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1. Introduction

As renewable energy technology advances, the need for
large-scale energy storage becomes crucial to ensure continuous
power supply from intermittent renewable sources.[1,2] The flow

battery (FB) promises to balance grid
demand and supply due to its unique
design, to allow for an independent scal-
ability of capacity and power, to be environ-
mentally friendly, and to reach extended
life cycles.[3,4] However, its high capital
costs and relatively low energy density still
inhibit widespread use.[5]

The FB is composed of two independent
reservoirs holding separated electrolyte sol-
utions and a stack of electrochemical cells.
These incorporate two porous, carbonic
electrodes separated by an ion transport
membrane. During operation, the electro-
lytes are pumped through the electrochemi-
cal cell, where the redox reaction takes place
at the surface of the porous electrodes.
Subsequently, the charged or discharged
electrolyte circulates back into the respective
reservoir.[6,7] The all-vanadium system has
been the most studied and developed FB
system so far, since it profits from the four
stable oxidation states of vanadium and their
good solubilities.[8–10]

Simulation methods represent suitable
tools for acquiring a deeper understanding of the battery’s mul-
tifaceted physical processes and for forecasting its performance
for a number of operational scenarios. The modeling techniques
employed to investigate FB constituents and their performances
encompass a broad spectrum of length scales. Shah et al. intro-
duced a dynamic 2D model that integrates mass, momentum,
and charge conservation principles, along with a kinetic repre-
sentation of vanadium reactants.[11] This model was subse-
quently expanded to also cover thermal effects through the
inclusion of an energy balance equation.[12] Furthermore, gas-
sing side reactions like hydrogen evolution and oxygen evolution
were taken into account.[13] Shah et al. also developed a dynamic
unit cell model that established a relationship between process
time, conditions, and state of charge.[14] Building upon
Shah’s transient 2D models, Ma et al. extended the stationary
2D cell model previously proposed by You et al.[15] to a steady-
state 3D model for the negative half-cell of a (VRFB).[16]

Subsequently, other researchers adapted this model to optimize
FB featuring flow-through porous electrodes.[17–19]

Topology optimization[20,21] gained importance in recent years
and is presently used in various disciplines. Originating from
structural mechanics and additive manufacturing,[22–24] this
method is also used in fluid dynamics,[25,26] in fuel cell,[27–30]

and FB technology. In the latter case, mostly the flow field or
manifold of the cell as well as electrode properties are optimized.
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This research focuses on the improvement of porosity distribution within the
electrode of an all-vanadium redox flow battery (VRFB) and on optimizing novel
cell designs. A half-cell model, coupled with topology and shape optimization
framework, is introduced. The multiobjective functional in both cases aims to
minimize pressure drop while maximizing reaction rate within the cell. Topology
optimization results reveal dependencies on initial value, porosity constraint, and
flow rate. The distribution with lower porosity is preferred downstream of the inlet
manifold. This design enhances active surface area, thus facilitating more effective
conversion of incoming educts and improving mass transport of products.
Compared to homogeneous electrodes, two-part design demonstrates superior
performance at specific porosity values. For combined porosities of 0.7 and 0.95,
optimized distribution results in 81 % reduction in pressure drop, while conversion
rate decreases by 7%. As regards various cell designs, optimization suggests a
need to reconsider the vertical format of a rectangular cell. Horizontal cells are
favored for nearly all porosities and flow rates. Trapezoidal and radial designs
characterized by reduced downstream cross sections lead to higher pressure drops
and are not preferred. This work provides further valuable insight into optimizing
VRFB electrodes and challenges conventional cell design assumptions.
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Yaji et al.[31] introduced a 2D topology optimization method for
the flow fields of the VRFB as a maximization problem of the
generation rate of vanadium species. Instead of a electrochemical
reaction formulation, a simplified term was used to account for
species generation. They identified the interdigitated flow field as
the optimized configuration and revealed that the dimensioning
of the electrode thickness is affected by porosity and pressure
loss settings. Based on this work, Chen et al.[32] applied a 3D
topology optimization model for the VRFB using electrochemical
Butler–Volmer-type reaction kinetics. They revealed that the
interdigitated-type flow field is best under the investigated
operating conditions. Beck et al.[33] presented a computational
optimization of a VRFB half cell to design 3D porous electrodes
composed of unit cells incorporating spatially varying geome-
tries. The porosity was redistributed to minimize power loss
within the electrode. They found a variable porosity distribution
leading to higher power efficiencies across operating flow direc-
tions and currents. Gilmore et al.[34] applied 2D topology optimi-
zation to adaptable manifold configurations that can be used for
FB among others. They found an experimentally validated and
optimal so-called baffle configuration that minimized pressure
loss. He et al.[35] developed a 3D VRFB model to understand
the effects of the electrode’s structural parameters on battery per-
formance. Among other things, they investigated gradient poros-
ity within the electrode and found that large porosity can
minimize concentration overpotentials and reduce pressure loss.
Roy et al.[36] used density-based topology optimization for the
design of porous electrodes in different electrochemical applica-
tions. The optimization problem was formulated to minimize
energy loss in a half-cell. They found nontrivial optimized
designs showing improved performance over monolithic single-
porosity electrodes in terms of effective conductivity and energy
loss. Lin et al.[37] extended the work from Beck et al.[33] to utilize
topology optimization for generating flow field designs with well-
defined solid and liquid regions. As pioneers in the field, they
devised an optimization strategy using a multiobjective cost func-
tion that aims at concurrent minimization of electrical and flow
pressure power losses. They found an optimized, interdigitated
flow field design with 3D ramp features that lead to a better dis-
tribution of reactant and reaction. Charoen-amornkitt et al.[38]

developed a topology optimization model of porosity distribution
in a reaction-diffusion system. They connected the numerical
approach with an entropy generation analysis to obtain a physical
understanding. The results showed a slight improvement in
maximizing the response within the reactor for 0D and 1D cases,
while optimization for higher dimensionalities yielded
significant improvements. Wang et al.[39] introduced topology
optimization of microchannel reactors using an improved multi-
objective algorithm based on the weighted-sum method. They
found that geometries and fluid properties have significant
impact on the optimal topology for both Newtonian and non-
Newtonian fluids.

The porous electrode within an FB is a key component influ-
encing charge and mass transport. Most systems use felt electro-
des consisting of carbonized polymer-based fibers of the
micrometer scale. For optimal operation, they must provide a
large active surface area for the electrochemical reaction, but also
high porosity to minimize pressure loss.[40] Hence, optimizing

electrode material and design can lead to a significant improve-
ment in performance and cost reduction.[41]

In most modeling approaches, however, the porosity of the
electrode is assumed to be homogeneously distributed. In prac-
tice, the porosity of the electrode varies locally due to manufactur-
ing tolerances or clamping pressures. According to Guan et al.[42]

this results in low-flow-rate regions or dead zones, leading to
concentration overpotential or undesirable side reactions.
Prumbohm et al.[43] showed that homogenized models cannot
be used to predict the partly inhomogeneous flow distribution
observed experimentally within the electrode. Recently, Wan
et al.[44] presented a method based on nonsolvent-induced phase
separation (NIPS), allowing for the consistent production of elec-
trodes without macrovoids and featuring clearly defined porosity
gradients across the thickness. They observed that the perfor-
mance remains consistent regardless of the direction of the
porosity gradient and is comparable to that of state-of-the-art
electrodes documented in current literature.

As previously noted, the primary emphasis has been
on optimizing the flow field, flow rate, and electrode
configuration.[37,45–47] The conventional rectangular vertical-
format cell design, which is commonly accepted, has seldom
been subject to questioning. Gurieff et al.[17] explored novel
design concepts for flow-through electrodes, including rectangu-
lar, trapezoidal, and radial geometries. These designs aim to
enhance velocity from the inlet to the outlet, thereby improving
mass transport within the cell. Gurieff et al.[48] also investigated
the combination of static mixers within wedge-shaped cells to
improve performance. They found a design with a 12% lower
pressure drop. Kok et al.[49] investigated the morphology of elec-
trode structures and the cell architecture of a hydrogen–bromine
FB with a interdigitated flow-through configuration. They found
that the width of the domain is crucial in terms of reaction rate,
meaning that the narrowest rib performed best. Meng et al.[50]

introduced the first trapezoidal cell design for FB. They used
a stepping optimization method to reduce the concentration
polarization at constant porosity. They discovered that the novel
structure was efficient in improving mass transport and reducing
polarization without an increase in energy consumption.

Despite existing research, the optimal porosity distribution
within the electrode and optimal geometric dimensions of novel
cell designs remain unclear. The question arises whether a
homogeneous porosity distribution is ideal. Our study addresses
this gap with a twofold objective: First, determining the optimal
porosity distribution through topology optimization and second,
exploring the existence of an optimal geometry for novel FB cell
designs through shape optimization. To achieve this, we
introduce a 2D half-cell model of an experimental VRFB,
implemented in COMSOL Multiphysics and validated using
experimental data. In contrast to prior research that focused
on idealized cells, our contribution utilizes an experimentally val-
idated cell model. Moreover, previous work predominantly con-
centrated on the individual optimization of either total power loss
or reaction rate, while our approach formulates a multiobjective
functional to simultaneously enhance the reaction rate and
reduce pressure drop within the cell. This dual optimization
aims to identify the optimal compromise between these
opposing factors. While several novel cell designs have been
introduced, their optimal geometric dimensions have not
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undergone systematic optimization utilizing a multiobjective
functional.

In this manuscript, we begin by describing the underlying
modeling and optimization approaches in Sections 2 and 3,
respectively. The experimental validation of the model is pre-
sented in Section 4. In Section 5, we discuss the findings relating
to topology optimization of porosity distribution.

The impact of flow rate on the porosity distribution is
presented for three distinct intervals and one of the determined
distributions is compared against electrodes with homogeneous
porosity. Finally, the topology optimization is applied to novel cell
geometries introduced by Gurieff et al.[17] These include a rect-
angular design in a horizontal-format orientation, a trapezoidal
design, and a radial design. Additional information about the
impact of initial values and single- and multiobjective optimiza-
tion can be found in the Appendix. A sensitivity study quantify-
ing the influence of model parameters on the porosity
distribution and on cell performance is presented as well. In
Section 6, shape optimization calculations are conducted for
the novel designs to determine their optimal geometric dimen-
sions. Specifically, this involves identifying the optimal height
and height-to-width ratio for the rectangular cell, determining
the optimal top-to-bottom width ratio for the trapezoidal design,
and finding the optimal angle for the radial design.

2. Flow Battery Model

The computational model employed in this study is aimed at a
detailed investigation of the half cell of a VRFB. Throughout the
charging and discharging processes, the reactions occurring
within the porous electrodes can be succinctly represented by
the following equations.

Positive electrode∶ VO2þ þH2O� e�⇌
charge

discharge
VOþ

2 þ 2Hþ

(1)

Negative electrode∶ V3þ þ e�⇌
charge

discharge
V2þ (2)

An essential feature of this modeling approach is the incorpo-
ration of fluid dynamics and the transport of diluted single
species encompassing a homogenized porous medium.
Within the scope of this contribution, the model accommodates
the conversion of species through the integration of a fundamen-
tal reaction term. Consequently, this model is versatile and can
be effectively applied to both the cathode and anode half cells
alike. Given its straightforward structure, the model exhibits high
flexibility, making it applicable to various other systems as well.
Unless otherwise specified, the results in this work always refer
to the positive half cell. The following section outlines the fun-
damental physical phenomena underpinning our model, the
underlying assumptions guiding our approach, and the defini-
tion of the computational domain. It is imperative to note that
our model is anchored in the framework of an experimental cell,
providing a robust foundation for its applicability and relevance.

2.1. Model Assumptions

The modeling assumptions in the present study are as follows:
1) The electrolyte is modeled as a Newtonian and incompressible
fluid with constant density and viscosity. The flow regime is
assumed to be laminar and steady state; 2) Constant temperature
is assumed, and thermal effects are neglected; 3) The 2D half-cell
model is designed to cover the in-plane direction of the cell;
4) Transport and conversion of a single diluted species c are con-
sidered, while migration is neglected; 5) The presence of water,
hydrogen, and sulfuric acid is not taken into account; and
6) Membrane transport and side reactions are excluded from
consideration.

2.2. Governing Equations

The flow of electrolyte through the manifold and the porous
electrode is described by the Brinkmann-type Navier–Stokes
equations given by

∇ ⋅ u ¼ 0 (3)

ρ u ⋅ ∇ð Þu ¼ �∇pþ μ∇2u� μ

K
u (4)

where u is the velocity, ρ is the density, p is the pressure, μ is the
dynamic viscosity of the electrolyte, and K is the permeability.
Using the Carman–Kozeny equation, the permeability is
expressed as[51]

K ¼ d2f ε
3

180 1� εð Þ2 (5)

where df is the fiber diameter and ε is the porosity. Although this
relation actually describes flow through packed beds of spherical
particles, it can be used for fibrous porous media in FB
application due to the low Reynolds number and comparatively
high porosities.[52] The scalar transport of the active species is
described using the following steady-state mass balance
equation.

u ⋅ ∇c ¼ De∇2c þ Rc (6)

where c is the concentration of the active species, De is the effec-
tive diffusion coefficient, and Rc is the volumetric reaction rate.
In fact, the migration term is neglected in Equation (6) due to its
minor transport effect in in-plane direction.[14,15] To account for
the diffusivity in the porous electrode, the diffusion coefficient is
calculated according to the Bruggemann correlation[53]

De ¼ ε1.5Dc (7)

whereDc is the diffusivity. Throughout this study, a fundamental
reaction term Rc is used instead of the nonlinear Butler–
Volmer equation, to describe the transformation of the active
species.[31,54] It is transported by fluid flow and continuously
generated until it attains its maximum concentration, labeled
as cmax. The reaction rate is given by

Rc ¼ kmAV cmax � cð Þ (8)
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where km is the mass transfer coefficient and AV is the specific
active surface area of the porous electrode. The mass transfer
coefficient can be written as[55]

km ¼ βjujα (9)

where β and α are empirical parameters depending on the elec-
trochemical system and electrode. In this study, we employ both
topology and shape optimization techniques to enhance the
design of the FB cell. In the context of topology optimization,
the porosity term in Equation (5) is replaced with an optimized
porosity εopt. For shape optimization, the electrode reference
domain D, as illustrated in Figure 1, is associated with the
optimization control variable ψ.

Topology optimization∶ ε ¼ εopt (10)

Shape optimization∶ D ¼ ψ � D (11)

2.3. Boundary Conditions

2.3.1. Fluid Transport

At the inlet of the manifold, a Dirichlet boundary condition[56,57]

is set for the velocity. The inlet velocity is calculated using a
prescribed flow rate and the cross-sectional area of the inlet
channel. At the outlet of the manifold, a Neumann boundary con-
dition[56,57] is applied for the velocity. The pressure is fixed to
zero at the outlet and a Neumann condition is set at the inlet.

2.3.2. Species Transport

The concentration c is representative of either VO2þ or VOþ
2

during charging or discharging operation. The concentration
field is initialized with 0molm�3 as well as the inlet concentra-
tion. At the outlet, a Neumann boundary condition is applied for
the concentration. The maximum concentration is chosen to
100mol m�3 for a straightforward analysis of the conversion.

2.4. Simulation Parameters

The default set of parameters used in the simulations is summa-
rized in Table 1 and 2.

2.5. Computational Domain

The modeled domain represents a typical, experimental flow-
through lab-scale cell, as illustrated in Figure 1. This design is
chosen as it allows for experimental validation and was used
in previous simulation studies[58] and experiments.[59,60] It incor-
porates a primary manifold at both the inlet and outlet of the
electrode to ensure the uniform distribution of electrolyte.
Detailed geometrical data are summarized in Table 3. The elec-
trolyte flows through the cell from the bottom right (inlet) to the
top left (outlet). The simulation mesh of the entire domain con-
sists of about seventeen thousand triangle-dominated elements.

Outlet

InletManifold

Reference 

Domain 

Electrolyte 

Electrode 

60 mm

80 mm

Thickness

4 mm

Y

X

Figure 1. Computational domain of the 2D homogenized cell-scale model
including inlet and outlet manifold. Additionally, the reference domain D
and its subset domains Ω and D/Ω used in topology optimization are
indicated.

Table 1. Physical properties of the electrolyte and electrode.

Description Symbol Value References

Electrolyte viscosity μ 4.928� 10�3 Pa s [15]

Electrolyte density ρ 1354 kgm�3 [72]

Diffusivity VO2þ and VOþ
2 Dc 3.9� 10�10 m2 s�1 [15]

Maximum concentration cmax 100 mol m�3 Approximation

Fiber diameter df 14� 10�6 m [73]

Active surface AV 58 471 m�1 [73]

Table 3. Geometrical properties of the computational domain.

Description Symbol Value

Electrode height within the cell hc 80 mm

Electrode width within the cell wc 60 mm

Manifold channel width wm 3mm

Thickness of distributor inlets ti 2 mm

Height of distributor inlets hi 4 mm

Number of distributor inlets ni 10

Height of vertical channel section hvc 3 mm

Gap between the respective inflow channels (wc�wm�ni� ti)/(ni�1) mm

Radius of fillet rf 1 mm

Domain thickness dd 4 mm

Table 2. Kinetic parameters of the reaction rate Rc.

Description Symbol Value References

Mass transfer parameter α 0.4 [55]

Mass transfer parameter β 1.6� 10�4 [55]

Operating temperature T 298 K –
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3. Optimization Methodology

In this work, we adapt topology optimization to redistribute the
porosity within the FB electrode and shape optimization to find
optimized parameters of novel cell designs. In both scenarios,
the goal is to minimize pressure drop while simultaneously max-
imizing the reaction rate to identify a favorable compromise
between these contrasting factors. Typically, pressure drop is
minimized at high porosity levels resulting from reduced flow
resistance. In contrast, the reaction rate tends to increase with
decreasing porosity driven by the increase in surface area. It
is important to note that this assumption does not hold true
for all porous media, but rather when electrode properties such
as fiber diameter are kept constant. In the following section, the
cost functional of the minimization problem and the optimiza-
tion methodologies are explained.

3.1. Optimization Problem and Cost Functional

A generic formulation of the flow optimization problem is given
according to

find control γ and state f which

minimize J f , γð Þ and fulfill G f , γð Þ ¼ 0
(12)

Here, the function γ is referred to as the control of the opti-
mization, the function f as the state of the model, the functional
J as the objective or cost functional, and G f , γð Þ ¼ 0 as the con-
straint or side condition. The side condition is presented by the
governing equations in Section 2.2. The objective is formulated
as a multiobjective cost functional to simultaneously minimize
the inverse reaction rate of concentration and the pressure loss
within the cell. According to Oleson et al.[61] the relation of inlet
and outlet pressure is not a well-posed optimization function.
Instead, the total viscous power dissipation ϕdiss is used and
defined as

ϕdiss ¼
Z
D
τ∶S dV (13)

where τ is the viscous stress and S is the strain rate tensor.
The multiobjective functional J is

J ¼
Z
D
s1

1
Rc

þ s2 ϕdiss dV (14)

where s1 and s2 are scaling factors for each part of the cost func-
tional. FBs encounter two primary challenges: Power loss stem
from electrolyte pumping and incomplete conversion of active
materials during operation. To address these problems, the flow
resistance must be reduced by using highly porous electrodes. In
contrast, large active surface area is necessary at the same time to
achieve complete conversion. Within this model, the inversely
proportional relationship between porosity and active surface
area underscores the trade-off inherent in FBs, delineating
two conflicting optimization objectives. To pinpoint an optimal
solution, these quantities are integrated into a single multiobjec-
tive cost function. Each quantity is accompanied by a scaling fac-
tor, possessing inverse units of the reaction rate and power
dissipation, respectively, to ensure compatibility. The scaling

factors not only facilitate the combination of disparate metrics
but also offer the flexibility to weight each quantity as needed
within the optimization process. In this stage of research, the
scaling factors are initially set to unity as a starting point. The
functional J is used in both topology and shape optimization.

3.2. Topology Optimization Method

Use of topology optimization in this work is inspired by the
research of Yaji et al.[18,31] where it is used to identify optimized
flow field designs aiming to maximize the generation rate of
species. As previously highlighted, the primary objective of
this study is to determine the optimal porosity distribution
within the electrode. The method aims at finding the optimal
placement of material and void points within a specified domain,
relying on finite-element discretization. The characteristic
function χ xð Þ is

χ xð Þ ¼
�
1 if x ∈ Ω
0 if x ∈ D \Ω (15)

where x is the position in the reference domain D and Ω is the
subset of material points as shown in Figure 1. The discontinu-
ous function χ xð Þ of the density topology optimization
approach[62] is replaced by a continuous function 0≤ θ(x)≤ 1
to enable differentiation. The optimization process is mesh
dependent due to the allocation of values within the finite-
element domain. To address this issue and to ensure the smooth-
ness of θ(x), filtering techniques like the Helmholtz filter, which
relies on partial differential equations, are employed.[63]

θf ¼ θc þ R2
min∇2θf (16)

θf is the filtered material volume factor, θc is the raw control
variable modified by the optimizer, and Rmin is the filter radius to
control the degree of regularization. Use of Helmholtz filtering
can lead to a gray scale with no distinct physical meaning. To
prevent the emergence of gray scale within the design domain,
a smooth step function, known as projection, is formulated.

θ ¼ tanh βo θf � θβ
� �� �þ tanh βoθβ

� �
tanh βo 1� θβ

� �� �þ tanh βoθβ
� � (17)

where βo is the projection slope and θβ is the projection point.
In the density approach, interpolation functions are used to
penalize intermediate values of the material volume factor.
Furthermore, Darcy’s interpolation for fluid problems[64] is used
in this work.

θP ¼ q
1� θ

qþ θ
(18)

where θp is the penalized material volume factor and q is a
parameter for controlling the damping of intermediate design
variables. Unless otherwise stated, the parameters in Table 4
are used to run the topology optimization calculations.
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Consequently, the optimization problem is formulated as

minimize
θ

J subject to 0 ≤ θ xð Þ ≤ 1 ∀ x ∈ D (19)

To connect mathematical optimization with the physics of the
underlying model, the penalized material volume factor is used
to parameterize porosity and active surface. In this work, we
adapt the ansatz of Roy et al.[36] and Olesen et al.[61] and write
the porosity and active surface as

εopt ¼ θP εmax � εminð Þ þ εmin (20)

AV,opt ¼ AV 1� εopt
� �

(21)

where εopt is the optimized porosity, εmax and εmin are the poros-
ity limits, and AV,opt is the optimized active surface. The choice of
appropriate porosity limits is an important decision in terms of
optimization, which is explained in detail in Section 5.1. The
optimized quantities are used within the physical model.

By way of example, Figure 2 shows the topology optimization
history with the cost functional value and average porosity over
the iteration number. In this case, the average porosity of the
whole electrode domain is depicted. Selected topology designs
are shown for iteration numbers 5, 10, 20, and 30.

3.3. Shape Optimization

In shape optimization, the targeted quantity is scaled by the con-
trol variable. In this context, the parameters subject to optimiza-
tion include the height or both height and width of the
rectangular cell, the upper width of the trapezoidal cell, and
the angle of the radial cell. The control variable undergoes
variations within a constrained parameter space using the
Nelder–Mead method[65] until an optimal value minimizing
the cost functional is achieved. For a specific control variable,
denoted as ψ, the optimization problem is formulated as follows.

minimize
ψ

J subject to ψmin ≤ ψ ≤ ψmax (22)

where ψmin and ψmax are restrictions of the control variable. The
actual bounds and initial values of the respective control variables
are presented in Section 6. It should also be mentioned that in
this investigation the porosity of the electrode is kept uniform.

3.4. Computational Information

Physical modeling and optimization calculations are imple-
mented in COMSOL Multiphysics software version 6.1 using
the laminar flow, transport of diluted species, topology optimiza-
tion, and optimization interfaces. The software uses the finite-
element method. Topology optimization is conducted using
the gradient-based SNOPT algorithm,[66] while the convergence
criterion is set to 1� 10�6. Topology optimization time is around
5–10min on a simulation computer using an AMD Ryzen 9
3900X 12-core processor with 3.79 GHz and 64 GB RAM. The
calculation time of a parameter sweep in shape optimization
is around 20min using a convergence criterion of 1� 10�6 as
well. During the geometric adaptations, the domain is remeshed.

4. Experimental Validation

The model is validated against experimentally determined open-
circuit voltage (OCV) and combined half-cell potentials during
charge. In the experimental setup, individual half-cell potentials
are measured using reference electrodes. The VRFB consists of
a 40 cm2 cell with an anion-exchange membrane (Fumasep
FAP-450, FUMATECH BWT GmbH, Bietigheim-Bissingen,
Germany) and GFA6 graphite felt (SGL Carbon GmbH,
Meitingen, Germany) as electrodes (see ref. [59,60] for more
details). The total vanadium concentration is 1.6 M and the tank
volume is 60mL each. The flow rate is 80mLmin�1 and current
density is 25mA cm�2. To compare the conversion of active
species within the model and the measured voltages in the exper-
iment, a modified Nernst equation is used[67]

EN ¼ E0 þ RT
zF

� ln
1� SOC
SOC

(23)

where EN is the Nernst potential, E0 is the standard redox poten-
tial, R is the universal gas constant, T is the temperature, z is the
number of transferred electrons, F is the Faraday constant, and
SOC is the state of charge. The standard redox potentials for
the positive and negative half cells are 1.004 and �0.255 V,

Table 4. Topology optimization parameters.

Description Symbol Value

Filter radius Rmin 0.001

Projection slope βo 8

Projection point θβ 0.5

Initial material volume factor θ0 0.5

Darcy penalization factor q 1

Figure 2. Cost functional and averaged porosity versus the iteration
numbers of the topology optimization process. Topology designs of
the porosity distribution for iteration numbers 5, 10, 20, and 30.
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respectively. A transient simulation approach is adapted to cover
the charging process. Figure 3a depicts the OCV plotted against
SOC for both experimental and simulated data. The experimental
curve represents the OCV of the entire cell. In contrast, the sim-
ulation curve is derived by combining the half-cell potentials.
Additionally, an extra 150mV is incorporated to fit the experi-
mental curve. According to Knehr et al.[68] a discrepancy of
around 130–140mV between experiment and VRFB model
arises because of the incomplete description of the electrochem-
ical double layer using Nernst equation. Further differences arise
due to the usage of SOC instead of activities and the neglect of
junction potentials. Overall, there is a remarkable alignment
between the curves, showcasing a minor deviation of ≈2.6%
at the highest SOC.

In Figure 3b, the charging process of the VRFB over time is
presented. Here, the experimental curve represents the summa-
tion of individual half-cell potentials without considering the
membrane potential. The simulated curve is depicted in green.
Here, the previously mentioned 150mV are incorporated as well.
To replicate the charging behavior observed in the experiment,
the reaction parameters α and β (as seen in Equation (9)) are
adjusted to 1.37 and 8� 10�6, respectively. Additionally, the out-
let concentration is aligned with the inlet to reflect the electro-
lyte’s circulation. Notably, the Nernst equation shown does
not encompass any overpotentials inherent in the charging pro-
cess. The reasons for these overpotentials include, among others,
activation, contact resistance, or the conductivity of the electro-
lyte. To compensate for these overpotentials, an increment of
75mV is additionally introduced to the simulation curve
(orange), resulting in a good conformity with the experimental
data. The overall voltage correction is hence 225mV. The root
mean square error between the experiment and simulation is
0.03, with a maximum deviation of about 10% observed during
the initial stages.

5. Results of Topology Optimization

5.1. Porosity Intervals

In general, porosity values range between 0 and 1, where zero
represents a solid material with no void spaces and one signifies

complete void space. To explore optimization characteristics in
this study, three distinct porosity intervals are employed for
the electrode. In order to cover a broad spectrum of potential val-
ues, the first range selected extends from 0.05 to 0.95. Expanding
the interval further is computationally unfeasible. Considering
FBs, electrode porosity values typically tend to fall within the
upper third. Consequently, this study takes into consideration
the intervals of 0.7–0.95 and 0.6–0.8. Figure 4 shows the optimi-
zation results of the three intervals for flow rates of 10mLmin�1

(top row) and 25mLmin�1 (bottom row). For the largest interval,
porosity varies in an unstructured manner. Given the interval’s
magnitude, optimization has to cope with an extensive design
space, posing challenges in identifying an optimal minimum.
As the flow rate increases, flow resistance becomes more impor-
tant. Consequently, porosity values are higher at elevated flow
rates to minimize energy dissipation. This correlation is repre-
sented by a lighter shade of gray. For the constrained intervals,
a clearer porosity distribution results. While the interval of
0.7–0.95 still exhibits irregularities at its upper end, a lower
porosity downstream of the inlet manifold is obtained consis-
tently for all illustrated cases. This observation agrees with the
experimental findings of Yoon et al.[69] where a similar design
resulted in improved energy efficiency. Additionally, it can be
noticed that the area of reduced porosity downstream of the inlet
decreases with higher flow rates to mitigate energy losses due to
flow resistance.

5.2. Flow Rate Comparison

Figure 5 illustrates the horizontal mean porosity along the
electrode height for different flow rates and the three porosity
intervals. Table 5 shows the investigated flow rates and the
corresponding mean velocities within the electrode. In this com-
parison, the distribution of the actual porosity value along the
flow direction is analyzed in more detail. Indeed, as observed
previously, lower flow rates tend to correspond to lower porosity
levels in general. In the case of the highest investigated flow rate
(100mLmin�1), the porosity tends to approach or reach the max-
imum value within the specified interval. The porosity distribu-
tion at lower flow rates generally exhibits a consistent pattern:
Toward the lower section of the electrode, close to the inlet, a
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Figure 3. Experimental validation of the underlying modeling approach. a) Open-circuit cell voltage as a function of the state of charge. Additional 150mV
is included in the simulation to fit the experimental data. b) Combined half-cell potentials over time during charge operation. No membrane potential
considered. Additional 75 mV is included in the simulation result to address overpotentials that the model does not inherently capture.
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preference for low porosity and subsequent larger active surface
area is observed. With an increase in electrode height, the poros-
ity typically experiences a sudden and pronounced increase. In
the further course, it then either tends to the maximum value
of the interval or remains in the range of high values. Under cer-
tain conditions, a porosity distribution with lower values down-
stream of the inlet and higher values infront of the outlet may be

beneficial. Experimental studies have additionally demonstrated
that an increase in porosity within the electrode downstream can
result in enhanced energy efficiency.[69,70] This design offers a
large active area in the region of high reactant concentration
and enhances mass transport of the product. When comparing
the different intervals, it becomes evident that porosity exhibits
more pronounced fluctuations with larger interval sizes.

Figure 4. Results of the topology optimization using different porosity intervals and flow rates. The top row corresponds to a flow rate of 10mLmin�1 and
the bottom row to 25mLmin�1.
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Figure 5. Horizontal mean porosity resulting from topology optimization versus the normalized electrode height. Comparison of different flow rates for
the combined optimization. The subfigures show different porosity intervals: a) ε ∈ 0.05, 0.95½ �, b) ε ∈ 0.6, 0.8½ �, c) ε ∈ 0.7, 0.95½ �.
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The increased design freedom associated with longer intervals
can explain these fluctuations. When the optimization is subject
to tighter constraints, as observed in the case of ε ∈ 0.6, 0.8½ �, the
transition between low and high porosity becomes more distinct
and evident. This is promising, because such a distribution is
more likely to be feasible in real-world applications.

5.3. Performance Comparison of Homogeneous and Two-Part
Electrodes

In this section, homogeneous electrodes, each possessing the
maximum and minimum porosity values within their respective
intervals, are compared to an optimized two-part design. From
the practical perspective, implementation of the two-part elec-
trode design is most feasible. It consists of denser material with
lower porosity in the lower 20% of the electrode height (see
Figure 4 bottom right). The porosities are homogeneous and
the flow rate is 25mLmin�1. Comparison of performance is
based on pressure drop (Δp), integrated reaction rate (Rc), and
rate of conversion (RoC). The RoC is a physical measure to
describe the conversion efficiency of active material within the
electrode and is defined as

RoC ¼ coutlet
cmax

(24)

where coutlet is the average concentration at the outlet of the
domain. Figure 6 shows the performance comparison using
the values of intervals ε ∈ 0.6, 0.8½ � (left) and ε ∈ 0.7, 0.95½ �
(right). The results of the electrode with minimum porosity

are shown in green and set to 100% for better comparison of
the different physical quantities. The electrodes of maximum
porosity and made of two parts are shown in blue and red,
respectively.

In terms of pressure drop and reaction rate, the anticipated
outcomes of both diagrams are in agreement with our findings.
As regards the pressure drop, both the higher-porosity and the
two-part electrode configurations demonstrate an increase by
reduced flow resistance. It is noted that this enhancement is
more pronounced with higher porosity values. However, the
reaction rate shows a decrease with higher porosity for the
two-part electrode configuration due to the reduced active surface
area. With regard to the RoC, our analysis reveals intriguing find-
ings. For the porosity values of 0.6 and 0.8, the RoC remains
nearly consistent for all three electrodes. The actual RoC of
ε= 0.06 reaches 99%, indicating the nearly complete conversion
of active material. Consequently, favoring the highest porous
electrode (ε= 0.8) would be ideal due to the energy saved when
pressure drop is reduced. In contrast, for porosity values of 0.7
and 0.95, the actual RoC at ε= 0.7 also reaches 99%. However,
both studied electrodes exhibit a lower RoC in comparison. As a
result, it can be deduced that in this scenario, the two-part
electrode configuration is preferable. Despite the acceptable
reduction in RoC of around 7%, it reduces pressure loss by
81% compared to ε= 0.7, making it a more advantageous choice.
This comparison underscores that an optimized design may not
necessarily align with practical applicability. Moreover, the out-
come of optimization is largely dependent on specific electrode
parameters, such as porosity or active surface area, along with
operational factors like flow rate.

5.4. Topology Optimization Using Novel Cell Designs

In order to investigate the behavior of topology optimization in
different cell geometries, three additional designs according to
Gurieff et al.[17] are examined. Figure 7 shows the designs of
horizontal, trapezoidal, and radial shape. The porosity interval
is ε ∈ 0.7, 0.95½ � and the flow rate is 2.5mLmin�1 in this exam-
ple. The different designs show optimization results similar to
those of the previously described vertical cell. In a horizontal
design, the cell exhibits a wider width than height, while in a
vertical design, the cell displays a greater height than width.
Figure 8 highlights the horizontal mean porosity over the

Table 5. Flow rates and corresponding flow velocities within the electrode.

Flow rate [mL min�1] Flow speed [ms�1]

2.5 1.76� 10�4

5 3.60� 10�4

10 6.89� 10�4

25 1.72� 10�3

50 3.50� 10�3

100 7.05� 10�3

Figure 6. Performance comparison of electrodes with homogeneous single-porosity and two-part porosity in terms of pressure drop (Δp), reaction rate
(Rc), and RoC. The two-part electrode configuration has the lower porosity value within the initial 20% of the electrode height downstream of the inlet
manifold. The electrode porosities are 0.6 & 0.8 (left) and 0.7 & 0.95 (right).
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electrode height for the different designs and intervals. The
default design rec vert of previous investigations is included
for comparison. The flow rate is 10mLmin�1. We observe
low-porosity values downstream of the inlet, with values gradu-
ally ascending toward higher levels as we approach the outlet.
Within the broadest porosity interval, ε ∈ 0.05, 0.95½ �, porosity
exhibits a moderate overall increase in spite of fluctuations
and decreases near the outlet. These variations may be attributed
to the greater design freedom resulting from the broader interval.
When considering narrower porosity intervals, by contrast,

porosity initially remains at its minimum value and then
experiences a rapid and pronounced increase to the maximum.
This transition is more pronounced within the smallest interval
and occurs at lower heights. A comparison of various design con-
figurations reveals that the transition occurs earliest in the radial
design. This can be attributed to the increased flow velocity near
the outlet, resulting from the narrowed cross section. As regards
the different flow rates, the behavior is in agreement with that
described in Section 5.2, where porosity tends to approach the
maximum value as the flow rate increases.

0.90.850.80.75 0.950.7

horizontal trapezoidal radial

Figure 7. Different flow battery cell designs according to studies from Gurieff et al.[17] Within the electrodes, the porosity distribution is shown for
ε ∈ 0.7, 0.95½ � and 2.5 mLmin�1.
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Figure 8. Comparison of different cell designs, with horizontal mean porosity plotted versus normalized electrode height. The subfigures show the
different porosity intervals: a) ε ∈ 0.05, 0.95½ �, b) ε ∈ 0.6, 0.8½ �, c) ε ∈ 0.7, 0.95½ �. The flow rate is 10mLmin�1.
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6. Results of Shape Optimization

This research centers on the optimization of geometric param-
eters for cell design. In particular, optimization covers the cell’s
height, the ratio of its height to width, and the ratio between the
top and bottom widths of the cell. Moreover, the angle is adjusted
in the radial design. Throughout this investigation, the porosity
of the electrode remains uniform and the same. The cost
functional is the same as in topology optimization. In the study,
flow rates between 5 and 100mLmin�1 are investigated in a
porosity range of 0.6–0.95 due to practical feasibility.

6.1. Rectangular Cell Design

For the optimization of the default rectangular cell design,
Table 6 presents details regarding the initial value and the
optimization bounds. For height optimization, the initial height
and width are set to 80 and 60mm, respectively. Throughout the
optimization process, the control variable ψ is adjusted within the
specified bounds until the cost functional reaches its minimum,
while keeping the width of the cell constant. In case of the height-
to-width ratio optimization, the initial values of height and width
are the same, whereas the width of the cell is varied simulta-
neously within the given bounds using a second control variable
λ. The height is thus optimized between 4 and 200 and the width
between 30 and 120mm. Figure 9 shows the results of the height
(a) and height-to-width optimization (b) versus porosity for dif-
ferent flow rates. For height optimization, it can be stated that the
lower the porosity is, the more optimal it is to have a shorter cell.
A reduced cell height leads to a lower pressure drop and in the
case of low porosity, it ensures a sufficiently long residence time
for the effective conversion of active material. As porosity
increases, the optimal height increases as well, reflecting a

reduced impact of pressure drop and a need for more space
to achieve complete conversion. This behavior is consistent
for all flow rates. At higher flow rates, however, the increase
in optimal height is more pronounced. This steep increase is
attributed to the exponential relationship between pressure
drop and porosity. Additionally, it is crucial to point out that
the maximum is attained for the two highest flow rates. When
optimizing both height and width concurrently, a similar pattern
results. Within the porosity range of 0.6–0.8, the height-to-width
ratio remains below one, suggesting a preference for a broader
design. In this range, the emphasis is on minimizing pressure
loss. As porosity continues to rise, the height-to-width ratio
increases as well. At the two highest flow rates, the increase is
exponential, because the maximum width is reached at every
optimization. Therefore, the only option is to increase the height
to enhance the reaction rate. Fluctuations observed at lower flow
rates are caused by the fact that neither the height nor the width
approaches the defined bounds. This indicates that the intuitive
vertical format commonly used in many cells may not be the
optimal shape and needs to be reconsidered.

6.2. Trapezoidal and Radial Cell Designs

In Table 7, the optimization parameters are presented for both
the trapezoidal and radial designs. For the trapezoidal design, the
bottom width is fixed at 120mm, while the top width is adjusted
within the range from 40 to 120mm. In the case of the radial
design, the initial angle of 60° between the two sides is varied
within the range of 30–90°. The graphs in Figure 10 show the
optimization results of the top-to-bottom-width ratio of the trap-
ezoidal design (a) and the angle of the radial design (b) versus
porosity for different flow rates. Optimization calculations for
the trapezoidal design were carried out successfully for the cases

Table 6. Optimization of the initial rectangular cell design.

Optimization Height Height-to-width ratio

Height ψ� 80mm ψ� 80 mm

Width 60mm λ� 60mm

Bounds height 0.05< ψ< 2.5 0.05< ψ< 2.5

Bounds width – 0.05< λ< 2.5
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Figure 9. Shape optimization of the default rectangular cell design. The diagrams show a) optimized height and b) height-to-width ratio versus porosity
for different flow rates.

Table 7. Optimization of the initial rectangular cell design.

Optimization Trapezoidal Radial

Top width ψ� 40mm –

Bottom width 120 mm –

Angle – ψ� 60°

Bounds 1.0< ψ< 3.0 0.5< ψ< 1.5
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of 50 and 100mLmin�1 only, which is due to numerical limita-
tions. The consistent top-to-bottom-width ratio of one over all
porosities suggests a preference for a rectangular design. This
preference is driven by the objective to minimize pressure loss,
as the tapering profile of the trapezoid leads to increased flow
velocities. The optimal angle of the radial design tends to the
maximum of 90° for all flow rates regardless of porosity. This
design offers a larger surface area for the conversion of active
species and pressure drop is reduced as the cross section
increases. An exception is found in the curve for 5mLmin�1.
In this case, the optimal angle remains at the minimum of
30° and sharply rises to the maximum at the highest porosity
investigated. In this flow regime, the reduction of pressure loss
with increasing cross-section is not significant. Moreover, the
reaction rate is sufficient to convert all species, which makes
an increase in active area unnecessary.

7. Conclusion

This study introduces a comprehensive modeling and optimiza-
tion framework for a VRFB, which combines both topology and
shape optimization approaches. The topology optimization
method redistributes porosity within the FB electrode, providing
a novel perspective for re-evaluating its design properties.
Concurrently, shape optimization optimizes the cell geometry
parameters for innovative cell designs, with the cost functional
aimed at minimizing pressure drop while maximizing the reac-
tion rate. The underlying model incorporates the Brinkmann-
type Navier–Stokes equations with permeability determined by
the Carman–Kozeny equation and transport of diluted species.
Reaction kinetics focus on single-species conversion, employing
a simplified reaction term based on the mass transfer coefficient.
Model parameters are validated using separate half-cell potentials
from an experimental cell design. Using a modified Nernst equa-
tion and mass transfer correlation parameters, the model suc-
cessfully predicts OCV measurements and charging behavior.

Topology optimization over various porosity ranges and flow
rates reveals the expected dependence on selected porosity inter-
vals. The optimization demonstrates a preference for a porosity

distribution with lower values and subsequent larger surface area
downstream of the inlet when pressure drop and reaction rate are
optimized simultaneously. At this point, it is important to men-
tion that in this work a linear relationship between porosity and
active surface is assumed. Indeed, there are many porous elec-
trode materials with different, nonlinear relationships between
their porosity and active surface. As flow rates increase, overall
porosity tends to be higher to compensate for the energy loss due
to the elevated pressure differential. The transition between
high and low porosity is also influenced by the flow rate.
Implementing the two-part design yields acceptable conversion
rates with a significantly reduced pressure drop, although each
individual case must be considered. This work underscores the
importance of a comprehensive optimization framework for
enhancing the efficiency and design adaptability of FBs.

Regarding the results in the Appendix, gradient-based
topology optimization shows the expected dependence on the
initial value. The sanity check of individual optimization of
target variables confirms the expected results, with maximum
porosity values for pressure drop optimization and minimum
values for reaction rate optimization. A sensitivity study
highlights the significant influence of viscosity, in addition to
reaction rate parameter α and flow rate, on porosity distribution.
In terms of FB performance, it is found that the flow rate and
all reaction rate parameters are crucial to achieve optimal conver-
sion rates.

In addition, we explored further innovative cell designs for
their optimization potential. Apart from the original rectangular
format, we investigated horizontal, trapezoidal, and radial
designs. Regarding topology optimization, the behavior was sim-
ilar to that observed previously. Once again, lower porosity was
preferred downstream of the inlet. In comparison, the radial
design exhibited a much earlier transition to lower porosities
in flow direction due to higher velocities resulting from the
smaller cross-section. In the course of shape optimization, we
optimized the height and height-to-width ratio of the original
design. It became evident that with increasing porosity and a
fixed width, the electrode height increased. Investigations with
a flexible height and width revealed a preference for the horizon-
tal format for cells with a porosity of less than 0.9. Examination of
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the trapezoidal design revealed a consistent preference for a
rectangular design for the parameters used. For the radial
design, optimization almost always produced the maximum
angle. In both cases, the reduction of pressure loss by
expanding the cross-section was decisive. In summary, shape
optimization reveals that the intuitively assumed vertical format
is not necessarily the optimal choice for cell design. A more
detailed investigation, including experimental studies, is imper-
ative to identify the optimal design and remains the subject of
ongoing research.

In a rigorous evaluation, it is imperative to delineate the
limitations of both the model and the optimization process.
To enhance the model for more robust optimization outcomes
in future, various pathways for improvement can be explored.
Primarily, the inclusion of the Butler–Volmer kinetics deserves
attention, as it offers a more precise depiction of the active mate-
rial conversion. This inclusion also provides the opportunity to
optimize electrochemical variables, such as voltage or current.
Additionally, the determination of the cost functional
involves contemplating on the weighting of individual terms.
Conducting a parameter study in this context would yield
insights into their optimal weighting. Furthermore, the assump-
tion of a linear inverse relationship between porosity and active
surface, as stated in Equation (21), requires further discussion.
Experimental investigations have revealed the trapezoidal
design’s reduced concentration polarization.[50] Employing shape
optimization with electrochemical parameters could facilitate the
trade-off between pressure loss and this polarization, potentially
identifying an optimal ratio between the top and bottom width.

In conclusion, this article has contributed to advancing the
optimization methods for FB cells. Despite the need for further
refinement, the simplicity of the presented model provides a flex-
ible optimization framework applicable to various systems. The
incorporation of a multiobjective cost functional and the explo-
ration of porosity distribution have pushed the state of research
in this field. Importantly, our findings challenge the intuitive
assumption that the vertical format of the cell is the optimal
design. This work represents a significant step forward, offering
valuable insights and paving the way for future improvements in
the optimization of FB cells.

Appendix

A1 Mesh Independence

The half-cell geometry is discretized into numerous mesh
elements. In order to ensure that the simulation results are inde-
pendent of the number of elements used, a mesh independence
test is conducted. The study maintains consistent simulation
conditions for all cases, with the only variation being the number
of mesh elements used. Figure A1 presents the pressure drop
between inlet and outlet (Δp), the integrated reaction rate (Rc),
and the mean porosity versus the number of mesh elements
of the electrode. Regarding the results in Figure A1a, no topology
optimization is conducted, while in Figure A1b, the three distinct
porosity intervals are chosen. Since porosity is defined within the
electrode only, both diagrams indicate the number of elements of
the electrode. The mesh independence study encompasses seven
different meshes, each with an increasing number of elements,
to thoroughly evaluate the impact of mesh refinement on the
results. As observed, the results exhibit a significant variation
when considering simulations using the first three meshes.
To achieve independent results, a mesh containing at least
8.314 elements is required. The relative error between the mesh
with 8,314 elements and that with 18 530 elements is consistently
below 1% for all parameters, except for the porosity interval
ε ∈ 0.05, 0.95½ �, where the error reaches 4%. Due to this
observation and the considerably higher computational costs
associated with finer meshes, the grid comprising 8314 electrode
elements is selected. This choice results in a total of 17 198 mesh
elements for the whole geometry.

A2 Influence of the Initial Value

The choice of the initial value in topology optimization with
gradient-based solvers plays a crucial role and can have significant
effects on the outcome of the optimization process. Gradient-
based optimization algorithms aim to minimize the cost func-
tional, but they can end up in different local minima depending
on the chosen starting position. A well-chosen initial value can
increase the likelihood of finding a global minimum or a better
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Figure A1. a) Pressure drop between inlet and outlet and integrated reaction rate Rc versus mesh elements of the electrode domain. b) Mean porosity of
the electrode versus mesh elements resulting from topology optimization. Three different porosity intervals are displayed.
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local minimum. Furthermore, the selection of the initial porosity
distribution at the outset of the optimization has an impact on the
convergence behavior, which, in turn, affects the final result. To
examine the influence of the initial value of the penalized material
volume factor on porosity distribution, Figure A2 shows six
graphs of the horizontal mean porosity as a function of
the normalized electrode height for three porosity intervals
ε ∈ 0.05, 0.95½ � (top), ε ∈ 0.6, 0.8½ � (middle), ε ∈ 0.7, 0.95½ � (bot-
tom) and two flow rates 2.5mLmin�1 (left) and 25mLmin�1

(right). In this instance, porosity is displayed as an average for hor-
izontal slices and subsequently graphed relative to electrode
height. In each plot, every curve represents a porosity distribution
calculated with a varying initial value (θ0) ranging from 0 to 1. The
initial value of the starting porosity can be determined using θ0
and Equation (20). The key in Figure A2d applies to all subfigures.

The larger the porosity range, the more distinct the solutions
appear to be for different initial values. A clear dependence of
porosity fluctuations on the choice of the initial value is not found.
For the largest interval ( Figures A2a and A2b), the solutions
exhibit substantial variability, making it challenging to make
unequivocal statements about trends. In principle, higher porosity
values are generally preferred and these tend to increase with
higher flow rates, which is attributed to the increasing influence
of pressure drop. The smallest interval (Figures A2c and A2d)
yields the smallest deviations in porosity distribution. For
25mLmin�1, the curves of different initial values closely overlap,
whereas at 2.5mLmin�1, discrepancies become more pro-
nounced, especially in the upper third of the electrode. Here,
the influence of the initial value is marginal. Within the interval
ε ∈ 0.7, 0.95½ � (Figures A2e and A2f ), characterizing the diverse
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Figure A2. Influence of different initial values θ0 of the optimization penalization factor on porosity distribution. Different porosity intervals
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The graphs show horizontal mean porosity as a function of the normalized electrode height. The key in subfigure d) holds for all subfigures.
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solutions proves to be challenging. The previously described pat-
tern of low porosity in the lower region and high porosity in the
upper region of the electrode is partly true only. For initial values
of 0 and 0.25, high porosity is observed in the lower region, while
the trend in porosity distribution remains discernible for the
remaining initial values. In conclusion, it can be confirmed that
the initial value and optimization constraints have a significant
influence on the solution. A parameter space has been identified
where the solution is largely independent of the initial value.

A3 Sanity Check: Single- and Multiobjective Cost Functional

To investigate the effect of optimization with a combined and
separate cost functional, identical optimization calculations are
carried out for reaction rate and pressure drop individually
and in combination. This is done for different flow rates and
the previously described porosity intervals. Figure A3 shows
the mean porosity of individual and combined optimization ver-
sus the flow rate for different intervals. It is evident from indi-
vidual optimization results that porosity tends to approach either
the minimum or maximum value within the defined interval.
The reason is that the lowest pressure drop is attained by maxi-
mizing porosity, thereby reducing flow resistance. Conversely,
when optimizing solely for the reaction rate, the minimum
porosity value is favored due to the increased active surface area,
which enhances the reaction. The linear inverse relationship
between the quantities arises from Equation (20) and (21).
This behavior is mostly independent of the applied flow rate,
except for comparatively small rates. This may be due to a suffi-
cient residence time at small flow rates. The combined optimi-
zation yields a rise in mean porosities as the flow rate increases,
ultimately trending toward the upper limit of the interval at the

highest flow rates. This trend is primarily driven by the increased
significance of pressure loss minimization as the flow rate
increases. It is important to note that the two components of
the cost functional are equally weighted in this context. When
comparing the three different porosity intervals, it becomes appar-
ent that the individual values exhibit a greater range within larger
intervals. This phenomenon can be attributed to the increased
design freedom resulting from the broader porosity range.

A4 Sensitivity Analysis

To investigate the influence of the respective model parameters
on performance and on topology optimization, a sensitivity anal-
ysis is conducted. For this purpose, the elementary effect method
is employed.[71] This method is a local sensitivity measurement,
often referred to as the one-at-a-time (OAT) measurement.
It evaluates partial derivatives to determine how variations of
one factor of the input parameters X1,X2, : : : ,Xkð Þ affect the
model output Y X1,X2, : : : ,Xkð Þ while keeping all other factors

constant at a nominal value. The elementary effect d jð Þ
i Xð Þ is

defined as

d jð Þ
i Xð Þ ¼ Y X1, : : : ,Xi�1,Xi þ Δ,Xiþ1, : : : ,Xkð Þ � Y Xnð Þ

Δ
(A1)

where the first part in the numerator represents the model out-
put moved OAT of a step Δ in the inputs’ domain and Y Xnð Þ is
the output at nominal values of all parameters. The amount of
steps is j. To characterize the sensitivity of the input parameters,
the average μi and standard deviations σi of the respective
elementary effects are determined according to
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Figure A3. Mean porosity resulting from topology optimization versus flow rate. Comparison of topology optimizations for pressure drop and reaction
rate and combined multiobjective optimization. The subfigures show different porosity intervals: a) ε ∈ 0.05, 0.95½ �, b) ε ∈ 0.6, 0.8½ �, c) ε ∈ 0.7, 0.95½ �.
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μi ¼
1
r

Xr

j¼1

d jð Þ
i Xð Þ, σi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
r

Xr

j¼1

d jð Þ
i Xð Þ � μi

� �
2

vuut (A2)

In the so-called Morris plane, the standard deviation is plotted
against the average value. High values of the average indicate
high influential parameters and high values of the standard devi-
ation indicate nonlinear and/or interacting parameters. In order
to characterize the input parameters influence on the optimiza-
tion result, the coefficient of variation (CoV) is defined as the
ratio of the standard deviation and the average of the optimized
porosity distribution within the electrode.

CoV ¼ σ εopt
� �

μ εopt
� � (A3)

It is a measure to characterize the variation of porosity relative
to the mean. The physical input parameters are documented in
Table A1 with their nominal values as well as reasonable ranges.
The nominal value is positioned at the midpoint of the interval.
Each parameter range is subdivided into seven values, including

both the nominal and the extreme values. These divisions are
linear for all parameters except for diffusivity, for which an expo-
nential division is employed. The simulations adhere to the OAT
methodology, with one parameter altered at a time while the
others are kept constant at their nominal values. This procedure
yields a total of 189 simulations covering nine physical parame-
ters, each tested with seven values at three porosity intervals.
Consequently, 18 elementary effects can be derived for each
parameter.

The results of the sensitivity analysis are depicted in Figure A4
showing the standard deviation versus the average value of the
elementary effects for both CoV (left) and RoC (right). For the
CoV, the order of influence is as follows: T < ρ < D < AV < β <

cmax < μ < V̇ � α. Temperature, density, and diffusivity are
found at the lower end, indicating their limited impact on the
optimization process. In general, the temperature and density
range is quite narrow in FBs due to the essential presence of liq-
uid water. Diffusivity in the porous media hardly has any influ-
ence on pressure drop and reaction rate. Parameters associated
with the reaction rate exert a somewhat higher influence, fol-
lowed by viscosity and flow rate. The latter factors are directly
connected with the pressure drop and play a crucial role in
the optimization process. It is interesting to see that the reaction
parameter α has the highest influence. Although the optimiza-
tion is dominated by the minimization of pressure loss especially
at high flow rates, the reaction term still has a decisive
influence. The order of parameters influencing the RoC is
as follows: T � ρ < cmax < μ,D � V̇ < AV, β < α. In this
modeling approach, temperature does not exert any influence
on the reaction. For this reason, it is not represented on the
Morris plane. Similarly to the CoV results, density and diffusivity
have a low impact on RoC. Compared to the other reaction rate
parameters, the maximum concentration influences the RoC
only slightly. The flow rate has a higher influence due to its
impact on the residence time of the active material. In summary,
the study provides a qualitative statement with respect to the
influence of the model parameters only. Yet, it allows for a good
assessment of the importance of individual parameters. This
should be taken into consideration when designing cells and
electrodes.

Table A1. Nominal input parameters and ranges of variation for sensitivity
analysis.

Parameter Symbol Unit Nominal Range References

Flow rate V
: mLmin�1 51.25 [2.5,100] [74]

Viscosity μ Pa s 5.5� 10�3 [0.001,0.01] [37]

Density ρ Kgm�3 1075 [950,1200] [72]

Diffusivity Dc m2 s�1 5� 10�10 [10�11,10�8] Estimation

Mass transfer
parameter

α – 1.05 [0.1,2.0] Estimation

Mass transfer
parameter

β – 5.5� 10�4 [10�4,10�3] Estimation

Temperature T K 325.5 [298,353] Estimation

Specific area Av m�1 2.55� 105 [104,5� 105] [35]

Maximum
concentration

cmax mol m�3 1550 [100,3000] [75]
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Figure A4. Representation of the sensitivity analysis in the Morris plane showing the standard deviation (σi) over the mean value (μi) of the respective
elementary effects. High values on the x-axis indicate high influential parameters, while high values on the y-axis indicate nonlinear and/or interacting
parameters. a) The Morris plane of the elementary effects on the CoV. b) The Morris plane of the elementary effects on the RoC.
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