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A B S T R A C T

The fabrication of tin (Sn)-based materials with exceptional electrochemical and mechanical properties
requires a thorough understanding of the multiphase evolution that occurs during lithiation. However,
predicting the microstructural changes during this process using analytical models is challenging due to
the intricate interactions among electrode materials, cell operating parameters, complex geometries, and
polycrystalline structures. To tackle this challenge, we propose the application of the phase-field method
in a grand-potential formulation, that is combined with the smooth boundary method to apply constant-
current (de-)lithiation boundary conditions. This approach effectively describes the migration of lithium and
the multiphase transitions in polycrystalline electrodes with arbitrary geometries. To investigate nanoparticles
with hundreds of grains in two/three dimensions efficiently, we have incorporated this model into the self-
developed open-source phase-field solver package MInDes in a highly optimized manner. Further, comparing
the output voltage of the simulated lithiation process of Li𝑥Sn nanoparticles in three dimensions demonstrates
an excellent correlation with experimental results. Based on this, we analyze the mechanical performance of
polycrystalline nanoparticles with varying amounts of copper doping and evaluate the maximal von Mises
stress during lithiation to predict the onset of crack formation.
1. Introduction

Sn and Sn-based alloys have emerged as highly promising an-
ode materials for future lithium-ion batteries, primarily due to their
impressive theoretical capacity of 994 mAh∕g [1–3]. However, like
Si [4] and Ge [5] anodes, the main challenge associated with Sn
anodes lies in their significant volume expansion during the lithiation
process [6]. This expansion induces the accumulation of strain [7],
plastic yielding [8,9] and crack formation [10–13] within the electrode.
Consequently, these phenomena have a direct impact on the output
voltage [14], capacity [15,16], lithium migration rate [17,18] and so
on.

In general, researchers aim to enhance the mechanical properties
of Sn-based anodes through two main approaches. The first approach
involves chemical modification, specifically the formation of an SnM
alloy by adding another metal element M to Sn. This alloy forma-
tion reduces the precipitation of LiSn phase during lithiation and
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consequently mitigates the expansion rate of the anode. The second
approach is a physical modification, which includes anode nanosiz-
ing [19], surface coating [20], and morphology design [21]. In 1999,
Winter [2] suggested that alloying could decrease the volume expan-
sion rate and improve the cycling performance of Sn anode materials.
Subsequent studies involved the preparation of various binary and
ternary Sn-M alloys to investigate their electrochemical properties,
for instance, Sn–Cu [22–26], Sn–Fe [23,27], Sn–Mn [28], Sn–Sb [29,
30], Sn–Ag–Sb [31], Sn–Co [23,32–34], and Sn–Ni [35,36] were in-
vestigated. In the case of the Sn–Cu system, the inert element Cu
precipitates as a pure Cu phase during lithiation, serving as a buffer
phase that reduces volume changes and lessens volume-induced strain
energy [20,37,38]. The primary concept behind this method is to alter
the phase transition path of pure Sn during the lithiation process,
thereby minimizing the likelihood of substantial volume expansion.

In recent decades, phase-field method has emerged as a powerful
tool for studying the microstructure evolution under the influence
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of various physical phenomena [39–41]. Many previous investiga-
tions [42–48] of lithium-rich and lithium-poor two-phase systems as-
sumed a single crystal for the half-cell electrode, and distinguished 
the two phases based on the concentration difference. Recent works 
employ the more general concept of the multiphase-field method for 
polycrystalline [49] and multi-phase battery materials [50]. In previous 
work [51], we modeled a single-crystal Sn nanoparticle and simulated
its multiphase transformation during charge/discharge cycling. Based
on this, it is more challenging and meaningful to further investigate the

ultiphase transformation inside a polycrystalline Cu𝑥Li𝑦Sn nanopar-
icle. Moreover, credible phase diagrams and thermodynamic prop-
rty data are pre-requisites for designing advanced materials through 
hermodynamic modeling and simulation [52–56]. If the equilibrium 

states are well-defined and thermodynamic quantities are known, the
phase-field method can successfully model the kinetics of (dis-)charge
and non-equilibrium phase formation in electrode materials during
electrochemical cycling.

Based on previously developed models, we employ the smoothed
boundary method [57] within the grand-potential formulation [58]
and the constant-current (de-)lithiation method [49] to simulate the 
ithium migration on the surface and in the bulk of electrode parti-
les with arbitrary geometries. To describe phase transitions within
olycrystalline nanoparticles, pair-wise multiphase equations [59] are 
tilized and a clear differentiation between grains and phases is made
uring modeling and simulation to ensure that phase transitions occur
nly within each single grain during lithiation. Our mechanical analysis 
rocess employs a two-step return algorithm to solve the elastoplastic 

equations within the nanoparticle. For the elastic and structurally
inhomogeneous system, the phase-field microelasticity theory [60] is
employed to predict the elastic strain and then the plastic yield equa-
tion [61] is considered to solve the plastic strain. The aforementioned
quations are implemented in our self-developed open-source parallel
rogram package, MInDes (Microstructure Intelligent Design). We have 

further optimized the modeling and simulation processes for poly-
crystalline nanoparticle systems to accelerate simulations and reduce 
memory consumption. Using these combined approaches, the accuracy
of simulations is tested for a polycrystalline Sn nanoparticle in three
imensions (3D) and the enhancement of the mechanical properties is
iscussed for polycrystalline Cu𝑥Li𝑦Sn nanoparticles in two dimensions
2D).

. Methodology

.1. The governing equations

For the description of the phase transition and mass transport during
ithiation of the electrode particle, several field variables are employed.
n order to differentiate the various regions in a heterogeneous domain,
he volume fractions 𝜙𝛼 ∈ [0, 1], ∀𝛼 = 1, … , 𝑁 are introduced to 

describe different regions. Some regions are liquid 𝜙𝑙 and o hers s lid
𝜙𝑠. All these regions can be arranged in the tuple 𝝓 =

{

𝜙𝑠, 𝜙𝑙} =
𝜙1, 𝜙2,… , 𝜙𝑁}

. Since the solid and liquid regions contain different
ubstances and the focus of this work is on the solid phase transi-
ions, diffusion potentials for each components in solid regions 𝝁̃𝒔 =
𝜇𝑠
1, 𝜇

𝑠
2,… , 𝜇𝑠

𝐾−1
}

are introduced here.

.1.1. Mass transport equation
First, the component 𝑖 in solid phases 𝑥𝑠𝑖 is defined as 𝜙𝑠𝑥𝑠𝑖 =

𝛼∈𝑠 𝜙
𝛼𝑥𝛼𝑖 , where volume fraction of solid phases can be calculated

y formula 𝜙𝑠 =
∑

𝛼∈𝑠 𝜙
𝛼 . Assuming that there is no phase transition

etween the liquid phase (electrolyte) and solid phases (electrode),
.e. 𝜕𝑡𝜙𝑠 = 0, the following relation can be easily derived

𝑠 𝜕𝑥
𝑠
𝑖 =

∑

𝜙𝛼
𝐾−1
∑ 𝜕𝑥𝛼𝑖

𝑠

𝜕𝜇𝑠
𝑘 +

∑ 𝜕𝜙𝛼
𝑥𝛼𝑖 . (1)
𝜕𝑡 𝛼∈𝑠 𝑘=1 𝜕𝜇𝑘 𝜕𝑡 𝛼∈𝑠 𝜕𝑡
or the purpose of characterizing the mass transport process in solid
hases (e.g. effective region is defined as 𝜙𝑠 > 0.9), the smoothed
oundary method [57] is introduced

𝑠 𝜕𝑥
𝑠
𝑖

𝜕𝑡
= −𝜙𝑠∇ ⋅ 𝑱 𝒔

𝒊 + 𝜙𝑠𝑅𝑠
𝑖

= −∇ ⋅
(

𝜙𝑠𝑱 𝒔
𝒊
)

+ ∇𝜙𝑠 ⋅ 𝑱 𝒔
𝒊 + 𝜙𝑠𝑅𝑠

𝑖 ,
(2)

here 𝑱 𝒔
𝒊 is the flux in solid phases and 𝑅𝑠

𝑖 the reaction in solid phases.
rom Eqs. (1) and (2), when condition

(

𝜕𝑥𝛼𝑖 ∕𝜕𝜇
𝑠
𝑘
)

𝑖≠𝑘 = 0 is satisfied,
he grand-potential equation [58] applicable to an arbitrary-geometry
egion can be derived

𝜕𝜇𝑠
𝑖

𝜕𝑡
=

[

∑

𝛼∈𝑠
𝜙𝛼 𝜕𝑥

𝛼
𝑖

𝜕𝜇𝑠
𝑗

]−1

𝑖𝑗

×

{

∇ ⋅
𝐾−1
∑

𝑗=1
𝑀𝑖𝑗 (𝜙𝑠) ∇𝜇𝑠

𝑗 + ∇𝜙𝑠 ⋅ 𝑱 𝒔
𝒊 + 𝜙𝑠𝑅𝑠

𝑖 −
∑

𝛼∈𝑠
𝑥𝛼𝑖

𝜕𝜙𝛼

𝜕𝑡

}

,

(3)

where the chemical mobility is a function of the phase-dependent
diffusivities 𝑀𝑖𝑗 (𝜙𝑠) =

∑

𝑎∈𝑠 𝜙
𝛼𝐷𝛼

𝑖𝑗

(

𝜕𝑥𝛼𝑖 ∕𝜕𝜇
𝑠
𝑗

)

. The interfacial flux ∇𝜙𝑠 ⋅
𝒔
𝒊 is given by the electrochemical surface reaction which is expressed
y the classical Butler–Volmer equation [62]

𝜙𝑠 ⋅ 𝑱 𝒔
𝒊 = |∇𝜙𝑠

|

𝑗0 (𝑥)
F

{

𝑒𝑥𝑝
(

𝑎
𝑒𝜂
𝑘𝐵𝑇

)

− 𝑒𝑥𝑝
[

(𝑎 − 1)
𝑒𝜂
𝑘𝐵𝑇

]}

, (4)

where the exchange current density 𝑗0 (𝑥) can be computed by formula
𝑗0 = 𝑘0

√

𝑥 (1 − 𝑥), F the Faraday’s constant, and 𝑎 a parameter that
akes 0.5 when assuming symmetry of the reaction. The driving force
or the electrode reaction is given by the jump of electrochemical poten-
ials between the interface of electrode and electrolyte. Assuming that
he reaction on the surface of reference cathode and the mass transport
n electrolyte are fast [49], the computation of the overpotential can
e reduced to the following equation

=
𝜇𝑟𝑒𝑓
Li − 𝜇𝑠

Li
𝑅𝑇

=
(

𝑉 𝜃
𝑐𝑒𝑙𝑙 − 𝑉𝑎𝑝𝑝

)

−
𝑘𝐵𝑇
𝑒

𝜇𝑠
Li, (5)

where 𝜇Li is the diffusion potential of lithium, 𝑉 𝜃
𝑐𝑒𝑙𝑙 a reference voltage,

and 𝑉𝑎𝑝𝑝 the applied cell voltage. We apply a constant current boundary
condition following the procedure in [49]. In the context of the smooth
boundary method, the total influx is given by a volume integral over
the diffuse particle boundary

𝐼 = 𝑐𝑚𝑎𝑥𝐶-𝑟𝑎𝑡𝑒∫𝑉
𝜙𝑠𝑑𝑟3

def
= ∫𝑉

(

∇𝜙𝑠 ⋅ 𝑱 𝒔
𝒊
)

𝑑𝑟3. (6)

By inserting Eqs. (4) and (5) into Eq. (6), the applied voltage 𝑉𝑎𝑝𝑝 can
e calculated in every timestep for a given total flux 𝐼 . 𝑉𝑎𝑝𝑝 is then
e-inserted into Eqs. (4) and (5) to compute the local lithium flux.

2.1.2. Phase transformation equation
In order to investigate polycrystalline electrodes, the free energy

functional of the whole system is employed in the Ginzburg–Landau
form [51]

𝐹
(

𝝓,∇𝝓, 𝜑, 𝝁̃𝒔, 𝝐𝒆𝒍, 𝜖𝑝𝑙
)

= 𝐹𝑖𝑛𝑡 (𝝓,∇𝝓) + 𝐹𝑏𝑢𝑙𝑘
(

𝝓, 𝜑, 𝝁̃𝒔, 𝝐𝒆𝒍, 𝜖𝑝𝑙
)

= ∫𝑉

(

𝑓𝑖𝑛𝑡 + 𝑓𝑐ℎ𝑒𝑚 + 𝑓𝑒𝑙𝑒𝑐 + 𝑓𝑚𝑒𝑐ℎ
)

𝑑𝑟3.
(7)

The diffuse interface is determined by the interfacial energy den-
sity [63]

𝑓𝑖𝑛𝑡 (𝝓,∇𝝓) =
∑

𝛼,𝛽>𝛼
𝛾𝛼𝛽

(

16
𝜀𝜋2

𝜙𝛼𝜙𝛽 − 𝜀∇𝜙𝛼∇𝜙𝛽
)

(8)

with the interfacial energy 𝛾𝛼𝛽 between two phases 𝛼 and 𝛽, and the
interface width 𝜀, which prevents the non-physical formation of third
phase in binary interfaces. This is important to avoid spurious existence
of the liquid phase at grain boundaries in the solid particle which would

impair the correct definition of electrochemical surface reactions.



o

w
p

e
f

d
T
g
e

t
p

t
s

w
r
𝐸

𝐸

The chemical energy density is defined as the linear interpolation
f phase-dependent chemical energies 𝑓 𝛼

𝑐ℎ𝑒𝑚 with the volume fraction
𝜙𝛼

𝑓𝑐ℎ𝑒𝑚
(

𝝓, 𝝁̃𝒔) =
∑

𝛼∈𝑠
𝜙𝛼𝑓 𝛼

𝑐ℎ𝑒𝑚
(

𝑥𝛼𝑖
(

𝝁̃𝒔, 𝑇
)

, 𝑇
)

. (9)

The phase concentration 𝑥𝛼𝑖
(

𝝁̃𝒔, 𝑇
)

needs to be calculated from the dif-
fusion potential 𝝁̃𝒔, which requires that the diffusion potential functions
satisfy the invertibility criterion 𝜇𝑠

𝑖 (𝒙
𝜶 , 𝑇 ) = 𝜕𝑓 𝛼

𝑐ℎ𝑒𝑚
(

𝑥𝛼𝑖 , 𝑇
)

∕𝜕𝑥𝛼𝑖 .
The electrostatic energy density 𝑓𝑒𝑙𝑒𝑐 including electrostatic poten-

tial 𝜑 is formulated as

𝑓𝑒𝑙𝑒𝑐
(

𝝓, 𝜑, 𝝁̃𝒔) = F
(

𝑉𝑚
)−1 𝜑

∑

𝛼∈𝑠
𝜙𝛼

∑

𝑖
𝑧𝛼𝑖 𝑥

𝛼
𝑖
(

𝝁̃𝒔, 𝑇
)

, (10)

here 𝑉𝑚 is molar volume, and 𝑧𝛼𝑖 the valence of component 𝑖 in 𝛼
hase (equiv∕mol or charge units per ion).

Assuming that the phase-dependent diffusion potentials are equal to
ach other at solid–solid interfaces [58], the following equation holds
or lithium and likewise for copper

𝜕𝑓 𝛼
𝑏𝑢𝑙𝑘

𝜕𝑥𝛼𝑖
=

𝜕𝑓 𝛽
𝑏𝑢𝑙𝑘

𝜕𝑥𝛽𝑖
= ⋯ = 𝜇𝑠

𝑖 . (11)

The concentrations of the components within the solid phases fulfill the
relation 𝜙𝑠𝑥𝑠𝑖 =

∑

𝛼∈𝑠 𝜙
𝛼𝑥𝛼𝑖 . According to the law of mass conservation,

the following formula can be derived ∑

𝛽∈𝑠 𝜙
𝛽𝜕𝑥𝛽𝑖 ∕𝜕𝜙

𝛼 = −𝑥𝛼𝑖 [64].
Then, the derivative of the bulk energy with respect to volume fraction
𝜙𝛼 yields

𝜕𝑓𝑏𝑢𝑙𝑘
𝜕𝜙𝛼 = 𝑓 𝛼

𝑏𝑢𝑙𝑘 +
𝐾−1
∑

𝑖=1

[

∑

𝛽∈𝑠

𝜕𝑓 𝛽
𝑏𝑢𝑙𝑘

𝜕𝑥𝛽𝑖

𝜕𝑥𝛽𝑖
𝜕𝜙𝛼 𝜙

𝛽

]

= 𝑓 𝛼
𝑏𝑢𝑙𝑘 +

𝐾−1
∑

𝑖=1
𝜇𝑠
𝑖

[

∑

𝛽∈𝑠

𝜕𝑥𝛽𝑖
𝜕𝜙𝛼 𝜙

𝛽

]

= 𝑓 𝛼
𝑏𝑢𝑙𝑘 −

𝐾−1
∑

𝑖=1
𝜇𝑠
𝑖 𝑥

𝛼
𝑖 .

(12)

The phase evolution is governed by the sum of pairwise interac-
tions [59]

𝜕𝜙𝛼

𝜕𝑡
= 1

𝑁̃𝜀

𝑁̃
∑

𝛽≠𝛼
𝐿̃𝛼𝛽

[(

𝛿
𝛿𝜙𝛽 − 𝛿

𝛿𝜙𝛼

)

𝐹𝑖𝑛𝑡 +
8
𝜋

√

𝜙𝛼𝜙𝛽𝛥𝛼𝛽
]

+
𝜕𝜁
𝜕𝜙𝛼 , (13)

where the abbreviation 𝛥𝛼𝛽 =
(

𝜕∕𝜕𝜙𝛽 − 𝜕∕𝜕𝜙𝛼)𝐹𝑏𝑢𝑙𝑘 is used, 𝑁̃ the
number of locally active phases, 𝐿̃𝛼𝛽 the mobility of 𝛼-𝛽 dual inter-
face, and thermal fluctuations 𝜁 are generated at interface to enable
heterogeneous nucleation [65], which is discussed in Appendix A.

2.1.3. Mechanical analysis equations
For the analysis of the mechanical property of polycrystalline

nanoparticle, we employ approaches of Wang et al. [60] and Schneider
et al. [61] as the basis of our model formulation

𝑓𝑚𝑒𝑐ℎ
(

𝝓, 𝝐𝒆𝒍, 𝜖𝑝𝑙
)

= 1
2
(

𝝐 − 𝝐∗
)

∶

[

∑

𝛼∈𝑠
𝑪𝜶𝜙𝛼

]

∶
(

𝝐 − 𝝐∗
)

+ 1
2
∑

𝛼∈𝑠
𝐻𝛼𝜖2𝑝𝑙𝜙

𝛼 , (14)

where 𝑪𝜶 denotes the phase-dependent stiffness, 𝐻𝛼 the phase-
ependent hardening modulus, and 𝜖𝑝𝑙 the accumulated plastic strain.
he total strain 𝝐 is defined as the symmetric part of the displacement
radient 𝝐 =

[

∇𝒖 + (∇𝒖)𝑇
]

∕2. The non-elastic strain 𝝐∗ is the sum of
igenstrain and plastic strain 𝝐∗ = 𝝐̃ (𝝓) + 𝝐𝒑𝒍.

In addition, a two-step return mapping algorithm [61] is used
o solve mechanical equilibrium in this work. First, a purely elastic

redication step is performed where the phase-field microelasticity
heory [60] is used to calculate the strain and stress distribution in the
olid–liquid coexistence systems [66]

𝜕𝜖0𝑖𝑗 (𝒓, 𝑡)
𝜕𝑡

= −𝐿𝑖𝑗𝑘𝑙
𝜕𝐸𝑖𝑛ℎ𝑜𝑚

𝜕𝜖0𝑘𝑙 (𝒓, 𝑡)
, (15)

here 𝜖0𝑖𝑗 is the virtual non-elastic strain and 𝐿𝑖𝑗𝑘𝑙 governs the evolution
ate. The elastically and structurally inhomogeneous elastic energy
𝑖𝑛ℎ𝑜𝑚 is defined as

𝑖𝑛ℎ𝑜𝑚 = 1
2 ∫𝑉

[

𝐶0
𝑖𝑗𝑚𝑛𝛥𝐶

−1
𝑚𝑛𝑝𝑞 (𝒓)𝐶

0
𝑝𝑞𝑘𝑙 − 𝐶0

𝑖𝑗𝑘𝑙

]

×
[

𝜖0𝑖𝑗 (𝒓) − 𝜖∗𝑖𝑗 (𝒓)
]

[

𝜖0𝑘𝑙 (𝒓) − 𝜖∗𝑘𝑙 (𝒓)
]

𝑑𝑟3

+ 1
2 ∫𝑉

𝐶0
𝑖𝑗𝑘𝑙𝜖

0
𝑖𝑗 (𝒓) 𝜖

0
𝑘𝑙 (𝒓) 𝑑𝑟

3

− 𝜖𝑖𝑗 ∫𝑉
𝐶0
𝑖𝑗𝑘𝑙𝜖

0
𝑘𝑙 (𝒓) 𝑑𝑟

3 + 𝑉
2
𝐶0
𝑖𝑗𝑘𝑙𝜖𝑖𝑗𝜖𝑘𝑙

− 1
2 ∫

|𝒌|≠0
𝑛𝑖𝜎̃

0
𝑖𝑗 (𝒌)𝛺𝑗𝑘 (𝒏) 𝜎̃0𝒌𝒍 (𝒌)

′ 𝑛𝑙
𝑑3𝑘
(2𝜋)3

,

(16)

where 𝐶0
𝑖𝑗𝑘𝑙 is the homogeneous elastic stiffness. The effective elastic

stiffness (interpolated from the phase-inherent elastic stiffness) can be
expressed as the sum of a homogeneous elastic stiffness and the modu-
lus variation 𝐶𝑒𝑓𝑓

𝑖𝑗𝑘𝑙 (𝒓) = 𝐶0
𝑖𝑗𝑘𝑙 −𝛥𝐶𝑖𝑗𝑘𝑙 (𝒓). The phase-field microelasticity

theory demonstrates that the stress in the elastically homogeneous
system is equal to the stress in the original elastically and structurally
inhomogeneous system

𝜎𝑖𝑗 (𝒓) = 𝐶0
𝑖𝑗𝑘𝑙

[

𝜖𝑘𝑙 (𝒓) − 𝜖0𝑘𝑙 (𝒓)
]

=
[

𝐶0
𝑖𝑗𝑘𝑙 − 𝛥𝐶𝑖𝑗𝑘𝑙 (𝒓)

]

[

𝜖𝑘𝑙 (𝒓) − 𝜖∗𝑘𝑙 (𝒓)
]

.
(17)

The second step is plastic yielding [61], where the Prandtl–Reuss model
is used to determine whether the region is yielded plasticly or not

𝑓
(

𝝈 (𝒓) , 𝜖𝑝𝑙 (𝑟)
)

∶= ‖𝝈′ (𝒓) ‖ −
√

2
3
(

𝑓𝑦 (𝝓) +𝐻 (𝝓) 𝜖𝑝𝑙 (𝒓)
)

≤ 0. (18)

If the norm of the deviatoric part of the von Mises stress

‖𝝈′
‖ = ‖𝝈 − 1

3
(

𝜎11 + 𝜎22 + 𝜎33
)

‖ (19)

exceeds the sum of the yield stress 𝑓𝑦 (𝝓) and the hardening part
𝐻 (𝝓) 𝜖𝑝𝑙 (𝒓), the materials will begin to deform plastically

𝜕𝝐𝒑𝒍 (𝒓, 𝑡)
𝜕𝑡

= 𝛾̇ (𝒓)
𝜕𝑓

(

𝝈 (𝒓) , 𝜖𝑝𝑙
)

𝜕𝝈 (𝒓)
, (20)

where  is the unit determinant and 𝛾̇ (𝒓) the magnitude of plastic flow.

2.2. Modeling and calculation

The thermal stability of Cu–Li–Sn ternary phases has been investi-
gated by Zhang et al. [26] through ab-initio calculations which resulted
in the phase diagram for 𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 phases, as shown in Fig. 1(a).
We investigate the following lithiation process for a polycrystalline
nanoparticle

𝐂𝐮𝒙𝐋𝐢𝐒𝐧 + (𝑦 − 1)
(

Li+ + 𝑒−
)

→ 𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧, (21)

where the phases in the initial state of the nanoparticle are arranged in
the tuple

𝐂𝐮𝒙𝐋𝐢𝐒𝐧 =
{

LiSn,CuLi2Sn2,Cu2LiSn,Cu
}

, (22)

and all phases include lithium-rich phases are

𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 =
{

𝐂𝐮𝒙𝐋𝐢𝐒𝐧,Li7Sn3,CuLi2Sn
}

. (23)
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Fig. 1. (a) Calculated Cu–Li–Sn phase diagram at 0 K [26]; (b) Schematic diagram for transformation of CuLi2Sn2 phase to Li7Sn3 and CuLi2Sn phases in grain A.
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.2.1. Modeling multiphase transformation in a single grain
For the sake of clearly understand the modeling of multiphase

ransformation in polycrystalline nanoparticle, we arrange all grains
nto tuple ={A,B,C,…}. And the volume fraction of the solid phase
an be considered as the sum of all grains
𝑠 = 𝜙 =

∑

A∈
𝜙A. (24)

s shown in Fig. 1(b), the transition process for 𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 phases occurs
eparately within each grain, and the sum of these phases volume
ractions is equal to the volume fraction of the grain
A =

∑

𝛼∈𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧
𝜙A,𝛼 , (25)

.g. the transformation of CuLi2Sn2 phase to Li7Sn3 and CuLi2Sn phases
n grain A during lithiation process. In addition, the grain boundaries
o not evolve during the simulation.

The eigenstrain due to lithiation can be computed from the changes
n molar volumes [51]

(𝝓) = 𝜙𝑠𝝐̃0 +
∑

𝛼∈𝑠
𝜙𝛼 𝝐̃𝜶 , (26)

here 𝝐̃0 can be understood as the homogeneous eigenstrain remaining
rom the charging/discharging history, and 𝝐̃𝜶 is the phase-dependent
igenstrain

𝜶 =
⎡

⎢

⎢

⎣

(

𝑉 𝛼
𝑚

𝑉 0
𝑚

)
1
3

− 1
⎤

⎥

⎥

⎦

, (27)

here 𝑉 𝛼
𝑚 represents the molar volume of phase 𝛼, and 𝑉 0

𝑚 the reference
olar volume.

.2.2. Modeling polycrystalline nanoparticle
Tin electrode suffers from rapid degradation due to the large volume

hanges during cycling. For the first time, Zhou et al. [13] used
ocused ion beam (FIB) polishing and scanning electron microscopy
SEM) imaging techniques to monitor the microstructural evolution of
ndividual tin particle at micrometer scale by in-situ FIB-SEM during
lectrochemical cycling, as shown in Fig. 2. In Fig. 2(a), the voltage
rofile of the first cycle (blue line) and the estimated relative volume
orange triangle symbol) at different states of discharge/charge can be
bserved. Fig. 2(b) shows the SEM image of particle before discharging.
nd Fig. 2(c–g) is the SEM images at 20%, 40%, 60%, 77% and 100%

f lithiation process. n
In order to model such an electrode particle similar to the work of
hou et al. we construct non-ideal spherical polycrystalline nanoparti-
les in three-dimensional (a computational cell of 128 × 128 × 128)
nd two-dimensional (a computational cell of 256 × 256) spaces,

respectively. As shown in Fig. 3(a), 100 grains are generated in the 3D
nanoparticle. In Fig. 3(b–e), four 2D nanoparticles with 200 grains are
shown. It should be noted that the grain distribution is same in all four
2D nanoparticles at the initial state and during lithiation, but the phase
distribution is different. Starting from such complex polycrystalline
nanoparticles, we conduct charging simulations which are governed by
the following dynamic processes:

• Phase transformation: As the lithium concentration within the
lectrode rises, the lithium-rich phase will precipitate and grow. In
ome existing work [51,67], the lithium-rich phase usually grows from
he surface of the electrode to the interior.

• Bulk kinetics: Both phase transitions and the surface reaction are
trongly coupled to the bulk diffusion behavior which is driven by the
iffusion potential.
• Lithiation: The local rate of electrochemical reaction on the

lectrode surface is influenced by the morphology of the electrode, the
hase transition and the diffusion pathways. While the local surface re-
ction is heterogeneous, the total flux is prescribed assuming a constant
urrent charging condition.

Volume change plays a crucial role during the investigation of
n-based nanoparticles, impacting their morphology, distribution of
omponents and energy density through expansion, contraction and
he occurrence of cracks. In our previous attempt to model Sn-based
articles [51], the effects of all three are taken into account. The
ithiation rate was converted to the volume change rate, leading to the
rowth of the electrode, which is similar to the electrodeposition model
ublished by Chen et al. [68]. It is well known that an increase in
article volume results in a decrease in lithium concentration (based
n the principle of mass conservation), while the electrode reaction
Eq. (4)) leads to an increase in lithium concentration. Therefore,
fter considering nanoparticle volume changes, the voltage calculation
Eqs. (28) and (29)) in this work will become even more unstable,
hich is one simulation limitation. Moreover, from the modeling ex-
erience of other researchers [46,48,66,69], the phase-field model is a
umerical model that describes the evolution of phase interface, which
akes it difficult to describe volume changes within the phase. It means

hat in the classical total energy framework, the phase-field model
annot accurately describe the expansion of lattices and grains inside
he nanoparticle. This is another simulation limitation. Therefore, in
his work, the effect of the lithiation process on the volume of the

anoparticle is not considered.
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Fig. 2. A Sn nanoparticle with 10 μm diameter fully discharged/charged at 0.3 nA (about C∕15 rate). (a) Voltage profile and relative volume of the first cycle. (b–g) SEM images
of Sn nanoparticle at 0%, 20%, 40%, 60%, 77% and 100% of discharge states respectively.
Source: Reprinted (adapted) with permission from Ref. [13].
© 2019 American Chemical Society.
Fig. 3. Fabrication of polycrystalline nanoparticles (grains are distinguished by color in 3D and the black grid in 2D): (a.1) Shape of 3D nanoparticle, (a.2) Grains distribution
ithin 3D nanoparticle, (b) 2D nanoparticle with LiSn phase, (c) 2D nanoparticle with LiSn and CuLi2Sn2 phases, (d) 2D nanoparticle with CuLi2Sn2 and Cu phases, and (e) 2D

nanoparticle with Cu2LiSn and Cu phases. The phase distribution in 2D nanoparticles is generated by spinodal decomposition method (see Supplementary Material). In addition,
(f) is the color bar used to characterize each phases.
s
r

First, the simulation results for the Sn polycrystalline nanoparticle
in 3D will be compared to the experimental voltage data (as shown
in Fig. 2(a)). Afterwards, the effect of Cu doping in Sn electrodes is
discussed based on 2D simulation studies.

2.2.3. Operate voltage calculation
Generally, pure lithium is chosen as another electrode in the full cell

in experiments [13,70]. The operate voltage (𝑉 ) of this full cell can be
calculated by the following equation [71]

𝑉 = −
𝜇pos
Li − 𝜇neg

Li
F

, (28)

where 𝜇pos
Li and 𝜇neg

Li are the electrochemical potentials of lithium in
the cathode and anode. Pure lithium is considered as the anode in this
 d
battery, and its chemical potential is a constant value. On the cathode
side, the overpotential depends on the chemical potential of lithium at
the surface of the Cu𝑥Li𝑦Sn polycrystalline nanoparticle. However, to
avoid the effect of numerical instability at the electrode surface, the
electrochemical potential of the lithium within the whole nanoparticle
is counted with the help of 𝜇𝑠

Li calculation equation in local

𝜇𝑠
Li = 𝑓 𝑠

𝑏𝑢𝑙𝑘 + 𝜇𝑠
Li
(

1 − 𝑥Li
)

− 𝜇𝑠
Cu𝑥Cu. (29)

2.2.4. Material data for Cu𝑥Li𝑦Sn system
As defined in Eq. (23), all phases 𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 involved in this work are

toichiometric compounds (compounds with a very narrow composition
ange or compounds that strictly adhere to stoichiometry). The thermo-
ynamic model of a stoichiometric compound is constructed based on
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Table 1
Formation energies [26,72] of phases considered in this work.

Phases Formation energy
(

kJ mol−1
)

LiSn −33.31
CuLi2Sn2 −32.595
Cu2LiSn −20.776
Li7Sn3 −39.62
CuLi2Sn −33.23

Reference states [73] are FCC-Cu, BCC-Li and BCT-Sn.

the fundamental assumption of the fixed component ratio and its Gibbs
free energy function is independent of the concentration. To enable
the use of the energies of stoichiometric compounds in phase-field
simulations, the common approach is to assume that stoichiometric
compounds also have a certain solubility [51] and to construct a
numerical chemical energy model

𝑓 𝛼
𝑐ℎ𝑒𝑚

(

𝒙𝜶 , 𝑇
)

= 𝐴
𝐾−1
∑

𝑖=1

(

𝑥𝛼𝑖 − 𝑥𝛼𝑖,𝑒𝑞
)2

+
(

𝑉𝑚
)−1 𝐺𝛼

𝑚 (𝑇 ) , (30)

here 𝐴 is related to the solubility magnitude, 𝑥𝑖,𝑒𝑞 the stoichiometric
atio of the component 𝑖 in stoichiometric component, 𝑉𝑚 represents
he molar volume, and 𝐺𝛼

𝑚 the Gibbs energy of the stoichiometric com-
ound 𝛼. Generally, 𝐺𝛼

𝑚 can be evaluated by the formation energy 𝛥𝐺𝛼
𝑚

as shown in Table 1) and the reference state energy of corresponding
lements 𝐺REF−i

𝑚

𝛼
𝑚 (𝑇 ) = 𝛥𝐺𝛼

𝑚 +
𝐾
∑

𝑖
𝐺REF−i
𝑚 (𝑇 ) 𝑥𝛼𝑖,𝑒𝑞 . (31)

Inserting Eq. (30) to Eq. (11), the diffusion potential of component
in 𝛼 phase can be derived

𝜇𝛼
𝑖 =

𝜕𝑓 𝛼
𝑏𝑢𝑙𝑘

𝜕𝑥𝛼𝑖
= 2𝐴

(

𝑥𝛼𝑖 − 𝑥𝛼𝑖,𝑒𝑞
)

. (32)

One basic assumption of the grand-potential formulation is that the dif-
fusion potential is continuously distributed at the phase interface 𝜇𝛼

𝑖 =
𝜇𝛽
𝑖 = ⋯ = 𝜇𝑖, which means that the phase-dependent concentration can

be calculated directly from the diffusion potential

𝑥𝛼𝑖
(

𝝁̃, 𝑇
)

=
𝜇𝑖
2𝐴

+ 𝑥𝛼𝑖,𝑒𝑞 . (33)

Moreover, the partial difference of the phase-dependent concentration
with respect to the diffusion potential, which is needed in Eq. (3), is
given by

𝜒𝛼
𝑖𝑗
(

𝝁̃, 𝑇
)

=
𝜕𝑥𝛼𝑖

(

𝝁̃, 𝑇
)

𝜕𝜇𝑗
= 𝛿𝑖𝑗

1
2𝐴

, (34)

where 𝛿𝑖𝑗 is the Kronecker Delta.
For the eigenstrain model (see Eqs. (26) and (27)), the molar

volume of each solid phase is required. It is considered that the total
amount of inactive substances (Cu and Sn) within the nanoparticle
remains constant during the lithiation process. The crystal structure and
corresponding molar volume of each Cu𝑥Li𝑦Sn6−𝑥 phase are listed in
Table 2.

More simulation parameters and material data of Cu𝑥Li𝑦Sn nanopar-
ticle can be observed in Appendix B.

3. Implementation and optimization

The presently developed phase-field model is implemented in the
self-developed open-source parallel solvers package MInDes, which is
uploaded to github [74] and introduced in detail in the Supplementary
Material. Fig. 4 illustrates the framework of the MInDes package. The
body of the program is the evolution of the phase, concentration,
and temperature fields. And the other multiphysics fields (e.g., me-
chanical, flow, electric, magnetic, etc.) belong to the external fields
 g
Fig. 4. Flowchart of MInDes (Microstructure Intelligent Design) phase-field simulation
package.

Fig. 5. Time consumed for computing 1000 simulation steps of 2D nanoparticle
(red line) and 20 simulation steps of 3D nanoparticle (blue line) by using OpenMP
acceleration. The horizontal axis is the natural logarithm of the thread count, and
the vertical axis is the natural logarithm of the normalized simulation time 𝑇𝑠𝑖𝑚 =
𝑇𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑒∕𝑇𝑠𝑖𝑛𝑔𝑙𝑒 (divide the multi-threaded simulation time by the single-threaded time).
Among them, the solid lines represent the entire simulation time consumed, the dotted
lines represent the time consumed for the evolution of concentration equations, and
the dashed lines represent the time consumed for the evolution of multiphase field
equations. The black solid line represents the ideal scale.

can be optionally invoked. The governing equations (3) and (13) are
discretized in space with the finite difference scheme and in time with
he explicit Euler method. In this work, we consider a two-step return
lgorithm to solve the elastoplastic stress distribution. In the purely
lastic prediction step, Eq. (15) is solved by the semi-implicit Fourier
pectral method. In the plastic yielding step, we solved Eq. (20) by
inite difference method.

For the sake of a high efficiency, we optimize modeling and sim-
lation. Merging the order parameters of non-contacting grains to
educe the amount of stored fields is a very effective treatment to
ave memory consumption and improve computational efficiency. As
entioned above, nanoparticles containing 100 grains in 3D and 200

rains in 2D are prefabricated, and they consume 43.44 gigabyte (GB)



Table 2
Lattice constants (nm) and Molar volume (10−5 m3∕mol) of each phase.
Phases Space group a b c Molar volume Remark

Cu6 𝐹𝑚3̄𝑚 0.358 2.148 0.358 4.134 [73]
Li6Sn6 𝐼41∕𝑎𝑚𝑑 0.4421 2.6526 2.5889 15.24 [72]
Cu2Li4Sn4 𝐼41∕𝑎𝑚𝑑 0.4464 0.8928 1.9524 11.7 [26]
Cu4Li2Sn2 𝑃 63∕𝑚𝑚𝑐 0.4329 0.8658 0.7679 7.504 [26]
Li14Sn6 𝑃 21∕𝑚 0.9462 1.714 0.4726 22.2 [72]
Cu3Li6Sn3 𝐹 4̄3𝑚 0.6323 1.8969 0.6323 11.412 [26]
Fig. 6. Lithiation process of Li𝑥Sn 3D nanoparticle: 3LiSn + 4
(

Li+ + 𝑒−
)

→ Li7Sn3. (a) Phase transition pathways (red arrow) for nanoparticle during lithiation process. (b) The
voltage profile obtained from the simulation (solid red and blue lines) is compared with the experimental one (solid black line).
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and 2.63 GB of computational memory, respectively. During the opti-
mization process, 100 grains within the 3D nanoparticle are merged
into 9 order parameters and the memory consumption is reduced to
5.32 GB. Similarly, the 200 grains within the 2D nanoparticles are
parametrized by 6 order parameters to reduce the memory consump-
tion to 0.11 GB. Then the data structures of LiSn and Li7Sn3 phases
are constructed in each grain in 3D nanoparticles, and the memory
consumption finally reached 11.69 GB during lithiation process. The
data structures of 𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 phases are constructed in each grain in 2D
nanoparticles, and the memory consumption reaches 1.49 GB during
lithiation process (discussed in detail in the Supplementary Material).
During the simulations, we use Open Multi-Processing (OpenMP) [75]
to accelerate the computation of Eqs. (3), (6), (13), (15), and (20).
As shown in Fig. 5, the time consumed to calculate 1000 simulation
steps for 2D nanoparticle (blue line) and 20 simulation steps for 3D
nanoparticle (orange line) is counted, where the solid lines are the total
time consumed, the dashed and dotted lines are the time consumed for
Eqs. (3) and (13), respectively. This work is carried out based on 13th
Generation Intel Core i9-13900K and 64 GB of RAM, and according to
Fig. 5 it can be determined that the optimal number of parallel threads
is 10 in this environment.

4. Result and discussion

In the following section, the equations and polycrystalline model are
validated qualitatively and quantitatively using Li𝑥Sn 3D nanoparticle
experimentally observed [13]. Subsequently, the effect of Cu doping in
Li𝑥Sn nanoparticles on their mechanical properties is investigated.

4.1. Lithiation process of Li𝑥Sn 3D nanoparticle

In their review, Gao et al. [71] come to the conclusion that the
nano-size effects have a significant influence on the voltage profile,
 3
the additional energy is caused by strain, surface or interface energy,
or Li+ concentration gradient in the diffuse interface. In our previous
work [51], we discussed the difference in the voltage plateau formed
by the equilibrium of each two phases during the multiphase transition
and by the overall and localized expansions of spherical nanoparti-
cle brought about by the phase transition. Therefore, based on these
existing studies, we can verify the accuracy of the energy density,
diffusion potential, and stress–strain distribution during the simulation
process mainly by comparing the calculated voltage profiles with the
experimental ones [13].

The red arrow in Fig. 6(a) represents the phase transition path
during the lithiation of 3D polycrystalline nanoparticle, namely 3LiSn+
4
(

Li+ + 𝑒−
)

→ Li7Sn3. In Fig. 6(b), the black curve corresponds to
the voltage profile measured experimentally, which can be obtained
from Fig. 2(a). The red curve displays the voltage profile calculated
only considering chemical energy, and the blue curve is the voltage
profile calculated considering chemomechanical energy. As the Li𝑥Sn
nanoparticle accumulates strain during the lithiation process, the en-
ergy density within the bulk phase is increased which results in a shift
of the calculated voltage plateau. This is consistent with the conclusions
drawn by Zhang et al. [26,72]. It is worth mentioning that the observed
‘‘peak’’ in black curve (as well as the ‘‘peaks’’ in Fig. 2(a)) are related
to their experimental methods. Before imaging Sn nanoparticle by
a scanning electron microscope (SEM), Zhou et al. [13] polish the
anoparticle with the help of focused ion beam (FIB). This will lead
o fluctuations of the voltage profile, resulting in the appearance of
eaks. Since there is no polishing step in the simulation process, there
re no peaks. The mechanical analysis of the electrode nanoparticle and
he comparison of the simulated voltage profile with the experimental
ne allow us to obtain a more accurate distribution of the mechanical
nergy density, stresses and strains.

Fig. 7 illustrates the phase transition during lithiation in the Li𝑥Sn
D nanoparticle, where the dark blue phase is LiSn and the light
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Fig. 7. Lithiation process of Li𝑥Sn 3D nanoparticle, where simulation time (a) at 0 s (second); (b) at 1511.6 s; (c) at 3031.6 s; (d) at 4556.6 s; (e) at 6085 s; (f) at 7612 s; (g)
at 9139 s; (h) at 10 665 s; (i) at 12 201.7 s; (j) at 12 578.4 s. The series of graphs labeled 1 shows the phase distribution on a semi-transparent nanoparticle. The series of graphs
labeled 2 shows the phase distribution inside the nanoparticle. The colorbar is consistent with Fig. 3(f), where the dark blue phase is LiSn and the light blue phase is Li7Sn3.
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lue phase is Li7Sn3. Graphs (a–j) represent the phase distributions at
, 1511.6, 3031.6, 4556.6, 6085, 7612, 9139, 10 665, 12 201.7, and
2 578.4 s during the lithiation process, respectively. The series of
raphs labeled 1 shows the phase distribution on a semi-transparent
anoparticle. The series of graphs labeled 2 shows the phase distri-
ution inside the nanoparticle. Firstly, it can be observed that the
i7Sn3 phase precipitates from the surface as well as the internal grain
oundaries of the nanoparticle (in Fig. 7(b1) and (b2)), then a large
mount of Li7Sn3 phase gradually precipitates from the surface layer of

the nanoparticle (as shown in Fig. 7(c) and (d)), and finally the Li7Sn3
phase grows towards the interior of the particles (in Fig. 7(e–j)).

Fig. 8 illustrates the distribution of von Mises stresses during lithia-
tion of Li𝑥Sn 3D nanoparticle, where the phase structures correspond-
ing to graphs (a–j) are shown in Fig. 7(a–j), respectively. The series
of graphs labeled 1 shows the von Mises stress distribution on a semi-
transparent nanoparticle. The series of graphs labeled 2 shows the von
Mises stress distribution inside the nanoparticle. It can be seen that as
the Li7Sn3 phase precipitates, the von Mises stress reaches a maximum
near the interface between the Li7Sn3 phase and the LiSn phase. When
the Li7Sn3 phase precipitates and covers the surface of the nanoparticles
during the lithiation process (Fig. 7(c) and (d)), the maximal von Mises
stresses can be calculated on the nanoparticle surface (Fig. 8(c) and
(d)). Then, as the Li7Sn3 phase grows, the phase interface between
LiSn and Li7Sn3 phases moves towards the interior of the nanoparticle,
and the region with the highest von Mises stress also moves towards
the interior of the nanoparticle, and its value decreases gradually. This
represents the fact that cracks are more likely to be generated on the
nanoparticle surface when the lithium-rich phase starts to precipitate,
 a
and the form of crack growth tends to propagate from the nanoparticle
surface to the interior, which was demonstrated experimentally by Eom
et al. [76] and Ying et al. [77]. And Liu et al. used 𝑖𝑛 𝑠𝑖𝑡𝑢 transmission
lectron microscopy to study the lithiation process of individual Si
anoparticle in real time and discussed the stress distribution in it,
hich can also be applicable to the understanding of stress distribution
nd crack generation during lithiation in Sn-based nanoparticles [4].
oreover, as shown in Fig. 8(b) and (c), the cracks on the surface of the

anoparticle are more likely to propagate along the grain boundaries,
hich is consistent with the conclusions drawn by Wang et al. [20] and

aterally illustrates the regularity of the crack distribution in Fig. 2(e).
dditional 2D sections from different locations of the 3D nanoparticle
re illustrated in Figs. S17–S20 in the Supplementary Material.

To gain a deeper understanding of the lithiation process in the Li𝑥Sn
D nanoparticle, the calculated results at 9139 s are further analyzed.
he corresponding phase distributions of LiSn and Li7Sn3 are shown

n Fig. 9(b), the distribution of lithium diffusion potential, chemical
nergy density, and chemomechanical energy density are shown in
ig. 9(c), (d), and (e), respectively. In order to demonstrate the energy

information more clearly, the data within the nanoparticle is obtained
long the 𝑦-direction (in graphs (c), (d), and (e)) to plot in Fig. 9(a),
here the black line is the diffusion potential, the blue line is the

hemomechanical energy density, and the red line is the chemical
nergy density. Obviously, the energy density after considering the
ontribution of mechanical energy is relatively higher, which also
esults in a higher chemical potential of lithium calculated by Eq. (29),
nd therefore to a lower output voltage [26,72].



Fig. 8. Lithiation process of Li𝑥Sn 3D nanoparticle, where simulation time (a) at 0 s; (b) at 1511.6 s; (c) at 3031.6 s; (d) at 4556.6 s; (e) at 6085 s; (f) at 7612 s; (g) at 9139 s;
(h) at 10 665 s; (i) at 12 201.7 s; (j) at 12 578.4 s. The series of graphs labeled 1 shows the von Mises stress distribution on a semi-transparent nanoparticle. The series of graphs
labeled 2 shows the von Mises stress distribution inside the nanoparticle.

Fig. 9. The Li𝑥Sn 3D nanoparticle charge for 9139 s: (a) lithium diffusion potential (black line), chemomechanical energy density (blue line), and chemical energy density (red
line) distribution obtained from graphs (c), (d) and (e); (b) phase distribution; (c) diffusion potential of lithium; (d) chemical energy density distribution; (e) chemomechanical
energy density distribution. The colorbar for graph (b) is consistent with Fig. 3(f).



Fig. 10. Lithiation process of Cu𝑥Li𝑦Sn 2D nanoparticle: phases and von Mises stress distribution during lithiation of nanoparticle with initial grains occupied by (b) LiSn phase;
(c) LiSn and CuLi2Sn2 phases; (d) CuLi2Sn2 and Cu phases; (e) Cu2LiSn and Cu phases.
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Fig. 11. Average plastic strain distribution of Cu𝑥Li𝑦Sn nanoparticle with initial grains occupied by (a) CuLi2Sn2 and Cu phases, and (b) Cu2LiSn and Cu phases after lithiation.
4.2. Lithiation process of Cu𝑥Li𝑦Sn 2D nanoparticle

Many researchers demonstrated that copper doping can effectively
mprove the mechanical property and cyclability of Sn-based elec-
rodes [20,37,38], but there is a lack of simulations in order to in-
estigate how copper acts as a stress-buffering phase in such complex
olycrystalline structures. In this subsection, we will investigate the
ariation of mechanical properties of a Cu𝑥Li𝑦Sn nanoparticle through
u doping with the guidance of the Cu–Li–Sn phase diagram [26].

Based on the previous validation, phase-field simulations of the
ultiphase transition of Cu𝑥Li𝑦Sn polycrystalline nanoparticle during

ithiation will be performed in 2D to save the simulation time. Similar
o the settings of 3D polycrystalline nanoparticle, the three processes
f phase transition, bulk diffusion, and lithiation are also involved in
he simulations of 2D polycrystalline nanoparticle. Under the guidance
f the Cu–Li–Sn phase diagram, we carried out four simulations in
wo dimensions with initial concentrations of Cu0LiSn (as shown in
ig. 10(b)), Cu0.5Li2Sn2 (as shown in Fig. 10(c)), Cu6Li5Sn5 (as shown
n Fig. 10(d)) and Cu3LiSn (as shown in Fig. 10(e)). In Fig. 10, each of
he phase diagrams in the center of graphs (a–d) illustrates the phase
ransition path (red arrow) of each nanoparticle during the lithiation
rocess: (a) LiSn + Li+ + 𝑒− → Li7Sn3, (b) LiSn + CuLi2Sn2 + Li+ + 𝑒− →

i7Sn3 + CuLi2Sn, (c) CuLi2Sn2 + Cu + Li+ + 𝑒− → CuLi2Sn, and (d)
u2LiSn + Li+ + 𝑒− → CuLi2Sn + Cu.

All four lithiation reactions have different phase transition pro-
esses. In Fig. 10(b), the Li7Sn3 phase precipitates on the surface of
iSn polycrystalline nanoparticle and grows toward the interior of the
article in the same way as the 3D lithiation process. In Fig. 10(c),
he first process is the transformation of LiSn phase into the Li7Sn3
hase, and when LiSn phase disappears, CuLi2Sn2 phase will then
ransform into Li7Sn3 and CuLi2Sn phases. In Fig. 10(d), CuLi2Sn2 phase
ill transform to CuLi2Sn phase after lithiation, and some Cu will be

onsumed in this process, and thus the volume of Cu phase within the
anoparticle is reduced. In Fig. 10(e), Cu2LiSn phase will transform
o CuLi2Sn phase and a certain amount of Cu will be precipitated,
o the volume of Cu phase will increase. The mechanical influence
nd likelihood for fracture are analyzed by means of the von Mises
tress distribution for all four Cu content. In comparison with Cu0LiSn
anoparticle (Fig. 10(b)), when a small amount of Cu is doped in this
anoparticle without precipitating the Cu phase (Fig. 10(c)), the von
ises stress tends to rise which increases the likelihood for particle

amage. This can be verified in the work of Zhang et al. [26], where
he back-scattered electron (BSE) images show that cracks are already
xisting in the annealed Cu𝑥Li𝑦Sn electrode material. In contrast, the
echanical properties of the nanoparticles are improved when the
Fig. 12. Maximal von Mises stress with time during lithiation of Cu𝑥Li𝑦Sn 2D
nanoparticles.

Cu phase precipitates. The von Mises stress is significantly lower in
the areas where the Cu phase exists compared to other regions. The
maximal von Mises stresses in Fig. 10(d) and (e) are lower than those
in Fig. 10(b) and (c). This indicates that the Cu phase effectively buffers
localized stress concentration, which is consistent with the conclusion
of Wang et al. [20]. Fig. 11 shows the average plastic strain which is
accumulated inside the nanoparticles during lithiation and calculated
by the following equation [61].

𝜕𝜖𝑝𝑙 (𝒓, 𝑡)
𝜕𝑡

=
√

2
3
𝛾̇ (𝒓) . (35)

It can be seen that the average plastic strain is mainly distributed
in the regions where the Cu phase exists, which also have lowest von
Mises stresses due to plastic yielding. This also results in low von Mises
stresses for the whole nanoparticles, which avoids material damage and
improves their mechanical properties.

Fig. 12 illustrates the variation of maximal von Mises stress within
Cu0LiSn (black curve), Cu0.5Li2Sn2 (purple curve), Cu6Li5Sn5 (blue
curve), and Cu LiSn (red curve) nanoparticles during lithiation process.
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It can be seen that the maximal von Mises stress of Cu0LiSn nanoparticle 
is increasing at the early stage of lithiation when Li7Sn3 phase precip-
itates on the surface of nanoparticle. As the transformation proceeds,
the maximal von Mises stress gradually decreases. This trend can only
be observed in this case because there is only one phase inside the
nanoparticle either before or after the lithiation reaction. In other cases,
there are two phases inside the nanoparticle. Due to the eigenstrain

odel in this work is primarily considered to be related to the molar
olume of each phase. For a single-phase nanoparticle, there is no 

stress concentration inside and the maximum von Mises stress is the
lowest. Therefore, it indicates that the damage of Cu0LiSn nanoparticle 
is more likely to occur in the early stage of lithiation and preferentially
starts from the surface. In the Cu6Li5Sn5 and Cu3LiSn nanoparticles, the
maximal von Mises stress is significantly lower than the highest values
of the maximal von Mises stress curves for Cu0LiSn and Cu0.5Li2Sn2 
anoparticles, which illustrates the important role of the Cu phase for
uffering stress.

5. Conclusion

In this study, we have developed and efficiently implemented a
framework suitable for simulating the lithiation process of polycrys-
talline nanoparticles with arbitrary geometries within the multi-physics
MInDes package. Initially, the framework’s validity is established by
simulating the lithiation process of a three-dimensional polycrystalline
Li𝑥Sn nanoparticle. Subsequently, the lithiation processes of four two-
imensional polycrystalline nanoparticles with different copper con-
ents are simulated. For the Cu0LiSn nanoparticle, the phase transition

path is LiSn → Li7Sn3. For the Cu0.5Li2Sn2 nanoparticle, the phase tran-
sition path involves LiSn → Li7Sn3 and CuLi2Sn2 → CuLi2Sn + Li7Sn3.
The Cu6Li5Sn5 nanoparticle undergoes the phase transition CuLi2Sn2 +
u → CuLi2Sn, while the Cu3LiSn nanoparticle experiences the phase

transition Cu2LiSn → CuLi2Sn + Cu. After performing mechanical anal-
ysis on these four lithiation processes, the following conclusions are
drawn:

(i) Cracks tend to appear at grain boundaries on the particle surface
during the lithiation process of pure Sn nanoparticles, particularly in
the early stage of lithium-rich phase precipitation.

(ii) The mechanical properties of the nanoparticle are reduced, and
it becomes more susceptible to cracking when small amounts of Cu
are doped into the Sn nanoparticle without the precipitation of the Cu
buffer phase. This is attributed to the presence of phases with a higher
volume expansion in its phase transition path.

(iii) When the percentage of Cu doping in pure Sn nanoparticles
exceeds 50%, the Cu buffer phase precipitates, effectively improving
the mechanical properties of the nanoparticle during the lithiation
process.

Based on these observations and conclusions, the proposed mod-
eling framework can be applied to advance further investigations.
In future research, the crack evolution can be simulated using the
finite element method, utilizing the simulated nanoparticle structure
from this study. Additionally, the model can be used to examine the
physical modification of polycrystalline electrodes and analyze their
electrochemical and mechanical performance characteristics.
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Appendix A. Thermal fluctuation

As discussed in Section 2.2.2, the phase transition is one of the
three simulation types in this work. Considering the local phase in-
stability due to thermal fluctuations, which results in the generation
of new phases’ noise, is an effective numerical method. Therefore,
there are two types of thermal fluctuations to be considered: One is
the uniform thermal fluctuation 𝜁 =

∑𝑠,𝑠
𝛼<𝛽 𝜙

𝛼𝜙𝛽 ⋅𝐷𝛼𝛽 ⋅ 𝐴𝑠 (as shown
in Fig. A.13(b)), the other is the interfacial thermal fluctuation 𝜁 =
∑𝑠,𝑠,𝑁

𝛼<𝛽<𝛾 𝜙
𝛼𝜙𝛽𝜙𝛾 ⋅𝐷𝛼𝛽 ⋅ 𝐴𝑠 (as shown in Fig. A.13(c)), where 𝐷𝛼𝛽 is the

distribution function and 𝐴𝑠 is the noise amplitude.
However, considering that the grand-potential equation are coupled

closely with the phase-field evolution equation, the generation of noise
will have a non-negligible artificial effect on the calculation of the
diffusion potential. To ensure the accuracy of the evolution of the
diffusion potential, some conditions need to be added to limit the
thermal fluctuation within each phase. First, it is assumed that thermal
fluctuation occurs mainly at grain boundaries. This was demonstrated
when prefabricating 𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 nanoparticles (Supplementary Material,
Fig. S15). The new phases generated by the uniform thermal fluctu-
ation method grow firstly on grain boundaries, too. Secondly, in the
𝐂𝐮𝒙𝐋𝐢𝒚𝐒𝐧 multi-phase system, thermal fluctuations are not present in
any case in any area. We assume that thermal fluctuations exist when
the newly generated phase has a growing driving force

𝐷𝛼𝛽 =
{

0 𝛥𝛼𝛽 < 0
𝑟𝑎𝑛𝑑(0, 1) 𝛥𝛼𝛽 > 0,

(A.1)

where 𝛥𝛼𝛽 =
(

𝜕∕𝜕𝜙𝛽 − 𝜕∕𝜕𝜙𝛼)𝐹𝑏𝑢𝑙𝑘 is already defined in Eq. (13).
s shown in Fig. A.13(a), during the lithiation process, the diffusion
otential is higher at the particle surface than inside the particle, so the
hermal fluctuation mainly exists in the outer layer of the nanoparticle
in Fig. A.13(b,c)). Because there is no driving force to generate the
ithium-rich phase inside the particle, there is no thermal fluctuation.

https://github.com/Microstructure-Intelligent-Design/MInDes
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Fig. A.13. Schematic diagram of thermal fluctuation in LiSn phase in each grain (𝐴𝑠 = 0.25): (a) distribution of diffusion potential Li, (b) Li7Sn3 phase generated by uniform
hermal fluctuation, and (c) Li7Sn3 phase generated by interfacial thermal fluctuation.
Table B.3
Dimensionless definition and the basic material parameters used in simulation.
𝑆𝑦𝑚. Description Expression Unit Value Remark

𝛥𝒓∗ Size of spatial grid – m 5 × 10−8 –
𝛥𝑡∗ Time interval – s 0.1 –
𝑇 ∗ Temperature – K 300 –
𝑅∗ Molar gas constant – J∕ (mol K) 8.314 –
𝑉 ∗
𝑚 Molar volume – m3∕mol 1 × 10−5 –

𝐸∗ Energy density 𝑇 ∗ × 𝑅∗∕𝑉 ∗
𝑚 J∕m3 2.4942 × 108 –

𝜕𝐸∗ Interface energy 𝐸∗ × 𝛥𝒓∗ J∕m2 12.471 –
𝐺∗ Mechanical modulus 𝐸∗ Pa 2.4942 × 108 –
𝐷∗ Diffusivity (𝛥𝒓∗)2 ∕𝛥𝒕∗ m2∕s 2.5 × 10−14 –
𝐿̃𝛼𝛽 Interface mobility – m∕s 5 × 10−4 –
𝜀 Interface width – m 3 × 10−7 –
𝐷Li Diffusivity of lithium – m2∕s 1 × 10−14 [78,79]
𝐷Cu Diffusivity of copper – m2∕s 1 × 10−14 [78,79]
𝛾𝛼𝛽 Interface energy – J∕m2 0.1 [80]
𝛾̃ Artificial interface energy – J∕m2 10.0 [65]
𝐴 Solubility magnitude – – 500 –
𝑐𝑚𝑎𝑥 Full charge lithium – – 0.814815 [13]
𝐶-𝑟𝑎𝑡𝑒 Lithiation rate – C 1∕15 [13]
𝑉 𝑔𝑟𝑎𝑖𝑛 Average grain size – μm3 0.70058 –
Appendix B. Physical and dimensionless parameters

The dimensionless definition and some of the basic material pa-
rameters used in this work are listed in Table B.3. Parameters marked
with * are used to transfer the available physical parameters into
dimensionless parameters.

Among these parameters, the size of spatial grid 𝛥𝒓 is set as 5 ×
10−8 m, the time interval 𝛥𝒕 is chosen to be 0.1 s. The simulation
of lithiation is assumed to occur at a temperature of 𝑇 ∗ = 300 K,
using a molar gas constant of 𝑅∗ = 8.314 J∕ (mol K), with a standard
molar volume of 1 × 10−5 m3∕mol. Therefore, the standard energy
density can be calculated by formula 𝐸∗ = 𝑇 ∗ × 𝑅∗∕𝑉 ∗

𝑚 , similarly, the
standard interface energy 𝜕𝐸∗ = 𝐸∗ × 𝛥𝒓∗ and the standard diffusivity
𝐷∗ = (𝛥𝒓∗)2 ∕𝛥𝑡∗. Due to the equilibrium relationship between the
energy density and the external applied forces, which implies that the
force per unit area (Pa) equals the energy per unit volume (J∕m3),
hence the standard mechanical modulus can be given as 𝐺∗ = 𝐸∗. To
ensure the stable generation of phase interfaces, the interface energy
model 𝛾̂𝛼𝛽 = 𝛾𝛼𝛽 + 𝛾̃ proposed by Schoof et al. [65] is used here,
where 𝛾𝛼𝛽 is the interface energy for the materials and 𝛾̃ a special
energy to construct a stable diffuse interface. The interface width 𝜀
is set to be 6 × 𝛥𝒓. The interface mobility 𝐿̃𝛼𝛽 is set as 5 × 10−4 m∕s.
The numerical chemical energy model is given in Eq. (30), where the
olubility magnitude 𝐴 is given as 500. The diffusivity of lithium and
opper in electrode (𝐷Li and 𝐷Cu) are set as 1 × 10−14 m2∕s [78,79].

Referring to experimental work [13], the concentration of lithium is
0.814815 (molar fraction) after full charging of the nanoparticle, with a
lithiation rate of 1∕15 𝐶-𝑟𝑎𝑡𝑒. The average grain size in 3D nanoparticle
is 0.70058 μm3.
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