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A B S T R A C T

This work presents a generalized approach for the consideration of small-strain effects in constitutive models
for soils. These are thereby particularly important for the simulation of cyclic deformations of soil subjected
to small strain amplitudes. The novel generalized intergranular strain (GIS) approach represents an overlay
concept for constitutive models and is based on the well-known intergranular strain (IS) concept after Niemunis
and Herle (1997), resp. its improvement (ISI) after Duque et al. (2020). However, the novel GIS concept can
easily be transferred to different constitutive models (e.g. hypoplastic or elasto-plastic formulations). Based
on an extended generalized hypoplastic formulation, the GIS concept is combined with the base hypoplastic
constitutive model for sand after von Wolffersdorff (1996) (HP) incorporating the extracted asymptotic state
boundary surface (ASBS). The latter is derived and visualized. Different element test simulations with the
coupled HP+GIS model and the well-known HP+IS formulation are presented and compared using a parameter
set of Zbraslav sand. Thereby, the intrinsic feature of the GIS concept, which prevents overshooting of the ASBS,
becomes apparent. Based on the ISI formulation, nonlinear accumulation effects can be reproduced in the GIS
concept using a further scalar historiotropic state variable.
1. Introduction

The constitutive modeling of granular media, such as sand, still
remains a significant challenge in theoretical and computational soil
mechanics. Consequently, numerous constitutive models have been
developed over the last decades. It is worth mentioning that different
families of constitutive models have emerged with the most relevant be-
ing elasto-plastic and hypoplastic formulations. A particular challenge
in modeling the stress–strain behavior of soil involves so-called small-
strain effects. These become especially relevant if the soil is subjected to
cyclic deformations (Benz et al., 2009a; Cudny and Truty, 2020). Small-
strain effects in combination with hypoplastic constitutive formulation
are the main focus of this work.

Hypoplastic constitutive models are generally characterized by the
absence of a fully elastic region. Irreversible (plastic) deformations
and also contractancy and dilatancy effects can thus be simulated. In
hypoplastic formulations, irreversible deformations occur due to the
mathematical consideration of the norm of the strain rate ‖𝜺̇‖ instead
of the plastic strain rate 𝜺̇pl in elasto-plastic models. A decomposition
of the strain rate into an elastic and a plastic part, as known from
elasto-plasticity, does not exist in hypoplastic models. Hence, no yield
surface, no plastic potential (for the calculation of the elasto-plastic
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flow rule), and no plastic multiplier need to be defined. Hypoplastic
constitutive models can be expressed using a single tensorial equation,
which interrelates the rate of the effective Cauchy stress 𝝈̇ (objective
Zaremba-Jaumann stress rate 𝝈̊ to be precise) with the strain rate
𝜺̇ (Euler stretching tensor 𝑫 in general). Additionally, hypoplastic
constitutive models are characterized by a straightforward numerical
implementation and a realistic bifurcation (shear band prediction).
These characteristics render hypoplastic models fundamentally suitable
for simulating the mechanical behavior of soil.

Early hypoplastic formulations considered only the effective stress
𝝈 as state variable (Kolymbas, 1988, 1991a,b; Wu and Bauer, 1994). By
introducing the void ratio 𝑒 as an additional state variable, hypoplastic
formulations have been developed that can represent the non-linear soil
behavior, contractancy, and dilatancy as well as density and pressure
dependency (Pyknotropy and Barotropy ) (Bauer, 1996; Gudehus, 1996;
Wu et al., 1996). The version of hypoplasticity according to von Wolf-
fersdorff (1996) (HP) implemented the limit condition by Matsuoka and
Nakai (1977) and is probably the most widely used hypoplastic model
for granular materials with the two state variables mentioned above.
The complexity of the mechanical behavior of soil further increases
when considering load direction reversals or cyclic loading. It revealed
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that the aforementioned state variables are not sufficient for describing
cyclic deformations in hypoplastic models. Therefore, the tensorial state
variable intergranular strain 𝒉 was introduced using the intergranular
train concept (IS) by Niemunis and Herle (1997) for the consideration
f the recent strain history. In this way, the so-called ratcheting could

be prevented for certain stress or strain amplitudes by the coupled
hypoplastic formulation HP+IS. Nowadays, HP+IS is still widely used
to simulate problems with numerous loading cycles and decisive ac-
cumulative effects (Osinov, 2005; Chrisopoulos and Vogelsang, 2019;
Norlyk et al., 2020; Machaček et al., 2021; Staubach et al., 2021),
although a number of enhancements have been developed since then
(see Section 4). For example, an additional scalar state variable was
introduced by Poblete et al. (2016) and Duque et al. (2020) for model-
ing the so-called historiotropic effects. Historiotropic effects involve the
esponse of the soil depending on the (cyclic) preloading history. For
xample, they can be seen in the s-shaped curves of pore fluid pressure
ccumulation in cyclic undrained triaxial tests (Duque et al., 2023a,b).

However, it should be mentioned that both parts of the HP+IS reveal
everal shortcomings. The ones related to the base constitutive model
P include (I) the insufficient reproduction of dilatancy effects, (II) the
ossible accessibility of tensile stress states in dense states, (III) the
ncorporation of a hypoelastic stiffness instead of a hyperelastic one,
nd (IV) the lack of a further state variable for considering the current
tructure (so-called fabric) of the soil. These issues have been discussed
nd addressed in neohypoplasticity (NHP) (Niemunis et al., 2016;
iemunis and Grandas-Tavera, 2019; Mugele et al., 2024b,a). The

hortcomings of overlay model IS include (I) the so-called overshooting
ue to a single un- and reloading cycle, (II) the possible accessibility of
ensile stress states due to multiple loading and unloading cycles, (III)
n inadequate modeling of accumulation effects, and (IV) a non-trivial
xtension of the concept to other hypoplastic as well as non-hypoplastic
ormulations (Osinov, 2017; Bode et al., 2020; Duque et al., 2022; Tafili
t al., 2024). Some of the deficits mentioned in both HP and IS can lead
o serious misinterpretations of numerical simulations.

Considering the base constitutive model first, an extended gen-
ralized hypoplastic formulation is proposed in Section 2. The pro-
osed equation can be applied to hypoplastic models with an explic-
tly defined, extracted as well as a non-existent so-called asymptotic
tate boundary surface (ASBS). The ASBS summarizes all states in the
tress-void ratio space, which will be reached upon a sufficient long
onotonic stretching (Mašín and Herle, 2005; Mašín, 2009). Based

n the development of rate-independent hypoplastic formulations for
lay (Mašín, 2005; Mašín and Herle, 2005), Mašín introduced hy-
oplastic constitutive formulations for fine-grained soils including an
xplicitly defined ASBS (Mašín and Herle, 2006; Mašín, 2012, 2013).
lthough such ASBS exists in sand (Mašín and Herle, 2006), no hy-
oplastic sand model has been developed incorporating a defined or
ven an extracted ASBS. Therefore, in Section 3, the HP model is
eformulated using the extracted ASBS.

For the simulation of cyclic loading, an extension of the base con-
titutive model is needed. After providing an overview of the original
S concept in Section 4, the proposed so-called generalized intergranular
train (GIS) is introduced in Section 5. Finally, in Section 6, the perfor-
ance of the GIS concept is analyzed using numerical element tests.
he coupled model HP+GIS is used as an example and its correspond-

ng simulations are compared against the original version of HP+IS.
he notation and abbreviations used in this paper are summarized in
ppendix A.

. Extended generalized hypoplasticity

The theory of hypoplasticity is based on a general representation
heorem of isotropic tensorial functions of two symmetric tensorial
rguments (𝝈, 𝜺̇) in combination with some general mathematical re-
trictions (homogeneity of one in 𝜺̇). The first suitable rate-independent
ypoplastic constitutive models for soil incorporated only the effective
2

Cauchy stress 𝝈 as state variable were found by heuristic guessing,
i.e. systematic trial and error by Kolymbas (1988, 1991a,b). Based on
this, the tensorial equation between the stress rate 𝝈̇ of the effective
Cauchy stress 𝝈 and the strain rate 𝜺̇ for a hypoplastic formulation was
established historically by Wu (1992) and Wu and Bauer (1994):

𝝈̇ = 𝖫 ∶ 𝜺̇ +𝑵‖𝜺̇‖. (1)

Thereby, the fourth order tensor 𝖫, which is known as a linear term,
and the second order tensor 𝑵 , which is known as a non-linear term, are
both functions of the effective Cauchy stress. Using the barotropy factor
𝑓𝑠 as well as the pyknotropy factor 𝑓𝑑 and introducing the void ratio 𝑒
as an additional state variable, the influence of density and pressure on
the mechanical behavior of soil could be taken into account by Bauer
(1996) and Gudehus (1996). The resulting mathematical form

𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ + 𝑓𝑠𝑓𝑑𝑵‖𝜺̇‖ (2)

often serves as the basis for the formulation of hypoplastic constitute
models until today. Only rate-independent hypoplastic formulations
such as von Wolffersdorff (1996), Mašín (2005), Grandas-Tavera et al.
(2020), Liao and Yang (2021), Liao et al. (2022), Mugele et al. (2024b)
are considered in the present paper, which are characterized by the
degree of homogeneity of one with respect to the strain rate (Gudehus,
2007; Mašín, 2019). Although rate-dependent so-called visco-hypoplastic
models have also been developed (Niemunis et al., 2009; Jerman and
Mašín, 2020).

Let us now focus on a specific property of the mechanical behavior
of the soil. A so-called asymptotic state is a state of the soil, which
is reached upon a sufficiently long monotonic deformation (Gude-
hus, 2007; Mašín, 2019). When plotted in stress-void ratio space,
asymptotic states (also known as swept-out-memory (SOM) states or at-
tractors (Gudehus, 2007; Gudehus and Mašín, 2009)) lie on the asymp-
totic state boundary surface (ASBS). So-called Critical states reveal
one specific asymptotic state which is reached asymptotically upon a
proportional volume preserving strain path.

For simplicity, only models, in which the state of the soil is de-
scribed as unique using the effective Cauchy stress 𝝈 and the void
ratio 𝑒, are considered in the following. In general, the ASBS for such
models represents a geometric object and the current state a point
in the general 4D stress-void ratio space (4-dimensional vector space
R4). Although this 4D space is difficult to imagine, it must exist as
an extension of the 3D stress space (R3). Note that for example the
4D principal stress-void ratio (𝜎1𝜎2𝜎3𝑒) space or the 4D mean effective
pressure - deviatoric stress - Lode angle - void ratio (𝑝𝑞𝜃𝑒) space using
the Roscoe-Invariants 𝑝, 𝑞 and the Lode angle 𝜃 can thereby be used.
The well-known 2D spaces R2, such as the 𝑝𝑞 or the 𝑒𝑝 diagram, can
be derived directly from the aforementioned generalized 4D space. In
elasto-plastic models, this ASBS coincides with the state boundary sur-
face, which is formed by combining the yield surface and a hardening
law (Mašín, 2012).

Generally, hypoplastic constitutive models can also be written in-
corporating an explicitly defined ASBS (Mašín, 2012). Fig. 1 shows as
an example the ASBS for the rate-independent hypoplastic formulations
for clay by Mašín (2013) with explicitly defined asymptotic states in
the principal 3D stress space. In Mašín (2013), the shape of the ASBS
is defined as invariant for constant void ratio cross sections. It should
be noted that the shape of cross sections with constant mean effec-
tive pressure, constant Lode angle or constant deviatoric stress is not
invariant due to the considered Matsuoka–Nakai criterion (Matsuoka
and Nakai, 1977). Irreversible densification is thereby scaling the size
but not changing the shape of the ASBS (Mašín, 2019). The assumed
invariant shape with respect to the void ratio of the ASBS seems to be
reasonable for clay but not for sand.

As demonstrated by Mašín (2012), the general form of a hypoplastic
model formulated using an explicitly defined ASBS is

𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ −
𝑓𝑑
𝐴 𝖠 ∶ 𝒅 ‖𝜺̇‖. (3)
𝑓𝑑
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Fig. 1. 3D plots in the principal stress space of the ASBS for the hypoplastic
formulation for clay (Mašín, 2013) for (a) and (b) views from various angles with
constant mean stress cuts displayed using different colors, modified from Mašín (2013).

Thereby the fourth-order tensor 𝖫 denotes the linear stiffness (a hypoe-
lastic stiffness is often used for simplicity) and the fourth-order tensor
𝖠 can be calculated using the defined asymptotic states. The tensor 𝖠
incorporates the stiffness upon loading for states at the ASBS. It controls
the inclination of an arbitrary normal compression line (NCL) in the 𝑒𝑝
plane and therefore changes the size and possibly also the shape of the
ASBS. 𝑓𝐴𝑑 denotes the value of the pyknotropy factor 𝑓𝑑 for a given
state at the ASBS (the superscript ⊔𝐴 denotes a state on the ASBS).
The Quotient 𝑓𝑑 ∕ 𝑓𝐴𝑑 can be interpreted as the normalized distance of
the current state from the ASBS. The behavior of the material becomes
more ‘elastic’ for states inside and with greater distance from the ASBS.
On each point on the ASBS 𝑓𝑑 ∕ 𝑓𝐴𝑑 = 1 applies. The second order tensor
𝒅 can be calculated using the asymptotic strain rate 𝜺̇𝐴 corresponding
to the given state projected on the ASBS:

𝒅 = 𝜺̇𝐴
‖

‖

𝜺̇𝐴‖
‖

= ⃗̇𝜺𝐴. (4)

The described mathematical formulation and the corresponding
projection of a given state on the ASBS of hypoplastic models with
explicitly defined ASBS is illustrated in simplified form in Fig. 2 for
the triaxial case (𝑝𝑞 diagram).

If an ASBS is explicitly defined, such as in the models for clay
(Mašín, 2012, 2013), the fourth order tensor 𝖠 is specified and the
pyknotropy factor 𝑓𝐴𝑑 can be calculated directly. However, using

𝑵 = −𝖠 ∶ 𝒅
𝑓𝑠𝑓𝐴𝑑

, (5)

Eq. (3) can be rewritten using the well-known second-order tensor 𝑵 :

𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ + 𝑓𝑠
𝑓𝑑
𝑓𝐴𝑑

𝑓𝐴𝑑 𝑵‖𝜺̇‖. (6)

Unlike Eq. (3), Eq. (6) can be used also for any hypoplastic model
in the form of Eq. (2) for which the pyknotropy factor in the asymp-
totic state 𝑓𝐴𝑑 can be extracted but which has not been defined using
Eq. (3) explicitly. This allows, for example, to express the widely used
hypoplastic model for sand after von Wolffersdorff (HP) in the form
of Eq. (6), see Section 3.

Based on the generalized hypoplasticity proposed by Niemunis (2003),
a further extended generalized hypoplasticity can be proposed

𝝈̇ = 𝖤 ∶ (𝜺̇ −𝒎 𝐶 𝑆 ‖𝜺̇‖ + 𝑓 (𝜺̇,𝜶)) . (7)

In Eq. (7), 𝖤 represents the elastic (hypo-, or hyper-elastic, the
latter being preferred) stiffness, 𝒎 is the hypoplastic flow rule, and 𝑆
a variable called state mobilization. The state mobilization 𝑆 represents
a ratio between the current state and a defined reference state. Note
that for clay models the quantity 1∕𝑆 can be interpreted as the well-
known overconsolidation ratio (Bode et al., 2021; Niemunis, 2003). A
3

Fig. 2. Simplified schematic representation of the projection of a current state on the
corresponding state on the ASBS of hypoplastic constitutive formulations with explicitly
defined ASBS in the triaxial case (𝑝𝑞 diagram), modified from Mašín (2019).

constitutive model according to Eq. (6) can be reformulated into Eq. (7)
using

𝖤 = 𝖫𝑓𝑠, (8)

𝒎 = ⃗−[𝖫−1 ∶ 𝑵], (9)

𝐶 = ‖𝖫−1 ∶ 𝑵‖𝑓𝐴∗𝑑 , (10)

𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 , (11)

𝑓 (𝜺̇,𝜶) = 0. (12)

If 𝑓𝐴𝑑 can be calculated explicitly, one gets 𝑓𝐴∗𝑑 = 𝑓𝐴𝑑 . If 𝑓𝐴𝑑 cannot
be calculated explicitly for a given state, in several models a likewise
quantity 𝑓𝐴∗𝑑 can be defined, see Section 3. For models in which neither
𝑓𝐴𝑑 nor 𝑓𝐴∗𝑑 can be derived however Eq. (2) holds, 𝑆 = 𝑌 can be
specified. In this case, 𝑌 is known as the so-called degree of non-
linearity (Niemunis, 2003). This applies, for instance, to models which
only consider the effective stress as a state variable. For such models,

𝐶 = 1, (13)

𝑆 = 𝑌 = 𝑓𝑑‖𝖫
−1 ∶ 𝑵‖ (14)

can be used instead of Eq. (10) and Eq. (11). Obviously, models in
which 𝑓𝐴∗𝑑 can be determined can also be expressed using the degree of
nonlinearity 𝑌 (Niemunis, 2003). However, as will be discussed later,
using 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 is preferred, as 𝑆 = 1.0 applies for every state on
the ASBS. In contrast, 𝑌 = 1.0 only holds at the failure state defined
by 𝝈̇ = 0, and asymptotically only in the critical state, one specific
asymptotic state due to a volume-constant proportional strain path.

The function 𝑓 (𝜺̇,𝜶) and the scalar parameter 𝐶 are introduced for
the purpose of generalization, although 𝑓 (𝜺̇,𝜶) = 0 holds for most
constitutive formulations mentioned until now. Note that 𝑓 (𝜺̇,𝜶) ≠
0 applies in the recently published neohypoplasticity (NHP) (Niemu-
nis et al., 2016; Niemunis and Grandas-Tavera, 2019; Mugele et al.,
2024b). Similarly, 𝑓 (𝜺̇,𝜶) can generally depend on all state variables
𝜶 and needs to be homogeneous of the first order concerning the
strain rate to ensure rate-independent material behavior. Note that 𝜶
includes at least the effective Cauchy stress 𝝈 and the void ratio 𝑒 in
most advanced constitutive models for soil. In addition, 𝑓 (𝜺̇,𝜶) = 0 is
requested in asymptotic states.
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3. Reformulation of HP using the extracted ASBS

Hypoplastic constitutive models for clay have already been formu-
lated using an explicitly defined ASBS (Mašín, 2012, 2013; Mašín and
Rott, 2014; Mašín, 2014, 2019). However, when considering the HP for
sand, it becomes apparent that although an ASBS exists in the model,
its explicit definition and thus the reformulation of the HP into the form
of Eq. (3) is nontrivial (Mašín and Herle, 2006). Therefore, the ASBS is
extracted from the HP first. All corresponding mathematical equations
of HP can be found in Appendix B. Using the extracted ASBS, the HP
formulation can finally be expressed using Eq. (6).

Below, the superscript ⊔𝐴 denotes a state on the ASBS. The HP
odel involves two state variables: the effective Cauchy stress 𝝈 and

he void ratio 𝑒. It is assumed in the following that a given state lies on
he ASBS and therefore 𝝈𝐴 = 𝝈 and 𝑒𝐴 = 𝑒 applies. It is further assumed,
hat the stress rate 𝝈̇𝐴 has the same direction as the stress tensor 𝝈𝐴.
t follows, that the pyknotropy factor must be constant ( ̇𝑓𝐴𝑑 = 0) for a
articular direction of the strain rate ⃗̇𝜺𝐴. This requirement corresponds
o the well-known normal compression line (NCL) in the 𝑒𝑝 space. For a
iven state, the asymptotic pyknotropy factor 𝑓𝐴𝑑 is derived using the
pproach after Mašín and Herle (2006). On the ASBS 𝝈̇𝐴 ∥ 𝝈𝐴 holds
nd a scalar multiplier 𝛾 can be introduced

̇ 𝐴 = 𝛾𝝈⃗𝐴. (15)

Furthermore, ̇𝑓𝑑 = 0 holds. ‖𝜺̇𝐴‖ = 1 can be assumed in the
symptotic state for rate-independent constitutive formulations. Con-
equently, a hypoplastic constitutive formulation of the form of Eq. (2)
an be written in the asymptotic state:

𝝈⃗𝐴 = 𝑓𝐴𝑠 𝖫 ∶ ⃗̇𝜺𝐴 + 𝑓𝐴𝑠 𝑓𝐴𝑑 𝑵 . (16)

t is worth to mention that this general equation applies for 𝜀̇𝐴vol > 0
𝛾 < 0) as well as for 𝜀̇𝐴vol < 0 (𝛾 > 0). In the critical state, 𝝈̇𝐴 = 0, hence
𝛾 = 0 holds. The pyknotropy factor 𝑓𝑑 is defined as

𝑓𝑑 =
(

𝑒 − 𝑒𝑑
𝑒𝑐 − 𝑒𝑑

)𝛼
(17)

ith the characteristic pressure-dependent void ratios in the critical
tate 𝑒𝑐 and in the densest state 𝑒𝑑 . These evolve within the HP formula-
ion with the mean effective pressure according to Bauer’s compression
aw (Bauer, 1996):

𝑒𝑐
𝑒𝑐0

=
𝑒𝑑
𝑒𝑑0

= exp
[

−
(

3𝑝
ℎ𝑠

)𝑛]

. (18)

The void ratios 𝑒𝑐0 and 𝑒𝑑0 represent thereby the corresponding void
atios at zero mean effective pressure whereby the exponent 𝑛 and the

granular hardness ℎ𝑠 are constitutive parameters. On the ASBS, the
pyknotropy factor 𝑓𝐴𝑑 for any NCL, which is defined by

𝑒𝐴 = 𝑒𝐴0 exp
[

−
(

3𝑝𝐴

ℎ𝑠

)𝑛]

, (19)

s constant. Differentiation with respect to time leads to

𝑒̇𝐴

𝑒𝐴
= 𝑛
ℎ𝑠

tr(𝝈̇𝐴)
(

3𝑝𝐴

ℎ𝑠

)(𝑛−1)

. (20)

he volumetric strain rate in the asymptotic state

𝜀̇𝐴vol = tr
(

⃗̇𝜺𝐴
)

(21)

an be expressed by using the evolution of the void ratio

̇𝐴 = (1 + 𝑒𝐴) tr
(

⃗̇𝜺𝐴
)

. (22)

ombining Eq. (15), Eq. (20), and Eq. (22) leads to

r(⃗̇𝜺𝐴)
(

1 + 𝑒𝐴
)

= 𝛾 𝑛 tr 𝝈⃗𝐴
(

3𝑝𝐴
)(𝑛−1)

. (23)
4

𝑒𝐴 ℎ𝑠 ℎ𝑠
The system of Eqs. (16) and (23) can further be used to determine
𝑓𝐴𝑑 . For this purpose, ⃗̇𝜺𝐴 can be eliminated. Eq. (16) can be rewritten
to:

⃗̇𝜺𝐴 = 𝛾∕𝑓𝐴𝑠
(

𝖫−1 ∶ 𝝈⃗𝐴
)

− 𝑓𝐴𝑑
(

𝖫−1 ∶ 𝑵
)

. (24)

Combining Eq. (23) with Eq. (24) yields

𝛾 = −

(

1+𝑒𝐴
𝑒𝐴

)

tr 𝑩

𝐺 −
(

1+𝑒𝐴
𝑒𝐴

)

tr 𝑪
𝑓𝐴𝑑 (25)

using

𝑩 = 𝖫−1 ∶ 𝑵 , (26)

𝑪 = 1∕𝑓𝐴𝑠 (𝖫
−1 ∶ 𝝈⃗𝐴), (27)

= 𝑛
ℎ𝑠

tr 𝝈⃗𝐴
(

3𝑝𝐴

ℎ𝑠

)(𝑛−1)

. (28)

‖
⃗̇𝜺𝐴‖ = 1 can be applied to Eq. (24). It leads to

=
√

(𝛾𝑪 − 𝑓𝐴𝑑 𝑩)2 (29)

or

1 = ‖𝑩‖

2(𝑓𝐴𝑑 )
2 + ‖𝑪‖

2𝛾2 − 2(𝑩 ∶ 𝑪)𝑓𝐴𝑑 𝛾. (30)

Finally, the scalar multiplier 𝛾 can be eliminated by substituting
Eq. (25) into Eq. (30). The resulting pyknotropy factor in the asymp-
totic state 𝑓𝐴𝑑 for the HP formulation reads (Mašín and Herle, 2006):

𝑓𝐴𝑑 =

√

√

√

√

√

√

√

√

⎡

⎢

⎢

⎢

⎣

‖𝑩‖

2 +

⎛

⎜

⎜

⎜

⎝

‖𝑪‖

(

1+𝑒𝐴
𝑒𝐴

)

tr 𝑩

𝐺 −
(

1+𝑒𝐴
𝑒𝐴

)

tr 𝑪

⎞

⎟

⎟

⎟

⎠

2

+
2(𝑩 ∶ 𝑪) tr 𝑩

(

1+𝑒𝐴
𝑒𝐴

)

𝐺 −
(

1+𝑒𝐴
𝑒𝐴

)

tr 𝑪

⎤

⎥

⎥

⎥

⎦

−1

. (31)

For the corresponding relative void ratio in the asymptotic state 𝑟𝐴𝑒
applies:

𝑟𝐴𝑒 =
(

𝑒𝐴 − 𝑒𝑑
𝑒𝑐 − 𝑒𝑑

)

= (𝑓𝐴𝑑 )
(1∕𝛼) (32)

t is evident that 𝑓𝐴𝑑 resp. 𝑟𝐴𝑒 according to Eq. (31) resp. Eq. (32)
depends on both the effective stress and the void ratio. It should also
be noted that the barotropy factor in the asymptotic state 𝑓𝐴𝑠 also
influences 𝑓𝐴𝑑 , see Eq. (27). Thus, for a given state, the pyknotropy
actor in the asymptotic state 𝑓𝐴𝑑 in the HP cannot be calculated

explicitly. Eq. (31) is an implicit expression for 𝑓𝐴𝑑 . However, it is
shown in the following that the ASBS of the HP formulation can be
found numerically and 𝑓𝐴∗𝑑 can be defined as described in Section 2.

Assuming that a current state (𝝈, 𝑒) is located on the ASBS, a value
of the pyknotropy factor in a projected asymptotic state 𝑓𝐴∗𝑑 can be
alculated by setting 𝝈𝐴 = 𝝈 and 𝑒𝐴 = 𝑒 in Eq. (31). For an asymptotic
tate, 𝑓𝐴∗𝑑 = 𝑓𝐴𝑑 applies. The comparison of 𝑓𝐴∗𝑑 with the current value
f the pyknotropy factor 𝑓𝑑 (Eq. (17)) enables the determination of the
tate mobilization 𝑆. If 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 = 1 = 𝑓𝑑∕𝑓𝐴𝑑 applies for a current

state, the latter is located on the ASBS. However, such states on the
ASBS can in general only be found numerically as described above.

The resulting ASBS in the HP model for sand is studied for the
triaxial stress state in different vector spaces. The used constitutive
parameters of Zbraslav sand can be found in Table 1. Fig. 3a shows
the resulting ASBS in 3D (R3) 𝑒𝑝𝑞 space while Fig. 3b presents the
ASBS in the corresponding normalized 𝑟𝑒𝑝𝑞∕𝑝 space. Fig. 4 illustrates
corresponding 2D cross sections (R2) for a constant void ratio (Fig. 4a)
and a constant mean effective pressure (Fig. 4b). The described non-
invariant shape of the ASBS is obvious. The shape of the ASBS varies
both for constant void ratio cross sections and (slightly) for constant

mean effective pressure cross sections. Furthermore, a special charac-
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Fig. 3. ASBS for the HP model for sand in the (a) 3D 𝑒𝑝𝑞 space and the (b) normalized
3D 𝑟𝑒𝑝𝑞∕𝑝 space for triaxial conditions.

teristic of sand should be emphasized: the ASBS is open for 𝑝 → 0, see
Fig. 3b.

According to Eq. (6), the HP can be reformulated incorporating the
extracted ASBS. To demonstrate the feasibility of the model, the state
mobilization 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 is calculated for a variable triaxial stress
state (𝑝, 𝑞) with a chosen constant void ratio of 𝑒 = 0.6. The resulting
distribution of 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 = 𝑓 (𝑝, 𝑞) can be seen in Fig. 5. Only states
for 𝑆 ≤ 1.0 are plotted, allowing the ASBS (𝑆 = 1) to be seen. The
edge with 𝑆 = 1 represents the ASBS in the well-known 𝑝𝑞 diagram. It
is evident that the latter has an realistic shape for the considered case
and 𝑆 < 1.0 holds for all states within the ASBS.

4. Intergranular strain concept (IS)

The hypoplastic models which have been discussed in detail so far
can be used to simulate monotonic deformations. However, an overlay
model is required to simulate cyclic deformations. In the following the
intergranular strain (IS) concept after Niemunis and Herle (1997) is
briefly introduced. The tensorial and strain-like state variable of the
so-called intergranular strain 𝒉 memorizes the current strain history.
The evolution of 𝒉 can be expressed as

𝒉̇ =

{

(𝖨 − 𝒉⃗𝒉⃗𝜌𝛽𝑟 ) ∶ 𝜺̇ if 𝒉⃗ ∶ 𝜺̇ > 0
⃗ , (33)
5

𝜺̇ if 𝒉 ∶ 𝜺̇ ≤ 0
Fig. 4. Normalized ASBS for HP model for sand for triaxial conditions in 2D (a)
constant void ratio cross sections and (b) constant mean effective pressure cross
sections.

Fig. 5. State mobilization 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 for a constant void ratio 𝑒 = 0.6 in a triaxial
stress state (𝑝, 𝑞) in the reformulated HP model for sand with extracted ASBS.
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whereby the parameter 𝛽𝑅 controls the evolution of 𝒉. The direction of
intergranular strain 𝒉⃗ is formulated as

𝒉⃗ =

{ 𝒉
‖𝒉‖ if 𝒉 ≠ 0

0 if 𝒉 = 0
(34)

and the normalized degree of mobilization of the intergranular strain
0 ≤ 𝜌 ≤ 1 can be calculated using

𝜌 =
‖𝒉‖
𝑅

, (35)

whereby the parameter 𝑅 quantifies the elastic range. For monotonic
deformations, the direction of 𝒉 tends to 𝜺̇ and its norm asymptotically
reaches 𝑅.

The original concept of intergranular strain was developed as an
overlay model for the hypoplasticity after von Wolffersdorff (1996)
(HP). All corresponding mathematical equations of HP can be found
in Appendix B. HP can be written as

𝝈̇ = 𝑓𝑠
(

𝖫 ∶ 𝜺̇ + 𝑓𝑑 𝑵 ‖𝜺̇‖
)

(36)

(Bauer, 1996; Gudehus, 1996). Using the IS concept with HP, the
resulting coupled constitutive model HP+IS can be formulated as

𝝈̇ = 𝖬 ∶ 𝜺̇, (37)

whereby the tangential stiffness 𝖬 of the model is interpolated using
the above mentioned fourth-order tensor 𝖫 and second-order tensor 𝑵
s:
=
[

𝜌𝜒𝑚𝑇 + (1 − 𝜌𝜒 )𝑚𝑅
]

𝖫+
{

𝜌𝜒
(

1 − 𝑚𝑇
)

𝖫 ∶ 𝒉⃗𝒉⃗ + 𝜌𝜒𝑵𝒉⃗ if 𝒉⃗ ∶ 𝜺̇ > 0
𝜌𝜒

(

𝑚𝑅 − 𝑚𝑇
)

𝖫 ∶ 𝒉⃗𝒉⃗ if 𝒉⃗ ∶ 𝜺̇ ≤ 0
.

(38)

Note that in Eq. (38) the factors 𝑓𝑠 and 𝑓𝑑 are already included in 𝖫

and 𝑵 . The parameters 𝑚𝑅 and 𝑚𝑇 specify the stiffness increase as a
function of the strain rate direction in relation to the direction and
mobilization of the intergranular strain 𝒉. The material parameter 𝜒
influences the interpolation in between. Due to a monotonic shearing,
Eq. (37) with (38) asymptotically tends to Eq. (36). In total, there are
13 parameters for HP+IS, 8 for HP and 5 for IS.

It becomes evident from Eq. (38) that the IS extension modifies the
base constitutive formulation (HP) concerning two aspects:

• Increase of the linear stiffness 𝖫, and
• Decrease of the non-linear term 𝑵 , i.e. of the irreversible defor-

mations.

his aspects results in a stiffer and more elastic constitutive response
fter a reversal of loading direction, which reduces the ratcheting and
llows the application of HP+IS for simulating cyclic deformations (Os-
nov, 2005; Stutz et al., 2020; Machaček et al., 2021; Staubach et al.,
021; Wotzlaw et al., 2023).

However, the IS extension exhibits several shortcomings and there-
ore the described original IS concept has already been modified by
everal authors. In the following, the most important modifications are
ummarized.

Wegener and Herle (2014) enhanced the term 𝜌𝛾𝑵𝒉⃗ (refer to
q. (38)) by replacing the exponent 𝜒 with a novel parameter 𝛾 (𝛾 >
). This modification leads to a reduction of the strain accumulation.
owever, the fixed value of 𝛾 prevents the adaptation during cycles
ith different strain amplitudes, which limits the model’s ability to
redict historiotropic effects.

Fuentes and Triantafyllidis (2015) introduced the so-called inter-
ranular strain anisotropy (ISA) model, which fundamentally reformu-
ated the original IS theory. This approach utilizes an elasto-plastic
volution of the state variable of intergranular strain and incorporates
yield surface that can be controlled using the elastic strain amplitude.

An extension to the ISA model by Poblete et al. (2016) modi-
ies the exponent controlling the irreversible deformation due to a
6

hange in loading direction into a function that gradually increases
uring repetitive cycles with small strain amplitudes and decreases
uring monotonic loading or cyclic loading with larger strain am-
litudes. Therefore a novel state variable 𝜀𝑎 was introduced. Using
his, historiotropic effects such as the well-known s-shaped pore fluid
ressure accumulation curves in undrained triaxial tests with stress
ycles (Duque et al., 2023a,b) can be modeled.

The approach by Poblete et al. (2016) was applied by Duque et al.
2020) to the original concept of IS proposing the so-called intergranular
train improvement (ISI) model. The historiotropic state variable has

been renamed to 𝛺. In accordance with the previously described pro-
cedure, this state variable is used to modify the exponent 𝛾. As a result,
the accumulation rate changes depending on 𝛺 and the historiotropic
effects can be simulated.

The works mentioned above are based on the hypoplastic model
of HP. An approach for applying the original IS concept to different
constitutive models, which do not need to include elastic stiffness
tensor in their formulation, can be found in Bode et al. (2020). Thereby
a so-called internal elastic or an external elastic model is introduced.

Recently, Alipour and Wu (2023) proposed the incorporation of
an additional memory surface within the framework of the classical
intergranular strain for the consideration of the stress history of the soil.
For this reason, both the strain and the stress history are considered
in the constitutive formulation. Based on the hypoplastic formulation
of Wu and Bauer (1994) and Wu et al. (1996), overshooting and
ratcheting can be reduced (Alipour and Wu, 2023).

5. Generalized intergranular strain concept (GIS)

The IS has been developed as an extension model of the base
constitutive HP formulation. The generalized intergranular strain (GIS)
approach presented in this work can thereby be easily applied to any
kind of constitutive model. It is also based on the tensorial state variable
of intergranular strain 𝒉. The well-known evolution Eq. (33) and the
corresponding Eqs. (34)–(35) are adopted.

It must be noted that the intergranular strain approaches an asymp-
totic value due to a sufficiently large monotonic deformation. Asymp-
totically 𝒉̇ = 0 is reached at a mobilization of intergranular strain 𝜌 = 1.
Within the framework of the novel GIS concept, a scalar factor 𝑘 is
defined as:
𝑘 = [𝜌𝜒𝑅𝑚𝑇 + (1 − 𝜌𝜒𝑅 )𝑚𝑅]+
{

𝜌𝜒𝑅 (1 − 𝑚𝑇 )𝒉⃗ ∶ ⃗̇𝜺 if 𝒉⃗ ∶ 𝜺̇ > 0
−𝜌𝜒𝑅 (𝑚𝑅 − 𝑚𝑇 )𝒉⃗ ∶ ⃗̇𝜺 if 𝒉⃗ ∶ 𝜺̇ ≤ 0.

(39)

It is worth noting the similarity between the proposed Eq. (39) for
the scalar factor 𝑘 and the interpolation of the tangential stiffness 𝖬

(Eq. (38)) in the original IS concept. Eq. (39) represents an interpola-
tion for 𝑘 depending on the current intergranular strain 𝒉, the strain
rate 𝜺̇ and the mobilization of intergranular strain 𝜌 = ‖𝒉‖∕𝑅. The
material parameter 𝑅, 𝑚𝑅, 𝑚𝑇 , and 𝜒𝑅 (renamed compared to the
original IS concept) can be used to control this interpolation between
the maximum value of 𝑘 = 𝑚𝑅 and the minimum value 𝑘 = 1. Four
special cases have to be highlighted:

• 𝑘 = 1 and 𝜌 = 1 is reached asymptotically due to a sufficient large
monotonic strain path.

• 𝑘 = 𝑚𝑅 holds for a 180◦ loading direction reversal in the case of
fully mobilized intergranular strain (𝜌 = 1).

• 𝑘 = 𝑚𝑇 holds for a 90◦ loading direction reversal in the case of
fully mobilized intergranular strain (𝜌 = 1).

• 𝑘 = 𝑚𝑅 holds for 𝜌 = 0, independent of the applied strain rate.

In analogy to the visualization of the tangential stiffness 𝖬 from
Niemunis and Herle (1997), Eq. (39) and the discussed special cases
are visualized in Fig. 6 in the two-dimensional case. The factor 𝑘 is
thereby a function of the current intergranular strain (ℎ , ℎ ), its
11 22
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Fig. 6. Scalar factor 𝑘 with the parameters 𝑚𝑅 and 𝑚𝑇 for 𝜌 = 0 and 𝜌 = 1 in the
two-dimensional case depending on strain rate 𝜀̇11 or 𝜀̇22, modified from Niemunis and
Herle (1997).

mobilization 𝜌 and the applied strain rate (𝜺̇11, 𝜺̇22). Considering the
two aspects of IS mentioned earlier, the factor 𝑘 can be used further to
fulfill the (I) scaling of the stiffness and the (II) reduction of irreversible
deformations of the base constitutive model.

In principle, the GIS concept can be applied to all hypoplastic
models. For the sake of simplicity, however, only rate-independent
hypoplastic formulations for sand are considered as base constitutive
model below, which are characterized by the degree of homogeneity
of one with respect to the strain rate (Mašín, 2019; Gudehus, 2007).
The two purposes of the scalar factor 𝑘 mentioned above can be taken
into account by modifying the Eq. (7) to

𝝈̇ = 𝑘 𝖤 ∶
(

𝜺̇ −𝒎 𝐶 𝑆(𝑘𝛾 )
‖𝜺̇‖ + 𝑓 (𝜺̇,𝜶)

)

, (40)

whereby 𝛾 can be calculated in accordance to Duque et al. (2020)
using the function 𝜒(𝛺). Thereby, a further historiotropic scalar state
ariable 𝛺, which can be physically interpreted as the so-called cyclic
preloading, is introduced. This state variable considers the amplitude
and the number of preloading cycles on the mechanical behavior of
soil. Using the material parameter 𝛾𝜒 , 𝛾 can be expressed as

𝛾 = 𝛾𝜒𝜒. (41)

With the parameters 𝜒0 and 𝜒max the function

= 𝜒0 +𝛺
(

𝜒max − 𝜒0
)

(42)

can be defined. The state variable 𝛺 evolves towards unity (𝛺 → 1) as
ong as the intergranular strain (IS) is not mobilized 𝜌 ≈ 0. It vanishes
o zero during sufficient long monotonic loading paths or cyclic loading
ith large strain amplitudes, whereby 𝜌 ≈ 1 holds. The evolution
quation reads

̇ = 𝐶𝛺 (1 − 𝜌𝛾𝛺 −𝛺) ‖𝜺̇‖. (43)

f no cyclic preloading is given or known, 𝛺0 = 0 can be initialized in
ractical problems. Details about the historiotropic effects can be found
n Duque et al. (2020, 2023c). The exponent 𝛾𝛺 has been introduced
or generalization. It provides a possibility for controlling the evolution
quation of 𝛺 independent of the base constitutive model. It should be
oted that 𝛾𝛺 = 𝛾 can be used following Duque et al. (2020) in the case
f a coupling with the HP formulation. Four special cases of Eq. (43)
an be emphasized:

• 𝛺 = 0 and 𝜌 = 0 leads to an increase of 𝛺 with 𝛺̇ > 0.
• 𝛺 = 0 and 𝜌 = 1 reduces the evolution of 𝛺 to 𝛺̇ = 0.
7

• 𝛺 = 1 and 𝜌 = 0 reduces the evolution of 𝛺 to 𝛺̇ = 0.
• 𝛺 = 1 and 𝜌 = 1 leads to a decrease of 𝛺 with 𝛺̇ < 0.

hese limits indicate that 0.0 ≤ 𝛺 ≤ 1.0 applies. The trend of 𝛺
nly increases with the number of cycles in the case of an initializa-
ion of 𝛺0 = 0 and due to a drained cyclic triaxial loading with a
rescribed constant deviatoric stress amplitude. Thereby, the so-called
yclic preloading history or historiotropic effects becomes evident.

It is important to emphasize a further important aspect of the novel
IS formulation. A comparison of Eq. (7) with Eq. (40) reveals that
vershooting of a defined state with 𝑆 = 1 of the base constitutive
odel cannot occur due to the fact that 𝑆 = 1 is not (!) influenced by

the GIS modification. In the case of a defined limit state, an overshoot-
ing of the overall soil strength is prevented (𝑆 = 𝑌 = 1). In the case
f an explicitly defined or even extracted asymptotic state boundary
urface (ASBS), overshooting of the ASBS (𝑆 = 1) is prevented. In other
ords, even if the state variable of intergranular strain evolves in the

train space, its effect on the mechanical behavior of the soil is limited
n the stress space.

This advantage over the original IS model will be demonstrated in
ection 6 using numerical examples. It must be noted that the GIS can
nly improve the intergranular strain concept. The response and the
efects of the base constitutive model can of course not be eliminated.

Note furthermore that an original incrementally non-linear model
emains incrementally non-linear even after coupling with the GIS,
hereas using the IS concept, the model becomes incrementally bi-
inear (Tamagnini and Viggiani, 2002).

In hypoplastic base constitutive models, the GIS approach must
odify the irreversible components of the base constitutive model to

void excessive ratcheting. In the elasto-plastic theory, ratcheting is not
problem due to the elastic un- and reloading. A simple scaling of stiff-
ess in elasto-plastic formulations can however be used to incorporate
ysteretic behavior. Elasto-plastic formulations of the general form

̇ = 𝖤el ∶
(

𝜺̇ − 𝜺̇pl) (44)

an be modified using the GIS by scaling the elastic stiffness:

̇ = 𝑘 𝖤el ∶
(

𝜺̇ − 𝜺̇pl) . (45)

lso the elasto-plastic stiffness should be modified using Eq. (45).
evertheless, this use of the GIS concept in this base model type is not

n the focus of the current work. In the following, the GIS concept is
emonstrated using the widespread hypoplastic formulation for sand
fter von Wolffersdorff (1996) (HP+GIS).

. Hypoplasticity after von Wolffersdorff coupled with general-
zed intergranular strain (HP+GIS)

The feasibility of the GIS concept and its benefits over the IS concept
re demonstrated using the HP as a base constitutive model. The
etailed mathematical formulation of HP can be found in Appendix B.
s pointed out in Sections 2 and 3, the HP model for sand can be refor-
ulated using the extracted ASBS. Therefore, the HP can be expressed
sing Eq. (7) with the state mobilization 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 . The resulting
ormulation can be coupled further with the GIS concept according
o Eq. (40). It is worth mentioning that the HP formulation can also
e coupled with the GIS concept using 𝑆 = 𝑌 without considering the
xtracted ASBS, see Section 2. Such an approach should be used if the
SBS does not exist or cannot be extracted in the base model. However,

he formulation including an extracted ASBS is recommended since it
revents the overshooting of the entire ASBS, as explained subsequently
n detail.

In addition to the 8 parameters of HP and the 5 parameters of the
lassical IS concept, 5 parameters for the consideration of the histori-
tropic effects are needed in the coupled HP+GIS formulation. All the
ollowing numerical simulations were carried out using a parameter
et for Zbraslav sand, a quartz sand from the vicinity of the Czech
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Table 1
Set of constitutive parameters of Zbraslav sand used in this study: (top) parameters
for HP, (bottom left) parameters for IS as well as GIS and (bottom right) additional
parameters for GIS for the consideration of historiotropic effects, modified from Duque
et al. (2023c).

HP

𝜑𝑐 𝑒𝑖0 𝑒𝑐0 𝑒𝑑0 ℎ𝑠 𝑛 𝛼 𝛽
[◦] [–] [–] [–] [kPa] [–] [–] [–]

34 1.027 0.893 0.520 111 746 0.346 0.15 2.2

IS/GIS GIS

𝑅 𝑚𝑅 𝑚𝑇 𝛽𝑅 𝜒𝑅 𝛾𝜒 𝜒0 𝜒max 𝐶𝛺 𝛾𝛺
[–] [–] [–] [–] [–] [–] [–] [–] [–] [–]

10−4 5 2.5 0.1 4.0 1.7 0.8 1.5 45 1.0

Republic’s capital Prague. Details about the Zbraslav sand can be found
in the literature (Duque et al., 2023a,b,c). The original HP+IS model is
compared with the new HP+GIS model hereinafter. The parameter set
used is given in Table 1. All simulations which follow are performed
using the freely available program code IncrementalDriver (Niemunis,
2022) and a corresponding implementation of the constitutive formu-
lations using an ABAQUS subroutine umat.for. The implementation has
been made freely available at the www.soilmodels.com website.

6.1. Prevented overshooting of asymptotic states

As already described and justified theoretically, the GIS concept
does not overshoot the ASBS if the base model is formulated using the
state mobilization 𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 since 𝑆 = 1 is not affected. Apart of the
more general applicability of the model to different base formulations,
this is one of the key advantages of the novel HP+GIS over the old
HP+IS. It is demonstrated using element test simulations below.

6.1.1. Triaxial test
First, a drained triaxial compression test on an initially dense sample

is considered. The simulations start from an isotropic initial stress state
of 𝑝0 = 100 kPa and an initial void ratio of 𝑒0 = 0.595 (𝐼𝐷0 = 0.8). The
intergranular strain is fully mobilized with ℎ𝑎0 = ℎ𝑟0 = −𝑅∕

√

3 in the
initial state and the historiotropic variable is initialized to𝛺0 = 0. Three
constitutive formulations are compared: HP, HP+IS, and HP+GIS. Note
that for HP+IS the state variable 𝛺 and for HP the state variables 𝛺
and 𝒉 are not considered.

The drained triaxial compression test considers an unloading of
𝛥𝜎𝑎 = 70 kPa after −𝜀𝑎 = 10% axial strain, followed by a reloading.
The resulting deviatoric stress 𝑞 as a function of the axial strain 𝜀𝑎 is
illustrated in Fig. 7.

It becomes evident that HP without any small strain overlay model
(IS or GIS) exhibits the well-known problem of ratcheting due to the
un- and reloading. The stiffness at the reloading stage is thereby com-
parable (not identical, due to the different void ratios) to the stiffness at
virgin loading, which leads to a substantially too soft material response
and unrealistically large deformations.

Using HP+IS, the stiffness in the reloading stage is significantly
increased compared to the corresponding stiffness at the virgin loading.
This prevents ratcheting for certain stress or strain amplitudes. How-
ever, the stress–strain curve overshoots the continuation of a previous
curve significantly. This results in an overestimation of the strength of
the soil, which is called overshooting (Duque et al., 2022). It should be
mentioned that the simulated unloading corresponds approximately to
a strain of 𝛥𝜀 ≈ 𝑅 where overshooting is maximally pronounced (Tafili
et al., 2024). Note that the overshooting is reduced resp. vanishes for
𝛥𝜀𝑎 → 0 and for 𝛥𝜀𝑎 ≫ 𝑅.

In HP+GIS, both undesired effects (ratcheting and overshooting)
are avoided respectively significantly minimized. The stiffness due to
8

reloading is significantly increased, however, the maximum deviatoric
Fig. 7. Drained triaxial tests with an un- and reloading with HP (black), HP+IS (red),
and HP+GIS (blue).

Fig. 8. Intergranular strain component ℎ𝑎 as a function of the axial strain 𝜀𝑎 in
the drained triaxial test incorporating an unloading of 𝛥𝜎𝑎 = 70 kPa and subsequent
reloading.

Fig. 9. Historiotropic state variable 𝛺 as a function of the axial strain 𝜀𝑎 in the drained
triaxial test incorporating an unloading of 𝛥𝜎𝑎 = 70 kPa and subsequent reloading.

stress exceeds only slightly the expected continued monotonic path
from virgin loading. This positive property is attributed to the unaf-
fected state mobilization on the ASBS with 𝑆 = 1, which corresponds
in the case of a monotonic triaxial test to the asymptotically reached
critical state.

Fig. 8 presents the axial component of intergranular strain ℎ𝑎 as a
function of axial strain for the simulations with HP+IS and HP+GIS.
Due to the prescribed stress path (even if the simulations must be
performed mixed controlled), both models result in slightly different
strain paths, which explains the observed differences in the intergranu-

lar strain. However, the intergranular strain paths appear very similar.

http://www.soilmodels.com
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Before unloading, the intergranular strain is completely mobilized 𝜌 ≈ 1
due to the monotonic deformation. Significant changes in the inter-
granular strain occur as a result of changes in the loading direction.
Asymptotically, 𝜌 = 1 is reached again.

The HP+GIS includes the historiotropy variable 𝛺, whose evolution
as a function of axial strain is shown in Fig. 9. It becomes evident
that a small build-up of 𝛺 is caused by the change in the direction
of loading. However, the subsequent monotonic deformation decreases
omega again, leading to an asymptotic value of 𝛺 = 0.

6.1.2. Oedometric test
As described above, the advantages of the formulation of HP using

the extracted ASBS consist in the fact that due to 𝑆 = 1 on each
asymptotic state, an overshooting of the latter is significantly reduced
if the model is coupled with the GIS concept. This is demonstrated in
the following using simulations of oedometric compression tests with
different initial states. The first one is chosen to be located on the
oedometric NCL, which means on the ASBS (𝑆 = 1, 𝑓𝑑 = 𝑓𝐴𝑑 = 𝑓𝐴∗𝑑 and
a corresponding anisotropic stress state 𝝈𝐴 with −𝜎𝑎 = 1 kPa). This state
was found iteratively as described in Section 3. In the second initial
state, an initial void ratio of 𝑒0 = 0.873 (𝑟𝑒0 = 1.0 < 𝑟𝐴𝑒 ) is chosen, which
corresponds to 𝑆 < 1. In both initial states, the intergranular strain is
initialized to be fully mobilized in axial direction ℎ𝑎0 = −𝑅, and the
historiotropic variable is set to 𝛺0 = 0.

In addition to the two monotonic paths, simulations with three
unloading stages of 𝛥𝜀𝑎 = −𝑅 including the small strain extension
and 𝛥𝜀𝑎 = −𝑅 𝑚𝑅 without the small strain extension were conducted.
The resulting void ratio 𝑒 is plotted for all simulations as a function of
the axial stress 𝜎𝑎 in Fig. 10a for the simulations using HP+IS and in
Fig. 10b using HP+GIS.

First of all, it can be seen that all oedometric compression curves
tend asymptotically towards the oedometric NCL. This confirms that
the state tends asymptotically to the ASBS. If the IS or GIS concept is
not taken into account, the well-known ratcheting can be observed. The
latter can be addressed using the IS or the GIS extension. However, it
can be seen that simulations with HP+IS leads to a strong overshooting
of the corresponding monotonic path. The logarithmic axis should be
noted.

For states inside of the ASBS (𝑆 < 1), an overshooting of the cor-
responding monotonic path occurs also using the HP+GIS formulation.
However, the odometric NCL (ASBS) is exceeded only slightly and the
overshooting of the ASBS (𝑆 = 1) compared to the HP+IS formulation
is significantly reduced. This constitutive property is caused by the
reformulated HP model using the extracted ASBS and the coupling with
the GIS formulation. It should be noted that the prevented overshooting
of an oedometric NCL could not be seen using 𝑆 = 𝑌 instead of
𝑆 = 𝑓𝑑∕𝑓𝐴∗𝑑 .

However, the small exceed of the monotonic path in the HP+GIS
should be discussed briefly. This can be seen in the triaxial test (Fig. 7)
as well as in the odometric test (Fig. 10b). As a result of the un-
loading, the current state of the soil changes. The resulting value of
𝑓𝐴∗𝑑 upon reloading therefore does not correspond to the one of the
virgin loading. Strictly speaking, the asymptotic state assumed in the
base model at the beginning of the reloading and does not correspond
to the one at the beginning of the unloading. These changes in the
state also occur for the simulations without the GIS concept using only
the HP. However, due to the much smaller stiffness without the GIS
extension, the path does not exceed the monotonic one. Combined with
the increased stiffness due to the GIS concept, slight overshooting may
result.

6.2. Accumulation due to undrained cyclic loading

Accumulative effects due to cyclic deformation in the soil pose a
major challenge for constitutive modeling. In the original IS concept,
these accumulation effects occur as by-products of the calculation
9

Fig. 10. Oedometric compression tests with monotonic deformation (red) and three
small un- and reloading stages simulated using the HP model with (blue) and without
(black) small strain overlay models: (a) HP+IS and (b) HP+GIS.

and could not be directly influenced. It must also be mentioned that
(artificial) accumulation can occur as a result of a hypoelastic behavior
of the base constitutive model (Poblete et al., 2016; Mugele et al.,
2024a). To avoid this, a hyperelastic stiffness should be introduced in
the base constitutive model, as for example in Grandas-Tavera et al.
(2020) and Mugele et al. (2024b). It needs to be emphasized that the HP
includes a hypoelastic linear part and therefore artificial accumulations
can occur.

Assuming that the artificial accumulation effects can be neglected,
the accumulation rate due to cyclic deformation can be mainly con-
trolled in HP+GIS by adjusting the parameter 𝛾𝜒 . To illustrate this,
a cyclic undrained triaxial test with a prescribed strain amplitude of
𝜀ampl
𝑎 = −2 𝜀ampl

𝑟 = 5 ⋅ 10−4 is considered. The simulations start at
an isotropic stress state of 𝑝0 = 200 kPa, a void ratio of 𝑒0 = 0.6915
(𝐼𝐷0 = 0.5), an intergranular strain of 𝒉0 = 𝟎, and a historiotropic
variable of 𝛺0 = 0. Five subsequent cycles are simulated. Fig. 11a
shows the resulting stress path in the 𝑝𝑞 diagram for simulations using
HP, HP+IS, and HP+GIS. Two values of 𝛾𝜒 are used in the latter case
(𝛾𝜒 = 1.7 and 𝛾𝜒 = 1.5). The resulting stress–strain curves are shown in
Fig. 11b.

It can be seen that the base constitutive model HP alone results in
excessive stress relaxation. In addition, there is almost no hysteretic
behavior. On the other hand, HP+IS, leads to a realistic accumulation
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Fig. 11. Undrained cyclic triaxial tests with predefined strain amplitude 𝜀ampl
𝑎 = 5 ⋅10−4

for HP (black), HP+IS (red) and HP+GIS (blue): (a) stress path in the 𝑝𝑞 diagram and
(b) deviation stress 𝑞 as a function of axial strain 𝜀𝑎.

and hysteric behavior. However, the accumulation rate in the HP+IS
cannot be controlled. The hysteretic behavior is achieved through
a significant increase in stiffness after a load direction reversal, see
Fig. 11b.

The use of HP+GIS also results in a pronounced hysteretic behavior.
In addition, the accumulation effects can be influenced by adjusting the
material parameter 𝛾𝜒 . Larger values of 𝛾𝜒 lead to lower accumulation
effects. The slightly changing hysteretic curves of the simulations us-
ing HP+GIS are due to different mean effective pressure and due to
historiotropic effects which are discussed in detail in Section 6.4.

6.3. Stiffness degradation and damping curves

The secant shear stiffness modulus 𝐺 of soil is strongly dependent
on the corresponding shear strain amplitude 𝛾ampl. The stiffness is
significantly higher at small shear strain amplitudes than at larger ones.
As the shear strain amplitude increases, the damping of the material
also increases. Damping can be neglected for small shear strains with
high stiffness. These effects can have significant relevance in solving
geotechnical problems (Simpson, 1992; Benz et al., 2009b; Cudny and
Truty, 2020) and should therefore be considered adequately.

Essentially, these small-strain effects can be modeled using both
HP+IS and HP+GIS, as these overlay models are designed to address
10
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Fig. 12. Cyclic simple shear tests with varying shear strain amplitude using the HP+IS
and HP+GIS: (a) secant shear stiffness modulus 𝐺 and (b) damping ratio 𝐷 as a function
f the shear strain amplitude 𝛾ampl

12 for HP+IS (red) and(HP+GIS (blue).

hem. However, the question arises whether the new GIS concept is
omparable to the original IS concept. To calculate the secant stiffness
egradation as a function of the applied shear strain amplitude and the
orresponding damping curve, cyclic simple shear tests with 𝜎̇11 = 0 =
̇ 22 = 𝜀̇33 = 𝜀̇13 = 𝜀̇23 and a variation of the shear strain amplitude
ampl
12 = 0.5𝛾ampl

12 are considered. In all simulations, an isotropic initial
tress state of 𝑝0 = 100 kPa, a void ratio of 𝑒0 = 0.6915 (𝐼𝐷0 = 0.5), an
ntergranular strain 𝒉0 = 𝟎, and the historiotropic variable 𝛺0 = 0 is
nitialized.

The secant shear stiffness 𝐺 and the damping 𝐷 can be calculated
n the post-processing using the resulting hysteric 𝜎12 − 𝛾12 curves. The
rd cycle of the cyclic simple shear tests is therefore used in this study.
ig. 12a visualizes the resulting degradation curve of the secant shear
tiffness and Fig. 12b the corresponding damping curve for both the
P+IS and HP+GIS models. Note that in these figures the mathemat-

cal derivation of stiffness modulus 𝐺 and damping ratio 𝐷 is shown
raphically. The GIS concept leads to very similar curves compared
o the IS concept, which corresponds to the generally expected soil
ehavior. Based on a high stiffness and negligible damping at small
trains, the stiffness reduces, and the damping increases with increasing

hear strain amplitude.
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Fig. 13. Undrained cyclic triaxial tests with predefined stress amplitude 𝑞ampl = 50 kPa
for HP+IS (red) and HP+GIS (blue): (a) accumulation of normalized pore fluid pressure
𝑝𝑓 ∕𝑝0 and (b) evolution of the state variable 𝛺 with the number of cycles 𝑁 .

6.4. Historiotropic effects

Accumulative effects in soil due to cyclic loading are highly non-
linear with respect to the number of cycles 𝑁 . These historiotropic
effects can be seen for example in the well-known s-shaped pore fluid
pressure accumulation curves in undrained triaxial tests with stress
cycles (Duque et al., 2023b,a). Historiotropic effects are considered in
the GIS concept following Duque et al. (2020) by the additional scalar
state variable 𝛺, see Eqs. (41)–(43).

To demonstrate the effect of 𝛺, a cyclic and undrained triaxial
test with a stress amplitude 𝑞ampl = 50 kPa is analyzed. An isotropic
stress state 𝑝0 = 200 kPa, a void ratio of 𝑒0 = 0.6915 (𝐼𝐷0 = 0.5),
an intergranular strain 𝒉0 = 𝟎, and 𝛺0 = 0 is initialized. For such
tests, so-called s-shaped curves representing the accumulation of the
pore fluid pressure 𝑝𝑓 as a function of the number of cycles 𝑁 are
expected (Wichtmann, 2016; Wichtmann and Triantafyllidis, 2016;
Duque et al., 2023a,b). The build-up of pore fluid pressure is fast for
the first cycles, followed by a slower and finally a faster accumulation.

The simulated curves of the pore fluid pressure accumulation re-
sulting from HP+IS and HP+GIS are shown in Fig. 13a. It can be seen
that the accumulation rate is almost constant in simulations with the
HP+IS. This leads to an accumulation of pore fluid pressure that is
11
approximately proportional to the number of cycles, which is not con-
sistent with experimental observations (Wichtmann, 2016; Wichtmann
and Triantafyllidis, 2016; Duque et al., 2023a,b).

In contrast, the calculation using HP+GIS including the state vari-
able 𝛺 shows the expected experimentally observed s-shaped curve of
the pore fluid pressure accumulation. The variation of the accumulation
rate is attributed to the state variable 𝛺. Its evolution is shown in
Fig. 13b. The smaller 𝛺, the faster the accumulation. 𝛺 is small due to
the corresponding initialization at the beginning and due to the large
strain amplitudes at the end of the simulation. In between, there is a
build-up of 𝛺 due to small shear strain amplitudes (Duque et al., 2020).

7. Conclusion

In this work, the generalized intergranular strain (GIS) approach,
based on the intergranular strain concept (IS) after Niemunis and Herle
(1997) resp. the intergranular strain improvement (ISI) formulation af-
ter Duque et al. (2020), is introduced and its feasibility is demonstrated
using simulations with the base constitutive model of hypoplasticity
after von Wolffersdorff (1996) (HP). The latter is expressed using an
extracted asymptotic state boundary surface (ASBS). Using this formu-
lation, the ASBS can also be visualized for sand. The GIS approach
presented here shows three major advantages over the base version of
IS:

1. The approach can be adopted to other hypoplastic and also non-
hypoplastic models.

2. The approach prevents the overshooting effect.
3. Accumulative effects can be realistically modeled while taking

historiotropic effects with an additional scalar state variable 𝛺
into account. The latter advantage is adopted from the ISI formu-
lation.

Finally, it should be noted that the shortcomings of the base HP
model are beyond the scope of the current paper. Some of them have
recently been discussed in the context of neohypoplasticity (NHP)
(Niemunis et al., 2016; Niemunis and Grandas-Tavera, 2019; Mugele
et al., 2024b).
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Appendix A. Notation and abbreviations

The conventional mechanical sign convention is used throughout
this paper. Extension strains and tensile stress are therefore positive.
Second-order tensors are written in bold letters (e.g. 𝝈 or 𝑵), with
‖ ⊔ ‖ denoting the Euclidean norm and tr(⊔) representing the sum of
diagonal components of the corresponding tensor ⊔. Normalized tensors
are denoted as ⊔⃗ = ⊔∕‖⊔‖. The deviatoric part of a second-order tensor
⊔ is denoted with ⊔∗. Fourth-order tensors are symbolized using capital
sans-serif letters (e.g. 𝖬). The symbol ⋅ denotes multiplication with one
dummy index (single contraction), for instance, the scalar product of
two first-order tensors can be written as 𝒂 ⋅ 𝒃. The multiplication with
two dummy indices (double contraction) is written using a colon, for
example, 𝑨 ∶ 𝑩. Dyadic multiplication is written as 𝒂𝒃. The unit tensor
of second-order (𝜹) and fourth-order tensor (𝖨) are defined. Stresses
are effective in the sense of Therzaghi and the Roscoe invariants 𝑝 =
− tr(𝝈)∕3 and 𝑞 = 𝜎𝑟−𝜎𝑎 = 𝜎2−𝜎1 are used for triaxial stress states. The
following abbreviations are considered:

ASBS Asymptotic state boundary surface
NCL Normal compression line
HP Hypoplasticity after von Wolffersdorff (1996) (HP)
NHP Neohypoplasticity (Niemunis et al., 2016; Niemunis

and Grandas-Tavera, 2019; Mugele et al., 2024b)
IS Intergranular strain after Niemunis and Herle (1997)
ISA Intergranular strain anisotropy (Fuentes and

Triantafyllidis, 2015)
ISI Intergranular strain improvement (Duque et al., 2020)
GIS Proposed generalized intergranular strain concept

Appendix B. HP formulation after von Wolffersdorff (1996)

This appendix summarizes the mathematical formulation of the
hypoplastic model after von Wolffersdorff (1996) (HP). The model
assumes the relation between the stress rate and the strain rate

𝝈̇ = 𝑓𝑠𝖫 ∶ 𝜺̇ + 𝑓𝑠𝑓𝑑𝑵‖𝜺̇‖ (B.1)

ith

= 1
𝝈̂ ∶ 𝝈̂

(𝐹 2𝖨 + 𝑎2𝝈̂𝝈̂) (B.2)

nd

= 𝐹𝑎
𝝈̂ ∶ 𝝈̂

(𝝈̂ + 𝝈̂∗), (B.3)

here 𝐼𝑖𝑗𝑘𝑙 = 0.5(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) is a fourth-order unity tensor and 𝜹 is a
econd-order unity tensor with

̂ = 𝝈
tr(𝝈)

and 𝝈̂∗ = 𝝈̂ − 1
3
𝜹 (B.4)

ith

=
√

3
8
(3 − sin𝜑𝑐 )

sin𝜑𝑐
(B.5)

nd

=

√

1
8
tan2 𝜓 +

2 − tan2 𝜓

2 +
√

2 tan𝜓 cos (3𝜃)
− 1

2
√

2
tan𝜓 (B.6)

with

tan𝜓 =
√

3‖𝝈̂∗
‖ (B.7)

and

cos (3𝜃) = −
√

6
tr(𝝈̂∗ ⋅ 𝝈̂∗ ⋅ 𝝈̂∗)
[𝝈̂∗ ∶ 𝝈̂∗]3∕2

. (B.8)

he scalar factors 𝑓𝑠 and 𝑓𝑑 take into account the influence of mean
ffective pressure and density:

𝑠 =
ℎ𝑠
𝑛

( 𝑒𝑖
𝑒

)𝛽 1 + 𝑒𝑖
𝑒𝑖

(

− tr 𝝈
ℎ𝑠

)1−𝑛

[

3 + 𝑎2 − 𝑎
√

3
(

𝑒𝑖0 − 𝑒𝑑0
)𝛼]−1, (B.9)
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𝑒𝑐0 − 𝑒𝑑0
𝑑 =
(

𝑒 − 𝑒𝑑
𝑒𝑐 − 𝑒𝑑

)𝛼
. (B.10)

he characteristic void ratios (𝑒𝑖, 𝑒𝑐 and 𝑒𝑑) decrease with the mean
ressure according to the relation

𝑒𝑖
𝑒𝑖0

=
𝑒𝑑
𝑒𝑑0

=
𝑒𝑐
𝑒𝑐0

= exp
[

−
(

3𝑝
ℎ𝑠

)𝑛]

. (B.11)

The model requires 8 parameters: 𝜑𝑐 , ℎ𝑠, 𝑛, 𝑒𝑑0, 𝑒𝑐0, 𝑒𝑖0, 𝛼 and 𝛽.
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