated contribution
S2,RR,T 2 reads

S2,RR,τ,T 2 = −CA2
∑
(ij)

Ti · Tj IT 2,ij , (5.6)

where
IT 2,ij =

g4
s

2

∫
[dpm][dpn]δ(τ − Emψm − Enψn)S̃ggij (m, n). (5.7)

The eikonal function S̃ggij (m, n) can be found in appendix C.
The real-virtual contribution reads [46]

S2,RV,τ = [αs] 2−ϵ

ϵ2
CAAK(ϵ)

∑
(ij)

Ti · Tj IRV,ij + [αs]
4πNϵ

ϵ

∑
(kij)

κijF
kijIkij , (5.8)

where
κij = λij − λim − λjm, (5.9)

and λij = 1 if both i and j refer to incoming or outgoing partons and zero otherwise.
Furthermore, the normalization factors in eq. (5.8) read

AK(ϵ) = Γ3(1 + ϵ)Γ5(1− ϵ)
Γ(1 + 2ϵ)Γ2(1− 2ϵ) , Nϵ =

Γ(1 + ϵ)Γ3(1− ϵ)
Γ(1− 2ϵ) , (5.10)

and we have defined F kij = fabcT
a
k T

b
i T

c
j to describe anti-symmetrized product of three color

charge operators. Finally, the functions IRV,ij and Ikij read

IRV,ij = g2
s

∫
[dpm]δ(τ − Emψm)(Sggij (m))1+ϵ, (5.11)

and
Ikij = g2

s

∫
[dpm]δ(τ − Emψm)Ski(m)(Sggij (m))ϵ. (5.12)

In the next section we will show that

S2,RR,T 4 = 1
2S1S1. (5.13)

Therefore, the quantity S2,r introduced in eq. (3.4) reads

S2,r = S2,RR,T 2 + S2,RV − asβ0
ϵ
S1. (5.14)

6 Uncorrelated emissions of two soft gluons

We have argued that S2 contains an iterated contribution of the next-to-leading order soft
function S1 and that it is beneficial to separate it from the rest of S2, cf. eq. (3.4). We
will now show that this iteration can be identified with the Laplace transform of the term
S2,RR,τ,T 4 in eq. (5.4). To this end, we write

IT 4,ij,kl =
[αs]2

2

〈 ∞∫
0

dEm

E1+2ϵ
m

dEn

E1+2ϵ
n

δ(τ − Emψm − Enψn)
ρij

ρimρjm

ρkl
ρknρln

〉
mn

. (6.1)
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It is straightforward to integrate over energies of two gluons Em,n. Indeed, the first
integration (say over En) is elementary since it just removes the δ-function. The second
integration over Em extends from 0 to Emax

m = τ/ψm, i.e. the energy of the gluon m which
corresponds to En = 0. The integral turns out to be of a Beta-function type, and we obtain

∞∫
0

dEm

E1+2ϵ
m

dEn

E1+2ϵ
n

δ(τ − Emψm − Enψn) =
τ−1−4ϵ

Γ(−4ϵ)
ψ2ϵ
m Γ(1− 2ϵ)

2ϵ
ψ2ϵ
n Γ(1− 2ϵ)

2ϵ . (6.2)

Using this result, and performing the Laplace transform, we derive

S2,RR,T 4 = [αs]2

4
∑

(ij),(kl)
{Ti · Tj ,Tk · Tl}

(
u2ϵΓ(1− 2ϵ)

2ϵ

)2

×
〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

〈
ψ2ϵ
n

ρkl
ρknρln

〉
n

= 1
2 S1S1,

(6.3)

where the last step follows from the symmetry between (ij) and (kl) summation indices,
and from the comparison with the results for the NLO N -jettiness soft function derived in
section 4. As we already explained in section 3, it is straightforward to combine the above
result with the iterated contribution of the renormalization constants to arrive at the relevant
contribution to the renormalized soft function.

7 Terms with three color charges

We will next discuss the computation of the contribution that depends on triple products of
color charges. It originates from the following terms in the expression for S̃2

S̃tc2 = 1
2
[
Z1, Z

+
1

]
+ 1

2
[
S1, Z1 − Z+

1

]
+ SRV,tc, (7.1)

where the real-virtual triple-color correlated contribution is given by the Laplace transform
of the last term in eq. (5.8).

The commutators are easy to compute using a general formula in ref. [38].2 We find

1
2[Z1, Z

+
1 ] = −2πa2

s

ϵ2

∑
(kij)

λkjLijF
kij = −πa

2
s

ϵ2

∑
(kij)

λkj ln ηij F kij , (7.2)

where the last step follows from the definition of Lij in eq. (4.19) and the (anti)-symmetry
of F kij with respect to permutations of its indices.

The second commutator reads

1
2[S1, Z1 − Z+

1 ] = a2
sπ(µu)2ϵ

ϵ2
eγEϵΓ(1− 2ϵ)

Γ(1− ϵ)
∑
(kij)

λkj

〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

F kij

= −a
2
sπ(µu)2ϵ

ϵ2
eγEϵΓ(1− 2ϵ)

Γ(1− ϵ)
∑
(kij)

λkj

〈
ψ2ϵ
m

ρki
ρkmρim

〉
m

F kij ,

(7.3)

2See eqs. (5.20, 5.21).
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where in the last step we replaced k ↔ j and used the symmetry of λkj and the anti-symmetry
of F kij . Furthermore, it is convenient to replace λkj in the above expression with κkj defined
in eq. (5.9). This is possible because

∑
(kij)

λjm

〈
ψ2ϵ
m

ρki
ρkmρim

〉
m

F kij =
∑
(kij)

λkm

〈
ψ2ϵ
m

ρki
ρkmρim

〉
m

F kij = 0. (7.4)

The first of these equation holds because the summation over i and k involves a symmetric
and an anti-symmetric tensor. The second is fulfilled because one can sum over j using
conservation of color charges and use the antisymmetry of F kij to set the resulting terms
to zero. Hence, we can write

1
2[S1, Z1 − Z+

1 ] = −a
2
sπ(µu)2ϵ

ϵ2
eγEϵΓ(1− 2ϵ)

Γ(1− ϵ)
∑
(kij)

κkj

〈
ψ2ϵ
m

ρki
ρkmρim

〉
m

F kij . (7.5)

The real-virtual triple-color correlated contribution evaluates to

SRV,tc =
a2
sπ(µ ū)4ϵNϵ2−ϵ

2ϵ2
Γ(1− 4ϵ)

Γ2(1− ϵ)e2γEϵ

∑
(kij)

κkj

〈
ψ4ϵ
m

ρki
ρkmρim

(
ρkj

ρkmρjm

)ϵ〉
m

F kij . (7.6)

We need to combine the three contributions to S̃tc2 shown above, demonstrate that all
1/ϵ poles cancel and derive a representation for the finite remainder. We will do this in steps
starting from contributions that exhibit dependence on the N -jettiness function. There are
two such contributions — the commutator in eq. (7.5) and SRV,tc. We define

Σψtcc =
1
2[S1, Z1 − Z+

1 ] + SRV,tc. (7.7)

Both terms in eq. (7.7) involve integrals of various combinations of ρij ’s and ψm over the
directions of the momentum of the gluon m. Following the discussion of the NLO contribution
to the soft function, we write〈

ψ2ϵ
m

ρki
ρkmρim

〉
m

=
〈
(1 + 2ϵg(2)

ki,m)
ρ1−2ϵ
ki

ρ1−2ϵ
km ρ1−2ϵ

im

〉
m

,〈
ψ4ϵ
m

ρki
ρkmρim

(
ρkj

ρkmρjm

)ϵ〉
m

=
〈(

1 + 4ϵg(4)
ki,m

) ρ1−4ϵ
ki

ρ1−4ϵ
km ρ1−4ϵ

im

(
ρkj

ρkmρjm

)ϵ〉
m

.

(7.8)

Using eq. (7.8), and focusing on the divergent contributions that contain g(2) and g(4), we find

Σψtcc → −2a2
sπ

ϵ

∑
(kij)

κkj

〈
ρik

ρimρkm

(
g

(2)
ki,m − g

(4)
ki,m

)〉
m

F kij = O(ϵ0), (7.9)

where the last step follows from the equality g(2) = g(4) through order O(ϵ0).
Extending the above computation in a straightforward way, we derive the finite N -

jettiness-dependent triple-color correlated remainder. We obtain

Σψtcc → 2a2
sπ
∑
(kij)

κkj

〈
ρki

ρimρkm
ln
(
ψmρki
ρkmρim

)
ln
(
(ūµ)2ψmρimρkj

2ρjmρki

)〉
m

F kij . (7.10)
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Next, we discuss triple-color correlated contributions that do not involve jettiness func-
tions. The first one is given in eq. (7.2); it contains explicit 1/ϵ2 divergence and does not
require further discussion. The second contribution is extracted from eq. (7.5) using eq. (7.8).
The required angular integral is straightforward to compute and we do not discuss it further.

It is slightly more challenging to calculate a similar contribution to SRV,tc. However,
we can cast it into a form that allows us to expand it in powers of ϵ. The corresponding
expression reads〈

ρ1−4ϵ
ki

ρ1−4ϵ
km ρ1−4ϵ

im

(
ρkj

ρkmρjm

)ϵ〉
m

=
〈

ρ1−4ϵ
ki

ρ1−3ϵ
km ρ1−4ϵ

im

〉
m

+
〈
ρ−ϵki
ρ1−4ϵ
im

((
ρkj
ρij

)ϵ
−1
)〉

m

(7.11)

+
〈

ρ1−4ϵ
ki

ρ1−3ϵ
km ρ1−4ϵ

im

((
ρkj
ρjm

)ϵ
−1
)
−

ρ−ϵki
ρ1−4ϵ
im

((
ρkj
ρij

)ϵ
−1
)〉

m

.

The first two integrals on the right-hand side are straightforward to compute but the last one
is challenging. Since this integral is O(ϵ), it contributes to the divergence of the triple-color
correlated term so that we need to analytically compute it.

The simplest way to do this is to use the results of ref. [38] where the analytic expression
for the following integral 〈

ρki
ρkmρim

(
ρkj

ρkmρjm

)ϵ〉
m

, (7.12)

was derived. The idea is to rewrite the integral in eq. (7.12) in the same way as the integral
in eq. (7.11) and then take the difference of the two results. Upon doing that, one finds that
the complicated finite integral appears at order O(ϵ2) only; this integral can be computed
numerically alongside with N -jettiness dependent contributions.

Putting everything together, we find that all divergences in triple-color correlated con-
tributions cancel, and a finite result is obtained. It reads

1
2[Z1, Z

+
1 ] + 1

2[S1, Z1 − Z+
1 ] + SRV,tc = a2

sπ
∑
(kij)

F kij κkjG
triple
kij , (7.13)

where

Gtriple
kij =

[
8
3L

3
ki + 4Lki

(
Li2(1− ηki) +

π2

12 +
〈

ρki
ρimρkm

ln
(
ψmρki
ρkmρim

)〉
m

)
+ 2Li3(1− ηki)− 6Li3(ηki) + Li2(1− ηki)(2 ln 2− 8 ln(ηki))− ln3(ηki)

− 3 ln(1− ηki) ln2(ηki)− ln 2 ln2(ηki) +
π2

6 ln(ηki)− Ḡikjr,fin − 2Wkij

+ 2
〈

ρki
ρimρkm

ln
(
ψmρki
ρkmρim

)
ln
(
ψmρimρkj
ρjmρ2

ki

)〉
m

+O(ϵ)
]
.

(7.14)

We note that the function Lki is given in eq. (4.19), the function Wkij reads

Wkij =
〈

ρki
ρimρkm

ln ρkj
ρjm

ln ρki
ρimρkm

+ 1
ρim

ln ρim ln ρkj
ρij

〉
m

, (7.15)

and the function Ḡikjr,fin can be found in eq. (H.16) of ref. [38].
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8 The remaining contributions

We are left with the discussion of the contributions to the soft function that are not iterations
of next-to-leading order terms, and do not contain triple-color correlators. We write them as

S2,RR,T 2 + SRV,T 2 − Z2,r − Z+
2,r −

asβ0
ϵ
S1, (8.1)

where S2,RR,T 2 is defined in eq. (5.6) and

SRV,T 2,τ = [αs]2−ϵ

ϵ2
CAAK(ϵ)

∑
(ij)

Ti · Tj IRV,ij , (8.2)

is the part of the real-virtual contribution that depends on the products of two color-charge
operators.

The calculation of IRV,ij is straightforward. We obtain

IRV,ij =
[αs]
τ1+4ϵ

〈
ψ4ϵ
m

(
ρij

ρimρjm

)1+ϵ〉
m

. (8.3)

Next, we perform the Laplace transform and find

SRV,T 2 = − [αs]2(ū)4ϵe−4γEϵΓ(1− 4ϵ)
22+ϵ ϵ3

CAAK(ϵ)
∑
(ij)

Ti · Tj

〈
ψ4ϵ
m

(
ρij

ρimρjm

)1+ϵ〉
m

. (8.4)

This contribution contains both explicit 1/ϵ terms and collinear divergences that arise after
integration over directions of the gluon m. The latter can be isolated by following what
has been done for computing the soft function at next-to-leading order. We also note that
terms that involve the jettiness function ψm start contributing at order 1/ϵ2. We will discuss
how the jettiness-dependent divergent contributions cancel out once we isolate similar terms
in S2,RR,T 2 in the next section.

9 Correlated emissions of two soft gluons: the strongly ordered limit

We consider the remaining contribution to S2,RR,T 2 . It reads

S2,RR,T 2,τ = −CA2
∑
(ij)

Ti · Tj Iij,τ , (9.1)

where
Iij,τ = g4

s

2

∫
[dpm][dpn] δ (τ − Emψm − Enψn) S̃ggij (m, n). (9.2)

Since the function S̃ggij is symmetric under the permutation of m and n, we can introduce
the energy-ordering En < Em (En = ωEm) and use the fact that the scaling of S̃ggij with the
common gluon energy “scale” Em is uniform. We then write

Iij,τ = g4
s

∫
[dpm][dpn] θ(Em − En) δ (τ − Emψm − Enψn) S̃ggij (m, n)

= [αs]2
1∫

0

dω
ω1+2ϵ

〈 ∞∫
0

dEm

E1+4ϵ
m

δ(τ − Emψmn)
[
ω2 S̃ggij (m, n)

]
Em→1,En→ω

〉
mn

= [αs]2

τ1+4ϵ

1∫
0

dω
ω1+2ϵ

〈
ψ4ϵ
mn

[
ω2S̃gg(m, n)

]〉
mn
,

(9.3)
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where ψmn = ψm + ωψn. We note that from now on, for simplicity of notation, we will always
assume that in the evaluation of S̃gg(m, n) the energy of the gluon m is set to 1 and the
energy of the gluon n is set to ω. Finally, we perform the Laplace transform and find

Iij =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
ψ4ϵ
mn

[
ω2S̃ggij (m, n)

]〉
mn
, (9.4)

where
Nu = − [αs]2ū4ϵe−4ϵγEΓ(1− 4ϵ)

4 . (9.5)

The representation of function Iij in eq. (9.4) is the starting point of our analysis of the
correlated emissions of two gluons. To compute Iij we identify and subtract various singular
limits of the integrand in eq. (9.4). We begin with the ω → 0 limit which we will refer to
as the “strongly-ordered” one, in the sense of the energy ordering. The strongly-ordered
limit of S̃ggij evaluates to

lim
ω→0

[
ω2S̃ggij (m, n)

]
=
[

2ρij
ρmnρimρjn

+ 2ρij
ρmnρinρjm

−
2ρ2

ij

ρimρinρjmρjn

]
= Fij(m, n). (9.6)

We then need to compute

Iso
ij = Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
(ψm + ωψn)4ϵ Fij(m, n)

〉
mn
. (9.7)

To integrate over ω, we change the integration variable ω → 1/ω and find

Iso
ij = Nu

ϵ

∞∫
1

dω
ω1+2ϵ

〈
(ωψm + ψn)4ϵ Fij(m, n)

〉
mn
. (9.8)

We then rename m ↔ n and obtain

Iso
ij = Nu

ϵ

∞∫
1

dω
ω1+2ϵ

〈
(ψm + ωψn)4ϵ Fij(n,m)

〉
mn
. (9.9)

Since Fij(n,m) = Fij(m, n), we finally find

Iso
ij = Nu

2ϵ

∞∫
0

dω
ω1+2ϵ

〈
(ψm + ωψn)4ϵ Fij(m, n)

〉
mn

= −NuΓ[1− 2ϵ]2

2ϵ2Γ[1− 4ϵ]
〈
ψ2ϵ
m ψ2ϵ

n Fij(m, n)
〉
mn

= −NuΓ[1− 2ϵ]2

ϵ2Γ[1− 4ϵ]

〈
ψ2ϵ
m ψ2ϵ

n

[
2ρij

ρmnρimρjn
−

ρ2
ij

ρimρinρjmρjn

]〉
mn

.

(9.10)

The last term in eq. (9.10) is fully factorized and can be computed in the same way as the
uncorrelated contribution. We only need to understand how to deal with the first term
in eq. (9.10).
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To this end, we note that the angular integral〈
ψ2ϵ
m ψ2ϵ

n

ρij
ρmn ρim ρjn

〉
mn

, (9.11)

is singular in the three collinear limits m||i, n||j and m||n. To regulate the first two, we
define the following functions(

ψm

ρim

)2ϵ
= 1 + ϵfim,

(
ψn

ρjn

)2ϵ

= 1 + ϵfjn. (9.12)

Then, we split the integral into contributions with and without functions fim and fjn. This
splitting introduces unregulated singularities in some integrals; to address this issue, we modify
the integral in eq. (9.11) by incorporating an additional (analytic) regulator, and write it as〈

ψ2ϵ
m ψ2ϵ

n

ρij

ρmn ρ
1+ν
im ρ1+ν

jn

〉
mn

. (9.13)

Using the functions fim, fjn defined in eq. (9.12), we rewrite it as follows〈
ψ2ϵ
m ψ2ϵ

n

ρij

ρmn ρ
1+ν
im ρ1+ν

jn

〉
mn

=
〈ϵ2fimfjn + (ψm

ρim

)2ϵ
+
(
ψn

ρjn

)2ϵ

− 1

 ρij

ρmn ρ
1+ν−2ϵ
im ρ1+ν−2ϵ

jn

〉
mn

.

(9.14)

We need to compute the above integral and take the limit ν → 0 before the expansion
around ϵ = 0 is performed.

It is clear that in the second, the third and the forth terms in the right-hand side in
eq. (9.14), we can integrate over directions of n or directions of m or directions of both. We
begin with the computation of the last integral in the right-hand side of eq. (9.14) where we
first integrate over n. The integration is straightforward [47] and we obtain〈

ρij

ρmn ρ
1+ν−2ϵ
im ρ1+ν−2ϵ

jn

〉
mn

= 2−ϵΓ(−ϵ)Γ(ϵ− ν)
Γ(−ν)

×
〈

2F1(−ϵ, ϵ− ν, 1− ϵ, 1− ηjm)
ρij

ρ1−2ϵ+ν
im ρ1−ϵ+ν

jm

〉
m

.

(9.15)

Since 1/Γ(−ν) = −ν/Γ(1 − ν), this integral appears to be proportional to the analytic
regulator. Because we are supposed to take the ν → 0 limit at fixed ϵ, it is tempting to
conclude that the whole integral vanishes. However, this conclusion is wrong because the
remaining integral over directions of n⃗m is ill-defined for ν = 0.

To extract the 1/ν singularity from the remaining integration over n⃗m in eq. (9.15) we
note that it originates from a kinematic configuration where m||j. Hence, to extract it, we
take the collinear limit in all quantities of the integrand except 1/ρ1−ϵ+ν

jm , whose integration
produces the 1/ν singularity. Taking the ν → 0 limit, we find

lim
ν→0

〈
ρij

ρmn ρ
1+ν−2ϵ
im ρ1+ν−2ϵ

jn

〉
mn

= −
η2ϵ
ij Γ(1 + ϵ)Γ3(1− ϵ)

ϵ2Γ(1− 2ϵ) . (9.16)
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It is easy to convince oneself that the second and the third integrals in eq. (9.14) cannot
be rescued using this mechanism and just vanish, and the first integral does not need the
analytic regulator since all divergences are dimensionally regularized.

Hence, we conclude that the angular integral needed to describe the strongly-ordered
soft limit is given by the following equation〈

ψ2ϵ
m ψ2ϵ

n

ρij
ρmn ρim ρjn

〉
mn

= ϵ2
〈
fimfjn

ρij

ρmn ρ
1−2ϵ
im ρ1−2ϵ

jn

〉
mn

+
η2ϵ
ij Γ(1 + ϵ)Γ3(1− ϵ)

ϵ2Γ(1− 2ϵ) . (9.17)

The usefulness of this representation stems from the fact that in the remaining integral on
the right-hand side m||i and n||j collinear singularities are regulated since fim and fjn vanish
in these limits. The singular limit which remains is the m||n one. We therefore subtract
the m||n singularity and write3〈

fimfjn
ρij

ρmn ρ
1−2ϵ
im ρ1−2ϵ

jn

〉
mn

=
〈
C̄mnfimfjn

ρij

ρmn ρ
1−2ϵ
im ρ1−2ϵ

jn

〉
mn

+
〈
Cmnfimfjn

ρij

ρmn ρ
1−2ϵ
im ρ1−2ϵ

jn

〉
mn

,

(9.18)

where C̄mn = I − Cmn. We then simplify the last term. We write〈
Cmnfimfjn

ρij

ρmn ρ
1−2ϵ
im ρ1−2ϵ

jn

〉
mn

=
〈
fimfjm

ρij

ρmn ρ
1−2ϵ
im ρ1−2ϵ

jm

〉
mn

= −2−2ϵ

ϵ

Γ2(1− ϵ)
Γ(1− 2ϵ)

〈
fimfjm

ρij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

.

(9.19)

The final result for the integral Iso
ij defined in eq. (9.10) reads

Iso
ij = −Nu Γ(1− 2ϵ)2

ϵ2Γ(1− 4ϵ)

[
ϵ2
〈
C̄mn fimfjn

2ρij
ρmn ρ

1−2ϵ
im ρ1−2ϵ

jn

〉
mn

+
2η2ϵ
ij Γ(1 + ϵ)Γ3(1− ϵ)
ϵ2Γ(1− 2ϵ) − 21−2ϵ

ϵ

Γ2(1− ϵ)
Γ(1− 2ϵ)

〈
ϵ2 fimfjm

ρij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

−
〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

〈
ψ2ϵ
n

ρij
ρinρjn

〉
n

]
.

(9.20)

We use this result to write the strongly-ordered contribution to the correlated real-emission
part of the N -jettiness soft function as follows

Sso
2,RR,T 2 = CANuΓ2(1− 2ϵ)

2ϵ2 Γ(1− 4ϵ)
∑
(ij)

Ti · Tj

[
ϵ2
〈
C̄mn fimfjn

2ρij
ρmn ρ

1−2ϵ
im ρ1−2ϵ

jn

〉
mn

+
2η2ϵ
ij Γ(1 + ϵ)Γ3(1− ϵ)
ϵ2Γ(1− 2ϵ) − 21−2ϵ

ϵ

Γ2(1− ϵ)
Γ(1− 2ϵ)

〈
ϵ2 fimfjm

ρij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

−
〈
ψ2ϵ
m

ρij
ρimρjm

〉
m

〈
ψ2ϵ
n

ρij
ρinρjn

〉
n

]
.

(9.21)

3As we will see later, sometimes it is useful to take the collinear limit of the phase space as well. If this is
the case, we indicate this explicitly.
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We continue with the discussion of how to extract divergences from Sso
2,RR,T 2 . We note

that the first term in the sum on the r.h.s. in eq. (9.21) is already finite because functions
fmi ∼ fnj ∼ O(1) vanish in the collinear limits m||i, n||j, respectively and the singularity
at m||n is regulated by C̄mn operator. Since the ϵ-dependence of the second term on the
right-hand side in eq. (9.21) is explicit, we need to focus on the remaining two terms. We
rewrite them to make their dependencies on the N -jettiness constraint explicit. We find〈

ϵ2fimfjm
ρij

ρ1−2ϵ
im ρ1−2ϵ

jm

〉
m

=
〈

ρ1−4ϵ
ij

ρ1−4ϵ
im ρ1−4ϵ

jm

+ ρij

ρ1−2ϵ
im ρ1−2ϵ

jm

− 2
ρ1−2ϵ
ij

ρ1−2ϵ
im ρ1−4ϵ

jm

〉
m

+ 4ϵ
〈
g

(4)
ij,m

ρ1−4ϵ
ij

ρ1−4ϵ
im ρ1−4ϵ

jm

− g
(2)
ij,m

ρ1−2ϵ
ij

ρ1−2ϵ
im ρ1−4ϵ

jm

〉
m

,

(9.22)

and〈
ψ2ϵ
m

ρij
ρmiρmj

〉
m

〈
ψ2ϵ
n

ρij
ρniρnj

〉
n

=
〈

ρ1−2ϵ
ij

ρ1−2ϵ
mi ρ1−2ϵ

mj

〉2

m

4ϵ
〈
g

(2)
ij,m

ρ1−2ϵ
ij

ρ1−2ϵ
mi ρ1−2ϵ

mj

〉
m

〈
ρ1−2ϵ
ij

ρ1−2ϵ
ni ρ1−2ϵ

nj

〉
n

+ 4ϵ2
〈
g

(2)
ij,m

ρ1−2ϵ
ij

ρ1−2ϵ
mi ρ1−2ϵ

mj

〉2

m

. (9.23)

When these equations are used in eq. (9.21), higher order terms in the expansion of
functions g(4) and g(2) in ϵ become necessary. Fortunately, it is easy to compute them since

g
(k)
ij,m = 1

kϵ

( ψmρij
ρimρjm

)kϵ
− 1

 . (9.24)

Furthermore, since these functions regulate all divergences in the angular integrals where they
appear, eq. (9.24) can be expanded in powers of ϵ before integration over directions of the
momentum of gluon m is performed. Comparing the divergent contributions of all ψ-dependent
terms in eq. (9.21) with similar contributions to the real-virtual soft limit in eq. (8.4), we
find that they cancel. The remaining strongly-ordered contributions are accounted for when
the final result for the soft function is assembled.

10 Collinear subtractions

We continue with the discussion of the correlated contribution to N -jettiness soft function.
Our starting point is eq. (9.4). We have computed the strongly-ordered contribution to that
equation and we will consider the remaining contribution in this section. Hence, we write

S̄ω[Iij ] =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
ψ4ϵ
mn S̄ω

[
ω2S̃ggij(m,n)

]〉
mn
, (10.1)

where Nu can be found in eq. (9.5), S̄ω = I − Sω and Sω is the operator that enforces the
strongly-ordered limit. Furthermore, the eikonal function in eq. (10.1) should be evaluated
assuming that the four-momentum of the gluon m is (1, n⃗m) and the four-momentum of
the gluon n is ω(1, n⃗n).
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The integrand in eq. (10.1) possesses a complicated singularity structure. We separate
double-collinear and triple-collinear singularities introducing partition functions (see e.g.
ref. [38]) and write

S̄ω[Iij ] = S̄ω[Idcij ] + S̄ω[Itcij ], (10.2)

where the first term describes the contribution of the double-collinear and the second one —
of the triple-collinear partition. We will discuss them in turn.

We begin with the double-collinear contribution. It reads

S̄ω[Idcij ] =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
ψ4ϵ
mn

(
wmi,nj + wni,mj

)
S̄ω
[
ω2S̃ggij (m, n)

]〉
mn
. (10.3)

By construction, the partitions ensure that the only allowed singularities are m||i, n||j, and
m||j and n||i, respectively. However, it is easy to see that the integrand is not singular in these
limits. Hence, we can expand ψ4ϵ

mn in powers of ϵ in eq. (10.3). The first term of this expansion
corresponds to the contribution of double-collinear partitions to the soft-subtracted integral
of ω2S̃ggij without the N -jettiness constraint. Since this term is multiplied by 1/ϵ, we need to
compute it analytically if we want to show the cancellation of all ϵ-singular terms without
relying on numerical calculations. We will show that it is possible to extract this contribution
from the result of ref. [48], so that its computation is not required. The jettiness-dependent
term that arises in the expansion of eq. (10.3) in powers of ϵ, contains a factor 4ϵ lnψmn and,
thus, only provides an ϵ-finite contribution that we evaluate numerically.

The term Itcij is a triple-collinear contribution. In this case we write

S̄ω[Itcij ] =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
ψ4ϵ
mn w

tc S̄ω
[
ω2S̃ggij (m, n)

]〉
mn
, (10.4)

where

wtc = wmi,ni + wmj,nj . (10.5)

To facilitate the computation of S̄ω[Itcij ], we introduce the standard sectors to further
partition angular integrations, see e.g. refs. [1, 9, 10, 38]. We also assume that when we
subtract m||n singularity, we need to simplify the phase space but a similar simplification is
not needed for the triple-collinear limit. Finally, we note that there are no double-collinear
m||i, n||i and similar singularities. Hence, we only need to subtract triple-collinear and m||n
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double-collinear singularities in the integrand in eq. (10.4). With this in mind, we write4

S̄ω[Itcij ] =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dwtcψ4ϵ

mnS̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnw

tcψ4ϵ
mnS̄ω

[
w2S̃ggij (m, n)

]〉
mn

(10.6)

+ Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

mx,nxψ4ϵ
mnS̄ω

[
w2S̃ggij (m, n)

]〉
mn
,

where C̄xmn = I − Cxmn and [dΩmn] = [dΩm][dΩn]. We expect that the first term in eq. (10.6)
contains an O(1/ϵ3) singularity, the second term an O(1/ϵ2) one and the last term is O(1/ϵ)
because its collinear and soft singularities are fully subtracted.

Since the 1/ϵ divergence in the last term in eq. (10.6) arises from a prefactor, we can
expand the integrand in powers of ϵ. In particular, we apply the expansion to the function
ψ4ϵ
mn. The term with lnψmn is O(ϵ0) and the term without it provides an O(1/ϵ) divergent

contribution. However, this contribution is the same as in the case when no N -jettiness
constraint is imposed. To make this more explicit, we combine double- and triple-collinear
partitions, and write

S̄ω[Iij ] =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dwtcψ4ϵ

mnS̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnw

tcψ4ϵ
mnS̄ω

[
w2S̃ggij (m, n)

]〉
mn

+ Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmnw

xm,xn S̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈(
wmi,nj + wmj,ni

)
S̄ω
[
w2S̃ggij (m, n)

]〉
mn

(10.7)

+ 4Nu

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn lnψmn S̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ 4Nu

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(wim,jn + win,jm) lnψmn S̄ω

[
w2S̃ggij (m, n)

]〉
mn
.

In the above formula, the first, the second, the third and the fourth terms are divergent.
Our strategy will be to compute the first and the second terms explicitly, and extract the
third and the fourth terms from the result in ref. [48] making use of the fact that they do
not depend on the N -jettiness function ψmn.

4As is customary, cf. refs. [1, 38], we use the convention that collinear operators act on everything that
appears to the right of them. The angular phase space appears to the right of Cmn and to the left of Cxmn

indicating that the first operator acts on it and the second does not.
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To make this connection explicit, we write a formula that describes the extraction of
singularities of the integral of the double-eikonal function in a situation when no N -jettiness
constraint is imposed. This quantity, computed in ref. [48], can be cast into the following form

Jij =
NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
ω2S̃ij(m, n)

〉
mn
, (10.8)

where
NE = −E

−4ϵ
max[αs]2

4 . (10.9)

We can now write an expression for Jij , where the various singularities are extracted. We obtain

Jij =
NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Sω
[
ω2S̃ij(m, n)

]〉
mn

+ NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dwtcS̄ω

[
w2S̃ggij (m, n)

]〉
mn

+ NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnw

tcS̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

mx,nxS̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ NE

ϵ

1∫
0

dω
ω1+2ϵ

〈(
wmi,nj + wmj,ni

)
S̄ω
[
w2S̃ggij (m, n)

]〉
mn
.

(10.10)

Since the left-hand side of the above equation was computed through O(ϵ0) in ref. [48], we
can use this result to determine the last two terms that appear on the right-hand side in
eq. (10.10) and also enter eq. (10.7). This is a sensible thing to do because their computation
appears to be particularly challenging. Clearly, to make this happen, we have to compute
all the other terms that appear in eqs. (10.7), (10.10) through finite terms in the expansion
in ϵ. We describe details of the required computations in what follows.

10.1 The double-collinear m||n contribution with N-jettiness constraint

To proceed, we need to compute the m||n limit of the soft-subtracted eikonal function S̃ij ,
given by the first term in eq. (10.7). In principle, this is straightforward, except for the fact
that the m||n singularity appears to be stronger than logarithmic. Although this is not the
case, it implies that the corresponding contribution needs to be carefully extracted. We find

CmnSω
[
ω2S̃ggij (m, n)

]
= 4ωρij

(1 + ω)2ρmnρimρjm

{
− 2 + (1− ϵ)ωρimρjm

(1 + ω)2ρij

(
njκn
ρjm

− niκn
ρim

)2}
,

(10.11)

– 20 –



J
H
E
P
0
5
(
2
0
2
4
)
0
0
5

where the three-vector κn is defined through the following equation

n⃗n = cos θmnn⃗m + sin θmn κ⃗n, (10.12)

with the additional constraints

n⃗m · κ⃗n = 0, κ⃗2
n = 1. (10.13)

We also need the collinear limit of the phase space in b- and d-sectors. The corresponding
parametrization can be found in refs. [1, 38]. We obtain

Cmn [dΩmn] θ(b) wmi,ni · · ·

= N (b,d)
ϵ wmi,ni

m||n η−ϵim (1− ηim)ϵ
[
dΩ(d−1)

m

] [
ρmn

dx4

x1+2ϵ
4

[dΩ(d−3)
a ]

[Ω(d−3),a]
dΛ
]
Cmn · · · ,

(10.14)

where
N (b,d)
ϵ = Γ(1− ϵ)Γ(1 + 2ϵ)

Γ(1 + ϵ) . (10.15)

As the next step, we need to integrate over azimuthal angles parameterized by dΩ(d−3)
a

and dΛ in eq. (10.14). To facilitate this, we write(
(njκn)
ρjm

− (niκn)
ρim

)2

= vµvνκ
µ
nκ

ν
n , (10.16)

where vµ = (nµi /ρim − nµj /ρjm), and the four-vector κ satisfies

κµt
µ = 0, κµe

µ
m = 0, (10.17)

where tµ = (1, 0⃗) and eµm = (0, n⃗m). The averaging of κµκν over [dΩ(d−3)
a ]/[dΩ(d−3),a] dΛ gives

⟨κµκν⟩ = −1
2g

µν
⊥,d−2 + ϵrµi r

ν
i . (10.18)

The derivation of this formula as well as the definition of vector rµi are given in appendix F
in ref. [38].

To further simplify this expression, we write the metric tensor of the transverse space
as follows

gµν⊥,d−2 = gµν − tµtν + eµme
ν
m. (10.19)

Since
nµmvµ = 0, (10.20)

we find

tµv
µ = −em,µvµ. (10.21)

This allows us to write

vµvν ⟨κµκν⟩ = vµvν

(
−1
2g

µν
⊥,d−2 + ϵrµi r

ν
i

)
= −1

2vµv
µ + ϵ(ri · v)2. (10.22)
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A straightforward computation gives

vµv
µ = − 2ρij

ρimρjm
, (10.23)

and
(riv)2 = (ρij − ρim + ρjm)2

(2− ρim)ρimρ2
jm

= 2
(

1
ρim

+ 1
ρjm

)
+Wm

ij . (10.24)

We note that the function Wm
ij develops a singularity in the limit m||j but this singularity

is regulated by the partition function.
Finally, we note that the contributions of sectors b and d are equal. Integrating over

x4 and adding the two sectors, we obtain

Σ(i)
m||n =

Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn[dΩmn]θb+dwmi,niψ4ϵ

mn

[
w2S̃ggij (m, n)

]〉
mn

= −NuN
b,d
ϵ

ϵ2

〈
η−ϵim

(1− ηim)−ϵ
ψ4ϵ
m wmi,ni

m||n

[
γg A

(i) + ϵδg B
(i)
]〉

m

.

(10.25)

In eq. (10.25), we introduced the following quantities

A(i) = ρij
ρimρjm

, B(i) =
(
2ρim + ρjm
ρimρjm

+Wm
ij

)
, (10.26)

and the analogs of the cusp anomalous dimension

γg =
1∫

0

dω
ω1+2ϵ

4ω
(1 + ω)2−4ϵ

(
−2 + (1− ϵ)ω

(1 + ω)2

)
= −11

3 − 137
9 ϵ

+
(
22π2

9 − 1646
27

)
ϵ2 +

(176
3 ζ3 +

274
27 π

2 − 19760
81

)
ϵ3 +O(ϵ4),

δg = (1− ϵ)
1∫

0

dω
ω1+2ϵ

4ω2

(1 + ω)4−4ϵ =
1
3 + 7

9ϵ+
(
82
27 − 2π2

9

)
ϵ2 +O(ϵ3).

(10.27)

It is convenient to write the result for the sum of i- and j-partitions. To do this in an
optimal way, we need to rearrange contributions that appear in eq. (10.25). The key point
in this rearrangement is to make the divergent contribution symmetric with respect to the
replacement i ↔ j. We illustrate how this is done by considering the term proportional
to γg in eq. (10.25). We write〈

η−ϵim (1− ηim)ϵ ψ4ϵ
m w

mi,ni
m||n

ρij
ρimρjm

〉
m

= 2ϵ
〈
ψ4ϵ
m w

mi,ni
m||n

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

(1− ηim)ϵ
(
ηjm
ηij

)ϵ〉
m

= 2ϵ
〈
ψ4ϵ
m w

mi,ni
m||n

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

〉
m

(10.28)

+ 2ϵ
〈
ψ4ϵ
m w

mi,ni
m||n

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

[
(1− ηim)ϵ

(
ηjm
ηij

)ϵ
− 1

]〉
m

,
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and observe that the first term in the right-hand side of eq. (10.28) can be easily combined
with the m||j, n||j partition and the last term is finite. Therefore, it can be computed by
expanding in ϵ before integration. Note that in this term the ψm-dependent contribution
appears at order O(ϵ2) which, given the 1/ϵ2 prefactor in eq. (10.25) is the last (finite) order
in the ϵ-expansion that we care about.

Using these considerations, we combine contributions of the m||i, n||i and m||j, n||j
partitions and obtain

Σ(i+j)
m||n = −NuN

b,d
ϵ

ϵ2

[
γgA

(ij) + ϵδgB
(ij)
]
. (10.29)

We note that we have used

wmi,ni
m||n + wmj,nj

m||n = 1. (10.30)

The term Aij reads

A(ij) = 2ϵ
〈(

1 + 4ϵg(4)
ij,m

) ρ1−3ϵ
ij

ρ1−3ϵ
im ρ1−3ϵ

jm

〉

+ 2ϵ
〈

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

wmi,ni
m||n ψ

4ϵ
m

[(
ηjm
ηij

)ϵ
(1− ηim)ϵ − 1

]〉

+ 2ϵ
〈

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

wmj,nj
m||n ψ4ϵ

m

[(
ηim
ηij

)ϵ
(1− ηjm)ϵ − 1

]〉
.

(10.31)

As we already mentioned, the second and third terms on the right-hand side of eq. (10.31)
can be expanded in ϵ because expressions in square brackets protect the integrands from
developing collinear singularities. Furthermore, since the expressions in square brackets start
contributing at O(ϵ), the N -jettiness dependence that arises from factors ψ4ϵ

m , only appears
in O(ϵ0) contributions to the soft function.

Next, we discuss the B(ij) term in eq. (10.29). In this case terms with Wm
ij provide

integrable contributions. Taking this into account and repeating the steps we employed
to rewrite Aij , we find

B(ij) = 21+ϵ
〈(

1 + 4ϵg(4)
ij,m

) ρ−3ϵ
ij (ρim + ρjm)
ρ1−3ϵ
im ρ1−3ϵ

jm

〉

+ 21+ϵ
〈
ρϵij(ρim + ρjm)
ρ1+ϵ
im ρ1+ϵ

jm

ωmi,ni
m||n ψ

4ϵ
m

[(
ηjm
ηij

)ϵ
(1− ηim)ϵ − 1

]〉

+ 21+ϵ
〈
ρϵij(ρim + ρjm)
ρ1+ϵ
im ρ1+ϵ

jm

ωmj,nj
m||n ψ4ϵ

m

[(
ηim
ηij

)ϵ
(1− ηjm)ϵ − 1

]〉
+
〈
η−ϵim (1− ηim)ϵψ4ϵ

m ω
mi,ni
m||n W

m
ij

〉
+
〈
η−ϵjm(1− ηjm)ϵψ4ϵ

m ω
mj,nj
m||n Wm

ji

〉
.

(10.32)

It follows from eq. (10.29) that Bij is needed through O(ϵ) to compute the relevant contribu-
tions to the soft function. Therefore, for the analysis of the divergent contributions to the
soft function, in eq. (10.32) we require the first term without g(4) and the last term at ϵ = 0.
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10.2 The triple-collinear subtraction term with N-jettiness constraint

The second term we require is the triple-collinear limit of the eikonal function subject to
the N -jettiness constraint. The corresponding equation reads

Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmn w

tc ψ4ϵ
mn S̄ω

[
w2S̃ggij (m, n)

]〉
mn
. (10.33)

There are four contributions to the above equation — the i- and j-triple-collinear partitions
and the m||n subtractions terms applied to the triple-collinear limit to remove sub-divergences.
The calculation of all these terms is similar, so that we take the i-triple-collinear partition
and discuss first the triple-collinear limit.

For further reference, we define

Σ(i,tc) = Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
(ρim + ωρin)4ϵ Cimn S̄ω

[
w2S̃ggij (m, n)

]〉
mn
, (10.34)

where we have used

Cimnw
tc = 1, Cimn ψ

4ϵ
mn = (ρim + ωρin)4ϵ. (10.35)

It follows from this equation that in the triple-collinear limits the dependence on the N -
jettiness function disappears since we only need its limiting expression.

To proceed, we require the triple-collinear limit of the soft-subtracted eikonal function.
It is straightforward to obtain it; we find

CimnSω
[
ω2S̃ij

]
= 2ω2(1− ϵ)(ρim − ρin)2

(ω + 1)2ρ2
mn(ρim + ωρin)2 − ω

(
ρ2
im + 6ρinρim + ρ2

in

)
(ω + 1)ρmnρimρin(ρim + ωρin)

+ ω(ρim + ρin)
(ω + 1)ρimρin(ρim + ωρin)

.

(10.36)

We then write

Σ(i,tc) = Nu

ϵ
B(i,tc)
gg , (10.37)

where

B(i,tc)
gg =

1∫
0

dω
ω1+2ϵ

〈
1

(ρim + ωρin)1−4ϵ

[
2ω2(1− ϵ)(ρim − ρin)2

(ω + 1)2ρ2
mn(ρim + ωρin)

− ω
(
ρ2
im + 6ρinρim + ρ2

in

)
(ω + 1)ρmnρimρin

+ ω(ρim + ρin)
(ω + 1)ρimρin

]〉
mn

.

(10.38)

To simplify the calculation of this quantity we use the (partial) symmetry of the integrand
under ω → 1/ω transformation as well as the invariance of the integration measure under
m ↔ n, to extend the integration over ω in eq. (10.38) to ω = ∞ and to simplify the
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integrand. We find

B(i,tc)
gg =

∞∫
0

dω
ω1+2ϵ

〈
1

(ρim + ωρin)1−4ϵ

[
2ω2(1− ϵ)ρim(ρim − ρin)
(ω + 1)2ρ2

mn(ρim + ωρin)

− ω (ρim + 3ρin)
(ω + 1)ρmnρin

+ ω

(ω + 1)ρin

]〉
mn

.

(10.39)

It turns out that it is relatively straightforward to compute B(i,tc)
gg . To do that, it is

convenient to employ a Mellin-Barnes representation [49] for 1/(ρim + ωρin)1−4ϵ and then
integrate over ω and the directions of m and n. We note that this requires the introduction
of a second Mellin-Barnes representation for integrals that involve ρmn. This is typically done
using a particular Mellin-Barnes representation for the hypergeometric function

2F1(a, b, c, x) =
Γ(c)

Γ(c− b)Γ(a)Γ(b)Γ(c− a)

×
∫ dz

2πi Γ(−z)Γ(a+ z)Γ(b+ z)Γ(c− a− b− z) (1− x)z.
(10.40)

The two-dimensional Mellin-Barnes integrals that one obtains are relatively simple as
one integration can always be performed using the second Barnes lemma. The remaining
integration is either performed using the first Barnes lemma or by mapping appropriate
products of Gamma-functions onto parametric integrals using Euler’s representation of a
Beta function [49]. To perform the parametric integrals we use Hyperint [50]. We find

Σi,tc = Nu

ϵ
Bi,tc
gg = Nu

ϵ

[
11
6ϵ2 + 1

ϵ

(
73
18 + π2

6

)
+ 3ζ3 +

11π2

18 + 217
27

+ ϵ

(
73π2

54 − 22ζ3
3 + 7π4

45 + 1298
81

)
+O(ϵ2)

]
.

(10.41)

We continue with the discussion of the double-collinear subtraction of the triple-collinear
contribution. Focusing on the i-collinear partition, the corresponding expression reads

Σi,tcdc = Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
θb+d Cmn [dΩmn]Cimn ψ

4ϵ
mn S̄ω

[
w2S̃ggij (m, n)

]〉
mn
. (10.42)

We now discuss how to compute the required limits. Our starting point is eq. (10.36) where
we are supposed to take m||n limit; this limit is made specific through the parametrization of
scalar products in b and d sectors. The challenge in taking the limit is related to the fact
that 1/ρ2

mn appears in the first term in eq. (10.36) which is too strong a singularity and so
an expansion around the limit is needed. Fortunately, this can be avoided if we recall that
in b and d sectors the following equation holds (cf. refs. [1, 38])

(ρim − ρin)2

ρmn
= 2x3 N(x3, 1− x4/2, λ). (10.43)
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HereN is the function that appears in the phase-space parametrization of b and d sectors [1, 38].
For the purposes of computing the double-collinear limit of a triple-collinear limit, we need
to take x4 → 0 in eq. (10.43). Upon doing that, we find [1, 38]

lim
x4→0

(ρim − ρin)2

ρmn
= 8x3(1− x3)λ = 2ρim(2− ρim) λ. (10.44)

If we combined the above expression together with eq. (10.14), we easily obtain

θb Cmn [dΩmn]Cimn ψ
4ϵ
mn S̄ω

[
w2S̃ggij (m, n)

]
= N (b,d)

ϵ [dΩ(d−1)
m ] dx4

x1+2ϵ
4

× η−ϵim (1− ηim)ϵ

ρ1−4ϵ
im

4ω
(1 + ω)2−4ϵ

(
−2 + ω(1− ϵ)(1 + 2ϵ)

(1 + ω)2 (1− ηim)
)
.

(10.45)

Note that we have used
∫
dΛ λ = (1 + 2ϵ)/2, see refs. [1, 38] for details. We also note that

the contribution of the sector d is identical.
The rest of the calculation is straightforward. Integrating over directions of m and over

the energy parameter ω, and combining contributions of sectors b and d we find

Σi,tcdc = −NuN
(b,d)
ϵ

ϵ2

[
− 11

6ϵ −
137
18 − 11 ln 2

3 + ϵ

(
11π2

9 − 823
27

− 11
3 ln2 2− 137 ln 2

9

)
+ ϵ2

(
88ζ3
3 + 137π2

27 − 9880
81

− 22
9 ln3 2− 137 ln2 2

9 + 22
9 π

2 ln 2− 1646 ln 2
27

)
+O(ϵ3)

]
.

(10.46)

The quantity N
(b,d)
ϵ is defined in eq. (10.15).

Combining the different results, we obtain

Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1−θb+dCmn) [dΩmn]Cxmnw

tc ψ4ϵ
mn S̄ω

[
w2S̃ggij (m,n)

]〉
mn

=Nu

[
1
ϵ2

(
π2

6 − 32
9 − 11

3 ln2
)
+1
ϵ

(
3ζ3+

11π2

9 − 202
9 − 11

3 ln2 2− 137ln2
9

)

+77
3 ζ3+

182π2

45 − 8582
81 − 22

9 ln3 2− 137ln2 2
9 +

(11
9 π

2− 1646
27

)
ln2+O(ϵ)

]
.

(10.47)

As expected, we observe the cancellation of the leading O(1/ϵ3) singularities between the
triple-collinear contribution and its double-collinear limit, indicating that the subtraction
of m||n subdivergences was properly performed.

11 Correlated emissions without N-jettiness constraint

As we mentioned earlier, we would like to use the result of ref. [48] to deduce certain
contributions to the N -jettiness soft function. The corresponding expression is given in
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eq. (10.10); our goal is to determine the sum of the fourth and the fifth terms in the right-
hand side of that equation from the known result for Jij . It is clear that this is only possible
if all other terms on the right-hand side of eq. (10.10) are known. Below we describe the
calculation of the strongly-ordered, double-collinear m||n and the triple-collinear limits of
the correlated emissions without the N -jettiness constraint.

11.1 Strongly-ordered limit without N-jettiness constraint

We begin by considering the following integral

J so
ij = NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Sω[ω2S̃ggij (m, n)]

〉
mn
. (11.1)

Using the result for the soft limit of the eikonal function S̃ggij , we find

J so
ij = −NE

ϵ2

〈
2ρij

ρmnρimρjn
−

ρ2
ij

ρimρjmρinρjn

〉
mn

. (11.2)

The two terms that need to be integrated in eq. (11.2) are quite different. The second
one is easy to compute because integrations over directions of m and n factorize. For each
of the integrals we use 〈

ρij
ρinρjn

〉
n

= −
21−2ϵ η−ϵij

ϵ
Kij , (11.3)

where
Kij =

Γ(1− ϵ)2

Γ(1− 2ϵ)2F1(−ϵ,−ϵ, 1− ϵ, 1− ηij). (11.4)

Integration of the first term on the right-hand side in eq. (11.2) requires more effort. We
first use the result in eq. (B.5) to integrate over n, then write the obtained hypergeometric
function using the representation in eq. (10.40) and integrate over directions of m. This
gives another hypergeometric function for which we introduce Mellin-Barnes representation
again. Finally, we find〈

ρij
ρmnρimρjn

〉
mn

= Γ(1− ϵ)2

Γ(−2ϵ)

∫ dz2
2πi

ρ1+z2
ij

21+z2+4ϵ Γ(−z2)Γ(1 + z2)

×
∫ dz1

2πi
Γ(−z1)Γ(z1 − ϵ)Γ2(1 + z1 + z2)Γ(−1− ϵ− z1 − z2)

Γ(1− 2ϵ+ z1 + z2)
.

(11.5)

The integration over z1 can be performed with the help of the Barnes’ second lemma. Once
this is done, the resulting integral can be transformed to a parametric integral using Euler’s
integral representation of Beta-functions. This gives〈

ρij
ρmnρimρjn

〉
mn

= − 6 ηij 2−4ϵΓ5(1− ϵ)
ϵ Γ(1− 3ϵ)Γ(1− 2ϵ)

1∫
0

dx x
−1−2ϵ

2F1(−2ϵ,−ϵ,−3ϵ, x)
x+ (1− x)ηij

, (11.6)

where ηij = ρij/2. The resulting integral over x is straightforward to compute using the
program Hyperint [50].
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Performing the integration, combining the results for the two integrals that appear in
eq. (11.2) and expanding in powers of ϵ, we find

J so
ij = [αs]2

E−4ϵ
max 2−4ϵ

2ϵ4

[
1− 2ϵ ln(ηij) + ϵ2

(
4Li2(1− ηij) + 2 ln2(ηij)−

2π2

3

)

+ ϵ3
(
4Li3(1− ηij) + 12Li3(ηij) + 4Li2(1− ηij) ln(ηij)−

4
3 ln3(ηij)

+ 6 ln(1− ηij) ln2(ηij)−
2
3π

2 ln(ηij)− 26ζ3

)
+ ϵ4

(
−19
45π

4 + 2
3 ln4(ηij)

− 2
3 ln3(ηij) ln(1− ηij) + 10 ln2(ηij) ln2(1− ηij)−

10
3 π

2 ln(ηij) ln(1− ηij)

+ 2[π2 + 2 ln(ηij) ln(1− ηij) + ln2(ηij)]Li2(ηij) + 2Li22(ηij)− 28Li4(ηij)
+ 4Li4(1− ηij) + 32S2,2(ηij) + 4S2,2(1− ηij) + 32 ln(1− ηij)[Li3(ηij)− ζ3]

+ 4 ln(ηij)[Li3(ηij) + 6Li3(1− ηij) + 5ζ3]
)
+O(ϵ5)

]
.

(11.7)

In addition to standard polylogarithms, also the Nielsen polylogarithm S2,2(x) appears in
the above formula.

11.2 Double-collinear limit without N-jettiness constraint

The easiest contribution to compute is the double-collinear m||n subtraction term since we
can borrow the calculation from section 10.1 nearly verbatim. We then find

NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dωtcS̄ω

[
w2S̃ggij (m, n)

]〉
mn

= −NEN
b,d
ϵ

ϵ2

[
γgJA

(ij)
J + ϵδgJB

(ij)
J

]
.

(11.8)

The various quantities in this expression differ from similar quantities when the N -jettiness
constraint is imposed. In particular,

A
(ij)
J = 2ϵ

〈
ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

〉
mn

+ 2ϵ
〈

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

ωmi,ni
m||n

[(
ηjm
ηij

)ϵ
(1− ηim)ϵ − 1

]〉

+ 2ϵ
〈

ρ1+ϵ
ij

ρ1+ϵ
im ρ1+ϵ

jm

ωmj,nj
m||n

[(
ηim
ηij

)ϵ
(1− ηjm)ϵ − 1

]〉
,

(11.9)

and

B
(ij)
J = 21+ϵ

〈
ρϵij(ρim + ρjm)
ρ1+ϵ
im ρ1+ϵ

jm

〉
mn

+ 21+ϵ
〈
ρϵij(ρim + ρjm)
ρ1+ϵ
im ρ1+ϵ

jm

ωmi,ni
m||n

[(
ηjm
ηij

)ϵ
(1− ηim)ϵ − 1

]〉

+ 21+ϵ
〈
ρϵij(ρim + ρjm)
ρ1+ϵ
im ρ1+ϵ

jm

ωmj,nj
m||n

[(
ηim
ηij

)ϵ
(1− ηjm)ϵ − 1

]〉
+
〈
η−ϵim (1− ηim)ϵωmi,ni

m||n W
m
ij

〉
+
〈
η−ϵjm(1− ηjm)ϵωmj,nj

m||n Wm
ji

〉
.

(11.10)
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Furthermore, the anomalous dimensions read in this case

γgJ = −11
3 + ϵ

(
−2
3 − 44

3 ln 2
)
+ ϵ2

(
−22π2

9 − 1− 4
3 ln 2

)

+ ϵ3
(
−44ζ3 −

2π2

9 + 4
3 − 16

3 ln 2
)
+O(ϵ4),

δgJ = 1
3 + ϵ

(4 ln 2
3 − 2

3

)
+ ϵ2

(
2π2

9 − 1− 1
34 ln 2

)
+O(ϵ3).

(11.11)

11.3 Triple-collinear limit without N-jettiness constraint

The next contribution that we require is the triple-collinear one, from which the double-
collinear limit is to be subtracted. Similar to the calculation with the N -jettiness constraint,
we find it to be convenient to calculate the two terms separately and then subtract them
from each other. Furthermore, the two triple collinear configurations, m||n||i and m||n||j,
are the same. Hence, we consider one of them and multiply the result by a factor two to
account for the other one.

An important difference with respect to a similar computation with the N -jettiness
constraint is the fact that the ω → 1/ω transformation is not a symmetry anymore. For
this reason the closed-form integration over ω becomes impossible. Hence, we proceed as
follows. We first employ the Mellin-Barnes representations to integrate over angles of m and
n. Similar to the N -jettiness case, we find that one of the Mellin-Barnes integrations can
be performed using the second Barnes lemma. We then map the remaining Mellin-Barnes
integrals onto multi-variable integrals using Euler’s integral representation of Beta-functions
and then integrate over the new (Euler) variables as well as over ω. We find

NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
Cxmn w

tc S̄ω
[
ω2S̃ggij (m, n)

]〉
mn

= [αs]2E−4ϵ
max

[
11
12ϵ3

+ 1
ϵ2

(
π2

12 − 35
18

)
+ 1
ϵ

(
11ζ3
4 − 11π2

36 + 205
54 − 11 ln2 2− 1

3π
2 ln 2− ln 2

2

)

+ 4Li4
(1
2

)
− 275ζ3

12 − 15
2 ζ3 ln 2 +

π4

80 + 137π2

216 − 1463
162 + ln4 2

6 + 110 ln3 2
3

+ 1
2π

2 ln2 2 + 155 ln2 2
6 − 11

18π
2 ln 2− ln 2 +O(ϵ)

]
.

(11.12)

The next step is to compute the double-collinear limit of the triple-collinear subtraction
term without the N -jettiness constraint. The calculation follows the same steps as what is
discussed in the previous section where the N -jettiness constraint was taken into account.
We find the following representation of the corresponding quantity〈

Cmn[dΩmn]θ(b+d)Cimn ω
tc S̄ω

[
ω2S̃ggij (m, n)

]〉
mn

= −N
(b,d)
ϵ

2ϵ

〈
η−ϵ−1
im (1− ηim)ϵ

4ω
(1 + ω)2

[
−2 + (1− ϵ)(1 + 2ϵ)ω

(1 + ω)2 (1− ηim)
]〉

m

.
(11.13)
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The remaining integration over the directions of parton m is straightforward. We find

NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
θ(b+d) Cmn) [dΩmn] Cxmn ω

tcS̄ω
[
ω2S̃ggij (m,n)

]〉
mn

= [αs]2E−4ϵ
max

[
11
12ϵ3 +

1
ϵ2

(11 ln2
6 − 1

6

)
+ 1
ϵ

(
11π2

12 + 1
4−

1
211 ln

2 2− 2 ln2
3

)

+ 55ζ3
6 + 2

3−
2π2

9 + 55 ln3 2
9 + 5 ln2 2

3 − 11
18π

2 ln2− ln2
2 +O(ϵ)

]
.

(11.14)

11.4 Extracting the required combinations of the various contributions

As we already mentioned, Jij defined in eq. (10.10) was computed in ref. [48]. We can use
this result, supplemented with our computation of the various limits without the N -jettiness
constraint, to derive analytic results for the quantity that is needed for computations with
the N -jettiness constraint.

Specifically, we use eq. (10.10) to write

NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn S̄ω
[
w2S̃ggij (m, n)

]〉
mn

+ NE

ϵ

1∫
0

dω
ω1+2ϵ

〈(
wmi,nj + wmj,ni

)
S̄ω
[
w2S̃ggij (m, n)

]〉
mn

= Jij −
NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Sω
[
ω2S̃ij(m, n)

]〉
mn

− NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dωtcS̄ω

[
w2S̃ggij (m, n)

]〉
mn

− NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnω

tcS̄ω
[
w2S̃ggij (m, n)

]〉
mn
.

(11.15)

Using the results of the calculation discussed earlier, we obtain

NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn S̄ω

[
w2S̃ggij (m, n)

]〉
mn

+ NE

ϵ

1∫
0

dω
ω1+2ϵ

〈(
wmi,nj + wmj,ni

)
S̄ω
[
w2S̃ggij (m, n)

]〉
mn

= 1
ϵ

(
11
12A

fin
ij − 1

12B
fin
ij − π2

6 ln(ηij) +
11
3 ln 2 ln(ηij) +

35 ln(ηij)
9

+ 11π2

18 − ζ3 −
1
9 − 1

3 ln 2
)
+O(ϵ0),

(11.16)
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where

Afin
ij =

〈
ρij

ρimρjm

[
ω
m||n
mi,ni ln

(
ηjm(1− ηim)

ηij

)
+ ω

m||n
mj,nj ln

(
ηim(1− ηjm)

ηij

)]〉
m

,

Bfin
ij =

〈
ωmi,ni
m||n Wm

ij + ωmj,nj
m||n Wm

ji

〉
m
.

(11.17)

To save space, we do not show O(ϵ0) terms in eq. (11.16) although they are needed for the final
result. It is, however, straightforward to compute them following the preceding discussion.

We can use the result shown in eq. (11.16) to compute the remaining contribution to the
N -jettiness soft functions that originates from correlated emissions. Upon doing that, we
find that the divergent contributions cancel and a finite remainder is obtained. We present
the corresponding results in section 13.

12 Final-state fermions

We continue with the discussion of the contribution of the soft qq̄ pair to the N -jettiness soft
function. In this case, the entire contribution comes from correlated emissions. It reads

Sqq̄2,RR,T 2,τ = nfTR
2

∑
(ij)

Ti · Tj I
qq̄
ij,τ , (12.1)

where

Iqq̄ij,τ = g4
s

∫
[dp]m[dp]nδ(τ − Emψm − Enψn) S̃qq̄ij (m, n). (12.2)

The eikonal function S̃qq̄ij is symmetric under the interchange of q and q̄ momenta; it can
be found in appendix C. Hence, we proceed in exactly the same way as with the gluons in
that we introduce the energy ordering En < Em, write En = ωEm, with 0 < ω < 1, and
integrate over Em. After the Laplace transform, we obtain

Iqq̄ij = 2Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
ψ4ϵ
mnω

2S̃qq̄ij (m, n)
〉
mn
, (12.3)

where we have to set Em to one and En to ω when computing S̃qq̄ij (m, n) in the last equation.
We continue with the investigation of the various limits of the above equation. In

principle, these limits are identical to the ones in the gluon case except that the qq̄ eikonal
function does not possess a strongly-ordered singular limit. Accounting for this and following
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what has been done for the two-gluon final state, we write

Iqq̄ij = 2Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dwtcψ4ϵ

mn[ω2S̃qq̄ij (m, n)]
〉
mn

+ 2Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnψ

4ϵ
mn[ω2S̃qq̄ij (m, n)]

〉
mn

+ 2Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn [ω2S̃qq̄ij (m, n)]
〉
mn

+ 2Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈 (
wim,jn + wjm,in

)
[ω2S̃qq̄ij (m, n)]

〉
mn

(12.4)

+ 8Nu

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn lnψmn [ω2S̃qq̄ij (m, n)]
〉
mn

+ 8Nu

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈 (
wim,jn + wjm,in

)
lnψmn [ω2S̃qq̄ij (m, n)]

〉
mn
.

We continue with the discussion of the individual terms. The first one is the double-collinear
m||n limit. It reads

Cmn[ω2S̃qq̄ij (m, n)] =
2ωρij

(1 + ω)2ρmnρimρjm

(
−1 + 2ω

(1 + ω)2
ρimρjm
ρij

vµvνκ
µ
nκ

ν
n ,

)
. (12.5)

The vectors vµ and κνn are defined in eq. (10.16). We compute this contribution following
the discussion of the two-gluon case. Borrowing most of the calculation from there, we write
the result for the sum of b and d sectors

Σ(i)
m||n =

Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn[dΩmn]θb+dωmi,niψ4ϵ

mn

[
w2S̃qq̄ij (m, n)

]〉
mn

= −NuN
b,d
ϵ

ϵ2

〈
η−ϵim

(1− ηim)−ϵ
ψ4ϵ
m ωmi,ni

m||n

[
γqq̄ A

(i)
qq̄ + ϵδqq̄ B

(i)
qq̄

]〉
m

,

(12.6)

with
A

(i)
qq̄ = ρij

ρimρjm
, B

(i)
qq̄ =

(
2ρim + ρjm
ρimρjm

+Wm
ij

)
, (12.7)

and

γqq̄ =
1∫

0

dω
ω1+2ϵ

2ω
(1 + ω)2−4ϵ

(
−1 + 2ω

(1 + ω)2

)
= −2

3 − 26
9 ϵ

+
(
4π2

9 − 320
27

)
ϵ2 +

(32
3 ζ3 +

52
27π

2 − 3872
81

)
ϵ3 +O(ϵ4),

δqq̄ =
1∫

0

dω
ω1+2ϵ

4ω2

(1 + ω)4−4ϵ =
1
3 + 10

9 ϵ+
(
112
27 − 2π2

9

)
ϵ2 +O(ϵ3).

(12.8)
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Structurally, this result is identical to the m||n contribution in the two-gluon case except
that different collinear anomalous dimensions appear. The analysis, therefore, proceeds
along identical lines and the result can be written in the same way as in the two-gluon
case, cf. eqs. (10.29), (10.31), (10.32) up to the change in the anomalous dimensions and
the overall normalization factor.

As the next step, we need to compute the triple-collinear limit of the qq̄ eikonal function.
The calculation follows what has already been done for the two-gluon case. We obtain

Cimn[ω2S̃qq̄ij (m, n)] =
2ω2

(1 + ω)2
(ρim − ρin)2

ρ2
mn(ρim + ωρin)2 − 2ω

(1 + ω)
1

ρmn(ρim + ωρin)
. (12.9)

Since this expression is also very similar to the two-gluon case, we proceed accordingly. As
the first step, we change the integration variable ω → 1/ω and extend the integration over
ω to ω = ∞ using the symmetry of the integrand. We then write

Σi,tcqq̄ = Nu

ϵ
Bi
qq̄, (12.10)

where

Bi
qq̄ =

∞∫
0

dω
ω1+2ϵ

〈
2ω

(1 + ω)(ρim + ωρin)1−4ϵ

(
ω

(1 + ω)
(ρim − ρin)2

ρ2
mn(ρim + ωρin)

− 1
ρmn

)〉
mn

. (12.11)

Using the m ↔ n and ω → 1/ω transformations, we rewrite the above expression as

Bi
qq̄ =

∞∫
0

dω
ω1+2ϵ

〈 2ω
(1 + ω)(ρim + ωρin)1−4ϵ

( 2ω
(1 + ω)

ρim(ρim − ρin)
ρ2
mn(ρim + ωρin)

− 1
ρmn

)〉
mn

. (12.12)

The calculation proceeds along the same lines as in the two-gluon case. We obtain

Σi,tcqq̄ = Nu

ϵ

[
2
3ϵ2 + 16

9ϵ +
2π2

9 + 104
27 + ϵ

(
−8ζ3

3 + 16π2

27 + 640
81

)
+O(ϵ2)

]
. (12.13)

The double-collinear subtraction term of the triple-collinear contribution reads

Σi,tcdc,qq̄ =
Nu

ϵ

1∫
0

dω
ω1+2ϵ

〈
θb+d Cmn [dΩmn]Cimn ψ

4ϵ
mn

[
w2S̃qq̄ij (m, n)

]〉
mn
. (12.14)

Following the very same procedure as in the two-gluon case, we arrive at

Σi,tcdc,qq̄ =
NuN

(b,d)
ϵ

ϵ2

[
2
3ϵ +

4 ln 2
3 + 26

9 + ϵ

(
4 ln2 2

3 + 52 ln 2
9 − 4π2

9 + 320
27

)

+ ϵ2
(
− 32ζ3

3 + 8 ln3 2
9 + 52 ln2 2

9 −
(
8π2

9 − 640
27

)
ln 2

− 52π2

27 + 3872
81

)
+O(ϵ3)

]
.

(12.15)
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Combining the above results and accounting for the contribution of the second partition
function, we obtain the result for the triple-collinear limit of the qq̄ contribution to the
integrated eikonal function subject to N -jettiness constraint

2Nu

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnω

tcψ4ϵ
mn[ω2S̃qq̄ij (m, n)]

〉
mn

= Nu

[
1
ϵ2

(
−10

9 − 4
3 ln 2

)
+ 1
ϵ

(
4π2

9 − 8− 4
3 ln2 2− 52 ln 2

9

)

+ 28
3 ζ3 +

14π2

9 − 3232
81 − 8

9 ln3 2− 52 ln2 2
9 + 4

9π
2 ln 2− 640

27 ln 2 +O(ϵ)
]
.

(12.16)

To determine the collinear-regulated contribution in eq. (12.4), we proceed in the same way
as in the two-gluon case. Namely, we write a similar representation for the “energy-regulated”
integral of the qq̄ contribution to the soft function computed in ref. [48]. It reads

Jqq̄ij = 2NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cmn [dΩmn] θb+dωtc[ω2S̃qq̄ij (m, n)]

〉
mn

+ 2NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn]Cxmnω

tc[ω2S̃qq̄ij (m, n)]
〉
mn

+ 2NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn [ω2S̃qq̄ij (m, n)]
〉
mn

+ 2NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈 (
wim,jn + wjm,in

)
[ω2S̃qq̄ij (m, n)]

〉
mn
.

(12.17)

We observe that, up to a normalization factor, the last two contributions are the same as the
missing divergent ones in eq. (12.4). Since the result for Jqq̄ij is known [48], we can extract the
contribution of the last two terms in eq. (12.17) if the first two terms are known. We note
that these terms are similar but not identical to the ones that we already computed because
the N -jettiness function ψmn does not appear in eq. (12.17). However, their computation
is nearly identical to what has been discussed in the two-gluon case and for this reason
we do not repeat it. We find

2NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈
(1− θb+dCmn) [dΩmn] C̄xmnw

xm,xn
[
w2S̃qq̄ij (m, n)

]〉
mn

+ 2NE

ϵ

∑
x∈{i,j}

1∫
0

dω
ω1+2ϵ

〈 (
wim,jn + wjm,in

)
[ω2S̃qq̄ij (m, n)]

〉
mn

= 1
ϵ

(
Afin
ij

6 −
Bfin
ij

12 + 2
3 ln 2 ln(ηij) +

π2

9 + 8 ln(ηij)
9 − 1

9 − ln 2
3 +O(ϵ)

)
.

(12.18)
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To obtain the above formula, we used the following result for the triple-collinear contribution
in the case without the N -jettiness constraint.

2NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
Cxmnω

tc,i
[
w2S̃qq̄ij (m,n)

]〉
mn

= 2NE

ϵ

[
− 1
3ϵ2 +

19
18ϵ+

π2

9 − 83
54 +4 ln2 2+ln2+ϵ

(
25ζ3
3 − 35π2

108 + 1057
162

− 1
340 ln

3 2− 53 ln2 2
3 + 2

9π
2 ln2+3 ln2

)
+O(ϵ2)

]
.

(12.19)

The corresponding result for the double-collinear subtracted contribution without the N -
jettiness constraint reads

2NE

ϵ

1∫
0

dω
ω1+2ϵ

〈
θb+dCmn [dΩmn]Cxmnω

tc,i
[
w2S̃qq̄ij (m, n)

]〉
mn

= 2NE

ϵ

[
− 1

3ϵ2 + 1
ϵ

(1
2 − 2 ln 2

3

)
− π2

3 + 2 ln2 2 + 5 ln 2
3

+ ϵ

(
−10ζ3

3 + 11π2

18 − 4
3 − 20

9 ln3 2− 13
3 ln2 2 +

(
8
3 + 2π2

9

)
ln 2

)
+O(ϵ2)

]
.

(12.20)

13 The renormalized N-jettiness soft function

We are now in a position to present the renormalized N -jettiness soft function through NNLO
in the perturbative expansion in QCD. We write

S̃ = 1 + S̃1 + S̃2 +O(α3
s). (13.1)

It is convenient to introduce the following short-hand notations

Lij = ln
(
ū
√
ηijµ

)
, Lψij,m = ln

(
ψmρij
ρimρjm

)
. (13.2)

The NLO contribution reads

S̃1 = as
∑
(ij)

Ti · Tj

[
2L2

ij + Li2(1− ηij) +
π2

12 +
〈
Lψij,m

ρij
ρimρjm

〉
m

]
. (13.3)

The NNLO contribution is constructed from different pieces. We write

S̃2 = 1
2 S̃

2
1 + a2

sCA
∑
(ij)

Ti ·Tj Gij + a2
s nf TR

∑
(ij)

Ti ·Tj Qij + a2
sπ
∑
(kij)

F kij κkjG
triple
kij . (13.4)

The function Gij reads

Gij =
22
9 L

3
ij +

(
67
9 − π2

3

)
L2
ij + Lij

(
11
3

〈
Lψij,m

ρij
ρimρjm

〉
m

+ 11
3 Li2(1− ηij)

+ 202
27 − 7ζ3

)
+
〈

ρij
ρimρjm

((
Lψij,m

)2
(
11
6 − ln

(
ηij

ηimηjm

))
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+ Lψij,m

(
2 ln2

(
ηij

ηimηjm

)
+ ln

(
ηij

ηimηjm

)(
−11

3 + ln(ηimηjm)
)
+ 137

18 − π2

2

− 1
2 ln2

(
ηim
ηjm

)
+ Li2(1− ηij) +

11
3 ln 2− 11

6 ln(ηimηjm)−
(ρim + ρjm)

3ρij

))〉
m

+
〈
Afin
ij,m

(
11
6 L

ψ
ij,m − 11

6 ln ηij
ηimηjm

+ 131
72

)〉
m

+
〈
Bfin
ij,m

(
−1
6L

ψ
ij,m + 1

6 ln ηij
ηimηjm

− 13
72

)〉
m

− 2G−1,0,0,1(ηij) +
7
2G0,1,0,1(ηij)

− 11
3 Ci3(2δij)−

1
6tan(δij)

Si2(2δij) + 17S2,2(ηij)−
1
2Li4

(
1− η2

ij

)
− 2Li4

(
1

ηij + 1

)
+ Li4

(
1− ηij
1 + ηij

)
− Li4

(
ηij − 1
1 + ηij

)
− 12Li4(ηij)

+ Li3(ηij)
(
−11

6 + 10 ln(1− ηij) + 10 ln(ηij)− 2 ln(1 + ηij)
)

+ Li3(1− ηij)
(
10 ln(ηij) + 2 ln(1 + ηij)

)
− 2Li3(−ηij) ln(1− ηij) (13.5)

+ 5Li2(ηij)2

4 + Li2(ηij)
(
−2Li2(−ηij)− 4 ln2(ηij)

+ 6 ln(1− ηij) ln(ηij) +
11 ln(ηij)

6 + π2

3 − 11 ln 2− 131
12

)

− 1
12 ln4(1 + ηij)− ln3(ηij) ln(1− ηij) +

π2

12 ln2(1 + ηij)

+ ln2(ηij)
(
11
2 ln2(1− ηij) +

11
12 ln(1− ηij)−

π2

6 + 11 ln 2
3 + 32

9

)

+ ln(1− ηij)
(
−11 ln 2 ln(ηij)−

4π2 ln(ηij)
3 − 131 ln(ηij)

12 − 23ζ3
2

)

+ ln(ηij)
(
−11 ln2 2

3 − π2 ln 2
3 + 64 ln 2

9 − 27ζ3
4 − 11π2

18 + 1631
108

)

− 7
4ζ3 ln(1 + ηij) +

1
3 ln4 2 + ln2 2

(
1
3 − π2

3

)
+ ln 2

(
5ζ3 +

11π2

18 − 2
9

)

+ 8Li4
(1
2

)
− 11

9 ζ3 −
11
80π

4 + 937
432π

2 + 403
162

−
〈
C̄mn ln

(
ψm
ρim

)
ln
(
ψn
ρjn

)
ρij

ρmnρimρjn

〉
mn

+ 1
2

〈
Lψij,m

ρij
ρimρjm

〉2

m

+ 1
2
∑

x∈{i,j}

1∫
0

dω
ω

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn lnψmn S̄ω [ω2S̃ij(m, n)]
〉
mn

+ 1
2

1∫
0

dω
ω

〈
(wim,jn + wjm,in) lnψmn S̄ω [ω2S̃ij(m, n)]

〉
mn
.
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In the above formula δij = θij/2 and θij is the relative angle between partons i and j. The
Clausen functions are defined through their relation to complex-valued polylogarithms

Cin(z) =
1
2
(
Lin(eiz) + Lin(e−iz)

)
,

Sin(z) =
1
2i
(
Lin(eiz)− Lin(e−iz)

)
.

(13.6)

The functions Sa1,a2 and Ga1,a2,...,am(x) are the Nielsen and Goncharov [51] polylogarithms,
respectively. The auxiliary functions that we employed while writing the above formula read

Afin
ij,m = ρij

ρimρjm

[
ωmi,ni
m||n ln

(
ηjm(1− ηim)

ηij

)
+ ωmj,nj

m||n ln
(
ηim(1− ηjm)

ηij

)]
,

Bfin
ij,m = ωmi,ni

m||n Wm
ij + ωmj,nj

m||n Wm
ji .

(13.7)

The function Qij evaluates to

Qij = −8
9L

3
ij −

20
9 L

2
ij − Lij

(
4
3

〈
Lψij,m

ρij
ρimρjm

〉
m

+ 4
3 Li2(1− ηij) +

56
27

)

−
〈

ρij
ρimρjm

(
2
3
(
Lψij,m

)2
− Lψij,m

(
2
3 ln

(
η2
ij

4ηimηjm

)
− 26

9 + 2(ρim + ρjm)
3ρij

))〉
m

+
〈
Afin
ij,m

(
−2
3L

ψ
ij,m + 2

3 ln
(

ηij
ηimηjm

)
− 23

36

)〉
m

+
〈
Bfin
ij,m

(
1
3L

ψ
ij,m − 1

3 ln
(

ηij
ηimηjm

)
+ 13

36

)〉
m

+ 2
3Li3(ηij)

+ Li2(1− ηij)
(2 ln(ηij)

3 − 7
2 − 4 ln 2

)
+ ln2 2

(
−2
3 + 4

3 ln(ηij)
)

+ ln 2
(
−4
3 ln2(ηij)−

20
9 ln(ηij) +

4π2

9 + 4
9

)

− ln2(ηij)
(10

9 − 1
3 ln(1− ηij)

)
+ ln(ηij)

(
π2

9 − 335
54

)

+ 4ζ3
9 + 122

81 − 47π2

108 + 4
3Ci3(2δij) +

1
3tan(δij)

Si2(2δij)

−
∑

x∈{i,j}

1∫
0

dω
ω

〈
(1− θb+dCmn) [dΩmn] C̄xmn w

xm,xn lnψmn [ω2S̃qq̄ij (m, n)]
〉
mn

−
1∫

0

dω
ω

〈
(wim,jn + wjm,in) lnψmn [ω2S̃qq̄ij (m, n)]

〉
mn
,

(13.8)

The function Gtriple
kij , defined in eq. (7.14), corresponds to the finite remainder of the triple-

color correlation terms.

14 Numerical implementations and checks

We have implemented the above formulas into a Fortran code. The implementation is, in
principle, straightforward. To compute terms that require integration over directions of

– 37 –



J
H
E
P
0
5
(
2
0
2
4
)
0
0
5

gluons’ momenta, we use the phase space parametrization described in refs. [1, 9, 10]. A
possible choice of partition functions can be found in ref. [52].

As we already mentioned, the N -jettiness soft function was recently discussed in ref. [37]
where a plethora of numerical results for various kinematic configurations have been presented.
We have checked many of the presented results for various values of the parameter N and
found excellent agreement. We present some examples of such a comparison in appendix D.

We note that to obtain the high-precision numbers shown in appendix D, we have used
a very large number of sample points which results in runtimes that can be as large as a
few minutes per dipole per kinematic point. However, to obtain the same numbers with a
better-than-percent precision, we need a relatively small number of sampling points which
results in runtimes of an order of a few seconds per dipole per phase space point. We note that
runtimes for individual dipoles are largely independent of N . Since (N + 2)(N + 1)/2 dipoles
need to be calculated to determine the N -jettiness soft function for a given phase space point,
O(1 − 2) minutes will be required to do that in case of three- or four-jet production at a
hadron collider, or six-jet production at an e+e− collider.

The situation with triple-color correlated terms is quite similar. Since in this case
integration over the direction of a single gluon is required, the integration converges rather
fast. In general, for an N -jettiness case, the evaluation of (N + 2)(N + 1)N independent
functions Gtriple

kij is required from which a smaller number of independent color-correlated
contributions can be constructed. We need about twenty seconds to compute all the required
Gtriple
kij functions for N = 2 and, therefore, we will need about a minute to compute them

for N = 3 and about two minutes for N = 4.

15 Conclusions

We have described the computation of the N -jettiness soft function through NNLO in
QCD. Keeping N as the parameter, we demonstrated the cancellation of all 1/ϵ poles
analytically against the soft-function renormalization matrix. Furthermore, we derived a
simple representation for the finite, jettiness-dependent remainder valid for an arbitrary
number of hard partons N . We compared our numerical results for N = 1, 2 and N = 3 with
the ones recently presented in ref. [37] and found excellent agreement. We have also found that
the representation of the finite remainder that is derived in this paper leads to fast and rapidly
convergent integration which is important if the results for N -jettiness soft function are to be
used for the computation of higher-order corrections for multi-jet production at colliders.

From a more general perspective, this study was motivated by a question of how advances
in developing NNLO subtraction schemes for generic processes at the LHC can be used
to derive representations for the building blocks of modern slicing methods that rely on
choosing observables to define suitable slicing variables. We have shown that, at least for
N -jettiness, the benefits of applying subtraction-inspired methods are significant. We note
that the application of the subtraction-inspired methods for computing the N -jettiness soft
function becomes possible if one departs from the (by now) standard approach [16, 18, 34] to
such computations where hemisphere soft functions are used as elementary building blocks
and, instead, interprets N -jettiness as one of the many infrared safe observables that can
be studied using available subtraction schemes.
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A Renormalization of the soft function

A suitable expression for the renormalization of the N -jettiness soft function was recently
given in ref. [37]. It reads

Z = 1 + Z1 +
1
2Z1Z1 + Z2,r, (A.1)

where
Z1 = as

∑
(ij)

Ti · Tj

( 1
2ϵ2 + 2Lij + iπλij

2ϵ

)
, (A.2)

and

Z2,r = a2
s

∑
(ij)

Ti · Tj

(
−3β0
8ϵ3 + Γ1 − 4β0(2Lij + iπλij)

16ϵ2 + Γ1(2Lij + iπλij) + γS1
8ϵ

)
, (A.3)

with

Lij = ln
(
ū
√
ηijµ

)
, (A.4)

Γ1 =
(
67
9 − π2

3

)
CA − 20

9 TRnf , (A.5)

and
γS1 =

(
202
27 − 11π2

36 − 7ζ3

)
CA +

(
−56
27 + π2

9

)
TRnf , (A.6)

where Γ1 is the cusp anomalous dimension and the non-cusp anomalous dimension γS1 is
known to two-loop order [53]. Furthermore, λij = 1 if both i and j are incoming or outgoing
and λij = 0 otherwise.

B Useful phase space integrals

We define measures of angular integration as

[dΩ(d−1)] = dΩ(d−1)

Ω(d−2) . (B.1)

Then
dΩ(d−1)

2(2π)d−1 = Ω(d−2)

2(2π)d−1 [dΩ(d−1)], (B.2)

where
Ω(d−2)

2(2π)d−1 =
[ (4π)ϵ

8π2Γ(1− ϵ)

]
. (B.3)
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With this integration measure, we find [47]〈
1
ραim

〉
m

= 21−α−2ϵΓ(1− ϵ)Γ(1− α− ϵ)
Γ(2− α− 2ϵ) , (B.4)

〈
1

ραimρ
β
jm

〉
m

= 21−α−β−2ϵΓ(1− β − ϵ)Γ(1− α− ϵ)
Γ(2− α− β − 2ϵ) × 2F1(α, β, 1− ϵ, 1− ηij), (B.5)

where brackets ⟨. . .⟩m indicate integration over [dΩ(d−1)
m ].

C Eikonal functions

For completeness, we provide the double real-emission eikonal functions that we use to
compute the relevant contributions to the N -jettiness soft function. Following ref. [46], for
two soft gluons, we define

S̃ggij (m, n) = 2Sggij (m, n)− Sggii (m, n)− Sggjj (m, n). (C.1)

The function Sggij (m, n) reads

Sggij (m, n) = Sgg,soij (m, n)− 2pi · pj
pm · pn[pi · (pm + pn)][pj · (pm + pn)]

+ (pi · pm)(pj · pn) + (pi · pn)(pi · pm)
[pi · (pm + pn)pj · (pm + pn)]

[ 1− ϵ

(pm · pn)2 − 1
2S

gg,so
ij (m, n)

]
,

(C.2)

where

Sgg,soij (m, n) = pi · pj
pm · pn

(
1

(pi · pm)(pj · pn)
+ 1

(pi · pn)(pj · pm)

)

− (pi · pj)2

(pi · pm)(pj · pm)(pi · pn)(pj · pn)
.

(C.3)

In case the soft partons are a quark and an anti-quark, we write

S̃qq̄ij (m, n) = 2Sqq̄ij (m, n)− Sqq̄ii (m, n)− Sqq̄jj (m, n), (C.4)

where [46]

Sqq̄ij (m, n) =
(pi · pm)(pj · pn) + (pi · pn)(pj · pm)− (pi · pj)(pm · pn)

(pm · pn)2[pi · (pm + pn)][pj · (pm + pn)]
. (C.5)

D Numerical checks of N-jettiness soft functions

In this section, we compare results for the N -Jettiness soft function obtained in this paper
with those in ref. [37]. For this comparison, we define two functions Gnlij and Qnlij that are
obtained from Gij and Qij by setting all terms with Lij to zero

Gij =
22
9 L

3
ij+

(
67
9 −π2

3

)
L2
ij+Lij

(
11
3

〈
Lψij,m

ρij
ρimρjm

〉
m

+11
3 Li2(1−ηij)+

202
27 −7ζ3

)
+Gnlij ,

(D.1)

Qij =−8
9L

3
ij−

20
9 L

2
ij−Lij

(
4
3

〈
Lψij,m

ρij
ρimρjm

〉
m

+4
3 Li2(1−ηij)+

56
27

)
+Qnlij . (D.2)
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Dipoles Gluons Quarks

Gnlij Ref. [37] Qnlij Ref. [37]

12 48.10 ± 0.01 48.04 ± 0.07 −23.504 ± 0.001 −23.503 ± 0.010
13 36.81 ± 0.02 36.82 ± 0.04 −21.871 ± 0.003 −21.875 ± 0.009
23 38.14 ± 0.01 38.13 ± 0.05 −22.039 ± 0.002 −22.031 ± 0.009

Table 1. Comparison of the selected results for the 1-jettiness soft function for the kinematic point
in eq. (D.4). When quoting results for functions Gnl

ij , Qnl
ij , we show Vegas integration errors which,

most likely, underestimate the true uncertainties of the result.

We also note that for the comparison of the triple-color correlated contributions, we
do not set these logarithms to zero but take ū = µ = 1 instead. As the result, we should
set Lki → 1/2 ln ηki in eq. (7.14).

D.1 1-jettiness

In order to compare our numerical results, we parameterize our phase space in a similar way
as done in ref. [37]. In the case where there are two back-to-back beams and one jet confined
in a plane, we parameterize the scattering by the angle θ13 using the following momenta,

n1 = (0, 0, 1), n2 = (0, 0,−1), n3 = (sin θ13, 0, cos θ13). (D.3)

In order to compare a phase space point where the jet is separated from the beams, we take

θ13 = 12π
25 . (D.4)

In table 1 we present the results for the non-logarithmic coefficient of the renormalized
1-jettiness soft function, which are in agreement with the ones in ref. [37].

D.2 2-jettiness

We again consider the configuration where there are two back-to-back beams. We parameterize
the scattering of the two jets by θ13, θ14 and ϕ4 as

n1 = (0, 0, 1), n2 = (0, 0,−1),
n3 = (sin θ13, 0, cos θ13), n4 = (sin θ14 cosϕ4, sin θ14 sinϕ4, cos θ14).

(D.5)

Considering a generic phase space point where the beams and jets are separated from each
other, we take

θ13 = 6π
25 , θ14 = 13π

25 , ϕ4 = π

5 . (D.6)

Results for all possible dipole coefficients are presented on table 2. In the case of 2-jettiness,
the tripole contribution can be reduced to a single color structure, fABC TA1 T

B
2 T

C
3 . The

renormalized sum of all tripole contributions in this configuration is 1064.77± 0.08, which
is in agreement with the value (1064.6 ± 0.1) reported in [37].
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Dipoles Gluons Quarks
Gnlij Ref. [37] Qnlij Ref. [37]

12 71.15 ± 0.05 71.11 ± 0.12 −27.837 ± 0.001 −27.841 ± 0.011
13 36.27 ± 0.02 36.17 ± 0.07 −21.719 ± 0.005 −21.724 ± 0.009
23 75.79 ± 0.01 75.62 ± 0.09 −27.804 ± 0.002 −27.807 ± 0.011
14 65.48 ± 0.02 65.38 ± 0.09 −25.660 ± 0.003 −25.666 ± 0.010
24 46.25 ± 0.01 46.15 ± 0.06 −22.933 ± 0.005 −22.908 ± 0.009
34 44.86 ± 0.02 44.72 ± 0.09 −22.513 ± 0.004 −22.518 ± 0.009

Table 2. Comparison of the selected results for the 2-jettiness soft function for the kinematic point
in eq. (D.6). When quoting results for functions Gnl

ij , Qnl
ij , we show Vegas integration errors which,

most likely, underestimate the true uncertainties of the result.

Dipoles Gluons Quarks
Gnlij Ref. [37] Qnlij Ref. [37]

12 116.20 ± 0.01 116.20 ± 0.16 −36.249 ± 0.001 −36.244 ± 0.009
13 38.13 ± 0.03 37.63 ± 0.03 −21.717 ± 0.007 −21.732 ± 0.005
14 63.63 ± 0.01 63.66 ± 0.06 −25.189 ± 0.003 −25.192 ± 0.006
15 107.17 ± 0.01 106.99 ± 0.12 −35.268 ± 0.001 −35.256 ± 0.009
23 97.11 ± 0.01 96.97 ± 0.10 −32.875 ± 0.002 −32.872 ± 0.008
24 67.36 ± 0.02 67.51 ± 0.08 −26.821 ± 0.003 −26.815 ± 0.007
25 30.87 ± 0.03 30.73 ± 0.04 −21.561 ± 0.009 −21.561 ± 0.005
34 69.43 ± 0.01 69.24 ± 0.07 −25.854 ± 0.002 −25.861 ± 0.006
35 106.13 ± 0.02 105.97 ± 0.13 −34.799 ± 0.002 −34.796 ± 0.008
45 74.45 ± 0.02 74.36 ± 0.09 −28.247 ± 0.004 −28.251 ± 0.007

Table 3. Comparison of the selected results for the 3-jettiness soft function for the kinematic point
in eq. (D.8). When quoting results for functions Gnl

ij , Qnl
ij , we show Vegas integration errors which,

most likely, underestimate the true uncertainties of the result.

D.3 3-jettiness

We parameterize the scattering of the additional jet by θ15 and ϕ5

n5 = (sin θ15 cosϕ5, sin θ15 sinϕ5, cos θ15). (D.7)

We compare in table 3 our 3-jettiness dipole contributions to the benchmark result in [37]
by taking the following phase space point

θ13 = 3π
10 , θ14 = 6π

10 , θ15 = 9π
10 , ϕ4 = 3π

5 , ϕ5 = 6π
5 . (D.8)

For the tripole contribution in this configuration, there are four independent color
structures. In table 4 we present our results for each of these configurations, as defined in [37].
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c̃
(2,124)
tripoles c̃

(2,125)
tripoles c̃

(2,145)
tripoles c̃

(2,245)
tripoles

c̃tripoles −683.25 ± 0.01 −2203.3 ± 0.2 −6.324 ± 0.004 −0.837 ± 0.008
Ref. [37] −683.23 ± 0.04 −2203.5 ± 0.1 −6.325 ± 0.04 −0.830 ± 0.039

Table 4. Same as in table 3 for the four independent triple-color correlated contributions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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