
Journal of Power Sources 613 (2024) 234857

A
0

•

•

•

A

K
S
F
P

1

e
o
g
t

h
R

Contents lists available at ScienceDirect

Journal of Power Sources

journal homepage: www.elsevier.com/locate/jpowsour

Development and calibration of a fast flow model for solid oxide cell stack
internal manifolds
Oscar Furst, Olaf Deutschmann ∗

Karlsruhe Institute of Technology, Kaiserstraße 12, Karlsruhe, 76131, Baden-Württemberg, Germany

H I G H L I G H T S

Commonly used Darcy–Weisbach fric-
tion factor shown to be inaccurate in
SOC manifolds.
Pressure loss coefficient expressions for
junctions in SOC manifolds are pro-
vided.
Fast and accurate algebraic model of
the flow distribution in SOC stacks is
presented.
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A B S T R A C T

Due to the commercialization of solid oxide cells (SOC) progressing at an accelerated pace, computationally
inexpensive SOC models adapted to the iterative nature of the engineering process are in increasing demand.
Flow simulation in the stack is especially challenging in this regard because detailed computational fluid
mechanic models are computationally demanding, while simplified models rely on pressure loss coefficients
and friction factors not readily available in the literature. In this study, a computationally inexpensive algebraic
model of an SOC stack internal manifold is developed and calibrated for laminar flow conditions. Thereby,
pressure loss coefficients and Darcy friction factors are determined for a broad range of operating conditions
through symbolic regression of Navier–Stokes flow simulation results of stacks of 20 to 40 cells. The derived
Darcy friction factors for the inlet and outlet manifolds prove to be of particular importance, as they deviate
strongly from the expressions assumed in similar modeling studies. The predictive power of the developed
model is demonstrated by providing accurate predictions of the flow distribution in the stack, even outside of
the calibration window.
. Introduction

In recent years, the commercialization of solid oxide cells (SOC) has
xperienced an unprecedented surge, with the production capabilities
f commercial manufacturers being scaled up to meet the anticipated
lobal demand [1]. Concurrently, the planning of industrial applica-
ions of large quantities of integrated SOC stacks [2,3] drives the
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demand for simulation tools adapted to the optimization tasks per-
formed during the system engineering process [4]. While SOC models
have traditionally served as valuable academic tools for comprehending
the intricate physico-chemical dynamics within cells and stacks, this
change necessitates the development of faster simulation tools tailored
to the iterative nature of the engineering process.
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Nomenclature

Abbreviations

BC Boundary condition
GCI Grid convergence index
MEA Membrane electrode assembly
NRMSD Normalized root mean square deviation
SOC Solid oxide cell

Sub- and superscripts

𝑖 ith cell (counting from the top)
𝑛 nth cell (counting from the top)
avg Average
B Bend
C Common branch (of a tee junction)
in Inlet
M Manifold
out Outlet
S Side branch (of a tee junction)
St Straight passage (of a tee junction)
tot Total

Variables

𝜇 [Pa s] Dynamic viscosity
𝜈 [m2 s−1] Kinematic viscosity
𝜌 [kgm−3] Density
𝜁 [–] Pressure loss coefficient
𝑎 Slope of a linear function
𝑏 Intersect of a linear function
𝐷𝐻 [m] Hydraulic diameter
𝑓𝐷 [–] Darcy friction factor
ℎ [m] Height
𝑘 [m2] Permeability
𝐿 [m] Length
𝑛 [–] Number of cells in the stack
𝑝 [Pa] Pressure
𝑄 [m3 s−1] Flow rate
𝑅𝑒 [–] Reynolds number
𝑢 [ms−1] Velocity
𝑥, 𝑦, 𝑧 [m] Spacial coordinates

Models used to optimize cell and stack designs need to simulate the
ystem performance as a function of various design parameters such as
ell materials, electrode microstructure and operating conditions. By
ature, the cell models used for such tasks need to be extrapolatable
ith reasonable accuracy beyond the operating points used for calibra-

ion, which is achieved through detailed but computationally expensive
odeling of the underlying physical processes. Fortunately, such simu-

ations can be expedited through the use of space-marching [5] and
lustering algorithms [6]. The computational efficiency of flow sim-
lation within the stack, however, emerges as a critical factor. The
ntricacies of computational fluid mechanic models that encompass
oth inertial and viscous flow patterns, along with their impact on flow
istribution in the stack, pose a significant computational challenge.
imultaneously, flow maldistribution caused by the stack manifold
an have a significant effect on stack operating conditions, especially
egarding degradation rates [7]. Such effects are especially relevant
henever a limited amount of space can be allotted to the manifold

ystem, as is the case for mobile applications [8]. In light of this, there
2

is a growing imperative to develop stack manifold models that strike a
balance between accuracy and computation time, facilitating the swift
progression of the design and optimization processes.

The flow distribution in stacks can be studied with high accu-
racy using 3-dimensional stack models resolving the flow-field with
the Navier–Stokes equation [9]. Compared to the experimental ap-
proach, detailed simulations have the added advantage of providing
access to the entire flow-field. However, such models suffer from
long computation times, especially when the electrochemistry is also
simulated.

In order to reduce computational costs, Beale et al. [10–12] in-
troduced the distributed resistance analogy for solid oxide fuel cell
manifold modeling. With this method, the full momentum conservation
equation is still solved in the manifold, but simplified inside the active
region of the stack, which allows the use of a coarser mesh. In exchange
for a minimal loss in precision, computation times can be reduced by
roughly an order of magnitude.

The most computationally efficient models are flow network mod-
els [13–15], because they only require the solution of a set of algebraic
equations. While the loss of accuracy is greater, sub-second computa-
tion times can be achieved, which is a reduction by more than four
orders of magnitude compared to the detailed simulation. However,
their accuracy relies heavily on the availability of pressure loss co-
efficients for the geometric features of the studied manifold, such as
junctions and bends. This is especially challenging for stack manifolds
because the literature on pressure loss coefficients in tee junctions
focuses heavily on turbulent operation [16], leading scientists to use
ill-suited coefficients or neglect them altogether [13,17]. In any stack,
the final portion of the inlet manifold and the initial portion of the
outlet manifold operate in the laminar regime due to the low flow rate.
In stacks with low flow rates at the inlet (e.g., due to a low number
of cells), and therefore low Reynolds number, the flow can be fully
laminar.

In this study, a network model is developed for the manifold design
of interest, for which pressure loss coefficients are computed using 3-
dimensional Navier–Stokes flow simulation results obtained from stacks
comprising 20 to 40 cells under laminar flow conditions. The use
of symbolic regression is showcased for the development of closed-
form expressions used for the computation of loss coefficients in the
simplified model.

Expressions for the evaluation of the Darcy friction factor in the inlet
and outlet manifolds are also developed, and the result is shown to
differ from the friction factors often used in similar modeling studies.

The resulting model is shown to predict flow maldistribution in the
studied manifold geometry with good accuracy and negligible com-
putation times. Crucially, the model demonstrates its efficacy beyond
the confines of the calibration window, underlining its potential as a
valuable tool for engineers and researchers engaged in the design and
optimization of SOC systems. Compared to detailed, three-dimensional
computational fluid dynamics (CFD) investigations, this approach can
be leveraged to expedite the simulations of full SOC stacks with internal
manifolds.

2. Methodology

2.1. Manifold geometry

For the purpose of this study, a U-type stack manifold design was
developed for the stacks of 9 cm × 14.2 cm fuel electrode-supported
cells under co-flow operation studied by Wehrle et al. [18]. Literature
on current commercial stack manifold designs is very scarce, with
the notable exception of the Jülich Mark-F which is a counter-flow
design [10,19,20]. Therefore, the design produced herein resulted from
the aggregation of geometric data from similar modeling studies [21,
22] and educated guesses based on published images of commercial
stacks [23,24]. In this study, the modeling efforts are focused on the
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Table 1
Fuel manifold geometry parameters.

Parameter Value Unit

Manifold channel width 17 mm
Manifold channel depth 17 mm
Fuel channel width 4.75 mm
Fuel channel height 1 mm
Fuel channel length 90 mm
Inlet & outlet header length 17 mm
Sealing width 8 mm
Interconnect rib width 1.5 mm
Interconnect total height 3.5 mm
MEA height 0.4103 mm

Fig. 1. Visualizations of the geometry of the simulated manifold.

fuel manifold, as the symmetrical design allows to apply the results to
the air manifold as well. A schematic of the resulting fuel manifold for
a single cell is shown in Fig. 1(a) and a detailed list of measurements
is provided in Table 1.

Due to the repetitive structure of the flow domain, the computa-
tional cost of detailed simulations can be greatly reduced by simulating
a slice of the manifold with symmetry boundary conditions on each
side, as shown in Fig. 1(b). Due to the large width of the stack (142 mm)
compared to the slice (25 mm), the incurred loss of accuracy is expected
to be small.

2.2. Navier–Stokes flow model

The flow in the manifold was studied through simulations using the
SimpleFOAM solver of OpenFOAM [25], which solves the steady-state
incompressible Navier–Stokes equations using the SIMPLE algorithm.
In this case, the following set of the equations is solved [26]:

∇ ⋅ 𝑢 = 0 (1)
3

Table 2
Boundary conditions used to solve the Navier–Stokes equation.

Boundary Velocity BC Pressure BC

Manifold inlet parabolic profile, 𝑢 = 𝑢in
𝜕𝑝
𝜕𝑛

= 0
Manifold outlet 𝜕𝑢

𝜕𝑛
= 0 𝑝 = 0

Symmetry plane symmetry symmetry
Walls 𝑢 = 0 𝜕𝑝

𝜕𝑛
= 0

Table 3
List of simulations, each characterized by the number of cells in the stack and the
average flow velocity in the fuel channels 𝑢cells, leading to a Reynolds number 𝑅𝑒in at
the inlet.

n◦ Number of cells 𝑢cells 𝑅𝑒in Function

1 40 1m s−1 284 Training data
2 20 1m s−1 142 Training data
3 20 2m s−1 248 Training data
4 20 0.5m s−1 71 Training data
5 20 3m s−1 426 Test data
6 20 0.25m s−1 47 Validation data

∇ ⋅ (𝑢 ⊗ 𝑢) = ∇ ⋅ 𝑅 − ∇
𝑝
𝜌

(2)

with the velocity vector 𝑢, the stress tensor 𝑅 and the kinematic
pressure 𝑝

𝜌 .
The boundary conditions (BC) used for the simulations are listed in

Table 2. Inlet and outlet channels with a length of 0.1m were added
to the geometry in order to guarantee a fully developed flow at the
inlet of the manifold and reduce the influence of the outlet boundary
conditions on the flow in the outlet manifold.

In order to analyze the flow over a broad range of parameters, the
flow was simulated for stacks with a different number of cells (20 to
40) and for a range of Reynolds numbers (𝑅𝑒in ∈ {47, 71, 142, 284, 426}).
At a Reynolds number of 568 achieved with an average fuel channel
velocity 𝑢cells = 4m s−1 in the 20 cell stack, transient behavior was
observed which cannot be resolved using the SimpleFOAM solver.
Solving the transient Navier–Stokes equation for stacks of 20 cells and
the level of accuracy targeted by this study is not practically feasible
due to computation times increasing by several orders of magnitude.
Therefore, the start of this transient flow regime represents an upper
bound for the range of Reynolds numbers at the inlet that can be
studied with the present methodology. Simulations were performed
using the fluid properties of a 90% H2O, 10% H2 mixture at 650 ◦C,
leading to a kinematic viscosity of 𝜈 = 3.15 ⋅ 10−4 m2 s−1. An exhaustive
list of investigated flow conditions is provided in Table 3.

In order to ensure that the flow model resulting from this study is
not only applicable to the fitted flow conditions, the simulation with
the highest Reynolds number was kept as test data and the simulation
with the lowest Reynolds number was kept as validation data. The test
data was not used to fit the loss coefficients developed in this study,
but was consulted during their development in order to ensure accurate
extrapolation beyond the calibration window. The validation data was
used only to test the accuracy of the resulting model at the very end of
the study.

The applicability of Reynolds’ law of similarity to all quantities of
interest in this study (pressure loss coefficients, Darcy friction factors,
permeabilities and flow distribution) was confirmed by performing an
additional simulation at 𝑅𝑒in = 142 with a kinematic viscosity of 𝜈 =
6.30 ⋅ 10−4 m2 s−1, which led to discrepancies in the results well below
0.1% in magnitude. As a result, the findings of this study are not only
applicable to flows with the simulated gas properties, but to any flow
of similar Reynolds number.

A grid convergence study according to Roache [27] was performed
on the 20 cells, 𝑅𝑒in = 284 case using 3 grids with respectively 18, 50
and 142 million hexahedral cells (grid refinement ratio 𝑟 ≈ 1.4). The
difference in the average pressure in the inlet manifold and the outlet
manifold 𝛥𝑝 , measured 1 mm below the first cell, was used as a
stack
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Fig. 2. Schematic of the manifold geometry with a visualization of flow features
with significant influence on the total pressure in the flow. The nomenclature used
to differentiate the common channel C, side channel S and straight passage St of
converging and diverging tees is annotated in italic.

criterion for the computation of the relative error between two meshes

𝜖12 =
𝛥𝑝grid 2

stack − 𝛥𝑝grid 1
stack

𝛥𝑝grid 1
stack

. (3)

Using second order interpolation and integration schemes in Open-
FOAM, an order of convergence

𝑝 = ln

(

𝛥𝑝grid 1
stack − 𝛥𝑝grid 2

stack

𝛥𝑝grid 2
stack − 𝛥𝑝grid 3

stack

)

∕ ln (𝑟) = 1.75 (4)

and a grid convergence index

𝐺𝐶𝐼 =
3 |𝜖12| 𝑟𝑝

(𝑟𝑝 − 1)
= 3.8% (5)

was computed for the intermediate mesh, which provides a reason-
able error band for the solution. As the grid convergence study was
performed over three meshes, the results could be verified to be in
the asymptotic range of convergence. Results reported herein were all
obtained using the intermediate grid spacing.

2.3. Computation of pressure losses

The following significant flow features in which total pressure 𝑝tot =
𝑝+𝜌 𝑢2∕2 is lost or recovered are isolated in the simulated geometry (see
Fig. 2):

• Diverging tees in the inlet manifold
• Converging tees in the outlet manifold
• Straight channel sections between tees
• Bends at the upper end of the manifolds
• Fuel channels, including inlet and outlet headers

The methodology used to compute the pressure gradients and loss
coefficients in the manifolds is visualized in Fig. 3(a):

In order to assimilate the simulated results to a one-dimensional net-
work model, the dimensionality of the results is reduced by averaging
the static pressure 𝑝 (𝑥, 𝑦, 𝑧), axial velocity 𝑢𝑧(𝑥, 𝑦, 𝑧) and total pressure
𝑝tot (𝑥, 𝑦, 𝑧) across the cross-section of the manifolds in order to obtain
𝑝 (𝑧), 𝑢𝑧(𝑧) and 𝑝tot (𝑧) which are only functions of the height coordinate.

For every manifold section located between the fuel channels of two
cells, a linear regression is performed to express the total pressure in
the 𝑖th manifold section as a linear function of the manifold height

𝑝tot (𝑧) ≈ 𝑎𝑖 𝑧 + 𝑏𝑖 𝑧 ∈
[

𝑧𝑖,1∕4, 𝑧𝑖,3∕4
]

(6)

ith the total pressure averaged over the cross section of the manifold
𝑝tot expressed as a function of the height coordinate 𝑧, the slope 𝑎𝑖
and intercept 𝑏𝑖 determined through linear regression, knowing that the
slope 𝑎 = 𝜕𝑝𝑖 ∕𝜕𝑧 is the pressure gradient in the 𝑖th manifold section.
4

𝑖 tot
Since the adjacent tee junctions causes a disturbance of the pressure
in the nearby regions of the manifold sections (seen in the plot of 𝑝tot (𝑧)
in Fig. 3(a)), the regression is only performed over half of the length of
every section, from the coordinate 𝑧 = 𝑧𝑖,1∕4 to the coordinate 𝑧 = 𝑧𝑖,3∕4
which exclude the first and last quarter of the manifold sections.

At the inlet and outlet of the headers in the cells, the pressure is
undisturbed by the adjacent junctions. Therefore, the total pressures at
the start of the inlet header 𝑝𝑖tot,cell,in and the end of the outlet header
𝑝𝑖tot,cell,out are simply averaged over their cross-section:

𝑝𝑖tot,cell,pos =
1

ℎcell 𝑤M ∫

𝑧𝑖,end

𝑧𝑖,begin
∫

𝑦end

𝑦begin
𝑝tot (𝑥pos, 𝑦, 𝑧) 𝑑𝑦 𝑑𝑧

with pos ∈ {in, out} (7)

with ℎcell the height of a fuel channel, 𝑤M the width of the manifold
and its outlet towards the fuel channels, 𝑦begin and 𝑦end = 𝑦begin + 𝑤M
the y-coordinates of the sides of the manifold and 𝑧𝑖,begin and 𝑧𝑖,end =
𝑧𝑖,begin +ℎcell the heights at which the 𝑖th fuel channel begins and ends.
They are used to compute the pressure losses along the cells and the
pressure loss coefficients of the tees and bends.

Herein, the nomenclature of Idelchik [16] was adopted to differen-
tiate between the three branches of converging and diverging tees. The
branch with the highest flow rate, which is the source of the flow in
diverging tees and the sink of the flow in converging tees, is called the
common channel and the subscript C is used. The branch opposite of
the common channel is called the straight passage and the subscript St
is used. The remaining branch is called the side branch and the subscript
S is used.

Diverging tees have two flow paths: turning from the common
channel to the side branch, and the straight passage from the common
channel (see Fig. 2). Pressure loss due to friction is observed for
the turning flow, while pressure recovery is observed for the straight
passage (see Fig. 3(a)). The rise in total pressure across the junctions
is due to low-speed gas from the boundary layer which exits the flow,
which leaves the gas with a higher specific energy in the main chan-
nel [16]. The corresponding pressure loss coefficients are computed as
follows [16]:

𝜁CS =
𝑝tot,S − 𝑝tot,C

𝜌𝑢2𝑧,𝐶∕2
(8)

𝜁CSt =
𝑝tot,St − 𝑝tot,C

𝜌𝑢2𝑧,𝐶∕2
. (9)

As previously mentioned and seen in Fig. 3(a), changes in total
pressure due to this geometrical feature can already be observed in the
manifold sections before and after the tees. In order to separate the
effects of the wall friction from the effect of the tee, the total pressure
drop is computed using the results of the linear regression:

𝛥𝑝𝑖CSt = 𝑝𝑖tot,St − 𝑝𝑖tot,C
= 𝑎𝑖−1 𝑧i−1,begin + 𝑏𝑖−1 −

(

𝑎𝑖 𝑧i,end + 𝑏𝑖
)

. (10)

The linear regression is not needed in the fuel channels, so that the
turning pressure drop is computed as:

𝛥𝑝𝑖CS = 𝑝𝑖tot,cell,in − 𝑝𝑖tot,C
= 𝑝𝑖tot,cell,in −

(

𝑎𝑖 𝑧i,end + 𝑏𝑖
)

. (11)

In the converging tees of the outlet manifold, the two flow paths
go from the side branch to the common branch and from the straight
channel to the common branch (see Fig. 2). The same methodology
as above is employed, with the pressure drops being computed in the
direction of the flow:

𝜁SC =
𝑝tot,C − 𝑝tot,S

𝜌𝑢2𝑧,𝐶∕2
(12)

𝜁StC =
𝑝tot,C − 𝑝tot,St

2
. (13)
𝜌𝑢𝑧,𝐶∕2
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Fig. 3. Visualization of methodology used to compute (a) the pressure gradient along sections of the inlet manifold, pressure drops across tees and (b) the pressure drop across
bends.
At the top of the stack, there is a converging bend from the inlet
manifold to the uppermost cell and a diverging bend from the cell to
the outlet manifold. These bends also have a significant influence on the
total pressure profile in the uppermost manifold sections, as is shown
in Fig. 3(b). Especially at the end of the inlet manifold, the stagnation
of the flow causes an increase of the static pressure. The increased
pressure causes a reversal of the flow direction in the low velocity parts
of the manifold cross section, which leads to a large eddy. The eddy
continually transports higher-energy gas, which is entrained by the
relatively fast bulk flow, past the second fuel channel. Simultaneously,
the other side of the eddy transports very slowly moving gas in the
opposite direction over a much larger area. Due to the nonlinearity
of the contribution of velocity to the kinetic energy, the eddy leads
to an increase of the total pressure up to the middle of the final
manifold section. After this point, the vertical motion of the eddy stops
gradually, as its motion is mostly lateral in the uppermost part of
the manifold. The increase in total pressure is further accentuated by
the reversed flow outside of the symmetry plane (not visible on the
figure), close to the lateral manifold walls, which leaves the manifold
through the second fuel channel. This further removes slowly-moving
portions of the flow, thereby increasing the energy of the flow per unit
volume [16]. In order to capture this effect, the uppermost manifold
section is included in the bend loss coefficients:

𝜁B,in =
𝑝1tot,cell,in − 𝑝tot,inlet

(

𝑧1,begin
)

𝜌
(

𝑢𝑧,inlet
(

𝑧1,begin
))2∕2

(14)

𝜁B,out =
𝑝tot,outlet

(

𝑧1,begin
)

− 𝑝1tot,cell,out
𝜌
(

𝑢𝑧,outlet
(

𝑧1,begin
))2∕2

. (15)

Despite the complexity of the encountered flow patterns, the reduc-
tion of such complex, intrinsically 3-dimensional flows to 0-dimensional
pressure loss equations is common practice and has been shown to work
for a large variety of problems [16]. Through rigorous application of
such a methodology to all flow features in the stack, the pressure at
these strategically selected positions of the stack can be reconstructed
with enough precision to provide a satisfactory prediction of the flow
maldistribution, which is shown in Section 3.3.
5

2.4. Closed-form expressions for pressure losses

In order to compute flow distribution in a manifold with the ge-
ometry defined in Section 2.1 using a network model based on the
Bernoulli equation, the total pressure losses identified in the previous
section need to be estimated as functions of the local flow conditions
and geometry. In this study, the number of relevant geometrical factors
is minimized by only allowing changes to the number of cells in the
stack (and consequently its total height), all other geometric parameters
being kept constant.

With the assumption that the loss coefficients in converging and
diverging tee junctions can be formulated as a function of the Reynolds
number in the common branch 𝑅𝑒𝐶 and side branch 𝑅𝑒𝑆 as well as
the ratio of flow rates between branches (𝑄𝑆𝑡∕𝑄𝐶 and 𝑄𝑆∕𝑄𝐶), an open
source symbolic regression package [28,29] is used to develop expres-
sions for every loss coefficient 𝜁 . Symbolic regression is an application
of machine learning which develop analytic functions that model a
dataset. In the present case, the loss coefficients 𝜁CS, 𝜁CSt , 𝜁SC and
𝜁StC determined for the first four simulations listed in Table 3 are
used as training data. The aim is to obtain expressions for the loss
coefficients that are applicable to a wide range of flow conditions (see
Reynolds’ law of similarity in Section 2.2) in stacks with a varying
amount of cells, provided that the manifold channel width and depth,
fuel channel height, inlet and outlet header length, distance between
manifold channels and distance between fuel channels is identical. The
result of the symbolic regression process is a pareto front composed of a
multitude of analytic functions, each representing a different optimum
between accuracy of the fit to the training data and complexity of the
function. In order to alleviate issues related to overfitting, the fifth
simulation case is not used as training data but instead as test data
to select an expression that extrapolates correctly beyond the training
data. The sixth simulation was not consulted at this stage of the process
in order to preserve an unbiased set of validation data.

The same methodology is used to develop analytic expressions for
the loss coefficients in the bends at the top of the manifold, although
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they are assumed to be only functions of the Reynolds number in the
manifold 𝑅𝑒M.

The pressure loss from the inlet to the outlet of a cell was found
to be an almost perfectly linear function of the average flow velocity,
and therefore the pressure loss can be estimated using Darcy’s law for
which only the permeability 𝑘 needs to be determined:

𝛥𝑝 = 𝑢
𝜇 𝐿
𝑘

. (16)

Herein, this information is used to compute the pressure drop across
the cells for the validation of the model which is done by reproducing
the flow distribution using the simplified model in Section 3.3. In a
full SOC stack model, the difference in pressure across the cells will be
influenced by the production and consumption of gas species, which
may be computed using adapted flow models [14].

The pressure loss along a straight segment of the manifold (between
two gas channels) is commonly computed by evaluating the pressure
gradient 𝜕𝑝

𝜕𝑧 in a channel using the Darcy–Weisbach equation with
conventional Darcy friction factors 𝑓𝐷 [13,30–32]:

𝛥𝑝 = 𝑓𝐷 𝐿
𝜌
2

𝑢2

𝐷𝐻
. (17)

However, since the flow is not fully developed in any region inside
the manifold, the observed pressure gradients deviate strongly from
those computed this way (see Section 3.2). So, in order to be able to
evaluate the pressure losses in straight segments of the manifold, the
pressure gradient is computed using an expression for the Darcy friction
factor 𝑓𝐷 that is developed using the symbolic regression methodology.
The Reynolds numbers in the manifolds and cells (𝑅𝑒𝑀 and 𝑅𝑒cell), the
ratio of flow rates between branches (𝑄𝑆𝑡∕𝑄𝐶 and 𝑄𝑆∕𝑄𝐶) and relative
position along the manifold height 𝑧∕ℎtot are used as possible variables
in the symbolic regression process.

The developed expressions for the pressure loss coefficients and the
Darcy friction factors can be found in Section 3.2.

2.5. Network model of the stack flow

The network model developed in this study is an extension of the
algorithm of Koh et al. [13] in which five equations are established
for each cell in the stack in order to compute the static pressure at the
inlet of the diverging tees 𝑝𝑖in, the mass flow rate at the inlet of the
diverging tees 𝑄𝑖

in, the mass flow rate through the channels of the cell
𝑄𝑖

cell, the static pressure at the outlet of the converging tees 𝑝𝑖out and the
mass flow rate at the outlet of the converging tees 𝑄𝑖

out . The set of 5 𝑛
equations for a stack of 𝑛 cells is formulated as follows:
{

𝑄𝑖
in −𝑄𝑖

cell = 0 𝑖 = 1
𝑄𝑖

in −𝑄𝑖−1
in −𝑄𝑖

cell = 0 𝑖 ≠ 1
(18)

{

𝑄𝑖
out −𝑄𝑖

cell = 0 𝑖 = 1
𝑄𝑖

out −𝑄𝑖−1
out −𝑄𝑖

cell = 0 𝑖 ≠ 1
(19)

{

𝑝𝑖tot,in + 𝛥𝑝𝑖cell + 𝛥𝑝𝑖B,in + 𝛥𝑝𝑖B,out − 𝑝𝑖tot,out = 0 𝑖 = 1
𝑝𝑖tot,in + 𝛥𝑝𝑖cell + 𝛥𝑝𝑖CS + 𝛥𝑝𝑖SC − 𝑝𝑖tot,out = 0 𝑖 ≠ 1

(20)

{

𝑄𝑖
in −𝑄tot = 0 𝑖 = 𝑛

𝑝𝑖+1tot,in + 𝛥𝑝𝑖+1W,in + 𝛥𝑝𝑖+1CSt − 𝑝𝑖tot,in = 0 𝑖 ≠ 𝑛
(21)

{

𝑝𝑖tot,out − 𝑃0 = 0 𝑖 = 𝑛
𝑝𝑖tot,out − 𝑝𝑖+1tot,out + 𝛥𝑝𝑖+1W,out + 𝛥𝑝𝑖+1StC = 0 𝑖 ≠ 𝑛

(22)

with 𝑝tot = 𝑝 + 𝜌 𝑢2∕2.
For the purposes of this study, the inlet and outlet of the U-type

manifold is assumed to be at the bottom, and the cells are numbered
from the top to the bottom. The pressure loss terms 𝛥𝑝 are defined as
in Sections 2.3–2.4 and computed using the expressions provided in
Section 3.2.

The result is a set of nonlinear algebraic equations which can be
6

solved from a reasonable first guess using a damped Newton method.
Fig. 4. Axial velocity 𝑢𝑧 in the symmetry planes of the inlet and outlet manifolds in
the 20 cells 𝑅𝑒in = 426 case and profiles of the axial velocity at 4 locations of the
inlet manifold. Above the side view of the manifold, a cross-section of the fourth cell
is depicted with black arrows showing the velocity vectors in the xy-plane.

3. Results

3.1. Navier–Stokes simulation results

Fig. 4 shows a contour plot of the axial velocity 𝑢𝑧 distribution in
the symmetry planes of the inlet and outlet manifolds for the simulation
with 20 cells and 𝑅𝑒in = 426. Additionally, the velocity profiles along
four sections of the inlet manifold are depicted.

This visualization shows clearly that the maximum flow velocity in
every cross-section of the inlet manifold does not decrease significantly
along the length of the manifold, despite the flow rate diminishing
greatly between the inlet and the top of the stack. Although the
flow rate through Section 4 is 80% lower than the flow rate through
Section 1, the maximum velocity decreases by only 12%. At the inlet,
the velocity profile is parabolic, as is typical for fully developed channel
flows. However, the successive branching of the flow towards the cell
channels causes the velocity profile to shift towards one side of the
manifold, while a large eddy forms towards the other side.
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As a consequence, the velocity gradient at the right side of the
channel increases steadily towards the top of the stack, despite the
lowering average flow velocity. Since velocity gradients lead to a
shearing motion in the flow, the shear stresses (𝑅 in Eq. (2)) increase
due to the viscosity of the fluid, which is the cause for friction losses.
This local increase of the shear stress at the wall is therefore expected
to lead to an unusual relationship between flow rate and wall friction
losses, which is detailed in the following section.

The flow in the outlet manifold appears to be slightly more ho-
mogeneous, although the axial velocity profile is also shifted towards
the right. While the wall friction losses are impacted by the skewed
velocity profile, the absence of large recirculation zone should facilitate
the prediction of pressure losses in the outlet manifold.

3.2. Expressions for the pressure losses

Using the methodology described in Section 2.4, the following
expressions were developed for the pressure loss coefficients in the tees
and bends:

𝜁CSt =
𝑝tot,St − 𝑝tot,C

𝜌𝑢2𝑧,C∕2
(23)

≈ 39.67
(

𝑄S
𝑄C

)2 𝑄St
𝑄C

− 0.4069

𝜁CS =
𝑝tot,S − 𝑝tot,C

𝜌𝑢2𝑧,C∕2
(24)

≈ −
𝑄S∕𝑄C

𝑅𝑒C

(

226𝑅𝑒S + 3574
)

− 0.9842

𝜁StC =
𝑝tot,C − 𝑝tot,St

𝜌𝑢2𝑧,C∕2
(25)

≈
𝑅𝑒S 𝑄C∕𝑄St + 15.59∕𝑅𝑒S − 14.79

𝑅𝑒C 𝑄St∕𝑄C

𝜁SC =
𝑝tot,C − 𝑝tot,S

𝜌𝑢2𝑧,C∕2
≈

2845𝑄S∕𝑄C

1.01 − 𝑅𝑒C
+ 0.7872 (26)

𝜁B,in =
𝑝tot,cell,in − 𝑝tot,Min

𝜌𝑢2𝑧,Min∕2
≈ −5727∕𝑅𝑒Min (27)

𝜁B,out =
𝑝tot,Mout

− 𝑝tot,cell,out
𝜌𝑢2𝑧,Mout∕2

≈ −4702∕𝑅𝑒Mout . (28)

The data points extracted from the first converging and diverging
tee from every stack were not used in the symbolic regression of 𝜁CSt ,
𝜁CS, 𝜁StC and 𝜁SC, since a slightly irregular behavior can be expected
due to the proximity to the bend at the first cell. In Fig. 5, the
selected expressions for converging and diverging tee loss coefficients
are plotted against the loss coefficients computed from the OpenFOAM
simulation results. The orange markers represent the simulation data
that was used to develop the loss coefficients expressions and the
magenta markers represent the test data, which was used to verify that
the selected expressions extrapolate correctly outside of the calibration
range. The green markers represent the validation data, which was only
evaluated at the end of the study to provide an unbiased validation
case.

Similarly, the selected expressions for inlet and outlet bend loss
coefficients are plotted against the loss coefficients computed from the
OpenFOAM simulation results in Fig. 6. Contrary to the tees, few data
points can be provided since there is only one bend of each type in
each simulated case. Fortunately, the close proximity of the data points
with similar local Reynolds numbers ReM indicates that the pressure
loss coefficients in the bends is solely a function of the local Reynolds
number and does not depend on the Reynolds number at the inlet of
the manifold or the number of cells in the stack.

Normalized root mean square deviations (NRMSD) between the
equations and the simulated data, normalized using the range of the
simulated data, were computed and listed in Table 4. The NRMSD was
7

Table 4
Normalized root mean square deviation between the empirical expressions and the
simulated data.

Empirical NRMSD/%

expression Training data Test data Validation data

𝜁CSt 6.2 7.3 17
𝜁CS 0.12 0.18 0.11
𝜁StC 2.1 2.2 7.9
𝜁SC 0.25 0.79 0.91
𝜁B,in 1.8 13 1.7
𝜁B,out 1.2 1.7 5.2

selected as a criterion because it emphasizes a good match of every
data point by penalizing large errors in single data points (compared,
e.g., to an arithmetic average error), while still encouraging a better fit
for every data point than using the maximum error as a criterium. The
error is normalized to allow for meaningful comparison of the quality of
the regression between pressure loss coefficients with large differences
in magnitude. The NRMSD is computed by comparing every simulated
data point with its counterpart which is computed from the empirical
expression by inserting values of 𝑅𝑒C, 𝑅𝑒S, 𝑄S∕𝑄C and 𝑄St∕𝑄C found in
the simulation for this data point:

NRMDS =

√

1
𝑛data

∑𝑛data
𝑖=1

(

𝜁sim,𝑖 − 𝜁
(

𝑅𝑒𝑖C, 𝑅𝑒
𝑖
S,

𝑄S
𝑄C

𝑖
, 𝑄St
𝑄C

𝑖))2

𝜁sim,max − 𝜁sim,min
(29)

Excellent agreement is reached for both of the turning loss coefficients
𝜁CS and 𝜁SC (NRMSD < 1%), which is of utmost importance as their
large magnitude imply a large influence on the flow distribution.

Despite the very simple expressions chosen for 𝜁B,in and 𝜁B,out ,
hich is due to the lack of fit data, the agreement of the bend loss

oefficients is satisfactory. The impact of this uncertainty on the flow
istribution is expected to be moderate because the high magnitude
f these loss coefficient is counteracted by the low flow velocities in
he corresponding regions. Solely the loss coefficient for the case with
he high Reynolds number 𝑅𝑒in = 426 is inaccurately predicted, with a
RMSD of 13%.

The expressions obtained for the straight passage loss coefficients
CSt and 𝜁StC are the least accurate, especially 𝜁CSt for the diverging tees
t low Reynolds numbers (see Fig. 5) where the NRMSD reaches 17%.
lthough the fit could be improved by using expressions with a higher
omplexity, simplicity is prioritized due to the risk of overfitting and
ery low magnitude of the corresponding pressure loss and recovery
pressure increase). Since the straight passage pressure loss coefficients
re small, the influence on the flow distribution can be expected to be
mall.

The fact that the fit obtained for pressure losses in the turning
low is more accurate than the fit obtained for the straight passage
considering expressions of similar complexity) is likely due to the
act that pressure losses during flow redirection is mostly caused by
riction losses. While the difference in total pressure can be attributed
o a single phenomenon in this case, the friction losses for the straight
assage are anticipated to be of similar magnitude as the increase in
ressure due to the transfer of momentum from the turning flow to the
ulk flow, the increase in specific energy due to entrainment of the
oundary layer by the turning flow and the disturbance caused by the
ddy in the inlet manifold. The straight passage pressure losses being
ositive or negative depending on the simulated case is likely due to
uch competing effects.

The expressions developed to compute the Darcy friction factors 𝑓𝐷
n straight sections of the inlet and outlet manifolds are listed below:

𝑓𝐷,in ≈
63.13
𝑅𝑒M

(

𝑅𝑒cell
𝑧

ℎtot
+ 0.3544 − 𝑧

ℎtot

)

(30)

𝑓𝐷,out ≈
31.47
𝑅𝑒M

(

𝑅𝑒cell + 1.4735
)

. (31)
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Fig. 5. Pressure loss coefficients in tees computed from detailed simulations (points) plotted against empirical expressions determined through symbolic regression (lines). Each
data point corresponds to a single tee, each with a unique combination of 𝑅𝑒C, 𝑅𝑒S, 𝑄S∕𝑄C and 𝑄St∕𝑄C. Data points closer to the top of their respective manifolds feature lower 𝑅𝑒C
and 𝑄St∕𝑄C while 𝑄S∕𝑄C grows and 𝑅𝑒S fully depends on the flow distribution. Data points extracted from the same detailed simulations are plotted next to each other. The detailed
simulations are described by the number of cells simulated and the Reynolds number at the manifold inlet Rein (see Table 3).
Fig. 6. Pressure loss coefficients in bends computed from detailed simulations (points) plotted against empirical expressions determined through symbolic regression (lines). The
abscissa represent the Reynolds numbers ReM found at the inlet of the converging bend in the inlet manifold (left) and at the outlet of the diverging bend in the outlet manifold
right). Each data point corresponds to a single bend and is labeled with the simulation it was extracted from (see Table 3).
The pressure gradient in the outlet manifold was observed to be a
ostly linear function of the product of the Reynolds number in the
anifold 𝑅𝑒M and the Reynolds number in the adjacent cell 𝑅𝑒cell,

which results in the friction factor 𝑓𝐷,out being a linear function of
𝑅𝑒cell.

As the considered flow in the manifold channels is laminar, it relates
more closely to Darcy’s law (Eq. (16)), which predicts a linear growth
of the pressure gradient with the velocity. In the present case, the
permeability factor 𝑘 of Darcy’s law relates to the aforementioned
8

Darcy friction factors as follows, with 𝐷𝐻 being the hydraulic diameter
of the manifold:

𝑘 =
2𝐷2

𝐻
𝑓𝐷 𝑅𝑒𝑀

. (32)

This allows a more straightforward visualization of the parameters
influencing the flow in the manifold in Fig. 7. The figure shows that the

outlet permeability 𝑘out is practically constant for most cases, although
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Fig. 7. Permeabilities 𝑘 of straight sections of the inlet (left) and outlet (right) manifold channels computed from detailed simulations plotted against expressions determined
hrough symbolic regression. The data points are grouped by the simulations they were extracted from, inside of which each point corresponds to a different section of the manifold.
he abscissa represent the Reynolds numbers ReM found in these sections of the manifold, which is higher close to the inlet of the inlet manifold and close to the outlet of the

outlet manifold.
its value changes between the cases. This behavior is a clear contra-
diction of the commonly assumed Darcy friction factor which is solely
proportional to 𝑅𝑒−1M which would manifest as a single horizontal line
at 𝑘 ≈ 1.0 ⋅ 10−5 in these diagrams [33]. Instead, the same permeability
is observed for the two cases which feature an identical average flow
velocity in the cells of 𝑢cells = 1m s−1, the Reynolds number in the
adjacent cells 𝑅𝑒cell can be assumed to be a major factor influencing
the permeability in the outlet manifold.

The cases with Rein = 47 and Rein = 71 follow a similar trend,
although they exhibit an increased permeability by up to 12% at low
Reynolds numbers ReM. In these regions of the flow, the bulk flow
in the outlet manifold has very low inertia, resulting in smoother
velocity profiles more similar to the fully developed flow which results
in lower friction losses. Although the regression does not capture this
phenomenon accurately, the low flow velocity relative to the remaining
manifold and the small magnitude of the phenomenon implies that the
error in the computed pressure difference will be small.

The pressure gradient in the inlet manifold was found to be a non-
monotonic function of the Reynolds number in the manifold 𝑅𝑒M, with
the pressure gradient increasing from the bottom of the inlet manifold
up to half the height of the stack, at which point the maximal pressure
gradient is encountered and after which the pressure gradient decreases
towards the top of the manifold. This is counter-intuitive, as the highest
wall friction losses are expected to be found in the regions with the
highest flow rates, which implies that the actual flow maldistribution
is greater than might be estimated using pressure gradients for fully
developed flow. This behavior is explained by the shape of the velocity
profile, which transitions from a parabolic profile at the inlet, to a
highly skewed profile in the upper parts of the stack (see Section 3.1).
The skewed profile produces high velocity gradients in close proximity
to the channel wall adjacent to the inlet headers, which increases
the friction losses dramatically. Therefore, the permeability 𝑘out at-
tributable to the flow is higher close to the inlet, which is the region
with the highest Reynolds number 𝑅𝑒M.

Inside of the cells, in the inlet header, fuel channels and outlet
eader, the pressure gradient was found to be a perfectly linear function
f the flow rate. Sharp total pressure drops occur between those regions
ue to the sudden change in cross-sectional area, which are located
t the inlet and outlet of the headers. These pressure drops are also
erfectly linear functions of the flow rate through the cell. Therefore,
he pressure drop across a cell can be simplified to a single linear
unction of the flow rate such as Darcy’s law (Eq. (16)), for which the
arameter 𝑘 = 6.326 ⋅ 10−8 m2 was fitted with a least square method.
9

Fig. 8. Flow distribution, represented by the flow rate in every cell normalized by the
average flow rate, computed via 3D simulation compared to the network model.

3.3. Flow network model validation

With the expressions for the pressure loss coefficients and pressure
gradients listed in the previous section, all pressure losses required in
the network model presented in Section 2.5 can be computed. Thereby,
the ability of the determined expressions for loss coefficients to predict
the flow distribution in the manifold is asserted. The flow distribution
computed using the network model are compared to the results of the
OpenFOAM simulations in Fig. 8.

Good agreement is reached with every simulation. The largest error
is observed for the test case, with 𝑅𝑒in = 426, which has a NRMSD
for 𝑄 ∕𝑄 of 9.5%. This is due to the relatively high velocity of
cell avg
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the flow which provokes a different flow behavior close to the top of
the stack. As the flow stagnates when it reaches the wall at the top
of the inlet manifold, the dynamic pressure of the gas, which is its
kinetic energy per unit volume, transforms into static pressure. This
increases the difference in pressure between the inlet and the outlet
of the uppermost cell of the stack, which results in an increased flow
rate. While cases with low inlet Reynolds numbers Rein have very
sharp drops in flow rates in the uppermost cells due to the increased
friction losses in the bend, the effect gradually reverses with increasing
Reynolds numbers. In the Rein = 426 case, the increased static pressure
even reaches the second cell. The overestimated loss coefficient leads
to an inability to predict the increased flow rate in the uppermost cell
of the stack. Consequently, the accuracy of the predicted flow rates in
the remaining cells also suffers, as the local flow conditions are not
accurately predicted. Due to the important change in flow distribution
caused by this phenomenon, in future model calibrations, the training
data should contain a case in which it appears.

The agreement of the model with the remaining simulations, the
training cases and the validation case, is excellent, with a NRMSD
below 5%. Most of the model inaccuracy is expected to stem from the
difficulty in predicting the pressure gradient in the manifold sections
close to the inlet, which was explained in the previous section. How-
ever, the sudden change in flow rate between the uppermost cells of
the stack is predicted with great accuracy in the cases with Reynolds
numbers ranging from 47 to 284.

The model developed in this study can therefore be assumed to be
accurate inside of this range of Reynolds numbers Rein ∈ [47, 284].
With the considered fuel channel dimensions and fluid properties, in
stacks of 20 to 40 cells, this corresponds to average flow velocities
in the fuel channels 𝑢cells of 0.25m s−1 to 2m s−1, which are commonly
ncountered. As Reynolds’ law of similarity applies, this range can be
xpressed as 1.3 < Recells < 10.5 so that it applies to any Newtonian
luid independently of its density and viscosity.

. Conclusion

A methodology for the determination of closed-form expressions
or the pressure loss coefficients and Darcy friction factors for tee
unctions, bends and channels found in SOC stack internal manifolds
nder laminar flow conditions was presented and used to develop a
omputationally inexpensive but accurate stack flow model.

Six detailed simulations of the three-dimensional, incompressible
low in a U-Type manifold were performed on a fine mesh for various
aminar flow conditions in stacks of 20 to 40 cells. Pressure losses across
ees, bends and channels were extracted from all simulations and the
ressure loss coefficients and Darcy friction factors corresponding to
hese losses were evaluated. Pressure losses in the manifold channels
ere shown to not depend only on the flow velocity, as a linear
ependence on the adjacent side channel flow velocity was observed.
dditionally, local wall friction losses in the inlet manifold were also
hown to change as the parabolic velocity profile found at the manifold
nlet transitions to a skewed profile.

After identifying the flow parameters which are most likely to
mpact the pressure losses in each flow feature, a symbolic regres-
ion machine learning algorithm was used to determine functions of
hose flow parameters which can be used to compute pressure loss
oefficients and friction factors for a wide range of flow conditions.

The resulting expressions for the loss coefficients and friction factors
ere validated by developing a network model of the manifold flow.
he system of energy and mass conservation equations supplemented
y pressure losses computed with the aforementioned expressions al-
owed to predict with satisfactory accuracy the flow distribution for
wo cases which were not used in the development of the model.

The resulting model is fast, with computation times well below one
econd, and has been designed to be valid for stacks with an arbitrary
10

umber of cells and a large range of flow conditions, provided the flow
s laminar. The similarity of flows with identical Reynolds numbers
lso leads the model to be valid for different fluids at different tem-
eratures. Although the loss coefficient and friction factor expressions
ere developed using simulations of U-type manifolds, the local flow

onditions in tees and bends of Z-type manifolds are identical and the
ewly established expressions can be used to model the flow in such
anifolds.
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